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Abstract

The study of scattering amplitudes in the maximally supersymmetric Yang-Mills theory

(N = 4 SYM) is a thriving �eld of research. Since the reformulation of perturbative

gauge theory as a twistor string theory by Witten, this area has witnessed a �urry

of activity, leading to the discovery of a multitude of novel techniques, such as recursion

relations and MHV diagrams, collectively referred to as on-shell methods. In parallel,

many previously hidden properties and rich mathematical structures have been found,

a powerful example of such being the dual superconformal symmetry.

It is natural to ask whether this understanding can be extended to phenomeno-

logically relevant theories as well as other quantities. The goal of the present work

is to apply the modern on-shell methods to calculations of form factors, with particular

focus on those which are relevant for describing Higgs production in QCD from the

point of view of an e�ective �eld theory. Speci�cally, our analysis will be carried out

in supersymmetric gauge theories at two-loop level and will consist of several steps.

We focus �rst on operators in the SU(2|3) closed subsector of N = 4 SYM, in par-

ticular two non-protected, dimension-three operators. We then move on to consider

the trilinear operator Tr(F 3) and a related descendant of the Konishi operator which

contains Tr(F 3), also in N = 4 SYM. Finally, we concentrate on two-loop form factors

of these two operators in theories with less-than-maximal supersymmetry. The result

of our investigation shows an emergence of a small number of universal building blocks,

ultimately related to the two-loop form factor of a trilinear half-BPS operator. This

�nding suggests that the most complicated, maximally transcendental part of Higgs

plus multi-gluon amplitudes in QCD can be equivalently computed in a remarkably

simple way by considering form factors of half-BPS operators in N =4 SYM.
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Chapter 1

Introduction

4th of July 2012 marks the date of the announcement of one of the most iconic discov-

eries of our lifetime. A new particle with a mass of 126 GeV has been detected by both

the CMS [5] and ATLAS [6] experiments at the Large Hadron Collider (LHC) at CERN

and later con�rmed by precise measurements to be the elusive Higgs boson [7�9]. The

discovery, widely celebrated as a triumph of modern theoretical physics and leading to

award of the 2013 Nobel Prize in Physics to Peter Higgs and François Englert, has ce-

mented our con�dence in the predictive power of the Standard Model of particle physics.

Every discovery, however, opens a pathway to new investigation and our knowledge of

fundamental physics is by no means complete. Many questions remain unanswered

and as a result, research related to providing experimentally testable predictions from

various theoretical models is as active as ever.

The most general observables for a given quantum �eld theory (QFT) are the corre-

lation functions, de�ned as the vacuum expectation value of the time-ordered product

of �eld operators. In this thesis we will be considering local, gauge invariant composite

operators Oi(xi) built out of �elds of the theory evaluated at a common spacetime point

xi. The correlation function is then de�ned as

CO1,...,On(x1, . . . , xn) = 〈0|T{O1(x1) · · · On(xn)}|0〉 , (1.0.1)

with T{. . .} denoting time-ordering of the product of operators and |0〉 the ground,

or vacuum state. For a D-dimensional theory with fundamental �elds {φ1, . . . , φn},
a Lagrangian L[φ1, . . . , φn] and an action functional

S[φ1, . . . , φn] =

∫ T

−T
dDxL[φ1, . . . , φn] , (1.0.2)

8



CHAPTER 1. INTRODUCTION

it is possible to express the correlation function in the path integral formulation as

CO1,...,On(x1, . . . , xn) = lim
T→∞(1−iε)

∫
Dφ1 · · · DφnO1(x1) · · · On(xn) eiS[φ1,...,φn]∫

Dφ1 · · · Dφn eiS[φ1,...,φn]
.

(1.0.3)

In the present work we will be studying quantities computed in perturbation theory.

In order to do that, we decompose the Lagrangian of the quantum �eld theory under

consideration into its free and interacting parts,

L = Lfree + gLint , (1.0.4)

where Lfree describes the kinematics of the �elds of the theory and Lint the interactions

between them. If the theory is weakly coupled, i.e. the coupling constant g is small, we

can expand the exponentials in (1.0.3) and study the correlation function term by term

as a power series in g. This approach proves very useful as, apart from the simplest of

theories, the exact functional form of the correlator is often not known. As a result,

as the types of interactions studied gain complexity it becomes increasingly di�cult

to make any meaningful predictions to be contrasted with the experimental results.

Perturbative methods, however, allow us to compute the results with a certain level of

precision, dictated by the order in g, and hence make testable predictions up to that

accuracy.

By virtue of the Lehmann-Symanzik-Zimmermann (LSZ) reduction formula [10]

one can relate the correlation function to the S-matrix element for n asymptotic initial

|i〉 and �nal 〈f | momentum eigenstates. This is achieved by Fourier-transforming the

correlator (1.0.3) to momentum space and requiring that the �elds in the initial and �nal

states are momentum eigenstates. The S-matrix elements are found as the residues of

the poles arising in the Fourier transform of the correlation function when the external

momenta are put on-shell,

p2
i = m2

i , ∀ i = 1, . . . , n . (1.0.5)

The di�erential cross-section, which is directly relevant for scattering experiments, is

then proportional to the modulus-squared of the S-matrix element, or the scattering

amplitude:

dσ

dΩ
∼ |〈f |S|i〉|2 =: |A|2 . (1.0.6)

The cross-section σ can then be obtained by integrating the above expression over all

angles Ω. These quantities can be measured in a collider experiment and hence are

crucial if one is to verify theoretical predictions of the given quantum �eld theory. The
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CHAPTER 1. INTRODUCTION

important feature distinguishing between the correlation function and the scattering

amplitude is the fact that for the latter the external momenta are constrained to be

on-shell, for correlation functions no such restriction exists and we refer to them as

being o�-shell.

The traditional method of computing scattering amplitudes is through the machin-

ery of Feynman diagrams. Developed in the late 1940s by Richard Feynman, the method

has been extremely successful as it provides a convenient way of bookkeeping the math-

ematical expressions which sum to the amplitude. It is, unfortunately, also largely

ine�cient � while the individual diagrams are manifestly local, they also carry a large

number of gauge redundancies and o�-shell information. Simple calculations even at

leading order in perturbation theory involve summation of a considerable number of

diagrams and require signi�cant amount of computing power for processes as complex

as those occurring in the LHC. In the classic example [11], the number of Feynman

diagrams contributing to the leading order scattering of gluons, g + g → ng, increases

rapidly with the number of particles involved, as outlined in Table 1.

n 2 3 4 5 6 7 8

Feynman diagrams 4 25 220 2485 34300 559405 10525900

Table 1: Number of Feynman diagrams contributing to the scattering g + g → ng at
tree-level.

The theoretical interest in the subject of e�ciently computing scattering amplitudes

has been rekindled in the late 1980s when Parke and Taylor [12] made the observation

that an amplitude of a particular con�guration of any number of gluons, in principle

resulting from summation of a huge number of complicated Feynman diagrams, can be

brought to an extremely simple and compact form. The natural questions followed: is

the underlying simplicity of the scattering amplitude obscured by the computational

techniques we employ? What can we understand about the QFT through studying hid-

den structures of its amplitudes? And, most importantly for this thesis, can we extend

our understanding to o�-shell quantities?

Years of research activity followed as a result of Parke and Taylor's discovery and

much progress has been made in the past three decades. Amongst all the development

one theory has emerged as particularly special in terms of the amount of properties it

displays, namely the N =4 supersymmetric Yang-Mills (SYM) theory. It is remarkable

on many counts � it has the maximal amount of supersymmetry, lies in the heart of

the famous AdS/CFT correspondence, is conformal in four dimensions and integrable

in the planar limit. All of these features are reviewed in Chapter 2.

Conveniently, gluon amplitudes in N = 4 SYM at tree level coincide with those

10



CHAPTER 1. INTRODUCTION

of pure Yang-Mills and as such the theory can be thought of as a testing ground for

ideas potentially applicable to non-supersymmetric theories. Through application of

powerful unitarity-based methods, reviewed in Chapter 2, and constraints resulting from

collinear limits, one-loop N =4 SYM amplitudes have been calculated by Bern, Dixon,

Dunbar and Kosower in [13]. In [14] the study has been extended to a larger class of

cut-constructible amplitudes and included less-than-maximally supersymmetric theories

and contributions from loops of massive particles [15]. Higher loop order investigations

followed, in particular in [16] two-loop splitting amplitudes, describing the limit where

two gluon momenta become parallel, have been computed using generalised unitarity.

The second revolution in the subject area began in 2003 as a result of formulation

of twistor string theory by Witten [17] and his discovery of a connection between scat-

tering amplitudes in N = 4 SYM and the instanton expansion of a string theory with

Penrose's twistor space [18] as target space. As a result of this reformulation, signi�-

cant progress in understanding properties of perturbative Yang-Mills theory has been

made and powerful methods for evaluating scattering amplitudes have been developed.

These are collectively referred to as on-shell techniques and include recursion relations

of Britto, Cachazo, Feng and Witten (BCFW) [19] and Cachazo, Svr£ek and Witten

expansion (CSW) [20], both reviewed in Chapter 2.

In parallel, one may ask to what extent on-shell techniques can be utilised in com-

puting o�-shell quantities. The simplest such objects are form factors, de�ned as an

overlap of an on-shell n-particle state with an o�-shell state created by an insertion of a

local composite operator O(x) on the vacuum |0〉 and Fourier-transformed to momen-

tum space,

FO(1, . . . , n; q) =

∫
d4x e−iqx 〈1, . . . , n|O(x)|0〉

= (2π)4 δ(4)
(
q −

n∑
i=1

pi

)
〈1, . . . , n|O(0)|0〉 .

(1.0.7)

These objects are interesting from both the theoretical and phenomenological point of

view and appear in many contexts, which are reviewed in Chapter 2.

The study of form factors of composite operators is currently a very active area

of research. After the pioneering paper [21], interest in the calculation of form fac-

tors in supersymmetric theories was rekindled �rst at strong coupling [22, 23]. Weak

coupling investigation followed, where in particular it turned out that the powerful

on-shell techniques �nd their applications also in the realm of partially o�-shell quan-

tities. In [24] form factors of protected operators in N = 4 SYM have been computed

at tree-level and one loop. Interesting parallels have been found between the form

factors with the external state of two scalars and n − 2 positive helicity gluons and

the Parke-Taylor amplitudes. Further investigations involving other operators [25�27],
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CHAPTER 1. INTRODUCTION

higher loop-orders [28�30] and di�erent theories [31�33] followed. The primary focus

of this thesis are two-loop form factors of non-protected operators and we begin the

investigation with simplest, scalar operators in N =4 SYM in Chapter 3.

Interestingly from the phenomenological point of view, we may think of certain form

factors as corrections to the scattering amplitude due to addition of a new, e�ective

coupling into the action. If we write the n-point scattering amplitude of the theory as

an overlap of an n-particle on-shell state and the vacuum,

An = 〈1, . . . , n|0〉 , (1.0.8)

and modify the action by addition of a new term,

δS = gO

∫
d4xO(x) , (1.0.9)

with gO a new coupling, the scattering amplitude is modi�ed by

δAn = gO

∫
d4x 〈1, . . . , n|O(x)|0〉+O(g2

O)

= gO FO(1, . . . , n; q = 0) +O(g2
O) .

(1.0.10)

We can therefore think of the scattering amplitude as a soft (q→ 0) limit of a form

factor of an appropriate operator, see for instance [34�36] for examples of such e�ec-

tive amplitudes. As we will now see, this interpretation brings us back to our earlier

discussion of production and detection of the Higgs boson at the LHC.

One of the leading mechanisms of such production is gluon fusion, a process which is

mediated through a fermion loop. The leading-order contribution comes from the top-

quark running in the loop and in an approximation where the mass of the top quark,

mt, is much larger than the mass of the Higgs, mH , an e�ective Lagrangian description

can be used to compute scattering amplitudes, as presented in Figure 1.

Figure 1: Higgs production (i): via top quark loop (ii): in an e�ective Lagrangian
description, when mt is large.
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CHAPTER 1. INTRODUCTION

In this description, the quark loop is e�ectively replaced by a set of local interactions

of increasing classical dimension. The expansion of the e�ective Lagrangian can be

written as [37,38]

Leff = Ĉ0O0 +
1

m2
t

4∑
i=1

ĈiOi + O
(
m−4
t

)
, (1.0.11)

where the leading order term is a dimension-�ve operator O0 ∝ H Tr(F 2) with H

representing the Higgs �eld and F the gluon �eld strength [39�41]. Ĉ0, Ĉi are the

matching coe�cients and are proportional to 1/v, where v is the Higgs �eld vacuum

expectation value. Hence at leading order the scattering amplitude of the Higgs and

a multi-gluon state 〈g . . . g| in the in�nite top-mass limit is nothing but a form factor

of the operator Tr
(
F 2(0)

)
[42�47]. The terms subleading in 1/mt, denoted by Oi,

i = 1, . . . , 4, are dimension-seven operators of the type [37,38,48�50].

O1 ∝ H Tr(F 3) , Oj ∝ H Tr(DFDF ) , (1.0.12)

where j = 1, . . . , 3 schematically labels the three possible index contractions. We con-

sider the two-loop form factors of these operators in N =4 SYM with an external state

of three gluons in Chapter 4.

Finally, a phenomenologically-minded reader may object to performing calculations

in N = 4 SYM � after all, the real world seems to follow the rules of the Standard

Model and gluon scattering in particular is governed by quantum chromodynamics

(QCD). It may hence come as a surprise that one of the main �ndings of [30] is that

the two-loop form factor of the lowest-weight operator in the stress-tensor multiplet

in N = 4 SYM with the external state containing two scalars and one gluon shares a

signi�cant part with the form factor 〈g+g+g±|Tr(F 2)|0〉 in QCD, computed in [51]. In

particular, the so-called maximally transcendental parts of the two results are identical,

for reasons currently not explainable via symmetries or other arguments. This led to the

conjecture that the �most complicated� part of the Higgs plus multi gluon amplitude

in in�nite top mass limit in QCD can be computed using N = 4 SYM form factors.

Following this initial remarkable discovery the theme of universality, central to the

investigations presented throughout this thesis, began appearing in the literature, see

for example [52]. In Chapter 5 we depart from N = 4 SYM and compute two-loop

form factors in theories with less-than-maximal supersymmetry in order to quantify

how much the results change when approaching pure Yang-Mills and eventually QCD.

The rest of the thesis is organised as follows. In Chapter 2 we introduce the recent

most relevant concepts and tools in the �eld of study of scattering amplitudes and

form factors at tree and loop level. In Chapter 3 we compute two-loop form factors of

operators in the SU(2|3) closed subsector of N =4 SYM. In particular, we focus on the

13



CHAPTER 1. INTRODUCTION

non-protected, dimension-three operators for which we compute the four form factors

needed to solve the mixing problem and the corresponding remainder functions. We

show that the maximally transcendental part of the two-loop remainder of one of the

operators turns out to be identical to that of the corresponding known quantity for the

protected operator. We also �nd a surprising connection between the terms subleading

in transcendentality and certain a priori unrelated remainder densities introduced in

the study of the spin chain Hamiltonian in the SU(2) sector. Finally, we use our

calculation to resolve the mixing, recovering anomalous dimensions and eigenstates of

the dilatation operator in the SU(2|3) sector at two loops. In Chapter 4 we focus on

the �rst �nite top-mass correction to the Higgs e�ective Lagrangian (1.0.11) arising

from the operator Tr(F 3), up to two loops and three external gluons. Performing the

calculation in N = 4 SYM requires identi�cation of an appropriate supersymmetric

completion of Tr(F 3), which we recognise as a descendant of the well-studied Konishi

operator. We provide detailed computations for both this descendant operator and the

component operator Tr(F 3). Yet again, the results for both operators are expressed

in terms of a few universal functions of transcendental degree four and below, some of

which we recognise from the calculation in Chapter 3. An important novel feature of

the result is a delicate cancellation of unphysical poles appearing in the certain limits

of the remainders, linking terms of di�erent transcendentality. In Chapter 5 we extend

our analysis of the �rst �nite top-mass correction, arising from the operator Tr(F 3),

from N = 4 SYM to theories with N < 4, also for the case of three external gluons

and up to two loops. We con�rm our earlier result that the maximally transcendental

part of the associated remainder is universal and equal to that of the form factor of

a protected trilinear operator in the maximally supersymmetric theory. The terms

with lower transcendentality deviate from the N = 4 answer by a surprisingly small

set of terms involving for example ζ2, ζ3 and simple powers of logarithms. Finally,

Chapter 6 reviews possible further research directions and contains conclusions of the

work contained in the thesis.

14



Chapter 2

Review

In this chapter we review the background material and set up the conventions which

will be used throughout the thesis. The review is largely based on references [17,53,54]

unless explicitly indicated otherwise. We begin our discussion of scattering amplitudes

by considering a simple yet very informative example involving n gluons in Yang-Mills

theory with the gauge group SU(N). From the point of view of Feynman-diagrammatic

approach this may seem like an odd starting point since Feynman rules governing gluon

scattering are one of the most complex and even at tree level the computation quickly

becomes very involved. We will see however that this choice is in a way the most uni-

versal, in a sense that it essentially readily encapsulates most of the features applicable

to simpler theories.

2.1 Scattering amplitudes of gluons

In perturbation theory we consider gluons to be asymptotic states described by the mo-

mentum four-vectors pµi , the polarisation vectors ε
µ
i and the colours Ai where i=1, . . . , n

labels the particle in question. In the usual approach to calculating scattering ampli-

tudes, as outlined in Chapter 1, we would �rst of all compute an appropriate correlation

function in position space, Fourier-transform it to momentum space and using the LSZ

reduction formula compute the multi-dimensional residue of the expression which has

poles when the external particles go on-shell. The �rst thing to note is that the corre-

lation function we would have computed to begin with has to be translation-invariant.

As a result, after the Fourier transform, the amplitude, which we denote as An, will
involve a D-dimensional distribution of momenta:

An({pµi , ε
µ
i , Ai}) = (2π)Dδ(D)

( n∑
i=1

pµi

)
× (Sum over Feynman Diagrams) . (2.1.1)
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The delta function has support on the sum of momenta which obey the D-dimensional

conservation.

Colour decomposition

For a theory of particles with colour charges such as QCD or Yang-Mills theory with a

gauge group SU(N), one can expect the scattering amplitude to depend on the colour

structure. This can be understood as follows. The non-Abelian Yang-Mills Lagrangian

describing purely gluonic interactions is

LYM = −1

4
Tr (FµνFµν) , Fµν = ∂µAν − ∂νAµ +

√
2gYM [Aµ, Aν ] , (2.1.2)

with Aµ = Aaµt
a and ta the generators of the colour gauge group SU(N) obeying the

commutation relations of the underlying Lie algebra

[ta, tb] = i
√

2fabctc , (2.1.3)

and normalised such that

Tr(tatb) = δab . (2.1.4)

Using this interaction Lagrangian to construct the vertex Feynman rules, one can easily

see that the dependence on the colour structure follows. Each three- and four-gluon

vertex carries the colour dependence via associated structure constants as shown in

Figure 2. This dependence, however, can be disentangled from the remaining variables

Figure 2: Colour structure carried by three- and four-gluon vertices.

of the scattering amplitude. To see that, let us use equations (2.1.3) and (2.1.4) to write

the structure constants as1

fabc = − i√
2
Tr(ta[tb, tc]) . (2.1.5)

1Note that in order to absorb the omnipresent factors of 2 we could rede�ne ta →
√

2ta and similarly
fabc →

√
2fabc, leading to [ta, tb] = ifabctc.
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Using the SU(N) identity,

N2−1∑
a=1

(ta)ij(t
a)kl = δkj δ

i
l −

1

N
δijδ

k
l (2.1.6)

we see that the products of generator traces arising from four-gluon vertices can be

merged into single traces,

N2−1∑
e=1

fabefecd = − 1

2

N2−1∑
e=1

Tr(ta[tb, te])Tr(te[tc, td])

= − 1

2

[
Tr(tatbtctd)−Tr(tatbtdtc)−Tr(tbtatctd)+Tr(tbtatdtc)

]
(2.1.7)

as long as we consider N to be large, so that the second term of the Fierz identity

(2.1.6) can be omitted. Going back to our schematic amplitude in (2.1.1), if instead of

classifying the contributions coming from various Feynman diagrams by their topology

or loop order we group them according to the colour trace structure in this large N

limit, we can de�ne a partial or colour-ordered amplitude An via

An({pµi , ε
µ
i , Ai}) = gn−2

YM (2π)Dδ(D)
( n∑
i=1

pµi

) ∑
σ∈Sn/Zn

Tr(taσ1 · · · taσn )An(σ(1), . . . , σ(n)) .

(2.1.8)

We note that the full amplitude of n particles will be a sum of (n−1)! terms, each cor-

responding to one particular colour ordering, denoted here by σ. The colour trace, and

hence the partial amplitude, are cyclic, thus we only sum over the non-cyclic permu-

tations, i.e. σ ∈ Sn/Zn. Both the full and the partial amplitudes are gauge-invariant

but since the colour dependence has been separated out, the colour-order amplitude

depends only on the kinematical data of the incoming and outgoing particles.

A few words of explanation are required to account for the overall prefactor of gn−2
YM

in (2.1.8). Inspecting the form of the Yang-Mills Lagrangian in (2.1.2) we see that

each three-gluon vertex comes with an associated factor of gYM, while a four-gluon

vertex carries a factor of g2
YM. Simple counting reveals that for n-points the Yang-

Mills amplitude indeed scales with gn−2
YM . Moreover, in what follows we will often be

performing a perturbative expansion in powers of g2
YM, i.e. each loop order will carry

additional two powers of the coupling. Keeping this scaling in mind for future discussion,

we turn to inspect the dependence of the scattering amplitude on the external kinematic

data.

17



CHAPTER 2. REVIEW

Spinor-helicity formalism

We begin the discussion of the kinematic dependence with a review of the spinor-helicity

formalism. It will shortly become apparent that it is a particularly useful framework

for describing scattering amplitudes of massless particles, which are the main interest

of this thesis.

Working in four spacetime dimensions and in the mostly-minus metric signature

ηµν = diag(+ − −−), given an on-shell four momentum vector pµ = (p0, pi) we can

rewrite it as a matrix, via

pα̇α = (σ̄µ)α̇αpµ =

(
p0 + p3 p1 − ip2

p1 + ip2 p0 − p3

)
, (2.1.9)

where (σ̄µ)α̇α = (1, σi), α , α̇ = 1, 2 and where the conventions for the Pauli sigma

matrices are listed in Appendix A. In this particular representation, the on-shellness

condition becomes manifest as a determinant condition:

det(pα̇α) = (p0)2 − (p1)2 − (p2)2 − (p3)2 = m2

m2 = 0 ⇔ det(pα̇α) = 0 .
(2.1.10)

Any 2× 2 matrix is at most of rank two.2 If (and only if) additionally the determinant

of such matrix vanishes, the rank is reduced to at most one and we can write the matrix

in question, in our case the four momentum, as a product of two two-component spinors

pα̇αi = λ̃α̇i λ
α
i , (2.1.11)

where again the index i runs over all in- and outgoing particles (often referred to as

legs) of the scattering process.

The four-momentum pµ transforms under �nite representations of the Lorentz group

SO(1, 3). We recall that these representations can be described in terms of two copies

of the SU(2), often referred to as left and right, and correspondingly labelled by a pair

of half-integers (p, q). The four momentum pα̇αi transforms in the (1
2 ,

1
2) representation

of the Lorentz group. Consequently, we require for each of the two spinors in the

decomposition (2.1.11) to transform as a doublet under one copy of the SU(2) and

singlet under the other. We are free to choose λα to transform in the (0, 1
2) representation

and λ̃α̇ to transform in the (1
2 , 0) representation.

A massless momentum four-vector has only three independent components. Thus

given a particular pα̇αi we are left with an ambiguity in de�ning the corresponding

2The rank of the matrix is de�ned as the dimension of the vector space spanned by its column
vectors.
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spinors λαi and λ̃α̇i . These can only be de�ned modulo the rescaling

λαi → t λαi , λ̃α̇i → t−1 λ̃α̇i , t ∈ C∗. (2.1.12)

Clearly, the four-momentum is unchanged under such a transformation, which de�nes

the little group of the Lorentz group.3 This freedom comes with an associated conserved

charge, namely helicity, which we de�ne as

H :=
1

2

n∑
i= 1

(
−λαi

∂

∂λαi
+ λ̃α̇i

∂

∂λ̃α̇i

)
. (2.1.13)

Using this de�nition, we immediately see that the spinor λα carries helicity −1
2 and λ̃α̇

carries helicity +1
2 . Furthermore, we will see that under the little group transformation

of one of the momenta the scattering amplitude involving this momentum picks up an

overall phase, which depends on the helicity of the rescaled particle,

λαi → tλαi , λ̃α̇i → t−1λ̃α̇i ⇒ An → t−2hiAn . (2.1.14)

Given two spinors of negative helicity, λαi and λβj say, we can form a Lorentz invari-

ant, antisymmetric bracket

〈ij〉 := εαβλ
α
i λ

β
j = −〈ji〉 , (2.1.15)

and similarly, for two positive helicity spinors, λ̃α̇i and λ̃β̇j we de�ne

[ij] := εα̇β̇λ̃iα̇λ̃jβ̇ = −[ji] , (2.1.16)

where spinorial indices are raised and lowered using the antisymmetric invariant Levi-

Civita tensors4

εαβ = (iσ2)αβ =

(
0 1

−1 0

)
, εα̇β̇ = −(iσ2)α̇β̇ =

(
0 −1

1 0

)
. (2.1.17)

For any two massless on-shell four-momenta pi and pj we can form a Mandelstam

invariant

sij = (pi + pj)
2 = 2(pi · pj) = 〈ij〉[ji] . (2.1.18)

Few further important properties will be used frequently throughout this thesis.

3We de�ne the little group as a subgroup of the Lorentz group which leaves the four-momentum
invariant.

4Further spinor conventions used throughout this thesis are presented in Appendix A.
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Firstly, it is often very useful to promote momenta to be complex, allowing us to use the

powerful arsenal of complex analysis techniques in aid of our computations. So far, we

have considered the four-momentum to be real in the usual (+−−−) signature, which

means that the positive- and negative-helicity spinors are related as (λαi )∗ = ±λ̃α̇i .
For the complexi�ed Lorentz group, SL(2,C) × SL(2,C) the spinors λα and λ̃α̇ are

independent.5

Secondly, looking at expressions (2.1.15) and (2.1.16) it is straightforward to see that

whenever λαi ∝ λαj we have 〈ij〉 = 0 and correspondingly whenever λ̃α̇i ∝ λ̃α̇j , [ij] = 0.

The physical interpretation of vanishing of either of the angle or square bracket is that

the momenta involved, pi and pj , are collinear.

Thirdly, it is often very useful to employ the following observation. On a plane,

three vectors cannot all be linearly independent. As a result, if we consider three two-

component vectors, λa, λb and λc, we can always write one as a linear combination of

the other two:

λc = αλa + βλb α, β ∈ R . (2.1.19)

By dotting (2.1.19) with λa and λb in turn, we can solve for coe�cients α and β, such

that the statement becomes

〈ab〉λc + 〈bc〉λa + 〈ca〉λb = 0 . (2.1.20)

We are free to contract our expression with a fourth spinor, λd to cast it in its most

usual form

〈ab〉〈cd〉+ 〈ac〉〈db〉+ 〈ad〉〈bc〉 = 0 . (2.1.21)

This frequently-used identity and its counterpart in terms of square brackets,

[ab][cd] + [ac][db] + [ad][bc] = 0 (2.1.22)

are referred to as the Schouten identities.

Polarisation

The �nal ingredient in the description of the scattering process we have not yet con-

sidered are the polarisation vectors. We discuss them separately for gluon and fermion

�elds, in turn.

5Alternatively, one could insist for the momenta to be real but change the metric signature in order
for λα and λ̃α̇ to be independent.
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Gluon polarisation

Each gluon of helicity ±1 in addition to its momentum carries a polarisation vector,

ε(±), satisfying

pµ(ε(±))µ = 0 , (ε(±))µ(ε(±))µ = 0 , (ε(±))µ(ε(∓))µ = −1 . (2.1.23)

We can express the polarisation vectors in terms of the helicity spinors as

(ε(+))α̇α =
√

2
λ̃α̇µα

〈µλ〉
, (ε(−))α̇α =

√
2
µ̃α̇λα

[λµ]
, (2.1.24)

with µα and µ̃α̇ arbitrary reference spinors. It is straightforward to verify that these ex-

pressions satisfy the properties (2.1.23) and when acted upon with the helicity generator

(2.1.13) give the expected values, namely

H (ε(+))α̇α = (+1)(ε(+))α̇α , H (ε(−))α̇α = (−1)(ε(−))α̇α . (2.1.25)

It can also be easily seen that under the little group transformation (2.1.12) the gluon

polarisation vectors scale as

ε(+) → t−2 ε(+) ε(−) → t2 ε(−) . (2.1.26)

Expressions (2.1.24) �x the polarisation vectors up to an overall gauge transformation.

However it turns out that any change in the reference spinor is equivalent to changing

the corresponding polarisation as

(ε
(+)
i )α̇α → (ε

(+)
i )α̇α + c pα̇αi , (2.1.27)

where c is a constant. As a result of change in the reference spinor, the polarisation

vector, and hence the amplitude, changes by an amount proportional to the momen-

tum. This, however, is precisely the familiar local gauge invariance of the scattering

amplitude, giving us con�dence that representation (2.1.24) is a valid one and we are

free to choose the reference spinors µα and µ̃α̇ at our convenience. We are now in

a position to conclude that the partial colour-ordered amplitude of n massless gluons

can be completely described using three pieces of data, {λi, λ̃i, hi} for each particle

i = 1, . . . , n.

Fermion polarisation

Despite the fact that so far we have been focusing our discussion on scattering ampli-

tudes of massless gluons, everything that has been said follows for scalar and fermion

�elds. A distinction needs to be made however when it comes to discussion of po-
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larisations. For Dirac fermions, the polarisation spinors are given by the particle and

antiparticle solutions of the Dirac equation,

(/p−m)u(p) = 0 , (/p+m)v(p) = 0 . (2.1.28)

In the massless limit, these can be expressed in terms of helicity spinors as

u+(p) = v−(p) =

(
λα

0

)
, u−(p) = v+(p) =

(
0

λ̃α̇

)
, (2.1.29)

which explicitly satisfy the massless limit of (2.1.28). As a result, the polarisation

spinors of massless Dirac fermions are given by

(ε(−1/2))α = λα , (ε(+1/2))α̇ = λ̃α̇ , (2.1.30)

and, as expected,

H (ε(±1/2)) = ±1

2
(ε(±1/2)) . (2.1.31)

Under the little group transformation (2.1.12) the fermion polarisation vectors scale as

ε(−1/2) → t ε(−1/2) , ε(+1/2) → t−1 ε(+1/2) . (2.1.32)

We can now generalise the little group scaling to all possible polarisations � we see

that for a �eld of helicity hi, its polarisation tensor scales with t−2hi . The scattering

amplitude inherits the scaling from that of the polarisation vectors of the external legs

since neither vertices not propagators can transform under the little group. As a result

we con�rm that the scattering amplitude transforms as anticipated in (2.1.14):

λαi → tλαi , λ̃α̇i → t−1λ̃α̇i ⇒ An → t−2hiAn .

This observation provides a useful consistency check. Whenever we write down an

expression for a scattering amplitude, either as a result of a direct computation or using

a recursive method which we introduce in Section 2.3, the little group scaling (2.1.14)

must hold for each external leg.

2.2 Tree-level amplitudes

Having introduced the basic toolbox for dealing with momenta of massless particles,

we proceed to discuss the kinematic dependence of the scattering amplitude. Let us

�rst consider a few explicit examples and see how much we can infer about the form
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of various scattering amplitudes just from the knowledge of the properties discussed in

the previous sections.

First of all, let us consider amplitudes of n ≥ 4 massless gluons in Yang-Mills theory

of uniform, positive or negative, helicity. According to our previous discussion, this

amplitude will depend on n polarisation vectors and it turns our that at least one pair

of them will need to be contracted.6 As a result, if we consider an all-plus amplitude

A
(0)
n (1+, 2+, . . . , n+), at least one ε

(+)
i · ε(+)

j contraction arises. Using the expressions

for polarisation vectors in (2.1.24) we can write this contraction as

ε
(+)
i · ε(+)

j =
〈µiµj〉[λjλi]
〈λiµi〉〈λjµj〉

. (2.2.1)

Since we are free to choose arbitrary reference spinors as long as µαi 6= λαi and µαj 6= λαj
we can have µαi ∝ µαj so that ε

(+)
i · ε(+)

j = 0 and as a result, without performing any

calculations we can conclude that

A(0)
n (1+, 2+, . . . , n+) = 0 , (2.2.2)

and a similar argument holds for the all-minus case. A careful choice of the reference

spinors for an n-gluon amplitude with one particle of the opposite helicity to the rest,

allows us to see that it vanishes as well, i.e.

A(0)
n (1+, 2+, . . . , (i− 1)+, i−, (i+ 1)+, . . . , n+) = 0 , (2.2.3)

and similarly for the opposite helicity assignment,

A(0)
n (1−, 2−, . . . , (i− 1)−, i+, (i+ 1)−, . . . , n−) = 0 . (2.2.4)

The results obtained so far are certainly striking � without a single line of calculation or

considering any Feynman diagrams we have been able to deduce that an in�nitely-large

classes of scattering amplitudes vanish. The �rst non-vanishing amplitude is that of

(n−2) gluons of one helicity and 2 gluons of the opposite � we call such con�guration

Maximally Helicity Violating (MHV). The remarkable and initially surprising result for

the tree-level gluon amplitude of the MHV type, known as the Parke-Taylor amplitude,

conjectured by [12] and proven in [55] for gluons i and j of negative helicity in the form

�rst given by [56] is

A(0)
n (1+, . . . , i−, . . . , j−, . . . , n+) = i

〈ij〉4

〈12〉〈23〉 · · · 〈(n− 1)n〉〈n1〉
, (2.2.5)

6The scattering amplitude is Lorentz invariant, hence its numerator consists of a product of con-
tractions (εi · εj), (εi · pj) and (pi · pj). The maximum power of momentum available for contractions
in the numerator of an n-point gluonic amplitude is n−2, so at least one (εi · εj) must arise.
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and the scattering amplitude for gluons i and j of positive helicity and the remaining

gluons of negative helicity, referred to as an anti-MHV or MHV, is

A(0)
n (1−, . . . , i+, . . . , j+, . . . , n−) = i (−1)n

[ij]4

[12][23] · · · [(n− 1)n][n1]
. (2.2.6)

Following the usual conventions, in future discussions we will refer to amplitudes

with three negative helicity gluons as next-to-MHV (NMHV), four negative helicity

gluons as next-to-next-to-MHV (N2MHV) and so on, up to an amplitude with only

three positive helicity gluons, referred to as next-to-anti-MHV (NMHV). In general, an

amplitude with (k+2) negative helicity gluons and (n−k−2) positive helicity gluons

will be referred to as NkMHV. The �rst non-trivial NMHV amplitude appears at six

points, the �rst N2MHV at seven points and so on for higher MHV degrees.

As remarked in Chapter 1, the one-term expressions (2.2.5) and (2.2.6) are a result

of summing a large number of individual Feynman diagrams � yet their general form is

not a�ected by the number of legs in the process. Such astonishing simplicity served as

a clue to existence of some underlying structures of scattering amplitudes. Before we

introduce these, let us brie�y review the special, three-particle amplitudes.

Three-point amplitudes

We have restricted our discussion so far to amplitudes of n gluons with special helicity

con�gurations and where n ≥ 4. Using the general formulas (2.2.5) and (2.2.6) let us

now consider tree-level MHV amplitudes of three gluons. As we will see shortly, these

will be used as fundamental building blocks for writing down higher point amplitudes.

According to (2.2.5) we have, for example

A
(0)
3 (1+, 2−, 3−) = i

〈23〉3

〈12〉〈31〉
. (2.2.7)

Three-point momentum conservation, namely p1+p2+p3 = 0, together with the on-shell

condition implies that

〈12〉[21] = 0 , 〈23〉[32] = 0 , 〈31〉[13] = 0 . (2.2.8)

This is where our earlier assumption of momenta being complex becomes extremely

useful. If momenta p1, p2 and p3 were to be real in Lorentz spacetime signature, we

would have that λ̃i = ±λ∗i for all i = 1, 2, 3. In other words, both the angle and

square brackets simultaneously vanish, there are no non-zero Mandelstam invariants

the amplitude could depend on and as such the three-point amplitude in (2.2.7) is zero.

If the momenta are complex however, the spinors λi and λ̃i are independent and the

conditions in (2.2.8) can be solved either by [12] = [23] = [13] = 0 or by 〈12〉= 〈23〉=
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〈13〉 = 0. The two cases correspond to MHV and anti-MHV three-point amplitudes

respectively:

AMHV
3 (1+, 2−, 3−) = i

〈23〉3

〈12〉〈31〉
, λ̃1 ∝ λ̃2 ∝ λ̃3 ,

AMHV
3 (1−, 2+, 3+) = −i [23]3

[12][31]
, λ1 ∝ λ2 ∝ λ3 .

(2.2.9)

These three-point amplitudes, despite being zero for real momenta, prove to constitute

important building blocks in constructing higher-point amplitudes, as we review next.

2.3 Tree-level recursion relations

With the knowledge of the MHV amplitude (2.2.5) and the three-point amplitudes

(2.2.9) we would like to be able to construct amplitudes of any MHV degree and with

any number of external legs. There exist two powerful methods of obtaining this goal,

which we introduce next.

BCFW recursion relation

The Britto, Cachazo, Feng, Witten (BCFW) [19, 57] recursion relations make use of

the analytic properties of scattering amplitudes under complex deformations and allow

us to evaluate higher point tree-level amplitudes as products of lower point ones. This

simple technique proves to be extremely powerful - given three-point amplitudes as

input, such as those in (2.2.9) for gluons, we are able to construct all n-point tree-level

gluon amplitudes, regardless of the MHV degree.

In order to see that, we consider a partial scattering amplitude of n gluons and

we perform a deformation of two of the spinors of chosen momenta pi and pj by a

parameter z ∈ C,

λi → λ̂i(z) = λi + zλj , λ̃j → ˆ̃
λj(z) = λ̃j − zλ̃i , (2.3.1)

so that

p̂i(z) = (λi + zλj)λ̃i , p̂j(z) = λj(λ̃j − zλ̃i) . (2.3.2)

All the other momenta are left unchanged. We note that the shift is constructed such

that it preserves the on-shellness of pi and pj as well as the overall momentum conser-

vation. We can then de�ne the z-deformed n-point on-shell partial amplitude as

Ân(z) = An(p1, . . . , pi−1, p̂i(z), pi+1 . . . , pj−1, p̂j(z), pj+1, . . . , pn) , (2.3.3)

25



CHAPTER 2. REVIEW

and we note that Ân(z) is a rational function of z which follows from the fact that

An is a rational function of spinorial angle and square brackets. Moreover, we can

show that Ân(z) exhibits only simple poles in z. We notice that momentum �owing

through a propagator in a tree-level diagram is always a sum of a number of adjacent

external momenta.7 For the two momenta pi and pj which we have singled out and a

generic propagator 1/P 2
k`, Pk` = pk + · · ·+p` for some k < `, we can have three distinct

possibilities:

1. The propagator momentum Pk` involves neither p̂i(z) nor p̂j(z), i.e. i, j /∈ {k, . . . , `}
and as a result no pole in z occurs.

2. The propagator momentum involves either p̂i(z) or p̂j(z) and as such the propa-

gator, 1/P̂ 2
k`(z) will have a pole in z. For concreteness, let i ∈ {k, . . . , `} then

P̂k`(z) = pk + · · ·+ p̂i(z) + · · ·+ p`

= Pk` + zλj λ̃i ,
(2.3.4)

and P̂ 2
k`(z) = P 2

k` − z 〈j|Pk`|i]. Clearly, a simple pole exists at

zk` =
P 2
k`

〈j|Pk`|i]
. (2.3.5)

3. The propagator momentum Pk` involves both p̂i(z) and p̂j(z), i.e. i, j ∈ {k, . . . , `},
however in such case the z-dependence cancels between the two momenta and no

pole in z occurs.

The aim of the discussion regarding the pole structure is to be able to reconstruct

the �unshifted� amplitude An = Ân(0). We can achieve this by writing An as a contour

integral

Ân(0) =
1

2πi

∮
z=0

dz

z
Ân(z) . (2.3.6)

We can now use the Cauchy residue theorem to expand the right hand side of the

expression (2.3.6) as a sum over the residues of all the poles at zk` 6= 0,

Ân(0) = −
∑
k,`

1

zk`
Res

[
Ân(zk`)

]
, (2.3.7)

or in general

Ân(z) =
∑
k,`

1

z − zk`
Res

[
Ân(zk`)

]
. (2.3.8)

7Any propagator involving non-adjacent momenta would lead to a non-planar diagram. In the
present discussion we are only dealing with planar interactions.
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We have not yet considered the possibility of having a pole at zk` = ∞. If we are

able to show that the shifted amplitude Ân(z) scales with at least 1/z as z → ∞ we

would then have that the integral in (2.3.6) evaluated on a contour around in�nity gives

zero as the integrand scales as 1/z2. We can indeed show that this is the case provided

that we choose the shifted legs i and j to be of appropriate helicity. It turns out that

the three cases when Ân(z)→ 0 for z →∞ are when the helicities are

(i, j) : (+,−), (+,+), (−,−) . (2.3.9)

For those three con�gurations the amplitude scales at least as 1/z if the two shifted legs

are picked to be adjacent or as 1/z2 for non-adjacent i and j.8 In the remaining case,

namely for the (−,+) shift, the amplitude scales as z3 and we cannot simply disregard

the pole at in�nity. While various attempts have been made at computing the form

of the contribution from this unphysical pole [58�60], no general constructive method

exists. In most calculations, like in the present discussion, one chooses a valid shift, for

which Ân(z)→ 0 for z →∞ and as a result the pole at in�nity does not contribute.

We would like to now describe the residues of the poles we have detected. By the

discussion above, the poles in z appear whenever a propagator containing one of the

shifted momenta, 1/P̂ 2
k`(z), goes on shell. Such a propagator can be understood to

connect two �clusters� of external momenta � one containing momenta in range from

k to ` (left) and the other containing all other remaining external momenta (right), as

presented in Figure 3.

Figure 3: BCFW factorisation � n point amplitude factorises into lower-point �left� and
�right� amplitudes connected by a propagator.

We sum over all possible helicity assignments on the propagator 1/P̂ 2
k`(z) and over

all possible factorisation channels and write the shifted amplitude as

Ân(z) =
∑
k,`

∑
h

AhL(zk`)
1

P̂ 2
k`(z)

A−hR (zk`) . (2.3.10)

8The extra factor of 1/z comes from the fact that in the case of two shifted legs, i and j, being
adjacent one of the spinorial brackets in the Parke-Taylor denominator, 〈ij〉, will be left una�ected by
the shift. For non-adjacent i and j their bracket does not appear in the denominator, which introduces
an extra factor of z.
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In order to obtain the physical scattering amplitude, we set z = 0 in the denominator,

An =
∑
k,`

∑
h

AhL(zk`)
1

P 2
k`

A−hR (zk`) . (2.3.11)

Thus we see that a higher point amplitude can be represented as a product of two

lower-point amplitudes connected by a propagator. This factorisation can be recursively

performed all the way to the smallest building blocks � three point MHV and anti-MHV

amplitudes. As a result, from our knowledge of three-point amplitudes in (2.2.9), using

the BCFW recursion procedure, we can build higher point amplitudes of a chosen MHV

degree.

The N =4 SYM generalisation of the BCFW recursion relations has been developed

in [61] and the authors in [62] have extended the procedure to include all loop orders.

There exists an alternative, equally successful method, which involves using only the

MHV building blocks � we proceed to review it next.

MHV diagrams

Another way of obtaining higher-point amplitudes from lower-point ones recursively

is through the method of MHV diagrams, also known as the Cachazo, Svr£ek and

Witten (CSW) expansion, �rst introduced by these authors in [20]. The prescription

involves decomposing scattering amplitudes as products of vertices which are o�-shell

continuations of MHV amplitudes and are connected by scalar propagators 1/P 2, where

the momentum P is o�-shell. In order to continue the MHV amplitude o�-shell we can

decompose P as

P α̇α = pα̇α + z ξα̇α , (2.3.12)

where ξα̇α = ξα̇ξα is a lightlike reference vector, pα̇α = λ̃α̇Pλ
α
P is a null momentum and

z is a real parameter. From the Parke-Taylor formula (2.2.5) we see that the MHV

amplitude is a function of the holomorphic spinors λα only and in particular does not

involve the antiholomorphic λ̃α̇. The CSW prescription is to use the holomorphic spinor

λαP to continue the internal leg o�-shell. In particular, we can write it as

λαP =
P α̇αξα̇
[p ξ]

, (2.3.13)

and importantly gauge invariance of the scattering amplitude imposes the requirement

that the �nal result of the calculation must be independent of the choice of the reference

spinor ξα̇.

The method �nds numerous applications, for example in the construction of NkMHV

amplitudes as a sum of tree-level diagrams with (k + 1) MHV vertices evaluated using
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the o�-shell continuation (2.3.13). MHV diagrams have successfully been used in com-

putations of amplitudes involving fermions [63] and in N = 4 SYM [64, 65], including

loop-level amplitudes [66]. Higgs plus multi-gluon QCD amplitudes at tree-level have

been computed using a modi�cation of the CSW method in [43] and at one-loop in [46].

The study has been extended to Higgs plus multi-parton tree-level amplitudes in [44].

2.4 N = 4 super Yang-Mills

So far, we have avoided addressing in detail the exact theoretical setup we will be

working in, focusing on the concepts which can be applied in all generality instead. In

this section, we introduce N =4 SYM, the maximally supersymmetric theory which has

been the subject of much interest in the recent years due to the discovery of several

remarkable features.

The �rst of such properties relates to the AdS/CFT correspondence which provides

a relation between a string theory on a background which contains an Anti-de-Sitter

(AdS) spacetime and a conformal �eld theory (CFT) formulated on the boundary of that

spacetime. The most famous example of this correspondence, which has been extensively

studied since its postulation in [67], relates type IIB string theory on AdS5 × S5 and

N = 4 SYM on the four dimensional boundary. As a result of this conjecture one is

able to, using the so-called dictionary, relate calculations at strong and weak coupling,

allowing insight into one model using the knowledge of the other, see e.g. [68].

Secondly, N =4 SYM turns out to be integrable in the planar limit, introduced by

't Hooft in [69]. The idea, alluded to in Section 2.1, consists of taking the rank of the

SU(N) gauge group to be large, N→∞ and introducing a new 't Hooft coupling,

a :=
g2

YMN

(4π)2
, (2.4.1)

which is held �xed as gYM → 0. In this limit, scattering amplitudes which are of leading

order when performing an expansion in 1/N are called planar � they can be drawn on a

plane without crossing any lines. Subleading corrections can only be drawn on surfaces

of higher genus, as illustrated in Figure 4.

Figure 4: Example of (i): planar and (ii) non-planar topology. To distinguish between
vertices and lines crossing without intersecting, the vertices have been coloured in.
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N = 4 SYM in the planar limit appears to be integrable and using techniques

such as the Thermodynamic Bethe Ansatz (TBA) [70, 71] one can successfully obtain

the spectrum of the theory as well as many other observables. It is a remarkable

statement by itself � integrability is a feature typically reserved for two-dimensional

models. However, this property can be immediately understood in the context of the

AdS/CFT correspondence as N = 4 SYM is conjectured to be dual to an integrable

string worldsheet model. In fact, appearance of integrability can serve in support of

the duality conjecture. For an extensive review of AdS/CFT integrability see [72] and

references within.

Thirdly, as we will discuss in the present section, the theory possesses remarkable

amount of symmetry, some of which is hidden at �rst sight. This has an obvious bene�t

from the computational point of view, allowing us to calculate quantities even at higher

loop orders with relative ease. The theory is said to be maximally supersymmetric � the

symmetry group contains the largest possible number of generators (or supercharges)

if the �eld content is to be restricted to particles of spin at most one, i.e no gravity is

considered.9

The Lagrangian of the theory can be obtained from dimensional reduction of ten-

dimensional N =1 SYM [73] and reads

LSYM = Tr
(
− 1

4
FµνF

µν − (DµφAB)DµφAB + iψ̄ABCα̇ (σ̄µ)α̇αDµψαABC (2.4.2)

− 1

2
[φAB, φCD][φAB, φCD]− i

2
ψαA[φAB, ψ

B
α ]− i

2
ψ̄α̇A[φAB, ψ̄α̇B]

)
,

where the �eld strength Fµν has been introduced in (2.1.2) andDµ = ∂µ−gYM

√
2/2[Aµ, ·]

is the SU(N) gauge covariant derivative. Aµ is the spin-1 vector �eld while φAB de-

note three complex scalars with A,B = 1, . . . , 4 indices of the SU(4) R-symmetry. The

scalars are antisymmetric in A↔ B and related to each other by the reality condition,

φAB = φ̄AB =
1

2
εABCD φCD . (2.4.3)

Four chiral and four anti-chiral fermions, denoted by ψ and ψ̄, transform in the funda-

mental and anti-fundamental representations of the SU(4) and obey the relations

ψαABC = εABCD ψ
D
α , ψ̄ABCα̇ = εABCD ψ̄α̇D . (2.4.4)

The �eld content of N = 4 SYM and transformation properties under the Lorentz and

the R-symmetry groups are summarised in Table 2.

The states are related to each other by the action of the N =4 supercharges, which

9Inclusion of higher spin �elds leads to non-renormalisable coupling.
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we denote by QαA and Q̄α̇A. They obey the anticommutation relation

{QαA, Q̄α̇B} = δBA P
α̇α , (2.4.5)

where P α̇α is the Lorentz generator of translations.

Symbol Field Multiplicity SU(2)× SU(2) R-symmetry SU(4)

g(+) gluon 1 (1/2, 1/2) singlet 1

ψA gluino 4 (1/2, 0) fundamental 4

φAB scalar 6 (0, 0) anti-symmetric 6

ψ̄ABC anti-gluino 4 (0, 1/2) anti-fundamental 4̄

g(−) gluon 1 (1/2, 1/2) singlet 1

Table 2: Field content of N = 4 SYM: multiplicities, transformation properties under
the Lorentz and R-symmetry groups. We see that the numbers of fermionic and bosonic
degrees of freedom agree, as expected.

As always, we think of a quantum state as of an appropriate ladder operator acting

on the vacuum. For instance 〈0|ψA(p1) is a state of a fermion with momentum p1 and

helicity +1
2 , while 〈0|ψ̄

ABC(p2) has momentum p2 and helicity −1
2 . In the following we

will often use the shorthand notation 〈ψA| and 〈ψ̄ABC | to denote such states. Denoting

by 〈g(+)| and 〈g(−)| the states of highest (+1) and lowest (−1) helicity respectively we

have the following relations between the states:

〈g(−)ABCD|QαA = 〈ψ̄BCD|λα , 〈g(−)ABCD| Q̄ε̇E = 〈0| ,

〈ψ̄BCD|QβB = 〈φCD|λβ , 〈ψ̄ABC | Q̄δ̇D = 〈g(−)ABCD|λ̃δ̇ ,

〈φCD|QγC = 〈ψD|λγ , 〈φAB| Q̄γ̇C = 〈ψ̄ABC |λ̃γ̇ ,

〈ψD|QδD = 〈g(+)|λδ , 〈ψA| Q̄β̇B = 〈φAB|λ̃β̇ ,

〈g(+)|QεE = 〈0| , 〈g(+)| Q̄α̇A = 〈ψA|λ̃α̇ .

(2.4.6)

The supercharge QαA raises the helicity of the state by 1
2 and contracts the R-symmetry

index A, while Q̄α̇A lowers the helicity by 1
2 and adds index A to the state.

It is convenient to introduce the Nair super-annihilation operator [74], where all the

individual annihilation operators for the �elds of N = 4 SYM are combined with the

use of auxiliary Grassmannian variables η as

Φ(p, η) = g(+)(p) + ψA(p)ηA +
1

2
φAB(p)ηAηB +

1

3!
ψ̄ABC(p)ηAηBηC + g(−)(p)η1 · · · η4 ,

(2.4.7)
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and where g(+)(p), ψA(p), φAB(p), ψ̄ABC(p) and g(−)(p), denote the ladder operators

for the various particles. We assign helicity +1
2 to the newly-introduced variable ηA so

that Φ(p, η) carries uniform helicity +1 and we can extend the de�nition of the helicity

generator of (2.1.13) to the supersymmetric case as

H =
1

2

n∑
i= 1

[
− λαi

∂

∂λαi
+ λ̃α̇i

∂

∂λ̃α̇i
+ ηiA

∂

∂ηiA

]
. (2.4.8)

By acting with Φ(p, η) on the vacuum, we create a super-state, which is an eigenstate

of the QαA and Q̄α̇A supercharges,

〈Φ|QαA = 〈Φ|λαηA , 〈Φ| Q̄α̇A = 〈Φ|λ̃α̇ ∂

∂ηA
. (2.4.9)

We refer to the eigenvalue of QαA, q
α
A := λαηA as super-momentum carried by 〈Φ| and

denote the eigenvalue of Q̄α̇A as q̄α̇A. These eigenvalues satisfy the anti-commutation

relation analogous to that of (2.4.5).

N =4 SYM scattering amplitudes

Using the formalism of on-shell N = 4 supersymmetry, the MHV tree-level amplitude

for n ≥ 4 reads [74]

A(0) MHV
n (λi, λ̃i, ηi) = i

δ(4)
(∑n

i=1 λiλ̃i

)
δ(8)
(∑n

k=1 λkηk

)
〈12〉〈23〉 · · · 〈n1〉

, (2.4.10)

where δ(4) ensures the physical momentum conservation and we can think of δ(8) as

imposing super-momentum conservation. It is a Grassmann-odd delta function, since

the variables η are Grassmannian and as such behaves di�erently to the usual δ(4) we

have dealt with so far. In particular, it has the explicit expression

δ(8)
( n∑
i=1

λiηi

)
=

2∏
α=1

4∏
A=1

( n∑
i=1

λαi ηiA

)
, (2.4.11)

and we see that both the δ(8) as well as the entire the N = 4 SYM MHV amplitude

are of degree 8 in η. The amplitude in (2.4.10) packages all of the MHV component

amplitudes of n particles, meaning that it comprises of all the amplitudes of gluons,

scalars and fermions as long as the helicity con�guration is correct i.e. no more than

two particles are of negative helicity.

The full n-point tree-level super-amplitude captures all possible component ampli-

tudes of n particles with varying particle content and MHV degree. Overall momentum

and super-momentum still need to be conserved and it is convenient to factor out the
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entire MHV tree-level amplitude (2.4.10), including the Parke-Taylor denominator. We

can hence express the most general n ≥ 4-point superamplitude of N =4 SYM by

A(0)
n (λi, λ̃i, ηi) = i

δ(4)
(∑n

i=1 λiλ̃i

)
δ(8)
(∑n

k=1 λkηk

)
〈12〉〈23〉 · · · 〈n1〉

Pn(λi, λ̃i, ηi)

= A(0) MHV
n (λi, λ̃i, ηi)Pn(λi, λ̃i, ηi) .

(2.4.12)

In this de�nition we have introduced a function Pn which is a Grassmann polynomial

in η of the form

Pn(λi, λ̃i, ηi) = PMHV
n + PNMHV

n + PN2MHV
n + · · ·+ PMHV

n . (2.4.13)

Clearly PMHV
n = 1 in order to agree with (2.4.10) and the order in η increases in

increments of 4,10 such that PNMHV
n is of order 4 in η, PNkMHV

n is of order 4k and so

on up to the highest-degree 4n−16 of the anti-MHV amplitude. Each of the PNkMHV
n

polynomials encodes all of the component amplitudes of the speci�ed MHV degree k -

purely gluonic, as well as those involving scalars and fermions. Using the integration

rules for a Grassmann-odd variable η∫
dη η = 1 ,

∫
dη 1 = 0 , (2.4.14)

we can extract component amplitudes by integrating (2.4.12) over the appropriate pow-

ers of η. For example, in order to extract an amplitude with a scalar φAB on one of

the legs we need to integrate out ηC and ηD on that particular leg. The same reason-

ing follows for all the �elds of N = 4 SYM and we can summarise the extraction of

component amplitudes as: ∫
d4η η1η2η3η4 ↔ 〈g(+)| ,∫
d4η ηBηCηD ↔ 〈ψA| ,∫
d4η ηCηD ↔ 〈φAB| ,∫
d4η ηD ↔ 〈ψ̄ABC | ,∫
d4η 1↔ 〈g(−)| ,

(2.4.15)

where we used the short-hand notation∫
d4η :=

∫
dη1dη2dη3dη4 . (2.4.16)

10Otherwise the amplitude would not be R-symmetry invariant.
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Using these rules, together with the de�nition (2.4.10), we can immediately understand

our earlier claim regarding vanishing of the all-plus gluon amplitude. For n ≥ 3 all-plus

gluon legs, we would need to perform 4n Grassmann integrals. The delta function in the

de�nition of the amplitude, however, has fermionic degree 8 and as such, following the

property (2.4.14) the integral is forced to vanish. Many other component amplitudes

can be immediately seen to vanish for the same reason.

Component amplitudes are related to each other by supersymmetric Ward iden-

tities [75, 76]. These linear relations are derived from the fact that the vacuum is

supersymmetric, Q|0〉 = 0, Q̄|0〉 = 0. As a consequence, if we write the n-point scat-

tering amplitude as a matrix element 〈0|Φ(1)Φ(2) · · ·Φ(n)|0〉 where we use a shorthand
notation Φ(i) :=Φ(pi, ηi) then it follows that

0 = 〈0|[Q,Φ(1) · · ·Φ(n)]|0〉

=

n∑
i=1

〈0|Φ(1) · · · [Q,Φ(i)] · · ·Φ(n)|0〉 ,
(2.4.17)

and similarly for Q̄. Given the action of the supercharges on N =4 SYM states in (2.4.6)

we see that (2.4.17) relates component amplitudes with the same number of legs, but

di�erent external �eld content. As an example of one of such relations, we have that

A(0)
n (g+

1 , g
+
2 , . . . , g

−
i , . . . , g

−
j , . . . , g

+
n ) =

〈ij〉4

〈12〉4
A(0)
n (g−1 , g

−
2 , . . . , g

+
i , . . . , g

+
j , . . . , g

+
n ) .

(2.4.18)

This relation proves the Parke-Taylor gluon amplitude expression of (2.2.5) as a simple

consequence of the supersymmetric Ward identities.

N = 4 superconformal symmetry

One of the features of Yang-Mills theory is the conformal symmetry, arising from the

fact that the Yang-Mills coupling constant gYM is dimensionless. As a result, the theory

is invariant under scale transformations generated by the dilatation operator. Together

with the other two symmetry groups of N =4 SYM, the R-symmetry and supersymme-

try, these can all be combined into one larger group, known as the N =4 superconformal

symmetry with the algebra psu(2, 2|4). We review brie�y the action of the generators

of the superconformal symmetry on the superamplitudes in N =4 SYM.

We begin �rst with the bosonic subalgebra, su(2, 2)× su(4). The su(2, 2) is the four

dimensional conformal algebra with 15 generators, realised here in the spinor-helicity

representation, appropriate for massless particles [17]:

• 10 generators of the Poincaré algebra, which include
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- four generators of the space-time translations

P α̇α = λ̃α̇λα , (2.4.19)

- six generators of the Lorentz transformations

Mαβ =
1

2

(
λα

∂

∂λβ
+ λβ

∂

∂λα

)
, M̄α̇β̇ =

1

2

(
λ̃α̇

∂

∂λ̃β̇
+ λ̃β̇

∂

∂λ̃α̇

)
, (2.4.20)

• 4 generators of the special conformal transformations

Kαα̇ =
∂

∂λα
∂

∂λ̃α̇
, (2.4.21)

• 1 generator of the dilatations,

D =
1

2

(
λα

∂

∂λα
+ λ̃α̇

∂

∂λ̃α̇
+ 2

)
. (2.4.22)

The generators (2.4.19)-(2.4.22) obey the commutation relations of the conformal alge-

bra su(2, 2):

[D,P α̇α] = P α̇α , [D,Mαβ] = 0 , [D, M̄α̇β̇] = 0 , [D,Kαα̇] = −Kαα̇ ,

[Kαα̇, P
β̇β ] = δβαδ

β̇
α̇D +Mα

βδβ̇α̇ + M̄α̇
β̇δβα . (2.4.23)

All of the expressions for the su(2, 2) generators above can be generalised to their multi-

particle action form by summing over the external particle labels, for example

P α̇α =
n∑
i=1

λ̃α̇i λ
α
i , (2.4.24)

re�ecting the local nature of the symmetry. The su(4) is the global N =4 R-symmetry

acting as an internal rotation in the η-space, with 15 traceless generators

RA
B = ηA

∂

∂ηB
− 1

4
δBA ηC

∂

∂ηC
. (2.4.25)

As far as the action of these bosonic generators on the tree-level MHV superam-

plitude (2.4.10) is concerned, the presence of the momentum-conserving delta function

ensures invariance under the action of the generators of the space-time translations

(2.4.19). Invariance under the Lorentz transformations (2.4.20) follows from the fact

that the spinor brackets entering the superamplitude, i.e. 〈ij〉, are Lorentz-invariant.

The proof of invariance under the special conformal transformations (2.4.21) is a little
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more involved but using the chain rule one can show that

Kαα̇ δ
(4)(P ) = (n− 4)

∂

∂P α̇α
δ(4)(P ) . (2.4.26)

On the other hand, the Parke-Taylor denominator and the supermomentum-conserving

δ(8) are independent of λ̃ and hence

Kαα̇A
(0) MHV
n = (n− 4)

(
∂

∂P α̇α
δ(4)(P )

)
δ(8) (Q)

〈12〉〈23〉 · · · 〈n1〉

+

(
∂

∂P α̇β
δ(4)(P )

)(∑
i

λβi
∂

∂λαi

δ(8) (Q)

〈12〉〈23〉 · · · 〈n1〉

)

= (n− 4)

(
∂

∂P α̇α
δ(4)(P )

)
δ(8) (Q)

〈12〉〈23〉 · · · 〈n1〉

+

(
∂

∂P α̇β
δ(4)(P )

)(
− (n− 4) δβα

δ(8) (Q)

〈12〉〈23〉 · · · 〈n1〉

)
= 0 . (2.4.27)

Invariance under the dilatation generator (2.4.22) follows immediately from commu-

tation relations (2.4.23). The only η-dependent part of the superamplitude is the

supermomentum-conserving δ(8)(Q) and from its de�nition (2.4.11) we see that it con-

tains a simple product of the Grassmannian variables. The action of the R-charge

generators (2.4.25) is a simple rotation of R-symmetry labels, leaving the superampli-

tude (2.4.10) invariant.

The fermionic part of the superconformal N =4 algebra consists of 16 supercharges

introduced in (2.4.5),

QαA = λαηA , Q̄α̇A = λ̃α̇
∂

∂ηA
, (2.4.28)

and 16 fermionic superconformal charges,

SAα =
∂

∂λα
∂

∂ηA
, S̄α̇A = ηA

∂

∂λ̃α̇
, (2.4.29)

obtained by commuting supercharges with special conformal generators:

[Kαα̇, Q
β
A] = δβαS̄α̇A , [Kαα̇, Q̄

β̇A] = δβ̇α̇S
A
α . (2.4.30)

Presence of the supermomentum-conserving δ(8)(Q) ensures immediate invariance under

the action of the supercharges (2.4.28). For S̄α̇A the invariance is straightforward to
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verify, as

S̄Aα̇ δ
(4)(P ) =

∑
i

ηAi
∂

∂λ̃α̇i
δ(4)(P ) =

∑
i

ηAi λ
α
i

∂

∂P α̇α
δ(4)(P ) = QαA

∂

∂P α̇α
δ(4)(P ) ,

(2.4.31)

which vanishes on support of the supermomentum delta function δ(8)(Q). Invariance

under the action of the superconformal charge SAα can be inferred from relations (2.4.30).

The superconformal algebra psu(2, 2|4) is a graded Lie algebra, combining the Poincaré

and conformal generators with supercharges and superconformal charges by the way of

commutation and anticommutation relations:

{QαA, Q̄α̇B} = δBAP
α̇α , {SAα , S̄α̇B} = δBAKαα̇ ,

{QαA, SBβ } = Mα
β δ

B
A + δαβRA

B +
1

2
δαβ δ

B
A D ,

{Q̄α̇A, S̄β̇B} = M̄ α̇
β̇δ
A
B − δα̇β̇RB

A +
1

2
δα̇
β̇
δAB D ,

[P α̇α, SAβ ] = δαβ Q̄
α̇A , [P α̇α, S̄β̇A] = δα̇

β̇
QαA .

(2.4.32)

We can further extend the algebra psu(2, 2|4) to su(2, 2|4) by addition of the central

charge C,

C = 1 +
1

2

(
λα

∂

∂λα
− λ̃α̇ ∂

∂λ̃α̇
− ηA

∂

∂ηA

)
. (2.4.33)

The central charge counts the degrees of freedom and commutes with all the generators

of the superconformal algebra listed above. Comparing with the expression for the

helicity generator in (2.4.8), we see that helicity and central charge are related via

C = 1−H. The central charge has the special feature of vanishing on the superamplitude

locally for every leg,

CiAn = 0 , (2.4.34)

as a consequence of the fact that the on-shell super�eld introduced in (2.4.7) is of

uniform helicity +1, leading to

HiAn = An . (2.4.35)

In addition to the astonishing amount of symmetry discussed in this section, planar

scattering amplitudes in N =4 SYM possess yet another, hidden symmetry referred to

as the dual superconformal symmetry, which we review next.
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Dual superconformal symmetry

Proposed in [77] and proven for all tree-level amplitudes in [61] the dual superconformal

symmetry is revealed by introduction of the dual coordinate space, with new dual region

momenta xi related to the conventional momenta pi by

pα̇αi = (xi − xi+1)α̇α (2.4.36)

and illustrated in Figure 5.

Figure 5: Pictorial realisation of momentum conservation. This polygon can be de-
scribed in terms of its edges, corresponding to conventional momenta or its vertices,
corresponding to dual momenta.

In order to consider the N =4 SYM superamplitude in the dual description, we need

to also introduce dual fermionic coordinates θαiA as

λαi ηiA = (θi − θi+1)αA . (2.4.37)

Naturally, in this description momentum is still conserved

p1 + p2 + . . .+ pn = (x1 − x2) + (x2 − x3) + . . .+ (xn − x1) = 0 , (2.4.38)

and similarly for the supermomentum. Since we are dealing with massless particles, i.e.

the momenta are null, we have additionally

(xi − xi+1)2 = 0 , (2.4.39)

and the di�erences of dual fermionic variables are constrained to be on-shell,

(θi − θi+1)λi = 0 . (2.4.40)

In order to understand the action of the dual superconformal symmetry generators

we need an expression for the conformal inversion, I, in terms of the dual momenta.
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It turns out to be

I[xα̇βi ] := x−1
i =

xβ̇αi
x2
i

, I[θαiA] = θi βA
xα̇βi
x2
i

, (2.4.41)

I[λαi ] = λi β
xα̇βi
x2
i

, I[λ̃α̇i ] =
xα̇βi
x2
i

λ̃i α̇ , I[ηiA] =
x2
i

x2
i+1

(
ηiA − θiAx−1

i λ̃i

)
.

Under the dual conformal inversion, the MHV superamplitude (2.4.10) transforms co-

variantly,

I[A(0) MHV
n ] = A(0) MHV

n

n∏
i=1

x2
i . (2.4.42)

Dual superconformal invariance follows immediately from this statement. Special con-

formal transformations are obtained as

Kα̇α = IP α̇αI , (2.4.43)

and combining these with supersymmetry transformations according to (2.4.30) we gen-

erate the superconformal transformations. Remarkably, the non-trivial transformation

property (2.4.42) extends to all tree-level superamplitudes in N = 4 SYM. The proof

of the tree-level covariance required introduction of supersymmetric extension of the

BCFW recursion relations discussed in Section 2.3 and as a result an introduction of

N =4 SYM three-point anti-MHV superamplitude [61]11

AMHV(1, 2, 3) = i
δ(4)(p1 + p2 + p3)δ(4)(η1[23] + η2[31] + η2[12])

[12][23][31]
. (2.4.44)

Even more remarkably, the two symmetry groups of the N =4 SYM tree-level superam-

plitude, the superconformal and dual superconformal, can be combined to even larger

symmetry known as the Yangian.

Yangian symmetry

The Yangian symmetry of the superamplitude [78] is realised by expressing the dual su-

perconformal generators in terms of the variables entering the ordinary superconformal

generators, {λα, λ̃α̇, ηA}, and subsequently �nding the commutation relations between

the two sets of generators. In doing so, we discover a certain degree of overlap between

the two symmetries. The closure of the two symmetry algebras de�nes the Yangian

algebra.

We de�ne the Yangian level zero generators J (0) as the ordinary superconformal

11The three-point MHV superamplitude is given by the usual Nair formula (2.4.10).
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generators, satisfying

[J (0)
a , J

(0)
b } = fab

cJ (0)
c (2.4.45)

where fab
c are the structure constants of the psu(2, 2|4) algebra. The graded commu-

tator is de�ned as

[O1,O2} := O1O2 − (−1)deg(O1)deg(O2)O2O1 , (2.4.46)

where by deg(O) we mean the Grassmann degree of the operator O. The level one

generators J (1) are de�ned explicitly as

J (1)
a = fa

cb
∑

i≤1<j≤n
J

(0)
ib J

(0)
jc , (2.4.47)

and they satisfy the graded commutation relations

[J (1)
a , J

(0)
b } = fab

cJ (1)
c , (2.4.48)

as well as Serre relations. It turns out that level-one generators can be shown to be

precisely the dual superconformal generators. As a result, the dual superconformal

symmetry together with the conventional superconformal symmetry form a Yangian

symmetry acting on the N = 4 SYM superamplitude. This is an exciting discovery �

the Yangian typically arises in the context of integrable two-dimensional quantum �eld

theories. Yet again, we see hints of integrability of the four-dimensional interacting

N = 4 SYM, further evidence of which becomes apparent in studies of the dilatation

operator of the theory.

2.5 Scaling dimension and the dilatation operator

One of the main problems of interest in study of any QFT is the prediction of the mass

spectrum in terms of parameters of the theory in order to compare with experimental

results. For a conformal theory such as N =4 SYM, however, there is no inherent mass

scale to operate with as all of the �elds are uniformly massless. Hence we have to focus

on calculating an alternative characteristic quantity, which turns out to be the scaling

dimension.

Let us consider a local scalar operator O(x). Acting with the dilatation operator

we �nd

[D,O(x)] =

(
∆ + x

∂

∂x

)
O(x) , (2.5.1)
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where the eigenvalue ∆ is the conformal dimension, re�ecting the fact that under the

scaling x → λx, the operator scales as O(x) → λ−∆O(λx). The conformal dimension

can be read o� from the two point function of the operator O and its conjugate O,
whose form is �xed by the conformal symmetry as

〈O(x)O(y)〉 ∝ 1

|x− y|2∆
. (2.5.2)

We call the dimension at zero coupling, ∆0, the bare dimension and for a composite

operator it is a sum of dimensions of its constituent �elds, where we have

[φ] = 1 , [ψ] = 3/2 , [Fµν ] = 2 . (2.5.3)

In what follows we will be focusing on interacting theories where the scaling dimension

gets renormalised. We will be interested in �nding the quantum correction to the bare

dimension of a given operator, know as the anomalous dimension, γ, where

∆ = ∆0 + γ , γ � ∆0 . (2.5.4)

In the case of an interacting theory, the two-point function (2.5.2) can therefore be

expanded as

〈O(x)O(y)〉 =
1

|x− y|2∆0

[
1− γ log(|x− y|2Λ2) + . . .

]
, (2.5.5)

where we have denoted the ultraviolet (UV) cuto� scale by Λ. We therefore see that in

this simple case we can read o� the one-loop anomalous dimension from the coe�cient

of the UV divergence of the two-point function.

However, the problem of �nding the anomalous dimension is often further compli-

cated by the issue of operator mixing. In this case the UV divergent term is not directly

proportional to the tree-level correlator as in (2.5.5) but instead receives contributions

from two-point functions of other operators. In such a case, one needs to �nd the mixing

matrix of anomalous dimensions, diagonalise it and solve for the eigenvalues and eigen-

vectors, order by order in the coupling constant. If we expand the dilatation operator

in the powers of 't Hooft coupling (2.4.1) as

D =
∞∑
L=0

aLD(2L) (2.5.6)

the eigenvalues of D(0) correspond to the bare dimensions and the eigenvalues of D(2)

to the one-loop anomalous dimensions. Hence at one loop, solving the mixing problem

consists of �rst �nding the matrix D(2) then solving for its eigenvalues � the spectrum
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of anomalous dimensions and its eigenvectors � operators with de�nite anomalous di-

mensions. A priori, �nding the solution to the mixing problem is very di�cult as we

potentially have to consider a large number of operators. Fortunately, some simpli�ca-

tions are possible.

Firstly, there exist sets of operators which, at a certain loop order, only mix between

themselves. The local composite operators are build out of the fundamental �elds of

the theory and we refer to such a set of �elds, or letters, as a sector. We say a sector

is closed if operators made out of the letters only mix between themselves. An example

of a closed sector is the SU(2|3) sector of N = 4 SYM, which consists of three scalar

�elds and one fermion. The dilatation operator of this sector has been studied and

determined up to three loops in [79,80] and we study it in detail in Chapter 3. Another

example is the SU(2) sector studied at two-loops in [52].

Secondly, in the seminal work of [81], Minahan and Zarembo showed that the one-

loop dilatation operator in the SO(6) sector can be related to a one-dimensional spin

chain Hamiltonian with only nearest-neighbours interactions. Operators in this sector

are made out of scalar �elds, φAB, and we consider single-trace operators,12

On(x) = Tr
(
φA1B1(x) · · ·φAnBn(x)

)
. (2.5.7)

These operators can be thought of as a periodic one-dimensional spin chain, with every

�eld in the operator mapped to a spin chain site carrying an SO(6) vector index.

Periodicity is imposed by the cyclicity of the trace and the mapping is schematically

illustrated in Figure 6.

Figure 6: Single-trace scalar operator in the spin chain picture. Each site of the spin
chain carries an associated SO(6) vector index and the spin chain is closed and periodic
since the trace is cyclic.

At one-loop order and in the planar limit only interactions between �elds adjacent in

the colour space are relevant, thus if we wish to �nd the one-loop anomalous dimension

according to (2.5.5) in practice we only need to consider the two-point functions of the

form

〈φA1B1φC1D1(x)φA2B2φC2D2(y)〉 . (2.5.8)

As a result, the one-loop dilatation operator can be expanded in terms of operators

12Operators build out of products of traces are subleading in the large N limit, see discussion after
(2.1.6).
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acting only on two adjacent sites,

D1−loop = a
n∑
i=1

D
(2)
i i+1 , (2.5.9)

where D
(2)
nn+1 =D

(2)
n 1. There exist only three distinct ways to contract the R-symmetry

indices between the two sets of scalar �elds at this loop order, as presented in Figure 7.

Figure 7: Three possible ways of contracting the SO(6) R-symmetry indices between
two sets of scalar �elds: identity, permutation and trace.

The result found in [81] for the one-loop dilatation operator in the SO(6) sector

reads

D1−loop = a
n∑
i=1

(21− 2P+ Tr)i i+1 . (2.5.10)

The remarkable feature of this result is that (2.5.10) is a Hamiltonian belonging to a

family of integrable spin chains with SO(n) symmetry. Integrability for such Hamilto-

nians requires the ratio between the coe�cients of the permutation and trace operator

to be delicately balanced and equal to −(n/2−1). For SO(6) this ratio is −2, precisely

as obtained in (2.5.10).

The discovery of connection between the one-loop dilatation operator and integrable

spin chain has allowed for use of an array of techniques, such as the Bethe ansatz,

previously reserved to lower-dimensional problems, to be utilised in diagonalising the

dilatation operator and �nding its eigenvalues. The one-loop dilatation operator of

N = 4 SYM has been since extensively studied and is known completely at one loop

[79, 82]. At higher loop orders the SO(6) sector is not closed and calculations without

the aid of integrability have been performed up to four loops [83�88].

The �nal simpli�cation useful in solving the mixing problem comes from the fact

that the superconformal symmetry of N = 4 SYM relates certain operators, which we

review next.
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2.6 Primary, descendant and half-BPS operators

Let us consider the action of the dilatation generator D on the commutator [Kαα̇,O(0)]

where Kαα̇ is the generator of special conformal transformations, introduced in (2.4.21).

We �nd that, using the relations in (2.4.23)

[D, [Kαα̇,O(0)]] = [[D,Kαα̇],O(0)] + [Kαα̇, [D,O(0)]]

= −[Kαα̇,O(0)] + ∆[Kαα̇,O(0)]

= (∆− 1)[Kαα̇,O(0)] .

(2.6.1)

Hence we see that the action of Kαα̇ on O(0) leads to a new operator with dimension

lowered by one. Apart from the identity operator, the requirement for local operators

in a unitary �eld theory is to have a positive scaling dimension, therefore the chain

we create by considering further commutators of the type above must at some point

terminate. We call the operator Õ(x) of the lowest dimension in the chain, such that

[Kαα̇, Õ(0)] = 0 , (2.6.2)

the primary and we call higher dimensional operators the descendants of Õ(x), which

in turn we obtain by acting with the momentum generator P α̇α as

[D, [P α̇α,O(0)]] = (∆ + 1)[P α̇α,O(0)] . (2.6.3)

The primary operator and its descendants make up an irreducible representation of

the psu(2, 2|4), with the primary as the highest weight. Since psu(2, 2|4) is non-compact,

the representation is in�nite-dimensional. Indeed, we do not have an upper bound on

the dimension of the operator and we can carry on acting with the momentum generator

to create higher-dimensional operators. An important observation arises as a result of

this discussion. The anomalous dimensions of a primary operator and its descendants

is the same since relations (2.6.1) and (2.6.3) only a�ect the bare dimension. As a

result, it is often interesting to study operators which are known descendants of a well-

studied primary operator. Since they have a de�nite, known anomalous dimension or

in other words are eigenstates of the dilatation operator, the discussion of the mixing

simpli�es. If, in addition to (2.6.2), a primary operator is annihilated by a number of

supersymmetry generators QαA,

[QαA, Õ(0)] = 0 , (2.6.4)

a further simpli�cation occurs. Using the de�nitions of the superconformal charges

in (2.4.29) and the dilatation generator in (2.4.22) we can immediately see that the
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following commutation relations hold

[D,SAα ] = −1

2
SAα , [D, S̄α̇A] = −1

2
S̄α̇A . (2.6.5)

As a result, in analogy to (2.6.1), the action of SAα or S̄α̇A on an operator lowers the

dimension by a half and the action on the lowest dimension primary operator Õ(0)

annihilates it,

[SAα , Õ(0)] = 0 , [S̄α̇A, Õ(0)] = 0 . (2.6.6)

Let us now consider the action of the anticommutator {QαA, SBβ } on the primary oper-

ator. We have, using (2.6.4) and (2.6.6)

[{QαA, SBβ }, Õ(0)] = 0 , (2.6.7)

but also using the second relation in (2.4.32):

[{QαA, SBβ }, Õ(0)] = δBA [Mα
β, Õ(0)] + δαβ [RA

B, Õ(0)] +
1

2
δαβ δ

B
A [D, Õ(0)] . (2.6.8)

For scalar operators, which will be the subject of discussion in Chapter 3, the �rst

commutator vanishes and we have that

δαβ [RA
B, Õ(0)] +

1

2
δαβ δ

B
A [D, Õ(0)] = 0 , (2.6.9)

i.e. the conformal dimension and the R-charge are related. The R-charge, however,

is an integer while the anomalous dimension γ is a smooth function of the coupling

constant. For the relation (2.6.9) to hold, the anomalous dimension must be zero for

all values of the coupling, i.e. ∆ = ∆0 and it receives no quantum corrections. We

call operators which satisfy the supercharge annihilation condition (2.6.4) the BPS,

or protected operators. If the operator is annihilated by half of the total amount of

supercharges of the theory13 we call it half-BPS, with analogous de�nitions for 1
4 -BPS

and even 1
8 -BPS operators. The area of study of properties of half-BPS operators is by

itself very extensive. As we will see in the present work, they play very special role in

computations of two-loop form factors of other, a priori unrelated operators.

2.7 Loop-level techniques

Up until this point in the discussion we have focused solely on tree-level objects, for

which we have successfully used the understanding of the pole structure in order to

13Equal to 8 in the case of N =4 SYM.
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construct higher point amplitudes from lower point ones. Moving on to the next order

in perturbation theory we encounter loop diagrams, which require integration over loop

momenta and give rise to more complicated structures involving logarithms, diloga-

rithms and other special functions. As a result, in addition to simple poles in sums of

adjacent momenta, loop amplitudes will exhibit branch cut singularities.

It is often useful to separate the discussion of the loop integrand from that of loop

integral. In order to perform the latter, we �rst need to construct the former � here we

focus our discussion on obtaining the loop integrand using the method of generalised

unitarity. Once a well de�ned integrand has been obtained one can proceed to evalua-

tion, where an appropriate method of regulating divergences needs to be employed.

Generalised unitarity

The physical requirement of conservation of probability implies unitarity of the S-

matrix, S†S = 1. This seemingly very simple statement has remarkable consequences

and leads to powerful computational techniques, as outlined next, based on the review

in [89].

The S-matrix consists of a trivial part, where no scattering takes place and the

so-called transfer matrix, S = 1+ i T . The unitarity requirement implies a non-linear

relation for the transfer matrix,

−i (T − T †) = TT † . (2.7.1)

Expanding T order by order in perturbation theory,

T = g T (0) + g2 T (1) + g3 T (2) +O(g4) , (2.7.2)

we notice that (2.7.1) leads to a non-trivial relationship between contributions at dif-

ferent loop orders. At �rst order in g we have T (0) = T (0)† and at the second order,

using the �rst order relation we see that

−i (T (1) − T (1)†) = T (0)T (0) . (2.7.3)

Evaluating between incoming |i〉 and outgoing 〈f | asymptotic states we see that (2.7.3)

becomes

2 Im
(
〈f |T (1)|i〉

)
=

∫
dµ 〈f |T (0)|µ〉〈µ|T (0)|i〉 (2.7.4)

where on the left hand side we have used the fact that 〈f |T (1)†|i〉 = 〈i|T (1)|f〉∗ and
applied time reversal while on the right hand side we have inserted a complete set of

states. Relation (2.7.4) is known as the optical theorem.
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We will now see that in order to �nd the imaginary part of the loop amplitude on

the left-hand side of (2.7.4) we require the intermediate particles on the right-hand side

of the expression to go on shell. Since a loop amplitude is nothing else but a product of

propagators integrated over a Lorentz-invariant phase space, let us start by evaluating

an imaginary part of a generic propagator. Using Sochocki-Plemelj theorem,

1

x+ iε
= P

(
1

x

)
− iπδ(x) , (2.7.5)

where P (f(x)) denotes the Cauchy principal value of a function f(x), we have that

Im

(
1

p2 + iε

)
= −πδ(p2) . (2.7.6)

This vanishes for ε → 0 except near p2 = 0, i.e the propagator is real except for when

the particle goes on shell. In other words, the imaginary part of the amplitude arises

from the intermediate particles going on shell. The discontinuity of the loop amplitude

across a branch cut, de�ned as a di�erence

Disc[iA(p0)] := iA(p0 + iε)− iA(p0 − iε) = −2 Im
[
A(p0)

]
(2.7.7)

can be hence computed by replacing or cutting the propagators as

1

p2
→ δ(+)(p2) := Θ(p0)δ(p2) , (2.7.8)

where the Heaviside function Θ(p0) restricts to positive on-shell energies of the physical

states. This is known as the Cutkosky's rule [90], graphically represented for one loop

amplitude in Figure 8.

Figure 8: Cutkosky's rule. The discontinuity of a one-loop amplitude is given by the
product of two lower-order amplitudes with the intermediate propagators sent on-shell.

The term generalised unitarity refers to the procedure of replacing any number of

propagators as per relation (2.7.8). We refer to such replacements as higher-order cuts

� for example, a triple (or three-particle) cut involves setting three loop propagators on

shell. The cut where the greatest possible number of propagators is put on shell without

violating momentum conservation is referred to as the maximal cut.

In order to evaluate a given one-loop amplitude, one starts from the decomposition
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of a generic one-loop integral In in terms of a basis of one-loop scalar integrals [91],

In =
∑
i

cBoxi Boxi +
∑
i

cTrii Trii +
∑
i

cBubi Bubi +
∑
i

cTadi Tadi +R , (2.7.9)

where the individual contributions to this expression are detailed in Figure 9 and the

index i enumerates di�erent ways of distributing external momenta on the legs of each

integral topology. The explicit expressions for the one-loop master integrals can be

found in Appendix B.1.

Figure 9: One loop master integrals.

It is worth stressing that In is the most generic one-loop integral and can involve non-

trivial numerators build out of powers of loop momenta. The �nal term in expression

(2.7.9) denotes rational terms. These, however, cannot be detected by unitarity cuts

(as they contain no propagators) and need to be found by alternative methods, some

of which we will discuss later in the section. We refer to the part of the quantity where

the rational terms have been omitted as cut constructible. Hence we have that the cut

constructible part of a general n-point one loop amplitude is given by14

A(1)
n =

∑
i

cBoxi Boxi +
∑
i

cTrii Trii +
∑
i

cBubi Bubi +
∑
i

cTadi Tadi . (2.7.10)

The generalised unitarity procedure of �nding the one-loop integrand is as follows. We

�rst employ the maximal cut, which in this case involves four particles. The only integral

topology on the right hand side of (2.7.10) which has enough propagators and hence has

a non-vanishing quadruple cut is the box and as such we can isolate and compute its

coe�cient directly from this cut. Next, we move on to a three-particle cut, which will

a�ect both the box and the triangle � we need to be mindful of possible double counting

here and subtract the contribution already known from the higher order cut. Finally

we move on to two-particle cut and determine the bubble coe�cient, hence �xing the

one-loop integrand completely.

14Note that tadpole integrals can only be de�ned for massive theories and in our usual case of
N =4 SYM do not contribute.
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Divergences and regularisation

Once we construct the loop integrand using the generalised unitarity technique, we

would like to proceed to evaluation of the integral. For a generic loop integral one may

face two types of divergences, referred to as ultraviolet (UV) and infrared (IR) and

corresponding to large and small momentum values, respectively.

Formula (2.7.9) tells us that any one-loop integral can be decomposed as a sum of

boxes, triangles, bubbles, tadpoles and rational terms. A four-dimensional integral∫
d4 l

lm

ln
(2.7.11)

is divergent as l → ∞ if 4 +m ≥ n. For scalar integrals m = 0 while n = 2 for a

tadpole and n = 4 for a bubble integral. Hence we see that only these two types of

scalar integrals are UV-divergent.

IR divergences arise in massless theories for integrals where too many of the prop-

agators go on-shell simultaneously, introducing singularities which cannot be counter-

balanced by the integration measure. To see that, let us consider the following one-loop

triangle integral in four dimensions:

I1m
3 (p1 + p2) =

∫
d4l

(2π)4

1

l2(l − p1)2(l + p2)2
. (2.7.12)

In the region where lµ → 0 the integral diverges � we call it the soft limit, corresponding

to the physical inability to, in case of a massless theory, distinguish a single particle

state and the state where it emits many particles with small, undetectable momenta.

Moreover, such an integral also diverges in the region where lµ ∝ p1 i.e. the loop

momentum becomes parallel to one of the external momenta. We call it the collinear

limit, again corresponding to the fact that for massless particles it is impossible to

distinguish between one and many particles with collinear momenta.

In order to deal with the divergences arising we choose one of the ways to regulate

loop integrals, known as dimensional regularisation [92].15 In this scheme we perform

integrals in D = 4 − 2ε dimensions, an in�nitesimal parameter ε away from D = 4.

The result of the integral is a Laurent series in ε and we aim to take the physical limit

of ε → 0 at the end of the calculation, once all of the divergences, corresponding to

poles in ε, have been cancelled. In our scheme we switch to D dimensions right at the

beginning of the calculation but we keep the external states in four dimensions in order

to be able to use the powerful spinor-helicity techniques. We refer to this prescription

as four-dimensional helicity scheme (FDH). We need to be careful not to miss any terms

as a result of this replacement, as discussed later on in the section.

15Other choices, less convenient for the present discussion, include Pauli-Villars regularisation [93]
and the method of unitary regulators [94].
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Explicit example

Let us brie�y illustrate an application of the method of generalised unitarity and our

knowledge of divergences on an explicit example of a one-loop amplitude in N =4 SYM.

For massless theories, as the ones we are focusing on in the present work, and in di-

mensional regularisation tadpole integrals do not contribute. Thus we can expand the

cut-constructible part of a one-loop amplitude in a massless theory as

A(1)
n =

∑
i

cBoxi Boxi +
∑
i

cTrii Trii +
∑
i

cBubi Bubi . (2.7.13)

The following method has been applied in order to �nd the integrand of the n-point

one-loop MHV amplitude in N = 4 SYM in [13, 14]. The �rst observation is that the

theory is UV-�nite (since the beta function vanishes to all orders) and therefore the UV-

divergent bubbles must be absent from the integrand. Moreover, it has been argued,

using string-based method in [13] and unitarity16 in [95] that triangle integrals do not

contribute to the one-loop integrand. This statement is known as no-triangle property

of N = 4 SYM.17 As a result, the one-loop MHV n-point amplitude can be written

simply in terms of scalar box integrals

A(1)N=4 MHV
n =

∑
i

cBoxi Boxi . (2.7.14)

Explicit evaluation of the maximal cuts with the help of collinear constraints leads to

the following MHV result

A(1)N=4 MHV
n = cΓA(0)N=4 MHV

n

∑
channels

F 2me , (2.7.15)

where cΓ is a constant de�ned in (B.1.5) and F 2me are the so called two-mass easy box

functions de�ned in (B.1.8).

Rational terms

To complete our discussion on generalised unitarity, let us return to the issue of �nding

possible rational terms, denoted as R in (2.7.9). As already alluded to, the unitarity

technique is blind to such terms as they contain no propagators which could be cut

as a part of the procedure. In other words, the method can only detect terms in the

amplitude which possess discontinuities, such as logarithms, and as a result rational

terms, with no discontinuities, are not visible in the procedure.

16Also for the case of N =8 supergravity.
17Alternatively, one can show the requirement for triangles to vanish by considering the dual confor-

mal invariance of N =4 SYM. Triangle integrals are not dual conformally invariant and as such cannot
contribute.
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In all generality, �nding rational terms is a di�cult problem. Supersymmetry, how-

ever, comes to the rescue � it turns out that supersymmetric loop amplitudes contain

no rational terms ans as such are completely cut constructible [13,14].

Perhaps more surprisingly, even for pure Yang-Mills theory supersymmetry can lend

us an important simpli�cation when it comes to �nding the rational terms of certain

loop amplitudes. For one-loop amplitude of gluons one makes use of the supersymmetric

decomposition to write it as

A(1)
gluon = (A(1)

gluon + 4A(1)
fermion + 3A(1)

scalar)− 4 (A(1)
fermion +A(1)

scalar) +A(1)
scalar , (2.7.16)

where A(1)
fermion is a one-loop amplitude with the same external states as A(1)

gluon but with

a Weyl fermion running in the loop and similarly for A(1)
scalar, where a complex scalar

runs in the loop. The bene�t of such seemingly trivial decomposition is that the �rst

term on the right hand side of (2.7.16) corresponds to a complete N =4 SYM multiplet

and as a result contains no rational terms. Similarly, the second term is equal to the

contribution of (minus four times) a chiral N =1 SYM multiplet18 and also contains no

rational terms as a result. The problem of �nding the rational terms localises hence to

a single contribution of A(1)
scalar.

The further remarkable simpli�cation arises from the fact that a massless scalar in

D = 4− 2ε dimensions can be described as a massive scalar in four dimensions, which

we see by decomposing the (4− 2ε)-dimensional loop momentum as

L2 = `2(4) + `2(−2ε) = `2(4) − µ
2 , (2.7.17)

with the mass µ to be integrated over. Terms involving a power of such �mass� in

the integral, in turn, can be mapped to higher-dimensional loop integrals involving a

massless scalar. For a mass term of the form (µ2)m the corresponding higher dimension

is 4 + 2m−2ε. Under such rewriting, and carefully keeping track of all orders of the

dimensional regulator ε, one �nds that it is possible to �nd the rational terms as they

too develop discontinuities [15]. An alternative method, using generalised unitarity

modi�ed to D=4− 2ε dimensions, has been shown to lead to same results for a range

of amplitudes [96].

2.8 Two-loop remainder function

The method of generalised unitarity described in Section 2.7 can be applied at higher

loop orders. In fact, the main results of this thesis are quantities calculated at two loops

with the use of generalised unitarity. As one would expect, things turn considerably

18Supersymmetric Yang-Mills theories with N <4 are discussed in detail in Chapter 5.
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more complicated with an increase in loop order. For instance, there is no universal

basis of two-loop scalar integrals as the one-loop one in (2.7.9) that one can perform

unitarity cuts on. Instead, and as we will see in Chapter 4 one constructs an ansatz

consisting of integrals suggested by properties such as power-counting of momenta and

then uses various cuts to determine the coe�cients.

At higher loop orders, in order to strip out as much complexity as possible, it

becomes convenient to study a helicity-blind ratio function which can be de�ned for

amplitudes at L loops as

M(L)
n =

A
(L)
n

A
(0)
n

. (2.8.1)

Study of the two-loop four-gluon amplitudes, �rst calculated in [97], have lead Anasta-

siou, Bern, Dixon and Kosower (ABDK) [98] to an observation of a possible underlying

structure for loop objects. It turns out that the two-loop result can be expressed in

terms of the one-loop result, namely

M(2)MHV
4 (ε) =

1

2

(
M(1)MHV

4 (ε)
)2

+M(1)MHV
4 (2ε)f (2)(ε) + C(2) +O(ε) , (2.8.2)

where

f (2)(ε) = −2
(
ζ2 + εζ3 + ε2ζ4

)
, C(2) = −ζ2

2 , (2.8.3)

and ζn := ζ(n) is a particular value of the Riemann zeta function. Further study, involv-

ing the three-loop four-point superamplitude by Bern, Dixon and Smirnov (BDS) [99]

has led to discovery of a similar iterative structure and formulation of the ABDK/BDS

Anzatz for the full MHV N =4 SYM superamplitude ratio function

MMHV
n (ε) = exp

[ ∞∑
L=1

ãL
(
f (L)(ε)M(1)MHV

n (Lε) + C(L) +O(ε)
)]

, (2.8.4)

where the function f (L)(ε) is of the form

f (L)(ε) = f
(L)
0 + εf

(L)
1 + ε2f

(L)
2 , (2.8.5)

and we call the constant f
(L)
0 the L-loop cusp anomalous dimension and f

(L)
1 the

collinear anomalous dimension. C(L) is a constant independent of the number of ex-

ternal particles and of ε. Finally, ã is a function of the 't Hooft coupling de�ned in

(2.4.1),

ã =
g2

YMNe
−εγE

(4π)2−ε = a(4πe−γE)ε , (2.8.6)
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and γE ≈ 0.577 is the Euler-Mascheroni constant, grouped here together with the

coupling in order to absorb factors arising in the loop integration.

Despite the early success and further veri�cation for two-loop �ve-point amplitude

[100,101], the ABDK/BDS ansatz begins to fail at six points. The discrepancy, however,

is by itself very interesting. It turns out that the ansatz reproduces the IR-divergent

parts of the six point amplitude correctly and the di�erence is a �nite function of the

dual conformal cross-ratios,

uijkl =
x2
ijx

2
kl

x2
ikx

2
jl

, xab = xa − xb , (2.8.7)

where xa are the region momenta de�ned in (2.4.36). The explanation for the exact

matching between the ABDK/BDS ansatz and four and �ve point analytic result is

credited to the fact that we need at least six momenta to create a non-vanishing dual

conformal cross-ratio. In fact, the number of such cross-ratios for n-particle scattering

process is 3n−15,19 which is non-zero only for n ≥ 6. It is hence interesting to study the

di�erence between the actual loop amplitude and the ABDK/BDS ansatz prediction �

this quantity is referred to as the remainder function. At two-loops, which is the order

relevant for this thesis, we de�ne the BDS remainder as

R(2)
n := M(2)

n (ε) − 1

2

(
M(1)

n (ε)
)2 − f (2)(ε) M(1)

n (2ε)− C(2) +O(ε) , (2.8.8)

with f (2)(ε) and C(2) de�ned in (2.8.5).

The study of the remainder functions is the central topic of this thesis. These are IR

�nite quantities but nevertheless can be very complicated and involve transcendental

functions, which we consider next.

Transcendentality and symbol

The most intuitive notion of a transcendental function is via its �negative� de�nition:

we call a function F(m) transcendental if it is not algebraic, i.e. it does not satisfy

a polynomial equation, meaning it cannot be expressed as a �nite sequence of the

algebraic operations - addition, multiplication, extraction of a root. Examples include

the logarithm to any non-trivial base and the trigonometric functions, de�ned it terms

of an in�nite series of their arguments.

More formally, we de�ne a function F(m) of transcendentality degree m as one which

can be expressed as a linear combination of m-fold iterated integrals:

F(m) =

∫ b

a
d log f1 ◦ · · · ◦ d log fm . (2.8.9)

1915 is the dimension of the conformal group in four dimensions.
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Here a and b are rational numbers, fi are algebraic functions with rational coe�cients

and we iterate the integrals as follows:∫ b

a
d log f1 ◦ · · · ◦ d log fm =

∫ b

t

(∫ t

a
d log f1 ◦ · · · ◦ d log fm−1

)
d log fm(t) . (2.8.10)

From the de�nition (2.8.9) it is evident that the logarithm is a transcendental function

of degree one but we can quote several further examples. For instance, we de�ne the

classical polylogarithm of transcendentality m as

Li1(x) := − log(1−x) , Lim(x) := −
∫ x

0
d log(1−t) ◦ d log(t) ◦ · · · ◦ d log(t)︸ ︷︷ ︸

m−1 times

,

(2.8.11)

and a more general class of Goncharov polylogarithms [102], also recursively, as

G(z) := 1 , G(ak, ak−1, . . . ; z) :=

∫ z

0
G(ak−1, . . . ; t) d log(a1 − t) . (2.8.12)

In our discussion, apart from the transcendental functions, we will encounter the notion

of transcendental numbers, de�ned analogously as numbers which are not algebraic, i.e.

cannot be found as roots of a non-zero polynomial equation with rational coe�cients.

Examples of such numbers include π and particular roots of the Riemann zeta function,

such as ζ2 and ζ4.

Despite their complicated appearance, polylogarithms enjoy many relations between

themselves which get increasingly complex with the degree of transcendentality. For

instance, at the simplest transcendentality one we have the very simple relation

log(xy) = log(x) + log(y) . (2.8.13)

Moving on to transcendentality two, we have many identities relating several classical

polylogarithms (dilogarythms), such as the famous relation due to Euler

Li2(z) = −Li2(1− z)− log(1− z) log(z) +
π2

6
, (2.8.14)

or the more general version of it, known as the ��ve-term� identity

5∑
n=1

[
Li2(an) + log(an−1) log(an)

]
=

π2

6
,

a1 = x , a2 =
1− x
1− xy

, a3 =
1− y

1− xy
, a4 = y , a5 = 1− xy .

(2.8.15)

At higher degree of transcendentality similar, increasingly complex relations appear. We
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would like to make use of existence of these complicated relations, possibly without hav-

ing to resort to huge computational power. This is where the symbol of a transcendental

function becomes an essential tool.

Given an iterated integral of a form (2.8.9) we de�ne its symbol [103, 104] as an

element of an m-fold tensor product of the group of algebraic functions under multipli-

cation, modulo constants:

S
(
F(m)

)
= f1 ⊗ · · · ⊗ fm . (2.8.16)

As a consequence of the multiplicative group properties for algebraic functions, the

symbol satis�es the following properties:

f1 ⊗ · · · ⊗ (fafb)⊗ · · · ⊗ fm = f1 ⊗ · · · ⊗ fa ⊗ · · · ⊗ fm + f1 ⊗ · · · ⊗ fb ⊗ · · · ⊗ fm ,

f1 ⊗ · · · ⊗ (cfa)⊗ · · · ⊗ fm = f1 ⊗ · · · ⊗ fa ⊗ · · · ⊗ fm , (2.8.17)

where c is a constant, which in turn implies

S (fafb) = S (fa) + S (fb) ,

S (fna ) = nS (fa) ,

S (cfa) = S (fa) .

(2.8.18)

A few examples of symbols of functions mentioned earlier on, using de�nitions (2.8.9)

and (2.8.16), are

S (log(x)) = x ,

S (Li2(x)) = −(1− x)⊗ x ,

S (Lim(x)) = −(1− x)⊗x⊗ · · · ⊗ x︸ ︷︷ ︸
m−1 times

.

(2.8.19)

We can immediately see the bene�t of taking the symbol of a transcendental function �

let us for example consider the identity in (2.8.14) and take the symbol on both sides.

We arrive at a rather trivial statement:

−(1− z)⊗ z = z ⊗ (1− z)− (1− z)⊗ z − z ⊗ (1− z) . (2.8.20)

Hence we see that the complicated-looking identities involving logarithms and polylog-

arithms can be turned into simple algebraic relations between the terms of the symbol.

A few comments are in order. Firstly, the symbol is blind to some information,

speci�cally constants, such as π. Hence, if we wish to go back and reconstruct the

transcendental function from its symbol, we can only do it up to a constant and we may

need to use numerical methods in order to �x the �beyond the symbol terms�, depending
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on the problem in question. Furthermore, as a result of the aforementioned relations

and simpli�cations, while the symbol of a function is unique, in�nitely many functions

can lead to the same symbol. In order words, the symbol is an injective, but not a

surjective operation. We can think of the symbol as a ��ngerprint� of a transcendental

function, allowing us to capture its key features but obscuring some of the details.

Nonetheless, the concept of symbol has proved to be of great use in calculations of

scattering amplitudes, where the higher-loop results often come in the form of several

pages �lled with linear combinations of generalised polylogarithms. Most famously, in

the pioneering paper [105], Goncharov, Spradlin, Vergu and Volovich turn the seventeen

page long result of Del Duca, Duhr and Smirnov [106, 107] for the two-loop six-point

MHV amplitude remainder into a one line expression, consisting only of classical poly-

logarithms. Recent interesting applications of the symbol to the construction of various

remainder functions in N = 4 SYM were presented in [108�113]. In this thesis we will

use the machinery of the symbol extensively in the proceeding chapters, where we apply

it to calculations of two-loop form factors.

2.9 Form factors

In the discussion so far we have mainly focused on the scattering amplitudes of massless

particles, i.e. purely on-shell quantities. In this section we would like to introduce in

more detail the objects that allow us to move one step towards the realm of o�-shell

objects, such as correlation functions. These are form factors, de�ned in (1.0.7) as an

overlap of a on-shell n-particle state with an o�-shell state created by an insertion of a

local composite operator O(x) on the vacuum |0〉,

FO(1, . . . , n; q) =

∫
d4x e−iqx 〈1, . . . , n|O(x)|0〉

=

∫
d4x e−iq·x 〈1, . . . , n|eiP̂ ·xO(0) e−iP̂ ·x|0〉

= (2π)4 δ(4)
(
q −

n∑
i=1

pi

)
〈1, . . . , n|O(0)|0〉 ,

(2.9.1)

where P̂ is the momentum operator, whose eigenstate 〈1, . . . , n| has eigenvalue
∑n

i=1 pi.

We call a form factor minimal when the number of particles in the external state, n,

is the same as the number of �elds in the operator. Subminimal form factors have less

external particles than operator �elds and any form factor with more external particles

than �elds in the operator is referred to as non-minimal. Form factors interpolate

between on- and o�-shell quantities and as such are often referred to as a �bridge�

between scattering amplitudes and correlation functions. Apart from the theoretical

appeal, form factors are objects of interest from the experimental point of view. One
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of such processes is the Mott scattering, which describes the probing of the hadronic

sub-structure with electrons. Figure 10 shows a schematic representation of a process

where the form factor is used to describe the charge distribution within the hadronic

structure.

Figure 10: Tree-level Mott scattering probes the hadronic charge distribution.

The operator used to compute the form factor is the hadronic electromagnetic cur-

rent Jhν , and the whole diagram can be calculated as

v̄(p2)(ieγµ)u(p1)
ηµν

q2
〈r|Jhν (0)|0〉 , (2.9.2)

where 〈r| is the external hadronic state. Other examples of processes where form fac-

tors are measured experimentally include deep inelastic scattering of quarks and the

anomalous magnetic moment of the electron. The latter has been calculated at three

loops [114, 115] where the authors had to compute and sum over 70 individual com-

plicated three-loop Feynman diagrams. While the numerical values of each of the

individual diagrams oscillate heavily, after summation the result turns out to be of

O(1), suggesting, similarly as for the amplitudes, simplicity and existence of underlying

structures obstructed by computational ine�ciency.

Indeed, all of the techniques reviewed for scattering amplitudes in Sections 2.1-2.8

can be successfully applied to calculations involving form factors. In [24] form factors

of the half-BPS operator Tr(φ2
12) in N = 4 SYM at tree-level and one loop have been

calculated using generalised unitarity and extension of BCFW recursion relations to

form factors. There it has been found that the expressions for the form factors of this

operator with two scalars and an arbitrary number of positive-helicity gluons in the

external state share many features with MHV scattering amplitudes. In particular, the

tree-level expression is resemblant of the Parke-Taylor amplitude (2.2.5) and reads

F
(0)

Tr(φ2
12)

(1+, . . . , iφ
12
, . . . , jφ

12
, . . . , n+; q) = gn−2

YM (2π)4δ(4)
( n∑
k=1

λkλ̃k − q
) 〈ij〉2

〈12〉 · · · 〈n1〉
.

(2.9.3)
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The one-loop result is equally simple and given by

F
(1)

Tr(φ2
12)

(1+, . . . , n+; q) = F
(0)

Tr(φ2
12)

(1+, . . . , n+; q)

[
−

n∑
l=1

(−sl l+1)−ε

ε2
+

∑
channels

F 2me

]
,

(2.9.4)

which can be immediately contrasted with the expression for the one-loop MHV ampli-

tude (2.7.15). The novel feature here is the presence of the sum of IR-divergent terms

containing two-particle kinematic invariants.

In [25] the investigation into applying on-shell techniques to form factor has been

continued and included extension of the method of MHV diagrams as well as recursion

relations. Using these methods, the NMHV form factors of Tr(φ2
12) have been found. In

the same work, the super form factor of the chiral part of the stress-tensor multiplet T2

has been studied. It is the simplest composite operator in the N =4 SYM theory which

is protected from quantum corrections, does not mix with any other operators and whose

form factors hence have only IR divergences. Two components of T2 are particularly

relevant for the present work: the chiral on-shell Lagrangian [25, 116], Lon-shell, which
contains Tr(F 2), and Tr (φ2

12). The extension of supersymmetric Ward identities has

been used to constrain the expressions of these form factor, which also turn out to be

very simple.

In [30] the authors have extended the study of the form factor of Tr(φ2
12) to two

loops with the external state 〈1φ12
, 2φ

12
, 3+|. In QCD, similar quantities have been

calculated at one [117] and two loops [51] using Feynman diagrams. As described in

Chapter 1, these form factors are phenomenologically important since they are related

to the scattering of H → 3 jets. In order to present the two-loop result e�ciently, the

two-loop remainder function for the form factor of a generic operator O was introduced

similarly to the amplitude remainder function in (2.8.8)20

R(2)
O := F (2)

O (ε) − 1

2

(
F (1)
O (ε)

)2 − f (2)(ε) F (1)
O (2ε)− C(2) +O(ε) , (2.9.5)

where, in analogy to de�nition (2.8.1) we de�ne a helicity-blind ratio function for form

factors as F (L)
O =F

(L)
O /F

(0)
O . The function f (2)(ε) is the same as for amplitudes and the

procedure removes the universal IR divergences of the result. In the case of protected

operators this gives a �nite remainder while in the case of bare, unprotected opera-

tors, we are still left with UV divergences. The remainder is constructed such that it

has the correct collinear limits, namely R(2)
2 = 0 and in the collinear limit R(2)

n → R(2)
n−1.

20Form factor remainder is de�ned for n≥ 3 legs. Only Lorentz symmetry and dilatations remain
unbroken for form factors, leaving 3n−7 cross-ratios on which the remainder may depend, compared
to 3n−15 for the amplitude remainder function (2.8.8).
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One of the �ndings of [30] was that the two-loop form factor 〈1φ12
, 2φ

12
, 3+|Tr(φ2

12)|0〉
is equal to the form factor 〈1−, 2−, 3+|Lon-shell(0)|0〉, up to a universal, helicity-dependent
prefactor. The later, however, displays a surprising connection to the quantity calcu-

lated in [51] in QCD. In that paper, the two-loop amplitudes for H → ggg and H → qq̄g

were computed in the large top mass limit. As discussed in the introduction, the calcula-

tion is equivalent to that of a two-loop form factor of the operator Tr(F 2), which in turn

in N = 4 SYM is contained in the on-shell Lagrangian, Lon-shell. While the full QCD

result is very complicated, the remarkable observation is that the maximally transcen-

dental part of the QCD remainder function21 is equal to the full two-loop form factor

of Tr(φ2
12), which by itself is of uniform transcendentality four. This coincidence seems

to suggest an appearance of the principle of maximal transcendentality [119,120] in the

context of quantities with non-trivial kinematic dependence. In its original formulation,

the principle relates the anomalous dimensions of twist-two operators in N = 4 SYM

to those calculated in QCD [121,122] by simply deleting all terms of less-than-maximal

transcendentality degree.

Two-loop form factors of half-BPS operators were further studied in [123] where

in particular the minimal form factor of Tr(φ3
12) has been found. As we shall see in

the forthcoming chapters, this quantity plays a central role in the investigations in this

thesis and its very simple remainder function reads

R(2)
BPS = − 3

2
Li4(u) +

3

4
Li4

(
−uv
w

)
− 3

2
log(w)Li3

(
−u
v

)
+

1

16
log2(u) log2(v)

+
log2(u)

32

[
log2(u)− 4 log(v) log(w)

]
+
ζ2

8
log(u)

[
5 log(u)− 2 log(v)

]
+
ζ3

2
log(u) +

7

16
ζ4 + perms (u, v, w) , (2.9.6)

where u = s12/q
2, v = s23/q

2, w = s13/q
2. The hope is that in analogy with Tr(φ2

12)

and its appropriate supersymmetric completion T2, form factors of Tr(φ3
12) and T3 will

play a role in computing related quantities in QCD. We invite the reader to explore this

possibility in Chapters 3, 4 and 5.

21Appropriately translated from the formalism of [118] to the BDS formulation of (2.9.5).
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Chapter 3

The SU(2|3) sector form factors

3.1 Introduction

In this chapter we present the results of a preliminary study which has been completed

as a prelude to computation of the two-loop form factor of the operator Tr(F 3) in

N =4 SYM. Before embarking on the rather involved calculation of the form factor of

Tr(F 3) with three gluons in the external state we focus on a technically simpler, but

equally interesting problem and seek to consider operators which may provide insights

into the computation we later perform in Chapter 4. Several length-three operators

immediately come to mind as possible candidates, for example the half-BPS operator

OBPS = Tr(φ3
12) , (3.1.1)

whose form factors have been studied at one and two loops in [26, 123]. However this

operator a priori appears to be too simple to draw parallels with our intended calculation

of Tr(F 3). The most important di�erence is that unlike Tr(F 3) in QCD, half-BPS

operators are protected from quantum corrections as discussed in Section 2.6. The

preferred building blocks for our �toy model� operator are scalar �elds, as their form

factors are the simplest possible. In order to build a non-protected, trilinear operator

we need to consider three complex scalar �elds, which we choose to be

X := φ12 , Y := φ23 , Z := φ31 . (3.1.2)

As a �rst attempt, one can construct and consider the following two operators built out

of the three �elds

ÕBPS := Tr(X{Y, Z}) , (3.1.3)

OB := Tr(X[Y, Z]) . (3.1.4)
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While the �rst operator is another half-BPS combination,22 it is not the case for the

second one as quantum corrections lead to mixing between OB and the dimension-three

operator,

OF :=
1

2
Tr(ψαψα) , (3.1.5)

where we have de�ned

ψα := ψ123,α . (3.1.6)

The �elds {X,Y, Z;ψα} are the letters of the SU(2|3) sector of N = 4 SYM, which is

closed under operator mixing discussed in Section 2.5. Apart from the possible con-

nections to phenomenologically relevant quantities in QCD as described in Chapter 1,

there exist several additional reasons to study form factors of operators such as OB and
OF .

Firstly, it is very interesting to scan the possible remainders of form factors of

wider classes of non-protected operators and compare to results obtained for protected

operators and operators belonging to di�erent sectors, such as that presented in (2.9.6)

for two-loop minimal form factor remainder function of the operator Tr(X3). A key

motivation here is to search for regularities and determine universal building blocks in

the results that are common to form factors of di�erent operators.

Calculation of the two-loop remainder of the form factor 〈X̄Ȳ Z̄|OB|0〉 is very in-

structive with regards to searching for such universality. Indeed, we will show that the

remainder function is given by a sum of terms of decreasing transcendentality, where the

leading, transcendentality-four term turns out to be identical to the remainder (2.9.6)

computed in [123]. Furthermore, the terms of transcendentality ranging from three to

zero turn out to be related to certain �nite remainder densities introduced in [52] in the

study of the dilatation operator in the SU(2) sector.

Secondly, computing loop corrections to form factors of non-protected operators al-

lows us to �nd the dilatation operator of the sector, as we brie�y review next. Comple-

mentary approaches based on two-point functions were recently explored in [124�126].

Dilatation operator from form factors

In this chapter we focus on the non-protected, dimension-three operators, the Bosonic
OB de�ned in (3.1.4) and Fermionic OF in (3.1.5). All other dimension-three operators

in the SU(2|3) sector such as Tr(X3), Tr(X2Y ) and ÕBPS in (3.1.3) are half-BPS and

hence do not mix. Therefore OB and OF are the only two operators which will mix

22It is symmetric and traceless once written in SO(6) indices, which is su�cient to conclude that it
is protected.
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under renormalisation in this sector and the bare and renormalised operators can be

related as Oren
F

Oren
B

 =

Z F
F Z B

F

Z F
B Z B

B

OF
OB

 . (3.1.7)

OF and OB are the bare operators which we use to compute form factors. The matrix

of renormalisation constants Z, also called the mixing matrix, is universal for the given

operators and it has to cancel the UV divergences associated with any gauge-invariant

correlation functions, in particular those de�ning the form factors. As a result, Z can

be determined by requiring the UV-�niteness of the form factors of the renormalised

operators Oren
F and Oren

B with the external states 〈ψ̄ψ̄| and 〈X̄Ȳ Z̄|. The form factors

can be packaged into a matrix, i.e.〈ψ̄ψ̄|OF |0〉 〈X̄Ȳ Z̄|OF |0〉
〈ψ̄ψ̄|OB|0〉 〈X̄Ȳ Z̄|OB|0〉

 , (3.1.8)

and we determine the entries of the mixing matrix as the UV counterterms, for example

Z F
F =−〈ψ̄ψ̄|OF |0〉

∣∣∣
UV

. (3.1.9)

Note that the four form factors are di�erent in nature: while 〈X̄Ȳ Z̄|OB|0〉 and 〈ψ̄ψ̄|OF |0〉
are minimal, 〈ψ̄ψ̄|OB|0〉 is subminimal, and 〈X̄Ȳ Z̄|OF |0〉 is non-minimal. Furthermore,

at loop order up to which we are working the latter two are free from IR divergences as

the corresponding tree-level form factors vanish.23

We can expand the mixing matrix perturbatively as

Z = 1+ δZ = 1+
∞∑
L=1

Z(L) := 1+
∞∑
L=1

a(µR)Lz(L) , (3.1.10)

where a(µR) is the running 't Hooft coupling,

a(µR) :=
g2

YMNe
−εγE

(4π)2−ε

(
µR
µ

)−2ε

, (3.1.11)

µ is the dimensional regularisation mass parameter, µR is the renormalisation scale,

and consider its logarithm, understood as a formal series in powers of δZ. Then the

quantum correction to the dilatation operator D, denoted by δD, is related to the

23Discontinuities of subminimal form factors at two loops were computed in [127] in complete gener-
ality.
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mixing matrix Z as

δD = lim
ε→0

[
− µR

∂

∂µR
log(Z)

]
. (3.1.12)

Hence, computing loop corrections to minimal form factors of non-protected operators

will allow us to to �nd the dilatation operator in the SU(2|3) sector, which potentially

holds promise for gaining further insights into the integrability of N = 4 SYM. The

complete dilatation operator at one loop has recently been computed in [128] and at

two loops in the SU(2) sector in [52].

The rest of this chapter is organised as follows. In Sections 3.2 and 3.3 we will derive

the form factor 〈X̄Ȳ Z̄|OB|0〉 at one and two loops, respectively. The two-loop IR-

�nite (but still UV-divergent) remainder function is then derived in Section 3.4. There

we also establish relations of our result to those of [123] and [52] for the maximally

and subleading transcendental pieces of the remainder, respectively. In Section 3.5 we

compute the subminimal form factor 〈X̄Ȳ Z̄|OF |0〉 up to one loop, which is su�cient

for the computation of the two-loop dilatation operator performed later. Section 3.6

is devoted to computing the subminimal form factor 〈ψ̄ψ̄|OB|0〉 at two loops. Using

the UV-divergent parts of these form factors, in Section 3.7 we compute the two-loop

dilatation operator in the SU(2|3) sector, �nding its eigenvectors and corresponding

anomalous dimensions up to two loops.

3.2 One-loop minimal form factor 〈X̄Ȳ Z̄|OB|0〉

In this section we consider form factors of the operator introduced in (3.1.4),

OB = Tr(X[Y,Z]) ,

at one loop. We recall that the �elds φAB satisfy the reality condition (2.4.3) and

therefore

X̄ = φ34 = φ12 , Ȳ = φ14 = φ23 , Z̄ = φ24 = φ31 . (3.2.1)

Often we will also use the following shorthand notation 〈X̄Ȳ Z̄| := 〈1φ12
2φ

23
3φ

31 | and
〈ψ̄ψ̄| := 〈1ψ̄123

2ψ̄
123 |. In order to compute the form factor 〈X̄Ȳ Z̄|OB|0〉 we will make

use of the trivial decomposition

OB = ÕBPS +Ooffset , (3.2.2)
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where ÕBPS is the half-BPS operator de�ned in (3.1.3) and

Oo�set := −2Tr(XZY ) . (3.2.3)

This decomposition turns out to be particularly useful as it separates out the contribu-

tion of the half-BPS operator ÕBPS. Its form factor is identical to that of the half-BPS

operator Tr(X3) obtained in [26,123] up to two loops and does not need to be computed

again.24 Therefore in what follows we mainly focus on the form factors of the o�set

operator (3.2.3), from which the result for OB can be easily obtained.

3.2.1 Two-particle cut of the one-loop form factor

In the following we denote the L-loop contribution to the form factor 〈X̄Ȳ Z̄|Oo�set(0)|0〉
by F

(L)
Ooffset

(1φ
12
, 2φ

23
, 3φ

31
; q). We begin by computing F

(1)
Ooffset

(1φ
12
, 2φ

23
, 3φ

31
; q) using

a two-particle cut in the s23-channel as shown in Figure 11. This, plus two cyclic

permutations of the external legs, are the only cuts contributing to this form factor.

Figure 11: Two-particle cut of the one-loop form factor F
(1)
Ooffset

(1φ
12

, 2φ
23

, 3φ
31

; q). Two
more cuts are obtained by cyclically permuting the external legs.

The tree-level amplitude entering the cut is, trivially,25

A(0)(2φ
23
, 3φ

31
, `φ

14

2 , `φ
24

1 ) = i , (3.2.4)

where according to (2.1.8) we have stripped out the factors of the coupling, (2π)D and

momentum-conserving δ(4) and we only keep track of the kinematics and factors of i.

The required tree-level form factor is equally simple,

F
(0)
Ooffset

(1φ
12
,−`φ

31

1 ,−`φ
23

2 ; q) = −2 . (3.2.5)

As a result, uplifting from the two-particle cut we simply get bubble integrals:26

F
(1)
Ooffset

(1φ
12
, 2φ

23
, 3φ

31
; q) = 2 i× + cyclic(1, 2, 3) . (3.2.6)

24See Section 3.3.3 for a detailed comparison.
25Whenever explicit expressions for tree-level amplitudes are given, these have been obtained with

help of the bcfw.m Mathematica package [129].
26Note that in the pictorial notation we employ in this thesis each line represents a propagator

stripped of the factor of i. Such factors of i arising from (cut) propagators are collected separately.
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A similar calculation shows that, as anticipated, the one-loop form factor of the

operator ÕBPS introduced in (3.1.3) is identical to that of the operator Tr(X
3) computed

in [26]. In order to see that, let us consider the cut diagram for the one-loop form factor

〈X̄Ȳ Z̄|Tr(XY Z)|0〉 in Figure 12.

Figure 12: Two-particle cut of the one-loop form factor F
(1)

Tr(XY Z)(1
φ12

, 2φ
23

, 3φ
31

; q).

The tree-level amplitude entering the cut is now

A(0)(2φ
23
, 3φ

31
, `φ

24

2 , `φ
14

1 ) = i
〈2`2〉〈3`1〉
〈3`2〉〈`12〉

= −i
(
〈23〉〈`1`2〉
〈3`2〉〈`12〉

+ 1

)
, (3.2.7)

where we have made use of the Schouten identity (2.1.21). The required tree-level form

factor is again simply

F
(0)
Tr(XY Z)(1

φ12
,−`φ

23

1 ,−`φ
31

2 ; q) = 1 , (3.2.8)

and hence, if we denote the m-particle cut of an L-loop form factor of an operator O
in a generic P 2-channel by

F
(L)
O (. . . ; q)

∣∣∣
m,P 2

, (3.2.9)

the one-loop integrand is

F
(1)
Tr(XY Z)(1

φ12
, 2φ

23
, 3φ

31
; q)
∣∣∣
2,s23

= −i
(
〈23〉〈`1`2〉[`23]

2(p3 · `2)〈`12〉
+ 1

)
= −i

(
s23

2(p3 · `2)
+ 1

)
.

(3.2.10)

In the second line we have used the overall momentum conservation implying that

〈`1`2〉[`23] = −〈`12〉[23] and as usual we denote sij = (pi + pj)
2. Thus, the one-loop

form factor of Tr(XY Z), after uplift from the cut, is

F
(1)
Tr(XY Z)(1

φ12
, 2φ

23
, 3φ

31
; q) = i× + i s23 × + cyclic(1, 2, 3) .

(3.2.11)

Hence we see that the one-loop form factor of ÕBPS, given by the di�erence of (3.2.11)
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and a half of (3.2.6) according to de�nition (3.1.3) is given by

F
(1)

ÕBPS
(1φ

12
, 2φ

23
, 3φ

31
; q) = i s23 × + cyclic(1, 2, 3) , (3.2.12)

which precisely agrees with the result in (6.4) of [26], while the one-loop form factor

of OB, given by the sum of form factors of ÕBPS (3.2.12) and Ooffset (3.2.6) is given by

F
(1)
OB

(1φ
12
, 2φ

23
, 3φ

31
; q) = 2 i× + i s23 × + cyclic(1, 2, 3) .

(3.2.13)

From (3.2.13) we can easily extract the one-loop anomalous dimension of OB. In

order to extract and read o� the coe�cient of the UV divergence in (3.2.13) we have to

remove the IR divergences. This is achieved by simply dropping the purely IR-divergent

triangle integrals. Using the expressions for one-loop master integrals in Appendix B.1,

we �nd the UV divergence at the renormalisation scale µR to be

F
(1)
OB

∣∣∣
µR,UV

= −6

ε
a(µR) . (3.2.14)

We can read o� the one-loop anomalous dimension using the relation (3.1.12) as

γO = −µR
∂

∂µR
log(1 + a(µR)z

(1)
O + · · · )

∣∣∣
ε→0

,

so that at one-loop order

γ
(1)
O = lim

ε→0

(
2ε a(µR)z

(1)
O

)
= lim

ε→0

(
2εZ(1)

O

)
. (3.2.15)

where Z(1)
OB

= − F (1)
OB

∣∣∣
µR,UV

is the UV counterterm leading to

γ
(1)
OB

= 12 a , (3.2.16)

with a the four-dimensional 't Hooft coupling introduced in (2.4.1). The one-loop

anomalous dimension (3.2.16) is in agreement with the known result for the Konishi

multiplet [130,131], where the Konishi operator is de�ned as

OK ∼ εABCD Tr(φABφCD) . (3.2.17)
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This multiplet has been extensively studied in many context [132�134], most recently

due to the fact that in the AdS/CFT conjecture it corresponds to the �rst string level

in the spectrum of excitations of type IIB theory aroud the AdS5 × S5 background

[135�137]27. In Section 3.7 we will see that once the operator mixing has been resolved,

the matching of the one-loop anomalous dimension (3.2.16) with that of the Konishi

multiplet turns out to be more than just a simple coincidence.

3.2.2 Auxiliary one-loop form factors needed for two-loop cuts

In this section we discuss two additional one-loop form factors that will be needed as

building blocks for the two-particle cuts of the two-loop form factor of Ooffset (and thus

OB) in Section 3.3.1.

The �rst form factor we consider is F
(1)
Ooffset

(1φ
12
, 2φ

31
, 3φ

23
; q), where now the or-

dering of the particles in the state parallels that of the �elds in the operator, i.e.

−2 〈X̄Z̄Ȳ |Tr(XZY )|0〉. Again a simple two-particle cut is su�cient to determine it, as

presented in Figure 13.

Figure 13: Two-particle cut of the one-loop form factor F
(1)
Ooffset

(1φ
12

, 2φ
31

, 3φ
23

; q).

The amplitude entering the cut is, just as in the case of (3.2.7)

A(0)(2φ
31
, 3φ

23
, `φ

14

2 , `φ
24

1 ) = i
〈2`2〉〈3`1〉
〈3`2〉〈`12〉

, (3.2.18)

and after similar manipulations, noting that the tree-level form factor is that of (3.2.5)

we get

F
(1)
Ooffset

(1φ
12
, 2φ

31
, 3φ

23
; q) = −2 i× − 2 i s23 × + cyclic(1, 2, 3) .

(3.2.19)

Next we consider the form factors of Ooffset but with a fermionic external state made of

excitations ψ3 and ψ̄123, as shown in Figure 14.

27See also [138] for a study of properties of the Konishi multiplet.
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Figure 14: Two-particle cuts of one-loop form factors F
(1)
Ooffset

(1φ
12

, 2ψ
3

, 3ψ̄
123

; q) and

F
(1)
Ooffset

(1φ
12

, 2ψ̄
123

, 3ψ
3

; q).

For the cut presented in Figure 14(i), we have the tree level form factor (3.2.5) and the

tree-level amplitude

A(2ψ
3
, 3ψ̄

123
, `φ

14

2 , `φ
24

1 ) = i
〈3`1〉
〈`12〉

= −i 〈3|`1|2]

2(`1 · p2)
. (3.2.20)

The result for the two-particle cut of this one-loop form factor is then

F
(1)
Ooffset

(1φ
12
, 2ψ

3
, 3ψ̄

123
; q)
∣∣∣(i)
2,s23

= −2i [2|`1|3〉 × . (3.2.21)

For the cut presented in Figure 14(ii), we again have the tree level form factor (3.2.5)

and the tree-level amplitude

A(2ψ̄
123
, 3ψ

3
, `φ

14

2 , `φ
24

1 ) = −i 〈2`2〉
〈3`2〉

= −i 〈2|`2|3]

2(`2 · p3)
. (3.2.22)

The result for the two-particle cut of this one-loop form factor is then

F
(1)
Ooffset

(1φ
12
, 2ψ̄

123
, 3ψ

3
; q)
∣∣∣(ii)
2,s23

= −2i 〈2|`2|3]× . (3.2.23)

Both form factors are expressed in terms of a linear triangle which we refrain from

reducing to scalar integrals or uplifting since in later sections we will use this result

directly, working at the integrand level. Furthermore, both expressions as they are

would vanish upon performing the loop integration. Indeed by Lorentz invariance,

after PV reduction one would have e.g. for the �rst form factor `1 → ap2 + bp3, thus

[2|`1|3〉 → 0 after the reduction. Instead of reducing straight away, we will plug these

expressions directly into the two-particle cuts of the two-loop form factors discussed in

Section 3.3.1 .
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3.3 Two-loop minimal form factor 〈X̄Ȳ Z̄|OB|0〉

We proceed to compute the minimal form factor of OB = Tr(X[Y,Z]) at two loops with

the external state 〈X̄Ȳ Z̄| following the strategy outlined below:

1. Thanks to the decomposition (3.2.2), we only need to compute the form factor of

the operator Oo�set=−2Tr(XZY ). This will be done using generalised unitarity

cuts in Sections 3.3.1 and 3.3.2.

2. We then obtain the form factor of OB by adding to the result for Oo�set that of

the half-BPS operator ÕBPS =Tr(X{Y, Z}). This is identical to the form factor

〈X̄X̄X̄|Tr(X3)|0〉 computed in [123] and quoted here for the reader's convenience:

F
(2)

ÕBPS
(1φ

12
, 2φ

23
, 3φ

31
; q) = −s12s3` − s23s1`

− s2
12 − s23 + s123 + cyclic(1, 2, 3) . (3.3.1)

The equivalence of the two-loop form factors of ÕBPS and Tr(X3) is veri�ed in

Section 3.3.3.

3. In Section 3.3.4 we summarise the complete result for the form factor integrand

and perform integral reduction. In doing so, we can proceed to evaluate the

integrand using known expressions for two-loop integral functions.

3.3.1 Two-particle cuts of the two-loop form factor

We begin by considering the possible two-particle cuts of the two-loop form factor. There

are two types of cuts to consider, which are of the form F (0) ×A(1) and F (1) ×A(0).

Tree-level form factor × one-loop amplitude

The �rst two-particle cut we consider is of the form F (0) × A(1) and we will focus on

the s23-channel. The other cuts are obtained by cyclically permuting the external legs.
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Figure 15: Two-particle cut in the s23-channel contributing to the two-loop form factor

FOoffset(1
φ12

, 2φ
23

, 3φ
31

; q).

In this case the one-loop amplitude is

A(1)(2φ
23
, 3φ

31
, `φ

14

2 , `φ
24

1 ) = A(0)(2φ
23
, 3φ

31
, `φ

14

2 , `φ
24

1 )
(
− s2`1s23 ×

)

= − s2`1s23 × , (3.3.2)

hence, after appropriately attaching the tree-level form factor we get the following result

for the two-particle cut:

F
(2)
Ooffset

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣
2,s23

= −2 s23s2`1 × . (3.3.3)

One-loop form factor × tree-level amplitude

Next, we consider two-particle cuts of the form F (1) × A(0). There are two options for

the states running in the loop: these can either be scalars, as shown in Figure 16, or

fermions, as in Figure 17. We consider these two types of contributions in turn.

Figure 16: Contribution to the two-loop form factor from scalars running in the loop.
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Scalars in the loop

This case is illustrated in Figure 16. The relevant one-loop form factors were calculated

in Section 3.2.1 and are given by (3.2.6) for Figure 16(i) and by (3.2.19) for Figure

16(ii), while the tree-level amplitudes entering the cuts are

(i) : A(0)(2φ
23
, 3φ

31
, `φ

24

2 , `φ
14

1 ) = i
〈2`2〉〈3`1〉
〈3`2〉〈`12〉

= −i
(

1 +
s23

2(`1 · p2)

)
,

(ii) : A(0)(2φ
23
, 3φ

31
, `φ

14

2 , `φ
24

1 ) = i .

(3.3.4)

This results in the following two-loop form factor cut in the s23-channel:

F
(2)
Ooffset

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣scalars

2,s23

= −4×

[
+

+

]
− 2×

[
s1`2 × + s1`1 ×

]

− 2 s23 ×

[
+ + +

]
.

(3.3.5)

For a detailed derivation of this integrand see Appendix C.1. Note that all the topolo-

gies which have a one-loop sub-amplitude containing triangles or bubbles will have to

cancel as a consequence of the amplitude no-triangle theorem as discussed in Section 2.7

� these are the third, sixth and seventh integral in (3.3.5). This cancellation occurs after

adding the contribution from fermions running in the loop, which we compute next.

Fermions in the loop

The contribution from fermions in the loop are shown in Figure 17. We use the expres-

Figure 17: Two-loop form factors with internal fermions. The one-loop form factors
on the left-hand-side of the cuts were computed in (3.2.21).
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sions for the one-loop form factors given in (3.2.21). The tree-level amplitudes can be

graphically represented as:

(i) : A(0)(2φ
23
, 3φ

31
, `ψ

4

2 , `ψ̄
124

1 ) = i
〈`13〉
〈3`2〉

= i
〈`1|3|`2]

2(p3 · `2)
= i〈`1|3|`2]× ,

(ii) : A(0)(2φ
23
, 3φ

31
, `ψ̄

124

2 , `ψ
4

1 ) = i
〈2`2〉
〈`12〉

= i
[`1|2|`2〉
2(p2 · `1)

= i[`1|2|`2〉 × .

(3.3.6)

The derivation of the integrand is detailed in Appendix C.1 where we arrive at the result

F
(2)
Ooffset

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣fermions

2,s23

= 2s23 ×

[
+

]

−2s23s3` × −2×

[
+

]
+4× .

(3.3.7)

It remains to sum up the scalar and fermion contributions to the cut in question, given

in (3.3.5) and (3.3.7), respectively.

Result of two-particle cuts

The result of combining the contributions (3.3.5) and (3.3.7) is:

F
(2)
Ooffset

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣
2,s23

= −2s23s3` × + 2s1`2 ×

+ 2s1`1 × − 2s23 ×

[
+

]
(3.3.8)

−2×

[
+

]
−4×

[
+

]
.
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We observe that the �rst, second and last integral in (3.3.7) precisely cancel the un-

wanted contributions in (3.3.5), leaving the result in agreement with the no-triangle

property of N =4 SYM, as expected.

Some of the numerators in (3.3.8) are �ambiguous� due to the cut conditions and will

need to be con�rmed by three-particle cuts. By ambiguity we mean here the fact that for

two cut momenta, pi and pj , it is impossible to distinguish between their Mandelstam

invariant (pi + pj)
2 and their scalar product 2(pi · pj). This is due to the fact that the

cutting procedure puts the two momenta on shell, p2
i,j = 0. As a result, if a dot product

involving these momenta features in the numerator of an integral detected by a cut

involving pi and pj we must use further cuts, which do not involve simultaneously both

momenta pi and pj , in order to resolve the ambiguity. In particular, for the second and

third integral of (3.3.8), the numerators involve one of the cut legs. We will use further

channels where `2 is not involved in the cut in order to resolve these ambiguities.

3.3.2 Three-particle cuts of the two-loop form factor

In this section we study the three-particle cuts of the form factor of the operator Ooffset

de�ned in (3.2.3) at two loops. This computation will allow us to �x ambiguities of

the numerators of integrals obtained from two-particle cuts in (3.3.8) and, in addition,

provide additional integrals which have not been detected by two-particle cuts. We

consider three-particle cuts in the q2-channel �rst and then proceed to the the s23-

channel.

Three-particle cuts in the q2-channel

We begin by studying the three-particle cuts in the q2-channel shown in Figure 18.

There are three distinct cuts in this channel, di�erentiated by the R-symmetry index

Figure 18: Three-particle cuts of the two-loop form factor of Ooffset in the q2-channel.

assignment on the internal legs. The corresponding six-point scalar amplitudes are:

(i) :A(0)(1φ
12
, 2φ

23
, 3φ

31
, 4φ

14
, 5φ

24
, 6φ

34
) = i

[ 1

s126
+

1

s234
− 1

s16
+

s12

s16s126
+

s56

s16s234

]
,

(ii) :A(0)(1φ
12
, 2φ

23
, 3φ

31
, 4φ

24
, 5φ

34
, 6φ

14
) = i

[ 1

s126
+

1

s234
− 1

s34
+

s23

s34s234
+

s45

s34s126

]
,

(iii) :A(0)(1φ
12
, 2φ

23
, 3φ

31
, 4φ

34
, 5φ

14
, 6φ

24
) = 0 , (3.3.9)
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where to simplify the notation we have denoted the cut legs p4, p5 and p6. We can now

immediately read o� the contribution of the three-particle cut since the tree-level form

factor is given by (3.2.5):

F
(2)
Ooffset

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣
3,q2

= −4×

[
+

]

+ 2×

[
+

]
− 2s23 × − 2s12 ×

− 2s1` × − 2s3` × . (3.3.10)

Two observations are in order. Firstly, new topologies have appeared, which do not have

a two-particle cut - these are the third and fourth integral of (3.3.10). Furthermore,

the ambiguities we had found in some of the numerators of topologies identi�ed using

two-particle cuts have now been resolved. Namely, in the last two integrals of expression

(3.3.10) the previously ambiguous numerator now involves an o�-shell leg `.

As a �nal set of consistency checks and in order to detect any potential topologies

the previous cuts might have missed, we now perform additional three-particle cuts in

the s23-channel.

Three-particle cuts in the s23-channel

In this cut, the R-symmetry allows for two possibilities for the particles running in the

loop, namely two scalars and a gluon, or two fermions and a scalar. Moreover, there

are two further distinct cases to consider, namely

FMHV ×AMHV and FMHV ×AMHV . (3.3.11)

We now study the �rst case in detail, while the second can be obtained by interchanging

〈a b〉 ↔ −[a b] and simply doubles up the contribution from the �rst case.28 As before,

we focus our attention on the operator Ooffset introduced in (3.2.3).

28See Appendix A.3 for action of parity on spinor brackets.
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Gluons in the loop

The gluon can be exchanged on any of the three loop legs, as shown in Figure 19.

Figure 19: Three cut diagrams for the case of a single gluon running on one of the
internal loop legs. There are three more diagrams where the internal gluon has the opposite
helicity. These are obtained by parity conjugation of the diagrams in this Figure.

In order to consider such diagrams, we need expressions for the anti-MHV form fac-

tors involving both scalars and gluons. We calculate these using the method of MHV

diagrams, as introduced in Section 2.3. Details of the computation are presented in

Appendix D, where we show that the tree-level non-minimal form factors we need are

given by

(i) : F
(0)
Ooffset

(1φ
12
,−6φ

31
,−5φ

23
,−4−; q) = 2

[51]

[54][41]
,

(ii) : F
(0)
Ooffset

(1φ
12
,−6φ

31
,−5−,−4φ

23
; q) = 2

[64]

[65][54]
,

(iii) : F
(0)
Ooffset

(1φ
12
,−6−,−5φ

31
,−4φ

23
; q) = 2

[15]

[16][65]
.

(3.3.12)

The tree-level amplitudes required for the computation of the cut are given by

(i) : A(0)(2φ
23
, 3φ

31
, 4+, 5φ

14
, 6φ

24
) = i

〈35〉
〈34〉〈45〉

,

(ii) : A(0)(2φ
23
, 3φ

31
, 4φ

14
, 5+, 6φ

24
) = i

〈46〉
〈45〉〈56〉

,

(iii) : A(0)(2φ
23
, 3φ

31
, 4φ

14
, 5φ

24
, 6+) = i

〈52〉
〈56〉〈62〉

,

(3.3.13)

so that multiplying by the form factors (3.3.12) the corresponding integrands are

F
(2)
Ooffset

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣gluons (i)

3,s23

=
2 〈35〉[51]

〈34〉〈45〉[54][41]
, (3.3.14)

F
(2)
Ooffset

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣gluons (ii)

3,s23

=
2 〈46〉[64]

〈45〉〈56〉 [65][54]
, (3.3.15)

F
(2)
Ooffset

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣gluons (iii)

3,s23

=
2 〈25〉[51]

〈56〉〈62〉[16][65]
. (3.3.16)

As explained earlier, the other three cases corresponding to the opposite helicity assign-
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ment of the gluon with FMHV × AMHV are related to those discussed above, FMHV ×
AMHV, by simply interchanging 〈a b〉 ↔ −[a b].

Fermions in the loop

Next we consider the cut where two of the loop legs are fermionic. There are four

diagrams corresponding to the FMHV ×AMHV case, as shown in Figures 20 and 21.

Figure 20: The �rst two diagrams with fermions in the loop. In our conventions,
the Yukawa couplings are of the form, schematically, Tr(ψAφABψ

B) and Tr(ψ̄Aφ
ABψ̄B),

where φAB is related to φAB via (2.4.3).

As before, we use MHV diagrams to �nd the tree-level form factors and provide details

of the computation in Appendix D. These are given by

(i) : F
(0)
Ooffset

(1φ
12
,−6φ

31
,−5ψ̄

234
,−4ψ̄

123
; q) =

2

[45]
,

(ii) : F
(0)
Ooffset

(1φ
12
,−6φ

31
,−5ψ̄

123
,−4ψ̄

234
; q) =

2

[54]
,

(3.3.17)

while the required amplitudes are

(i) : A(0)(2φ
23
, 3φ

31
, 4ψ

4
, 5ψ

1
, 6φ

24
) = i

〈35〉〈64〉
〈34〉〈45〉〈56〉

,

(ii) : A(0)(2φ
23
, 3φ

31
, 4ψ

1
, 5ψ

4
, 6φ

24
) = i

1

〈45〉
,

(3.3.18)

so that the integrands corresponding to the cuts in Figure 20, taking into account the

usual fermion loop minus sign, are

F
(2)
Ooffset

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣fermions (i)

3,s23

=
2

s45

〈35〉〈64〉
〈34〉〈56〉

, (3.3.19)

F
(2)
Ooffset

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣fermions (ii)

3,s23

= − 2

s45
. (3.3.20)
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Figure 21: The remaining two diagrams with fermions in the loop.

For the cuts in Figure 21 we have the tree-level form factors

(iii) : F
(0)
Ooffset

(1φ
12
,−6ψ̄

134
,−5ψ̄

123
,−4φ

23
; q) =

2

[65]
,

(iv) : F
(0)
Ooffset

(1φ
12
,−6ψ̄

123
,−5ψ̄

134
,−4φ

23
; q) =

2

[56]
,

(3.3.21)

and the tree-level amplitudes

(iii) : A(0)(2φ
23
, 3φ

31
, 4φ

14
, 5ψ

4
, 6ψ

2
) = i

1

〈56〉
,

(iv) : A(0)(2φ
23
, 3φ

31
, 4φ

14
, 5ψ

2
, 6ψ

4
) = i

〈25〉〈46〉
〈45〉〈56〉〈62〉

,

(3.3.22)

so that the integrands are

F
(2)
Ooffset

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣fermions (iii)

3,s23

= − 2

s56
, (3.3.23)

F
(2)
Ooffset

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣fermions (iv)

3,s23

=
2

s56

〈25〉〈46〉
〈45〉〈62〉

. (3.3.24)

Again, there are four more diagrams corresponding to FMHV × AMHV which can be

obtained by interchanging 〈a b〉 ↔ −[a b].

Combining the terms

We can now convert the integrands into traces and expand them into dot products. In

doing so, it is useful to notice that the following combination of integrands is particularly

simple:

(3.3.14) + (3.3.19) + (3.3.20) +
1

2
(3.3.15) =

s1`

s45s14
+

s13

s34s14
− 1

s45
− s23s26

s34s45s56
− 1

s14
,

(3.3.25)

where we denote `=−p4−p5. The corresponding integrals are shown in (3.3.26) below.

In uplifting the cut expression, we have to pay close attention to the momentum �ow:

for example, in the expression above 1/s14 = 1/[2(p1 ·p4)] should be uplifted to the prop-
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agator −1/(p1−p4)2 since p1 and p4 �ow in the same direction (see Figure 20). Keeping

these additional signs in mind we arrive at the the following combination of integrals:

−s1` × − s13× − − s23s26× + .

(3.3.26)

Similarly, we can single out the following combination

(3.3.16) + (3.3.23) + (3.3.24) +
1

2
(3.3.15) =

s1`

s56s16
+

s12

s16s26
− 1

s56
− s23s34

s45s56s26
− 1

s16
,

(3.3.27)

where now we denote `=−p5 − p6. This leads to the combination of integrals shown

below,

−s1`× − s12× − − s23s34× + .

(3.3.28)

The complete contribution of the three-particle cut in the s23-channel is then obtained

by adding (3.3.26) and (3.3.28) and multiplying the result by two to take into account

the second helicity con�guration corresponding to FMHV × AMHV. Before we proceed

to presenting the full two-loop integrand and evaluating the remainder function, we

remind the reader that so far we have only been considering the operator Ooffset and

that according to (3.2.2),

OB = ÕBPS +Ooffset .

In the next section, we turn our attention on ÕBPS and show with explicit computation

that the minimal two-loop form factor of this half-BPS operator indeed has the same

integrand as that of the minimal form factor of Tr(X3) considered in [123].
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3.3.3 Comparing the half-BPS form factors

We proceed to �nd the integrand for the two-loop form factor of ÕBPS, where we will

again use the trivial decomposition of (3.2.2) in order to write

ÕBPS = Tr(XY Z)− 1

2
Ooffset . (3.3.29)

Since we already know the integrand for Ooffset, we begin by considering the three

diagrams in the gluonic contribution to the s23-channel, presented in Figure 22 below

and corresponding to the Tr(XY Z) operator.

Figure 22: Three possibilities for a single gluon running on one of the internal loop legs
for the s23-channel cut of the two-loop form factor of the Tr(XY Z) operator.

The tree-level amplitudes required for the computation of the cut are given by

(i) : A(0)(2φ
23
, 3φ

31
, 4+, 5φ

24
, 6φ

14
) = −i 〈25〉〈36〉

〈34〉〈45〉〈62〉
,

(ii) : A(0)(2φ
23
, 3φ

31
, 4φ

24
, 5+, 6φ

14
) = −i 〈24〉〈36〉〈46〉

〈34〉〈45〉〈56〉〈62〉
,

(iii) : A(0)(2φ
23
, 3φ

31
, 4φ

24
, 5φ

14
, 6+) = −i 〈24〉〈35〉

〈34〉〈56〉〈62〉
,

(3.3.30)

and the non-minimal tree-level form factors, derived in detail in Appendix D,29 are

(i) : F
(0)
Tr(XYZ)(1

φ12
,−6φ

23
,−5φ

31
,−4−; q) =

[51]

[54][41]
,

(ii) : F
(0)
Tr(XYZ)(1

φ12
,−6φ

23
,−5−,−4φ

31
; q) =

[64]

[54][65]
,

(iii) : F
(0)
Tr(XYZ)(1

φ12
,−6−,−5φ

23
,−4φ

33
; q) =

[15]

[16][65]
.

(3.3.31)

such that the corresponding integrands are

F
(2)
Tr(XYZ)(1

φ12
, 2φ

23
, 3φ

31
; q)
∣∣∣gluons (i)

3,s23

=
〈25〉〈36〉[15]

〈34〉〈45〉〈62〉[54][41]
, (3.3.32)

F
(2)
Tr(XYZ)(1

φ12
, 2φ

23
, 3φ

31
; q)
∣∣∣gluons (ii)

3,s23

=
〈24〉〈36〉〈46〉[46]

〈34〉〈45〉〈56〉〈62〉[54][65]
, (3.3.33)

29Note that these are the same as the tree-level non-minimal form factors of Ooffset in (3.3.39) except
for the numerical constant arising from the de�nition of the operator.
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F
(2)
Tr(XYZ)(1

φ12
, 2φ

23
, 3φ

31
; q)
∣∣∣gluons (iii)

3,s23

=
〈24〉〈35〉[51]

〈34〉〈56〉〈62〉[16][65]
. (3.3.34)

We refrain from manipulating these integrands further and instead combine them into

�anti-commutator� pieces according to (3.3.29) by appropriately adding to them −1/2 of

the terms that appear in expressions (3.3.14)�(3.3.16), corresponding to the Tr(XZY )

operator. We then �nd for the diagrams in Figure 19(i) and 22(i),

AC1 := (3.3.32)− 1

2
(3.3.14) = −

(
〈25〉〈36〉+ 〈35〉〈62〉

)
[51]

〈34〉〈45〉〈62〉[54][41]
= − 〈23〉〈56〉[51]

〈34〉〈45〉〈62〉[54][41]
,

(3.3.35)

where we have used the Schouten identity (2.1.21). Similarly, we �nd for the diagrams

in Figure 19(ii) and 22(ii),

AC2 := (3.3.33)− 1

2
(3.3.15) = − 〈23〉〈46〉2[64]

〈34〉〈45〉〈56〉〈62〉[54][65]
, (3.3.36)

and �nally, for the integrands of Figure 19(iii) and 22(iii),

AC3 := (3.3.34)− 1

2
(3.3.16) = − 〈23〉〈45〉[15]

〈34〉〈56〉〈62〉[16][65]
. (3.3.37)

Next we consider the fermionic contributions to this cut for the operator Tr(XY Z).

These are presented in Figure 23 below.

Figure 23: Four possibilities for fermions running on the internal loop legs for the
Tr(XY Z) operator.
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The tree-level amplitudes are given by

(i) : A(0)(2φ
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(3.3.38)

and the non-minimal tree-level form factors are
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,
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,
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(3.3.39)

such that the corresponding integrands are
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∣∣∣fermions (iii)

3,s23

=
〈36〉〈24〉
〈34〉〈62〉s56

, (3.3.42)

F
(2)
Tr(XYZ)(1

φ12
, 2φ

23
, 3φ

31
; q)
∣∣∣fermions (iv)

3,s23

=
〈24〉〈35〉〈46〉
〈34〉〈62〉〈45〉s56

. (3.3.43)

We combine them similarly to the gluonic case and after some algebra we �nd, for

Figure 20 plus Figure 23(i) and (ii),

AC4 := (3.3.40) + (3.3.41)− 1

2
(3.3.19)− 1

2
(3.3.20)

=
1

〈34〉〈56〉〈62〉s45

(
〈25〉〈36〉〈46〉 − 〈36〉〈42〉〈56〉 − 〈26〉〈35〉〈46〉+ 〈34〉〈56〉〈62〉

)
= − 〈23〉

〈34〉〈45〉〈56〉〈62〉
2〈46〉〈65〉

[54]
, (3.3.44)
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and for Figure 21 plus Figure 23(iii) and (iv),

AC5 := (3.3.42) + (3.3.43)− 1

2
(3.3.23)− 1

2
(3.3.24)

= − 1

〈34〉〈45〉〈62〉s56

(
〈36〉〈42〉〈45〉 − 〈24〉〈35〉〈46〉+ 〈25〉〈46〉〈34〉 − 〈34〉〈45〉〈62〉

)
= − 〈23〉

〈34〉〈45〉〈56〉〈62〉
2〈45〉〈64〉

[65]
. (3.3.45)

Finally we combine all the �anti-commutator� terms to get

5∑
i=1

ACi =
〈23〉

〈34〉〈45〉〈56〉〈62〉

(
[51]〈54〉2

[65][16]
− 2
〈54〉〈64〉

[65]
+

[16]〈64〉2

[65][51]
(3.3.46)

− [14]〈46〉2

[45][51]
+ 2
〈46〉〈56〉

[45]
− [51]〈56〉2

[45][14]

)
,

where again we have used the Schouten identity (2.1.21) to recast

−〈46〉2[64]

[54][65]
=

[16]〈46〉2

[65][51]
− [14]〈46〉2

[45][51]
. (3.3.47)

(3.3.46) is precisely the result of the s23-channel cut of the two-loop form factor of the

operator Tr(X3), as presented in (3.16) of [123]. The integrand, corresponding to this

result (plus its parity conjugate) has been quoted in (3.3.1) and hence we can add it

directly for our answer for the form factor of OB, in agreement with decomposition

(3.2.2). We proceed to do so in the next section, where we present the full two-loop

integrand and perform the integration.

3.3.4 Summary and integral reduction

We now summarise the result of our calculation and present the result for the two-loop

form factor integrand of OB = Tr(X[Y, Z]) which includes the half-BPS contribution

from ÕBPS =Tr(X{Y,Z}) computed in [123] and quoted in (3.3.1). The list of integrals

needed for the result is shown in Table 6.

The two-loop minimal form factor of OB is given by

F
(2)
OB

(1φ
12
, 2φ

23
, 3φ

31
; q) = − s12s3` I1 − s23s1` I2 − s2

12 I3 − s23 I4 + s123 I5

− 2×
[
s12s2` I6 + s23 I7 + s12 I8 + s3` I9 + s1` I10

− I11 − I12 + I13 + I14

]
− 4×

[
I15 + I16

]
+ cyclic(1, 2, 3) ,

(3.3.48)

Some of the integrals appearing in (3.3.48), in particular Ii for i = {3, 5, 7, 8, 15, 16},
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I1 I2 I3 I4

I5 I6 I7 I8

I9 I10 I11 I12

I13 I14 I15 I16

Table 3: Integrals for the two-loop form factor F
(2)
OB

(1φ
12

, 2φ
23

, 3φ
31

; q). Note that the
integrals {I1, . . . , I5} correspond precisely to the BPS case, shown in Eq. (3.25) of [123].

are two-loop master integrals and we can proceed to substitute their expressions from

[139,140]. The remaining ones will be reduced using an integration-by-parts procedure

implemented in the Mathematica package LiteRed [141,142].

Integral reduction with LiteRed

The package is an extremely e�cient tool for fast reduction of multi-loop integrals to

a basis of master integral topologies, using integration-by-parts (IBP) identities. It

is not strictly a reduction algorithm, in a sense that unlike the approach taken by

alternative popular packages, e.g. FIRE [143] or Reduze [144], it does not rely on the

very successful but computationally ine�cient Laporta algorithm [145]. Instead, the

heuristic approach is taken where symbolic reduction rules are generated at the initial
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stages of computation, thus drastically decreasing the processing time but not always

guaranteeing a successful outcome. For our practical purposes, the package worked

extremely well � this is partially due to the fact that for a two-loop integral depending

on three external momenta there exists a very limited number of multi-particle invariants

we can build numerators out of. In particular, for an L-loop integral with E independent

external momenta there are N=L(L+ 1)/2 +LE invariants involving loop momentum

(nine in our case). Out of those, M = E + 3L − 2 (seven for our case) are inverse

propagators, which, if present in the numerator, lead to a cancellation of a propagator

and a smaller integral topology. The remaining N−M (two) invariants are the so-called

irreducible numerators. Since any multi-particle invariant can be rewritten as a linear

combination of the N invariants (plus three involving external momenta only), the

problem centres around integral topologies with irreducible numerators. For those, all

IBPs are generated, any resultant scaleless integrals are rejected and further symmetry

relations are utilised until the result is given in terms of known master integrals.

For the integrals listed in (3.3.48), using LiteRed we �nd the following reductions:

s12s2` =
4(ε− 1)(3ε− 2)(3ε− 1)

s12 ε2(2ε− 1)

− 2(3ε− 1)

ε
− 2(ε− 1)

ε
,

s1` =
(3ε− 2)[s12ε+ (2ε− 1)(s13 + s23)]

(s13 + s23)s12 ε2

− 2ε− 1

ε
− 3ε− 2

(s13 + s23) ε
,

=
3ε− 2

2(s13 + s23) ε

(
−

)
,

=
3ε− 2

2s12 ε
.
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These reduced integrals, with expressions for the master topologies known from [139,

140], can then be plugged into (3.3.48) to give the �nal result of the two-loop form

factor F
(2)
OB

(1φ
12
, 2φ

23
, 3φ

31
; q). We refrain from writing the full expression here due to

its signi�cant length. Instead, we consider next a much simpler quantity obtained from a

standard subtraction of the IR singularities and introduced in Section 2.8 � the two-loop

remainder function.

3.4 Two-loop remainder function of 〈X̄Ȳ Z̄|OB|0〉

Two-loop remainder function for the form factor of a generic operator O was introduced

in (2.9.5) and reads

R(2)
O = F

(2)
O (ε) − 1

2

(
F

(1)
O (ε)

)2 − f (2)(ε) F
(1)
O (2ε)− C(2) +O(ε) ,

where f (2)(ε) = −2(ζ2 + ε ζ3 + ε2 ζ4). In general we would de�ne the remainder for

the helicity-blind ratio F
(2)
O /F

(0)
O but in the particular case of a scalar operator this

is not necessary since the tree-level form factor is equal to one. We note here that

following [123], for two-loop form factor remainder we choose C(2) = 0. In order to �x

its value exactly we would need to study the remainder of the two-loop non-minimal

form factor (i.e. with four external legs) and impose that in the collinear limit, when

two adjacent momenta become parallel, R(2)
4−point → R

(2)
3−point without any additional

constant.

The procedure of computing the remainder removes the universal IR divergences of

the result but since in the present case we are considering a bare, unprotected operator,

we are still left with UV divergences. In Section 3.7 we will determine the appropri-

ate renormalised operators and form factors that have a UV- and IR-�nite remainder

function. Here however we wish to take a �rst look at the IR-�nite, but UV-divergent

remainder function of the form factor 〈X̄Ȳ Z̄|OB|0〉.
Using the decomposition (3.2.2), the remainder function splits into a term arising

solely from the form factor of ÕBPS and a piece which contains terms involving ÕBPS

and Ooffset, which we denote by R(2)
non-BPS

:

R(2)
OB

= R(2)
BPS + R(2)

non-BPS
, (3.4.1)

where

R(2)
BPS = F

(2)

ÕBPS
(ε) − 1

2

(
F

(1)

ÕBPS
(ε)
)2 − f (2)(ε) F

(1)

ÕBPS
(2ε) , (3.4.2)

R(2)
non-BPS

= F
(2)
Ooffset

(ε) − F
(1)
Ooffset

(1

2
F

(1)
Ooffset

+ F
(1)

ÕBPS

)
(ε)− f (2)(ε) F

(1)
Ooffset

(2ε) . (3.4.3)
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The remainder of the half-BPS operator Tr(X3) was computed in (4.21) of [123] and is

identical to the BPS remainder appearing here, as discussed in Section 3.3.3. It is given

by a function of uniform transcendentality equal to four, written in terms of classical

polylogarithms only. Explicitly, its expression has been quoted in (2.9.6) and reads

R(2)
BPS = − 3

2
Li4(u) +

3

4
Li4

(
−uv
w

)
− 3

2
log(w)Li3

(
−u
v

)
+

1

16
log2(u) log2(v)

+
log2(u)

32

[
log2(u)− 4 log(v) log(w)

]
+
ζ2

8
log(u)

[
5 log(u)− 2 log(v)

]
+
ζ3

2
log(u) +

7

16
ζ4 + perms (u, v, w) ,

where

u =
s12

q2
, v =

s23

q2
, w =

s31

q2
, u+ v + w = 1 . (3.4.4)

The new contribution is the non-BPS remainder de�ned in (3.4.3), which is IR �nite,

but still has UV divergences. Interestingly, it is given by a sum of functions of tran-

scendentality ranging from three to zero, with no term of maximal transcendentality:

R(2)
non-BPS

=
c

ε
+

3∑
i=0

R(2)
non-BPS;3−i , (3.4.5)

where the subscript m in R(2)
non-BPS;m denotes the degree of transcendentality of the

corresponding term. For the coe�cient of the UV pole we �nd

c = 18− π2 . (3.4.6)

The expression arising from replacing the integral functions appearing in the two-loop

form factor with the explicit results of [139, 140] can be considerably simpli�ed using

the concept of the symbol of a transcendental function discussed in Section 2.8, while

beyond-the-symbol terms can be �xed numerically and/or analytically. At transcenden-

tality three, we are guaranteed that the whole result can be written in terms of classical

polylogarithms only,30 and hence this procedure is very simple to carry out. We �nd

that the symbol of R(2)
non-BPS;3 is

S(2)
3 (u, v, w) = −2

[
u ⊗ (1− u) ⊗ u

1− u
+ u ⊗ u⊗ v

1− u
+ u ⊗ v ⊗ uv

w2

]
+ perms (u, v, w) ,

(3.4.7)

30The lowest transcendentality degree for a Goncharov polylogarithm is four.
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while for the integrated expression, including beyond-the-symbol terms, we obtain

R(2)
non-BPS;3 = 2

[
Li3(u) + Li3(1− u)

]
− 1

2
log2(u) log

vw

(1− u)2
+

2

3
log(u) log(v) log(w)

+
2

3
ζ3 + 2 ζ2 log(−q2) + perms (u, v, w) . (3.4.8)

The transcendentality-two part of the remainder can also be simpli�ed slightly. A short

calculation leads to the expression

R(2)
non-BPS;2 = −12

[
Li2(1− u) + Li2(1− v) + Li2(1− w)

]
− 2 log2(uvw) + 36 ζ2 .

(3.4.9)

Finally, for the transcendentality-one and zero terms we have

R(2)
non-BPS;1 = −12 log(uvw)− 36 log(−q2) , (3.4.10)

R(2)
non-BPS;0 = 126 . (3.4.11)

We would like to make two observations on the results we have derived here.

Firstly, we observe that the −π2 term in (3.4.6) comes from the last term on the

right-hand side of (3.4.3). It amounts to introducing a spurious UV divergence in the

remainder arising when the bubbles contained in the term F
(1)
Ooffset

(2ε) are multiplied by

−2ζ2 inside f
(2)(ε). For the sake of extracting the correct UV divergences and studying

the mixing, this term must be omitted, see Section 3.7 for this discussion.

Secondly, we stress the usefulness of the decomposition (3.2.2) and (3.4.1), which has

the great advantage of separating out completely the terms of maximal transcendentality

from the rest. This agrees with the �ndings of [52], where it was observed in the SU(2)

sector that the �nite remainder densities, corresponding to di�erent �shu�ing� of the

R-symmetry �eld �avours, have the highest degree of transcendentality equal to 4 − s
with s equal to the shu�ing in that remainder density, see Figure 24 for illustration of

the �shu�ing�.

Figure 24: �Shu�ing� in the spin-chain picture. In the �rst case, �eld con�guration on
two sites is identical and the shu�ing number s=0. In the second, �elds are shu�ed by
one site, s=1, and in the third case the position is changed by two sites, s=2.
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In the present case of the SU(2|3) sector we have the operator Tr(XZY ) acting on

an external state 〈X̄Ȳ Z̄|, which corresponds to s= 1. Indeed in (3.4.5) we �nd that

the corresponding remainder is composed of terms with transcendentality ranging from

three to zero. We explore this connection to the �ndings in the SU(2) sector in more

detail in the next section.

3.4.1 Connection to the remainder densities in the SU(2) sector

We now establish a connection between the UV-�nite part of the non-BPS remainder

R(2)
non-BPS

and the remainder densities which have appeared in [52] in the context of the

calculation of the dilatation operator in the SU(2) sector. SU(2) is a closed subsector

of SU(2|3) and operators are built out of the complex scalars, X and Y , as de�ned in

(3.1.2).

In [52] it was found that there are only three independent �nite remainder densi-

ties, denoted as
(
R

(2)
i

)XXX
XXX

,
(
R

(2)
i

)XYX
XXY

,
(
R

(2)
i

)Y XX
XXY

and illustrated in Figure 24. The

�rst density,
(
R

(2)
i

)XXX
XXX

, has uniform transcendentality equal to four and is identical to

the half-BPS remainder computed in [123], which we also see in our present computa-

tion.
(
R

(2)
i

)XYX
XXY

contains terms of transcendentality ranging from three to zero, while(
R

(2)
i

)Y XX
XXY

contains terms of transcendentality two, one and zero, in agreement with

the �shu�ing� statement we mentioned in the previous section. The index i denotes the

spin chain site, and the remainder densities depend on the three variables

ui =
si i+1

si i+1 i+2
, vi =

si+1 i+2

si i+1 i+2
, wi =

si i+2

si i+1 i+2
, (3.4.12)

as well as on si i+1, si+2 i+2, si i+2 and si i+1 i+2 separately.

We have observed an interesting connection between these remainder densities and

our non-BPS remainder, namely

1

2
R(2)
non-BPS;3 = −

∑
S3

(
R

(2)
i

)XYX
XXY

∣∣∣
3

+ 6 ζ3 ,

1

2
R(2)
non-BPS;2 = −

∑
S3

[(
R

(2)
i

)XYX
XXY

−
(
R

(2)
i

)Y XX
XXY

]∣∣∣
2

+ 5π2 ,

1

2
R(2)
non-BPS;1 = −

∑
S3

[(
R

(2)
i

)XYX
XXY

−
(
R

(2)
i

)Y XX
XXY

]∣∣∣
1
,

1

2
R(2)
non-BPS;0 = −

∑
S3

[(
R

(2)
i

)XYX
XXY

−
(
R

(2)
i

)Y XX
XXY

]∣∣∣
0
,

(3.4.13)

where f |m denotes the transcendentality-m part of the function f , the remainder den-

sities are evaluated with the replacements (ui, vi, wi) → (u, v, w), and S3 denotes per-

mutations of (u, v, w).
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This is a surprising statement as a priori we should not expect to �nd connections

between remainders of operators belonging to di�erent sectors. The di�erences between

these objects are not insigni�cant � �rstly, the remainder densities studied in [52] corre-

spond to operators which are products of �elds without taking the trace. Moreover, the

operators we are considering here belong to the larger SU(2|3) sector, hence we should

not expect to �nd similarities with results obtained in smaller sectors. In particular,

in the SU(2|3) sector the spin chain becomes dynamic i.e. the number of spin sites

can �uctuate due to length-changing interactions, something which cannot occur in the

SU(2) sector. It is hence intriguing that these quantities seem to be related. As we

continue our investigation into the realm of more complicated operators and less super-

symmetric theories, we hope to uncover similar connections, hinting at an underlying

regularity in the structure of two-loop form factors.

3.5 One-loop non-minimal form factor 〈X̄Ȳ Z̄|OF |0〉

In this section we compute one of the o�-diagonal entries of the matrix of form factors

(3.1.8), namely F
(1)
OF

(1φ
12
, 2φ

23
, 3φ

31
; q), where OF = (1/2)Tr(ψαψα). Note that OF is

de�ned in a way that its minimal tree-level form factor

F
(0)
OF

(1ψ̄
123
, 2ψ̄

123
; q) = 〈21〉 . (3.5.1)

We construct the one-loop integrand by considering two-particle cuts in the q2 and

s23 channels. We will �nd that the result is IR �nite as it should be since this non-

minimal form factor does not exist at tree level.31 However, UV divergences are expected

to appear re�ecting the mixing between OB and OF . This will be studied in detail in

Section 3.7.

3.5.1 Two-particle cut in the q2-channel

Figure 25: Two-particle cut of the non-minimal form factor F
(1)
OF

(1φ
12

, 2φ
23

, 3φ
31

; q).

We start by computing the q2-channel cut of the form factor F
(1)
OF

(1φ
12
, 2φ

23
, 3φ

31
; q).

31 IR-divergent piece of a one-loop form factor must be proportional to its tree-level counterpart in
order to ensure correct exponentiation of divergences [26].
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This is shown in Figure 25 and is given by

F
(1)
OF

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣
2,q2

= i2F
(0)
OF

(−`ψ̄
123

1 ,−`ψ̄
123

2 ; q)×A(1φ
12
, 2φ

23
, 3φ

31
, `ψ

4

2 , `ψ
4

1 )

= −i〈`2`1〉 ×
〈13〉

〈3`2〉〈`11〉
= i
〈`1`2〉〈13〉[`23][1`1]

s3`2s1`1

= −i Tr−(`1 `2 3 1)

s3`2s1`1

= − i
2

(s3`2s1`1 + s`1`2s13 − s1`4s3`1

s3`2s1`1

)
.

(3.5.2)

The corresponding topology is the box shown in Figure 26.

Figure 26: The integral topology that appears in the q2-channel two-particle cut. For
future convenience we indicate explicitly the uncut propagators.

We now rewrite the numerators in (3.5.2) using

s`1`2 = s123 , s1`2 = −(s12 + s13 + s1`1) , s3`1 = −(s13 + s23 + s3`2) , (3.5.3)

which follows from momentum conservation
∑3

i=1 pi+ `1 + `2 =0 and the cut conditions

`21 =`22 =0. Doing so, (3.5.2) becomes

F
(1)
OF

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣
2,q2

=
i

2

( s12s23

s3`2s1`1

+
s13 + s23

s3`2

+
s12 + s13

s1`1

)

=
i

2

[
s12s23 × + (s13 + s23)× + (s12 + s13)×

]
.

(3.5.4)

Note that in this cut no UV-divergent integrals have appeared and that, as always,

we have to add two additional contributions from cyclic permutations of the external

particles.

3.5.2 Two-particle cut in the s23-channel

We now compute the two-particle cut of F
(1)
OF

(1φ
12
, 2φ

23
, 3φ

31
; q) in the s23-channel.

There are two possible diagrams to consider, shown in Figure 27.
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Figure 27: Two diagrams entering the two-particle cut in the s23-channel.

These two diagrams give rise to the master topologies shown in Figure 28, with corre-

sponding numerators determined by the cuts.

Figure 28: Master topologies generated by the two diagrams of Figure 27, respectively.
The uncut propagators are explicitly shown in order to bookkeep their sign re�ecting the
momentum �ow. For the coe�cient of the box integral, only the diagram on the left can be
compared with the box detected in the q2-cut of Figure 25 due to the ordering of external
legs.

In the cuts we need the tree-level non-minimal form factors F
(0)
OF

(1φ
12
, 2ψ

3
, 3ψ̄

123
; q) and

F
(0)
OF

(1φ
12
, 2ψ

123
, 3ψ̄

3
; q), which we compute using factorisation. The �rst form factor

has only one possible factorisation diagram corresponding to a fermion splitting into an

anti-fermion and a scalar, as shown in Figure 29.

Figure 29: A factorisation diagram of the non-minimal form factor

F
(0)
OF

(1φ
12

, 2ψ
3

, 3ψ̄
123

; q) featuring in the two-particle cut of F
(1)
OF

(1φ
12

, 2φ
23

, 3φ
31

; q)
in the s23-channel.

From this factorisation diagram we can infer the expression for the tree-level form factor,

which is given by

F
(0)
OF

(1φ
12
, 2ψ

3
, 3ψ̄

123
; q) = F

(0)
OF

(−`ψ̄123
, 3ψ̄

123
; q)× i

s12
×AMHV(1φ

12
, 2ψ

3
, `ψ

4
) .

(3.5.5)
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The anti-MHV amplitude can be easily determined using parity, as

AMHV(1φ
12
, 2ψ

3
, `ψ

4
) = −

[
AMHV(1φ

34
, 2ψ̄

124
, `ψ̄

123
)
]∗

= i [2`] . (3.5.6)

Using ` = −(p1 + p2) we obtain the result

F
(0)
OF

(1φ
12
, 2ψ

3
, 3ψ̄

123
; q) =

[21]〈13〉
s12

. (3.5.7)

We now compute the two diagrams of Figure 27 separately.

Diagram (i)

This diagram is given by

F
(1)
OF

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣(i)
2,s23

=F
(0)
OF

(1φ
12
,−`ψ

3

1 ,−`ψ̄
123

2 ; q)×AMHV(2φ
23
, 3φ

31
, `ψ

4

2 , `ψ̄
124

1 )

= − i

2

(s1`2s3`1 + s3`2s1`1 − s13s`1`2
s1`1s3`2

)
.

(3.5.8)

Using p2 + p3 + `1 + `2 = 0 and `21 = `22 = 0 on the cut, we can substitute

s`1`2 = s23 , s3`1 = −(s3`2 + s32) , s1`2 = −(s12 + s13 + s1`1) , (3.5.9)

so that (3.5.8) becomes

F
(1)
OF

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣(i)
2,s23

= − i
2

[
2 +

s12 + s13

s1`1

+
s23

s3`2

+
s12s23

s1`1s3`2

]

=
i

2

[
− 2× + (s12 + s13)× − s23 × + s12s23 ×

]
.

(3.5.10)

Note that when the cut-integrals are uplifted to full Feynman integrals 1/s1`1 , has to

be replaced by −1/(p1 − `1)2 due to the momentum �ow, according to Figure 28(i).

Diagram (ii)

For diagram (ii) we need the form factor

F
(0)
OF

(1φ
12
,−`ψ̄

123

1 ,−`ψ
3

2 ; q) = F
(0)
OF

(1φ
12
,−`ψ

3

2 ,−`ψ̄
123

1 ; q) =
[`21]〈1`1〉
s1`2

. (3.5.11)
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The one-loop expression is hence given by

F
(1)
OF

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣(ii)
2,s23

= F
(0)
OF

(1φ
12
,−`ψ̄

123

1 ,−`ψ
3

2 ; q)×AMHV(2φ
23
, 3φ

31
, `ψ̄

124

2 , `ψ
4

1 )

= i
[`21]〈1`1〉
s1`2

× 〈2`2〉
〈`12〉

= −i [1`2]〈1`1〉〈2`2〉[2`1]

s1`2s2`1

= −i Tr−(1 `1 2 `2)

s1`2s2`1

= i
Tr−(1 `1 3 `2)

s1`2s3`2

, (3.5.12)

where we used momentum conservation in the last step. Expanding the trace and using

a set of replacements similar to (3.5.9),

s`1`2 = s23 , s3`1 = −(s3`2 + s32) , s1`1 = −(s12 + s13 + s1`2) , (3.5.13)

we arrive at the result

F
(1)
OF

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣(ii)
2,s23

= − i
2

[
2 +

s12 + s13

s1`2

+
s23

s3`2

+
s13s23

s1`2s3`2

]
(3.5.14)

=
i

2

[
− 2× + (s12 + s13)× − s23 × + s13s23 ×

]
,

which is identical to (3.5.10) � apart from the box. Note that in the sum over cyclic

permutations of these two cuts three di�erent one-mass boxes appear, each with their

two possible two-particle cuts. The cuts of the same boxes in the q2-channel are already

accounted for in (3.5.4).

Diagram (i) + Diagram (ii)

Combining the results (3.5.10) and (3.5.14) and noting that the coe�cients of the inte-

grals are consistent with those obtained from the q2-channel cut in (3.5.4), we �nd

F
(1)
OF

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣
2,s23

= F
(1)
OF

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣(i)
2,s23

+ F
(1)
OF

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣(ii)
2,s23

=
i

2

[
− 4× + 2(s12 + s13)× − 2s23 ×

+ s12s23 × + s13s23 ×
]
. (3.5.15)
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Note that the coe�cient of the box integral with q inserted between p1 and p3 matches

that obtained in the q2-channel (3.5.4), namely (i/2)(s12s23). Moreover, the second box

appearing in (3.5.15) is detected in the q2-cut with cyclically shifted external momenta:

1→ 2→ 3→ 1.

3.5.3 Final result

Performing the cyclic sum we get the �nal result for the one-loop form factor:

F
(1)
OF

(1φ
12
, 2φ

23
, 3φ

31
;q) =

i

2

[
− 4× + 2(s13 + s23)×

− 2s23 × + s12s23 × + cyclic(1, 2, 3)
]
. (3.5.16)

Expanding the result up to O(1) we get

F
(1)
OF

(1φ
12
, 2φ

23
, 3φ

31
; q) =

6

ε
+ 12 +

π2

2
−
[
2 log(−s12)− 1

2
log2

(
s12

s23

)
− 2Li2

(
1− q2

s12

)
+ cyclic(1, 2, 3)

]
+O(ε) .

(3.5.17)

Importantly, the infrared 1/ε2 poles have cancelled in the �nal result, which is expected

since the corresponding tree-level form factor does not exist. We can also rewrite the

result using the variables u, v ad w introduced in (3.4.4), getting

F
(1)
OF

(1φ
12
, 2φ

23
3φ

31
; q) = 2

(−s12)−ε

ε(1− 2ε)
−
[
2Li2(1− u) + log u log v

]
+ ζ2 + cyclic(1, 2, 3) ,

(3.5.18)

where the �rst term corresponds to the bubble integral exact to all orders in ε, according

to the expression in Appendix B.1 and where we have made use of the dilogarithm

identity

Li2(1− x) + Li2(1− x−1) = −1

2
log2 x . (3.5.19)

3.6 Two-loop subminimal form factor 〈ψ̄ψ̄|OB|0〉

Here we consider the second o�-diagonal form factor in the matrix (3.1.8), namely the

subminimal form factor 〈ψ̄ψ̄|OB|0〉 with OB = Tr(X[Y,Z]) and 〈ψ̄ψ̄| being a shorthand
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notation for 〈1ψ̄123
2ψ̄

123 |. As it is clear from Figure 30, this object exists only at two

loops or more, hence we only need to consider the two three-particle cuts presented

here.

Figure 30: Triple cut of the two-loop subminimal form factor 〈ψ̄ψ̄|OB|0〉. The sec-
ond set of identical diagrams, but with external legs 1 and 2 swapped has to be added,
corresponding to the fact that it leads to the same colour-ordering.

For the �rst diagram, the relevant amplitude (and hence the integrand, since the

tree-level form factor is equal to 1 according to (3.2.8)) is

(i) : A(0)(1ψ̄
123
, 2ψ̄

123
, `φ

24

3 , `φ
14

2 , `φ
34

1 ) = −i [`1`3]

[2`3][`11]
. (3.6.1)

For the second diagram, the relevant amplitude is

(ii) : A(0)(1ψ̄
123
, 2ψ̄

123
, `φ

14

3 , `φ
24

2 , `φ
34

1 ) = i
[`1`3]

[2`3][`11]
, (3.6.2)

which di�ers from (i) only by a sign, corresponding to interchange of helicities on legs `2

and `3. Taking into account the relative minus sign between the two diagrams coming

from the commutator and converting to momentum invariants we get

(i)− (ii) : − 2
[`1`3]

[2`3][`11]
= 2

1

[12]

[`1`3]〈`32〉[21]〈1`1〉
s2`3s1`1

=
2

[12]

Tr+(`1 `3 2 1)

s2`3s1`1

=
1

[12]

s`1`3s12 − s2`1s1`3 + s1`1s2`3

s2`3s1`1

, (3.6.3)

where we have taken into account the factor of i3 coming from the cut propagators. We

note that for the half-BPS case of ÕBPS = Tr(X {Y,Z}) the two contributions would

cancel out exactly, which is consistent with the fact that the operator is protected.

The cut integrand corresponding to the expression in (3.6.3) is given by

F
(2)
OB

(1ψ̄
123
, 2ψ̄

123
; q)
∣∣∣
3,q2

=
1

[12]
(s`1`3s12 − s2`1s1`3 + s1`1s2`3)× . (3.6.4)
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Lifting the cut momenta o�-shell and performing the integral reductions using the

LiteRed package gives

F
(2)
OB

(1ψ̄
123
, 2ψ̄

123
; q) =

1

[12]

2(3ε− 2)

2ε− 1
× . (3.6.5)

Note that any ambiguity associated with factors of `2i , i = 1, 2, 3 in the numerator of

(3.6.4) would lead to a vanishing scaleless integral.

Finally, we proceed to substitute the expression for the master integral, which can

be found in [139]. We also perform a summation over the cyclic permutations of the

internal legs and note that having done so, the value of the �ve-point amplitude entering

the cut does not change and so the result picks up an overall factor of three. Finally,

a further factor of two is included corresponding to the two possible orderings of the

external legs.

We proceed by expanding the results in powers of ε up to O(1) and get

F
(2)
OB

(1ψ̄
123
, 2ψ̄

123
; q) =

6

[12]

ε2

(1− 2ε)2

Γ(1 + 2ε)Γ(−ε)3

Γ(2− 3ε)
(eγEε)2

(
−q2

)1−2ε

= − 6〈12〉
[1

ε
+ 7− 2 log

(
−q2

) ]
+O(ε) .

(3.6.6)

Note that this subminimal two-loop form factor has no lower-loop counterparts and

therefore it has only a 1/ε UV divergence and no IR divergences.

3.7 Two-loop dilatation operator in the SU(2|3) sector

In this section we resolve the mixing between the operators OB = Tr(X[Y,Z]) and

OF = (1/2)Tr(ψαψα) at two loops. The schematic form of the perturbative expansions

of the relevant form factors from which we extract the renormalisation constants can

be written as:

〈ψ̄ψ̄|OF | 0 〉
∣∣∣
UV

:= 〈21〉
[
f (1)a(µR) + f (2)a2(µR) + · · ·

]
, (3.7.1)

〈X̄Ȳ Z̄|OF | 0 〉
∣∣∣
UV

:= a(µR)
[
gYM d(1)

]
+ · · · , (3.7.2)

〈ψ̄ψ̄|OB| 0 〉
∣∣∣
UV

:= 〈21〉a2(µR)

[
c(2)

gYM

]
+ · · · , (3.7.3)

〈X̄Ȳ Z̄|OB| 0 〉
∣∣∣
UV

:= b(1)a(µR) + b(2)a2(µR) + · · · , (3.7.4)
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where the coe�cients carrying the UV divergences are

f (1) =
f

(1)
1

ε
, f (2) =

f
(2)
2

ε2
+
f

(2)
1

ε
,

b(1) =
b
(1)
1

ε
, b(2) =

b
(2)
2

ε2
+
b
(2)
1

ε
,

d(1) =
d

(1)
1

ε
, c(2) =

c
(2)
1

ε
.

(3.7.5)

These schematic forms can be explained as follows. The running 't Hooft coupling a(µR)

de�ned in (3.1.11) counts the number of loops and contains the factor of g2
YM. We have

been careful in distinguishing the coupling constant gYM from a(µR) on the right-hand

side of (3.7.1)�(3.7.4). This is necessary in case of the non-minimal form factors (3.7.2)

and (3.7.3) where a �ve-point amplitude enters the cut, contributing the factor of g3
YM,

see discussion in Section 2.1. We can still factor out the appropriate power of a(µR)

according to the loop order of these form factors but we need to compensate the power

of gYM by appropriately multiplying or dividing in order to obtain an overall factor of

g3
YM. In particular, (3.7.2) is the result of a one-loop calculation and hence carries a

single power of a(µR). The calculation also involves a �ve-point amplitude, which is

O(g3
YM) and hence the extra power of gYM. In turn (3.7.3) is the result of a two-loop

calculation, again involving a �ve-point amplitude. This is proportional to a(µR)2/gYM,

which is O(g3
YM) just like (3.7.2). Note that in (3.7.1) and (3.7.3) we have factored out

the tree-level form factor 〈1ψ̄2ψ̄|OF |0〉(0) = 〈21〉.
Expanding the mixing matrix Z according to (3.1.10) as

Z = 1+ Z(1) + Z(2) + · · · = 1+ a(µR)z(1) + a(µR)2z(2) + · · · , (3.7.6)

and requiring the �niteness of the renormalised form factors we arrive at

(z(1)) F
F = −f

(1)
1

ε
, (z(2)) F

F = −f
(2)
2 − (f

(1)
1 )2

ε2
− f

(2)
1

ε
,

(z(1)) B
B = −b

(1)
1

ε
, (z(2)) B

B = −b
(2)
2 − (b

(1)
1 )2

ε2
− b

(2)
1

ε
,

(z(1)) B
F = −gYM

d
(1)
1

ε
, (z(2)) F

B = − 1

gYM

c
(2)
1

ε
.

(3.7.7)
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Using the de�nition in (3.1.10) the log(Z) matrix has the form, up to O
(
a(µR)2

)
,

log(Z) ∼


(Z(1)) F

F +
[
(Z(2)) F

F − 1
2

(
(Z(1)) F

F

)2]
(Z(1)) B

F − 1
2 (Z(1)) B

F

[
(Z(1)) F

F + (Z(1)) B
B

]
(Z(2)) F

B (Z(1)) B
B +

[
(Z(2)) B

B − 1
2

(
(Z(1)) B

B

)2]


=


−a(µR)

f
(1)
1

ε
− a2(µR)

[
f
(2)
2 − 1

2 (f
(1)
1 )2

ε2
+
f
(2)
1

ε

]
−gYM a(µR) · d

(1)
1

ε

[
1 + 1

2a(µR)
f
(1)
1 +b

(1)
1

ε

]

−a
2(µR)

gYM

c
(2)
1

ε
−a(µR)

b
(1)
1

ε
− a2(µR)

[
b
(2)
2 − 1

2 (b
(1)
1 )2

ε2
+
b
(2)
1

ε

]
 .

(3.7.8)

We now move on to determine the various matrix elements. From (3.2.11) we read o�

that b
(1)
1 = −6, and hence

(z(1)) B
B =

6

ε
. (3.7.9)

Next we compute (z(2)) B
B −(1/2)((z(1)) B

B )2. This quantity has already been calculated

in Section 3.4, and we remark that we should drop the π2 term in (3.4.6), which is not

of UV origin. Doing so we �nd b
(2)
1 = 18, and therefore

(z(2)) B
B − 1

2
((z(1)) B

B )2 = −18

ε
. (3.7.10)

Next, from the two-loop result of (3.6.6) we obtain

(z(2)) F
B = −6

ε

1

gYM
, (3.7.11)

while from (3.5.17) we �nd

(z(1)) B
F = −6

ε
gYM . (3.7.12)

Finally, we need to determine (z(1)) F
F and (z(2)) F

F . In order to do so, we recall that

OF appears as a component of the chiral part of the stress tensor multiplet operator (see

(3.3) of [146]). The components of this multiplet can be obtained by acting with four

of the eight supercharges QαA on the bottom component Tr(X2) = Tr(φ2
12), leading to

the following half-BPS descendant:

OBPS′ :=
1

2
Tr(ψαψα) + gYM Tr(X[Y,Z]) = OF + gYMOB . (3.7.13)

Since this operator is half-BPS the corresponding form factors are UV �nite. Therefore,
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we can infer that

FOF (1ψ̄
123
, 2ψ̄

123
; q)
∣∣∣
UV

= − gYMFOB(1ψ̄
123
, 2ψ̄

123
; q)
∣∣∣
UV
, (3.7.14)

from which we get

(z(1)) F
F = −gYM(z(1)) F

B = 0 , (z(2)) F
F = −gYM(z(2)) F

B =
6

ε
. (3.7.15)

Therefore we have

(z(2)) F
F − 1

2

(
(z(1)) F

F

)2
=

6

ε
. (3.7.16)

We can now write down the matrix (3.7.8), with the result

log(Z) =


a2(µR)

6

ε
−a(µR) gYM

6

ε

−a
2(µR)

gYM

6

ε
a(µR)

6

ε
− a2(µR)

18

ε

+O
(
a(µR)3

)
. (3.7.17)

Finally, we obtain the dilatation operator up to two loops as

δD = lim
ε→0

[
− µR

∂

∂µR
log(Z)

]
= 12×


2a2 −a gYM

−2
a2

gYM
a− 6 a2

 , (3.7.18)

where we recall that our 't Hooft coupling is de�ned in (2.4.1). The eigenvalues of this

matrix are the anomalous dimensions of the eigenstates of the dilatation operator. One

of the eigenvalues vanishes indicating the presence of a non-trivial additional protected

operator. The second one is

γK = 12 a − 48 a2 +O(a3) , (3.7.19)

in precise agreement with the one- and two-loop anomalous dimensions for the Konishi

supermultiplet [147]. We can also write the corresponding eigenstates by diagonalising

the transpose of δD.32 One arrives at the two operators [138,148�150]

Oren
BPS′ = Oren

F + gYMOren
B , (3.7.20)

Oren
K̃ = Oren

B − gYMN

8π2
Oren
F . (3.7.21)

32Note that in this sector δD is not symmetric. A generic combination of the two operators OF and
OB can be written as vfOF + vbOB := (v,O), with vT := (vf , vb) and OT := (OF ,OB). Under the
action of the dilatation operator we have (v,O)→ (v, δDO) =

(
(δD)Tv,O

)
.
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The �rst one is the protected operator introduced in (3.7.13) above, while the second

combination is a descendant of the Konishi operator.

3.8 Summary

In this chapter we have considered two-loop form factors of operators belonging to the

closed SU(2|3) sector of N = 4 SYM. Here we wish to brie�y summarise the main

�ndings so far:

1. The one-loop minimal form factor of OB=Tr(X[Y,Z]) has been found in (3.2.13),

leading to the result for the one-loop anomalous dimension γ
(1)
OB

= 12 a, the same

as the one-loop anomalous dimension of the Konishi operator OK.

2. Generalised unitarity, applied to form factors, has been used to �nd the two-

loop integrand for the minimal form factor of OB. For this particular operator,

a useful decomposition (3.2.2) meant that we could separately consider the two-

loop minimal form factors of ÕBPS =Tr(X{Y,Z}), shown in Section 3.3.3 to be

equivalent to the known result for OBPS = Tr(X3), and Ooffset = −2Tr(XZY ).

The two-loop integrand for the minimal form factor of OB has been then obtained

by combining the two in (3.3.48).

3. After the integration has been performed, the two-loop remainder function of

the form factor of OB has been computed in Section 3.4. It contains terms of

transcendentality ranging from four to zero and is IR �nite but UV divergent

since the operator is not protected. The maximally transcendental part is equal

to the two-loop remainder of OBPS while the terms of lower transcendentality

display interesting connections to the remainder densities in the smaller SU(2)

sector.

4. In order to solve the mixing problem with the operator OF = 1/2Tr(ψαψα)

three further form factors have been calculated. In particular, the non-minimal

〈X̄Ȳ Z̄|OF |0〉 has been considered in Section 3.5 and the subminimal 〈ψ̄ψ̄|OB|0〉
has been discussed in Section 3.6.

5. Mixing has been resolved in Section 3.7, leading to the expression for the two-loop

dilatation operator in the SU(2|3) sector in (3.7.18). Diagonalising it leads to two

operators with a de�nite anomalous dimension, another BPS combination (3.7.20)

and a descendant of OK (3.7.21).

In the next chapter we study form factors of Tr(F 3) and its N =4 supersymmetric

completion up to two-loop order and �nd surprising connections between quantities

discussed in these two chapters.
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Chapter 4

Form factors of Tr(F 3) in

N =4 super Yang-Mills

4.1 Introduction

As reviewed brie�y in Chapter 1, one of the main channels of production of the Higgs

boson at the LHC is gluon fusion. Since gluons are massless, they do not couple to

the Higgs directly but instead the interaction is mediated by loops of colour-charged

quarks. In particular, only the loops of heavy quarks � the top (mt∼178 GeV) and to

a lesser extent the bottom quark (mb ∼ 5 GeV) contribute. Even though such fusion

is a loop-induced process, the fact that gluon-dense protons are the primary particles

collided at the LHC means that it is the most important Higgs production channel

there. Indeed, all the other channels, e.g. the vector boson fusion qq → Hqq or Higgs

production qq̄ → HW are suppressed by about an order of magnitude [151].

An e�cient method of computing the contribution of this channel to the fusion cross-

section is through e�ective �eld theory (EFT), where the heavy top quark is integrated

out and the quark loop is replaced by a set of local interactions, reducing the order of

the computation by one loop. The e�ective Lagrangian in the limit where mt � mH is

given by (1.0.11),

Leff = Ĉ0O0 +
1

m2
t

4∑
i=1

ĈiOi + O
(
m−4
t

)
,

where

O0 ∝ H Tr(FµνFµν) , O1 ∝ H Tr(Fν
µFµ

σFσ
ν) ,

O2 ∝ H Tr(DαFµνD
αFµν) , O3 ∝ H Tr(DαFανDβF

βν) ,

O4 ∝ H Tr(FανD
νDβFβα) ,

(4.1.1)
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and where H denotes the Higgs. The matching coe�cients are inversely proportional

to the Higgs vacuum expectation value; at two-loop order, relevant to the present dis-

cussion, Ĉ0 has been found in [41, 152], and Ĉi for i = 1, . . . , 4 have been computed

in [37].

In this chapter we focus on the non-protected operator denoted in the e�ective

Lagrangian (1.0.11) as O1, namely Tr(F 3). In four dimensions it can be rewritten as a

sum of selfdual and anti-selfdual terms

Tr(F 3) = Tr(F 3
ASD) + Tr(F 3

SD) ∝ OC +OC , (4.1.2)

where the subscript C stands for Component. In the spirit of the discussion in Chapter 1,

we compute its form factors at two loops in N =4 SYM and for three external gluons,

hoping to observe, just as in the case of Tr(F 2) [30], an overlap between the maximally

transcendental parts of the supersymmetric and QCD calculations.

Validity of the e�ective �eld theory approximation

One may wonder whether the EFT description provides a good approximation of the

full result for Higgs production through a quark loop. The discrepancy between the

full amplitude for H → gg at leading order and the EFT result is presented in Fig-

ure 31 [153].

Figure 31: The gluonic decay width as a function of the Higgs mass. The full amplitude
(red solid line), top quark loop contribution only (green dashed line) and the mt → ∞
limit result (blue dotted line). Figure reprinted with permission from [153].
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First of all, comparing the full result for the partial decay width Γ(H → gg) (red line)

with the contribution of the top quark loop only (green line), we see that the results

practically coincide, with error below the order of 10%. Compared to the full result,

the approximation where the top quark mass is sent to in�nity (blue line) and hence

contributions from operators other that O0 are suppressed, is very accurate, especially

below the mH =2mt threshold.
33

As far as the next-to-leading order (NLO) contribution is concerned, the EFT still

proves to be a useful approximation. Figure 32 [153] shows the di�erence between the

full and e�ective QCD correction factor EH for the partial width Γ(H → gg) de�ned

via

Γ(H → gg(g), gqq̄) = ΓLO(H → gg)
(

1 +
αs
π
EH

)
, (4.1.3)

where the NLO QCD correction width Γ(H → gg(g), gqq̄) includes virtual corrections

with gluons are attached to quark loop lines as well as real corrections with three gluons

in the �nal state. The full correction (blue line) and the EFT mt →∞ limit result (red

line) agree up to a few percent for mH ≤ 300 GeV.

Figure 32: The QCD correction factor for the partial width Γ(H → gg) as a function of
the Higgs mass. The full correction (blue dotted line) and the mt → ∞ limit result (red
solid line), αs=0.118. Figure reprinted with permission from [153].

Further checks of validity of the e�ective expansion in the mt � mH limit and hence

including the higher-dimensional operators have been performed in [38,154].

33Above this limit, the amplitude develops an imaginary part.
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The rest of this chapter is organised as follows. In Section 4.2 we consider the

operators relevant for the present discussion � OC and its appropriate supersymmet-

ric completion denoted as OS and list their tree-level form factors. Section 4.3 details

the computation of the one-loop correction to the minimal form factor of these oper-

ators and their one-loop anomalous dimension. In Section 4.4 we �nd the two-loop

minimal form factors using unitarity cuts and present the �nal result for the two-loop

integrands in Section 4.4.5. The two-loop remainder functions of the form factors are

found in Section 4.5 and �nally in Section 4.6 we make some observations regarding

their properties.

4.2 Operators and tree-level form factors

The precise normalisation of OC ∝ Tr(F 3
ASD) and OC is �xed in such a way that the

minimal tree-level form factor of OC with three positive helicity gluons in the external

state is given by

F
(0)
OC

(1+, 2+, 3+; q) = −[12][23][31] , (4.2.1)

and hence the minimal form factor of OC ∝ Tr(F 3
SD) is

F
(0)

OC
(1−, 2−, 3−; q) = 〈12〉〈23〉〈31〉 . (4.2.2)

For computations in later sections we need several non-minimal tree-level form factors

of OC . Examples of those include members of an in�nite family of MHV form factors

with three positive helicity gluons and an arbitrary number of negative helicity gluons

in the external state,

F
(0)
OC

(1−, . . . , i+, . . . , j+, . . . , k+, . . . , n−; q) = (−1)n
([ij][jk][ki])2

[12][23] · · · [n1]
. (4.2.3)

Note that form factors belonging to this family but with di�erent number of negative

helicity gluons are related by soft factors34

− [(s− 1) (s+ 1)]

[(s− 1) s−][s− (s+ 1)]
, (4.2.4)

where s denotes a negative-helicity gluon. The expression for these form factors at zero-

momentum transfer, i.e. with q=0, was �rst given for four and �ve legs in [34], and later

34Tree-level gluon amplitudes exhibit universal soft behaviour. An n-point amplitude with a soft
gluon leg s factorises into a product of (n−1)-point amplitude and a soft factor of the form (4.2.4) if s
is of negative helicity, or its counterpart in terms of angle brackets if s has positive helicity [55].
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extended to a generic number of particles in [43]. A particular member of this family is

F
(0)
OC

(1+, 2+, 3+, 4−; q) =
([12][23][31])2

[12][23][34][41]
, (4.2.5)

which can be obtained from (4.2.1) by multiplying by the soft factor − [31]
[34][41] . A di�erent

non-minimal tree-level form factor which we use in the later sections has four positive-

helicity gluons in the external state:

F
(0)
OC

(1+, 2+, 3+, 4+; q) =
[12][23][34][41]

s12

(
1 +

[31][4|q|3〉
s23[41]

)
+ cyclic (1, 2, 3, 4) . (4.2.6)

This all-plus form factor has been calculated using Feynman diagrams and MHV di-

agrams in [38]. Its expression is con�rmed by an independent calculation in Ap-

pendix D.2.

4.2.1 Supersymmetric form factors and mixing

As reviewed in Section 2.5, the operator OC can mix with other operators under renor-

malisation and hence here we brie�y address the mixing before embarking on concrete

calculations. An important observation is that in N = 4 SYM OC is contained within

a certain descendant of the Konishi operator generated by acting with tree-level super-

charges QαA and Q̄α̇A on the lowest-dimensional operator introduced in (3.2.17)

OK ∼ εABCD Tr(φABφCD) .

Importantly, acting with eight tree-level supercharges Q̄α̇A on OK we generate an op-

erator OS such that

OS = OC +O(gYM) , (4.2.7)

where the subscript S stands for Supersymmetric and the additional O(gYM) terms are

of length four or more in �elds and include, for example and schematically gYM Tr(Fψψφ),

gYM Tr(ψ4) or g3
YM Tr(φ6).35 These corrections can only a�ect tree-level non-minimal

form factors with more than three external lines while at loop level, the mixing can

a�ect also the minimal form factors. Importantly, OS solves the mixing problem at one

loop, thus any further corrections to OS due to mixing can only appear at two-loop

order or higher.

Fortunately, the explicit expression for the supersymmetric completion terms are

not required for our computations. Indeed, the tree-level MHV form factors of the full

35A simpler situation was addressed in Chapter 3 in the SU(2|3) sector, where two operators mix at
dimension three, see Section 3.7 for a detailed discussion.
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Konishi multiplet in N = 4 SYM have been constructed and expressed in a compact

formula [155],

〈1, 2, . . . , n|K(θ, θ̄)|0〉(0)
MHV = (4.2.8)

=
e
∑n
l=1[l|θ̄θ|l〉+ηl〈θl〉

〈12〉 · · · 〈n1〉
∑

i≤j<k≤l
(2−δij)(2−δkl)εABCDη̂iAη̂jB η̂kC η̂lD〈jk〉〈li〉 ,

where η̂A := ηA + 2[λ̃ θ̄A] and ηA are the usual on-shell superspace coordinates labelling

the external on-shell states as reviewed in Section 2.4, with A= 1, . . . , 4. The θAα and

θ̄Aα̇ label the components of the Konishi multiplet.

The MHV form factors of OK are obtained by setting θ = θ̄ = 0, while the form

factors of OS are obtained by setting θ̄ =0 and extracting the θ8-term:

F
(0)

OS ,MHV
(1, 2, . . . , n; q) = (4.2.9)

=
1

144

δ(8)(
∑n

i=1 ηiλi)

〈12〉 · · · 〈n1〉
∑

i≤j<k≤l
(2−δij)(2−δkl)εABCDηiAηjBηkCηlD〈jk〉〈li〉 .

For this particular component we recover the supermomentum-conserving δ(8)-function

for the external on-shell particles, which simpli�es the calculations of supersymmetric

unitarity cuts such as the ones we employ in Section 4.4.

In this chapter we are interested in two-loop form factors with an external state of

three gluons with positive helicities. Taking into account these constraints, there are

several further gluonic operators which will appear in the mixing at two loops and need

to be considered, namely O2, O3 and O4 in (4.1.1). The equations of motion relate

these to OC , the operator O0 in (4.1.1), and further operators containing fermions

and scalars,36 which are irrelevant for the present discussion given the gluonic external

state [49]. As a result, the only other operator which we expect to participate in the

two-loop mixing is

OM∝q2 Tr(F 2) . (4.2.10)

We choose a speci�c normalisation for this operator in such a way that its tree-level

form factor is given by

F
(0)
OM

(1+, 2+, 3+; q) =
q6

〈12〉〈23〉〈31〉
=

F
(0)
OC

(1+, 2+, 3+; q)

uvw
. (4.2.11)

36See [38] for a discussion of operator bases in QCD.
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4.2.2 Further tree-level form factors

It is interesting to consider further examples of tree-level MHV form factors of OS with
up to four external legs and contrast them with the corresponding form factors of OC .
We will make use of these results in our explicit two-loop calculations in Section 4.4

and we list them here together for reader's convenience.

Firstly, from (4.2.9) and its appropriately chosen prefactor, we �nd that the minimal

tree-level form factors are independent of the choice of operator:

F
(0)

OS ,OC
(1−, 2−, 3−; q) = 〈12〉〈23〉〈31〉 , (4.2.12)

and correspondingly

F
(0)
OS ,OC

(1+, 2+, 3+; q) = −[12][23][31] . (4.2.13)

The situation for four external particles is more involved, and the tree-level form factors

depend in general on which of the two operators is studied. However, for purely gluonic

external lines there is no di�erence and from (4.2.9) we recover

F
(0)
OS ,OC

(1+, 2+, 3+, 4−; q) =
[12][23][31]2

[34][41]
, (4.2.14)

in agreement with (4.2.5). Similarly, if two adjacent external lines are fermionic, the

result does not depend on the operator:

F
(0)
OS ,OC

(1+, 2+, 3ψ
4
, 4ψ̄

123
; q) =

[12][23][31]

[34]
, (4.2.15)

F
(0)
OS ,OC

(1+, 2+, 3ψ̄
123
, 4ψ

4
; q) = − [12][24][41]

[34]
, (4.2.16)

where we have explicitly indicated the fermion R-symmetry indices. If in turn two

scalars are included in the external state, we need to distinguish between the two cases,

F
(0)
OC

(1+, 2+, 3φ
12
, 4φ

34
; q) = −1

2

[12]

[34]
([13][24] + [14][23]) , (4.2.17)

and

F
(0)
OS

(1+, 2+, 3φ
12
, 4φ

34
; q) = F

(0)
OC

(1+, 2+, 3φ
12
, 4φ

34
; q) +

1

6
[12]2 , (4.2.18)

where the extra term arises due to a correction of the form, schematically, Tr(F 2φφ̄) in

OS . If, on the other hand, the two scalars are not adjacent we �nd

F
(0)
OC

(1+, 2φ
12
, 3+, 4φ

34
; q) = 0 , (4.2.19)
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F
(0)
OS

(1+, 2φ
12
, 3+, 4φ

34
; q) = −1

3
[13]2 . (4.2.20)

Finally we present a few examples involving fermions in the external state where the

form factor vanishes for the operator OC but is non-vanishing for OS :

F
(0)
OS

(1+, 2ψ
4
, 3φ

23
, 4ψ

1
; q) = −2

3
[12][14] ,

F
(0)
OS

(1+, 2ψ
4
, 3ψ

1
, 4φ

23
; q) =

1

3
[12][13] ,

F
(0)
OS

(1ψ
4
, 2ψ

3
, 3ψ

2
, 4ψ

1
; q) =

1

3
([12][34]− [14][23]) .

(4.2.21)

The examples in (4.2.20) and (4.2.21) have no kinematic poles and are produced by the

contact terms inside OS .
We could equivalently repeat the entire discussion and consider form factors of

the conjugate operator OC , with all helicities of external particles �ipped. These are

obtained from the form factors of OC by the replacement 〈a b〉 ↔ −[a b], according

to (A.3.2). In terms of states, this corresponds to performing the transformation

φAB → 1

2
εABCDφ

CD , ψABC → εABCDψ
D , ψD → 1

3!
εABCDψ

ABC . (4.2.22)

We also note that the MHV form factors of OS were found using the helicity-�ip rule

〈a b〉 ↔ −[a b] on (4.2.9).

4.3 One-loop minimal form factors

An important ingredient needed to compute two-loop form factors using generalised

unitarity cuts is the one-loop correction to the minimal form factor of the operators OS
and OC . In both cases the only non-vanishing result is obtained for an external state

of three positive-helicity gluons and is completely determined by the two-particle cut

shown in Figure 33 together with its cyclic permutations.

Figure 33: A two-particle cut of the one-loop minimal form factor of OS or OC.

The tree-level MHV gluon amplitude entering this cut is

A(0)(`−1 , `
−
2 , 2

+, 3+) = i
〈`1`2〉3

〈`22〉〈23〉〈3`1〉
, (4.3.1)
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whereas the tree-level form factor is given in (4.2.13) so that the two-particle cut of the

one-loop form factor is given by

F
(1)
OS ,OC

(1+, 2+, 3+; q)
∣∣∣
2,s23

= i [1`2][`2`1][`11]
〈`1`2〉3

〈`22〉〈23〉〈3`1〉
. (4.3.2)

Multiplying and dividing the integrand by [`2`1] and using the fact that due to momen-

tum conservation `1+`2 =−p2−p3 we can manipulate the expression by noting that on

the cut

[`2`1]〈`1`2〉 = (`1 + `2)2 = s23 , −[`1`2]〈`22〉 = 〈23〉[3`1] . (4.3.3)

Upon such simpli�cation, the integrand becomes

F
(1)
OS ,OC

(1+, 2+, 3+; q)
∣∣∣
2,s23

= −i
(
s23

〈23〉

)2 [1`2]〈`2`1〉[`11]

2(p3 · `1)

= i [23]2
[1|`1 `2|1]

2(p2 · `1)
. (4.3.4)

The cuts in the s12- and s31-channels are obtained by relabelling this expression.

Factoring out the tree-level object (4.2.13) and performing a standard PV reduction we

arrive at an expression where the cut integrals can be lifted o� shell unambiguously.

We obtain

F
(1)
OS ,OC

(1+, 2+, 3+; q) (4.3.5)

= i F
(0)
OS ,OC

(1+, 2+, 3+; q)

2× + s23 × + cyclic (1, 2, 3)

 .

Note that this formula should be multiplied by a factor of the 't Hooft coupling (2.4.1).

Due to the normalisation of the tree-level form factor (4.2.1) the one-loop correction

(4.3.5) is universal for both operators OS and OC . Moreover, comparing (4.3.5) with the

expression for the one-loop form factor of OB in (3.2.13) we see that the one-loop form

factors coincide, up to factoring out the corresponding tree-level form factor. Using

(4.3.5) we can extract the one-loop anomalous dimensions of OS and OC at one loop

from the coe�cient of the UV-divergent bubble integral, as discussed in detail for OB
in Section 3.2.1. It turns out that at this order these operators are eigenstates of the

dilatation operator with anomalous dimension

γ
(1)
OS ,OC

= 12 a , (4.3.6)
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which is the same as the one-loop anomalous dimension of OB found in (3.2.16). This

observation, together with the fact that at zero coupling OB and OS are related by

supersymmetry transformations, was the original motivation for the study of the two-

loop form factor of OB presented in Chapter 3.

4.4 Two-loop minimal form factors in N =4 SYM

In this section we determine the two-loop form factors of the operators OS and OC
introduced in Section 4.2 using the strategy analogous to that employed in calculation

of the two-loop form factor of OB presented in Chapter 3:

1. First, we consider two-particle cuts in one of the possible kinematic channels, for

example the s23-channel. There are two cuts to consider, shown in Figure 34(i)

and 34(ii).

2. We then move on to the three-particle cut in the q2-channel, presented in Fig-

ure 34(iii), which we use to �x potential ambiguities of the previous result and to

detect integral topologies which do not have a two-particle cut.

3. Finally we turn to the more involved three-particle cut in the s23-channel, pre-

sented in Figure 34(iv), where we �x all remaining ambiguities of the integrand.

4. By consistently merging the results of all the cuts, we construct the complete

four-dimensional integrand at two loops.

Figure 34: Four di�erent cuts of the two-loop form factors which will be used to construct
the two-loop integrand.
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4.4.1 Two-particle cuts

We begin by calculating the two-particle cuts of the two-loop form factor. These can

only be considered in the s23-channel since in the q2-channel the two-particle cut would

lead to a sub-minimal tree-level form factor, which does not exist at this loop order.

We proceed to consider the following two-particle cuts in the s23-channel: the case with

F (0) ×A(1) and that with F (1) ×A(0).

Tree-level form factor × one-loop amplitude

We consider the two-particle cut presented in Figure 35, whose ingredients are a tree-

level form factor and a one-loop amplitude. Similarly to the one-loop case in Figure 33,

this cut is universal for the two operators, OS and OC , due to the equality of the

tree-level minimal form factors (4.2.13).

Figure 35: A double cut of the two-loop minimal form factor of OS , OC: the case of a
tree-level form factor joined to a one-loop amplitude.

The four-point one-loop amplitude in N =4 SYM on the right-hand-side of the cut

has a very simple form,

A(1)(`−1 , `
−
2 , 2

+, 3+) = A(0)(`−1 , `
−
2 , 2

+, 3+)

−s23s2`2 ×

 . (4.4.1)

Combining the amplitude (4.4.1) and the form factor (4.2.13) we see that the algebra

of the one-loop calculation in Section 4.3 iterates. Reinstating the cut propagators we

arrive at the following result for this two-particle cut:

F
(2)
OS ,OC

(1+, 2+, 3+; q)
∣∣∣
2,s23

= F
(0)
OS ,OC

(1+, 2+, 3+; q) s2
23

[1|q `1|1]

[12]〈23〉[31]
×

+ cyclic(1, 2, 3) .

(4.4.2)
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One-loop form factor × tree-level amplitude

Next we turn our attention to the second of the two-particle cuts, shown in Figure 36, in

which we glue a one-loop minimal form factor and a tree-level amplitude. As discussed

in Section 4.3 the one loop form factor (4.3.5) is the same for OS and OC and as a result

this cut is identical for the two operators.

Figure 36: A double cut of the two-loop minimal form factor of OS , OC � the case of a
one-loop form factor joined to a tree-level amplitude.

In order to construct the integrand, it is important that we use the expression for the

one-loop form factor (4.3.5) prior to PV reduction, as given in (4.3.4). The reason is

that the reduction procedure discards certain integrals that vanish in dimensional reg-

ularisation, e.g. scaleless bubbles. Such integrals may however appear as subtopologies

inside a two-loop integral and therefore should not be discarded at an earlier stage of

the calculation. Thus, in order to obtain the complete result for the two-particle cut we

use the expression for the one-loop form factor before the PV reduction, namely:

F
(1)
OS ,OC

(1+, 2+, 3+; q) = i

(
s23

〈23〉

)2

[1|q `|1]× + cyclic(1, 2, 3) .

Using the tree-level four-gluon amplitude in (4.3.1) and rewriting it in the pictorial no-

tation as

A(0)(`−4 , `
−
3 , 2

+, 3+) = − i 〈`3`4〉
2

〈23〉2
s23

2(p2 · `3)
= −i s23

(
〈`3`4〉
〈23〉

)2

× , (4.4.3)

where we recall that each line represents a propagator stripped of the factor of i and

factors of i arising from propagators are collected separately, we arrive at the following
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expression for the two-particle cut:

F
(2)
OS ,OC

(1+, 2+, 3+; q)
∣∣∣
2,s23

= −s23

(
〈`3`4〉
〈23〉

)2

×
[( s`3`4
〈`3`4〉

)2

[1|q · `|1]×

+

(
s`41

〈`41〉

)2

[`3|q · `|`3]× +

(
s1`3

〈1`3〉

)2

[`4|` · q|`4]×
]
.

(4.4.4)

The �rst integral in (4.4.4) with its numerator can be simpli�ed to

− s3
23

〈23〉2
[1|q · `|1]× = F

(0)
OS ,OC

(1+, 2+, 3+; q) s2
23

[1|q `|1]

[12]〈23〉[31]
× .

(4.4.5)

We immediately see that this is identical to the result of the two-particle cut (4.4.2),

where we have computed the case of F (0)×A(1). This would lead to the conclusion that

the correct answer is obtained by simply lifting (4.4.5) o� shell. However, an important

subtlety arises here. Any term proportional to `2 (or (` + p2 + p3)2) would cancel one

of the propagators and generate the integral topology in Figure 37 (or its mirror).

Figure 37: Integral topology that cannot be detected by the two-particle s23-channel cut.

When `3 and `4 are cut a scale-free bubble on the form factor side is isolated, which

vanishes in dimensional regularisation. As a result, we cannot make any meaningful

statement about the presence of this topology given the information provided only by

this pair of two-particle cuts, and we must defer the verdict until three-particle cuts
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have been considered. This will be discussed in detail in Section 4.4.4.

In order to perform an integral reduction using LiteRed, it is useful to rewrite the

numerator of (4.4.5) in terms of scalar products of momenta:

s2
23

[1|q `|1]

[12]〈23〉[31]
=

s2
23

s12s23s31
Tr+ (1 q ` 1 3 2) (4.4.6)

=
s23

2s13
(s23s`1 − s`3s12 + s13s`2) − s23

2s12
(s23s`1 − s`2s13 + s12s`3) .

We now perform a PV reduction on the terms which contain the invariant s1` since any

dependence on p1 is unphysical and only the combination q−p1 is relevant. Following

the standard steps we �nd that

s1` × =
1

s23

[
s12s3` + s13s2`

]
× . (4.4.7)

Inserting this result into (4.4.6), we �nd that (4.4.5) becomes

− s3
23

〈23〉2
[1|q `|1]× = F

(0)
OS ,OC

(1+, 2+, 3+; q) s23 (s2` − s3`)× .

(4.4.8)

Note that p1 no longer appears in the numerator, as desired. Inspecting the result

of the two-particle cut in (4.4.8) we see that, because of the form of the numerator

factor (s2` − s3`) it is impossible to say at this stage whether s2` and s3` stand for a

full invariant or just a scalar product of two momenta � the `2-terms which would arise

from the full invariants cancel in the di�erence. This is a manifestation of the ambiguity

mentioned earlier, leading to topologies of the type depicted in Figure 37. This matter

will be settled in Section 4.4.4 by means of a three-particle cut.

We now move to the second term of (4.4.4). After factoring out the the tree-level
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form factor, it can be rewritten as

F
(0)
OS ,OC

(1+, 2+, 3+; q)
Tr+(1 q `3 q ` `3 q 1 3 2)

s12s23s13
× , (4.4.9)

while the numerator of the third integral of (4.4.4) can be obtained from (4.4.9) upon

relabelling (`3 ↔ `4 , 2↔ 3)

F
(0)
OS ,OC

(1+, 2+, 3+; q)
Tr+(1 q `4 q ` `4 q 1 2 3)

s12s23s13
× . (4.4.10)

Summary of results after two-particle cuts

For the reader's convenience, in Table 4 we summarise the results of the cuts we have

performed so far. We have presented each distinct integral topology with the corre-

sponding numerator we have detected. The result after the two particle cuts consists

of the three topologies with their numerators and the two remaining cyclic shifts of the

external momentum labels.

4.4.2 Three-particle cut in q2-channel

In this section we consider the three-particle cut of the two-loop form factor in the

q2-channel, as presented in Figure 50. We note that for this channel there exists only

one possible helicity assignment for the momenta running in the loop � all gluons.

Figure 38: Triple-cut of the two-loop form factor in the q2-channel. Only one possible
helicity assignment exists.
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Integral

topology

Numerator s23 (s2` − s3`)
Tr+(1 q `3 q ` `3 q 1 3 2)

s12s23s13

Tr+(1 q `4 q ` `4 q 1 2 3)
s12s23s13

Ambiguity ` `3, `4 `3, `4

Table 4: Summary of the results of the two-particle cuts considered so far. All numer-
ators have the tree-level form factor (4.2.1) factored out. The propagators which appear
cut are still ambiguous given the cuts performed so far.

For the six-point tree-level gluon amplitude, we use the expression of [11], which reads

A(0)(1+, 2+, 3+, 4−, 5−, 6−) = i
[ β2︷ ︸︸ ︷

([23]〈56〉[1|p2+p3|4〉)2

s234s23s34s56s61
+

γ2︷ ︸︸ ︷
([12]〈45〉[3|p1+p2|6〉)2

s345s34s45s61s12

+

βγ︷ ︸︸ ︷
s123[23]〈56〉[1|p2+p3|4〉[12]〈45〉[3|p1+p2|6〉

s12s23s34s45s56s61

]
,

(4.4.11)

and for the tree-level form factor, as before, we use (4.2.13). We now consider the

contribution of each term in (4.4.11) separately - for detailed derivation of the integrand

in this cut channel, see Appendix C.2.

β2-term: The �rst term in (4.4.11) gives rise to a previously-detected topology, namely

F
(2)
OS ,OC

(1+, 2+, 3+; q)
∣∣∣β2

3, q2
= F

(0)
OS ,OC

(1+, 2+, 3+; q)
Tr+(1 q 4 5 6 4 q 1 2 3)

s12s23s13
× .

(4.4.12)

After an appropriate relabelling, it is easy to see that the numerator becomes identical

to that of (4.4.10), obtained from a two-particle cut. In particular in order to compare

(4.4.10) to (4.4.12) we simply relabel `4 → −p4 and `→ p5 to immediately see that the
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two numerators are identical after using q=−p4 − p5 − p6.

γ2-term: Considering the second term in (4.4.11) we detect a similarly familiar topol-

ogy, namely

F
(2)
OS ,OC

(1+, 2+, 3+; q)
∣∣∣γ2

3, q2
= F

(0)
OS ,OC

(1+, 2+, 3+; q)
Tr+(3 q 6 5 4 6 q 3 2 1)

s12s23s13
× .

(4.4.13)

Once again, after an appropriate relabelling we observe that the numerator (4.4.13)

is the same as in (4.4.9). In particular, under `3 → −p6 and ` → p4 and with q =

−p4 − p5 − p6 the two traces become identical. This shows that the results for this

topology obtained from two- and three- particle cuts are mutually consistent.

βγ-term: Finally, we consider the third term in (4.4.11), for which we obtain

F
(2)
OS ,OC

(1+, 2+, 3+; q)
∣∣∣βγ
3, q2

= F
(0)
OS ,OC

(1+, 2+, 3+; q)
s123

s12s23s13
Tr+(1 q 6 4 q 3)× .

(4.4.14)

This is a new topology which could not have been detected by any of the two-particle

cuts. As such, we add it to our result for the integrand. The numerator of this last

integral will be con�rmed by a di�erent three-particle cut considered in the next section

but we can note that p5 does not appear in the numerator and as such is not ambiguous.

Table 5 summarises the integrand as found by the two- and three-particle cuts studied

up to this point.

4.4.3 Three-particle cut in s23-channel

In this section we compute the last three-particle cut of the two-loop form factor we

need to consider: the s23-channel cut presented in Figure 39. This is the most intricate

cut, as it involves a non-minimal tree-level form factor, and we will see that it provides

the necessary �nal constraints to �x the two-loop integrand completely. The motivation

to consider this cut is two-fold: �rst, we would like to �x potential ambiguities in the

numerators of the other previously detected topologies as shown in Table 5, since they
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Integral

topology

Numerator s23 (s2` − s3`)
Tr+(1 q `3 q ` `3 q 1 3 2)

s12s23s13

Tr+(1 q `4 q ` `4 q 1 2 3)
s12s23s13

s123 Tr+(1 q 6 4 q 3)
s12s23s13

Ambiguity ` `3 `4 p4, p6

Table 5: Summary of the result after the two-particle cuts and the three-particle cut in
the q2-channel. All numerators have the tree-level form factor (4.2.1) factored out. The
propagators which are cut are still ambiguous given the cuts performed so far.

all have a non-vanishing three-particle cut in the s23-channel. Moreover, we expect to

observe new integrals which have non-vanishing cuts only in this channel.

Figure 39: Triple cut of the two-loop form factor in the s23-channel.

This cut also carries important information which distinguishes the two-loop form

factors of the operators OS and OC . Since it features a non-minimal tree-level form

factor, fermions and scalars can run in the loops, unlike the case of the triple cut in the

q2-channel where only gluons could appear. As a result, the non-minimal form factor

is sensitive to the choice of the operator, as con�rmed by the expressions for tree-level

form factors in Section 4.2.2. In what follows, we will work �rst with the operator OC ,
and then move on to consider the operator OS . We begin by presenting the ingredients

of the computation and subsequently discuss the methodology and results.

Component calculation

Working in components, the triple cut in the s23-channel requires us to consider sepa-

rately all possible con�gurations of gluons, fermions and scalars for the particles running

in the loop. Below we discuss each case in turn.
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Gluons in the loop: First, we consider diagrams where only gluons are running in the

loop. There are two possible cases, involving either an MHV or MHV amplitude and

respectively an MHV or next-to-MHV form factor. The case with an MHV amplitude

is presented in Figure 40, and there is only one possible helicity con�guration for the

internal particles.

Figure 40: Triple cut of the two-loop form factor in the s23-channel with only gluons
running in the loop involving an MHV amplitude.

We have computed the the tree-level form factor entering the cut using MHV di-

agrams applied to form factors. The result was quoted in (4.2.6) and derived in Ap-

pendix D.2; we write it here for the choice of loop momenta directions as indicated in

Figure 40:

F
(0)
OC

(1+,−6+,−5+,−4+; q) = −[16][65][54][41]

[
1

s16

(
1− [51][4|q|5〉

s56[41]

)
− 1

s56

(
1− [46][1|q|4〉

s45[16]

)
− 1

s54

(
1− [15][6|q|1〉

s14[65]

)
+

1

s14

(
1 +

[64][5|q|6〉
s16[54]

)]
.

(4.4.15)

The �ve-point tree-level MHV amplitude is given by

A(0)(2+, 3+, 4−, 5−, 6−) = −i [23]3

[34][45][56][62]
. (4.4.16)

The second possible internal helicity assignment involves an MHV amplitude. In this

case, there are three con�gurations depending on the position of the internal positive-

helicity gluon. These are indicated in Figure 41.

Figure 41: Triple cut of the two-loop form factor in the s23-channel with only gluons

running in the loop: the case of FMHV ×AMHV.

The form factors entering the cuts above are a part of an MHV family (4.2.3), whose
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expression is known for any number of legs, and in particular

F
(0)
OC

(1+,−6+,−5+,−4−; q) =
[16][65][51]2

[54][41]
,

F
(0)
OC

(1+,−6+,−5−,−4+; q) =
[16][64]2[41]

[65][54]
,

F
(0)
OC

(1+,−6−,−5+,−4+; q) =
[15]2[54][41]

[16][65]
.

(4.4.17)

For the tree-level MHV amplitudes entering the cut we have

A(0)(2+, 3+, 4+, 5−, 6−) = i
〈56〉3

〈23〉〈34〉〈45〉〈62〉
,

A(0)(2+, 3+, 4−, 5+, 6−) = i
〈46〉4

〈23〉〈34〉〈45〉〈56〉〈62〉
,

A(0)(2+, 3+, 4−, 5−, 6+) = i
〈45〉3

〈23〉〈34〉〈56〉〈62〉
.

(4.4.18)

Scalars in the loop: We now consider the case where we allow scalars to run in the

loop in addition to gluons, as presented in Figure 42.

Figure 42: Triple cut of the two-loop form factor in the s23-channel with two scalars
and a gluon running in the loop.

The non-minimal tree-level form factor for the con�guration in Figure 42(i) is

F
(0)
OC

(1+,−6φ,−5φ̄,−4+; q) = −1

2

[14]

[65]
([54][16] + [51][46]) , (4.4.19)

while the tree-level amplitude is given by

A(0)(2+, 3+, 4−, 5φ, 6φ̄) = i
〈45〉〈46〉2

〈23〉〈34〉〈56〉〈62〉
. (4.4.20)

We note that the result of this diagram needs to be multiplied by a factor of three to

account for the distinct complex scalar/anti-scalar pairs arising from the splitting of

the gluon in N =4 SYM. One could also imagine diagrams where we assign the scalars

in the opposite way, with φ̄ incoming into the form factor on leg p6 and φ on leg p5.
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However, the form factor and amplitude turn out to be identical to those of the previous

case, hence such diagram would lead to the same result as that in Figure 42(i). We

multiply our result by a further factor of two to account for this.

The second con�guration of scalars we need to consider is presented in Figure 42(ii)

� note that the two scalars can only be adjacent as they arise from the splitting of a

gluon into a scalar/anti-scalar pair. In this case, the tree-level form factor and amplitude

read

F
(0)
OC

(1+,−6+,−5φ,−4φ̄; q) = −1

2

[16]

[54]
([46][51] + [41][56]) ,

A(0)(2+, 3+, 4φ, 5φ̄, 6−) = i
〈56〉〈46〉2

〈23〉〈34〉〈45〉〈62〉
.

(4.4.21)

Similarly to the case discussed above, we need to multiply this result by six in order

to account for the helicity state sum and the opposite assignment of scalar/anti-scalar

pair for the internal legs.

Fermions in the loop: Finally, we consider the case with fermions running in the

loop, as shown in Figure 43.

Figure 43: Triple cut of the two-loop form factor in the s23-channel � fermions and a
gluon running in the loop, the �rst possible con�guration.

The non-minimal tree-level form factors are given by

F
(0)
OC

(1+,−6+,−5ψ,−4ψ̄; q) = − [51][56][16]

[54]
,

F
(0)
OC

(1+,−6+,−5ψ̄,−4ψ; q) =
[41][46][16]

[54]
,

(4.4.22)

while the tree-level amplitudes entering the cuts are

A(0)(2+, 3+, 4ψ, 5ψ̄, 6−) = i
〈56〉2〈46〉

〈23〉〈34〉〈45〉〈62〉
,

A(0)(2+, 3+, 4ψ̄, 5ψ, 6−) = −i 〈46〉3

〈23〉〈34〉〈45〉〈62〉
.

(4.4.23)

The second possible helicity con�guration is that presented in Figure 44.
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Figure 44: Triple cut of the two-loop form factor in the s23-channel - fermions and a
gluon running in the loop, the second possible con�guration.

In this case, the tree-level form factors are

F
(0)
OC

(1+,−6ψ̄,−5ψ,−4+; q) =
[54][51][41]

[65]
,

F
(0)
OC

(1+,−6ψ,−5ψ̄,−4+; q) = − [64][61][41]

[65]
,

(4.4.24)

and the tree-level amplitudes are

A(0)(2+, 3+, 4−, 5ψ̄, 6ψ) = −i 〈45〉2〈46〉
〈23〉〈34〉〈56〉〈62〉

,

A(0)(2+, 3+, 4−, 5ψ, 6ψ̄) = i
〈46〉3

〈23〉〈34〉〈56〉〈62〉
.

(4.4.25)

We note that each of the results of the calculation of a cut involving fermions should

be multiplied by a factor of four in order to account for the possible R-symmetry index

assignments.

As mentioned earlier, this three-particle cut carries most of the information dis-

tinguishing between the operators OC and OS . Having collected all of the ingredients

necessary for the calculation of the two-loop form factor of the component operator OC ,
we move on to do the same for the supersymmetric descendant of the Konishi, OS . The
method of solving this cut is the same for both operators.

Supersymmetric calculation

The operator OS introduced in Section 4.2 is a tree-level descendant of the Konishi

operator, whose MHV form-factors can be extracted from (4.2.8). Once an appropriate

component of the (parity conjugate of) super form factor (4.2.8) has been extracted,

it captures all of the helicity assignments discussed in the previous section. The only

exception is the all-plus gluon case (4.4.15) as this form factor is not MHV. As a

result, the way to compute this cut is to multiply the appropriate MHV component

of the (parity conjugate of) tree-level super-form factor (4.2.8) by the corresponding
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�ve-point MHV tree-level N =4 super-amplitude (2.4.10),

A
(0) MHV
5 (λi, λ̃i, ηi) = i

δ(8)
(∑5

i=1 λ
α
i η

A
i

)
〈12〉〈23〉〈34〉〈45〉〈51〉

, (4.4.26)

and integrate over the internal fermionic variables η. To this result we then add the all-

plus gluon form factor of (4.4.15) multiplied by the corresponding amplitude (4.4.16).

The individual expressions are lengthy and we refrain from presenting them here in full.

We discuss the result of this calculation and contrast it with that of the component

operator in Section 4.4.5.

Solving for the three-particle cuts

Having collected all the ingredients for the evaluation of the triple cut in the s23-channel,

we proceed to discuss the methodology for �nding the correct two-loop integrand for

the form factors. Due to the complexity of the terms to be summed in this channel,

each depending on high powers of loop momenta, instead of manipulating the expres-

sions directly we generate an ansatz with all possible integrand topologies and �x their

precise combination by demanding consistency with the previous cuts. The procedure

is as follows, explained here for the component operator OC and equivalent for the

supersymmetric operator OS :

1. We combine the cut integrand expression, consisting of the sum of tree-level form

factors (4.4.15)�(4.4.24) multiplied by the corresponding tree-level amplitudes

(4.4.16)�(4.4.25), taking into account appropriate multiplicities arising from R-

symmetry assignment.

2. The integrated form factor does not contain parity-odd terms, but its integrand

does. In order to work with a parity even integrand ansatz, we add to the cut

expression its parity conjugate and divide the whole result by 2.

3. We construct an ansatz for the integrand in terms of integrals with non-trivial

numerators in the following way. All possible two-loop topologies are obtained

from the two maximal ones presented in Figure 45.

Figure 45: Maximal two-loop topologies.

We begin by multiplying those topologies by inverse propagators in such a way

that a three-point tree-level form factor appears as one of the vertices. Each

topology produced in this way must then be cut in the s23-channel in all possible
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ways, thereby generating the ansatz. The steps of this procedure are schematically

illustrated in Figure 46.

Figure 46: Generating integrand ansatz from maximal two-loop topologies. First, mul-
tiply by inverse propagators in a way such that a three-legged form factor appears as one
of the vertices. Then cut in the s23-channel in all possible ways.

4. Each of these cut topologies can be described using a basis of irreducible scalar

products of the two loop momenta and the three external momenta. There are nine

irreducible scalar products involving the loop momenta [141] and three further

scalar products involving only the external legs, resulting in twelve irreducible

scalar products from which we build numerators.

5. After choosing a basis of irreducible scalar products for the maximal topologies,

we generate all possible numerators, up to a maximum power of loop momenta

restricted by a theory-speci�c power counting. For example, for a Yang-Mills

theory, a three-point minimal form factor carries three powers of momenta and

each three-point Yang-Mills vertex carries one power of momentum. In the case

of N =4 SYM we impose a further constraint as a result of the no-triangle prop-

erty, namely that multiplication by inverse propagators cannot lead to triangles

appearing on the amplitude side of the two-loop topology.

6. We then write down a general linear combination of the integral topologies gen-

erated above and solve for the coe�cients of each integral. Schematically, we

have:

Cut integrand =
∑
i,j

cij Numeratorij × Cut Topologyj , (4.4.27)

where i runs over all possible numerators appearing for a certain topology j. The result

of the computation in this channel consists of hundreds of terms which we need to merge
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with the integrals obtained in the other cuts (see Table 5) to solve for the ambiguities

and detect new integrals. In some cases, the comparison is immediate. In others, as

discussed next, important subtleties arise.

4.4.4 Merging the cuts

In this section we combine the results of all generalised unitarity cuts of the two-loop

form factor to �nally obtain the loop integrand. Having obtained the triple cut in

the s23-channel as described in Section 4.4.3 we proceed to gather and reconcile the

information obtained from di�erent cuts in order to remove any ambiguities in the

numerators of integral topologies.

Figure 47: Three cuts of one of the integral topologies.

We illustrate this procedure using a speci�c example. Figure 47 presents three

di�erent cuts of one of the integral topologies contributing to the result for the two-loop

form factor. After PV reduction, the three numerators detected by the cuts are:

Ni = −s23 [s23 + 4(` · p3)] , (4.4.28)

Nii = −s23

[
s23 + 4(˜̀· p2)

]
, (4.4.29)

Niii = s23(s2` − s3`) , (4.4.30)

and we recall from the discussion in Section 4.4.1 that on the basis of two particle cuts

alone we were unable to conclusively tell whether the s2` and s3` in (4.4.30) denote the

scalar products 2(p2,3 · `), or the full Mandelstam invariants (p2,3 + `)2. With additional

information from the three-particle cut in the s23-channel we are now able to merge the

three numerators into an unambiguous expression for the integrand.

The merging between (4.4.28) and (4.4.29) is straightforward. We can rewrite the

two numerators as

Ni = −s23

[
s23 + 2(`+ p3)2

]
, Nii = −s23

[
s23 + 2(˜̀+ p2)2

]
, (4.4.31)

which on the cut, with `2 = 0 and ˜̀2 = 0, respectively reduce to (4.4.28) and (4.4.29).
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Momentum conservation `+ ˜̀+ p2 + p3 = 0 implies that (`+ p3)2 = (˜̀+ p2)2 and we

see immediately that the two numerators are equivalent.

The merging between these two numerators and (4.4.30) is more subtle. We rewrite

2(`+ p3)2 = (`+ p3)2 + (˜̀+ p2)2

= `2 + 2(` · p3) + ˜̀2 − 2(` · p2)− 2(p2 · p3)

= `2 + ˜̀2 + s3`

∣∣∣
`2=0
− s2`

∣∣∣
`2=0
− s23 ,

(4.4.32)

where in the second line we made use of momentum conservation. As a result, we have

Ni = −s23

[
s23 + 2(`+ p3)2

]
= −s23

(
s23 + `2 + ˜̀2 + s3`

∣∣∣
`2=0
− s2`

∣∣∣
`2=0
− s23

)
= Niii − s23(`2 + ˜̀2) . (4.4.33)

The last term in (4.4.33) constitutes precisely the kind of ambiguity which could not

have been detected by any two-particle cut. Using the information obtained from the

three-particle cut, we add this term to the numerator, which now becomes:

N = 2s23 [(` · p2)− (` · p3)]− s23(`2 + ˜̀2) . (4.4.34)

We note that the merging procedure could have been carried out using numerators

before the PV reduction. We refrain from presenting such discussion here as the numer-

ators involved are more complicated but the outcome is, upon PV reduction, equivalent

to (4.4.34).

The result of the computation described in Section 4.4.3 contains several topologies

with only an s23-channel three-particle cut, some of which are presented in Figure 48.

Since we cannot obtain any other information about numerators of these topologies,

we take them directly from the s23-channel cut expression, which we then lift o� shell.

These topologies also do not carry any numerator ambiguities as any terms proportional

to the cut propagators would lead to a vanishing integral in dimensional regularisation.

We are now ready to present the results for the two-loop form factors of OS and OC .

Figure 48: Examples of topologies with only one valid cut, namely the three-particle cut
in the kinematic s23-channel.
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4.4.5 Final result for the two-loop integrand in N =4 SYM

We begin by presenting the answer for the two-loop form factor of the supersymmetric

operator OS as discussed in Section 4.4.3. We then move on to present the result of the

component calculation for OC but we note that the sole di�erence between the two form

factors lies in topologies which can only be detected in the s23-channel triple cut. We

list the integrals contributing to the result in Table 6 and the corresponding numerators

are detailed in Appendix E.

I1 I2 I3 I4

I5 I6 I7 I8

I9 I10 I11 I12

Table 6: Integrals for the two-loop form factor F
(2)
OS ,OC

(1+, 2+, 3+; q) in N =4 SYM.

The two-loop integrand of the minimal form factor of the Konishi descendant OS is

given by

F
(2)
OS

(1+, 2+, 3+; q) = F
(0)
OS ,OC

(1+, 2+, 3+; q)
12∑
i=1

Ni × Ii + cyclic (1, 2, 3) . (4.4.35)

The expressions for the complete numerators are somewhat involved, and we present

them in Appendix E.1.

In order not to repeat lengthy expressions, we present the result for the two-loop

form factor of the component operator OC in terms of a di�erence when compared to
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the two-loop form factor of the supersymmetric operator OS . Speci�cally, we have

F
(2)
OC

(1+, 2+, 3+; q) = F
(2)
OS

(1+, 2+, 3+; q) + ∆N=4 ,

∆N=4 = F
(0)
OS ,OC

(1+, 2+, 3+; q)
12∑
i=5

Ñi × Ii + cyclic (1, 2, 3) ,
(4.4.36)

i.e. the di�erence between the two form factors consists solely of topologies which have

only a two-particle channel triple cut, denoted by I5 to I12 in Table 6. The numerators

are listed in Appendix E.2.

4.4.6 Components vs. super-cut comparison

Having obtained the results for the two-loop form factors of supersymmetric operator

OS and component operator OC we can make a few observations resulting from the

comparison of the two results.

As previously noted, the di�erence between the two-loop form factors of OS and

OC consists of topologies which are only present in the two-particle channel triple cut.

These topologies, denoted by I5 to I12 in Table 6, have �ve propagators or fewer and

are of sub-maximal transcendental weight. As a result, we observe that the maximally-

transcendental part of the form factor is universal for the two operators.

Moreover, explicit evaluation of the di�erence between the two form factors reveals

terms of order 1/ε and constant. Therefore, we conclude that the cancellation of IR

poles in the remainder function works exactly in the same way for the two operators.

The di�erence between the remainders of the operators lies in the 1/ε terms which are

associated to UV renormalisation of the operators. With these observations in mind, we

now discuss the remainder function of the two-loop form factor of the supersymmetric

operator OS .

4.5 Remainder functions in N =4 SYM

In the previous section we have outlined the computation of the two-loop minimal form

factors of the supersymmetric operator OS and of the component operator OC with a

�nal state consisting of three gluons of positive helicity. In this section, we present the

result for the two-loop remainder function of the form factor of OS , obtained through

an appropriate subtraction of the IR divergences. We then move on to discuss the

remainder function of the two-loop form factor of OC .
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4.5.1 De�nition of the BDS form factor remainder

The remainder function for form factors is de�ned through the subtraction of the BDS

ansatz, as introduced in (2.9.5) for a generic operator O,

R(2)
O = F (2)

O (ε) − 1

2

(
F (1)
O (ε)

)2 − f (2)(ε) F (1)
O (2ε) +O(ε) ,

where F (L)
O = F

(L)
O /F

(0)
O and f (2)(ε) = −2(ζ2 + ε ζ3 + ε2 ζ4). In dimensional regularisa-

tion, the de�nition (2.9.5) allows for the cancellation of all IR poles as well as the 1/ε2

pole of UV origin, leaving behind a 1/ε pole.

4.5.2 The remainder and anomalous dimension of OS

Our result for the remainder of the form factor of OS has the following properties:

1. All poles of the form 1/εk vanish for k > 1, as expected.

2. The 1/ε pole has a coe�cient

R(2)
OS

∣∣∣
1
ε

= 12− π2 +
1

uvw
. (4.5.1)

The constant π2 is an artefact of the subtraction scheme and is not part of the

anomalous dimension, see the discussion after (3.4.11). On the other hand, the

kinematic-dependent term 1/(uvw) indicates mixing with an operator of the form

OM ∝ q2 Tr(F 2). This is consistent with the observation in Section 4.2.1 that

there is only one other possible form factor structure, denoted as F
(0)
OM

(1+, 2+, 3+; q)

in (4.2.11), appearing in the mixing at two loops. More precisely, in (4.2.11) we

have normalised the operator OM such that its tree-level form factor

F
(0)
OM

(1+, 2+, 3+; q) =
F

(0)
OS

(1+, 2+, 3+; q)

uvw
, (4.5.2)

explaining the presence of the 1/(uvw) term in (4.5.1).

3. From (4.5.1) we can infer the expression of the operator with de�nite anomalous

dimension at two loops. It requires a one-loop correction of the form

ÕS = OS + C aOM . (4.5.3)

The coe�cient C is determined by requiring that that the 1/ε pole of the two-

loop form factor of ÕS has no 1/(uvw) contribution. This �xes C = 1/6, and

correspondingly

R(2)

ÕS

∣∣∣
1
ε

= 12− π2 . (4.5.4)
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From (4.5.4) we can obtain the two-loop anomalous dimension of ÕS using the

relation (3.1.12) expanded to second order in a(µR),

γO = −µR
∂

∂µR
log(1 + a(µR)z

(1)
O + a2(µR) z

(2)
O + · · · )

∣∣∣
ε→0

,

leading to

γ
(2)
O = lim

ε→0

(
4ε a2(µR) z

(2)
O

)
= lim

ε→0

(
4εZ(2)

O

)
, (4.5.5)

such that

γ
(2)

ÕS
= −48 a2 , (4.5.6)

in agreement with the anomalous dimension of the Konishi multiplet at this loop

order [147]. This is an important consistency check of our calculation.

4. The �nite part of the remainder function is surprisingly simple for an operator

as intricate as OS . It is comprised of classical polylogarithms and zeta functions

only. It can be split into slices of �xed transcendentality ranging from zero to

four.

In the following, we present and discuss each transcendentality slice of the remainder

function in turn.

Transcendentality four: We �nd that the maximally transcendental part of the re-

mainder function is the same as that of the BPS operator Tr(X3) in (2.9.6), already

recognised as a universal building block in Chapter 3

R(2)
OS ;4 = R(2)

BPS = − 3

2
Li4(u) +

3

4
Li4

(
−uv
w

)
− 3

2
log(w)Li3

(
−u
v

)
+

1

16
log2(u) log2(v)

+
log2(u)

32

[
log2(u)− 4 log(v) log(w)

]
+
ζ2

8
log(u)

[
5 log(u)− 2 log(v)

]
+
ζ3

2
log(u) +

7

16
ζ4 + perms (u, v, w) .

Transcendentality three: The transcendentality-three piece has a feature which was

also observed in the SL(2) sector in [156]: it contains terms with kinematic-dependent

prefactors taken from the list {u
v
,
v

u
,
v

w
,
w

v
,
u

w
,
w

u

}
(4.5.7)

in addition to terms without any kinematic-dependent prefactor � which we refer to as
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�pure�. The pure part of the degree-three slice is

R(2)
OS ;3

∣∣∣
pure

= Li3(u) + Li3(1− u)− 1

4
log2(u) log

(
vw

(1− u)2

)
+

1

3
log(u) log(v) log(w)

+ ζ2 log(u)− 5

3
ζ3 + 2 ζ2 log(−q2) + perms (u, v, w) . (4.5.8)

Interestingly, this result can be related to another known quantity, the remainder func-

tion of the operator OB calculated in Chapter 3:

R(2)
OS ;3

∣∣∣
pure

=
1

2
R(2)
non-BPS;3 + 2ζ2 log(uvw)− 12 ζ3 , (4.5.9)

where R(2)
non-BPS;3 is given in (3.4.8). The term with coe�cient u/w in the �non-pure�

part of the transcendentality-three piece is

R(2)
OS ;3

∣∣∣
u/w

=
[
− Li3

(
− u
w

)
+ log(u)Li2

(
v

1− u

)
− 1

2
log(1− u) log(u) log

(
w2

1− u

)
+

1

2
Li3

(
−uv
w

)
+

1

2
log(u) log(v) log(w) +

1

12
log3(w) + (u↔ v)

]
+ Li3(1− v)− Li3(u) +

1

2
log2(v) log

(
1− v
u

)
− ζ2 log

(uv
w

)
. (4.5.10)

The coe�cients of the other factors in the list (4.5.7) are obtained by taking the appro-

priate permutations of the function above.

Transcendentality two: The degree-two part contains terms with kinematic-dependent

prefactors taken from the list{
u2

v2
,
v2

u2
,
u2

w2
,
v2

w2
,
w2

u2
,
w2

v2

}
. (4.5.11)

The pure part reads

R(2)
OS ;2

∣∣∣
pure

= −Li2(1− u)− log2(u) +
1

2
log(u) log(v)− 13

2
ζ2 + perms (u, v, w) ,

(4.5.12)

while the coe�cient of the u2/w2 part is given by

R(2)
OS ;2

∣∣∣
u2/w2

= Li2(1− u) + Li2(1− v) + log(u) log(v)− ζ2 . (4.5.13)

Again, the coe�cients of the other terms in (4.5.11) are obtained through permutations

of the function above.
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Transcendentality one and zero: The transcendentality-one slice is simply given by

R(2)
OS ;1 =

(
−4 +

v

w
+

u2

2vw

)
log(u) +

(
−4− 1

3uvw

)
log(−q2) + perms (u, v, w) .

(4.5.14)

Finally, the degree-zero part of the remainder is

R(2)
OS ;0 = 7

(
12 +

1

uvw

)
. (4.5.15)

4.5.3 The remainder of OC

Moving on to discuss the remainder of the two-loop form factor of the component

operator OC we note the following properties:

1. We recall from Section 4.4.6 that the di�erence between the form factors of oper-

ators OS and OC , denoted as ∆N=4 in (4.4.36) contained only terms of order 1/ε

and a constant. As a result, also for R(2)
OC

all poles in 1/εk vanish for k > 1, as

expected.

2. The 1/ε pole has a coe�cient of

R(2)
OC

∣∣∣
1
ε

= 9− π2 +
1

uvw
, (4.5.16)

again indicative of mixing, see the corresponding discussion for the supersymmet-

ric operator in point 2. of Section 4.5.2.

3. Even more strikingly, we �nd that the two-loop remainder function of the operator

OC is almost identical to that of operator OS , namely

R(2)
OC ;i = R(2)

OS ;i , i = 4, 3, 2 . (4.5.17)

At lower transcendentality, we �nd that

R(2)
OC ;1 = R(2)

OS ;1 + 2 log(uvw) + 6 log(−q2) , (4.5.18)

R(2)
OC ;0 = R(2)

OS ;0 −
51

2
. (4.5.19)

4.6 Discussion

In this �nal section we summarise some of the observations regarding the results we

have presented.

Firstly, a particular feature of the remainder described in the previous section is

that the �non-pure� terms at transcendentality three, two and one come with rational
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coe�cients v/u, v2/u2 and vw/u2 respectively. At �rst sight they are problematic as

they could potentially lead to unphysical simple or even double poles in the limit where

one or two of the three kinematic ratios, u, v and w, tend to zero. This may either occur

in the collinear limit e.g. p1||p2, where u→ 0, or in the soft limit e.g. p2 → 0 where we

have u → 0 and v → 0. The soft and collinear limits of the maximally transcendental

terms were studied in [123].

Let us begin by looking at the �non-pure� transcendentality-three terms given by

(4.5.10) (plus permutations of (u, v, w)) which are multiplied by rational coe�cients

such as v/u. To study the collinear limit u → 0 (but with v 6= 0, 1) we simply expand

(4.5.10) around u=0. Keeping only the terms which are diverging in the limit we �nd

u

w
R(2)
OS ;3

∣∣∣
u/w

+ perms(u, v, w) →
u→0

log(u)

[
v2(log(v) log(1− v)− ζ2) + (2v − 1) Li2(v)

v(1− v)

]

−1

2
log2(u)

[
v2 log(v) + (1− v)2 log(1− v)

v(1− v)

]
+ finite ,

(4.6.1)

which displays logarithmic divergences only. Importantly, all potential simple poles

have cancelled out, and since the overall tree-level form factor (4.2.1) vanishes in this

limit, these contributions to the form factor vanish in the limit.

Similarly, for the soft limit p2 → 0 we need to expand around u= v = 0 with the

result

u

w
R(2)
OS ;3

∣∣∣
u/w

+ perms(u, v, w) →
u,v→0

2(1 + ζ2)− log(u)− log(v)

+
log2(u)

2
+

log2(v)

2
.

(4.6.2)

Again there are only logarithmic divergences and the dangerous poles have cancelled.

Next let us consider the transcendentality-two terms given by (4.5.13) (plus per-

mutations of (u, v, w)) which potentially contain even more problematic double poles,

as they are multiplied by ratios such as u2/w2. Following the same procedure as for

the transcendentality-three terms one �nds now not only logarithmic singularities � the

simple poles do not cancel. Naively one would expect that terms of di�erent degree

of transcendentality separately have the correct kinematic limits and this would be a

serious problem. However, it turns out that we have to add the transcendentality-one

terms (4.5.14) in order to cancel the dangerous poles. Doing so, in the collinear limit
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u→ 0 we �nd only logarithmic divergences

u2

w2
R(2)
OS ;2

∣∣∣
u2/w2

+ R(2)
OS ;1 + perms(u, v, w) →

u→0

log(u)

[
v(1− v)(1− 10v(1− v)) + v4 log(v) + (1− v)4 log(1− v)

v2(1− v)2

]
+ finite ,

(4.6.3)

while in the soft limit p2 → 0 we expand around u=v=0

u2

w2
R(2)
OS ;2

∣∣∣
u2/w2

+ R(2)
OS ;1 + perms(u, v, w) →

u,v→0
−1

2
[1 + 15 log(uv)] . (4.6.4)

Hence we �nd that the transcendentality-two and -one terms of the remainder conspire

in a way as to cancel all unphysical poles, leaving only logarithmic singularities in both

collinear and soft limits. This provides a strong consistency check of our results and

explains the necessity of the peculiar rational factors appearing in (4.5.14). We note

that the 1/(uvw) term in (4.5.15) is harmless as it is due to mixing with the operator

OM whose tree-level form factor develops poles in soft and collinear limits. We also

note that the same holds for both operators considered in this chapter, namely OC and
OS , since their two-loop remainders di�er only by terms without rational prefactors, as

shown in (4.5.17)-(4.5.19).

Secondly, the authors of [156] discuss the idea of assigning a degree of transcen-

dentality to harmonic numbers, already explored in e.g. [157] and propose the concept

of �hidden maximal transcendentality� of the remainder function. For our purposes,

we are particularly interested in assigning transcendentality to ratios of Mandelstam

invariants which multiply the �non-pure� pieces of the remainder, presented in (4.5.10)

and (4.5.13). It turns out that we can think of ratios of invariants such as (1− v)/w as

having transcendentality degree one, due to the expansion

lim
m→∞

m∑
k=1

1

k

(
1− v
w

)k
= − log

(
1− 1− v

w

)
. (4.6.5)

In order to see the hidden maximal transcendentality manifest itself in the (part of) our

result we rewrite the ratios of Mandelstam invariants multiplying the transcendentality-

three piece in (4.5.10) using the fact that u+ v + w=1, for example

u

w
=

1− v − w
w

=
1− v
w
− 1 . (4.6.6)

Upon such trivial rewriting, it turns out that the pure transcendentality-three part of
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the remainder (almost) cancels out, namely

R(2)
OS ;3

∣∣∣
u/w

+ perms (u, v, w) = R(2)
OS ;3

∣∣∣
pure
− 4ζ2 log(uvw) + 6ζ3 , (4.6.7)

leaving �non-pure� terms, now multiplied by ratios such as (1 − v)/w � resulting in

uniform transcendentality four.

Finally, we note that the constant part of the remainder in (4.5.15), when multiplied

by −4a/7 gives the value of the two-loop Konishi anomalous dimension, i.e. γK=−48a.

The same feature was �rst noted in [52] for remainders of operators in the SU(2) sector.

4.7 Summary

In this chapter we have considered two-loop form factors of operators OC∝Tr(F 3) and

the supersymmetric descendant of the Konishi operator OS , which contains OC . In this

�nal section we wish to brie�y summarise the main �ndings so far:

1. The one-loop minimal form factor has been calculated in (4.3.5) and it is identical

for the two operators OC and OS . From this result the one-loop anomalous dimen-

sion has been found, γ
(1)
OS ,OC

=12 a, which is the same as the one-loop anomalous

dimension of the scalar operator OB studied in Chapter 3 and the Konishi operator
OK.

2. Generalised unitarity, applied to form factors, has been used to �nd the two-loop

integrands for the minimal form factors of OC and OS . The two-particle cuts and
the three-particle cut in the q2-channel are the same for both operators but for the

three-particle cut in the s23-channel a distinction between OC and OS had to be

made. For OC , this cut has been computed by considering all the possible helicity

assignments on the internal loop legs, i.e. by working in components. For OS ,
the cut has been evaluated using the fact that this operator is a supersymmetric

descendant of the Konishi and as a result a super-cut, with the Konishi super

MHV form factor (4.2.9) as an ingredient, has been used.

3. Due to dependence on high powers of momenta in the numerators, the two-loop

integrand has not been manipulated analytically. Instead, a numerical program

for �nding the integrand from an ansatz has been implemented. The numerators

of integrals which appear in multiple cut channels have been carefully merged, as

described in Section 4.4.4.

4. The two-loop remainder functions of the form factors of OS and OC have been

computed in Section 4.5.2 and 4.5.3 respectively. They both contain terms of

transcendentality ranging from four to zero and some terms appear multiplied by
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kinematic prefactors e.g. u/v. The maximally transcendental part is equal to the

two-loop remainder of OBPS, the behaviour which we have already observed for OB
in Chapter 3. Surprisingly, the two remainders are very similar, with di�erences

listed in (4.5.18) and (4.5.19) solely of transcendental degree one and zero.

5. An operator with a de�nite anomalous dimension, i.e. solution to the mixing

problem at two loops, has been found in (4.5.3). Its two-loop anomalous dimen-

sion, γ
(2)

ÕS
=−48 a2 is in agreement with the anomalous dimension of the Konishi

multiplet at this loop order.

6. An interesting observation regarding the �non-pure� pieces of the remainder is that

despite containing potentially problematic single and double poles in collinear and

soft limits, they are actually well-behaved. In particular, while transcendentality-

three terms display the correct behaviour by themselves, for terms of lower tran-

scendentality a delicate cancellation across di�erent degrees leads to vanishing of

unphysical poles. The knowledge of behaviour of the remainder in the soft and

collinear limits, together with the �hidden maximal transcendentality� hypothesis

and universality of the maximally transcendental part, could in the future allow

us to bootstrap the remainder of an operator under consideration. We leave this

as a direction for future studies.

In the next chapter we move on to consider two-loop form factors and remainder

functions of operators OS and OC computed in theories with less-than-maximal super-

symmetry. We will seek to �nd further similarities and eventually make connections

between quantities computed in N =4 SYM and QCD.
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Chapter 5

Form factors of Tr(F 3) in

N <4 super Yang-Mills

5.1 Introduction

In this chapter we extend the study of form factors of the operators OC ∝ Tr(F 3
ASD)

and OS , the supersymmetric descendant of the Konishi operator, initiated in Chapter 4

at two loops and with three external positive-helicity gluons to theories with less-than-

maximal (N < 4) supersymmetry. Our main goal is to identify universal structures in

the expressions for such form factors for various amounts of supersymmetry. Indeed,

in this chapter we show that the maximally transcendental part of these two-loop form

factors is universal across theories with any amount of supersymmetry, including pure

Yang-Mills and QCD, and also, as in the case of N = 4 SYM, identical for OS and

OC . We will quantify these �ndings by providing explicit expressions for the remainder

functions in N = 2 and N = 1 SYM, both for the component operator OC and for the

appropriate N <4 supersymmetric version of OS .

Scattering amplitudes in N <4 SYM

Tree-level form factors of OS in N <4 SYM needed for the present computation can be

simply obtained by an appropriate truncation of the tree-level MHV super form factor

(4.2.9), inspired by the analogous procedure for superamplitudes [158,159].

The N =4 SYM Nair super-annihilation operator [74] has been introduced in (2.4.7)

and reads

ΦN=4 = g(+)(p) + ψA(p) ηA +
1

2
φAB(p) ηAηB +

1

3!
ψ̄ABC(p) ηAηBηC + g(−)(p) η1 · · · η4 ,

whereA,B,C=1, . . . , 4 and where g(+)(p), ψA(p), φAB(p), ψ̄ABC(p) and g(−)(p), denote

the ladder operators for the various �elds of N = 4 SYM, as reviewed in Table 2.
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In this formalism, the (n≥ 4)-point N = 4 tree-level MHV superamplitude introduced

in (2.4.10) reads

A(0) MHV
n (λi, λ̃i, ηi) = i

δ(4)
(∑n

i=1 λiλ̃i

)
δ(8)
(∑n

k=1 λkηk

)
〈12〉〈23〉 · · · 〈n1〉

,

where the δ(8) imposes super-momentum conservation. Analogous objects can be con-

structed for N = 2 and N = 1 SYM by truncating the spectrum of the N = 4 SYM

theory.37 In particular, the unitarity cuts of N <4 SYM are subsets of the N =4 SYM

ones [158], obtained by systematically dropping contributions according to their R-

charges.

N = 2 SYM can be obtained from the spectrum of N = 4 SYM by eliminating

one N = 2 hypermultiplet i.e. two complex scalars and two Weyl fermions. In terms

of representations of the SU(4) R-symmetry group this is achieved by re-expressing

them in terms of representations of SU(2)×SU(2)×U(1) and restricting the spectrum

to states transforming trivially under one of the SU(2) factors. We may choose to

truncate indices 3 and 4, leaving the new SU(2) R-symmetry index A=1, 2 and leading

to the super-annihilation operator

ΦN=2 = g(+)(p) + ψA(p) ηA + φ12(p) η1η2 +
(
φ̄34(p) + ψ̄A34(p) ηA + g(−)(p) η1η2

)
η3η4 .

(5.1.1)

Indices 3 and 4 in the expression above are kept as labels and in order to keep notation

uniform with the N = 4 SYM case (2.4.7) but they no longer play the role of group

indices.

Similarly, N = 1 SYM can be obtained from the N = 2 SYM spectrum by further

dropping one chiral multiplet i.e. one complex scalar and one Weyl fermion, which

is achieved by requiring that �elds transform trivially for example in the 2, 3 and 4

directions. This �xes the only remaining index A=1 and leads to the super-annihilation

operator

ΦN=1 = g(+)(p) + ψ1(p) η1 +
(
ψ̄234(p) + g(−)(p) η1

)
η2η3η4 . (5.1.2)

Finally by truncating all of the �elds carrying R-charges we can reduce N =4 SYM to

pure (N =0) Yang-Mills theory. The di�erences in the �eld content of the N <4 SYM

theories are summarised in Table 7.

37On shell, N =3 SYM and N =4 SYM are equivalent [160�162].
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Symbol Field N =4 N =2 N =1 N =0

g(+) gluon 1 1 1 1

ψ gluino 4 2 1 0

φ real scalar 6 2 0 0

ψ̄ anti-gluino 4 2 1 0

g(−) gluon 1 1 1 1

Table 7: Field contents of N =4, N =2 and N =1 SYM.

The n ≥ 4-point N ≤4 tree-level MHV superamplitude is given by [158]

A
(0)N
nMHV(λi, λ̃i, ηi) = i

δ(4)
(∑n

j=1 λj λ̃j

)
〈12〉〈23〉 · · · 〈n1〉

[ N∏
A=1

δ(2)
( n∑
i=1

λiηiA

)][ n∑
k<l

〈kl〉4−N
4∏

B=N+1

ηkBηlB

]
,

(5.1.3)

and once the desired number of supersymmetries N has been �xed, we extract compo-

nent amplitudes by integrating over appropriate fermionic variables η in analogy with

the N = 4 prescription (2.4.15). We will need N < 4 component amplitudes extracted

from (5.1.3) in calculation of the two-loop form factor of OC . For OS we will require

both the N <4 superamplitude (5.1.3) and a similar truncation applied to form factors.

The rest of the chapter is organised as follows. In Section 5.2 we brie�y describe the

N <4 SYM truncation of the supersymmetric form factor (4.2.9). Section 5.3 contains

summary of the one-loop calculation while in Section 5.4 we move on to calculate the

two-loop minimal form factors in theories with less than maximal supersymmetry. In

Section 5.5 we compute the Catani two-loop form factor remainder functions in N = 2

and N = 1 SYM. We conclude in Section 5.6 with a discussion of our results and a

number of consistency checks.

5.2 Operators and tree-level form factors in N <4 SYM

As explained in detail in Chapter 4, a central point of our discussion consists of ap-

propriately translating the operator OC ∝ Tr(F 3
ASD) to a supersymmetric completion

OS=OC+O(g). In Chapter 4 we have identi�ed OS inN =4 SYM as a Supersymmetric

descendant of the Konishi, generated by acting with tree-level N = 4 supercharges on

the lowest-dimensional operator in the multiplet. The Component operator OC is con-
tained within OS . Similar supersymmetric completions of OC can be obtained in N =2

and N = 1 SYM by an appropriate truncation [159], analogous to that described for

amplitudes in Section 5.1. We will see shortly that for the concrete calculations in this

139



CHAPTER 5. FORM FACTORS OF TR(F 3) IN N <4 SUPER YANG-MILLS

chapter, we will only need OS in N =2 SYM.

For both operators, the tree-level minimal form factor with the external state of

three positive-helicity gluons is given by (4.2.1) and equal to

F
(0)
OS ,OC

(1+, 2+, 3+; q) = −[12][23][31] .

The tree-level MHV super form factors of the full Konishi multiplet in N =4 SYM are

expressed in a compact formula (4.2.8). The MHV form factors of OS are obtained by

extracting an appropriate component of (4.2.8), namely, as given in (4.2.9)

F
(0)

OS ,MHV
(1, 2, . . . , n; q) =

=
1

144

δ(8)(
∑n

i=1 ηiλi)

〈12〉 · · · 〈n1〉
∑

i≤j<k≤l
(2−δij)(2−δkl)εABCDηiAηjBηkCηlD〈jk〉〈li〉 .

Following the prescription for amplitudes [159] reviewed in Section 5.1, we can truncate

the formula (4.2.9) to �nd the corresponding quantity in N =2 SYM, which will contain

the operator OC with appropriate additional N = 2 completion terms. In order to do

so, we have to appropriately project out the super�elds for each external particle. In

practice this means that we drop all terms which are linear in η3 or η4 for each �eld in

the N =4 super form factor and super amplitude. The state sums in unitarity cuts are

still performed using
∫
d4η for each internal leg.

We can apply the same procedure to the case of N =1 SYM, however the supersym-

metric completion of OC would only introduce additional four-gluino terms. At two-loop

order and with the external state of three gluons these cannot contribute and hence are

dropped. As a result, the tree-level form factors of OS and OC in N =1 SYM coincide

and will lead to the same result for the two-loop remainder function.

5.3 One-loop minimal form factors

For the reader's convenience we quote here the one-loop correction to the minimal form

factor of the operators OS and OC , calculated in (4.3.5)

F
(1)
OS ,OC

(1+, 2+, 3+; q)

= i F
(0)
OS ,OC

(1+, 2+, 3+; q)

2× + s23 × + cyclic (1, 2, 3)

 .

For the purpose of the current discussion an important observation is in order here. The

result for the one-loop form factor of the two operators OC and OS is not only operator-
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independent, as discussed in Section 4.3, but also theory-independent, i.e. the same

whether computed in pure or supersymmetric Yang-Mills. This is due to the fact that

both the tree-level form factor (4.2.1) and the four-gluon tree-level amplitude (4.3.1)

entering the one-loop cut are identical in any Yang-Mills theory. Theory-dependence

will manifest itself at two and higher loops where the di�erences in matter content of

the theories will become important.

5.4 Two-loop minimal form factors in N <4 SYM

We now compute the minimal form factors FOS (1+, 2+, 3+; q) and FOC(1+, 2+, 3+; q) at

two loops and in theories with less-than-maximal supersymmetry.

5.4.1 An e�ective supersymmetric decomposition

There are two modi�cations one needs to take into account when decreasing the number

of supersymmetries, N , from the maximal value of N =4.

Firstly, in computing the two-loop remainder functions the subtraction of the uni-

versal IR divergences (2.9.5) for theories with less-than-maximal supersymmetry must

be substituted by a more general formula introduced by Catani [118], featuring the

non-zero beta function of the theory.

Secondly, the two-loop integrand constructed in Chapter 4 using the generalised

unitarity cuts presented in Figure 34 and repeated above for reader's convenience may

receive contributions from di�erent states depending on the �eld content of the theory.

As reviewed in Section 5.1, the various supersymmetric Yang-Mills theories di�er by the

number of scalars and fermions in the vector multiplet. Hence, the key to understanding

the di�erence between two-loop form factors in these theories lies in computing the

individual contributions of scalars and fermions to the two- and three-particle cuts

shown in Figure 34.
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However, inspecting the cuts in Figure 34 carefully, it is clear that only (ii) and

(iv) are sensitive to the �eld content of the theory since they feature a non-minimal

form factor or a one-loop amplitude. Indeed, cut (iii) involves only a tree-level form

factor and an amplitude with gluons as external states, rendering it independent of the

�eld content of the theory. Cut (i) is slightly more subtle as it features a one-loop

form factor which can in principle involve fermions and scalars running in the loop. For

this particular con�guration of external states, however, the cut of the one-loop form

factor consists solely of tree-level quantities with gluons as external states, as shown in

Figure 33, again repeated here for convenience. Thus we conclude that only cuts (ii)

and (iv) are sensitive to the amount of supersymmetry.

Cut (ii) depends on the �eld content only through the one-loop amplitude, whose

cut-constructible part receives additional contributions proportional to bubble integrals

compared to the N =4 SYM case [14]. We will show this explicitly for di�erent values

of N in Section 5.4.2.

The last cut, (iv), also depends on the particular matter content due to the non-

trivial sum over internal fermions and scalars running in the loops. However, for the

operator OC the only possible matter-dependent contributions to this cut involve an

internal state with a positive-helicity gluon and two adjacent scalars or fermions.38

Hence, the situation is entirely parallel to that of cut (ii) as the matter content depen-

dence is restricted to one-loop sub-diagrams. This allows us to use the supersymmetric

decomposition (2.7.16) for one-loop amplitudes. This is a remarkable and important

simpli�cation which does not apply to generic two-loop amplitudes. In the following

we will obtain the result of this cut for the operator OC as a function of cB (the num-

ber of real scalar �elds) and cF (the number of Weyl fermions) in each theory. This

computation will be presented in detail in Section 5.4.3.

In Table 8 we brie�y summarise what we know about the contributions from the

individual cuts so far, and in the next Section we discuss modi�cations arising from the

two- and three-particle cuts in turn.

38Recall discussion in Section 4.2.2 where non-minimal tree-level form factors of OS and OC were
given. Tree-level form factors with non-adjacent scalars, e.g. (4.2.19) and (4.2.20), or fermions, e.g.
(4.2.21), vanish for OC but are non-vanishing for OS .
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Theory-independent? OS same as OC?

Two-particle cut
F (0) ×A(1) 7 3

F (1) ×A(0) 3 3

Three-particle cut
q2-channel 3 3

s23-channel 7 7

Table 8: Summary of the theory- and operator-dependence of the unitarity cuts of the
two-loop form factor.

5.4.2 Modi�cations to the two-particle cut

The two-particle cut with F (0) × A(1), presented in Figure 34(ii) contains a four-point

one-loop amplitude. If the matter content is changed compared to that of N =4 SYM

the amplitude will be modi�ed by additional bubble integrals [14,163,164]. Fortunately,

for the four-point amplitude the modi�cation is very simple. Explicitly, we have [14,95]:

A
(1)
N≤4(`−1 , `

−
2 , 2

+, 3+) = A
(1)
N=4(`−1 , `

−
2 , 2

+, 3+)− β0A
(1)
N=1 chiral(`

−
1 , `
−
2 , 2

+, 3+) , (5.4.1)

where β0 is the �rst coe�cient of the beta function of the theory in question,39 and

A
(1)
N=1 chiral(`

−
1 , `
−
2 , 2

+, 3+) = A(0)(`−1 , `
−
2 , 2

+, 3+)× . (5.4.2)

Once multiplied by the usual tree-level form factor (4.2.1), this additional contribution

gives rise to a new topology, absent in N =4 SYM:

F
(0)
OS ,OC

(1+,−`+2 ,−`
+
1 ; q)×A(1)

N=1 chiral(`
−
1 , `
−
2 , 2

+, 3+) =
Tr+(1 `2 `1 1 3 2)

s12s13
× .

(5.4.3)

We note that this integral is free of any ambiguities as numerator terms involving powers

of `21 or `22 would lead to scaleless integrals. Moreover, we do not expect to observe this

integral in any of the other cut channels we considered � thus, we can simply add it to

the integrand of the two-loop form factor. Finally, as indicated in Table 8, this cut is

universal for both operators OS and OC and therefore its contribution to the integrands

of both form factors is the same.

The important point we wish to make here is that, upon integral reduction, such an

additional contribution can only produce two-loop integrals of sub-maximal transcen-

39See Table 9 for its values in our conventions.
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dentality. As a consequence, the maximally transcendental part of the result remains

unaltered by modi�cations of this cut [2].

5.4.3 Modi�cations to the three-particle cut

Having considered all modi�cations to two-particle cuts arising from studying di�erent

supersymmetric Yang-Mills theories, it remains to inspect the individual contributions

of scalars and fermions to the calculation of the s23-channel three-particle cut, presented

in Figure 34(iv). We focus our discussion on the operator OC .
Using the relevant expressions for tree-level form factors and amplitudes explicitly

quoted in (4.4.19)-(4.4.25) and leaving the multiplicities unspeci�ed as cF for fermions

and cB for scalars, after some manipulation we can bring all the scalar and fermion

terms to a compact form:

F
(2)
OC

(1+, 2+, 3+; q)
∣∣∣scalars, fermions

3,s23

=
〈46〉

〈23〉〈34〉〈62〉

[
1

s56

(
[1|54|1](cF s45−

1

2
cBs46)

+[1|64|1](cF s46−
1

2
cBs45)

)
+

1

s45

(
[1|65|1](cF s56−

1

2
cBs46) + [1|64|1](cF s46−

1

2
cBs56)

)]
.

(5.4.4)

See Appendix C.3 for a detailed derivation. We can then draw the corresponding inte-

grals in this expression term-by-term:

First term =
F

(0)
OS ,OC

(1+, 2+, 3+; q)

s12s23s31
(−cF s45 +

1

2
cBs46)Tr+(2 6 4 3 1 5 4 1) ,

(5.4.5)

Second term =
F

(0)
OS ,OC

(1+, 2+, 3+; q)

s12s23s31
(cF s46 −

1

2
cBs45)Tr+(1 6 4 1 3 4 6 2) ,

(5.4.6)

144



CHAPTER 5. FORM FACTORS OF TR(F 3) IN N <4 SUPER YANG-MILLS

Third term =
F

(0)
OS ,OC

(1+, 2+, 3+; q)

s12s23s31
(−cF s56 +

1

2
cBs46)Tr+(3 4 6 2 1 5 6 1) ,

(5.4.7)

Fourth term =
F

(0)
OS ,OC

(1+, 2+, 3+; q)

s12s23s31
(cF s46 −

1

2
cBs56)Tr+(1 4 6 1 2 6 4 3) .

(5.4.8)

The reduction of these integrals with complicated-looking numerators leads to surpris-

ingly simple results. For example, the term in (5.4.5)40 reduces to

− cB(6d+ 4d2 − 5d3 + d4) + cF (40d− 40d2 + 14d3 − 2d4)

24(d− 4)2(d− 3)(d− 2)(d− 1)(p2 · p3)
×

− cB(−96 + 137d− 53d2 + 6d3) + cF (−96 + 84d− 12d2)

12(d− 4)(d− 1)(3d− 8)
× ,

(5.4.9)

which, after explicit evaluation, turns out to be of transcendentality three and lower.

We hence see that regardless of the number of fermions and scalars present in the

theory, their contribution is sub-maximal in transcendentality. As a result, we arrive

at the important conclusion that the maximally transcendental part of the two-loop

form factor is universal for Yang-Mills theories with any amount of supersymmetry. As

far as QCD is concerned the same conclusion holds � the presence of fermions in the

fundamental representation alters only the group theory factors and does not lead to

new types of integrals.

An important observation is that in (5.4.9), which is the result of the integral reduc-

tion of (5.4.5), we see two two-loop master topologies arising. While the �rst topology

is consistent with the cut we are considering � three-particle in the s23-channel, the

second topology arising from the reduction does not have a cut in this channel. De-

40Where we omit the tree-level form factor as in the remainder we are always concerned with the
helicity blind ratio function, see discussion after (2.9.5).
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manding consistency of the cut and the topology it gives rise to, we conclude that such

contribution is inconsistent and therefore we drop it from the result.

5.5 Remainder functions in N <4 SYM

5.5.1 Catani form factor remainder and renormalisation

For theories with N < 4 supersymmetry, which have non-vanishing beta function, one

must take into account renormalisation. Catani's remainder, which we will use for

theories with N < 4, is expressed in terms of renormalised quantities, and hence we

need to �rst discuss how these are related to the bare quantities which we calculate.

We begin by noting that in the MS scheme, the bare coupling constant as a function

of the renormalised coupling at a scale µR, denoted by a(µR), is given by [118]

aUSε =

(
µR
µ

)2ε

a(µR)

[
1− a(µR)

β0

ε
+ a2(µR)

(
β2

0

ε2
− β1

2ε

)]
+O(a4(µR)) , (5.5.1)

where Sε := (4π)εe−γEε and β0, β1 are the �rst two coe�cients of the beta function for

the 't Hooft coupling,

β(a(µR)) := µR
∂a(µR)

∂µR
, (5.5.2)

β(a) = −2aε− 2a2β0 − 2a3β1 +O(a4) and the 't Hooft coupling a has been de�ned in

(2.4.1). The values of β0 are well-known for any SU(N) gauge theory [165]

β0 =
11

3
− 1

6

∑
i

Ci
N
− 2

3

∑
j

C̃j
N
, (5.5.3)

where the �rst sum is over all real scalars and the second sum over all Weyl fermions

with quadratic Casimirs Ci and C̃j respectively. Since we are dealing with Yang-Mills

theories without fundamental matter, all �elds are in the adjoint representation and

thus Cj = C̃j =N . In Table 9 we list the values of β0 and β1 for N =4, 2, 1, 0.

N 4 2 1 0

β0 0 2 3 11/3

β1 0 0 6 34/3

Table 9: Values of β0 and β1 for Yang-Mills theories with N = 4, 2, 1, 0 supersymmetry.

As discussed in Chapter 1, we can think of a form factor as an additional opera-

tor O added to the Lagrangian of the theory with a coupling λ that also undergoes
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renormalisation,

λU = λ(µR)

[
1− a(µR)

γ0

ε
+
a2(µR)

2

(
ρ2

0

ε2
− ρ1

ε

)]
+O(a4(µR)) . (5.5.4)

Thus, we can write a renormalised form factor in two ways, either as functions of bare

or renormalised quantities. Up two loops we have

FRO = λ(µR)
[
(FRO )(0) + a(µR)(FRO )(1) + a2(µR)(FRO )(2)

]
+O

(
a4(µR)

)
= λU

[
(FUO )(0) + aU (FUO )(1) + (aU )2(FUO )(2)

]
+O

(
(aU )4

)
.

(5.5.5)

Using (5.5.1) and (5.5.4) in the above equation, we can solve for the renormalised form

factors in terms of the bare ones, arriving at the following relations:

(FRO )(0) = (FUO )(0) , (5.5.6)

(FRO )(1) =

(
µR
µ

)2ε (FUO )(1)

Sε
− γ0

ε
(FUO )(0) , (5.5.7)

(FRO )(2) =

(
µR
µ

)4ε (FUO )(2)

S2
ε

− 1

ε

[
(β0 + γ0)

(
µR
µ

)2ε (FUO )(1)

Sε
+
ρ1

2
(FUO )(0)

]
+ (FUO )(0) ρ

2
0

2ε2
,

(5.5.8)

where the superscripts U and R stand for unrenormalised and renormalised.

We are now ready to use these expressions and de�ne �nite remainders. Having re-

moved UV divergences through renormalisation, the �nal step is to remove the universal

IR ones. At one loop, the �nite remainder is de�ned as

R(1)(ε) := (FRO )(1) − I(1)(ε) , (5.5.9)

where FR (L)
O :=(FRO )(L)/(FO)(0) is the usual L-loop helicity blind ratio function, (FRO )(1)

is the one-loop renormalised form factor de�ned in (5.5.7), and the expression for I(1)(ε)

for n gluons is [166�169],

I(1)(ε) = − eεγ

Γ(1− ε)

( 1

ε2
+
β0

2ε

) n∑
i=1

(
−sii+1

µ2
R

)−ε
. (5.5.10)

Next we introduce the two-loop Catani remainder [118] in the the formulation of [16].

This is given by

R(2)(ε) := (FRO )(2)(ε)− 1

2

[
(FRO )(1)(ε)

]2
+
β0

ε
(FRO )(1)(ε) (5.5.11)

− e−γEε Γ(1− 2ε)

Γ(1− ε)
(FRO )(1)(2ε)

(
β0

ε
+K

)
+

n eγEε

4εΓ(1− ε)
H(2) ,
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where n is the number of legs and n=3 for the case in question. The particular values

of K and H(2) required in order to guarantee the IR �niteness of the remainder are

KSYM = 2 [(4−N )− ζ2] , (5.5.12)

H
(2)
SYM = 2 ζ3 +

(4−N )

2
ζ2 , (5.5.13)

where N is the number of supersymmetries.41

Away from N =4 SYM, the values of parameters γ0, ρ0 and ρ1 appearing in (5.5.7)

and (5.5.8) are not yet determined. We are now going to �x γ0, which in turn is related

to the one-loop anomalous dimensions of the operators. We defer �xing the remaining

parameters to the next sections as it requires two-loop data.

The constant γ0 can be determined by requiring the �niteness of the one-loop re-

mainder (5.5.9) with the one-loop unrenormalised minimal form factor (4.3.5) as an

input. Demanding cancellation of 1/ε terms leads to the relation

γ0 = −6 +
3

2
β0 . (5.5.14)

Note that this result is the same for the two operators OS and OC . The one-loop anoma-

lous dimension is related to the UV counterterm according to (3.2.15) and given by

γ
(1)
OS ,OC

= −2 γ0 a = (12 − 3β0) a . (5.5.15)

In pure Yang-Mills β0 =11/3 and we get γ
(1)
OS ,OC

=a, in agreement with [170]. For N =4

we get γ
(1)
OS ,OC

=12 a, which agrees with our earlier result (4.3.6) [130,131].

5.5.2 N =2 SYM

In this section we evaluate the two-loop form factors and the Catani remainder functions

of the operators OS and OC in N =2 SYM.

The N =2 SYM form factors

As indicated by the summary in Table 8, in order to obtain the two-loop form factor

integrand in N = 2 SYM we need to reconsider two types of cuts as they are theory-

dependent: the two particle cut involving a one-loop amplitude and the three-particle

cut in the s23-channel.

There are two possible ways of �nding the contribution of the s23-channel three-

particle cut to the two-loop integrand of form factor of OC in N <4 SYM. We can either

41This choice is not unique however. Compared with the conventions of (A.27) and (A.32) of [16] for

N = 1 SYM, we have shifted an O(ε) term from KSYM to H
(2)
SYM. Therefore the latter is shifted by a

rational constant with respect to [16].
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follow the strategy described in Section 4.4.3 of Chapter 4 and solve this cut numerically,

or we can use the result for N = 4 SYM and appropriately subtract the contributions

of scalars and fermions described in Section 5.4.3. In the case of N = 2 SYM we

subtract the contribution of 2 Weyl fermions and 4 real scalars from the N = 4 SYM

integrand, which amounts to subtracting the integral topologies (5.4.5)-(5.4.8) with

cF = 2 and cB = 4. We have performed the calculation using both methods, arriving

at the same result. For operator OS only the �rst method applies and we solve the

super-cut numerically, using the N =2 truncation of the super form factor (4.2.9).

The procedure follows that of Section 4.4.3 of Chapter 4, with an important modi�-

cation of the power counting imposed on the numerator loop momenta. Speci�cally, the

no-triangle property of N =4 SYM discussed in Section 2.7 strongly restricts the power

counting of the loop momenta belonging to a one-loop sub-amplitude. For example, for

the cut topology presented in Figure 49, p6 cannot feature in the numerator since the

sub-amplitude can only contain scalar boxes.

Figure 49: One of the cuts of the maximal topology used to solve the s23-channel triple
cut. Note that p6 is part of a one-loop sub-amplitude.

In N < 4 SYM the no-triangle property does not apply and p6 can now appear in

the numerator. Solving for the N = 2 SYM integrand, we indeed observe new integral

topologies which were previously forbidden by the no-triangle property of N =4 SYM,

shown as I13 and I14 in Table 10.

The full integrand for the two-loop form factor of OS computed in N = 2 SYM,

including the additional contributions from the modi�ed two- and three-particle cuts,

can be expressed in terms the N =4 SYM result (4.4.35) plus an o�set term:

F
(2)
N=2OS

(1+, 2+, 3+; q) = F
(2)
N=4OS

(1+, 2+, 3+; q) + ∆N=2OS ,

∆N=2OS = F
(0)
OS ,OC

(1+, 2+, 3+; q)
15∑
i=5

N ′i × Ii + cyclic (1, 2, 3) ,
(5.5.16)

with the numerators presented in (E.3.2) of Appendix E and the integrals listed in

Table 10. As discussed in Section 5.4.2, the modi�cation identi�ed from two-particle

cuts is directly added to the integrand and is denoted as topology I15. Similarly, the full

integrand for the two-loop form factor of OC computed in N =2 SYM can be expressed
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I1 I2 I3 I4

I5 I6 I7 I8

I9 I10 I11 I12

I13 I14 I15

Table 10: Integrals contributing to the integrand of the two-loop form factor
F

(2)
OS ,OC

(1+, 2+, 3+; q) in N <4 SYM.

in terms of its di�erence from the N =4 SYM result (4.4.36) as

F
(2)
N=2OC

(1+, 2+, 3+; q) = F
(2)
N=4OC

(1+, 2+, 3+; q) + ∆N=2OC ,

∆N=2OC = F
(0)
OS ,OC

(1+, 2+, 3+; q)

15∑
i=5

N̂i × Ii + cyclic (1, 2, 3) ,
(5.5.17)

with the numerators presented in (E.4.2).

Having obtained the integrand for the two-loop form factors of operators OS and

OC in N =2 SYM, we follow the usual procedure of reduction to master integrals with

the help of LiteRed [141,142] and evaluation using the known expressions of the master

integrals of [139,140].
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The N =2 SYM remainders

We now evaluate the two-loop remainder function de�ned in (5.5.11) for the operators

OS and OC , using the renormalised form factors (5.5.6)�(5.5.8) as input.

The �rst observation to make is that demanding the �niteness of the two-loop re-

mainder to all orders in ε we �x the parameters appearing in the renormalised expres-

sions, with the results:

γ0 = −3 , ρ2
0 = 3 , ρ1 ,OS = −2 , ρ1 ,OC = −3 . (5.5.18)

In order to present the �nite N = 2 SYM remainder e�ciently and at the same time

highlight its main features, in Table 11 below we quote the di�erence between the N =2

and N = 4 SYM remainders, slice by slice in transcendentality degree. In fact, we will

need a small modi�cation to the N = 4 SYM results given in Section 4.5, since in this

chapter we are using the Catani de�nition of the remainder function, while in Chapter 4

we used the BDS de�nition, which is standard in N =4 SYM. The N =4 SYM Catani

remainder is related to the BDS remainder as

R(2)
O,Catani = R(2)

O,BDS − ζ3

[
log(q2) + log(uvw)− 6

]
− 33

8
ζ4 , O = OS ,OC . (5.5.19)

In this chapter, all remainders are computed in the Catani formulation (5.5.11) and

Table 11 shows the di�erence between remainder functions computed in N = 2 and

N =4 SYM.

Degree R(2)
N=2OS

−R(2)
N=4OS

R(2)
N=2OC

−R(2)
N=4OC

4 0 0

3 −5
2ζ2

[
log(uvw) + 3 log(−q2)

]
− 11

2 ζ3 −5
2ζ2

[
log(uvw) + 3 log(−q2)

]
− 11

2 ζ3

2 18 ζ2 18 ζ2

1 14
3

[
log(uvw) + 3 log(−q2)

]
3
[
log(uvw) + 3 log(−q2)

]
0 −65

2 −45
4

Table 11: Di�erence between two-loop Catani remainders of operators OS and OC when
calculated in N =4 and N =2 SYM, split by transcendentality degree.

Table 11 immediately shows the main feature of the result: the N = 2 SYM re-

mainders are almost identical to those obtained in N =4 SYM. The transcendentality-

four slices of the remainders for OS and OC are identical and equal to the maximally-

transcendental part of the result in the N =4 SYM, i.e. this quantity is universal across

theories and operators studied, with the universality extending also to pure Yang-Mills

and QCD.

The di�erence between the remainders of operators when computed in N < 4 and
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N = 4 SYM is limited to a small number of terms as detailed in the table. Recalling

the result of Chapter 4 for the N =4 SYM remainder, we see that that the N =2 SYM

expression also contains �pure� terms, i.e. purely transcendental functions, as well as

�non-pure� terms, which have rational prefactors. Strikingly, such non-pure terms in

the N = 2 SYM remainder are exactly the same as in N = 4 SYM quoted in (4.5.10)

and (4.5.13). As Table 11 shows, only pure logarithms, ζ2 and ζ3 terms appear in

the di�erence, without any rational prefactor. In Section 4.6 it was shown that the

rational prefactors in the N =4 SYM result do not lead to unphysical soft or collinear

singularities in the remainder function. That discussion applies also to the present

context, since the additional terms we �nd for reduced supersymmetry do not have any

new pole singularity in such kinematic limits.

Finally, inspecting Table 11 we can further infer that the di�erence between the

remainders of OS and OC when computed in N = 2 SYM only contains terms of tran-

scendentality degree one and zero, as was the case for the two remainders in N =4 SYM,

see (4.5.17).

5.5.3 N =1 SYM

In this section we evaluate the two-loop form factors and the Catani remainder functions

of the operators OS and OC in N =1 SYM.

The N =1 SYM form factors

For N = 1 SYM, the operators OS and OC have the same tree-level form factors and

as such their remainders are identical. As discussed in Section 5.2 the supersymmetric

completion of OC can only involve additional four-gluino terms which cannot contribute

at two-loop order and with the chosen external state. As a result, the integrand for the

two-loop form factor of OS and OC computed in N =1 SYM can be expressed in terms

of its di�erence with respect to the N =4 SYM result for OC , as

F
(2)
N=1OS ,OC

(1+, 2+, 3+; q) = F
(2)
N=4OC

(1+, 2+, 3+; q) + ∆N=1 , (5.5.20)

∆N=1 = F
(0)
OS ,OC

(1+, 2+, 3+; q)

15∑
i=5

N ′′i × Ii + cyclic (1, 2, 3) ,

with the numerators listed in (E.5.2).

The N =1 SYM remainders

Similarly to the N =2 SYM case, by demanding the �niteness of the remainder function

we can �x the parameters γ0, ρ0 and ρ1 appearing in the renormalised remainders, with
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the result:

γ0 = −3

2
, ρ2

0 = −9

4
, ρ1 = −9

2
. (5.5.21)

In Table 12 we present our result in terms of the di�erence between the remainder

computed in N =1 SYM and those computed in N =4 SYM.

Degree R(2)
N=1OS ,OC

−R(2)
N=4OS

R(2)
N=1OS ,OC

−R(2)
N=4OC

4 0 0

3 −15
4 ζ2

[
log(uvw) + 3 log(−q2)

]
− 33

4 ζ3 −15
4 ζ2

[
log(uvw) + 3 log(−q2)

]
− 33

4 ζ3

2 243
8 ζ2

243
8 ζ2

1 13
2

[
log(uvw) + 3 log(−q2)

]
9
2

[
log(uvw) + 3 log(−q2)

]
0 −339

8 −135
8

Table 12: Di�erence between two-loop Catani remainders of operators OS and OC when
calculated in N =4 and N =1 SYM, split by transcendentality degree.

Inspecting Table 12, we realise that the discussion in Section 5.5.2 can be repeated

almost verbatim. The transcendentality-four part of the N = 1 remainder is identical

to that in the N = 4 SYM theory, con�rming its universality. The di�erence between

the remainders of operators is limited only to a small number of pure terms, i.e. terms

without rational prefactors of the type u/v or u2/v2 (and permutations thereof), with all

the non-pure terms in the N =1 SYM remainder the same as in N =4 and N =2 SYM,

given in (4.5.10) and (4.5.13). Only pure logarithms, and ζ2 and ζ3 terms make an

appearance in the di�erence, without rational prefactors. Again, this is consistent with

the absence of unphysical soft and collinear singularities in the remainder function, as

discussed in Section 5.5.2.

5.6 Consistency checks

In this section we present the consistency checks of our results for the remainder func-

tions of the operators OS and OC in the less-than-maximally supersymmetric theories.

We perform the following consistency check of the values of the parameters γ0 and

ρ0 entering the Catani remainder (5.5.11), which we have obtained by demanding the

�niteness of the remainder function. We consider the beta function for the operator cou-

pling λ introduced in (5.5.4). Since the left-hand side of that expression is independent

of µ, the following renormalisation group equation must hold:

0 = µR
∂

∂µR

{
λ(µR)

[
1− a(µR)

γ0

ε
+
a(µR)2

2

(
ρ2

0

ε2
− ρ1

ε

)]
+O(a4(µR))

}
. (5.6.1)
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De�ning γλ through

µR
∂λ(µR)

∂µR
:= λ(µR) γλ , (5.6.2)

we �nd that (5.6.1) leads to the two relations

γλ = −2 a(µR)
[
γ0 + a(µR)ρ1

]
, (5.6.3)

and

γ2
0 + β0γ0 = ρ2

0 . (5.6.4)

Here (5.6.4) follows from demanding the cancellation of ε−1 poles in the expression for γλ

and is a constraint that must be obeyed by ρ0 and γ0. The values we have determined,

quoted in (5.5.18) and (5.5.21) for N = 2 and N = 1 SYM, respectively, obey (5.6.4),

thereby providing a strong consistency check of our result.

As another consistency check, our calculation has independently con�rmed the val-

ues of K and H(2) which enter the two-loop Catani remainder (5.5.11) for N = 4, 2, 1

SYM [171,172], cf. (A.27) and (A.32) of [16] for the N =1 values. The particular values

of these constants are crucial to ensure the IR �niteness of the renormalised remainder.

5.7 Summary

In this chapter we have discussed two-loop form factors of OC ∝ Tr(F 3
ASD) and the

supersymmetric descendant of the Konishi operator OS computed in Yang-Mills theories

with less-than-maximal supersymmetry. Here we wish to summarise the main �ndings

of the chapter:

1. We �nd that the two-loop form factors of operator OC in N < 4 SYM can be

found using the N =4 result by performing small changes to some of the unitarity

cuts. Modi�cations to two-particle cut have been discussed in Section 5.4.2 and

to three-particle cut in Section 5.4.3. Two loop form factors of OS has been found

using super-cuts with an appropriate truncation of the N =4 tree-level MHV form

factor (4.2.9) as described in Section 5.2.

2. In Section 5.5 we have renormalised the form factors and computed their Catani

remainders. In doing so, we have discovered yet another appearance of the princi-

ple of universality of the maximally transcendental part of the two-loop remainder.

The transcendentality four part of the result for the remainders in N = 1, N = 2

and pure Yang-Mills is universal and equal to that in the N =4 SYM theory. We

�nd that the di�erence between the remainders of operators is restricted to pure
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terms, without rational prefactors of the type u/v or u2/v2. Such di�erences for

the N =2 SYM and N =1 SYM remainders are listed in Tables 11 and 12. Terms

which appear in the di�erence are logarithms, ζ2 and ζ3 terms.

3. In (5.5.15) we �nd the one-loop anomalous dimension, universal for operators OC
and OS , as a function of the �rst coe�cient of the beta function of the given

Yang-Mills theory. After substitution of appropriate values of β0, this agrees with

known results for pure Yang-Mills and N =4 SYM.

4. The constant ρ1 in (5.5.18) and (5.5.21) is the two-loop anomalous dimension of

the operators considered here, provided that the µ2-terms do not alter the O(1/ε)

part of our result,42 see discussion of rational terms in Section 2.7. It would be

interesting to check the values of ρ1 and the corresponding anomalous dimensions

determined in this chapter with an independent calculation.

In the next, �nal section we conclude the thesis by summarising its main �ndings

and providing outlook for future research directions.

42Note that we have used four-dimensional generalised unitarity throughout.
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Chapter 6

Conclusions

In this �nal chapter we would like to emphasise the main �ndings of the thesis, brie�y

describe extension of the results beyond supersymmetric Yang-Mills theories and pro-

pose possible further research directions arising from the present work.

6.1 Summary of the key results

In this thesis we considered two-loop form factors of a number of non-protected opera-

tors. In Chapter 3 we focused on operators formed out of �elds of the SU(2|3) sector

of N = 4 SYM, the scalar OB = Tr(X[Y,Z]) and the fermionic OF = 1/2Tr(ψψ). In

Chapter 4 we have discussed two operators, OC ∝Tr(F 3
ASD) and a supersymmetric de-

scendant of the Konishi operator, OS , both in N = 4 SYM. Finally in Chapter 5 we

have considered OC and OS in theories with less-than-maximal supersymmetry, namely

N =2 and N =1 SYM. The main results of these three chapters can be summarised as

follows:

1. The one-loop anomalous dimension of the three operators OB, OC and OS is the

same and equal to that of the Konishi operator [130,131],

γ
(1)
OK

= γ
(1)
OB

= γ
(1)
OC

= γ
(1)
OS

= 12 a . (6.1.1)

The one-loop minimal form factors of operators OB, OC and OS coincide up to

factoring out the respective tree-level form factors.

2. The maximally transcendental part of the two-loop form factor remainder of OB
in N = 4 SYM and OC , OS in N = 4, 2, 1 SYM and pure Yang-Mills is universal

and equal to the result for the two-loop form factor remainder of OBPS =Tr(X3)

quoted in (2.9.6). The same universal transcendentality-four slice of the remainder

was observed for the Konishi operator [173] and operators in the SU(2) [52] and

SL(2) [156] sectors of N =4 SYM.
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3. We further conclude that the maximally transcendental part of the form factor

of OC , which enters the Higgs e�ective Lagrangian (1.0.11), computed in QCD

is equal to the N = 4 SYM value (2.9.6). Form factors of half-BPS operators in

N =4 SYM compute the maximally transcendental part of the e�ective mt�mH

limit Higgs amplitudes in QCD.

4. The lower-transcendentality parts of the two-loop remainder functions share many

similarities, both across the operators studied and the di�erent supersymmetric

theories. We observe an emergence of certain universal building blocks of two-

loop remainder functions. The di�erences between the remainders of operators

are restricted to terms without rational prefactors of the type u/v or u2/v2 and

contain only products of ζ2, ζ3 and logarithms, i.e. no polylogarithms.

5. Solutions to the mixing problem at two-loops for operators belonging to the closed

SU(2|3) sector and for OS have been found, leading to diagonal operators with

de�nite two-loop anomalous dimension, again in agreement with that of the Kon-

ishi operator,

γ
(2)
OK

= γ
(2)
OK̃

= γ
(2)
OS̃

= −48 a2 . (6.1.2)

6. The requirement of cancellation of unphysical poles in the soft and collinear limits

connects the terms of di�erent degree of transcendentality in the remainder. In

particular for operators OC and OS , transcendentality-two and -one terms must

be considered together in the limits in order to ensure that no unphysical poles

appear.

6.2 Pure Yang-Mills

As described in Section 2.7, computation of loop quantities in non-supersymmetric

theories is complicated by the need to include rational terms if, for example, a one-

loop amplitude enters the unitarity cut. At the time of preparation of publications [3]

and [4], results of which constitute Chapters 4 and 5 of this thesis, a parallel work [174]

has appeared. Therein, the authors compute the two-loop remainder function of the

form factor ofOC in pure Yang-Mills theory usingD-dimensional unitarity method [175],

in contrast to four dimensional cuts employed throughout this work.

This explicit computation con�rms the observation made in Chapter 5 that the max-

imally transcendental part of the two-loop form factor remainder in pure Yang-Mills is

the usual OBPS result (2.9.6). Moreover, the di�erences between lower-transcendentality

slices of the remainder are constrained to products of logarithms, ζ2 and ζ3, again a
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feature observed in Chapter 5. In particular,43

R(2)N=0
OC ;4 = R(2)N=4

OC ;4 ,

R(2)N=0
OC ;3 = R(2)N=4

OC ;3 − 11

12
ζ2

[
log(uvw) + 3 log(−q2)

]
+

143

12
ζ3 ,

R(2)N=0
OC ;2 = R(2)N=4

OC ;2 −
[

55

48
log2(u)− 73

72
log(u) log(v)− 23

6
ζ2 + perms (u, v, w)

]
− 19

36
log(uvw) log(−q2)− 19

24
log2(−q2)

R(2)N=0
OC ;1 = R(2)N=4

OC ;1 +
173

9

[
log(uvw) + 3 log(−q2)

]
,

R(2)N=0
OC ;0 =

487

72

1

uvw
− 14075

216
. (6.2.1)

This is, by all means, a remarkable result � a signi�cant part of the two-loop Higgs

plus three gluons amplitude in the EFT is computed through N = 4 SYM. It would

certainly be very interesting to compute the same result using the four dimensional

cuts, as advocated in this thesis, with potentially very small, localised modi�cations

needed in order to account for the appearance of rational terms.

6.3 Further work

There are several natural continuations of the work presented in this thesis, which we

list here divided into broad categories.

Full QCD calculation

An immediate extension of the work contained in this thesis and of the results in [174]

would be to perform the full QCD computation involving massless quarks running in

the loops and on the external lines. As argued in Chapter 5, presence of quarks in

the fundamental representation will not a�ect the universality of the maximally tran-

scendental part of the remainder function. It would be fascinating to see what e�ect

inclusion of quarks will have on terms of lower transcendentality and to what degree

the N =4 SYM results remain relevant.

Higher-dimensional operators

Another important avenue to follow is to investigate the universality of the maximally

transcendental part of the two-loop remainder for higher-dimensional operators, with

43Note that authors of [174] use the de�nition of Catani remainder of [118]. Since no explicit result
for transcendentality-one part of N =4 Catani remainder has been presented in the paper, we make a
comparison to our value (4.5.18).
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the hope of a similar recurrence of the remainder of the relevant protected opera-

tor. Dimension-nine operators, contributing at the next order in the EFT Lagrangian

(1.0.11) could be a potential candidate for future considerations.

Remainder bootstrap

The knowledge of the behaviour of form factor remainder in the soft and collinear limits,

together with the �hidden maximal transcendentality� hypothesis and universality of the

maximally transcendental part could in the future allow us to bootstrap the remainder

of an operator under consideration. To this end, it would be very useful to study

further the soft and collinear behaviour of minimal form factors as they do not follow

the standard, general factorisation of amplitudes or non-minimal form factors.

Integrability and dilatation operator

It would be interesting to consider wider classes of non-protected operators than those

studied in this thesis also for another reason, namely that it could lead to new insights

and approaches to integrability. For example, [128] established a direct link between

minimal one-loop form factors of general operators and Zwiebel's form of the one-

loop dilatation operator [127]. In [176] it was shown, using this form of the dilatation

operator, how the Yangian symmetry of the tree-level S-matrix of N =4 SYM implies

the Yangian symmetry of the one-loop dilatation operator, which in turn is related to

its integrability [177]. It would also be very interesting to generalise this result to higher

loops.

Supersymmetric Ward identities

Supersymmetric Ward identities were used in [25] to relate form factors of all the dif-

ferent operators in the protected stress tensor multiplet to form factors of the chiral

primary operator Tr(X2) at any loop order. This led naturally to the de�nition of super

form factors extending the Nair on-shell superspace used for amplitudes in N =4 SYM.

It would be interesting to extend this result to non-protected operators contained in

larger multiplets. Technically this is more challenging but �rst important steps in this

direction have been taken in recent papers [178, 179] and [180] where tree-level MHV

form factors for arbitrary unprotected operators were constructed using twistor-string

theory and Lorentz harmonic chiral superspace, respectively.

We expect that in all these considerations supersymmetry will emerge as a powerful

organisational principle and that results for form factors in QCD will reveal further

remarkable similarities with N =4 SYM.
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Appendix A

Spinor conventions

In this appendix we list the conventions for manipulating spinor-helicity variables, in-

troduced in Section 2.1 and used extensively throughout the thesis. We follow closely

the conventions of [54].

A.1 Spinor manipulations

The Pauli sigma matrices are de�ned as

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
, (A.1.1)

and often it is useful to package those into vectors as

(σ̄µ)α̇α = (1, σi) , (σµ)αα̇ = (1,−σi) , (A.1.2)

(σ̄µ)α̇α = (1,−σi) , (σµ)αα̇ = (1, σi) . (A.1.3)

We raise and lower spinorial indices α, α̇ and construct invariant quantities using the

antisymmetric invariant Levi-Civita tensors

εαβ = (iσ2)αβ =

(
0 1

−1 0

)
, εα̇β̇ = −(iσ2)α̇β̇ =

(
0 −1

1 0

)
, (A.1.4)

with the following contractions

εαβε
βγ = δγα , εα̇β̇ε

β̇γ̇ = δγ̇α̇ . (A.1.5)
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The four momentum has been de�ned in (2.1.11) as a product of two two-component

spinors,

pα̇αi = (σ̄µ)α̇αpµi = λ̃α̇i λ
α
i , (A.1.6)

where i is the particle label and we raise and lower the spinor indices according to

λα := εαβλ
β , λα = εαβλβ ,

λ̃α̇ := εα̇β̇λ̃
β̇ , λ̃α̇ = εα̇β̇λ̃β̇ .

(A.1.7)

In these conventions, as introduced in (2.1.15) and (2.1.16), we can form the Lorentz

invariant, antisymmetric brackets

〈ij〉 := λαi λjα = εαβλ
α
i λ

β
j = −〈ji〉 ,

[ij] := λ̃iα̇λ̃
α̇
j = εα̇β̇λ̃iα̇λ̃jβ̇ = −[ji] .

(A.1.8)

For any two massless on-shell four-momenta pi and pj we can form a Mandelstam

invariant

sij = (pi + pj)
2 = 2(pi · pj) = 〈ij〉[ji] , (A.1.9)

and additionally we will often use the following shorthand notations,

〈i|j|k] = 〈ij〉[jk] , [i|j|k〉 = [ij]〈jk〉 ,

〈i|jk|l〉 = 〈ij〉[jk]〈kl〉 , [i|jk|l] = [ij]〈jk〉[kl] .
(A.1.10)

A.2 Spinor traces

We often make use of the following notation

Tr+(abcd) := [ab]〈bc〉[cd]〈da〉 , Tr−(abcd) := 〈ab〉[bc]〈cd〉[da] . (A.2.1)

These traces are evaluated using the fact that for four Pauli sigma matrices,

Tr(σµσ̄νσρσ̄τ ) =
1

2
Tr
(
γµγνγργτ (1− γ5)

)
,

Tr(σ̄µσν σ̄ρστ ) =
1

2
Tr
(
γµγνγργτ (1 + γ5)

)
,

(A.2.2)

where in the chiral basis we write the Dirac gamma matrices as

γµ =

(
0 σµ

σ̄µ 0

)
, γ5 =

(
−1 0

0 1

)
. (A.2.3)
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Then we have

[ab]〈bc〉[cd]〈da〉 = Tr+(abcd) =
1

2
Tr
(
/a/b/c/d(1 + γ5)

)
(A.2.4)

= 2 ((pa · pb)(pc · pd)− (pa · pc)(pb · pd) + (pb · pc)(pa · pd)− iεµνρτpaµpbνpcρpdτ ) ,

and similarly for the Tr−(abcd).

A.3 Parity on spinors

Finally, we will often need to know the form of the parity conjugate of an expression

involving spinor brackets. Under parity, the time component of the four-momentum is

invariant while the three spatial components pick up a minus sign. In terms of spinors,

this is realised as

P :



λ1
i → λ̃2̇

i

λ2
i → −λ̃1̇

i

λ̃1̇
i → λ2

i

λ̃2̇
i → −λ1

i

. (A.3.1)

It is straightforward to verify that under (A.3.1) the components of pµ transform as

required, i.e. P (p0, pi)=(p0,−pi). The action of parity on the spinor brackets is then

〈ab〉 = λ1
aλ

2
b − λ2

aλ
1
b
P−→ −λ̃2̇

aλ̃
1̇
b + λ̃1̇

aλ̃
2̇
b = −[ab]

[ab] = λ̃2̇
aλ̃

1̇
b − λ̃1̇

aλ̃
2̇
b
P−→ −λ1

aλ
2
b + λ2

aλ
1
b = −〈ab〉

P (〈ab〉) = −[ab] , P ([ab]) = −〈ab〉 .

(A.3.2)
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Integral functions

In this appendix we list the conventions for the integral functions used throughout

the thesis. The integrals are evaluated in dimensional regularisation with D = 4−2ε.

Upper/lower-case letters correspond to massive/massless momenta and we follow the

conventions of [14].

B.1 One-loop scalar integrals

≡ I2(P 2)

=

∫
d4−2εp

(2π)4−2ε

1

p2(p− P )2
= i

cΓ

ε(1− 2ε)

(
−P 2

)−ε
, (B.1.1)

≡ I1m
3 (P 2)

=

∫
d4−2εp

(2π)4−2ε

1

p2(p− q)2(p− P )2
= −i cΓ

ε2
(
−P 2

)−ε−1
, (B.1.2)
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≡ I2m
3 (P 2, Q2)

=

∫
d4−2εp

(2π)4−2ε

1

p2(p−Q)2(p− P )2

= − icΓ

ε2

(
−P 2

)−ε − (−Q2
)−ε

(−P 2)− (−Q2)
, (B.1.3)

≡ I1m
4 (s, t, P 2)

=

∫
d4−2εp

(2π)4−2ε

1

p2(p− q)2(p− q − r)2(p− P )2

= −i 2cΓ

st

{
− 1

ε2

[
(−s)−ε + (−t)−ε −

(
−P 2

)−ε ]
+ Li2

(
1− P 2

s

)
+ Li2

(
1− P 2

t

)
+

1

2
log2

(s
t

)
+
π2

6

}
, (B.1.4)

where s = (q + r)2, t = (P − q)2 and where

cΓ =
Γ(1 + ε)Γ(1− ε)2

(4π)2−ε Γ(1− 2ε)
. (B.1.5)

For the so-called �two-mass-easy� box integral

≡ I2me
4 (s, t, P 2, R2)

=

∫
d4−2εp

(2π)4−2ε

1

p2(p− q)2(p− q −R)2(p− P )2
, (B.1.6)
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it is more useful to de�ne the two-mass-easy box function F 2me
4 , related to I2me

4 as

F 2me
4 = − 1

2cΓ
(P 2R2 − st) I2me

4 (B.1.7)

and given by

F 2me
4 (s, t, P 2, R2) = −i 1

ε2

[
(−s)−ε + (−t)−ε −

(
−P 2

)−ε − (−R2
)−ε ]

+ Fin2me(s, t, P 2, R2) . (B.1.8)

Here s = (q +R)2, t = (P − q)2 and the �nite part is given by [66,181]

Fin2me(s, t, P 2, R2) = Li2(1− aP 2) + Li2(1− aR2)− Li2(1− as)− Li2(1− at) ,
(B.1.9)

with

a =
P 2 +R2 − s− t
P 2R2 − st

. (B.1.10)
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Appendix C

Integrands

In this appendix we present detailed analytic derivation of the integrands of two-loop

form factors of 〈X̄Ȳ Z̄|OB|0〉 and 〈g+g+g+|OC |0〉. First, in Section C.1 we focus on the

operator Ooffset, whose form factor contributes to that of OB and derive the integrand

resulting from the two-particle cut in the s23-channel. Next, in Section C.2 we provide

details of the derivation of the integrand of the two-loop minimal form factor of OC
from the three-particle cut in the q2-channel. Finally, in Section C.3 we consider the

individual contributions to the integrand of the two-loop form factor of OC from scalars

and fermions running in the loops of the s23-channel three-particle cut.

C.1 Integrands for the form factor 〈X̄Ȳ Z̄|OB|0〉

Two-particle cut in s23-channel with scalars in the loop

First, we focus on the case presented in Figure 16, which we repeat below for reader's

convenience.

In this instance, scalar particles are running in the loop and we have the following

one-loop form factors, derived in (3.2.6) for Figure 16(i) and in (3.2.19) for Figure 16(ii),
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and the tree-level amplitudes given in (3.3.4):

(i) : F
(1)
Ooffset

(1φ
12
, `φ

23

1 , `φ
31

2 ; q) = 2i× + cyclic(1, `1, `2) ,

(ii) : F
(1)
Ooffset

(1φ
12
, `φ

31

1 , `φ
23

2 ; q) = −2i× − 2i s`1`2 × + cyclic(1, `1, `2) ,

(i) : A(0)(2φ
23
, 3φ

31
, `φ

24

2 , `φ
14

1 ) = −i× − 2 i s23 × ,

(ii) : A(0)(2φ
23
, 3φ

31
, `φ

14

2 , `φ
24

1 ) = i× .

We derive the integrands for the two diagrams separately.

Diagram (i)

For the �rst diagram we multiply the whole expression by an additional factor of i2

corresponding to the two cut propagators. We have:

F
(2)
Ooffset

(1φ
12
, `φ

23

1 , `φ
31

2 ; q)
∣∣∣scalars (i)

2,s23

= i2 F
(1)
Ooffset

(1φ
12
, `φ

23

1 , `φ
31

2 ; q)×A(0)(2φ
23
, 3φ

31
, `φ

24

2 , `φ
14

1 )

= −2

[
+ +

]
×

[
+2s23 ×

]

= −2

[
+ s23 +

+ s23 + + s23

]
, (C.1.1)

where in order to see the emergent integrals we simply �join� the two constituent inte-

grals by their cut propagators `1 and `2. For example, the third line of the expression

above is a result of joining together two bubbles, where we insert the second bubble

appropriately, depending on location of `1 and `2 on the �rst bubble.
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Diagram (ii)

For the second diagram, where the same multiplication by an additional factor of i2 has

been performed, we have:

F
(2)
Ooffset

(1φ
12
,`φ

23

1 , `φ
31

2 ; q)
∣∣∣scalars (ii)

2,s23

= i2 F
(1)
Ooffset

(1φ
12
, `φ

31

1 , `φ
23

2 ; q)×A(0)(2φ
23
, 3φ

31
, `φ

14

2 , `φ
24

1 )

= −2

[
+ +

+ s`1`2 × + s1`1 × + s1`2 ×

]
×

= −2×

[
+ +

+ s23 + s1`1 + s1`2

]
.

(C.1.2)

Diagram (i) + Diagram (ii)

Adding the contributions of the two diagrams together �nally leads to the integrand

quoted in (3.3.5) for the two-particle cut of the contribution to the two-loop form factor

where we let scalars run in the loop:

F
(2)
Ooffset

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣scalars

2,s23

= (C.1.1) + (C.1.2)

= −4×

[
+ +

]

− 2×

[
s1`2 × + s1`1 ×

]
(C.1.3)

− 2 s23 ×

[
+ + +

]
.
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Two-particle cut in s23-channel with fermions in the loop

For the case presented in Figure 17, which we duplicate below for reader's convenience,

we use the expressions for the one-loop form factors given in (3.2.21) and tree-level

amplitudes given in (3.3.6):

(i) : F
(1)
Ooffset

(1φ
12
,−`ψ

3

1 ,−`ψ̄
123

2 ; q) = 2i[`1|`4|`2〉 × ,

(ii) : F
(1)
Ooffset

(1φ
12
,−`ψ̄

123

1 ,−`ψ
3

2 ; q) = 2i〈`1|`3|`2]× ,

(i) : A(0)(2φ
23
, 3φ

31
, `ψ

4

2 , `ψ̄
124

1 ) = −i[`2|3|`1〉 × ,

(ii) : A(0)(2φ
23
, 3φ

31
, `ψ̄

124

2 , `ψ
4

1 ) = −i〈`2|2|`1]× .

We note that we have added an extra minus sign to every one-loop form factor expression

to take into account the reversal of direction of `1 and `2 according to the prescription

of [182] where λ−P = −λP , λ̃−P = λ̃P , η−P = ηP . We also note that in this case no

cyclic permutation of the external state is taken into account in the expression for the

one-loop form factor. This is due to the fact that this is the only permutation which

results in a non-zero amplitude on the right-hand side of the cut once the external state

of the two-loop form factor has been �xed as 〈X̄Ȳ Z̄|. We obtain the following results

for the cuts shown in Figure 17.
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Diagram (i)

F
(2)
Ooffset

(1φ
12
, `φ

23

1 , `φ
31

2 ; q)
∣∣∣fermions (i)

2,s23

= − i2 F (1)
Ooffset

(1φ
12
,−`ψ

3

1 ,−`ψ̄
123

2 ; q)×A(0)(2φ
23
, 3φ

31
, `ψ

4

2 , `ψ̄
124

1 )

= 2 [`1|`4|`2〉[`2|3|`1〉 ×

(C.1.4)

Diagram (ii)

F
(2)
Ooffset

(1φ
12
, `φ

23

1 , `φ
31

2 ; q)
∣∣∣fermions (ii)

2,s23

= − i2 F (1)
Ooffset

(1φ
12
,−`ψ̄

123

1 ,−`ψ
3

2 ; q)×A(0)(2φ
23
, 3φ

31
, `ψ̄

124

2 , `ψ
4

1 )

= 2 〈`1|`3|`2]〈`2|2|`1]× ,

(C.1.5)

where for convenience we have labeled the additional internal momenta as k and h, and

we have multiplied the result of the cut by the usual fermionic loop factor of (−1). Note

that in the above `1 and `2 are cut, while `3, `4, k and h are o�-shell.

Combining (C.1.4) and (C.1.5) we obtain

(C.1.4) + (C.1.5) = 2
[
Tr+(2 `1`4`2) + Tr+(2 `2`4`1)

]
× , (C.1.6)

where we use the notation introduced in (A.2.1), momentum conservation

`1 + `2 = `3 + `4 = −p2 − p3 , (C.1.7)

and the fact that on the cut s2`1 = s3`2 . Next we evaluate the traces in (C.1.6) using
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the identity (A.2.4) and expand the emergent scalar products in terms of the inverse

propagators appearing in the main topology in (C.1.6), speci�cally using

2(`2 · `3) = 2(`1 · `4) + `23 − `24 = −h2 + `23 ,

2(`4 · `2) = s23 + h2 − `23 ,

2(p2 · `2) = −2(p2 · `1)− s23 = −k2 − s23 ,

(C.1.8)

where k2 = (p2 + `1)2 = 2(p2 · `1) and h2 = (`1 − `4)2 =−2(`1 · `4) + `24. Doing so, we

can rewrite (C.1.6) and obtain the fermionic contribution to the two-particle cut of the

two-loop form factors of Ooffset,

F
(2)
Ooffset

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣fermions

2,s23

= 2
[
2 k2 h2 + s23(k2 + h2)− k2(`23 + `24)− s23s2`4

]
× .

(C.1.9)

From (C.1.9) we can now proceed to work out the cut integrals contributing to the

two-loop form factor of Ooffset. Each of the numerator factors will be used to cancel one

or two propagators of the master topology, �shrinking� it to a smaller integral with less

propagators. Proceeding in this way, we arrive at the result presented in (3.3.7),

F
(2)
Ooffset

(1φ
12
, 2φ

23
, 3φ

31
; q)
∣∣∣fermions

2,s23

= 2s23 ×

[
+

]
− 2s23s3` ×

− 2×

[
+

]
+ 4× .

(C.1.10)

C.2 Integrands for the form factor of 〈g+g+g+|OC|0〉

In this section we provide details of the derivation of the integrand of the two-loop

minimal form factor of OC . In particular, we focus on the manipulations of the three-

particle cut in the q2-channel, the results of which are presented in Section 4.4.2.
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Three-particle cut in the q2-channel

In this section we consider the three-particle cut of the two-loop form factor in the

q2-channel presented in Figure 50, reproduced here for reader's convenience.

Figure 50: Triple-cut of the two-loop form factor in the q2-channel. Only one possible
helicity assignment exists.

The tree-level form factor is that of (4.2.13), i.e.

F
(0)
OS

(−6+,−5+,−4+; q) = −[65][54][46] ,

and for the six-point tree-level gluon amplitude we use the expression of (4.4.11), which

reads

A(0)(1+, 2+, 3+, 4−, 5−, 6−) = i
[ β2︷ ︸︸ ︷

([23]〈56〉[1|p2+p3|4〉)2

s234s23s34s56s61
+

γ2︷ ︸︸ ︷
([12]〈45〉[3|p1+p2|6〉)2

s345s34s45s61s12

+

βγ︷ ︸︸ ︷
s123[23]〈56〉[1|p2+p3|4〉[12]〈45〉[3|p1+p2|6〉

s12s23s34s45s56s61

]
,

β2-term: The �rst term in (4.4.11) gives rise to a previously-detected topology. In

particular, we have

F
(2)
OS

(1+, 2+, 3+; q)
∣∣∣β2

3, q2
= i3F

(0)
OS

(−6+,−5+,−4+; q)×A(0)(1+, 2+, 3+, 4−, 5−, 6−)
∣∣∣
β2

= F
(0)
OS

(1+, 2+, 3+; q)
[65][54][46]

[12][23][31]

([23]〈56〉[1|p2+p3|4〉)2

s234s23s34s56s16

=
F

(0)
OS

(1+, 2+, 3+; q)

s234s23s34s16

[54][46]

[12][31]
[23]〈56〉[1|q|4〉2

=
F

(0)
OS

(1+, 2+, 3+; q)

s234s34s16s23s12s13
[1|q|4〉[45]〈56〉[64]〈4|q|1]〈12〉[23]〈31〉
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= F
(0)
OS

(1+, 2+, 3+; q)
Tr+(1 q 4 5 6 4 q 1 2 3)

s12s23s13
× . (C.2.1)

After an appropriate relabelling, it is straightforward to see that the numerator becomes

identical to that of (4.4.10), obtained from the two-particle cut.

γ2-term: Considering the second term in (4.4.11) we similarly detect a familiar topol-

ogy. In particular,

F
(2)
OS

(1+, 2+, 3+; q)
∣∣∣γ2

3, q2
= i3F

(0)
OS

(−6+,−5+,−4+; q)×A(0)(1+, 2+, 3+, 4−, 5−, 6−)
∣∣∣
γ2

= F
(0)
OS

(1+, 2+, 3+; q)
[65][54][46]

[12][23][31]

([12]〈45〉[3|p1+p2|6〉)2

s345s34s45s16s12

=
F

(0)
OS

(1+, 2+, 3+; q)

s345s12s34s16

[65][46]

[23][31]
[12]〈45〉[3|q|6〉2

=
F

(0)
OS

(1+, 2+, 3+; q)

s345s34s16s23s12s13
[3|q|6〉[65]〈54〉[46]〈6|q|3]〈32〉[21]〈13〉

= F
(0)
OS

(1+, 2+, 3+; q)
Tr+(3 q 6 5 4 6 q 3 2 1)

s12s23s13
× . (C.2.2)

After an appropriate relabelling, it is again easy to see that the numerator becomes

identical to that of (4.4.9), obtained from a two-particle cut.

βγ-term: Finally, we consider the third term in (4.4.11), for which we obtain

F
(2)
OS

(1+, 2+, 3+; q)
∣∣∣βγ
3, q2

= i3F
(0)
OS

(−6+,−5+,−4+; q)×A(0)(1+, 2+, 3+, 4−, 5−, 6−)
∣∣∣
βγ

= F
(0)
OS

(1+, 2+, 3+; q)
[65][54][46]

[12][23][31]

s123[23]〈56〉[1|p2+p3|4〉[12]〈45〉[3|p1+p2|6〉
s12s23s34s45s56s16

=
F

(0)
OS

(1+, 2+, 3+; q)

s34s16s12s23s13
s123 [1|q|4〉[46]〈6|q|3]〈13〉

= F
(0)
OS

(1+, 2+, 3+; q)
s123

s12s23s13
Tr+(1 q 6 4 q 3)× . (C.2.3)

173



APPENDIX C. INTEGRANDS

C.3 Scalar and fermion contributions to 〈g+g+g+|OC|0〉

In this section we isolate the individual contributions to the integrand of the two-loop

form factor 〈g+g+g+|OC |0〉 from scalars and fermions running in the loops of the s23-

channel three-particle cut. The contributing cuts have been presented in Figures 42-44

and we quote them below for reader's convenience.

The relevant expressions for tree-level form factors were given in (4.4.19), (4.4.21),

(4.4.22) and (4.4.24) and read

F
(0)
OC

(1+,−6φ,−5φ̄,−4+; q) = −1

2

[14]

[65]
([54][16] + [51][46]) ,

F
(0)
OC

(1+,−6+,−5φ,−4φ̄; q) = −1

2

[16]

[54]
([46][51] + [41][56]) ,

F
(0)
OC

(1+,−6+,−5ψ,−4ψ̄; q) = − [51][56][16]

[54]
,

F
(0)
OC

(1+,−6+,−5ψ̄,−4ψ; q) =
[41][46][16]

[54]
,

F
(0)
OC

(1+,−6ψ̄,−5ψ,−4+; q) =
[54][51][41]

[65]
,

F
(0)
OC

(1+,−6ψ,−5ψ̄,−4+; q) = − [64][61][41]

[65]
,

and where the two other form factors for the opposite assignment of the scalar pair
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are identical to those presented. The corresponding tree-level amplitudes were given in

(4.4.20), (4.4.21), (4.4.23) and (4.4.25) and read

A(0)(2+, 3+, 4−, 5φ, 6φ̄) = i
〈45〉〈46〉2

〈23〉〈34〉〈56〉〈62〉
,

A(0)(2+, 3+, 4φ, 5φ̄, 6−) = i
〈56〉〈46〉2

〈23〉〈34〉〈45〉〈62〉
,

A(0)(2+, 3+, 4ψ, 5ψ̄, 6−) = i
〈56〉2〈46〉

〈23〉〈34〉〈45〉〈62〉
,

A(0)(2+, 3+, 4ψ̄, 5ψ, 6−) = −i 〈46〉3

〈23〉〈34〉〈45〉〈62〉
,

A(0)(2+, 3+, 4−, 5ψ̄, 6ψ) = −i 〈45〉2〈46〉
〈23〉〈34〉〈56〉〈62〉

,

A(0)(2+, 3+, 4−, 5ψ, 6ψ̄) = i
〈46〉3

〈23〉〈34〉〈56〉〈62〉
.

In the case of N =4 SYM calculation we would have multiplied the scalar diagrams

by 6 and fermion diagrams by 4 to account for the possible ways of assigning the SU(4)

R-symmetry indices. In the present calculation, however, we leave the R-symmetry

multiplicities unspeci�ed as cF for fermions and cB for scalars, in order to derive generic

expressions which can be then used for any amount of supersymmetry N . Taking into

account the usual fermion loop minus sign and factor of i3 from three cut propagator

legs, multiplying the expressions together we obtain

F
(2)
OC

(1+, 2+, 3+; q)
∣∣∣scalar, fermion

3, s23

=

=
〈46〉

〈23〉〈34〉〈62〉

[
−1

2

cB
s56

(
s45[1|64|1] + s46[1|54|1]

)
− 1

2

cB
s45

(
s46[1|65|1] + s56[1|64|1]

)
+
cF
s45

s56[1|65|1] +
cF
s45

s46[1|64|1] +
cF
s56

s45[1|54|1] +
cF
s56

s46[1|64|1]

]
=

〈46〉
〈23〉〈34〉〈62〉

[
1

s56

(
[1|54|1](cF s45 −

1

2
cBs46) + [1|64|1](cF s46 −

1

2
cBs45)

)
+

1

s45

(
[1|65|1](cF s56 −

1

2
cBs46) + [1|64|1](cF s46 −

1

2
cBs56)

)]
. (C.3.1)

We can then draw the corresponding integrals in this expression term-by-term:

First term = (cF s45 −
1

2
cBs46)

1

s56

F
(0)
OS ,OC

(1+, 2+, 3+; q)

[12][23][13]

〈46〉[1|54|1]

〈23〉〈34〉〈62〉
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=
F

(0)
OS ,OC

(1+, 2+, 3+; q)

s12s23s31
(−cF s45 +

1

2
cBs46)

[26]〈64〉[43]〈31〉[15]〈54〉[41]〈12〉
s26s34s56

= ×
F

(0)
OS ,OC

(1+, 2+, 3+; q)

s12s23s31
(cF s45 −

1

2
cBs46)Tr+(2 6 4 3 1 4 5 1) , (C.3.2)

Second term = (cF s46 −
1

2
cBs45)

1

s56

F
(0)
OS ,OC

(1+, 2+, 3+; q)

[12][23][13]

〈46〉[1|64|1]

〈23〉〈34〉〈62〉

=
F

(0)
OS ,OC

(1+, 2+, 3+; q)

s12s23s31
(cF s46 −

1

2
cBs45)

[16]〈64〉[41]〈13〉[34]〈46〉[62]〈21〉
s26s34s56

= ×
F

(0)
OS ,OC

(1+, 2+, 3+; q)

s12s23s31
(cF s46 −

1

2
cBs45)Tr+(1 6 4 1 3 4 6 2) , (C.3.3)

Third term = (cF s56 −
1

2
cBs46)

1

s45

F
(0)
OS ,OC

(1+, 2+, 3+; q)

[12][23][13]

〈46〉[1|65|1]

〈23〉〈34〉〈62〉

=
F

(0)
OS ,OC

(1+, 2+, 3+; q)

s12s23s31
(−cF s56 +

1

2
cBs46)

[34]〈46〉[62]〈21〉[15]〈56〉[61]〈13〉
s26s34s45

= ×
F

(0)
OS ,OC

(1+, 2+, 3+; q)

s12s23s31
(cF s56 −

1

2
cBs46)Tr+(3 4 6 2 1 6 5 1) , (C.3.4)

Fourth term = (cF s46 −
1

2
cBs56)

1

s45

F
(0)
OS ,OC

(1+, 2+, 3+; q)

[12][23][13]

〈46〉[1|64|1]

〈23〉〈34〉〈62〉

=
F

(0)
OS ,OC

(1+, 2+, 3+; q)

s12s23s31
(cF s46 −

1

2
cBs56)

[14]〈46〉[61]〈12〉[26]〈64〉[43]〈31〉
s26s34s45

= ×
F

(0)
OS ,OC

(1+, 2+, 3+; q)

s12s23s31
(cF s46 −

1

2
cBs56)Tr+(1 4 6 1 2 6 4 3) . (C.3.5)
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Appendix D

Non-minimal form factors

In this appendix we present details of the computations of non-minimal tree-level form

factors using the method of MHV diagrams, which was introduced in Section 2.3. First,

in Section D.1 we �nd non-minimal form factors required for computation of the s23-

channel three-particle cut of the two-loop form factor 〈X̄Ȳ Z̄|OB|0〉 performed in Sec-

tion 3.3.2. In Section D.2 we �nd the non-minimal tree-level form factor necessary for

the calculation of the two-loop form factor 〈g+g+g+|OC |0〉 in Section 4.4.3.

D.1 Non-minimal form factors contributing to 〈X̄Ȳ Z̄|OB|0〉

As discussed in Section 3.3.2, for the s23-channel three-particle cut of the two loop

form factor 〈X̄Ȳ Z̄|OB|0〉 there are several possible helicity assignments for the particles

running in the loops. In order to be able to evaluate this cut we need to compute the

non-minimal, four-point tree-level form factors where either one of the legs is a gluon

or two of the legs are fermionic. We tackle these two cases in turn.

Gluons in the loop

First, we �nd the non-minimal tree-level form factors contributing to the cuts presented

in Figure 19, which we repeat below for reader's convenience.

We use MHV diagrams, introduced in Secion 2.3 in order to �nd the tree-level form

factors contributing to these cuts. The two MHV diagrams which we need to consider

to �nd the non-minimal tree-level form factor in Figure 19(i) are presented in Figure 51.
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Figure 51: Two MHV diagrams for the non-minimal tree-level form factors contributing
to unitarity cuts presented in in Figure 19(i).

We evaluate the two diagrams in turn. First, for D(1) we have

D(1) = F
(0)
Ooffset

(1φ
12
, 6φ

31
,−P φ23

; q)× 1

s45
×A(0)

MHV(4−, P φ
14
, 5φ

23
)

= −2
1

〈45〉[54]
× 〈45〉〈4|P |ξ]
〈5|P |ξ]

= 2
1

[54]

[5ξ]

[4ξ]
,

where we have used the o�-shell continuation, λαP → λαP [Pξ] and the three-point mo-

mentum conservation, P +p4+p5 =0. Diagram D(2) is given by

D(2) = F
(0)
Ooffset

(−P φ12
, 6φ

31
, 5φ

23
; q)× 1

s14
×A(0)

MHV(4−, 1φ
12
, P φ

34
)

= −2
1

〈14〉[41]
× 〈14〉〈4|P |ξ]
〈1|P |ξ]

= 2
1

[41]

[1ξ]

[4ξ]
,

and summing the two together we arrive at

F
(0)
Ooffset

(1φ
12
, 6φ

31
, 5φ

23
, 4−; q) = D(1) +D(2) =

2

[4ξ]

(
[5ξ]

[54]
+

[1ξ]

[41]

)
=

2

[4ξ]

[4ξ][51]

[54][41]
= 2

[51]

[54][41]
. (D.1.1)

In order to �nd the non-minimal tree-level form factor in Figure 19(ii) we consider

two MHV diagrams presented in Figure 52.

Figure 52: Two MHV diagrams for the non-minimal tree-level form factors contributing
to unitarity cuts presented in in Figure 19(ii).
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Performing the o�-shell continuation, for D(3) we have

D(3) = F
(0)
Ooffset

(1φ
12
, 6φ

31
,−P φ23

; q)× 1

s45
×A(0)

MHV(5−, 4φ
23
, P φ

14
)

= −2
1

〈45〉[54]
× 〈45〉〈5|P |ξ]
〈4|P |ξ]

= 2
1

[54]

[4ξ]

[5ξ]
,

while D(4) is given by

D(4) = F
(0)
Ooffset

(1φ
12
,−P φ31

, 4φ
23

; q)× 1

s56
×A(0)

MHV(5−, P φ
24
, 6φ

31
)

= −2
1

〈56〉[65]
× 〈56〉〈5|P |ξ]
〈6|P |ξ]

= 2
1

[65]

[6ξ]

[5ξ]
,

and summing the two contributions together we arrive at

F
(0)
Ooffset

(1φ
12
, 6φ

31
, 5−, 4φ

23
; q) = D(3) +D(4) =

2

[5ξ]

(
[4ξ]

[54]
+

[6ξ]

[65]

)
=

2

[5ξ]

[5ξ][64]

[54][65]
= 2

[64]

[65][54]
. (D.1.2)

In order to �nd the non-minimal tree-level form factor in Figure 19(iii) we consider

two MHV diagrams presented in Figure 53.

Figure 53: Two MHV diagrams for the non-minimal tree-level form factors contributing
to unitarity cuts presented in in Figure 19(iii).

For D(5) we have

D(5) = F
(0)
Ooffset

(−P φ12
, 5φ

31
, 4φ

23
; q)× 1

s16
×A(0)

MHV(6−, P φ
34
, 1φ

12
)

= −2
1

〈16〉[61]
× 〈61〉〈6|P |ξ]
〈1|P |ξ]

= 2
1

[16]

[1ξ]

[6ξ]
,

while D(6) is given by

D(6) = F
(0)
Ooffset

(1φ
12
,−P φ31

, 4φ
23

; q)× 1

s56
×A(0)

MHV(5φ
31
, P φ

24
, 6−)

= −2
1

〈56〉[65]
× 〈56〉〈6|P |ξ]
〈5|P |ξ]

= 2
1

[65]

[5ξ]

[6ξ]
,
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and summing the two diagrams together we arrive at

F
(0)
Ooffset

(1φ
12
, 6−, 5φ

31
, 4φ

23
; q) = D(5) +D(6) =

2

[6ξ]

(
[1ξ]

[16]
+

[5ξ]

[65]

)
=

2

[6ξ]

[6ξ][15]

[16][65]
= 2

[15]

[16][65]
. (D.1.3)

For the cuts presented in Figure 19 we need to �nd tree-level form factors with

momenta p4, p5 and p6 �owing into the form factor, i.e with opposite direction to that

in (D.1.1)-(D.1.3). Fortunately, these form factors are functions of square spinorial

brackets only and as such, using the practical prescription of [182] where λ−P = −λP ,
λ̃−P = λ̃P , η−P = ηP , the expressions remain unchanged.

Fermions in the loop

Next, we �nd the non-minimal tree-level form factors contributing to the cuts presented

in Figures 20 and 21, which we repeat below for reader's convenience.

Again, we use MHV diagrams to �nd the non-minimal tree-level form factors. In this

case, however, to each of the non-minimal form factors corresponds only one MHV

diagram. These are collectively presented in Figure 54.

Using the diagram in Figure 54(i), the �rst form factor is given by

F
(0)
Ooffset

(1φ
12
, 6φ

31
, 5ψ̄

234
, 4ψ̄

123
; q) =

= F
(0)
Ooffset

(1φ
12
, 6φ

31
,−P φ23

; q)× 1

s45
×A(0)

MHV(4ψ̄
123
, P φ

14
, 5ψ̄

234
)

= −2
1

〈45〉[54]
× 〈45〉 =

2

[45]
, (D.1.4)

and using the diagram in Figure 54(ii), the second form factor reads
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Figure 54: Four MHV diagrams for the non-minimal tree-level form factors contributing
to unitarity cuts presented in in Figure 20 and Figure 21.

F
(0)
Ooffset

(1φ
12
, 6φ

31
, 5ψ̄

123
, 4ψ̄

234
; q) =

= F
(0)
Ooffset

(1φ
12
, 6φ

31
,−P φ23

; q)× 1

s45
×A(0)

MHV(4ψ̄
234
, P φ

14
, 5ψ̄

123
)

= −2
1

〈45〉[54]
× 〈54〉 =

2

[54]
. (D.1.5)

Just as simply, we use the diagrams in Figure 54(iii) and (iv) to obtain the third and

fourth form factor,

F
(0)
Ooffset

(1φ
12
, 6ψ̄

134
, 5ψ̄

123
, 4φ

23
; q) =

= F
(0)
Ooffset

(1φ
12
,−P φ31

, 4φ
23

; q)× 1

s56
×A(0)

MHV(5ψ̄
123
, P φ

24
, 6ψ̄

134
)

= −2
1

〈56〉[65]
× 〈65〉 =

2

[65]
, (D.1.6)

F
(0)
Ooffset

(1φ
12
, 6ψ̄

123
, 5ψ̄

134
, 4φ

23
; q) =

= F
(0)
Ooffset

(1φ
12
,−P φ31

, 4φ
23

; q)× 1

s56
×A(0)

MHV(5ψ̄
134
, P φ

24
, 6ψ̄

123
)

= −2
1

〈56〉[65]
× 〈56〉 =

2

[56]
. (D.1.7)

D.2 Non-minimal form factors contributing to 〈g+g+g+|OC|0〉

In this section we perform an independent check of the expression for the four-point non-

minimal form factor of OC with the external state made up of positive-helicity gluons,
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which we use in Section 4.4.3. Its expression has been calculated in [38] and reads

F
(0)
OC

(1+, 2+, 3+, 4+; q) =
[12][23][34][41]

s12

(
1 +

[31][4|q|3〉
s23[41]

)
+ cyclic(1, 2, 3, 4) . (D.2.1)

We re-derive this expression using the method of MHV diagrams, reviewed in Section

2.3, which we modify to a version more suitable to the present calculation with positive-

helicity �elds in the external state. In particular, we perform the o�-shell continuation

λ̃αP → λ̃αP 〈Pξ〉 and use the (anti-)MHV diagram presented in Figure 55 to which we add

three others, with the external legs cyclically permuted. The tree-level minimal form

factor is given by (4.2.1) and the tree-level MHV amplitude is given in (2.2.9).

Figure 55: Four MHV diagrams for the non-minimal tree-level form factor (4.2.6).

The whole diagram in Figure 55 is then given by

F
(0)
OC

(1+, 2+, 3+, 4+; q) =

= F
(0)
OC

(4+,−P+, 3+; q)× 1

s12
×A(0)

MHV
(2+, P−, 1+) + cyclic(1, 2, 3, 4)

= −[4|P |ξ〉〈ξ|P |3][34]× 1

〈21〉[12]
× [21]3

〈ξ|P |1][2|P |ξ〉
+ cyclic(1, 2, 3, 4)

=
[4|P |ξ〉[3|P |ξ〉
[1|P |ξ〉[2|P |ξ〉

[34][12]2

〈21〉
+ cyclic(1, 2, 3, 4)

=
[4|1 + 2|ξ〉[3|1 + 2|ξ〉

[1|2|ξ〉[2|1|ξ〉
[34][12]2

〈21〉
+ cyclic(1, 2, 3, 4)

=
([41]〈1ξ〉+ [42]〈2ξ〉) ([31]〈1ξ〉+ [32]〈2ξ〉)

〈2ξ〉〈1ξ〉
[34]

〈12〉
+ cyclic(1, 2, 3, 4)

=

(
[41][31]〈1ξ〉
〈2ξ〉

+ [41][32] + [42][31] +
[42][32]〈2ξ〉
〈1ξ〉

)
[34]

〈12〉
+ cyclic(1, 2, 3, 4)

(D.2.2)

Let us �rst isolate the ξ-dependent terms in (D.2.2) and sum over all of the cyclic

permutations:

F
(0)
OC

(1+, 2+, 3+, 4+; q)
∣∣∣
ξ

=
[41][31][34]〈1ξ〉
〈2ξ〉〈12〉

+
[42][32][34]〈2ξ〉
〈1ξ〉〈12〉

+
[12][42][41]〈2ξ〉
〈3ξ〉〈23〉
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+
[13][43][41]〈3ξ〉
〈2ξ〉〈23〉

+
[23][13][12]〈3ξ〉
〈4ξ〉〈34〉

+
[24][14][12]〈4ξ〉
〈3ξ〉〈34〉

+
[34][24][23]〈4ξ〉
〈1ξ〉〈41〉

+
[31][21][23]〈1ξ〉
〈4ξ〉〈41〉

=
[42][32][34]

〈1ξ〉

(
〈2ξ〉
〈12〉

+
〈4ξ〉
〈41〉

)
+

[41][31][34]

〈2ξ〉

(
〈1ξ〉
〈12〉

+
〈3ξ〉
〈23〉

)

+
[42][12][41]

〈3ξ〉

(
〈2ξ〉
〈23〉

+
〈4ξ〉
〈34〉

)
+

[23][13][12]

〈4ξ〉

(
〈3ξ〉
〈34〉

+
〈1ξ〉
〈41〉

)

=
[42][32][34]

〈1ξ〉
〈1ξ〉〈42〉
〈12〉〈41〉

+
[41][31][34]

〈2ξ〉
〈2ξ〉〈13〉
〈12〉〈23〉

+
[42][12][41]

〈3ξ〉
〈3ξ〉〈24〉
〈23〉〈34〉

+
[23][13][12]

〈4ξ〉
〈4ξ〉〈31〉
〈34〉〈41〉

= s24
[23][34]

〈12〉〈41〉
+ s31

[41][34]

〈12〉〈23〉
+ s24

[12][41]

〈23〉〈34〉
+ s13

[23][12]

〈34〉〈41〉
(D.2.3)

where in the second step we have used the Schouten identity (2.1.21). We can see that

the reference spinor dependence has cancelled out as expected and we can recombine the

terms in (D.2.3) with the ξ-independent leftover of (D.2.2) (plus cyclic permutations).

F
(0)
OC

(1+, 2+, 3+, 4+; q) =

= ([41][32] + [42][31])
[34]

〈12〉
+ s31

[41][34]

〈12〉〈23〉
+ ([12][43] + [13][42])

[41]

〈23〉
+ s24

[12][41]

〈23〉〈34〉

+ ([23][14] + [24][13])
[12]

〈34〉
+ s13

[23][12]

〈34〉〈41〉
+ ([34][21] + [31][24])

[23]

〈41〉
+ s24

[23][34]

〈12〉〈41〉

= ([41][32] + [42][31])
[34]

〈12〉
+ s31

[41][34]

〈12〉〈23〉
+ cyclic(1, 2, 3, 4)

=
[31][34]

〈12〉〈23〉
([42]〈23〉+ [41]〈13〉) +

[41][32][34]

〈12〉
+ cyclic(1, 2, 3, 4)

=
[34]

〈12〉

(
[31][4|q|3〉
〈23〉

+ [41][32]

)
+ cyclic(1, 2, 3, 4)

= [12][23][34][41]

(
[31][4|q|3〉

〈12〉[12]〈23〉[23][41]
− 1

〈12〉[12]

)
+ cyclic(1, 2, 3, 4)

=
[12][23][34][41]

s12

(
1 +

[31][4|q|3〉
s23[41]

)
+ cyclic(1, 2, 3, 4) , (D.2.4)

which is the expression quoted in (4.2.6).

183



Appendix E

Numerators

In this appendix we present the numerators of the integral topologies which constitute

the two loop integrands for form factors of OS and OC in N =4, 2, 1 SYM. The integral

topologies, denoted as Ii, i = 1, . . . , 15 are presented in Table 10.

E.1 Two-loop integrand for 〈g+g+g+|OS |0〉 in N =4 SYM

The integrand of the two-loop minimal form factor of the Konishi descendant operator

OS is given by

F
(2)
OS

(1+, 2+, 3+; q) = F
(0)
OS ,OC

(1+, 2+, 3+; q)
12∑
i=1

Ni × Ii + cyclic (1, 2, 3) , (E.1.1)

where44

N1 =
1

2

s23

s12s13

[
2s12s23s13 − 2p1 · (p3 + `)s23(s12 − s13) + (s12 + s13)2(p3 + `)2

]
,

N2 =
Tr(1 q k q ` k q 1 3 2)

s12s23s13
,

N3 =N2

∣∣∣
p2↔p3

,

N4 =
s123

s12s23s13
Tr(1q`kq3) ,

N5 =
1

2

[
− 3(s2` + s23 + s1k)−

s3
23 + 2s23s3ks1` + s23s3ks2` + 2s2

23(s1k + s2`)

2s12s13

− s23 (s1k + s2` + 2s3k + 4s1` + 2s23) + s13 (s3k + s1` − 3s2` + s23)

s12

44Note that the N1 quoted here is before the PV reduction, in contrast to (4.4.34). PV reduction
procedure relates the two, but it a�ects the numerators N6 and N7 accordingly.
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+
2s1ks2` + s3k (s1` + s2`)

s12
+
s12s3k − s1ks2`

s23
+
s12s3k(s12 − s1`)

s13s23

]
+ (p2 ↔ p3, k ↔ `) ,

N6 = s23

(
s1`

s12
− s1`

s13
+

s13

2s12
− s12

s13
− 1

2

)
,

N7 =N6

∣∣∣
p2↔p3

,

N8 = − 2 +
s23(s1` − s23)

2s12s13
+

s12s1`

2s13s23
+
s1` − 2s23 − s13

2s12
+

2s1` − s23 + 2s12

2s13

+
s1` − s12 − s13

2s23
,

N9 =N8

∣∣∣
p2↔p3

,

N10 = − (s12 + s13) 2

s12s13
,

N11 =N10 ,

N12 =
s12 + s23 + s13

2s12s13
. (E.1.2)

E.2 Two-loop integrand for 〈g+g+g+|OC|0〉 in N =4 SYM

The two-loop integrand of the form factor of the component operator OC can be con-

veniently expressed in terms that of the supersymmetric operator OS plus an o�set

term:

F
(2)
OC

(1+, 2+, 3+; q) = F
(2)
OS

(1+, 2+, 3+; q) + ∆N=4 ,

∆N=4 = F
(0)
OS ,OC

(1+, 2+, 3+; q)

12∑
i=5

Ñi × Ii + cyclic (1, 2, 3) ,
(E.2.1)

Ñ5 =
s3ks2`

s23
− s3ks1`

s13
− s1ks3ks2`

s12s23
+

s2
3k

2s23
+

5s3k

2
− 3s1ks3k

2s12
− 3s23s1k

2s12

+ s23 + (p2 ↔ p3, k ↔ `) ,

Ñ6 =
s2ks1`

2s13
− s3ks1`

2s12
− s23s1k

2s13
+
s2k

2
+
s3k

2
+
s12 (s2k + s3k)

2s13
,

Ñ7 = Ñ6

∣∣∣
p2↔p3

,

Ñ8 = 4 +
s2ks1`

s12s23
+

4s2k + 3s3k + 6s3`

2s23
+
s2ks1` + s12 (s2k + s3k + s3`)

s13s23
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− s1k

s13
− 3s1`

s12
+

3s12

2s13
,

Ñ9 = Ñ8

∣∣∣
p2↔p3

,

Ñ10 = − s1k

2s12
+
s2k

s23
+

s13s2k

2s12s23
+

s12s2k

2s13s23
+ (p2 ↔ p3) ,

Ñ11 = Ñ10 ,

Ñ12 =
3s12 − s1k

s13s23
+

3s13 − s1`

s12s23
+

8

s23
. (E.2.2)

E.3 Two-loop integrand for 〈g+g+g+|OS |0〉 in N =2 SYM

The integrand for the two-loop form factor of OS computed in N = 2 SYM can be

expressed in terms of its di�erence with respect to the N =4 SYM result as

F
(2)
N=2OS

(1+, 2+, 3+; q) = F
(2)
N=4OS

(1+, 2+, 3+; q) + ∆N=2OS ,

∆N=2OS = F
(0)
OS ,OC

(1+, 2+, 3+; q)
15∑
i=5

N ′i × Ii + cyclic (1, 2, 3) ,
(E.3.1)

with the numerators

N ′5 =
2s3ks2`

3s23
− s1ks2`

s12
+

5s3k

3
− 4s23s1k

3s12
− s1ks3k

3s12
+

s2
2`

3s23
+

2s23

3
+ (p2 ↔ p3, k ↔ `) ,

N ′6 =
s2ks1` + s12s2k + s12s3k − s23s1k

3s13
− s3ks1`

3s12
+
s2k + s3k

3
− s23s1`

s12
,

N ′7 = N ′6

∣∣∣
p2↔p3

,

N ′8 = 3− s1`

3s12
+
s1`

s13
+

4s12

3s13
+

2s2k + s3k + 4s3`

3s23
,

N ′9 = N ′8

∣∣∣
p2↔p3

,

N ′10 = 1 +
2(s2k + s3k)

3s23
+
s12s2k + s12s3k

3s13s23
+
s13s2k + s13s3k

3s12s23
− s1k + 3s13

3s12
− s1k + 3s1`

3s13
,

N ′11 = N ′10

∣∣∣
p2↔p3

,

N ′12 =
2

s23
+

4s12

3s13s23
+ (p2 ↔ p3, k ↔ `) ,

N ′13 = s2` +
(s1k + s13)s2` − (s2k + s23)s1`

s12
− s1`(s2k + s23)

s13
,

N ′14 = N ′13

∣∣∣
p2↔p3

,
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N ′15 = 2
Tr+(1 ` k 1 3 2)

s12s13
. (E.3.2)

E.4 Two-loop integrand for 〈g+g+g+|OC|0〉 in N =2 SYM

The integrand for the two-loop form factor of OC computed in N = 2 SYM can be

expressed in terms of its di�erence with respect to the N =4 SYM result as

F
(2)
N=2OC

(1+, 2+, 3+; q) = F
(2)
N=4OC

(1+, 2+, 3+; q) + ∆N=2OC ,

∆N=2OC = F
(0)
OS ,OC

(1+, 2+, 3+; q)

15∑
i=5

N̂i × Ii + cyclic (1, 2, 3) ,
(E.4.1)

with the numerators

N̂5 =
s1ks2`s3k

s12s23
+
s1ks3k

s12
+ (p2 ↔ p3, k ↔ `) ,

N̂6 = −s23s1`

s12
,

N̂7 = N̂6

∣∣∣
p2↔p3

,

N̂8 =
2s1`

s12
+
s1k + s1`

s13
− s2k + s3k + s3`

s23
− s1`s2k

s12s23
− (s1` + s12)s2k + (s3k + s3`)s12

s13s23
,

N̂9 = N̂8

∣∣∣
p2↔p3

,

N̂10 = 1− s1`

s13
+
s13

s12
,

N̂11 = N̂10

∣∣∣
p2↔p3

,

N̂12 =
s1`

s12s23
− s12

s13s23
− 1

s23
+ (p2 ↔ p3, k ↔ `) ,

N̂13 = s2` +
s1ks2` − s1`s2k − s1`s23 + s13s2`

s12
− s1` (s2k + s23)

s13
,

N̂14 = N̂13

∣∣∣
p2↔p3

,

N̂15 = 2
Tr+(1 ` k 1 3 2)

s12s13
. (E.4.2)

E.5 Two-loop integrand for 〈g+g+g+|OS |0〉 and 〈g+g+g+|OC|0〉
in N =1 SYM

Finally, we quote the result for the two-loop form factors calculated in N = 1 SYM.

As explained in Section 4.2, there is no di�erence between the form factors of the

187



APPENDIX E. NUMERATORS

supersymmetric and component operators for our particular external state. As a result,

the integrand for the two-loop form factor of OS , OC computed in N = 1 SYM can be

expressed in terms of its di�erence with respect to the N =4 SYM result for OC as

F
(2)
N=1OS ,OC

(1+, 2+, 3+; q) = F
(2)
N=4OC

(1+, 2+, 3+; q) + ∆N=1 , (E.5.1)

∆N=1 = F
(0)
OS ,OC

(1+, 2+, 3+; q)

15∑
i=5

N ′′i × Ii + cyclic (1, 2, 3) ,

with the numerators

N ′′i =
3

2
N̂i, i = 5, . . . , 15 . (E.5.2)
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