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Abstract

In this paper we study continuous-time two-player zero-sum optimal switching
games on a finite horizon. Using the theory of doubly reflected backward
stochastic differential equations (DRBSDE) with interconnected barriers, we
show that this game has a value and an equilibrium in the players’ switching
controls.
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1. Zero-sum optimal switching game

Optimal switching is a generalisation of optimal stopping which has various appli-
cations in economics and mathematical finance. It consists of one or more agents and
a system which they control by successively switching the system’s operational mode
according to a discrete set of choices. A typical example is the economic valuation of a
power plant which manages its fuel mix for electricity production. One can also think
of a trader who changes the composition of her portfolio according to the returns of
the assets. There are several works on optimal switching problems in continuous time,
and a survey of the literature identifies two main approaches used to analyse these
problems: an analytical approach using partial differential equations (PDEs) and a
probabilistic one.

Methods based on PDEs and associated variational inequalities appeared as early
as the 1970s, under the topic of impulsive control for diffusion processes (see [28] and
the references therein). A viscosity solutions approach to this type of PDE appeared
in the late 1980s to early 1990s (for instance, [31]) and is still the topic of active
research [23]. For example, the Hamilton-Jacobi-Bellman equation corresponding to
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the optimal switching problem for a diffusion process (X;);>o on a finite time horizon
[0, T is the following system of PDEs with obstacles depending on the solution (v*);cr1,
with T! == {1,...,my}: Vi € !

min{vi(s,x) — maxger_ ;3 [VF (s, ) — g"F (s, 2)],
(<0, —LY)@)(s,0) = fils,a)f =0: (1)
v{(T,z) = hi(x),

where: i) T'! is the set of available switching modes; ii) g** is the function which gives
the cost of switching from mode i to mode k; iii) f* and k' are the functions which give
respectively the instantaneous and terminal yield of the system when it is working in
mode 7; and iv) L% is the infinitesimal generator associated with the diffusion process
X. If a sufficiently regular solution of the system (1) exists, then v’(s,x) is nothing
else but the optimal profit that can be generated by switching, with initial conditions
i for the system’s mode and z for the process X at time s € [0, 7.

Probabilistic solution methods for optimal switching problems have been investi-
gated since the 1970s and 1980s in various degrees of generality (see [4, 26, 28, 34, 35]
for instance), and most of the recent research in this area has been a combination
of the martingale approach via Snell envelopes ([12, 24]) and the theory of backward
stochastic differential equations (BSDE) ([7, 14, 20]). The latter methods lead to the
study of the following system of reflected BSDEs with lower interconnected obstacles:
find adapted stochastic processes (Y%, Z¢ K%);cr1, with K' an increasing process,
satisfying: Vi € I'! and s € [0, 7],

Yi=nit [l fidt— [T ZidB, + Kir — Ki ;

Yi> LUY) = maxgeri_ i {YF — gt} (2)
Ty i i i

Jo (Y7 = Li(Y))dK; =0,

where A, f?, and ¢g"* play the same role as above, but here they are not formulated as
functions: instead, k' is a random variable and f?, g"* are stochastic processes. Similar
to the PDE system (1), the BSDE system (2) can concisely represent solutions to the
optimal switching problem and is investigated in several papers including [12, 20, 7, 17,
19]. For any i € I'', Y7 is then the system’s value (that is, its optimal yield in the sense
of expectation) when it starts from mode ¢ at time s. On the other hand, this system
(2) allows for the construction of the optimal strategy (see e.g. [12, 20, 7, 17, 19] for
more details). All of the aforementioned references are concerned with single-person
optimisation problems. Multiple-person optimal switching problems in a continuous-
time stochastic setting, the topic under which the present work falls, have been studied
less frequently in the literature (there is related work for deterministic systems such as
[33, 32]). In the two-player zero-sum game of optimal switching, which is the setting
of the present work, there are works such as [30, 21, 11, 18] and related studies for
impulse control games [29, 10].

Let the finite, discrete sets I'* = {1,...,ms}, k € {1,2} represent the operating
modes that player k can choose. Letting I' = I'' x I'2 denote the product space of
operating modes v = (7(1), 7(2))7 having cardinality |T'| = m = m; X mg, the following
costs and rewards are taken into account:
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e For (i,5) €T, f% defines a running reward paid by player 2 to player 1 and h*7
a terminal reward paid by player 2 to player 1, when player 1’s (resp. player 2’s)
active mode is ¢ (resp. j).

e For iy,iy € T'!, §i12 defines a non-negative payment from player 1 to player 2
when the former switches from mode ; to is.

e For ji,jo € I'?, 39172 defines a non-negative payment from player 2 to player 1
when the former switches from mode j; to js.

For all (i,7) € I and t € [0,T] we set - = g7 = 0.

From the probabilistic point of view, since there are two players and their advantages
are antagonistic, the zero-sum switching game leads to the study of a system of reflected
BSDEs with inter-connected bilateral obstacles which is an extension of (2): For each
(i,7) € T and s € [0,T] we should have:

Vg = i 4 [ de 4 17— K - [Tz B,
WO SUPY)ad v 2 LI ®)
Jo (7 U ()R ™ = [J(Ly(Y) = YY) Ky =0,

where: 1) Li7(Y) = maxyep: (i {YF7 — g0F} 1 1i) UM (Y) = mingepe 1 {Y4+ g2}
; and iii) K% = K%+ — K~ (K% are increasing processes). While this system
is formulated precisely in Section 2, an intuitive interpretation is provided here.

Since the game is zero-sum we suppose that player 1 is the maximiser while player 2
is the minimiser. A system of processes (Y9, Z%7, Ki’j)(i’j)ep is sought which may be
understood as follows. Firstly, Yt” is the value of the game played on the time interval
[t, T] when the players begin at time ¢ in mode (i, j). Secondly, Z;* is the volatility of
Y,”. Thirdly the term K;” — K7 captures, in the sense of expectation, the loss of yield
which would be caused by remaining in the state (4, j) over the time interval [¢, T]. Set
Y = (Yi’j)(l"j)er. Since player 1 may switch mode at any time, the process L*/(Y")
provides a lower bound for YJ. Further, consider any time interval [t1,¢s] C [0,7] in
which Y%7 strictly exceeds this bound: then since there is no incentive for player 1 to
switch from mode 4 to any other mode, K%J should not increase on [t1,t2]. Symmetric
arguments apply to player 2. Therefore the processes (Y7, 2% K%7); »cr should
verify (3).

System (3) is studied in rather few papers including [21, 11, 18]. In [21], the authors
have shown that a solution exists when ¢7¢ and §** are constant. It is also studied
in [11] in a Markovian framework where, by combining techniques of PDEs and ones
of backward equations, the authors proved that system (3) has a unique solution (see
Theorem 2). Finally, more recently there is a paper by Hamadéne-Mu [18], where it is
studied in a more general framework (see Theorem 1) and the authors have shown the
existence of a solution when the switching costs §¢ and §“* are only Ité processes.

Concerning system (3), it is expected that Y7 is the value of the zero-sum switching
game when the system starts from (i, j) € I' in the same way as Y of system (2) is the
value of the control problem when the system starts from i € I'l. However this fact is
not obvious at all and proved only in some specific cases. Actually in [11], the authors
have shown when f%/ and h%J are separated in the sense that for any (i,j) € T,
fid = fl + f7 and B = hi + ki, then Y59 is the value of the zero-sum switching
game. This latter assumption allows the game to be decomposed into two optimal
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switching problems which are simpler and decoupled, but limits the potential for
practical applications. The case of arbitrary f*7, g7¢, ** and h*J is still open and this
is the main objective of the present work. We prove without the separability assumption,
and this is the novelty of this paper, that a solution of system (3) provides the game’s
value. Furthermore, we derive equilibrium strategies for the players which adapt to
the opponent’s switching decisions and provide robust performance guarantees.

This paper is organised as follows. In Section 2, we introduce the zero-sum switching
game and provide some results related to the existence of a solution of system (3). In
Section 3, we show the main result, that Y%7 coincides with the value of the zero-sum
game. Moreover, we provide results on the existence of optimal strategies in the game.
For completeness, we also interpret our findings in the diffusion framework.

2. Probabilistic setup and notation

We follow closely the setup in [11], working on a finite horizon [0,7] and filtered
probability space (2, F,F,P) where F = (F;)o<i<r is the usual completion of the
natural filtration of B = (B;)o<i<7, & d-dimensional standard Brownian motion, where
d > 1. Since our method of proof does not depend on the dimension d, without loss of
generality we assume henceforth that d = 1.

e Let 7 be the set of F-stopping times bounded above by T', and for a given v € T,
T, the set of all 7 € T satisfying 7 > v a.s.

e For any sub-c-algebra F° of F, let LP(F°), 1 < p < oo, denote the set of p-
integrable F°-measurable random variables, and set L? := LP(F).

e Let H? be the set of F-progressively measurable processes w = (wi)o<t<r which
are dt ® dPP-square integrable.

e Let S% be the set of F-adapted processes w = (w¢)o<i<r with paths that are
right-continuous with left limits satisfying,

sup |wq| € L?.
0<t<T

Let 82 C 8? denote the subset of processes w € 82 with continuous paths.

o Let K2 denote the set of F-adapted right-continuous with left limits processes K
of finite variation satisfying Ky = 0 and,

T
/ |dK;| € L?,
0

where |dK;(w)]| is the total variation measure on [0,77]. Let K2 denote the subset
of processes K € K? with continuous paths.

Definition 1. Let Y be a right-continuous with left limits semi-martingale having
decomposition Y; = Yy + M, + K; where M is a local martingale, K has finite variation,
and My = Ky = 0. Note that M is continuous due to the choice of filtration F (see
Lemma 14.5.2 of [9]). We say that Y is square-integrable and write Y € W? if

Yoe L?>, M € §? and K € K2.

If Y is continuous then we write Y € W?2.
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Let 8™ denote the m-product of S2. Similarly we define H>™, L?™ S§2m K2m,
..., for the m-products of the spaces H2, L?, S?, K2, and so on.

2.1. Costs, rewards, switching controls and solutions of system (3)

Let T* = {1,...,ms}, k € {1, 2}, be a finite, discrete set representing the operating
modes that player k can choose. Let I' = I'! xI'? denote the product space of operating
modes v = (y(V),~4?)) having cardinality |T'| = m = m; x my. Next for (i,j) € T,
i1,i9 € T' and ji,jo € T2, let f% be a process of H?, %2, 37172 are non-negative
processes of §? and finally h*/ a random variable belonging to L?(Fr). We also assume
that for all (i,5) € T and t € [0,T] , §;* = g’ = 0. As a matter of convention, for
players 1 and 2 we use the respective “hat” and “check” notation to distinguish objects
that are similar otherwise.

Definition 2. For N > 2 a loopin T of length N—1 is a sequence { (i1, j1), ..., (in,jn)}
of elements in I' with V — 1 distinct members such that (ix,jn) = (i1, 1) and either
lg41 = &g OF jg41 = jq forany ¢ =1,...,N — 1.

We now present conditions under which a solution for system (3) exists. To begin
with, throughout this paper we make the following assumption.

Assumption 1. We impose the following conditions on the switching costs:
1. Consistency:

(a) For all sequences {iy,i2,i3} € Tt and {j1, jo,j3} € ['? with iy # ia, ia # i3
and j1 # jo, j2 # Js, we have for allt € [0,T], P-a.s.,
gzl,is < gzhiz +gi2,i3 and gghjz < ggl;j2 + g?z,js ) (4)
(b) For all (i,5) € T we have, P-a.s.,

max hil:j Aty < h’L,J < min hi,jl + ~7,J1 ) 5
i1€F17{i}{ 97} < _jlerL{j}{ 97"} (5)

2. Non-free loop property: For any loop {(i1,71),.-.,(in,jin)} in T we have for all

t € 0,77,
N-1
Z @?"”‘1 #0 P-a.s., (6)
q=1

where (pg,q+1 = _gzq’lq+11{iq¢iq+1} + ggq’]qull{jq?équrl}'

In Hamadéne-Mu [18], the following result is obtained:
Theorem 1. Suppose that:

1) Assumption 1 holds;
ii) For any i1,is € T'! and ji,jo € T2, §°v%2 and §9*92 are Ité6 processes: for any
0<t<T,

t t
() =g + [ (63 na,
0 0

and

t t
gj17j2(t) — gjlajZ(O) +/ i)gl’hds—l-/ églyjdes
0 0
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where ZA)“’”, itz QASZ'”'? and @iz belong to H? with E[supsST(|lA)él’i2|—|— \Bgl’j2|)2] < 00
moreover.

Then there exists an m-tuple of processes (Y49, ZbJ Kb+ Kbi— )(”)Ep, with Kb+
increasing, such that Y% € 82, Z% € H?, K”J’i € IC2 and (Y49, 253 Kb+ —
K"7) ¢ jyer satisfies (3).

Remark 1. Under the consistency condition (4), it is more economical for the players
to switch directly from one state to another, rather than doing so via an intermediary
third state. If these conditions are not satisfied then, mathematically, there can be
issues related to the well-posedness of the system (3). Regarding condition (5), note
that it is a contradiction to require simultaneously that Y/ is continuous on [0, 77,
Y” = k"7 and max;, eri g3 (Y7 — gi) < YA < ming, ez g5y (Y + gi71) for any
s < T, without assuming (5). If this latter condition is not satlsﬁed Y%/ may not be
continuous and then the pair (a*, 8*) of (20) may not exist.

We now highlight a result in [11] on the existence of a solution to system (3) when
the randomness is modelled by a diffusion process. Let X** be the solution to the
following stochastic differential equation with initial condition (s,z) € [0, 7] x R¥:

t t
vtel[s,T], X* = $+/ b(r, Xf’x)dT-F/ ¢(r, X*)dBy;
X:® =z, relo,s].

(7)

where the functions b and ¢ are both continuous with values in R* and R¥*! respec-
tively, Lipschitz with respect to = uniformly in ¢. Next assume that

F7 = X0, W9 = R(XGT), R = R X0, g = P X))

In this context, As_sumption 1 is derived from the following structural conditions on
the functions f*7, h*J, g»* and g7

Assumption 2.

1. Non-negativity: mln g"" >0 and min ¢ >0 for all i € T, j € T2,
i1 €D Jj1€r?

2. Consistency:

(a) For all sequences {i1,i2,i3} € Tt and {j1, ja,j3} € % with iy # ia, is # i3
and j1 # j2, jo # Jjs, we have for all t,x,

{gil,is (t,x) < Giviz(t, z) + §izie (¢, z),

§j17j3 (t,r) < é]‘ujz (t,z) + §j2,js (t, ).

(9)

(b) For all (i,7) € T we have, for all x,

max (B9 () — 55 (1) < )
el —{i} (10)
< min (R (@) + 50 (T 0)
j1er2—{j}
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3. Non-free loop property: For any loop {(i1,71),.-.,(in,jin)} in T we have for all
t7 x’

N-1
S gt (1, 0) £ 0, (1)
qg=1

where VI (t, 2) = —glotatt (6 x) 1, 2,03 + G090 (6 2) 1, 2,003
Theorem 2. (see [11].) In the Markovian setting (7)—(8), suppose that:

i) Assumption 2 holds;

ii) The functions §>*, where j, £ € T2, or g"*, where i,k € T'*, are C? and their
derivatives are of polynomial growth.

Then there exists an m-tuple of processes (Yi’j,Zi’j7Ki’j"",Ki’j’_)(i,j)ep depending
on the initial condition (s,x) for X*% such that Y € 82, 7% € H?, K"+ ¢ K2
(where K*9'% are increasing processes) and (Y9, 2% KWt — KW:=), o cp satisfies
(3). Moreover, there also exist deterministic continuous functions with polynomial
growth (v9); jyer such that for any (i,7) and t € [0,T — s,

Ysift = v (s 4+, X)
and (’Ui’j)(i’j)er‘ s the unique solution in viscosity sense of the following Hamilton-
Jacobi-Bellman system of PDFEs with obstacles: For any (i,j) € T’ and (s,z) € [0,T] x
R¥,
min{vi’j (s,2) — L™ (v)(s,z) , max{v"(s,z) — U™ (v)(s,z),
(=0, = LX) (w)(s,2) = f9(s,2)} } = 0;
v (T, x) = h' (x),

(12)
where L is the generator associated with X**; and v = (’Ui’j>(i7j)ep, Lbi(v) =
maxyeri— (1 {v*7 — 5%} and U9 (v) == minger2— ;3 {o* + 37}

2.1.1. Individual switching controls and strategies.

Definition 3. (Switching controls.) A control for player 1 is a sequence o = (0p, En)n>0
such that,

1. for allm >0, o, € T and is such that 0, < o441, P-a.s., and P({o,, < T ¥n >
0}) =0;

2. for allm >0, &, is an F,, -measurable I''-valued random variable;

3. forn > 1, on {o, < T} we have 0y, < opy1 and &, # En—1, while on {o, =T}
we have &, = &,_1.

Let A denote the set of controls for player 1. The set B of controls = (7y, <n)nzo for

player 2, where the ¢, are I'*-valued, is defined analogously. Denoting by C% the cost
of the first N > 1 switches,

N
C% = Z gg_:*l’f”’
n=1

note that the limit I\}im CR is well defined.
—00
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Remark 2. Under the consistency condition (5) of Assumption 1, which has also been
used previously in papers such as [11, 21], switching at time T provides no additional
benefit for either player. Consequently, it is without loss of generality that the definition
of controls excludes switching at time 7. Furthermore, as Remark 1 explains, this
consistency condition ensures well-posedness of the system (3).

Definition 4. A control a € A for player 1 is said to be square-integrable if,
lim Oy € L%
Ngnoo N €

Let A denote the set of such controls. Similarly, the set B of square-integrable controls
for player 2 consists of those f € B satisfying,

lim C% € L2,
N— oo N

where
N
B ._ ~Cn—1,Cn
Cy = Zggn 16
n=1

Definition 5. (Non-anticipative switching strategies.) Let s € [0,T] and v € T,.
Two controls al,a? € A with ol = (a}wg}l)wo and o? = (U%,€Z>n>0 are said to be

2

equivalent, denoting this by o' = a2, on [s,v] if we have a.s.,

531[6[1),0%]@) + Z E}LI(U},,,U}HA](t) = ggl[og,af](t) + Z 57%1(0-721/,02 ](t), s<t<v.

n+1
n>1 n>1

A non-anticipative strategy for player 1 is a mapping @: B — A such that:
e Non-anticipativity: for any s € [0,T], v € T,, and B!, 3% € B such that 8! = 3?
on [s,v], we have @($') = @(S?) on [s,v].
o Square-integrability: for any 8 € B we have a(8) € A.

In a similar manner we define non-anticipative strategies for player 2. Let &/ and %
denote the set of non-anticipative strategies for players 1 and 2 respectively.

Definition 6. For s € [0,7] and i € I'!, let AL denote the set of controls a € A
satisfying &g = i and o9 = s. Similarly, define BJ for s € [0,7] and j € I'2. Analogous
notation will be used below for other classes of controls, for example square-integrable
controls A%, BJ, and strategies &7, 7.

2.1.2. Coupling of controls. We now define the coupling of two controls a € A and
B € B under the following assumption: player 1’s switch is implemented first if both
players decide to switch at the same instant.

Definition 7. Given controls o € A and 8 € B, define the coupling y(, 8) = (pn; Yn)n>0
where p,, € T is defined by,
Pn = 0Op, \Ts,, (13)

with ro = s =0, r1 = sy = 1 and for n > 2,

Tn =Tn-1+ 1{0’,.7171§75n71}a Sp = Sp—1 t 1{Tsn71<0‘,«n71}7
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and 7, is a I-valued random variable such that vo = (g, (o) and for n > 1,

(g’r'n ) ’77(12_)1)7 on {U’r'” S TS.,L; U’I‘” < T}
Tn = (’Vr(Lljla sn)v on {Tsn < Urn} (]-4)

Yn—1, on {r,, =o,, =T}
Define for all 0 <t < T,

Ut = 701[pg,p1}(t) + Z 'Ynl(pn,pTLJrl](t)? (15)
n>1

where (pn, pny1] =0 on {pn = ppi1}. _ _
Note that the coupling (e, 8) = (pn, ¥n)n>0 of the controls a € A% and 5 € B has
the following properties:

1. po = s and for all n > 0 we have p, € T and p, < pny1 P-as., and P({p, <
T Vn > 0}) = 0;

2. 70 = (4,7) and for all n > 0 the random variable 7, is F,, -measurable, I'-valued
and Yn41 # Yn o0 {pny1 < T}

Hereafter, we use notation such as f7, where v is an I'-valued random variable, with
the interpretation f7 = f%/ on {y = (i,7)}. Write C’?V(a’ﬁ) for the joint cumulative
cost of the first N switches,

N
1 (1) @ (2
) Z AYml15n il 15Yn
C;\//'(a ﬁ) = |:gpn ! _gﬂn ! 9 N 2 1’

n=1
Definition 8. The coupling v(a, 3) = (pn,¥n)n>0 of the controls a € A% and 3 € BJ
is said to be admissible, writing v(a, 8) € G/ to indicate this, if supys, |C;<,(a’5)| €L
Note that f A B we have lim O3\ = lim €% — lim C%.
ote that for every a € A and g € B we have A Cr m cy i Cy

Using the triangle inequality, we see that every pair of square-integrable controls (o, 5),
a € AL and 8 € B2, satisfies v(a, §) € G2,

2.2. The zero-sum switching game

For the zero-sum game we assume that player 1 is the maximiser and define the
total reward from its perspective. Letting (s,,7) € [0,T) x I' be the initial state and
(CONINEY @ (2

recalling (15), we have
T oo
/ frede=3" g™ =g+ he f]
s n=1

a €Al BeBl. (16)

I (y(a. B)) =E

The lower and upper values for this game, denoted respectively by Vsi’j and V;%
are defined as follows:
Vi = esssupessinf J (y(a, B))
a€EAL  PEB

Viid = essinf esssup J9 (y(a, B)).
BEBL  acAl

(17)
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Note that Vi7 < Vii as.

Definition 9. The game is said to have a value at (s,1,j) if
Vil =V as. (18)

The common value V;»/, when it exists, is referred to as the game’s solution at (s, i, ).
When s = T we formally set V! = V! = h'd.

In this paper we construct a pair of controls (a*, 3*) € AL x B such that v(a*, 8*) €
G4 and the game has a value V37 = JbJ(y(a*, B*)) (see Theorem 3 below). Our result
is obtained by dynamic programming and the connection between doubly reflected
backward stochastic differential equations (DRBSDESs) with implicitly defined barriers
and zero-sum optimal stopping games. We also prove the existence of optimal non-
anticipative strategies a* € </ and $* € %J which are robust in the sense that each
is a best response to the worst-case opponent.

3. A probabilistic verification theorem for the zero-sum game

Theorem 3 uses the system (3) to prove the existence of a value for the zero-sum
game. Recall that m = |['| is the number of joint operating modes (4, j) € I'. For (4, j) €
T define the lower and upper switching operators, L : S>™ — 82 and U%I : §2™ — S?
respectively, as follows: for Y € 8™,

Li,j(Y) —  max {Yihj _ gi,i1}7
i €rt (i}

Ubi(Y) = min Ve 4 §iat

¥) j1€F2*{j}{ g

(19)

Let L: 8>™ — S2™ and U: §*™ — S82™ be the operators defined, using matrix
notation, by L = (L"7)(; jyer and U = (U7); jyer- The following definition formalises
the concept of a solution to (3).

Definition 10. A solution to the system of DRBSDEs with terminal value h € L?™(Fr),
driver f € H*>™, and implicit barriers L and U, is a triple (Y, Z, K) € S>™ x H>™ x
K2™ such that a.s. for all (i,j) € T and all 0 < s < T,

T T
(i) Y3 =p +/ fldt+ K7 — Kb —/ Z;?dBy;
(1) Y <US(Y)and Y7 > LY (Y); (3 revisited)

(i) [ (00— UP K = [P ) - v <o

where K*7* and K%J~ are the increasing processes in the orthogonal decomposition
Kid — it _ i

Note that for any solution to (3), the stochastic integral fot Z%dBy is well-defined,
and is a martingale belonging to S? (see Chapter 3 of [8]). Since we have provided
conditions, besides Assumptions 1 or 2, under which such a solution exists (see Theo-
rems 1 or 2), hereafter we work under Assumption 1 and assume that a solution to (3)
exists.
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Theorem 3. Suppose there ezists a solution (Y ,Z,K) to the DRBSDE (3). For
every initial state (s,1,7) € [0,T] x T,

i) Existence of value and optimal controls: the switching game has a value with,
) Exist l d optimal controls: th tehi h l jth
Y =V =T (v(a", BY) as., (20)
where (a*, 3*) € AL x B are a pair of controls satisfying y(a*, %) € G&J.

(i) FEzistence of optimal strategies: there exist non-anticipative strategies o € JZ/;
and B* € PBL that are optimal in the robust sense:

essinf Ji7 (7(@7(8). B)) = ess sup essinf T2 ((a(8). 5))

BEBL acdi PEB]
ess sup Ji4 ((a, F7(a))) = ess infess sup Ji9 ((a, Fla)
ac Al BERBL acAlL

Furthermore, these robust values are equal to the game’s value,

esssupessinf J27 (y(@(B), 8)) = V7 = essinfesssup J27 (v(a, B(a))).
aceli BeB] BEBL acAl

This concept of robustness, which is well known in the optimal control and differ-
ential games literature [22, 1, 2], is natural in the context of zero-sum games [10].

Remark 3. Since the switching costs are non-negative we get the following type of
Mokobodski’s condition: there exists a system of processes w = {wi’j}(m)ep belonging
to W2™ such that for all (i,j) € I': for all 0 <t < T aus.,

(b (U T S et pin T .
Indeed, by taking w to be the m-dimensional null process, w = 0, it is easily verified
that w € W2™ and (21) holds. Mokobodski’s condition (21) is an extension of that
typically assumed for single-agent switching problems in a variety of settings [5, 6, 14,
24], or for two-player Dynkin games or DRBSDEs [3, 16, 25, 27, 13], both of which are
special, somewhat degenerate, cases of the optimal switching game studied here.

Let us point out that for any solution (Y, Z, K) to the DRBSDE (3), Y satisfies
Mokobodski’s condition (21) and, a posteriori, also belongs to W™, Condition (21)
can therefore be seen as a feasibility check for the inequality constraint (3)—(iz): there
exists at least one system of processes Y which satisfies (3)—(#¢) within a suitable class
of candidates. Actually, we know from the results in [27] that well-posedness of (3) is
intricately linked to Mokobodski’s condition (21).

3.1. Proof of Theorem 3

The existence of a solution to the DRBSDE (3) is closely related to the existence of
both a value and a Nash equilibrium in the following Dynkin game (see for example
[16, 13, 15], and also [29] for the relation to impulse control games with delay).

Proposition 1. Suppose there exists a solution (Y, Z, K) to the DRBSDE (3). Then
for all (s,i,7) € [0,T) xT a.s.:
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(a)
Y = essinf esssup Ji (0, 7) = esssupessinf T (0, T), (22)
T€Ts  oeT, oeT, TETs

where,

ONT o o
szJ (Uv T) =E |:/ f;ddt + 1{T<0}Ui7] (Y) + 1{U§T, U<T}Lfy7] (Y) ‘ ]:s:|

k (23)
+ E[hi)jl{U:T:T} | fs]v

and h, f, L and U are the data for (3) (see Definition 10).

(b) we have Y = JhI(abd 183) where ot9 € Ty and 119 € T, are stopping times
defined by,
{Ué’j =inf{s <t <T: V7 = L} (Y)} AT, (24)

Tl =inf{s <t <T: Y] = UM (Y)Y AT,

and we use the convention that inf ) = 4+-00. Moreover, (og’j, T;’j) is a Nash equilibrium
for the Dynkin game,

T o, 707) < T (037, 707) < T3 (07, 7) Yo €T, and 7 € T (25)

Proof. Recalling the ordering (3)-(i), the result follows from Proposition 2.2.1 of
[15], for example. O

We will use Proposition 1 and a dynamic programming argument to first establish
claim (i) of Theorem 3, then obtain (ii) as a corollary. Since (20) trivially holds when
s=1T,let s € [0,T) and (i,j) € T be arbitrary. Define a sequence (pn,¥n)n>0 as
follows,

po=358, 7 = (i,7) and for n > 1, (26)
(L (¥),4P), on My

o= AT = (U (Y), o M (27)
Yn—1, otherwise

where o,""} and 7,77 are defined using (24) above, £,"~' and U, "' are obtained

from the switching selectors,

L7 (Y) € argmax {Y;"7 — gy},
o ipelt—{i} o o (28)
U’ (Y) € argmin {Y;"* + g/},
J1er2—{j}

and for n > 1, M} and M,, are the events,

+ TYn—1 TYn—1 Yn—1
Mn - {UPZ—l S TP:—I ) Up:q < T},
Mg =A{mpinl <opizi}

n—1
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Lemma 1. Under the conditions of Theorem 3 we have y(a*, 3*) € g;}j and Ys” _
J;'J(’Y(a*,ﬂ*)) a.s., where o = (0%, €% )ns0 and B* = (7%, (X )nso are sequences defined
from (pp,¥n)n>0 as follows,

oy =1 =s, (&,¢) = (,4) and for n>1, (29)
o =int{t>of iV £ 6 IAT, & =ull,, (30)
remint{t >y A AT, G =u®),

where u is defined using (15).

Proof. We begin by establishing that o* € AL The non-free loop property (6)
prevents accumulation of the switching times p}, in the sense that P({p; < T ¥n >
0}) = 0 (see, for example, [17, pp. 192-193]). Since o), > p,, for n > 0, it follows that
P({c} < T Vn > 0}) = 0. Also, the consistency property (4) ensures that it is not
optimal for a single player to switch twice at the same instant, so we have o}, < o}, |,
on {o} < T} for n > 1 (see [24] or [17]). By the construction of a*, noting that ugl*)+
is Fox-measurable since F is right-continuous, the remaining parts of Definition 3 are
satisfied, and o* € AL. Similarly 8* € BJ.

We now prove that y(a*, 3*) € G479 by proceeding in a similar manner to [17]. Using
(3)-(1) and (3)-(iii) together with the construction of p; gives P-a.s.,

. pr . - P1 . r1 .
Vil = [ WLy 4 Y ey + [ ar [
S S

S

P1 L
- / 2494B,

pL . . (2
= / f;’jdt“‘hZ’Jl{pl:T} _|_Yp117J1{p1<T} —/ ZZ’det.

By considering the first switch for either player we have

%, " ,J ,J ’yﬁl)vj Ai;')’il)
Y= ) SR ey (Yazvf‘ ~ i )1{,,;y-<T}1{,,g,,~ST;,j}
S
7 7(2> j ’Y(2) P1 i
1 g7’ 11 o o s
+ (YT;J +gr§'j )1{T.§’J<o.§’]} _/ Zt dBt
S
" g ¥ A AP A A
= crdt+Y ) e, oy +R70L, o1y — [Qm — Jpx } - Z;'"dBy,
s S

i

(to account for the event {p; = T}, recall that §;"* = g/ = 0). Proceeding iteratively
forn=1,..., N we obtain by substitution

i PN Y al AL AL 4P 4P
Y= fetdt + Z W =1, ps<Ty — Z [gp: = e }
s n=1 n=1 (31)

PN
+Yp’Y1\1,V1{pN<T} —/ ZtutdBt,
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from which we obtain

- . PN N
CX,(O‘ B _ Yf:y]\zjv 1{pN<T} — Y4 ft"*dt + Z Bt 1{pn:T, o1 <T)

S n=1

PN
— / Z"dBy. (32)

Let M* = (M}")s<i<7 denote the stochastic integral M}* = f; Z'dB,, which is a
well-defined square-integrable martingale on [s,T] [8]. Continuing from (32) we have
a.s.,

T
sup|CX™ 7 < [ Ifat + max 1hi7
N>1 s (i,5)€r

Y]+ max sup ¥
(4,5)€T s<t<T

+ sup |MY. (33)

s<t<T

The right-hand side of (33) is a square-integrable random variable, thereby proving
(e, B7) € G o

It is now straightforward to prove Y7 = JWI(vy(a*,*)) a.s. by taking condi-
tional expectations in (31) then passing to the limit N — oo, which is justified since

v(e*, B) € Gy,

Y =E

T 0 L 1 @ 2
u AVn—1Tn “Yn-1"Tn
| a3 (g g |
S

= J37 (v(a", 57)). (34)
0

For a given a = (0, &)n>0 € AL, let B*(a) = (T, (n)n>0 be the control for player 2
defined similarly to (29) with the sequence (pn,yn)n>0 constructed by,

po =358, 7 = (i,7) and for n > 1, (35)
(é-Tnu 757,27)1)a on MTJ'L_

pn=0r, ATE = (VL UTN(Y), on M (36)
Yn—1, otherwise

where, reusing earlier notation, ¢," ™" is obtained from (28), {r,},>0 is defined itera-
tively by rg =0, r; = 1 and for n > 2,

Tn =Tn-1+1 1{07.n71<7_;::22}7

and for n > 1, M, and M,, are the events,
MI ={or, < TI’J::II’ or, <T},
M = Ao <or}
In an analogous manner using the lower switching selector £(Y') in (28), for each 3 € BJ

we define a*(3) € AJ for player 1. The following lemma points out key properties of
«o* and B* utilised below to finish the proof of Theorem 3.
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Lemma 2.
(i) We have o € o/} and B* € 5.
(i) We have

esssup Ji9 (70, B () = Y29 = essinf Jo9 (4(@(9), 6)).  (37)
acAl BeB]

Proof.

Proof of (i): We only show 3* € % since the proof that a* € &7 follows by similar
arguments. Just as in the proof of Lemma 1, the construction of 3*(a) together with
the non-free loop and consistency properties are sufficient to establish that 3*(«) € BJ
for each a € AL. Moreover, 5* satisfies the non-anticipative property in Definition 5
by construction. Let o € A% be given and let 8*(a) = 8 = (Tp, (n)n>0 € BI. To show
that this control is square-integrable we will proceed as in the proof of Lemma 1, to
obtain that a.s.,

.. P1 P .. .. P1 0.7 P1 0.7, —
Ysz,] :/ f;’]dt‘Fhwl{pl:T}+1/Z{]1{p1<T}+/ thu,-i-_/ thu,

P1 o
- / ZMdB,
s
(1)

P1 o P1
> [0ty [0 = 0] Y ey - [ 2B,

S

where, in contrast to the proof of Lemma 1, here « is arbitrary and so 'y( ) is not
necessarily optimal at time p;. This means fuhe inequality L;;f (V) < Y;{J must be
enforced and the non-negative term fsp ! thw’Jr cannot be neglected. Proceeding
iteratively for n =1,..., N it follows that

0,7 - u al a & )11'7(1) (21 77(12>
Yid > dt + Z K" U pp =T, por<T} — Z [gpn — Gor. }
S n=1 n=1
PN
+ Y 1{PN<T} / ZZ”dBt, (38)
s

from which we obtain

N N

(2 (2 1) (1)
Vnl1Tn AVn—-1Tn
Jon " / firdt — Z hm= "Lip,=1, pu_y<ry + ngn '
n=1 n=1 n=1
. PN
+ YZJ Y l{pN<T} + / Z?tdBt (39)

We note that P({py < T VN > 1}) = 0 and the limits as N — oo on both sides of
(39) are well defined. As the switching costs are non-negative we have

0< Z gir-rin < / fledt — b7 4+ Zgg" B A / Zy*dBy.  (40)

n>1 n>1
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Since a € A%, Y € 82, h'J € L*(Fr), and f, Z% belong to H? for all (i,j) € T,
the random variable on the right-hand side of (40) belongs to L? and we conclude that
the control § is square-integrable.

Proof of (ii): We only show the first equality in (37) as the second follows via similar
arguments. We proceed by showing that for every a € A% we have,

Y7 > 00 (v(e, B*(a))). (41)

Taking conditional expectations in (38) above we get,

hy PN al A N IR
YSJ Z E ; tdt + Z h’Yn—l 1{Pn:T’ Pn_1<T} — Z |:ng - gp: :| ‘ ./T'-s
s n=1 n=1
+E YN Lo ery | Fs] - “2)

Using (i) above we have (o, B*(0)) € Gi, so taking the limit N — oo in (42) proves
the inequality (41).

Next, for each integer k£ > 0 let «j, denote the truncation of the control o* from
Lemma 1 to the first k switches: af = (07, & )o<n<k with (T, &};) appended. Then o €

Al for each k and J (y(aj, B*(af))) — J&7 (v(e, B*(a*))) by the non-anticipative
properties of #* and as v(a*, 3*(a*)) € 9. The claim

esssup J;7 (v(a, B*(@)) = Y7,
acAl

is then proved by passing to the limit £ — oo in,

J27 (v(ag, B*(af))) < ess sup I3 (v(a, B*(a))) < Y,
acAl

and using Lemma 1. O

Proof of Theorem 3.
Proof of (i): By construction we have a* = a*(*) and 8* = B*(a*) so that, by
Lemma 1,

Y7 =T (y(a", 87)) = T (v(aF(B), B7)) = Jo7 (v(a”, B (a¥))),  (43)
and by Lemma 2,

ess sup Jsi’j (W(a,ﬁ(a))) = Y;’j = essinf J;"j (W(E(ﬁ), ﬁ))
acAl BeBl

Since 3*(a) € B! for every a € A% and a*(3) € A for every 8 € BZ, almost surely we
have,

Vi = essinf esssup J*7 (v(e, B)) < YI7 < esssupessinf JI7 (y(a, B)) = V{7,
BEBL  acAl acAi  BeBL

which completes the proof since Vi > Vi as.
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Proof of (ii): For all @ € &/! we have a.s.,

essinf J7 (v(a(B), B)) < essinf esssup J!7 (y(a, B))

BEBE BEBL  acAl
=Y/ = essinf J7 (v(a*(B), B)),
BEB

and the corresponding statement for B* is proved analogously. Since a* € <7 and
B* € %I the proof is complete. O

Remark 4. In proving Theorem 3 we established the following. For players 1 and 2
respectively there exist non-anticipative strategies a* and 8* as well as controls a* and
B* which satisfy the following,

e the controls a*, 8* and non-anticipative strategies o*, 5* are related by a* =
a*(B*) and B* = B*(a”);

e o* and * are jointly admissible;

e when player 2 (the minimiser) uses the non-anticipative strategy 5*, then the
use of the control a* by player 1 (the maximiser) gives the maximum possible
value for the switching game over all controls « such that (o, 5*(«)) is jointly
admissible, including all square-integrable controls «;

e when player 1 uses the non-anticipative strategy o*, then the use of the control
B* by player 2 gives the minimum possible value for the switching game over
all controls 8 such that (a*(8), ) is jointly admissible, including all square-
integrable controls ;

e the strategies a* and B* are best responses in the robust sense [22, 1, 2].

Let us emphasise that o* is not necessarily a best response strategy in the sense,

I3 (v(a¥(B), B)) = esssup Jo7 (v(a, ) VB € BL,

ac Al

and correspondingly for 3*. In the game with initial data (s,1,5), for player 1 we can
define a mapping @: B — A% such that for each 8 € B ass.,

T (v@(B), B) = T (v B)) as. Vo€ AL,

but this mapping is generally not non-anticipative since its output @(3) can depend on
the entire trajectory corresponding to the input 3. For example, let 3 € B be a given
switching control for player 2. We denote by u” the stochastic process that indicates
player 2’s current mode according to [,

uf = CoLirg,r)(8) + D Cal(rymi (), tE[s,T).

n>1

~. B
For i € T and t € [s,T], let fi(B) = f'"* denote the controllable part of player 1's
instantaneous reward when player 2’s switching control 3 is given and fixed. Similarly,
let h p(8) = i Yooty Qﬁ:ﬁfl’g"l{THZS} denote the controllable part of player 1’s
terminal reward given player 2’s switching control 5, and inclusive of the payments



18 Said Hamadéne, Randall Martyr and John Moriarty

received from player 2’s switching costs gﬁ;;*“g" from time s onwards. With these

definitions we can evaluate a control o € A% for player 1 according to,

T o]
Ji(a; 8)=E [ / R @t -y g+ i) | fs] L acdlL (44
S n=1

and define the corresponding optimal value V/(8) = ess SUPq e A: Ji(a; B). Using the
results in [11, 24], we can prove the existence of an optimal control a* € A% for
this problem. The non-anticipativity issue arises from the dependence of (44) on the
expected future rewards due to player 2’s control 5.
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