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1 Introduction

The Aharony-Bergman-Jafferis-Maldacena (ABJM) model [1] has received a lot of atten-
tion lately, as it captures the dynamics of multiple M2-branes in a particular M-theory
background. Whereas the Bergshoeff-Sezgin-Townsend (BST) action [2] for a single mem-
brane has no gauge fields, is generically nonconformal and contains the membrane tension
parameter Ts, the ABJM theory is a U(N) x U(N), conformal, Chern-Simons-matter gauge
theory at level k with A/ = 6 supersymmetry, corresponding to the IR limit of N M2-branes
on a C*/Z singularity. The interest in the ABJM model arises both from being the first
example of a multiple membrane theory, as well as from the fact that it provides a new
direction for AdS;/CFT3, being dual to string theory in the AdS; x CP?3 background at
large k.!

It is well known that, after double dimensional reduction, the BST action yields the
Green-Schwarz (GS) description of a fundamental string (F1) [3]. One could also consider
reducing on two, instead of one, circles: The M2 can first be compactified on a worldvol-
ume direction down to an Fl-string in 10d and then on a transverse direction to a type
ITA F1 in 9d. But if instead one first reduces on a transverse and then on a parallel di-
rection, the result is a type IIA D1 in 9d. The two procedures are related by an S-duality
transformation, after also having implemented a T-duality to IIB configurations in 10d.

In the same spirit it is natural to expect that the dimensionally-reduced ABJM model
should also be related to a multiple fundamental string action. An immediate problem
with that assumption is that there exists no such known example. Moreover one would
not expect it to contain gauge fields, obtained from the ABJM Chern-Simons gauge fields,
which would be more in line with having a theory of D1-branes. Finally, there is also
an additional effective compactification occurring for large k in the spirit of [4, 5], which
however seems to commute with the naive dimensional reduction and hence contradicts
the intuition of the two-circle compactification described above.

In this note we will analyse the dimensional reduction of the ABJM model in more detail
and argue that the resulting theory can be interpreted as a ‘master action’ that encodes
information for both T- and S-duality: Depending on the variables used and the energy
regime one is interested in, we obtain either multiple F- or D-strings in 9d or 10d. There
exists some related work [6, 7], particularly pertaining to the dimensional reduction of the
Bagger-Lambert-Gustavsson (BLG) model [8, 9], although in our opinion the interpretation
of the final action has not been explored in the same fashion.

The rest of this paper is organised as follows. We perform the dimensional reduction,
showing in Section 2.1 that in the presence of a large VEV the Higgsed theory reduces to

1The near-horizon geometry for M2-branes on (C4/Zk is AdSs x 57/Zk. The orbifold action is such that
S*/zy — S7/Z, 5 CP?, so the geometry reduces to AdS; x CP? in the large-k limit.



either the D1-brane action in 9d or the D1-brane action in 10d, with the two related by
T-duality. We also calculate the action for N = 1 in terms of a particular set of variables.
In Section 3 we proceed to exhibit a transformation that turns the N = 1 ABJM model
into the usual BST action. The same transformation turns our reduced action for N = 1
into a GS-string action. We finally interpret the results, showing in particular that the
latter correctly corresponds to a string in a C*/Z; background for general parameters.

2 Dimensional reduction

The ABJM action [1], corresponding to the IR limit of N M2-branes at an R%>! x C*/Z;,
singularity, is given by
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where the Lorentz index p = 0, 1,2 and the R-symmetry index I = 1,...,4 in SU(4).

There also exists a maximally supersymmetric massive deformation [10, 11] where one
splits the scalars as C7 = (R®, Q%), with a = 1,2. Then the mass deformation changes the
potential to

V= |M*P+|N*, (2.2)

where

2
M® = Q"+ Z-(2QQLQ" + RPRLQ" — Q"RLR’ + 20" R R")

e

N = —uR*+ - (2RCRLRY + QPQLRY - RUQLQ° +2R°QLQ%) . (23)

In addition, the potential involves a mass term p for the fermions.

In order to dimensionally reduce the above on a circle of radius R, we choose the
standard ansatz by dropping the dependence of all fields on the circle direction y, where
we split z# = 2%, y, with i = 0,1.2 We further need to rescale the fields by powers of the

2Since we are compactifying on a circle by keeping all the fields and just dropping the circle depen-
dence, we have automatically obtained a consistent truncation: The spherical harmonics are trivial (Fourier

modes), so there are no terms linear in the massive (dropped) fields in the action (a massive Fourier mode

e2‘rriny/R —27in/R

needs at least another massive mode e to give a nonzero result after integration).



radius R to obtain the canonical dimension in 2d. This leads to the following ansatz

ofzﬁé%f); w:%m ALY =AMV (@) A = oua(@) . (24)

The covariant derivatives are
D¢ = 9,07 — iAWVt 4 icT AP
1
D,C! = iE(CI% — $:1C7) (2.5)

and similarly for the fermions. From the ‘pure’ (undeformed) ABJM action (2.1) we then
get the dimensionally reduced action
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The fields ¢; 2 are auxiliary (nonpropagating) and as a result could be eliminated from the
action.

In order to get a feeling for the general case, we first set ¢o = 0. This is not a solution,
i.e. a consistent truncation, so the following is just for purposes of illustration. The bosonic
¢1 action reduces to

/d2 [%Tr( g L) — R™2Te ((61)2C1C))] (2.8)
where we have defined Y
2w/ 2
== (2.9)
Solving for ¢
¢ = R\f s (ertel e (2.10)

and replacing in (2.8), while using that in 2d (¢VF;;)> = —2F;;F”, we obtain the kinetic
term

1 2 (1) (1)ig ¢ AT AT —1
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This is the standard kinetic term for the gauge field AZ(-U, with a nonpolynomial scalar field
dressing-factor.

However, when we include ¢o, we get the equations

R\/éez’jFi(_l) o . -
TJ =2, (C1CT) — 207 $oCT — Ripra (¢ 175)"
R\/ieijFi@) o - - -
_TJ = 2¢2(CICT) — 2C1 6,01 — R(DTT73) 14, (2.12)

where we have explicitly written out the spinor indices @ = 1,2. From the above one can
derive an equation for ¢
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that we cannot solve further. In principle, the solutions for ¢1, ¢ should be then substi-
tuted back into the action

~R7Tr ((61)2C1C + (92)°CJCT = 26106,
+R'Ty <¢2WT73¢1 + ¢1¢1a(¢~)“73)a)] (2.14)

and added to the ¢;-independent part.

Note that the fields are massless, but the action is nonconformal since g has dimensions
of mass, as expected for the Yang-Mills coupling in 2d. It is also important to mention
that the gauge fields that have been obtained are still nonpropagating, as the YM kinetic
term in 2d has d — 2 = 0 degrees of freedom, and thus there is no contradiction with the
counting of degrees of freedom before and after the reduction (the scalars remain scalars
and the fermions do not lose degrees of freedom when going from 3d to 2d).

Dimensionally reducing the mass-deformed ABJM theory is trivial: The mass deforma-
tion only affects the scalar potential and gives mass to the fermions, so these terms remain
unaffected by going down to 2d. Similarly, the gauge field kinetic terms are the same
as those for the undeformed ABJM theory, except for the fact that the supersymmetric
vacuum is now the fuzzy sphere as in [11-14].

2.1 Higgsing the reduced theory

We next investigate the vacuum structure of the 2d theory. The VEV <él ) = 17(5{ Tyxn,
with the rest of the fields set to zero, is a solution of the equations of motion. Expanding



the theory (2.6) around this vacuum, and fixing for the moment the scalars to their VEV
values, we obtain

S = [ al = iTe (511 D) — T (40 — AP + 5, (2.15)
where
Sy = / | ST (1T FY = ocTFD) + R (00 ygthr + d110ra (9195)°)

—*R7*Tr (61 — ¢2)?| . (2.16)

Varying with respect to ¢1, p2 we then get the following constraints:

o1 — 2 = 5\2/_ JF, (1 iiﬁ a(®'Ty3)®
eijFi(f) = ”F +\fg(1/11a(¢”73) + 9 T ysr) . (2.17)

This implies that FZ(]) is determined in terms of FZ(] ), as is ¢1 — @9, although ¢1 + ¢ is
still free. Nevertheless, substituting back in the auxiliary field action we get that ¢ + ¢o

also disappears from the action to give

S = /d2 —iTr (P y D) — 02T (A — AP | 4 5, (2.18)

1 v, V2 !
Sp = /di”x {_492@2Tr (FFY ])+WT V[ F ra (07Tys) 1+ —

Tr [ra (P ~3)?)?
(2.19)
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The first term in the above looks like a 2d YM kinetic term, with coupling

220

gym = gu = LR

(2.20)

Note that half of the gauge fields were fixed by the VEV. Moreover, if one chose to keep
the scalar field fluctuations the second gauge field would also have to appear in a ‘kinetic
term’, multiplied by said fluctuations. In that event it is best to think of the latter as an
interaction term, with the constraints fixing both ¢; and ¢o but the second gauge field
remaining unfixed.

In the mass-deformed case, one keeps a kinetic term involving both gauge fields. This
fixes both ¢1 and ¢9 even when expanding the theory around the fuzzy sphere vacuum and
keeping only leading terms by setting their fluctuations to zero.

2.1.1 Higgsed action at large v and D1-brane in 9d

We just saw that by eliminating the ¢;’s in the absence of scalar fields one gets a nontrivial
action with a 2d YM kinetic term. This renders it in principle compatible with a D1-brane



interpretation. In the following we would like to show that at large ¢ and large k, as
imposed by the finiteness of (2.20) with % = fixed, we will obtain a D1-brane low-energy
theory in 9d flat space.

We begin by defining

By=¢1—¢2, Qy=0¢1+
1 2 1 2
- %(Agl)) } A%;) 7 “i- %(AE 1))+ AE(;))
RE = MED - E) Ry= ) 4 ED) 221)

which implies
Ej = 8Q] 8 Qz +Z[Q27Q]] +Z[BUB ]
F} = DiBj—D;B;
Di = 8 +iQu-]. (2.22)

The ¢;-dependent terms in the action (2.6) can then be rewritten as
2 (i 1 It A TR
So= [ [T (ByFy + QuFF ) + 5T (¥Ma(ir, @) — {r. B,)))
o (10,0, (07, B)) (16,0 + (G BY) | - (2.23)
We expand the scalars around the VEV solution as
Cl=t+p+io, p=po+ipT”
cl = xT' yix'+ o =09 +iocT*
x4 = x¢" +ixA're (2.24)
where T% are SU(N) generators, I’ = 2,3,4, A” = (I, I’ + 4) and the subscript 0 indicates
the trace part.
The ¢;-dependent action (2.23) becomes to leading order in ©
2 (i 1 It A TR
So= [ [T (ByFy + QuFF ) + 5T (¥Ma(ir, @) — {r. B,)))
- ﬁTr (B2> + O(@)} . (2.25)
i.e. remains independent of the scalars.
In exact analogy to the 3d case [4, 15],> we obtain for the scalar potential
4m? Am?p?
siere ol  K2R?

where A’ = 2,...,8 and X® = ¢. For the fermionic potential we have

ol = Tr [ X4, XPP2 + 0®%) = g%/TMTr XA, XF121+012) (2.26)

Ve = ~ L [29(014 — 0 0) ~ 20 CJ — 1) 4200 (O — )

42 VG C G = 2ep e GV (14 O)) (22)

3The calculation is identical and we will hence omit it at this stage. See also [16].



and one similarly obtains the anticipated SYM Yukawa term
1 ! — /
— S FUXE R e + O(3) (2:28)

by rearranging the fermions into SO(1, 1) x SO(7) spinors, again in direct analogy with [15].
Note that the scalar p, (the real part of C'') does not appear in either the final bosonic or
fermionic potentials, as was also the case in 3d.

We now move on to eliminate the auxiliary fields By and Qy from the action Sy. Varying
(2.25) with respect to By and @), we obtain

- R, R - - L
B, = \/g_ 2 €/ Fij — @(ﬂ’la(lﬁ”%)a + ¢ Tygepy)
IFE = Eéwm@”mw+¢”w%> (2.29)

and substituting back we find

1 V2 L - o« ~
Sy = /d2 { yr FijFY — 89626]Ej(¢£‘(¢”%) + P T yse0)
~ 52 e @ )" + 9 Tsvn)? | (14 O(3)
Az F; F9 4+ 0O(2) .
4QYM/ rFF 4+ O(L) (2.30)

that is only the F;; YM kinetic term survives in the large ¥ limit. We note that in the
above there is no YM kinetic term for FZJf and that to O(1) in Sy, the @y field drops out
from the action, despite (), not being fixed to leading order.

Apart from the ¢;-dependent part of the action, one also needs to take into consideration
the 92B; B' mass-terms coming from the covariant kinetic term for the scalars, |D;C|?.
Even though B; is an adjoint field under Q;, it is itself the gauge field for a shift symmetry
that acts as

W — W+a\, (2.31)

with W = o¢ + ip,T* [16] and « an appropriate combination of the parameters of the
theory. In order to proceed we observe that in the large-k limit the Qy constraint becomes
€ FZJJB = 0, which for topologically trivial fields is solved by a pure gauge condition

Bi = Di\ . (2.32)

One might be tempted to think of this as a trivial solution but this is not the case. In
fact, this is just a signal of the ordinary Higgs mechanism where the gauge field ‘eats’ the
Goldstone boson to become massive. Indeed, in 2d the YM gauge field is nondynamical,
while a massive (Proca) vector field with Lagrangian density

1

F2 —m?A? 2.33



has one dynamical degree of freedom. For the case at hand there is no YM kinetic term
but we still have a mass for B; from the scalar kinetic term, which renders it dynamical.
In the final step, we substitute the single dynamical mode of B; through (2.32), in effect
replacing the Goldstone mode by A.

At this point we should note that by substituting (2.32) in FZJJB one gets
Fff = 10:Q) — 0;Qi +i[Qi, Q). N = [Fyj — i[Bi, Bj], A (2.34)

instead of zero. But, as we will see below eq. (2.37), A and B; are of order O(%) because
Higgsing implies a term 9?B;B’. This in turn means that FZ-? is automatically of order
O(1) as required by (2.29), so imposing (2.32) would at first seem redundant. Yet for a
purely bosonic background FZ? is zero to better than O(%) accuracy and (2.32) is needed.
Since B; ~ O(%) — 0, we have from (2.22)

Fij ~ 0;Q; — 0;Q; +i[Qi, Qj], (2.35)
as required for a Yang-Mills theory. Then we want
|[F, All <A (2.36)

which can be achieved in two different ways: Firstly through a restriction on the fields, by
F;; and A or Q; and B; belonging to commuting subgroups of SU(/N). Secondly, we can
consider that the U(1) (commuting) component of A\, g, is much larger than the SU(NV)
components \,. This latter possibility has a nice physical interpretation, as we shall see.

Returning to the calculation, the covariant derivative on a scalar C' becomes in terms
of A
D;C = 8;,C +i[Q;,C1+ i{B;,C} = 0;C +i[Q;, C +i{D;\,C} = D;C +i{d;\,C} , (2.37)
with the same action for the derivative on the fermions.
Now consider the SU(N) C U(N) part. We define A = oA = A\,T%, obtaining in the
large ¥ limit
\D;,CT 12— |D,CT?
Tr |D;C? — Tr|Dio|* + (8ip0)? + |Di(pa + 200)|? (2.38)

while the fermionic kinetic term becomes just

—iTe (§11'Dytpy ) — —iTr (3719 Didhy ) (2.39)

Therefore as in the usual Higgs mechanism D;\, comes only in combination with D;p,
where p, is the Goldstone boson that does not appear in the scalar potential. This is how
Aq replaces the original nonabelian Goldstone boson.

For the part of A which is in the U(1) centre of U(N), Ao, the kinetic term for the
scalars becomes
|D;CT? = |Dy(Cle?20))2 (2.40)



Upon taking k and o large the theory undergoes an effective compactification, according
to the orbifold picture of [5]. This corresponds to the vanishing of a scalar trace degree
of freedom, which in this case is 0g.* The identification C! ~ =22 signals that this
degree of freedom is now carried by \g. Hence we also see that when solving the restriction
(2.36) by Ao > A, the interpretation is that the relative separations in the compactified
direction, A4, are much smaller than the center of mass position Ag.

Putting everything together, the final action is the action of a D1-brane in 9d flat space,
with 7 nontrivial transverse scalars and one Goldstone boson (\), encoding information
about the 10th (compact) dimension.

2.1.2 Higgsed action at large v and D1-brane in 10d

In getting the D1 action in 9d we eliminated the auxiliary scalars ¢;, or equivalently By and
Qy, via their equations of motion. However, one can easily observe that upon performing a
partial integration B; also appears as an auxiliary field in the dimensionally reduced action
(2.6). In this section we will examine the consequences of eliminating By and B; from the
action instead of ¢;.

We begin with the large-0-limit expression coming from (2.23) plus the mass term for
Bi7
Sp, = / d2 ZﬂQy —49°B;B' + O(9)] . (2.41)
Solving for the By and B; auxiliary fields, we obtain
_ V2R I - o -
B, = 197 R 2 (ﬂlla(ﬂ)IT%) — " Tygedy)
k

Bi = 1o =eiiD'Qy. (2.42)

Substituting back in the action Sy + Sp,, we arrive at

aum /d2 F 8\/5 ijFij (&Ia(@ﬁ[/yg)a - TZJIT/}@&I)
B
T w’aw”w =9 - G (D] + 04)
y 1 -
= /d2 Pl g (D] + 0. (2.43)

We note from (2.42) that B; is of order O(%), as also mentioned in the previous subsection.
Hence, Fj; in (2.22) reduces to the usual Yang-Mills form (2.35). One already sees that
Qy plays the role of an extra dynamical scalar similar to A from the previous analysis,
although unlike that case it will combine with the others to make the scalar potential of
the Dl-brane in 10d. For that, we are missing the terms g2 ,,[X ', X4']2.

“For a precise treatment of the U(1) factors in the Higgsing of the ABJM theory see [16].



Indeed, in the second line of (2.23) one has a term
1

720 @ICL Q) (2.44)

which gives the missing terms upon the identification )N(; = m@y a- The latter also
gives the correct scalar field normalisation in (2.43). Similarly, there is a missing term in
the fermionic potential which is provided by the term

S sl Q)] (2.45)

in (2.23).

All in all, in the large ¢ limit and in terms of Qy, Q;, we obtain the D1-brane action in
10d flat space.

2.1.3 Higgsed action and T-duality

The fact that we can obtain the low-energy D1-brane action in 9d or 10d, depending on
what auxiliary fields we choose to eliminate from the ‘master’ action (2.6), might seem
strange at first. However, we will see shortly that one can switch between them using the
Buscher rules [17], i.e. a field theoretic version of T-duality.

We should clarify that in our setup the M-theory direction has already been compact-
ified on a circle of radius R. That led to a worldvolume reduction of the M2-brane theory.
On the other hand, the T-duality we are referring to here in the © — oo limit is on an
additional compact dimension of radius Rig, which is transverse to the branes and hence
involves a worldvolume scalar field. As a result, one of the 10 dimensions of string theory
is compactified on a very small/very large radius.

We start with a brief review of the rules for a string worldsheet in some nontrivial
background. Taking

S = /dza\/’_y’y“”gabaux“(‘),,a:b (2.46)

one writes it in a first order form as
S = /dzo’ [WVHV(QOOVHVV + 2ggiVu8,,33i + gijauazia,,:nj) + 26’“’3?08uV,, . (2.47)

Then by varying with respect to 2" we get e*” 0.V, =0, solved by V,, = auxo, which when
plugged in (2.47) gives back (2.46). If we instead solve for V,, = g%ewa%o — §0i0,%" and

substitute back into the action, we get the T-dual expression
5= / Po [V G0t 0,80+ hi,20,4") (2.48)

where the background fields are the T-dual ones:

. . 90i90j . 3 goi
goo = —  Gij = Gij — . J; hoi = — ) (2.49)
goo goo goo
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with the remaining components of hy, zero and ' = 2.

In order to compare the above with our case, we concentrate on the relevant terms in

the two first order ‘master’ actions®
. koo~
Sp1 = _/[4U23i2 - EEZJQyFi?]
SBuscher = / [gooV, V* + 26399, V,] (2.50)

which leads to the identifications

VH ~ B;

goo 407

. k ~

.Z'O < —EQy

2 o N, (2.51)

The T-dual second order forms are compared in a similar manner:
gooauﬂfoaul‘o <~ 462(6i)\)2

1 1 kQ,N\12

= 9,8%9130 & —[D-( - —y>] . 2.52

goo 1T 12 [\ T 4 (2:52)

We therefore see that the Ry — R%o T-duality in our case becomes 20 — % This
indicates that while in the first formulation

1
A~ =, (2.53)

i.e. \ takes values on a circle of small radius o %, as expected for a D1-brane in 9d, in the
T-dual formulation _
kEQ,
—= ~ D 2.54
e (2.54)
and the T-dual field takes values on a circle of large radius o« ©, with the corresponding
direction decompactified as expected for a D1-brane in 10d.
One is perhaps more familiar with T-duality exchanging the momentum p = Rim with
mﬁ,lo , or n with m in the expansion of the physical compact direction Rigz? =

X0 = %T + mRigo + ... . But as is well-known, in the Buscher form of T-duality this

winding w =

arises because the two dual coordinates z° and #° are solutions to the same master V, as

900 v ~0 ~ A7
V, =020 = T=€,,0"T" — Go; 02" . 2.55
H H \/,.—Y M M ( )

Taking the particular case go; = 0 and the conformal gauge 7., = 0,,, one gets for the
physical coordinates 9, (Ryoz?) = ewﬁ"(ﬁ‘—lloio), or 0,(X0%) = 8,(X?"), 8,(X°) = 8,(X",
i.e. exactly exchanging p with w. In our case, we can use the map (2.51) to obtain the
exact same momentum <> winding exchange in the limit where we only keep the compact
abelian scalar from the action. Of course, in the full theory it is not clear how the T-duality

acts on full states.

5The difference in the overall sign is due to different conventions.
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2.2 The N =1 case

We next turn to the study of the abelian case, which we will further interpret in the
following section. By setting N = 1 in the ABJM action, one obtains a theory for a single
supermembrane on C*/Z;, [1, 18]

SABiM = /d3 [ et (AELI)OVA&I) — Ao, A ) i "y Dypy — D C’TD“C’I} ;

(2.56)
where

D,C' = 09,07 —i(AD) — AT (2.57)

By applying the same dimensional reduction procedure as for the general nonabelian
case we obtain the 2d action

S = / P _Dié;piéf_wwpﬂzl]+s¢ (2.58)
Sy = / d2 (¢ FY — 9o FC) — R7UCIC)) (61 — d2)?
~R Y1 — p2) Ty | (2.59)

Then varying with respect to ¢1, ¢o we get the constraints

R\/_EZJF R -
$1— @2 = 19 Gt zéléf(l/fﬁﬁ?ﬂ/}l)
I I
EijF;(jz) _ EijF;(jl) (2.60)

and once again ¢; — ¢o as well as Fl-(f) can be solved in terms of other fields. Substituting
back in Sy:

1 V2 W) o
_ 2 o (1) 2 It _ ij (1) 71t
C’IC’T RfEZJF R - 2
_ 2 B It
/d "R [ g CICT 2(?1(3*}(¢ 73«#1)} ' (2:61)

(1)

The equation of motion for A;"’ gives

[Rf 59FY R

_ It _
49 CICT ZC'ICN'} (¢ 73¢1)] 0 ) (262)

i.e. the bracket is a constant, with S, proportional to the square of this bracket. Note that
due to the constraints (2.60) we can choose a gauge in which AZ(-l) A£2), such that the
covariant derivative reduces to the partial derivative.
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2.3 Supersymmetry

The action has 12 supersymmetries for any value of NV, found by dimensional reduction of
the ABJM supersymmetries. The supersymmetry rules in 3d are

ot = iwly;
(5C}L = i¢TJw[J

or = —uwrsDuC7 + 2%(—WIJ(CKCT ¢’ — 070l .CR) + 2w 0K ClCh)
S = DOl + T (~(CCRCL - CheRCh) + 20, OOl
5A/(}) _ _%(Clqﬁﬁ%wu +WIJ’7;N;Z)IC})
SARD = %(WTC Twrs +wy,Cley) . (2.63)

Dimensionally reducing, we obtain

sCt = w7y,

1 = —ywrsDC7 — %73WIJ(6J¢2 — $:1C7)
+%[—wU(C~'KC'T 7 —CICLCE) + 2w R CICH
oA = =5 f«ﬂw” yiwrs + w5 Ch)
0AY = 2\/—(¢IC‘]%WIJ +w!y,Cridy)
dp1 = 2]:2/9—(011/1JT’Y3MIJ + Wy ChY
6y = 2?7(¢1CJ73WIJ +w!y3Cridy) (2.64)

Restricting to N =1

sCt = w!’yy
Y = wryDiC7 + iyawrsC7 (¢1 — ¢2)

R
sAM =047 = — L (CTp My + Wy CY)
2\f
01 =0d¢a = —ﬁ(cwﬁ’mwu +w1J731/11C}) : (2.65)

However, if we were to solve for ¢1, ¢o, we would get

sCT = iwlyy,

s J[V2EUF, ZJ It
oy = —viwrgD; C7 + 2’7300[]0 49 C’ICT - ZC’IC’T (¢ '73¢I)]
5A§1) = 2\/_(CI¢JT%WJ +w %%CT) (2.66)

This is only an on-shell supersymmetry of the action with ¢; eliminated (specifically, on-
A(I)-shell, i.e. using (2.62)), since for instance by varying the C! in (2.61) we get unique

7
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terms involving (C' C’})_2, of the type

RV2ZEIFS R

1
o ig7 GIC]  207C]

73 (C10C])

(?;ITWWI)] ’ - (2.67)

(1)

However, when using the A;"’ equation of motion, the above becomes of similar type to

other more conventional terms.

3 Interpretational points

We now move towards interpreting the dimensionally reduced ABJM action obtained in
the previous section. This turns out to hide certain subtleties and involves an order of
limits.

3.1 From ABJM to BST formulation for the membrane

Let us begin with the case of the single M2-brane in the Green-Schwarz-type supermem-
brane description of Bergshoeff-Sezgin-Townsend (BST) [2]. In a general supergravity
background this is given by

1 1 1
S = /d% [5\/—gg“VEfEanB + 5" BB B Capc ~ 5\/—g] , (3.1)

where
B} = (0,2™)Eqy . (3.2)

In the above the ZM are superspace coordinates while Eﬁ is the supervielbein, such that
g = ELEnas (3.3)

where © = 0,1,2 are worldvolume while A = 0, ..., 10 spacetime indices. The superfields
satisfy the 11d supergravity constraints. The bosonic degrees of freedom are X, which in
static gauge reduce to the C! scalars, and involve no gauge fields.

At the same time, for the N = 1 ABJM action of (2.56) and for k¥ = 1, one once
again expects to obtain the static gauge action for a single supermembrane in flat space.

Compared to the BST approach, this is a formulation that does involve auxiliary gauge
fields.

Naturally, the formulations with and without gauge fields should be equivalent and this
can be established as follows:® Since the gauge fields are abelian, we can rewrite (2.56) in
terms of their sum and difference

Qu = (AE})“‘A;(?))
B, = (AP —AD)y, (3.4)

A version of this procedure embedded in the nonabelian theory also appears in [19].
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obtaining
SN = / dx [ 2 B,0,Qx — i1 y" Doy — D CTD“C’I] . (3.5)
We next define the field strength H,, = 0,Q, — 0,Q, and treat it as an independent field.
This is achieved by introducing a Lagrange multiplier that imposes the Bianchi identity on
H,,, through the equations of motion for the ‘dual photon’ o:
1
SN = /d3 [ "B, H, + 8—06“” OuH,\ — iy 4" D,pr — D CTD“CI] . (3.6)

Integrating this new term by parts we find

SABIM = /d3 [ "By, H, ) — %E’W}‘(a o)H,\ — iy "y" Dby — D C’TD“C’I} )

3.7
It is now possible to integrate out H,,, arriving at the relation 0
B, = %c‘ha , (3.8)
with the U(1)p gauge transformations acting on the dual photon as
o—o0+k0. (3.9)
Accordingly the covariant derivatives become
D, 0" =9,0" —i(AY — A®)c! = 9,07 - iB,C! = 9,0 - %auacf (3.10)
and the action can be rewritten in terms of a new set of matter fields
¢l =e %! and Yr=e"% wl (3.11)
resulting in
SN, = / BB [—iq,z}”wamzl —9,Clonc] (3.12)

In this manner the auxiliary gauge fields have been eliminated from the action. We note
that as o is dual to the U(1)p gauge field, it is a compact scalar with an associated periodic
shift-symmetry:.

However the above still transform under the U(1) g gauge transformations, which we will
next gauge-fix. In order to do so, we need to determine the periodicity of o which follows
from a quantisation condition on the flux H. We have already defined H = F()) + F(?)_ By
imposing the standard Dirac quantisation condition on the original gauge fields [ dF (1.2) ¢

/ %e‘“”\OHHV,\ = / dH = / dF) 4 / dF®? ¢ 4n7. (3.13)

217, we get
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and by plugging this into (3.6) and requiring that the path integral remains invariant under
periodic shifts of o, we determine that the latter has period 27 [19]. This can be then used
to gauge-fix the U(1)p symmetry through (3.9) and set 0 = 0 mod 2x. However, this
periodicity imposes an additional identification on the U(1)-invariant fields C1

AR W and @A%e_%ﬂfx . (3.14)
Therefore, we have obtained that (3.12) along with the above identification is nothing
but the dynamical part for the action of a single BST M2-brane propagating on a C*/Z;,
background. For the case of k = 1, one recovers the action for a single membrane in flat
space.

3.2 From the reduced action to a Green-Schwarz string action

Having established the relationship between the N = 1 ABJM and BST actions, we now
repeat the argument in the dimensionally reduced theory, which will exhibit some subtle
points. As before, the reduced coordinate is denoted by y and ¢ = 0,1 indicate the 2d
coordinates. Dimensionally reducing we get for B, and Q,ﬁ

1 1
By:ﬁ(ﬁbl—%) ; Qy:§(¢1+¢2)
Bi=AY —A® ;=AM 1 4P (3.15)

Expressing the abelian CS piece of (2.56) in terms of B and @, we get
k 3. v kR 2 ij ij
Scs = in d’xe"" B,0,Q\ — g d“x[Bye”’ 0;Q; + €7 B;0;Qy] . (3.16)

We define H;; = 20;;Q); but cannot treat it as an independent field, since it is not possible
to introduce a Lagrange multiplier that imposes its Bianchi identity. On the other hand,
we can obtain an independent field H;, by first defining H;, = 0;Q, and then introducing
it with a Lagrange multiplier 6. The equivalent CS action in 2d is then

R 3 . N
Scs = 3 /d233 [k‘ByEUHij + ]CE”BZ'ij + 562]82'ij] . (3.17)

The rest of the dimensionally reduced action is easily obtained from (2.6) in the abelian
limit

/ d?z[-D;CID'C! — i)"Y Dby — (B,)?C'CT — By Tysyr) (3.18)
where the last two terms come from D, ~ —iB, terms.

Now, if in the dimensionally reduced gauge action one integrates out ¢1, ¢2, that is B,
and @y in (3.16) plus (3.18), one obtains (2.58) with (2.61). But if we instead go to (3.17)
and eliminate Hj;, we get

Bi = %810' (319)

"Note that in this subsection we define B;, Q; without a prefactor of %
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and then, as in the previous section,
DZ’C’I — 8261 — %@-aél . (3.20)
By eliminating @,
0;By=0= B, =c, (3.21)

where ¢ some constant. For the reader who might worry that B, = 1—1;3(¢1 — ¢2) = ¢ seems
to contradict (2.60), we should note that it is consistent with (3.21) on-shell, since the
equation of motion for A implies

2 . - - o
ie”Fi(.l) — iy = cCICT (3.22)
4qv J
which is the same as (2.62).
Finally with the redefinitions
é’l = e_%él; 121 = 6_%?;[ (3.23)
we arrive at the action
S = / ol = 5:CTOCY — i1y 0y — PCICT — by (3.24)

which is a Green-Schwarz-type action plus some arbitrary mass terms. These can be put
to zero by choosing ¢ = 0, since c is an arbitrary constant at this point. We will come back
to the interpretation of this constant soon.

3.3 Interpretation of the 2d action

So far we have only discussed the set of algebraic steps that relate to the reduction process.
We now turn our attention to assigning an interpretation to the resulting action.

3.3.1 Intuition from String/M-theory

As described in the introduction, the natural expectation is that reducing an action for
M2-branes on a circle should lead to fundamental strings. We indeed discussed in Section
3.2 how the abelian, dimensionally-reduced ABJM action can be transformed to a Green-
Schwarz action on an orbifold background. On the other hand, the presence of a single
gauge field on the 2d worldvolume before the transformation would naively suggest that it
describes a D1-brane.

To further understand this, consider the case of M-theory on 72. The compactification
of a single M2-brane on the 2 circles (one transverse, Ry, one parallel, R;) depends on
the order of compactification: Indeed, if we compactify first on Rs, we get a D2-brane in
10d, with gs = %. A further Ry compactification must be followed by T-duality on R, to
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obtain a D1 in IIB, upon which g, — gsé%‘l = ﬁ—f. On the other hand, by first compactifying

on Ry we get an F1 in 10d but with g5 = %. By further compactifying on Ry we must
perform a T-duality in order to arrive at IIB, getting g, = ﬁ—;. The two cases are related
by gs — é, i.e. S-duality in 9d, which takes the fundamental string to a D1-brane.
However, the string coupling enters the two actions in a different way: For D1’s it
appears through (91911\4)2 = %, in canonical normalisation, while for F1’s as an addi-
tive term [ d2z¢pRP ~ Ing,x, with x the Euler characteristic of the worldsheet. As a
result one cannot make the duality precise at the level of the actions in their conventional

formulations.

3.3.2 Intuition from Higgsing

We will gain some further insight into the physics of our action from looking at the Higgsed
theory. As we have already seen, in the presence of a VEV <él ) = 175{ Iy« n the action
(2.18) at general N has a gauge coupling

27t/ 20
—B = g2t (3.25)

gu =
Note that as far as g{:}h is concerned, a finite coupling can be obtained by having k and
v either be generic or both large, so one needs to look at other criteria. Furthermore, the
coupling does not differentiate between a D1-brane in 9 or 10 dimensions.

By first considering the case of large v and large k, we indeed obtained a D1-brane
either in 9 or 10 dimensions, depending on the fields that were integrated out: By choosing
¢1 and ¢s, i.c. Ey and @y, the compact scalar was eaten by the massive vector B; through
a version of the ordinary Higgs mechanism, which was in turn replaced by a new scalar \.
For the T-dual version of the dimensionally reduced ABJM theory, @); and the Qy = ¢1+ P2
combination were traded for the scalar corresponding to the compact dimension and became
dynamical in the Higgsed theory, in the spirit of [4].

One needs to keep in mind that the compactification picture is valid at worldvolume
energies ' < 1/R and that a prospective D1-brane description would be weakly coupled
if b1

v 1
Gops = QYTM =2V 2= < 1. (3.26)

We see that this is only possible for small ¥, which matches with the intuition that we need
to consider large k to compactify a transverse scalar. We also need to be in an intermediate
energy regime where

o1 1
(277\/§)EE <E< 5 (3.27)

At generic k the above theory is strongly coupled. At generic v there are (9(%) cor-
rections and the theory is not just SYM. However, in both these cases, one would instead
expect an S-dual F1 description, at least if one eliminates ¢; as was done for N = 1 in
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(2.58)-(2.61). From this angle, the fact that the action still has a worldvolume gauge field
is not crucial, since we saw in Section 3.2 that it can be integrated out upon explicitly im-
posing the orbifold conditions on the matter fields to obtain a Green-Schwarz type action
for the string.

3.3.3 Reducing/T-dualising “M2 to D2”

The Higgsed actions can also be obtained from the worldvolume reduction or T-duality
of the ABJM membrane through the mechanism of [4], after giving a large VEV v to one
of the original ABJM worldvolume scalars. That is, we can consider Higgsing the theory
before performing the dimensional reduction.

In terms of a geometric description the value of k is interpreted as the rank of the C*/Z
orbifold singularity on which the membranes are sitting. Going off to the Coulomb branch
at large v and k results in type ITA String Theory dynamics. The M2 to D2 reduction
is manifest in a way similar to the models of ‘deconstruction’ [20], by having a fixed and
finite radius of compactification for the transverse direction. In fact, the large-k dynamics
are those of ITA even at the superconformal point (zero VEVSs) where one has four complex
scalars, as was made apparent by the analysis of [1], though of course at finite or zero VEV
one probes an M-theory radius that varies between zero and a small nonzero value.

The resulting field theory action is 3d SYM with corrections of order (’)(%) and gauge

D2 27/ 2v B 2720
9y M L R
where the 11d VEV v is related to the 10d one by & = v/Rv. On the other hand, at generic
k and v one remains in the M2-brane regime.

coupling

(3.28)

Performing a worldvolume dimensional reduction/T-duality we again recover the D1-
action in 9d and 10d respectively. This is essentially because the Higgsing and reduction/T-
duality operations commute. Our dimensionally reduced action is once more better thought
of as one for a fundamental string, at least if the ¢; are eliminated, as we did for the N = 1
case in (2.58)-(2.61).

3.3.4 Interpretation in terms of ‘master’ action

We conclude that our general action Eq. (2.6), with all the auxiliary fields, contains infor-
mation for all of the ITA F-string in 10d, its T- and S-dual IIB D-string in 10d, as well as
the latter’s T-dual ITA D-string in 9d (compactified D2-brane). The ITA F-string in 10d
and the ITA D-string in 9d are related through the compactification obtained by large k
together with an S-duality in 9d. Therefore we can think of the action (2.6) as a ‘master’
action that contains information about both T- and S-duality.

Even though we have recovered a precise field theoretic realisation of T-duality in Sec-
tion 2.1.3, it is difficult to disentangle how the S-duality acts. It seems that the two
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components needed are the transformation of Section 3.2 and the transverse compactifica-
tion through large v and large k. We should also note that while the discussion made heavy
use of the NV =1 case, for which more explicit formulas were available, we still expect that
at general N the action (2.6) is a ‘master’ action for T- and S-duality.

3.3.5 Understanding the F1-string interpretation

There remains one point that has not yet been clarified for the ‘master’ action. If the
equivalent action (3.24) is to have an F1 interpretation, it should describe a string moving
in the orbifold background C*/Z;,. As such, it must provide a natural explanation for the
mass terms in (3.24). Indeed, note that ¢ has mass dimension 1, so we can instead denote
it by a mass pu.

Consider a straight string in C* whose endpoints span exactly a 27“ angle from the

origin. By making the Zj identification we create a noncontractible string with winding
number 1. This can however slide towards the origin by virtue of its tension, unlike the
case of usual winding in a circle direction. Taking this string to be symmetric relative to
the origin, its energy will be®

E =Tr2sing , (3.29)

where T' = ﬁ is the string tension and r is the radius from the origin of spacetime to the

endpoints of the string, » = | X (0)|. The force pulling the string towards the origin will be

dr o dr
F = W = 2TS1HE = mW 5 (330)

where m = E = 2Trsin 7 is the mass of the string. Substituting and introducing the

appropriate sign we get

d?r 1 1 )

—_— == ——T = — T . 331

dt? r r2 K (3:31)
Here we have made assumption that due to its tension the string stays straight and sym-
metric as it slides towards the origin. Then the position X (o) along the string in some

Cartesian spacetime reference system varies relative to the endpoints, i.e.
X(o) _ X(0) 2

X(0) ~ X(0) =—u. (3.32)

This matches the worldvolume equation of motion of the above straight string, X’ = 0,
with a worldvolume mass term p, namely

X(o) = —p*X(0) . (3.33)

Since r is arbitrary then so is u, as was also the case in our worldvolume analysis. Note
that we have not needed any approximation for this result. Indeed, the equations of motion

81f the string is asymmetric relative to the origin its tension will make it symmetric since that corresponds
to a minimum length for a given center-of mass distance to the origin.
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for p were 0;(p) = 0, that is p constant on the worldvolume, and this is what we find. Of
course [ = %, with r the radius at the endpoint, so © depends on the spacetime boundary
of the string but that does not contradict our constraints.

To conclude, the arbitrary scalar mass term in (3.24) is just the effect of having a
string in C*/Z;,. The fermion mass term is understood as the necessary supersymmetric
extension. This completes our understanding of the N = 1 2d action as an F-string in

C*/Zy,.

4 Conclusions

In this note we performed the dimensional reduction of the ABJM model, studying the
resulting action and its physical interpretation. The reduced action includes a set of aux-
iliary gauge and scalar fields. Focusing on the Coulomb branch of the theory, we found
that for a large VEV 0, in the regime where k was large, one obtains either the action of
N Dl-branes in 9d (compactified D2-branes) or the T-dual action of N D1-branes in 10d,
depending on which combination of auxiliary fields are integrated out. The two actions
were related by a field theoretic T-duality transformation, following [17].

For the special case of N = 1, at an arbitrary VEV o and at arbitrary k, we showed that
the equivalence in 3d between the N = 1 ABJM model and the BST action on C*/Z;, can
be reduced to give a Green-Schwarz string moving in C*/Z;. This led us to propose that the
dimensionally reduced action can be thought of as a ‘master’ action encoding information
about both T- and S-duality. The field theoretic realisation of S-duality in the nonabelian
case remains mysterious as ever and warrants further investigation. Since at generic k/VEV
0 the 9d DI-brane action obtained by eliminating ¢; is strongly-coupled /receives O(%)
corrections, we suggest that it should instead be better thought of as a multiple F-string
action.
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