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Relativistic Euler equations in cosmologies with non-linear structures

Christopher S. Gallagher∗ and Timothy Clifton†

School of Physics and Astronomy, Queen Mary University of London, UK.

We consider a new variant of cosmological perturbation theory that has been designed specifically
to include non-linear density contrasts on scales . 100 Mpc, while still allowing for linear fluctuations
on larger scales. This theory is used to derive the relativistic equations of Eulerian hydrodynamics in
realistic cosmological scenarios that contain radiation and a cosmological constant, as well as matter
that has been allowed to clump into galaxies and clusters of galaxies. These equations can be used
to evolve energy densities and velocities in the presences of small-scale non-linear structures, and on
scales all the way up to the horizon and beyond. The leading-order part of these equations reproduces
the expected Newtonian equations, while subsequent orders prescribe relativistic corrections. We
demonstrate that these evolution equations are consistent with maintaining the Einstein constraints,
and hence that the system as a whole is mathematically well posed. The relativistic corrections that
we derive are found to exhibit non-trivial interactions between perturbations on different scales, as
well as the mixing of scalar, vector and tensor modes. They deviate from those that occur in both
post-Friedmann and standard cosmological perturbation theory approaches, and point towards new
relativistic effects that could be measurable by upcoming ultra-large-scale surveys.

I. INTRODUCTION

The next generation of astronomical surveys will op-
erate with a vastly increased scope, as compared to all
predecessors [1–3]. This exciting advancement opens up
the possibility of extending tests of the non-linear aspects
of Einstein’s theory from isolated astrophysical systems
into the cosmological regime [4–7]. Such tests will enable
us to further constrain Einstein’s equations in hitherto
unprobed physical scenarios, and may even provide evi-
dence of deviations away from general relativity [8]. This
is a topic of much contemporary interest, given the ob-
served accelerating expansion of the Universe and the
cosmological constant problems [9–11].

Most approaches to modelling relativistic effects in cos-
mology are based on applying cosmological perturbation
theory [12] to small fluctuations around an otherwise
perfectly homogeneous and isotropic Robertson-Walker
background (see e.g. [13–15]). Such studies are ideally
suited to modelling the large-scale fluctuations in both
gravitational and matter fields. They are not, however,
well suited to studying the gravitational fields that result
from the presence of structures with highly non-linear
density contrasts. This fact arises because the density
contrast itself is required to be small for the perturba-
tive expansion to be well defined. Failure to meet this
criterion means that terms that would normally occur at
higher-orders are allowed to become large, and that the
solutions to resulting equations are significantly altered.
This difference is far from just a mathematical technical-
ity, as can be seen clearly at even the Newtonian level,
where additional non-linear terms in the Euler equations
produce highly complicated phenomenology that is not
readily reproduced by continuing perturbation theory to
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higher orders (see e.g. [16]).

On the other hand, expansions of the gravitational field
equations that are designed for use in the presence of
highly non-linear structures are not always readily appli-
cable to cosmology. The archetypal such scheme is the
weak-field and slow-motion post-Newtonian expansion,
which is very widely applied in the study of relativistic
gravitational effects in the solar system and extra-solar
binaries [17, 18]. This approach expands the retarded
null Green’s functions that arise from solving the full
Einstein equations on spatial scales that are much smaller
than the particle horizon, and as a result requires treating
time derivatives acting on both matter and gravitational
fields as being small compared to spatial derivatives act-
ing on the same quantities. This seemingly small adjust-
ment in the counting of powers of smallness means that
non-linear density contrasts can be consistently included,
and that the leading-order equations of motion for time-
like particles include the required non-linear terms in the
Euler equations. The higher-order equations are simi-
larly applicable to situations that contain highly non-
linear structures, and have been used to predict a host of
relativistic gravitational effects in the solar system and
beyond [19, 20].

Recent progress has been made in applying the tech-
niques from post-Newtonian gravitational expansions
into cosmology [21–23], with numerical simulations even
being performed to post-Newtonian orders of accuracy
[24–28]. These studies have yielded numerous interesting
results, including the determination of the power spectra
of higher-order gravitational potentials and the effects of
small-scale gravitational fields on the large-scale expan-
sion of space. Our current purpose is to combine these
expansions, which are valid on scales . 100 Mpc, with
the standard approach to cosmological perturbation the-
ory, which is valid on scales & 100 Mpc, where structures
are largely still linear. We do this by simultaneously ex-
panding all relevant equations in two parameters; one
associated with the expansion parameter of cosmological
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perturbation theory (ǫ), and the other associated with
the order-of-smallness from post-Newtonian theory (η).
Together, these two expansions cover the vast majority of
structures that are expected to exist in the Universe (ex-
cluding regions of space-time in the immediate vicinity
of black holes and neutron stars).

This two-parameter approach to cosmological pertur-
bations was started in Ref. [29], and extended in Ref.
[30] to include fluids with non-zero pressure and Λ. These
studies considered the gauge issues involved in producing
a well-defined two-parameter expansion in all required
variables, identified the minimal sets of perturbed quan-
tities required for a consistent study, and proceeded to
calculate the perturbed field equations in terms of gauge-
invariant variables. It was found that the large-scale cos-
mological perturbations are sourced by additional terms
that are quadratic (or higher) in the quantities associated
with the Newtonian fields, and that the post-Newtonian
gravitational fields on small scales can be affected by the
large-scale gravitational potentials in which they reside.
These additional terms occur not only in the form of an
effective fluid, but can also act to mix together the dif-
ferent scalar, vector and tensor degrees of freedom in the
large-scale gravitational fields. Any effects of these terms
should be considered to constitute new relativistic grav-
itational phenomena, due to the presence of small-scale
non-linear structures.

In this paper, we present the corresponding relativistic
version of the Eulerian equations of hydrodynamics in
the two-parameter formalism and demonstrate that the
Einstein constraint equations are consistently evolved by
the full system of Einstein evolution and relativistic Euler
equations. This demonstrates the system of equations
proposed in Refs. [29] and [30] are mathematically well
posed, as well as providing a set of equations that can be
used to determine the future properties of particles and
fluids in such a setting. These equations will be of use for
the accurate calculation of the matter power spectrum,
as well as for calculating the growth rate of structure, and
any other observables that are based on the positions of
matter fields and that could hence be used to infer the
effects of relativistic gravitational fields. In Section II we
outline the two-parameter formalism. Section III then
contains a derivation of the relativistic Euler equations,
with long equations being given in Appendix A. For the
busy reader, the important equations that result from
Section III are all highlighted by the inclusion of boxes.
Finally, in Section IV we end by discussing our results
and concluding.

We use Greek indices to represent space-time coordi-
nates, and Latin indices for spatial coordinates. Dashes
refer to differentiation with respect to conformal time,
spatial derivatives are denoted by ∂i, and ∇2 refers to the
Laplacian operator associated with spatial partial deriva-
tives in comoving coordinates. We use units in which
G = c = 1 throughout, and choose to work in longitudi-
nal gauge in both sectors of the perturbation theory.

II. TWO-PARAMETER PERTURBATION

THEORY

This section contains a summary of the two-parameter
perturbation theory that was developed in Refs. [29] and
[30], and which allows for higher-order relativistic grav-
itational effects to be calculated in the presence of non-
linear structures. The first step in this formalism is to
expand all quantities in the small parameters associated
with each of the two expansions, such that any variable
Q can be written

Q =
∑

n,m

1

n!m!
Q(n,m) , (1)

where Q(n,m) is a quantity of order n in the cosmological
perturbation theory expansion parameter ǫ, and order
m in the post-Newtonian expansion parameter η. It is
assumed that both ǫ ≪ 1 and η ≪ 1. As is usual in post-
Newtonian gravity, we treat time-derivatives of a quan-
tity that has m 6= 0 as adding an extra order of smallness
in that expansion, as compared to spatial derivatives. In
cosmological perturbation theory, on the other hand, all
derivatives are treated on an equal footing, and do not
make a quantity smaller when it is perturbed only in that
sector (i.e. if m = 0). That is, for any quantity that is
perturbed in the post-Newtonian expansion parameter η
we have

P,i ∼
P

LN

and P′ ∼ η
P

LN

, (2)

where LN is the typical length scale associated with that
expansion, while for cosmological quantities we have

C,i ∼
C

LC

and C′ ∼
C

LC

, (3)

where LC is the length scale associated with large-scale
cosmological perturbations. For further details of post-
Newtonian gravity the reader is referred to the textbooks
by Will [17] and Poisson & Will [18], and for cosmological
perturbation theory the review by Malik & Wands [12].
The framework developed in Refs. [29] and [30] is con-

structed around a spatially flat Robertson-Walker geom-
etry,

ds2 = a2(τ) (ηµν + hµν) , (4)

where a(τ) is the scale factor, τ is conformal time, and
hµν ≪ 1 is a small perturbation to the conformal ge-
ometry, which we choose to write in longitudinal gauge.
Cosmological perturbation theory is, of course, developed
for use around just such a background. Post-Newtonian
gravity, however, is usually developed around Minkowski
space. Nevertheless, small adaptations allow it to be per-
formed around a Robertson-Walker geometry in an en-
tirely self-consistent and well-posed way, as long certain
conditions are obeyed [21, 29]. All perturbations to the
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matter fields and metric are performed about this back-
ground, as prescribed in Eq. (4), and then used to con-
struct the field equations at each order in perturbations.
At leading order this gives

H′ = −
4πa2

3
(ρ̄+ 3p̄) +

1

3
Λa2 (5)

H2 =
8πa2

3
ρ̄+

1

3
Λa2 , (6)

where H = a′/a is the conformal Hubble rate, and where
primes denote differentiation with respect to τ . The
quantities ρ̄ and p̄ in these equations correspond to the
spatial averages of the leading-order perturbations to the
energy density and pressure, ρ(0,2) and p(0,0). At the
same order we obtain the equation governing the Newto-
nian gravitational potential:

∇2U = 4πa2δρN , (7)

where U = − 1
2

(

h
(0,2)
00 +h

(1,1)
00

)

= − 1
6

(

h
(0,2)
ii +h

(1,1)
ii

)

plays
the part of the Newtonian-level gravitational potential
and δρN = δρ(0,2) + ρ(1,1) that of the Newtonian mass
density. These equations are derived under the condi-
tions that:

(i) The ratio of the length scales associated with the
post-Newtonian (LN ) and cosmological (LC) per-

turbations is the same order of magnitude as the
post-Newtonian expansion parameter itself, so that
LN/LC ∼ η. This means that

C′ ∼ C,i ∼ P′ ∼ ηP,i ,

so that spatial derivatives acting on post-
Newtonian and mixed-order quantities are effec-
tively made larger than other terms by η−1.

(ii) The magnitude of ǫ and η are such that ǫ ∼ 10−5

and η2 ∼ 10−5. This choice is motivated by the
structures that exist in the Universe, and the mag-
nitude of the velocities associated with their com-
ponents, as described in detail in Ref. [30].

(iii) The integrated normal derivative of U over the
closed boundary of every averaging domain in the
Universe is always zero, such that

∫

∂Ω
(n ·∂U) dA =

0. This is identically satisfied if periodic boundary
conditions are chosen for spatial domains the size
of the homogeneity scale.

Equations (5)-(7) are exactly the equations that are ex-
pected from considering Newtonian gravitational fields
on homogeneous and isotropically expanding background
spaces, with the added bonus that it is the average of the
Newtonian mass (along with background pressure and Λ)
that drives the large-scale expansion.

At next-to-leading order we find the scalar gravitational potentials obey the following equations:

1

3
∇2φ+Hφ′ +Hψ′ +ψ′′ + 2H′φ =

4πa2

3
(δρ+ δρeff + 3δp + 3δpeff) +

2

3
(DijU)hij −

8πa2

3
δρN(ψ− φ) , (8)

1

3
∇2ψ−Hψ′ −H2φ =

4πa2

3
(δρ+ δρeff) +

1

3
(DijU)hij −

16πa2

3
δρNψ , (9)

where φ = − 1
2

(

h
(1,0)
00 + h

(1,2)
00 + 1

2h
(0,4)
00

)

and ψ = − 1
6

(

h
(1,0)
ii + h

(1,2)
ii + 1

2h
(0,4)
ii

)

. On the right-hand side we have

δρ = ρ(1,0) + ρ(1,2) + 1
2ρ

(0,4) and δp = p(1,0) +p(1,2) + 1
2p

(0,4), while the terms δρeff and δpeff are effective fluid terms
built from the solutions of the lower-order equations (5)-(7). These effective fluid quantities are given below, in Eqs.
(13)-(14). Finally, Dij = ∂i∂j −

1
3δij∂

k∂k denotes the trace-free second derivative operator on the conformal 3-space.
The governing equation for the vector gravitational field can be written

∇2Si + 4∂i
(

ψ′ +Hφ
)

+16πa2
(

(ρ̄+ p̄ + δρN)(vi − Si) + Qeff
i

)

= −8πa2δρNSi − 2Sj∂j∂iU , (10)

where Si = −
(

h
(0,3)
0i + h

(1,0)
0i + h

(1,2)
0i

)

and vi = v
(1,0)
i . The quantity Qeff

i is another effective fluid term, given in Eq.
(15). The largest part of this equation is particularly interesting as it is sourced entirely in terms of Newtonian-level
quantities, and can hence be calculated using the output of standard cosmological N -body simulations [24]. The
explicit form of this equations is given by

∇2Bi + 4∂i(U
′
S +HUS) + 16πa2(ρ̄ + p̄ + δρS)vNi = 0 , (11)

where Bi = −h
(0,3)
0i , US = − 1

2h
(0,2)
00 = − 1

6h
(0,2)
ii and δρS = δρ(0,2) 1 . With the exception of ∇2Bi, all other terms in

this equation are Newtonian.

1 The reason for defining these separate parts of U and δρN will be

made clear in the subsequent section on conservation equations.
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The final equation, at the required order, is given by

Dij(φ−ψ)− 2H∂(jSi) − ∂(jS
′
i) +∇2hij − h′′ij − 2Hh′ij = −8πa2Πeff

ij − 8πa2δρNhij + 4(∂k∂〈iU)hj〉k + 2(DijU)(φ +ψ) ,

(12)

where hij =
1
2

(

h
(1,0)
〈ij〉 +h

(1,2)
〈ij〉 + 1

2h
(0,4)
〈ij〉

)

, and where angular brackets denote the symmetric tracefree part of a quantity,

so that Q〈ij〉 = Q(ij)−
1
3δijQkk. The term Πeff

ij is the final effective fluid term, and is given in Eq. (16). This equation
contains the terms that are usually decomposed to show that φ = ψ, and to gain separate governing equations for Si
and hij . We have not performed this scalar-vector-tensor decomposition explicitly here as the coupling terms on the
right-hand side complicate it somewhat, as does the different behaviour of the different types of terms under spatial

derivatives. The lower-order version of this equation gives h
(0,2)
〈ij〉 = h

(1,1)
〈ij〉 = 0.

Equations (8)-(12) take the place of the usual gravitational field equations from cosmological perturbation theory,
but with extra effective fluid terms generated from the non-linear structures in the Newtonian sector of the theory,
and with additional mode-mixing terms on the right-hand side that couple the scalar and tensor modes as well as the
scalar and vector modes. These terms collectively encode the relativistic gravitational effects of non-linear structures,
and exist due to the non-linear nature of Einstein’s equations. The effective fluid quantities that appear in Eqs.
(8)-(12) are defined as follows:

δρeff =(ρ̄+ p̄ + δρN)v
2
N +

3

4πa2

(

H2U+HU′ −
1

2
(∇U)2 −

4

3
U∇2U

)

, (13)

δpeff =
1

3
(ρ̄+ p̄ + δρN)v

2
N −

1

4πa2

(

U′′ + 3HU′ + (2H′ +H2)U
)

+
7

24πa2
(∇U)2 +

1

3πa2
U∇2U , (14)

Qeff
i =δρNvNi +

1

4πa2
∂i (U

′ +HU) , (15)

Πeff
ij =(ρ̄+ p̄ + δρN)vN〈ivNj〉 −

1

4πa2
∂〈iU∂j〉U−

1

2πa2
UDijU , (16)

where vNi = v
(0,1)
i is the peculiar velocity in the post-Newtonian sector of the theory. Each of the effective fluid terms

above can be constructed using the output of standard cosmological N -body simulations, and provide the potential
for new physics on cosmological scales. The non-vanishing of the scalar part of Πeff

ij , for example, should be expected
to produce a non-zero “slip” such that φ 6= ψ.
The reader may note that it is perfectly possible to define a two-parameter infinitesimal coordinate transformation,

which in turn leads to the notion of two-parameter gauge transformations and two parameter gauge-invariant variables.
This was done explicitly in Refs. [29] and [30], where it was shown that the quantities in the equations above can all be
written in terms of gauge invariant quantities. For brevity, we omit the details of this from the current presentation.
The reader may also note that not all possible perturbations are included in the equations above; for example, there is

no term ρ(0,3) or h
(0,3)
00 . The inclusion of such terms does not facilitate the understanding of the relativistic corrections

that we are interested in here, as they would obey exactly the same equations as the larger terms ρ(0,2) and h
(0,2)
00 .

They are therefore not made explicit, but could be re-introduced if necessary at any point. The collection of variables
given above is, in fact, the minimum set that can be consistently considered under general gauge transformations.
That is, if any of the terms given above were artificially set to zero in one coordinate system, then the corresponding
terms would be found to still exist in other coordinate systems, and so should be considered to exist in general.

III. CONSERVATION EQUATIONS

In this section we will present the stress-energy con-
servation equations for our two-parameter perturbation
theory, for a spatially flat Robertson-Walker background
geometry. This presentation will differ from the proce-
dure used in standard cosmological perturbation theory,
in which the linear-order conservation equations can be
derived by straightforward manipulation of the linear-
order field equations. Instead, we must take into account
the fact that derivatives can change the size of objects

they act upon in order to gain the correct equations. This
complicates the situation considerably. The equations we
derive in this section are only directly applicable to the
single-stream case, but we expect multi-stream generali-
sations to follow straightforwardly.

In general, Einstein’s equations contain four constraint
equations and six evolution equations [39]. This num-
ber can be reduced in situations of high symmetry, such
as in Friedmann-Lemâıtre-Robertson-Walker space-times
where there is one constraint equation (H2 = . . . ) and
one evolution equation (H′ = . . . ). In this sense, one can
identify Eqs. (6)-(7) as constraint equations, and Eq.
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(5) as an evolution equation. Likewise, at higher order,
one can identify Eqs. (9), (10) & (11) as constraint equa-
tions, and Eqs. (8) & (12) as evolution equations. We can
say that a set of constraint equations is maintained under
evolution if after differentiating with respect to time, and
substituting from the evolution equations, the same set
of equations is recovered. This is an important property
for a physical system to have, as it demonstrates that the
system is neither overdetermined (a property that would
result in different or additional constraint equations be-
ing generated at later times), nor underdetermined. In
the analysis that follows will verify that the constraint
equations from our two-parameter expansion are, in fact,
consistently maintained under evolution. This will also
serve as a check on the perturbed stress-energy conser-
vation equations in this formalism, which can of course
also be obtained from expanding ∇µT

µ
ν = 0.

The derivation of our conservation equations will be
presented in terms of the following gauge-invariant mat-
ter perturbations:

{δρS, δρM, δρ, δp, vNi, vMi, vi} , (17)

where δρS = δρ(0,2) is the part of δρN that varies over
short scales, and δρM = ρ(1,1) is the mixed part that is
perturbed in both ǫ and η. This gives δρN = δρS + δρM
as the source term of Eq. (7). Here we take the pressure
term to be given by δp = p(1,0) + p(1,2) + 1

2p
(0,4) + . . . ,

where the ellipsis denotes higher-order terms that will
be required in the manipulations that follow. Finally, we

also introduce the mixed order velocity field vMi = v
(1,1)
i .

The other terms are all as defined above.

The corresponding set of gauge-invariant metric per-
turbations are given by

{US,UM,φ,ψ,Bi,Ai, hij} , (18)

where US = − 1
2h

(0,2)
00 and UM = − 1

2h
(1,1)
00 are the short-

wavelength and mixed-order parts of U , defined such that
U = US +UM. We have also introduced the vector grav-

itational potential Ai = −(h
(1,0)
0i + h

(1,2)
0i ), such that the

full vector potential can be written Si = Bi +Ai. Again,
the other potentials are defined as in the previous section.

The new quantities introduced in Eqs. (17) and (18)
are motivated by close examination of the conservation
equation, as presented below, after which it becomes clear
that the evolution equations satisfied by δρS and δρM
take different forms from one another. This motivates
us to separate out the corresponding pairs of gravita-
tional potentials {US,UM} and {Bi,Ai}. Furthermore,
the mixed order peculiar velocity, vMi, does not actually
appear in any of the field equations (8)-(12), but is re-
quired to provide a complete set of closed conservation
equations. Having introduced these variables for the pur-
pose of performing calculations, where possible we will
present the final Euler equations in terms of the original
variables used in Eqs. (8)-(12).

A. Conservation of the Friedmann and

Newton-Poisson equations

Let us start with the background Friedmann equations,
to fix ideas. Taking the time derivative of the Friedmann
equation (6) gives

d

dτ
(H2) = 2HH′ =

8πa2

3

(

ρ̄′ + 2Hρ̄
)

+
2

3
ΛHa2 . (19)

Now using the Raychaudhuri equation (5) to eliminate
H′ gives

2HH′ = −
8πa2

3
(Hρ̄ + 3Hp̄) +

2

3
ΛHa2 .

As usual, this equation shows that the Friedmann equa-
tion is recovered if and only if

ρ̄′ + 3H(ρ̄+ p̄) = 0 , (20)

which can be straightforwardly verified to be the time
component of the stress-energy conservation equation.
This is exactly the same as the energy conservation equa-
tion from standard Friedmann cosmology, although here
the background energy density ρ̄ should be understood
as the average of the Newtonian mass, which is formally
part of the perturbative expansion performed on small
scales. This already shows an interesting link between
the gravitational fields on large and small scales, which
was exploited in Ref. [35] to find consistency relations
between super and sub-horizon gravitational potentials.
We can now repeat this procedure for the scalar grav-

itational potential US. Differentiating the leading-order
part of Eq. (7) with respect to conformal time gives

∇2U′
S = 4πa2(δρ′S + 2HδρS) .

It can be seen that taking the spatial derivative of equa-
tion (11) will result in another term ∇2US

′, which can be
used to cancel the appearance of this term in the equation
above. Explicitly, we obtain

∂i∇2Bi + 4∇2(U′
S +HUS)

+ 16πa2∂i
(

(ρ̄+ p̄ + δρS)vNi

)

= 0 ,

which on noting that ∂iBi = 0 gives

∇2(U′
S +HUS) = −4πa2∂i

(

(ρ̄+ p̄ + δρS)vNi

)

.

Cancelling∇2US
′ from these equations then gives us back

the constraint equation (7), if and only if

δρ′S + 3HδρS = −∂i
(

(ρ̄+ p̄ + δρS)vNi

)

, (21)

which is the Newtonian equation for the conservation of
energy on an expanding background. The reader may
note that taking the spatial divergence of the vector equa-
tion (11) does not change the relative size of any terms, as
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all quantities are either post-Newtonian or mixed in per-
turbations (i.e. have n 6= 0, from Eq. (1)). Both equa-
tions (20) and (21) involve quantities of order O(η3/L3

N),
indicating that the non-linear leading-order Newtonian
fluctuations in the mass density can be of the same size as
(or larger than) their mean values. This pleasing feature
allows the construction of models where density contrasts
on small scales can be very large.
At all subsequent orders, where terms from the post-

Newtonian and cosmological sectors of the theory ap-

pear concurrently, we must be more careful, as post-
Newtonian quantities become smaller by factors of η un-
der the action of a time derivative. The result of this is
that certain terms are promoted to lower-order by spatial
differentiation. This will be very important in obtaining
the Euler equations at higher-orders in our expansion: A
naive derivation of the same equations, by differentiating
the field equations from Section II only, would result in
errors.

Let us now consider the time derivative of the vector equation (11), which does not contain any terms that change
size under the action of a spatial derivative, as it contains post-Newtonian terms only. This gives

∇2B′
i + 4∂i(U

′′
S +H′US +HU′

S) + 16πa2
(

(ρ̄+ p̄ + δρS)vNi

)′
+ 16πa2

(

2H(ρ̄+ p̄ + δρS)vNi

)

= 0 . (22)

Likewise, the first non-trivial order of the trace-free field equation (12) is

Dij(φ−ψ)− 2H∂(jAi) − ∂(jA
′
i) − 2H∂(jBi) − ∂(jB

′
i) +∇2hij − h′′ij − 2Hh′ij

= −8πa2Πeff
ij − 8πa2δρShij + 4(∂k∂〈iUS)hj〉k + 2(DijUS)(φ+ψ) . (23)

Take the leading-order part of the divergence of this equation, and using the result

∂k∂j
(

∂〈iUS hj〉k
)

=
1

6
∂iD

jkUShjk + 2πa2(∂kδρS)hik −
1

3
δij∂

j(DlkUS)hlk , (24)

we obtain

2

3
∇2∂i(φ−ψ)−

1

2
∇2(B′

i +HBi) =− 8πa2∂jΠeff
ij +

2

3
(∂iD

kjUS)hkj +
16πa2

3
(∂iδρS)(φ+ψ) . (25)

We can proceed further by looking at the leading-order parts of the spatial gradients of the scalar gravitational field
equations (8)-(9). These can be combined to obtain

4πa2(∂iδp + ∂iδpeff) +
1

3
(∂iD

kjUS)hkj +
8πa2

3
(∂iδρS)(φ+ψ) =

1

3
∇2∂i(φ−ψ) . (26)

Substituting (26) into (25), and using Eq. (11), then yields the following expression for ∇2B′
i:

∇2B′
i = 16πa2(∂iδp + ∂jΠeff

ij + ∂iδpeff) + 4∂i(2HU′
S + 2H2US) + 16πa2

(

2H
(

vNi(ρ̄ + p̄ + δρS)
)

)

. (27)

Now, substituting this into Eq. (22) we obtain

0 = 4∂i
(

U′′
S + 3HU′

S + (2H2 +H′)US

)

+ 16πa2
(

∂jΠeff
ij + ∂iδp + ∂iδpeff

)

+ 16πa2
(

(

vNi(ρ̄+ p̄ + δρS)
)′
+ 4H

(

vNi(ρ̄+ p̄ + δρS)
)

)

. (28)

Next, we can use the following relation derived from taking spatial derivatives of the effective fluid quantities:

16πa2(∂jΠeff
ij + ∂iδpeff) = 16πa2∂j

(

vNivNj(ρ̄+ p̄ + δρS)
)

− 4∂i
(

U′′
S + 3HU′

S + (2H′ +H2)US

)

. (29)

This, in conjunction with the spatially averaged Newtonian field equations (5) and (6), allows Eq. (28) to be written
as

(

vNi(ρ̄+ p̄ + δρS)
)′
+ ∂j

(

vNivNj(ρ̄+ p̄ + δρS)
)

+ ∂iδp + 4H
(

vNi(ρ̄ + p̄ + δρS)
)

+ (∂jUS)(ρ̄ + p̄ + δρS) = 0 . (30)

Further simplification can be made using the Newtonian-level energy conservation equations (20) and (21) to obtain
the more familiar form.

v′Nj(ρ̄+ p̄ + δρS) + vNi∂
ivNj(ρ̄+ p̄ + δρS) + vNj p̄

′ + vNjH(ρ̄+ p̄ + δρS) = −(∂jUS)(ρ̄+ p̄ + δρS)− ∂j(δp) . (31)
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We have checked that this is precisely the generalisation of the Euler equation that is derived by direct calculation of
the spatial components of the stress-energy conservation equations up to terms O(η4/L3

N), as expected from standard
post-Newtonian theory on an expanding background. The only addition here is a time-dependent background pressure
that would be considered negligible in typical post-Newtonian systems [17], but could be relevant in cosmological
systems [34].
Finally, we can obtain the conservation equation for δρM by taking the next-to-leading-order part of the spatial

divergence of the vector gravitational field equation (10). This gives

16πa2(∂iδρS)(vi −Ai) + 16πa2∂iQeff
i = −∂i(8πa2δρS)Ai − 2Aj∂j∇

2US , (32)

which, on using the leading-order part of the Newton-Poisson equation (7), simplifies down to ∂iQeff
i = −(∂iδρS)vi.

Using the definition of Qeff
i from Eq. (15), and the next-to-leading-order part of Eq. (7), we then find

δρ′M + 3HδρM = −(∂iδρS)vi − ∂i(δρMvNi) . (33)

This is the first conservation equation we have found that explicitly links post-Newtonian, mixed, and cosmological
quantities. It has no analogue in either post-Newtonian gravity or cosmological perturbation theory, as it involves
terms from both such expansion schemes, and is therefore the first term to describe the effect of the interactions
between these two sectors on the evolution of the energy density. We have again verified that this equation can be
directly obtained by expanding the time component of the stress-energy conservation equation up to terms O(η4/L3

N).
The evolution equation for δρN can be obtained by combining Eqs. (21) and (33), to get

δρ′N + 3HδρN = −∂i
(

(ρ̄ + p̄ + δρN)(vNi + vi)
)

+O(η5) , (34)

where we have used δρN = δρS + δρM. Taking the leading-order part of this equation recovers Eq. (21), while taking
the next-to-leading order gives Eq. (33).

B. Conservation of the cosmological perturbation equations

Having verified that the constraints are consistently evolved for the background and Newtonian sectors of the field
equations, we now wish to perform the corresponding calculation for the cosmological perturbation equations (8)-(12).
This requires considering terms up to O(η5/L3

N). The explicit calculations involved in performing this analysis are
somewhat lengthy, and are therefore detailed in Appendix A. Here we will present the results only, in the form of the
relevant Euler equations.
The resultant energy conservation equation for δρ is

δρ′ + 3H(δρ+ δp)− 3(ψ′ +US)(ρ̄ + p̄ + δρS) = −∂i
(

vMi(ρ̄+ p̄ + δρS)
)

− ∂ivi(ρ̄+ p̄ + δρS)− ∂i
(

vNi(δρ+ δp)
)

− vi∂
iδρM − ∂i

(

vNi(ρ̄+ p̄ + δρS)
)

(φ+US) + ∂iUS(ρ̄ + p̄ + δρS)vNi −
(

v2N(ρ̄ + p̄ + δρS)
)′
− 4Hv2N(ρ̄+ p̄ + δρS) .

(35)
It can be seen that this equation is sourced by typical cosmological perturbation theory terms, such as 3ψ′(ρ̄+p̄), but
also byproducts of leading-order terms such as Hv2N(ρ̄ + p̄ + δρS) and mixed-order terms like ∂i

(

(ρ̄ + p̄ + δρS)vMi

)

.
Some care is required in interpreting this equation as δρ has a different meaning when it appears under a spatial
gradient, as the cosmological contribution δρ(1,0) gains an extra relative order-of-smallness under the action of a
gradient compared to the mixed and post-Newtonian contributions δρ(1,2) and δρ(0,4). Thus, when considering the
term ∂i

(

vNi(δρ+ δp)
)

the reader should understand the product term vNi∂
i(δρ+ δp) to include only mixed and post-

Newtonian contributions, whilst the product term (∂ivNi)(δρ+ δp) should be understood to include all contributions,
since the spatial gradient acting on the Newtonian peculiar velocity does not alter its size. The term δρ′ should be
understood to include all contributions, as the action of a conformal time derivative does not make any term small or
larger than any other, regardless of their origin.
Likewise, the Euler equation for the velocity field vi is found to be

(

(vi −Ai)(ρ̄ + p̄ + δρS) + vNiδρM
)′
+ 4H

(

(vi −Ai)(ρ̄ + p̄ + δρS) + vNiδρM
)

+ (vi −Ai)∂
j
(

vNj (ρ̄+ p̄ + δρS)
)

+ vj∂
j
(

vNi(ρ̄ + p̄ + δρS)
)

+ ∂j (vNivNj δρM) = −∂i(φ+UM)(ρ̄ + p̄ + δρS)− δρM∂iUS − ∂i(δp) .

(36)
This is clearly a vector equation, and the evolution of the irrotational part of vi and vector gravitational potential
Ai can be seen to be given by its divergence and divergence-less parts, respectively. As before, we choose not to do
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this decomposition explicitly here, as the product terms and the rules associated with derivatives acting on different
types of fields will complicate the results. This equation is reminiscent of the corresponding Euler equation from
standard cosmological perturbation theory, with extra terms due to the existence of the non-linear structures on small
scales. We note in particular that the mixed term ∂j(vNivNjδρM) acts as a source for cosmological peculiar velocities
and vector gravitational perturbations. We have verified that both Eq. (35) and Eq. (36) are recovered from the
stress-energy conservation equations at O(η5/L3

N).
We can combine Eqs. (31) and (36) to write a multi-order Euler equation for the evolution of the Newtonian and

cosmological peculiar velocities;

(

(vNi + vi − Si)(ρ̄ + p̄ + δρN)
)′
+ 4H

(

(vNi + vi − Si)(ρ̄ + p̄ + δρN)
)

+ ∂j(U + φ)(ρ̄ + p̄ + δρN)

+ ∂j
(

(vNi + vi − Si)(vNj + vj)(ρ̄ + p̄ + δρN)
)

+ ∂iδp = 0 +O(η6) . (37)

The evolution equation for vNi given in Eq. (31) is then recovered by taking the order O(η4) part of this equation,
while Eq. (36) is recovered by taking the order

(

O(η5)
)

part.
The final equation required to complete a closed set of evolution equations for the set {δρS, δρM, δρ, δp, vNi, vMi, vi}

is an evolution equation for vMi. This is obtained from the perturbed stress-energy conservation equations at
O(η6/L3

N), and is as follows:

(

vNi(δρ+ δp) + (vMi − Bi)(ρ̄+ p̄ + δρS) + (vi −Ai)δρM + 2hijv
j
N(ρ̄ + p̄ + δρS)

)′

+ 4H
(

vN(δρ+ δp) + (vMi − Bi)(ρ̄+ p̄ + δρS) + (vi −Ai)δρM + 2hijv
j
N(ρ̄ + p̄ + δρS)

)

−
(

(

vNi(ρ̄ + p̄ + δρS)
)′
+ 4HvNi(ρ̄+ p̄ + δρS)

)

(φ+ 2ψ+ 3US)− 5vNi(ρ̄+ p̄ + δρS)(ψ
′ +U′

S)

=− ∂j
(

vNj(vMi − Bi)(ρ̄+ p̄ + δρS)
)

− ∂j
(

vNivMj(ρ̄+ p̄ + δρS)
)

− (vi −Ai)vj∂
jδρS + ∂j

(

vNivNj(δρ+ δp)
)

− vNj∂
j(vi −Ai)(ρ̄ + p̄ + δρS)− vNi∂

jvj(ρ̄+ p̄ + δρS)− (vi −Ai)∂
j (δρMvNj)− vj∂

j (δρMvNi)

− vjN(ρ̄+ p̄ + δρS)∂i(Bj +Aj)− (∂iUS)
(

δρ+ δp− 2(US + φ)(ρ̄+ p̄ + δρS)
)

− δρM∂i(φ +UM)− ∂iδp .

(38)

This equation displays further interesting characteristics, for example, coupling between cosmological tensor and

Newtonian vector and scalar perturbations. This can be seen in the term
(

hijv
j
N(ρ̄ + p̄ + δρS)

)′
, and should be

expected to result in new physical effects due to the interplay between perturbations on different length scales. This
evolution equation was determined directly from the spatial components of the stress-energy conservation equation,
and is required to consistently evolve the source terms in Eq. (35), even though it does not appear in the field
equations itself (at the order we are considering).

IV. CONCLUSIONS

We have derived and presented the relativistic Euler equations that exist in the two-parameters expansion proposed
in Refs. [29] and [30]. These equations describe the evolution of density perturbations and peculiar velocities for a self-
gravitating perfect fluid in an FLRW background. These equations are written down in gauge-invariant variables, and
were used to confirm that the constraint equations from the two-parameter perturbation expansion are consistently
evolved, despite the fact that terms can change size under differentiation. This gives confidence that the scheme is
internally self-consistent and complete, and can be used to model the relativistic effects of non-linear structures in
perturbation theory.
The resulting Euler equations for the inhomogeneous part of the leading-order matter density and the peculiar

velocity, together with the leading order gravitational Poisson equation, reproduce the standard results of Newtonian
perturbation theory on an expanding background, as long as cosmological contributions to the peculiar velocity
are included. These leading-order equations have well-known solutions in terms of Green’s functions and numerical
N -body simulations, as well as approximations that can be obtained by applying Eulerian perturbation theory [31–
33]. Subsequent higher-order equations that govern the leading-order contributions to the large-scale gravitational
potentials are then given as linear partial differential equations that contain the known solutions to the lower-order
Newtonian equations as source terms. In a sense, one can consider the equations for the cosmological quantities as
being the result of performing a linear cosmological perturbation theory expansion on a background that is allowed
to contain Newtonian gravitational fields (or vice versa). This explicitly shows the link between gravitational fields
on large and short scales which occurs due to the non-linearity of Einstein’s equations.
We expect that further investigation of the properties of this set of equations will lead to new insights about the

nature of the interplay between short-scale non-linearity and large-scale fluctuations in the real Universe, and in
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particular that the relativistic Euler equations derived in this paper could be used to evolve matter fields both for the
prediction of specific relativistic observables, and for inclusion in simulations. As was the case for the field equations
presented in Section II, the relativistic Euler equations presented above can be seen to contain mode-mixing terms
between scalar, vector and tensor degrees of freedom. This does not occur at the same order in standard cosmological
perturbation theory, and opens the possibility of experimental tests of gravity based on the production of what would
normally be decoupled degrees of freedom.

Further directions for analytic exploration in this new formalism remain to be explored. These include the con-
nections and differences with the post-Friedmann framework developed in [23], the use of renormalised Eulerian
perturbation theory to derive solutions to the leading-order system (see e.g. [40]), and the extension of the perfect
fluid treatment presented here to a full effective field theory treatment of the Boltzmann hierarchy (in analogy to
Refs. [41, 42]). We expect this to lead to a greater understanding of Einstein’s theory and the effect of non-linear
structure in the real Universe.
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Appendix A: Derivation of the conservation equations for cosmological perturbations

This appendix contains the derivation of the cosmological Euler equations that were withheld from Section III. These
equations are found by differentiating the constraint equations (9) and (10), and by using the evolution equations
(8) and (12). As these equations contain post-Newtonian, mixed and cosmological terms, the reader must take
into account the fact that spatial derivatives act differently on different types of perturbed quantities, as explained in
Section II. For example, carrying out calculations involving conformal time derivatives of the O(η4) Einstein equations
requires some knowledge of the O(η5) equations.

1. Derivation of the O(η5) continuity equation

The conformal time derivative of Eq. (9) is given by

1

3
∇ψ′ −Hψ′′ −H′ψ′ − 2HH′φ−H2φ′ =

4πa2

3

(

δρ′ + δρ′eff + 2H(δρ+ δρeff)
)

+
1

3
DijU′

Shij

−
16πa2

3

(

δρSψ
′ +ψ(δρ′S + 2HδρS)

)

+
1

3
DijUSh

′
ij . (A1)

Substituting in for ψ′′ using Eq. (8) yields

∇2(ψ′ +Hφ) =− 3(H2 −H′)ψ′ + 4πa2
(

δρ′ + 3H(δρ+ δp)
)

+ 4πa2
(

δρ′eff + 3H(δρeff + δpeff)
)

+ 8πa2HδρSφ

+DijU′
Shij +DijUSh

′
ij + 2HDijUShij − 16πa2

(

δρSψ
′ +ψ(δρ′S + 2HδρS)

)

− 8πa2HδρSψ . (A2)

On the left-hand side of this equation, ∇2(ψ′ +Hφ) is obtained from the divergence of the vector Einstein equation
at O(η5). Expanding this equation gives

∇2(ψ′ +Hφ) = 4πa2∂i
(

vNi(ρ̄+ p̄ + δρS)US

)

− 4πa2∂i
(

vMi(ρ̄+ p̄ + δρS)
)

− 4πa2∂i
(

vNi(ρ̄+ p̄ + δρS)
)

φ

+ 8πa2∂i
(

vNi(ρ̄+ p̄ + δρS)
)

ψ− 4πa2
(

ρ̄+ p̄ + δρS)∂
ivi − 4πa2vi(∂

iδρM)− 4πa2∂i
(

vNi(δρ+ δp)
)

+ 2HUS∇
2US −U′

S∇
2US + 2Hφ∇2US −ψ′∇2US − 2US∇

2U′
S − 2ψ∇2U′

S + 2H(∂iUS)(∂
iUS)

− 3(∂iU
′
S)(∂

iUS) + h′ijD
ijUS + hijD

ijU′
S + 2HhijD

ijUS . (A3)
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Substituting (A3) into (A2), cancelling tensorial terms and simplifying using the lower-order conservation equations,
we obtain

δρ′ + 3H(δρ+ δp) =− δρ′eff − 3H(δρeff + δpeff) + ∂i
(

vNi(ρ̄ + p̄ + δρS)US

)

− φ∂i
(

vNi(ρ̄ + p̄ + δρS)
)

− (ρ̄+ p̄ + δρS)∂
ivi − ∂i

(

vNi(δρ+ δp)
)

+ 3(ρ̄+ p̄ + δρS)ψ
′ − ∂i

(

vMi(ρ̄+ p̄ + δρS)
)

+
1

4πa2

(

2HUS∇
2US −U′

S∇
2US − 2US∇

2U′
S + 2H(∂iUS)(∂

iUS)− 3(∂iU
′
S)(∂

iUS)
)

− vi(∂
iδρM) .

(A4)

At this point it is useful to note the following relations, which can be derived without difficulty from lower-order
conservation equations:

∂i
(

vNi(ρ̄+ p̄ + δρS)US

)

= (∂iUS)vNi(ρ̄ + p̄ + δρS)−
1

4πa2
(US∇

2U′
S +HUS∇

2US) , (A5)

3U′
S(δρN + ρ̄+ p̄) = −

1

4πa2
(−3U′

S∇
2US − 3U′

SH
2 + 3U′

SH
′) , (A6)

1

4πa2
US∇

2(U′
S +HUS) = −US∂

i
(

vNi(ρ̄ + p̄ + δρS)
)

. (A7)

These relations can be exploited to manipulate Eq. (A4) into the following form:

δρ′ + 3H(δρ+ δp) +
(

δρ′eff + 3H(δρeff + δpeff)
)

= (∂iUS)vNi(ρ̄+ p̄ + δρS)− φ∂
i
(

vNi(ρ̄+ p̄ + δρS)
)

− ∂i
(

vMi(ρ̄+ p̄ + δρS)
)

− ∂i
(

vNi(δρ+ δp)
)

− vi(∂
iδρM)− (ρ̄+ p̄ + δρS)∂

ivi + 3U′
S(ρ̄+ p̄ + δρS) + 3(ρ̄+ p̄ + δρS)ψ

′ −US∂
i
(

vNi(ρ̄+ p̄ + δρS)
)

+
1

4πa2

(

− 4U′
S∇

2US − 3U′
SH

2 + 3U′
SH

′ − 4US∇
2U′

S + 2H(∂iUS)(∂
iUS)− 3(∂iU

′
S)(∂

iUS)
)

. (A8)

Now, by considering the following combination of effective fluid quantities,

δρ′eff+3H(δρeff + δpeff) =
(

(ρ̄ + p̄ + δρS)v
2
N

)′
+ 4Hv2N(ρ̄+ p̄ + δρS)

+
1

4πa2

(

− 3H2U′
S + 3H′U′

S − 4U′
S∇

2US − 4US∇
2U′

S + 2H(∂iUS)(∂
iUS)− 3(∂iU

′
S)(∂

iUS)
)

, (A9)

it is easy to see that we have obtained precisely Eq. (35). This equation has been checked by comparing with the
time component of the O(η5) stress-energy conservation equation.

2. Derivation of the O(η5) Euler equation

The conformal time derivative of Eq. (10) is given by

0 =∇2A′
i + 4∂i

(

ψ′′ +H′φ+Hφ′
)

+ 16πa2
(

(ρ̄+ p̄ + δρS)
′(vi − Ai) + (ρ̄+ p̄ + δρS)(vi −Ai)

′ +Q′ eff
i

)

+ 16πa2
(

2H(ρ̄+ p̄ + δρS)(vi −Ai) + 2HQ′ eff
i

)

+ 8πa2δρ′SAi + 8πa2δρSA
′
i + 16Hπa2δρ′SAi

+ 2Aj′∂i∂jUS + 2Aj∂i∂jU
′
S . (A10)

In order to proceed further, it is now necessary to eliminate the term ∇2A′
i. We achieve this by using the divergence

of the trace-free part of the ij-field equation, ∂jG〈ij〉 − 8π∂jT〈ij〉 = 0. Due to the length of the expressions that

result, we choose to split the calculation into three sections; the divergence of the trace-free field equation at O(η5),
the O(η5) gradients of the scalar field equations, and the conservation equation itself.
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a. Divergence of O(η5) trace-free field equation

The O(η5) component of the divergence of the trace-free ij field equation is given by

∇2A′
i = 16πa2(vi −Ai)∂

j
(

(ρ̄+ p̄ + δρS)vNj

)

+ 16πa2(vj −Aj)∂
j
(

(ρ̄+ p̄ + δρS)vNi

)

+ 8H∂i(ψ
′ +Hφ)

−
32πa2

3
(vj −Aj)∂i

(

(ρ̄+ p̄ + δρS)vNj

)

+ 32Hπa2∂i
(

(ρ̄+ p̄ + δρS)(vi −Aj) + Qeff
i

)

+
8H

3
Aj∂j∂iUS −

2

3
A′j∂j∂iUS −

2

3
Aj∂j∂iU

′
S −

4

3
∂k∂jUS∂ihkj −

4

3
hkj∂k∂j∂iUM

− 16πa2HδρSAi − 8πa2δρSA
′
i − 8πa2δρ′SAi −Aj∂j∇

2Bi +
4

3
Aj∂i∇

2Bj

−
28

3
∂j∂iUM∂jUS −

28

3
∂j∂iUS∂

jUM − 4∂j∂iUS∂
jφ−

16

3
∂j∂iUS∂

jψ

−
64πa2

3
UM∂iδρS −

64πa2

3
US∂iδρM −

32πa2

3
φ∂iδρM −

32πa2

3
ψ∂iδρM

−
16πa2

3
δρM∂iUS −

16πa2

3
δρS∂iUM −

32πa2

3
δρS∂iψ+

16πa2

3
δρS∂iφ

+ 16πa2∂j(vNivNjδρM)−
16πa2

3
∂i(v

2
NδρM)−

4

3
∂i∇

2(ψ+ψ5 − φ− φ5) . (A11)

It should be noted that the term 4
3∂i∇

2(ψ+ψ5−φ−φ5) involves the higher-order potentials φ5 ≡ − 1
2 (h

(0,5)+h(1,3))

and ψ5 ≡ − 1
2 (h

(0,5) + h(1,3)). These terms do not appear in the scalar field equations at O(η4), however, they do

appear in the O(η5) field equations, and so cannot be neglected in this calculation. Fortunately, these terms can
also be obtained in terms of products of lower-order quantities by calculating gradients of the O(η5) field equations,
enabling us to eliminate them in favour of quantities whose evolution is already known.

b. Gradients of the O(η5) scalar equations

The relevant linear combination of gradients of the O(η5) scalar field equations that allows us to eliminate the
higher-order potentials from the O(η5) part of the divergence of the trace-free ij-field equation is

4

3
∂i∇

2(ψ+ψ5 − φ− φ5)

=
8H

3
Aj∂j∂iUS +

4

3
A′j∂j∂iUS +

4

3
Aj∂j∂iU

′
S −

28

3
∂j∂iUM∂jUS −

28

3
∂j∂iUS∂

jUM −
4

3
∂k∂jUS∂ihkj −

4

3
hkj∂k∂j∂iUM

− 4∂j∂iUS∂
jφ−

16

3
∂j∂iUS∂

jψ− 16πa2∂iδp−
16πa2

3
(Aj + 2vj)∂i

(

(ρ̄+ p̄ + δρS)vNj

)

−
16πa2

3
∂i(v

2
NδρM)

+
1

3
Aj∂i∇

2Bj − 16πa2δρM∂iUS − 16πa2δρS∂iUM −
64πa2

3
UM∂iδρS −

64πa2

3
US∂iδρM

−
32πa2

3
φ∂iδρM −

32πa2

3
ψ∂iδρM −

16πa2

3
δρM∂iUS −

16πa2

3
δρS∂iUM −

32πa2

3
δρS∂iψ−

32πa2

3
δρS∂iφ

+ 4∂i(U
′′
M + 3HU′

M + 2H2UM +H′UM)− 16πa2(ρ̄+ p̄)∂iUM + ∂i(4Hφ
′ + 2H′φ+ 4H2φ)

+ 4∂i(ψ
′′ + 2Hψ′ +H2ψ+

1

2
H′ψ)− 8πa2(ρ̄− p̄)∂iψ− 2Λa2∂iψ− 8πa2(ρ̄ + 3p̄)∂iφ+ 2Λa2∂iφ , (A12)

We now have all the results we need to demonstrate the conservation of the vector constraint equation.
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c. Vector conservation equation at O(η5)

Using the result above, we can use Eq. (A11) to substitute in for ∇2A′
i in Eq. (A10). This gives

16πa2
(

(ρ̄+ p̄ + δρS)
′(vi −Ai) + (ρ̄+ p̄ + δρS)(vi −Ai)

′ +Q′ eff
i + 4H(ρ̄+ p̄ + δρS)(vi −Ai) + 4HQeff

i

+ (vi −Ai)∂
j
(

(ρ̄+ p̄ + δρS)vNj

)

+ (vj − Aj)∂
j
(

(ρ̄+ p̄ + δρS)vNi

)

)

+ 16πa2∂j(vNivNj δρM)

−
32πa2

3
(vj −Aj)∂i

(

(ρ̄+ p̄ + δρS)vNj

)

−
16πa2

3
∂i(v

2
NδρM)−Aj∂j∇

2Bi +
4

3
Aj∂i∇

2Bj +
8H

3
Aj∂j∂iUS

+
4

3
A′j∂j∂iUS +

4

3
Aj∂j∂iU

′
S −

4

3
∂k∂jUS∂ihkj −

4

3
hkj∂k∂j∂iUM −

28

3
∂j∂iUM∂jUS −

28

3
∂j∂iUS∂

jUM

−
64πa2

3
UM∂iδρS −

64πa2

3
US∂iδρM −

32πa2

3
φ∂iδρM −

32πa2

3
ψ∂iδρM −

16πa2

3
δρM∂iUS −

16πa2

3
δρS∂iUM

−
32πa2

3
δρS∂iψ +

16πa2

3
δρS∂iφ+ 4∂iψ

′′ + 8H∂iψ
′ + 4H′∂iψ

′ + 8H2∂iφ−
4

3
∂i∇

2(ψ +ψ5 − φ− φ5) = 0 . (A13)

We can now substitute in for the gradients of the O(η5) field equation, 4
3∂i∇

2(ψ + ψ5 − φ − φ5), using Eq. (A12).
After some manipulation we then obtain

0 =16πa2
(

(ρ̄+ p̄ + δρS)
′(vi −Ai) + (ρ̄+ p̄ + δρS)(vi −Ai)

′ +Q′ eff
i + 4H(ρ̄+ p̄ + δρS)(vi −Ai) + 4HQeff

i

+ ∂j(vNivNj δρM) + (vi −Ai)∂
j
(

(ρ̄+ p̄ + δρS)vNj

)

+ (vj −Aj)∂
j
(

(ρ̄+ p̄ + δρS)vNi

)

+Aj∂i
(

(ρ̄+ p̄ + δρS)vNj

)

)

−Aj∂j∇
2Bi +Aj∂i∇

2Bj + 16πa2∂iδp + 16πa2
(

(ρ̄+ p̄ + δρS)∂iUM + δρM∂iUS + δρS∂iφ
)

+ 2H′∂iφ+ 4H2∂iφ+ 8πa2(ρ̄+ 3p̄)∂iφ− 2Λa2∂iφ − 2H′∂iψ− 4H2∂iψ+ 8πa2(ρ̄− p̄)∂iψ+ 2Λa2∂iψ

− 4∂iU
′′
M − 12H∂iU

′
M − 4H′∂iUM − 8H2∂iUM . (A14)

Now using the following three relations:

Q′ eff
i + 4HQeff

i = δρ′MvNi + δρMv′Ni + 4HδρMvNi +
1

4πa2
∂i
(

U′′
M + 3H′U′

M + (2H2 +H′)UM

)

(A15)

Aj∂i∇
2Bj −Aj∂j∇

2Bi = 16πa2Aj
(

∂j
(

(ρ̄ + p̄ + δρS
)

vNi − ∂i
(

(ρ̄+ p̄ + δρS
)

vNj

)

(A16)

2H2 +H′ = 12πa2(ρ̄ + p̄) + Λa2 , (A17)

we can simplify to obtain Eq. (36), which we confirm can also be directly derived from the stress-energy conservation
equations. This calculation demonstrates that Eq. (10) is maintained under evolution, as required.
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