K-THEORY FOR GENERALIZED LAMPLIGHTER GROUPS

XIN LI

ABsTrRACT. We compute K-theory for the reduced group C*-algebras of generalized Lamplighter groups.

1. INTRODUCTION

The classical Lamplighter group is given by the semidirect product (§5,(Z/2Z)) x Z, where the Z-action on
@Z(Z/ 27) is induced by the canonical translation action of Z on itself. This construction can be generalized
by replacing Z/2Z and Z by other groups. The classical Lamplighter group and its generalizations are important
examples in group theory which led to solutions of several open problems (see for instance [7, 6, 10]).

The goal of these notes is to derive a K-theory formula for group C*-algebras of generalized Lamplighter groups of
the form (€D 2) x I, where X is an arbitrary finite group and I' is an arbitrary countable group. As in the classical
setting, the I'-action on P T is induced by the canonical left translation action of I on itself. Our computations
are inspired by [9, 13], which treat the special case of free groups I' ([9] deals with the case I' = Z). Our method,
however, is completely different from the ones adopted in [9, 13].

Our main result reads as follows. Let X be a finite group and I a countable group. Let con X be the set of conjugacy
classes in X, and con* X := conX \ {{1}} the set of non-trivial conjugacy classes. Let C be the set of conjugacy
classes of finite subgroups of I'. For a finite subgroup C of ', let F(C) be the set of non-empty finite subsets of the
right coset space C\I" which are not of the form 7~!(Y) for a finite subgroup D C I with C C D and Y C D\T,
where m : C\I' = D\T is the canonical projection. The normalizer N¢ := {y el yCy ' = C} acts on F(C) by
left multiplication, and we denote the set of orbits by Nc\F(C). Given X € F(C), we write C- X := | |, x C-x and
let (con* )¢ X be the set of functions C - X — con*X. y € C acts on ¢ € (con* X)X via (y.¢)(x) = o(y~'x),
and we set Stabc(¢) = {y € C: y.¢ = ¢} for ¢ € (con* )¢ X,

Theorem 1.1. If T satisfies the Baum-Connes conjecture with coefficients, then the K-theory of C;((EBF XyxTI)is
given by

KC(@Poxm=kcne| D P B kCisube)|.
Tr

[ClEC [XIENC\F(C) [g]eC\((con* £)EX)

Here we take one representative C out of each class in C, one representative X out of each class in Nc\F(C), and
one representative ¢ out of each class in C\ ((con* )X ).

We refer the reader to [1, 14, 5] and the references therein for more information about the Baum-Connes conjecture.
For instance, Theorem 1.1 applies to all groups with the Haagerup property [11] and all hyperbolic groups [12].

Note that ¥ enters our formula only in the form of con™ X. What is more, if T is infinite, then for each [C] € C, we
simply get a free abelian group of countably infinite rank, so that K.(C3((5- Z) x I')) does not depend on X at all.
This becomes particularly evident in K;, where Theorem 1.1 yields the following

Corollary 1.2. Let ¥ be a finite group and I a countable group. If T satisfies the Baum-Connes conjecture with
coefficients, then the canonical inclusion I’ — X x T induces an isomorphism

Ki(C3(D) = Ki(Cy(EP D) % ).
r
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Moreover, for torsion-free I', our formula becomes particularly simple.

Corollary 1.3. Let X and T be as in Theorem 1.1. Assume that T is torsion-free. Write FIN* for the set of non-empty
finite subsets of I'. Then, under the same assumptions as in Theorem 1.1, we have

m(C}((@m>«r>>EK*<c:<r>>ea b Pp xo)l
r

X]el'\FIN*  (con* )X

The proof of our main theorem proceeds in two steps. First, using the Going-Down principle from [2, 8] (see also
[5, § 3]), we show that C;(((D-Z) x I') has the same K-theory as the crossed product C((con )1 %, T for the
topological full shift ' ~ (conX)'. Here we view conX as a finite alphabet. Secondly, we compute K-theory
for C((conZ)") %, I' using [3, 4]. As a by-product, we obtain a general K-theory formula for crossed products of
topological full shifts (see Proposition 2.4). Both steps require our assumption that I" satisfies the Baum-Connes
conjecture with coeflicients.

We point out that it is not possible to apply the results in [3, 4] directly because [3, 4] only deal with crossed products
attached to actions on commutative C*-algebras.

I am indebted to Alain Valette for inviting me to Neuchatel, and to Sanaz Pooya and Alain Valette for interesting
discussions which led to these notes. Moreover, I thank the referee for helpful comments and careful proofreading.

2. K-THEORY FOR CERTAIN CROSSED PRODUCTS AND GENERALIZED LAMPLIGHTER GROUPS

We first discuss the following abstract situation: Let A = @?:0 Mj, be a finite dimensional C*-algebra, where M}
is the algebra of k X k-matrices. We assume that ko = 1,ie., A=C® My, © ... ® My,. Let I" be a countable
group. We form the tensor product (X)- A as follows: For every finite subset F C I, we form the ordinary tensor
product (X ;- A, and for F} C F3, we have the canonical embedding (X); A — X)p, A, x = x ® 1 (here 1 denotes
the unit of (X) Fo\F, A and we used the canonical isomorphism (09 pA = (® F A) ® (® F\F, A)). Then set
QA= h_r)nF &)y A. The left T'-action on itself by translations induces an action ' ~ Q) A. Our goal is to
compute the K-theory of (X) A) x, I'. The special case A = C,(Z) will lead to Theorem 1.1.

Let ¢; be a minimal projection in M, C A. In particular, ¢ = 1 € C C A. For F C T finite, let ¢ € {1,...,n}",
i.e., ¢ is a function ¢ : F — {I,...,n}. Define e, := Qe o) € QpA S QrA IfF =0, then for
¢: 0—{l,...,n}, wesete, := 1 (where 1 denotes the unit of ) A). The set

(D) {e‘p: goe{l,...,n}F,FQFﬁnite}

is a I'-invariant family of commuting non-zero projections, which is closed under multiplication up to zero (i.e., the
product of two projections in the family is either zero or again a projection in the family). We do not need it now, but
the family is also linearly independent (see Lemma 2.3 and the proof of (2)). Let D be the C*-subalgebra of (X) A
generated by the projections in (1). Let ¢ : D < (X)- A be the canonical embedding. Note that ¢ is I'-equivariant.

Proposition 2.1. If T satisfies the Baum-Connes conjecture with coefficients, then ¢ X, I induces an isomorphism
K.(D %, T) = K.((Qr A) », ).

Proof. By the Going-Down principle (see [5, § 3]), it suffices to show that for every finite subgroup H C I', ¢t x, H
induces an isomorphism K,(D x, H) = K.((Q)r A) %, H).

Let us first treat the case of the trivial subgroup, H = {1}. For a fixed finite subset F C T, let
Dp = C*({e‘p: pE {1,...,n}F/ for F’ C F}).

Then D = lim  Dp. We also have (X)r A = lim _ (X)- A. As K-theory is continuous, i.e., preserves direct limits,
—F —F
it suffices to show that tr := t|p, : Dr — X A induces an isomorphism in K.. Let [t] € KK(Dp, Q) A)
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be the KK-element determined by ¢r. Consider the projection e = X" e; in A. e is a full projection in
A, and we have eAe = @B_,Ce;. The X A—(X) eAe-imprimitivity bimodule (X), Ae gives rise to a KK-
element jp € KK (® A ® r eAe). jr is invertible, and its inverse is the KK-element induced by the inclusion
® FeAe — ® r A. Hence it suffices to show that the Kasparov product [¢r] - jr € KK(Dp, ® - eAe) induces an
isomorphism K.(Dr) — K.(Q) eAe).

First, consider the special case of a single element subset, F' = {f} for some f € I'. Let us write Dy := Dy,
ty = tyry and jy = jyry. Since Dy = C-1+ Cey + ... + Ce, (where 1 denotes the unit of ®r A) and
eAe = Cey ® Ce; @ ... ® Ce,, we can describe the map K.(Dr) — K.(Q) [ eAe) induced by [f] - jr by the
commutative diagram

K.(Dy) ——— > K.(eAe)

M

Z[1 @ P, Zle)] —= P, Zlei]

where the upper horizontal map is the map we want to describe, and My is the (n + 1) X (n + 1)-matrix

1 0 ... 0

ky 1 0
Mp=| . :

kn 0 1

Obviously, M is invertible. Note that everything is independent of f.

Now consider the case of a general finite subset F* C I'. Since D = ®feF Dy, we have K.(Df) = ®f€F K.(Dy),
and we also have K.((X) eAe) = (X)feF K.(eAe). The homomorphism K.(Dr) — K.((X) eAe) induced by
[tr] - jF respects this tensor product decomposition, in the sense that we have a commutative diagram

®f€F K.(Dy) =————= K.(Dr) — KX ede) —— ®f€F K.(eAe)

R (ZI1® B, Zles) et > Qjer (BroZle)

Again, we see that M is invertible because all the My, f € F, are.

Now let us deal with the case of an arbitrary finite subgroup H C I'. If we choose an increasing sequence
of H-invariant finite subsets /' C I whose union is I, we obtain H-equivariant inductive limit decompositions
D = li_n}F Dr and @ A = li_n}F X A. Hence, again by continuity of K-theory, it suffices to show that, for every
F,ip x, H: Dp x, H— (X, A) X, H induces an isomorphism in K,. Let jr € KK(X) A, X) . eAe) be as
before. Since the full projection (X) - ¢ € (X) - A giving rise to jr is H-invariant, jr is a KK H _equivalence (see [5,
Remark 3.3.16]). Thus, toshow that g X, H : Dp X, H — (®F A) X, H induces an isomorphism in K., it suffices
to show that [tr] - jr € KK (DF, @) eAe) induces an isomorphism K.(Dr %, H) = K.((Q) eAe) x, H), for
which in turn it is enough to prove that [1f] - jr is a KK -equivalence.

Now both Df and (X) . eAe are finite dimensional commutative C*-algebras with an H-action, so that we are exactly
in the setting of [4, Appendix]. It is straightforward to check that [¢r] - jr = xA}/IIF, where xAF,IIF is the element in

KK"(Dp, ®  eAe) corresponding to the matrix Mp, as constructed in [4, Appendix]. By [4, Lemma A.2], xﬁp
is a KK -equivalence because My is an invertible matrix. The inverse of xAP,I[F is given by xAP/II_, . O
F

Remark 2.2. Note that our assumption on A that C appears as a direct summand is really necessary. For instance,
if A = M>, then (X);- A would be the UHF algebra M>~ (as soon as I is infinite). But we have Ko(M)~) = Z[%],

while our method would always yield a free abelian group for K. Hence our method fails.
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Let us now compare with the topological full shift I ~ {0,...,n}'. For a finite subset F C T, let 7z be the

canonical projection {0, . . Lt = {0,...,n}F. Given ¢ € {0,...,n}F, we have the cylinder set nl‘,l (¢) and its
characteristic function 1 2 (g) € C{0,...,n}"). The following is now easy to see.
Lemma 2.3. The T-equivariant isomorphism D = C({0, ..., n}"), ey 17{;1 (o) induces an isomorphism D x, " =

c{o,....,n}") %, I.

We now compute K-theory for C({0, .. .,n}") x, I.

Proposition 2.4. If T satisfies the Baum-Connes conjecture with coefficients, then

KC{O...nf) D =KMo P B K(CiStabele))|-

[CleC [X]eNC\F(C) [pleC\({L...n} )
Here we use the same notation as in Theorem 1.1.
Proof. First of all, the same arguments as for [4, Examples 2.13 & 3.1] show that the family
{ﬂ';;l(tp): pel{l,...n}f, Fc Fﬁnite}

is a ['-invariant regular basis for the compact open sets in {0, . . ., n}'. Here I acts via y.n;l(cp) = ;_lF(y.np), where
y.o€{l,...,n}"F is given by (y.¢)(x) = ¢(y~'x). Therefore, using the bijection

| | Stabr(F)\ ({1, N .,n}F) =T\ {n5'(¢): ¢ € {I,....,n}*, F C T finite}, [¢] > [¢],
[F]eD\FIN

and the observation that for y € I and ¢ € {1,...,n}’, we have ’}/.7'[;71 (o) = ﬂ;1(¢,0) if and only if v - F = F and
v.¢ = ¢, we may apply [4, Corollary 3.14], and obtain

) K. (c ({o, N .,n}r) X, r) = P a K.(C’}(Stabr(¢))).

[F]eM\FIN  [g]eStabr(F)\({1,....n}F")

Here FIN is the set of all finite subsets of I', and I'\FIN is the set of orbits of the left translation action I" ~ FIN.
Moreover, Stabr(F) and Stabr(¢) denote the stabilizer groups Stabr(F) = {y € I': v - F = F} and Stabr(¢) =
{y € I': y.¢ = ¢}, and C(Stabr(¢)) is the reduced group C*-algebra of Stabr(¢).

Now we analyse I'\FIN and Stabr(F) for [F] € I'\FIN. For F' = (), we have Stabr(¢) = I'. This yields K.(C(I'))
as one direct summand on the right-hand side of (2). We set FIN* := FIN \ {0}. Let us describe I'\FIN*. Let C,
F(C) and N¢ be as in Theorem 1.1. Then we claim that

3) | | Ne\F(C) = T\FIN®, [X] > [C - X]
[CleC

is a bijection, and that for every [C] € C, [X] € Nc\F(C), we have

4) Stabr(C - X) = C.

First note that the map (3) is well-defined. Moreover, this map is surjective because every F € FIN* with
Stabr(F) = C is of the form F = C - X for some finite, non-empty subset X C C\I'. Now, X must lie in F(C).
Suppose not, i.e., X = 7~!(Y) for a finite subgroup D C I with C C D andY C D\I', where 7 : C\I' — D\T is the
canonical projection. Then F = C- X = D - Y, so that D C Stabr(F), in contradiction to Stabr(F) = C. Not only
does this show surjectivity, but it also proves (4). To see injectivity of (3), assume that X € F(C) and X’ € F(C’)
satisfy [C - X] = [C”- X’], say C" - X’ =y - C - X. It follows that C’ = Stabp(C’ - X’) = yStabp(C - X)y~' = yCy~ .
Hence [C] = [C’], and since we are taking one representative out of each class, we must actually have C = C’. But
then y must lie in N¢, and we must have C- X' =y -C-X =C-y - X,sothat X’ =y - X, i.e, [X'] = [X] in
Nc\F(C). This shows injectivity.

We now complete the proof by plugging the bijections (3), (4) into (2) and observing that for X € F(C) and
@€ {l,...,n}*, we have Stabr(¢) C Stabr(C - X) = C. |
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Combining Proposition 2.1, Lemma 2.3 and Proposition 2.4, and using the concrete construction in [4, § 3] for our
following assertion on K, we obtain

Corollary 2.5. In the situation of Proposition 2.1, if I satisfies the Baum-Connes conjecture with coefficients, then
we have

K((@A)m I) = K.(CyD) @ @ D D KCiSubee))|.

CleC [X]eNc\F(C) [pleC\({L...n}CX)

In K\, the canonical map C3(T') — (R A) x, I induces an isomorphism
Ki(C3(D) = K1 (((X) A) %, ).
T

If T is in addition torsion-free, then we obtain

K@ 4 x D) = k(e | D @ K.(C)|.
r

[X]el\FIN® (1,

Now let us apply our K-theory formula to generalized Lamplighter groups. Consider the case A = C(X) for a finite
group X. Our assumption on A that C appears as a direct summand is satisfied because the trivial representation
gives rise to a direct summand C in C’(X). The remaining direct summands of A are in one-to-one correspondence
with con* . Hence we obtain

Corollary 2.6. Let X be a finite group. If T satisfies the Baum-Connes conjecture with coefficients, then we have

KC(EPo=m=kcme|H P B KCistavce) |-
Tr

[CleC [XIENC\F(C) [g]eC\((con* £)CX)

In K, the canonical inclusion I <— X x I induces an isomorphism

Ki(Cy(D) = Ky(Ci(EP D) % D).
r

If T is in addition torsion-free, then we obtain

KCi(EP D)« 1) = K(CiT) @ @ P k.©)|
r

X]el'\FIN*  (con* X)X
This completes the proofs of Theorem 1.1, Corollary 1.2 and Corollary 1.3.

Remark 2.7. Asin [4, Corollary 3.14], we get K K-equivalences in Proposition 2.4, Corollary 2.5 and Corollary 2.6
if I satisfies the strong Baum-Connes conjecture.

Remark 2.8. Moreover, as in [4, Corollary 3.14], we could allow coefficients in Proposition 2.4, Corollary 2.5
and Corollary 2.6. However, in Corollary 2.6, we would only get a K-theory formula for crossed products
B X, (P ) x T') where the (B X)-action on the C*-algebra B is trivial.

REFERENCES

[1] P.Baum, A. Connes and N. HigsoN, Classifying space for proper actions and K-theory of group C*-algebras, C*-algebras: 1943-1993
(San Antonio, TX, 1993), 240-291, Contemp. Math. /67, Amer. Math. Soc., Providence, RI, 1994.

[2] J. CHaBert, S. EcutErHOFF and H. Ovyono-Oyono, Going-down functors, the Kiinneth formula, and the Baum-Connes conjecture,
Geom. Funct. Anal. /4 (2004), no. 3, 491-528.

[3] J. Cuntz, S. EcutErHOFF and X. L1, On the K-theory of the C*-algebra generated by the left regular representation of an Ore semigroup,
J. Eur. Math. Soc. 17 (2015), no. 3, 645-687.

[4] J. Cuntz, S. EcHtERHOFF and X. L1, On the K-theory of crossed products by automorphic semigroup actions, Quart. J. Math. 64
(2013), no. 3, 747-784.

5



[5] J. Cuntz, S. EcuterHOFF, X. L1 and G. Yu, K-Theory for Group C*-Algebras and Semigroup C*-Algebras, Oberwolfach Seminars,
Birkh&user, Basel, 2017.
[6] T. DymaRrz, Bilipschitz equivalence is not equivalent to quasi-isometric equivalence for finitely generated groups, Duke Math. J. 154
(2010), no. 3, 509-526.
[7] A.DvyuBiNa, Instability of the virtual solvability and the property of being virtually torsion-free for quasi-isometric groups, Int. Math.
Res. Not. 2000 (2000), no. 21, 1097-1101.
[8] S. EcurerHOFF, R. NEsT and H. Ovono-Oyono, Fibrations with noncommutative fibers, J. Noncommut. Geom. 3 (2009), no. 3,
377-417.
[9] R. FLORES, S. Pooya and A. VALETTE, K-homology and K-theory for the lamplighter groups of finite groups, Proc. London Math. Soc.
115, 1207-1226.
[10] L. GraBowskl, On Turing dynamical systems and the Atiyah problem, Invent. Math. 198 (2014), no. 1, 27-69.
[11] N. Higson and G. Kasparov, E-theory and K K -theory for groups which act properly and isometrically on Hilbert space, Invent. Math.
144 (2001), no. 1, 23-74.
[12] V. LAFFORGUE, La conjecture de Baum-Connes a coefficients pour les groupes hyperboligues, J. Noncommut. Geom. 6 (2012), no. 1,
1-197.
[13] S. Pooya, K-theory and K-homology of the wreath products of finite with free groups, preprint, arXiv:1707.05984.
[14] A. VALETTE, Introduction to the Baum-Connes conjecture. From notes taken by Indira Chatterji. With an appendix by Guido Mislin,
Lectures in Mathematics, ETH Ziirich, Birkhduser Verlag, Basel, 2002.

XiN L1, ScHooL oF MATHEMATICAL SCIENCES, QUEEN MARY UNIVERSITY OF LoNDON, MILE END RoaD, Lonpon E1 4NS, Unitep KinGDOM

E-mail address: xin.li@gmul.ac.uk



