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ABSTRACT. In this paper, we establish the weighted anisotropic Hardy and Rellich
type inequalities with boundary terms for general (real-valued) vector fields. As
consequences, we derive new as well as many of the fundamental Hardy and Rellich
type inequalities which are known in different settings.

1. INTRODUCTION

The main aim of this paper is to present the weighted anisotropic Hardy and
Rellich type inequalities with boundary terms for general (real-valued) vector fields.
The consequences recover many previously known results in different settings. The
anisotropic Picone type identities play key roles in our proofs.

Recall the Hardy inequality for €2 C R” stating that

|ul

p
/Q|Vu]pdx > C/dex, u € Cy(Q), (1.1)

where V is the Euclidean gradient and p > 1. It has been vastly studied by many
authors and developed in different settings, see e.g. [1], [3], [0], [7], [9], [2!] and the
references therein.

First, let us review some of the recent results:

e Hardy type inequalities in the setting of the Heisenberg group H™ have the
following form

2
/ IV qul2de > c/ ?i—f|u|2dx, u € CHH™\{0}), (1.2)

where Vi is a (horizontal) gradient associated to the sub-Laplacian, 1y and
p are a weight function and a suitable distance from the origin, respectively.
For example, Garofalo and Lanconelli in [¢], Niu, Zhang and Wang in [15],
D’Ambrosio in [1] and others have made a contribution to prove the above
inequality and its extensions in H".
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e Hardy type inequalities in the setting of the Carnot group G can be given by
the formula

/ |V yuldz > C / 2| yd2[ulPdz, u e C(G\{0}), (1.3)
G G

where Vg is the horizontal gradient on G, o € R, and d is a homogeneous
norm associated with a fundamental solution for the sub-Laplacian. For in-
stance, the Hardy type inequalities on G have been studied by Goldstein,
Kombe and Yener in [9], Kombe in [13], Wang and Niu in [24] and the au-
thors in [18].

e Hardy type inequalities in the setting of general vector fields can be presented
in the form

p
/Q|VXu]pdx > C’/Q %]uﬁ’dm, u € Cy(Q), (1.4)

where Vx := (Xy,..., Xy) and ¢ is any positive weight function. To the best
of our knowledge, D’ Ambrosio obtained first versions of Hardy type inequali-
ties for general vector fields in [1].

Consider a family of real vector fields { X}, N < n, on a smooth manifold M
with dimension n and a volume form dx. In Section 2, we use the approach developed
in [9] and [17] to establish the following weighted Hardy type inequalities for general
vector fields

/ W(x)|VxulPdx > / H(z)|ulPdx, u € Cy(Q),
Q Q
with the hypothesis

~Vx - (W(2)|Vxv[P*Vxv) > H(x)vP™,

where Vx = (X1, Xo, ..., Xy) is the associated gradient and v is a function satisfying
the above hypothesis. From this weighted Hardy type inequality, we recover most of
the fundamental Hardy type inequalities including (1.2), (1.3) and (1.4). In Section
3, we prove the weighted anisotropic Rellich type inequality for general vector fields.

2. WEIGHTED ANISOTROPIC HARDY TYPE INEQUALITY

In this section, we obtain the weighted anisotropic Hardy type inequalities for
general (real-valued) vector fields. It will be proved by using the anisotropic Picone
type identity. As consequences, we discover most of the Hardy type inequalities and
the uncertainty principles which are known in the setting of the Euclidean space,
Heisenberg and Carnot groups.

Consider a family of real vector fields {X;}_,, N < n, on a smooth manifold M
with dimension n and a volume form dx. Then we say that an open bounded set
2 C M is an admissible domain if its boundary 0f) has no self-intersections, and if
the vector fields { X }4_, satisfy

N N
X frdx = X..d .
2/ oSedz Z [ i), (2.1)
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for all f, € C*(Q)NC(Q),k=1,...,N. For more details see [19] and [20], where it
is shown that (2.1) is usually satisfied for most domains €2, and we also recall some
examples below.

First, we formulate an assumption which is important for presenting some examples
of Theorem 2.3 and of other related results:

Assumption: Let 7, C M be an open set containing y € M such that the
operator

N
L= Z X?
i=1

has a fundamental solution in T}, that is, there exists a function T', € C*(T,\{y})
such that

— LT, =6, in T, (2.2)
where 0, is the Dirac J-distribution at y.

We will say that an admissible domain €2 is a strongly admissible domain with
y € M if the above assumption is satisfied, 2 C T,,, and (2.1) holds for f; = vX,I',
for all v € CH(Q) N C(Q).

Note that the fundamental solution for sums of squares of vector fields satisfying
Hoérmander’s condition were obtained by Sanchez-Calle in [22].

Let us recall several important examples from [20] (see, also [12]) which satisfy the
above condition:

Example 1: Let M be a stratified group with n > 3, and let {X}.}1_, be the
left-invariant vector fields giving the first stratum of M. Then any open
bounded set 2 C M with a piecewise smooth simple boundary is strongly
admissible.

Example 2: Let M = R" with n > 3, and let the vector fields X} with k£ =
1,..., N, N <n, have the following form

0 . 0
Xp=2—+ Y arm(®)5—, (2.3)

where ay, () are locally C'*-regular for some 0 < a < 1, where C* stands
for the space of functions with Xj-derivative in the Holder space C'“ with
respect ot the control distance defined by these vector fields. Assume that

= 3 NN X

1<i>j<N

for all k = N +1,...,n with A}/ € L2 (M). Then any open bounded set
) C M = R" with a piecewise smooth simple boundary is strongly admissible.
Example 3: More generally, let M = R™ with n > 3. Let the vector fields X}
fork=1,...,N, N < n, satisfy the Hormander commutator condition of step
r > 2. Assume that all the vector fields X, for k = 1,..., N belong to C™*(U)
for some 0 < a < 1and U C M = R", and if r = 2, then we assume a = 1.
Then if X}’s are in the form (2.3), then any open bounded set Q@ C M = R"

with a piecewise smooth simple boundary is strongly admissible.
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Moreover, let us recall the following analogue of Green’s formulae which was proved
in [20].

Proposition 2.1 (Green’s formulae). Let Q@ C M be an admissible domain. Let
u € C?2(Q)NCYN) and v € CH(Q) N C(Q), then we have the following analogue of
Green’s first formula

/G <(%v)u + vﬁu) dx = /an v(Vu, dz), (2.4)

where
N

Vu=> (Xu)X;. (2.5)

i=1
Ifu,v € C2(Q)NCH(Q), then we have the following analogue of Green’s second formula

/Q(uﬁv —vLu)dxr = /asz (u(%v, dz) — v(Vu, daz)) : (2.6)

2.1. Anisotropic Picone type identity. First, we present the anisotropic Picone
type identity for vector fields.

Lemma 2.2. Let Q0 C M be an open set. Let u,v be differentiable a.e. in 2, v > 0
a.e. i ) and u > 0. Define

N

R(u,v) := Z

i=1

P2 X, (2.7)

ZX (w _1) | X0

pim Xﬂ)XZU

sz — |XU
+Z »

(2.8)

where p; >1,1=1,...,N. Then
L(u,v) = R(u,v) > 0. (2.9)

In addition, we have L(u,v) = 0 a.e. in Q if and only if u = cv a.e. in Q with a
positive constant c.

Note that Lemma 2.2 for the left-invariant vector fields in the setting of stratified
groups was proved in [17].

Proof of Lemma 2.2. First, we show the equality in (2.9) by a direct computation as
follows

UU

ZX ( )|Xv|p’ 2X0
sz __1!Xv

Mz HMz

pi= 2XvXu+Z

.
Il

I

h
=L
S
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Now we rewrite L(u,v) to see L(u,v) > 0, that is,

N N ru/pi_l 1 N upi
L{u,v) = | Xl — Zpimpfiv P Xpul + ) (i - 1) Xl
=1 =1 =1

i—1

N uP
+ E ; X
pl ’Upl_l | 1
i=1

=51 + Sa,

where we denote S; and S; in the following form

al 1 o pi—1(/u pi-1\ i1
Sl = Zpl —|XZU b -+ ' <—|X1U’)
—~" |pi p v

P (X[ Xiu| = XvXiu)

(2
i—1

Noop .
- Zpimp(ﬂf P Xl
i=1

and

pi—2 (lXZ/UHXZU‘ — XZ’UXlU) .

SQ = E pi—vm_l |Xﬂ)
i=1

Since | X;v|| Xju| > X;vXu we have Sy > 0. To check that S; > 0 we will use Young’s

inequality for @ > 0 and b > 0 stating that

aPi qu'
+—,
pi 4q;
where p; > 1,¢; > 1, and z% + & =1fori=1,...,N. The equality in (2.10) holds if

ab <

(2.10)

and only if a?* = 0%, ie. if a = bt By setting a = | X;u| and b = (%\Xﬂ)])pi_l in

(2.10), we get
i 1 i—1 P:%l
poy P2 ((E|Xw|>p ) ] . (211)
pi v

This yields S; > 0 which proves that L(u,v) = Sy + Sy > 0. It is easy to check that
u = cv implies R(u,v) = 0. Now let us show that L(u,v) = 0 implies u = cv. Due
to u(z) > 0 and L(u,v)(xg) = 0, xo € €, we consider the two cases u(zg) > 0 and
u(zo) = 0. For the case u(z) > 0 we conclude from L(u,v)(zo) = 0 that S; = 0 and
S = 0. Then S; = 0 implies

pi—1 1
pilXaul (21Xa0l)" < [—|Xiu
v Di

Xl = —|Xv|, i=1,...,N, (2.12)
v
and S; = 0 implies
The combination of (2.12) and (2.13) gives
Xi . :
X;‘:%:c, with ¢#0, i=1,...,N. (2.14)

Let us denote Q* := {x € Qlu(z) = 0}. If Q* # Q, then suppose that xzy € IQ*.
Then there exists a sequence x; ¢ Q* such that zy — x¢. In particular, u(zy) # 0,
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and hence by the first case we have u(z;) = cv(zg). Passing to the limit we get
u(zg) = cv(xg). Since u(xg) = 0 and v(zg) # 0, we get that ¢ = 0. But then by the
first case again, since u = cv and u # 0 in Q\Q*, it is impossible that ¢ = 0. This
contradiction implies that 2* = ). The proof of Lemma 2.2 is complete. 0

2.2. Weighted anisotropic Hardy type inequality. Now we are ready to obtain
the weighted anisotropic Hardy type inequalities for general vector fields by using the
anisotropic Picone type identity.

Theorem 2.3. Let Q C M be an admissible domain. Let W;i(x) > 0 and H;(z) > 0
be functions with i = 1,..., N, such that for a function v € C*(Q)(C(Q) and v > 0
a.e. in ), we have

— Xi(Wi(z)| Xiv

Pim2Xw) > Hy(z)oP™, i=1,...,N. (2.15)

Then, for all functions 0 < u € C?*Q)(CYSY) and the positive function v €
CHQ)NC(Q) satisfying (2.15), we get

N N
Z/ Wi(2)| Xiul"dz = Z/Hi(x)lu Pida (2.16)
i=1 7% i=1 /&
N uPi
\V. i—2
+ ;/@9 ) (Vi (Wi(2)| XoP 2 Xpv) , da),

where%if:X,-fX,- and p; > 1, fori=1,...,N.

Remark 2.4. Note that if u vanishes on the boundary 0 and p; = p, then we have
the weighted Hardy type inequalities for general vector fields

/QW(:E)\VXu\pdxz/QH(x)]u\pdx, (2.17)

where Vx := (X1, ..., Xn).
A Carnot group version of this Hardy type inequality was obtained with the slightly
different proof by Goldstein, Kombe and Yener in [9].

Proof of Theorem 2.3. Let us give a brief outline of the following proof. We start by
using the property of the anisotropic Picone type identity (2.9), then we apply the
divergence theorem and the hypothesis (2.15), respectively. At the end, we arrive at
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(2.16). Thus, we have

N N
0§/ZWi(x)L(u,v)dx:/ZVVZ-(I)R(U,U)CLT
Q=1 Q=1
N N upi
:Z/Wi(x)|Xiu|pidx—Z/Xi (vp'l) Wi(z)| XvP 2 Xvde
i=1 v i=1 7§ '
N
:Z/Wi(:v)]Xiu
i=1 v
N

-3 [ ) X))

—1
vPbi
i=1 /09

N )
Pide 4 /Q v;‘—p_lx (Wi(2)| X0[P 2 X0) da
=1

N N
SZ/QWZ-(x)|Xiu|p’dx—Z/QHi(m)up"dx
i=1 i=1

N
uPt o -
B Z /89 pPi—1 <vl (WZ($)|X1U|M 2Xﬂ)) 7d$>7
=1

where %Z f = X;fX;. This completes the proof of Theorem 2.3. O

2.3. Consequences of the weighted anisotropic Hardy type inequalities.
Now we present some concrete examples of the weighted anisotropic Hardy type
inequalities (2.16).

Note that examples of the weighted anisotropic Hardy type inequalities on M will
be expressed in terms of the fundamental solution I' = I'y(z) in the assumption.
For brevity, we can just write it as I', if we fix some y € M and the corresponding T},
and I'y.

Corollary 2.5. Let Q0 C M be an admissible domain. Let o € R)1 < p; < B+ a,i =
L,...,N, and v > =1, > 2. Then for all uw € C§°(Q\{0}) we have

N N N /B+a_ . Pi a—p; 1
S [T X e = 3 (—p) [T .
=1 7 i1 Di Q

(2.18)

Note that (2.18) is an analogue of the result of Wang and Niu [24], now for general
vector fields.

Remark 2.6. By taking v = 0 and p; = 2 we have the following inequality

N 2
@ — 2 a—2
/FQ—B[VXU\de >3 <5+L) /FH|VXF2—1ﬁ]2|u|2d:U, (2.19)
@ i=1 2 Q
for all u € C3°(Q2) and where Vx = (X1,..., Xn).
Inequality (2.19) for general vector fields was established in [20].
Proof of Corollary 2.5. Consider the functions W; and v such that
W; = d°|X,d|" and v =75 = d¥, (2.20)
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where we denote d = ' and P =— (ﬁ#) for simplicity. Now we plug (2.20) in

(2.15) to calculate the function H;. Before we need to have the following computations

X;v = d¥ 1 Xd,
| X0 pi—2 _ |4 Pi*2d(¢*1)(Pi*2)|Xid
W;i| Xiv pi_QXiU = |4 Pi—deOé'F(l/’_l)(pi_l) ’Xid‘7+pi_2Xid‘

Pi—2

Also, we get

N N N a+52
2 X = 3 XX le(z i)

=1
aa + 5 - 2 atp 2
= = —r = X2r
2- i Z
a(a+p5-2) _ _
— —da—f—QB 4 XZdQ B2
CEE ;' |
N
=ala+8—2)d" ) | Xd|. (2.21)
=1

We observe that vazl X?T =0, since I' =T, is the fundamental solution to £. Also,
we have

Xi|Xid)" = X,((X,d)?)?
= | Xid|" 2 X;dX2d
=7(8 - 1)d™" | Xid| X;d. (2.22)

In the last line, we have used (2.21) with o = 1.
Using (2.21) and (2.22) we compute

X;(Wi| XoPi 2 X0) = P2 X, ( da+(w—1)(m—1)|Xid|v+pi—2Xid)

= ih[P2p (( + (W —1)(pi — 1))da+(¢_1)(l7i—1)_1|Xid|'7+Pi)
+ W Pi— 2w ( v+ pi— 2 5 _ )daJF("/’*l)(Pi*l)*l‘Xid”}’+Pi)
+ |¢|pz ( da+(7/) )(pi—1)— 1|X d|”’+”1)

= [P (= + (y 4 pi = 2)(8 = 1) d DG

— _|¢|pzda pz|Xid|’Y+pz,Upz
+ |¢|pi—2¢(7 +p; — 2)(5 _ 1)da—pi|X’id|’Y+pivPi—1’
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Now we put back the value of v, then we get

o | Pe
— Xz(VVz|XzU Pi—QXiv) — m Ao Pi Xid|’Y+PiUpi—1
— . |PiT2 .

+‘ﬂ+0€ Di (6+C¥ pz) (’Y‘i‘pz_z)(ﬂ_l)daipl Xid"y+pivpifl

Di Di

Y23

> 'B ta—p da_pi|Xid|’Y+piUPi_1

Di

> Hy(x)vP ™t

So we have satisfied the hypothesis, then we plug the values of functions W; and

P s
H, = 'm =5 ‘Xipﬁwm’
bi
in (2.16), which completes the proof. O

Corollary 2.7. Let Q2 C M be an admissible domain. Let o,y € R and a # 0,8 > 2.
Then for any u € C5(Q) we have

N

Y+p;
E /FQ—ﬁ |XZU
i=1 Y&

where Cy(a, 7y, p;) == =V@i—D=-1 "W -1 andi=1,...,N.

pi

pi

ulPidx, (2.23)

N
i=1 0

Note that we recover the result of D’Ambrosio in [, Theorem 2.7]. Corollary 2.7
is proved with the same approach as the previous case by considering the functions

Y+P; _(la=D(pi=)=y=1
W;=I2% andv="T [CRE)EY

Corollary 2.8. Let Q0 C M be an admissible domain. Let « € R, > 2,1 < p; <
B+a fori=1,...,N. Then for all u € C§°(Q) we have

N
Z/Pzi"ﬂyxiu
i=1 v

pq

| X,I'77
1+ F(pi—lp)i@—ﬁ))

Pidg,  (2.24)

Pi |u

N
pideZC’i(ﬁ,a,pi)/FQgﬂ<
i=1 Q

pi—1

where Ci(B, a, p;) := (M)pi_l (B+ «).

Note that a Carnot group version of inequality (2.24) was established by Goldstein,
Kombe and Yener in [9]. Corollary 2.8 is proved with the same approach as the
previous cases by considering the functions

_ Bta—p;

W, = 77 and v = <1 + F(Z’r&%@) "
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Corollary 2.9. Let Q0 C M be an admissible domain. Let « € R, > 2,1 < p; <
B+ a fori=1,...,N. Then for all u € C§°(2) we have

N Py a(p;—1)
3 / <1+F(m,l)<2,ﬁ)> | X ulP dz (2.25)
=1

il | X, D75 [P

Z B?pla e —p, 1_a)’U

Pi
: T dz.
(1 n P(pi—n(z—ﬂ))

-1

where C;(8, pi, o) _5<plé 1)

Note that Carnot and Euclidean versions of inequality (2.25) were established in [9]
and [23], respectively. Corollary 2.9 is proved with the same approach as the previous
case by considering the functions

l—«a

2 a(p;—1) P;
W, = <]_ + F(Pifl)(2*5)> and v = <]_ + F(m*1>(2*6)>

Corollary 2.10. Let Q C M be an admissible domain. Let > 2, a,b > 0 and
a,v,meR. Ifay >0 and m < % Then for all u € C§°(Q2) we have

T'2-5 F%B v 1
/ (@) G e > OB, m)? / @ ) T Plufde
Q I'2-8 Q ['2-58
przo5 )71
(B, m)ard / |9 D Pufd, (2.26)
Q ' 2=

2-8

where C(B,m) == 222 4nd Vx = (X1,..., Xy).

2

Note that Carnot and Euclidean version of inequality (2.26) were established in

[9] and [11], respectively. Corollary 2.10 can be proved with the same approach for
pi =2,1=1,..., N, as the previous cases by considering the functions
25y o
W: M and 'U:Fi 2(2 5)2_

2m

['3-5
2.4. Uncertainty principles for the vector fields. Theorem 2.3 also implies the
following uncertainty principles:

Corollary 2.11. Let Q C M be an admissible domain. Let 8 > 2. Then for all
u € C§°(Q) we have

2 2 1 2
% (/Q|u|2dx> < (/Q|VXFM|_2|VXU|2dx) (/Q Fw|u|2dx). (2.27)

Proof of Corollary 2.11. In Theorem 2.3, by letting

2

W(z) = |Vxl"ﬁ|_2 and v = e 1"

where o € R, we arrive at

—4@2/F2—25]u\2d:c+2a6/ |u|2d:c—/ VD752V uf2de < 0.
Q Q Q
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It can be noted that above inequality has the form aa® + ba + ¢ < 0 if we denote by

251,12
a:=—4 [ T'=5 |u|*dz,
Q

b:= 25/ lu|?du,
Q

c:= —/ |VXFﬁ|_2|VXu|2dx.
Q

and

Thus, we have b? — 4ac < 0 which proves Corollary 2.11. U

Corollary 2.12. Let Q2 C M be an admissible domain. Let 5 > 2. Then for all
u € C(Q) we have

2 1 2 1 2
(/ \qu\de> (/ FH*\VXFMP\u]de) > % (/ \VXFH’F\u]de) . (2.28)
0 0 0

Proof of Corollary 2.12. Setting

2

— 2—-p8
W=1landv=e"",

where a € R, we have
/]VXu|2dx > 2a6/ \VXF21ﬂ|2\u|2dx—4a2/F22B|VXF213|2|u]2dx.
Q Q Q

Using the same technique as before we prove Corollary 2.12. OJ

Corollary 2.13. Let Q C M be an admissible domain. Let > 2. Then for all
u € C§°(Q) we have

(/ |VXu|2dx> (/ F22B|VXF21B|2|U|2dx) (2.29)
Q Q

—1)2 . . 2
> % (/ rw\vxrwa\u|2da;) |
Q

We can prove it with the same approach by considering the following pair

1
_ 2—-p8
W=1landv=e """,

Remark 2.14. Carnot group versions of these uncertainty principles were established
in [13] and [9].

3. WEIGHTED ANISOTROPIC RELLICH TYPE INEQUALITIES

In this section, we now present the anisotropic (second order) Picone type identity.
As a byproduct, we obtain the weighted anisotropic Rellich type inequalities for the
general vector fields.
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3.1. Anisotropic (second order) Picone type identity.

Lemma 3.1. Let Q2 C G be an open set. Let u,v be twice differentiable a.e. in €2
and satisfying the following conditions: u > 0, v > 0, X?v < 0 a.e. in Q. Let p; > 1,
1=1,...,N. Then we have

Li(u,v) = Ry(u,v) >0, (3.1)
where
2 2. 1pi—2 y2
Z| ZX (vpl_l) | X20P2X 2y
=1
and

pi—2

Z\ sz ( )pi_l X2uX 20| X2
Foontr
- sz

Proof of Lemma 3.1. A direct computation gives

Pi pi—1 Di
Xf(z__1>—X<zu__Xu—( ~ )X )
'I_}Z Z

= pi(pi — 1)upl ((Xu

’Upz

2
P2 X2y (Xiu—EXiv> .
v

P~ ((Xu)v — u(Xv) ubi
— pz(pl — 1) Upz‘*l ( 1)2 XZ"U — (pz — 1)fupi X v
upz pi—1
upl 1
+p -X7u— (pi — 1) X2
fUpz vPbi
Di—2 pi—1 Di
= pi(p; — 1)u (Xu — —X v) +plu — Xfu — (pi — 1)up_Xi2v,
VPi Pi yPi

which gives the equality in (3.1). By Young’s inequality we have

u 1X2uX%\X2 pz o Xl

i=1,...,N,

Di q oPe
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where p; > 1 and ¢; > 1 Withpii—ki: 1. Since X?v < 0,i=1,..., N, we arrive at
(u,v >Z|X2u|p’+z ;

_Zpl Di Upl_lyxz
ooz

—sz

This completes the proof of Lemma 3.1. O

N

\X2u|p1
o= 3o (4 S

=1 ¢

2

el ’Xu——Xv

pz 2X2

20.

3.2. Weighted anisotropic Rellich type inequalities.

Theorem 3.2. Let Q@ C M be an admissible domain. Let Wi(z) € C*(Q) and
H;(x) € Li,.(Q) be the nonnegative weight functions. Let v > 0, v € C*(Q2) (N C1(Q)
with

X7 (Wil) | X

P2 X20) > Hi(x)oP!, —XPv >0, (3.2)

a.e. inQ, foralli=1,...,N. Then for every 0 < u € C*(Q)(C*(Q) we have the
following inequality

i | el

N
Pidy < Z / Wi(2)| X 2ulPida (3.3)
upi
+Z |X2 pi~ 2X2 <V (F) 7dl’>

—Z /8 ) (U;‘p ) {(Wi(2)| XPoP 2 X ), da),

where 1 <p; < N fori=1,..., N, and Vu = X;uX;.

Note that a Carnot group version of Theorem 3.2 was obtained by Goldstein,
Kombe and Yener in [10]. Moreover, it should be also noted that the function v from
the assumption (3.2) appears in the boundary terms (3.3), which seems a new effect
unlike known particular cases of Theorem 3.2.

Proof of Theorem 3.2. Let us give a brief outline of the following proof as in Theorem
2.3. We start by using the property of the anisotropic (second order) Picone type
identity (3.1), then we apply analogue of Green’s second formula from Proposition 2.1
and the hypothesis (3.2), respectively. Finally, we arrive at (3.3) by using H;(x) > 0.
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Thus, we have

0< LM(m)Ll(u,v)dmz/QVVi(a:)Rl(u,v)dx
:/QW,.(;EMXEU pidm—/Xf (ngl) W) X2
:/ﬂwi(xﬂxfuwidx—/ F (Wi)| XPoP 2 X o) da
+/ ( ()| X 20| 2 X 20 < ) <Uf_i1><@(m(x)lev
/W (2)| X 2l dz — /H (2)]u

+/m( (2)| X202 X 2 vl< ur ) (ng_1> (Vi(Wil2)| X P

In the last line, we have used (3.2) which leads to (3.3). O

Pim2 X 2y dx

pi-2X3v>,dx>)

pzdx

Pim2 X 2y), d:c>) :

Let us recall that the operator £ is the sum of squares of vector fields, defined by

N
L:=) X7 (3.4)
=1

Corollary 3.3. Let Q2 C M be an admissible domain. Let f > 2, a € R, 4+ a >4
and B > «. Then for all uw € C3(Q\{0}) we have

Fiﬁ o
X
where C (5, a) = W is in general sharp.

Remark 3.4. Note that Kombe [13] proved the sharpness of the constant appearing
above inequality for the Carnot groups.

The proof of Corollary 3.3. Let us choose the function W (z) and v such that

a
I'z-¢
1

and v=T7%7, (3.6)
| X, I'2-7 2

W(z) =
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where v = —W. As in the case of the Hardy inequality, we use the notation
I' = d>~? for simplicity, then we get

ZX%W - ZX2F2 5 — ZX <—r”¥ﬁ 5 X, r)

(+B=2) s
:’V’(Vz_—wr = ;|XF|2

_ (Z;r_ﬁﬁ) )dy+2ﬁ 4Z|X 252

=1
N

=y(y+B8-2)d"*> | Xd|*.

i=1

We observe that Zf\il X2T' =0, since I' = T, is the fundamental solution to £. Now
we can compute the function H(x),

X7 (Wilw)XFv) = X7 (y(v+ B = 2)d7?)
=y(y+B-2)(v+a—2)(y+a+ B —4)dHXd|]

By putting back v = —W we have
2
b —«
99— _
7t 5
+a—4

Then

X2 (W (2)X20) = (B+;‘_4> (B;O‘) 4" X,d o
= H(z)v.

So we have the values of functions W (x) and

2 2
H(z) = (’8+;_4) (B;a) 55 | XI55 |2

which allows to plug them in (3.3) yielding

L

N 2 2 N
_4 — a ) -5
Z(ﬁJr‘;‘ ) (ﬁ > O‘) /QFzé\XiFM\Q]u\zdx Z/ KT | X2uffda,

=1

Note that the sharpness of the constant was obtained by Kombe [13] in the setting
of the Carnot groups. In this general case, the argument is the same. 0
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The following corollary can be also proved with the same approach as the above
case by setting

a+2p—2
-5 _ Bta-2

= and v = y p(2—B) |
’VX[‘z—ﬁ |2P*2

Corollary 3.5. Let  C M be an admissible domain. Let 1 < p < oo and 2 — <
a<min{(f—2)(p—1),(8—2)}. Then for all u € C(Q\{0}) we have

a+2p—2

F 2—-p a— 1
/ " |Lulda > C(B,a,p)” / PEF VAT PlufPde,  (37)
Q |VxI'z=5|2r—2 Q

where C(5,a, p) := (’M;‘J) (’372)(271)7(1 is sharp.

Remark 3.6. Note that Lian [14] presented the sharpness of the constant appearing
in (3.7) in the case of the Carnot groups.

REFERENCES

[1] Barbatis G., Filippas S., and Tertikas A.: A unified approach to improved L? Hardy
inequalities with best constants. Trans. Amer. Math. Soc., 356, 6, 21692196 (2004)

[2] Bear J.: Dynamics of Fluids in Porous Media. Elsevier. New York (1972)

[3] Brezis H., Marcus M.: Hardy’s inequalities revisited. Ann. Scuola Norm. Sup. Pisa Cl.
Sci., (4) 25 (1997), No. 1-2, 217-237 (1998).

[4] D’Ambrosio L.: Hardy-type inequalities related to degenerate elliptic differential opera-
tors. Ann. Scuola Norm. Sup. Pisa CI. Sci., 5, 451-486 (2005)

[5] D’Ambrosio L.: Liouville theorems for anisotropic quasilinear inequalities. Nonlinear
Anal., 70, 2855-2869 (2009)

[6] D’Ambrosio L.: Some Hardy inequalities on the Heisenberg group. Differential Equations,
40, No. 4, 552-564 (2004)

[7] Davies E. B., Hinz A. M.: Explicit constants for Rellich inequalities in LP(£2). Math. Z.,
227, No. 3, 511-523 (1998)

[8] Garofalo N., Lanconelli E.: Frequency functions on the Heisenberg group, the uncertainty
principle and unique continuation. Ann. Inst. Fourier (Grenoble), 40, No. 2, 313-356
(1990)

[9] Goldstein J., Kombe I., and Yener A.: A unified approach to weighted Hardy type in-
equalities on Carnot groups. Discrete and Continuous Dynamical Systems, 37, No. 4,
2009-2021 (2017)

[10] Goldstein J., Kombe I., and Yener A.: A general approach to weighted Rellich type
inequalities on Carnot groups. Monatsh Math., 186, 49-72 (2018)

[11] Ghoussoub N. and Moradifam A.: Bessel potentials and optimal Hardy and Hardy-Rellich
inequalities. Math. Ann., 349, 1-57 (2011)

[12] Kogoj A.E., Sonner S.: Hardy-type inequalities for Ajy-Laplacians. Complex Variables
and Elliptic Equations, 61(3), 422-442 (2016)

[13] Kombe I.: Sharp Weighted Rellich and uncertainty principle inequalities on Carnot
groups. Comm. App. Anal., 14, 251-271 (2010)

[14] Lian B.: Some sharp Rellich type inequalities on nilpotent groups and application. Acta
Math. Scientia., 33, 59-74 (2013)

[15] Niu P., Zhang H., Wang Y.: Hardy type and Rellich type inequalities on the Heisenberg
group. Proceedings of AMS., 129(12), 3623-3630 (2001)

[16] Ruzhansky M., Sabitbek B., Suragan D.: Weighted LP-Hardy and LP-Rellich inequal-
ities with boundary terms on stratified Lie groups. Rev. Mat. Complutense, (2018),
https://doi.org,/10.1007/s13163-018-0268-3



WEIGHTED ANISOTROPIC HARDY AND RELLICH TYPE INEQUALITIES 17

Ruzhansky M., Sabitbek B., Suragan D.: Hardy and Rellich inequalities for anisotropic
p-sub-Laplacians, and horizontal Hardy inequalities for multiple singularities and multi-
particles on stratified groups. arXiv:1803.09996

Ruzhansky M., Suragan D.: On horizontal Hardy, Rellich, Caffarelli-Kohn-Nirenberg and
p-sub-Laplacian inequalities on stratified groups. J. Differential Equations, 262, 1799-1821
(2017)

Ruzhansky M., Suragan D.: Layer potentials, Kac’s problem, and refined Hardy inequality
on homogeneous Carnot groups. Adv. Math., 308, 483-528 (2017)

Ruzhansky M., Suragan D.: Local Hardy and Rellich inequalities for sums of squares.
Adv. Diff. Equations, 22, 505-540 (2017)

Ruzhansky M, Suragan D. Hardy inequalities on homogeneous groups. Progress in Math-
ematics, Vol. 327: Birkhauser; 2019. (open access book)

Sanzhes-Calle A.: Fundamental solutions and geometry of the sum of squares of vector
fields. Invent. Math., 78, 143-160 (1984)

Skrzypczak I.: Hardy type inequalities derived from p-harmonic problems. Nonlinear
Anal.; 93, 30-50 (2013)

Wang J. and Niu P.: Sharp weighted Hardy type inequalities and Hardy-Sobolev type
inequalities on polarizable Carnot groups. C. R. Math. Acad. Sci. Paris Ser. I, 346, 1231—
1234 (2008)

MiICHAEL RUZHANSKY:
DEPARTMENT OF MATHEMATICS: ANALYSIS, LOGIC AND DISCRETE MATHEMATICS
GHENT UNIVERSITY, BELGIUM

AND

SCHOOL OF MATHEMATICAL SCIENCES
QUEEN MARY UNIVERSITY OF LONDON
UNITED KINGDOM

E-mail address Michael. Ruzhansky@ugent.be

BOLYS SABITBEK:

INSTITUTE OF MATHEMATICS AND MATHEMATICAL MODELING
125 PUSHKIN STREET., ALMATY, 050010

KAZAKHSTAN

AND

DEPARTMENT OF MECHANICS AND MATHEMATICS
AL-FARABI KAZAKH NATIONAL UNIVERSITY

71 AL-FARABI AVE., ALMATY, 050040
KAZAKHSTAN

E-mail address b.sabitbek@math.kz

DURVUDKHAN SURAGAN:

DEPARTMENT OF MATHEMATICS
NAZARBAYEV UNIVERSITY

53 KABANBAY BATYR AVE., ASTANA, 010000
KAZAKHSTAN

E-mail address durvudkhan.suragan@nu.edu.kz


www.ruzhansky.org

	1. Introduction
	2. Weighted anisotropic Hardy type inequality
	2.1. Anisotropic Picone type identity
	2.2. Weighted anisotropic Hardy type inequality
	2.3. Consequences of the weighted anisotropic Hardy type inequalities
	2.4. Uncertainty principles for the vector fields

	3. Weighted anisotropic Rellich type inequalities
	3.1. Anisotropic (second order) Picone type identity
	3.2. Weighted anisotropic Rellich type inequalities

	References

