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Abstract

In this thesis I investigate the formation and dynamics of planets and pro-

toplanetary discs, subject to external gravitational perturbations.

In the first project, I study numerically the response of an embedded gap-

opening planet in a protoplanetary disc to the gravitational potential of

a secondary star on a parabolic, coplanar orbit. I find that the perturba-

tion by the secondary can cause substantial compactification and struc-

tural changes of the disc, resulting in modification of the inner and outer

Lindblad torques and leading to outward migration of the planet. Hence

this scenario provides a mechanism for stopping or slowing the inward

migration of gap forming planets.

In a second project I investigate the response of a gaseous disc to the

presence of a binary companion, whose orbital plane is misaligned with

respect to the disc midplane. I examine the resulting disc structure as a

function of disc thickness and viscosity. For thick discs with low viscos-

ity I find that the disc precesses as a rigid body with a negligible twist

and warp. For thin discs whose viscosity is large, I find that they become

highly twisted due to differential precession, but eventually attain a rigidly

precessing state in which the twist is a smoothly varying function of ra-

dius.

In a third project I introduce planetesimals into a misaligned binary sys-

tem and study their collisional velocities to estimate whether collisions

will lead to accretion or erosion. I generally find that collisional veloci-

ties tend to be higher than in coplanar simulations, due to misalignment

of their orbital planes. I suggest that planetesimals cannot grow by col-

lisions, unless sizes of 10km have already formed by anotherprocess. If

the inclination becomes too high, the Kozai effect will leadto very large

collisional velocities, and formation of planets should beimpossible.
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Chapter 1

Introduction

1.1 Our Solar System

The planets of our solar system were discovered very early inthe history

of mankind. One of the most important observations in modernages is

the fact that all the planets orbit around the sun in nearly the same plane,

called the ecliptic. This led to the hypothesis that the planets must have

formed out of a cold protoplanetary disc of gas and dust rotating around

the sun in the ecliptic plane (Kant 1755, Laplace 1796).

The basic architecture of our solar system comprises 2 gas giants (Jupiter

and Saturn), 2 ice giants (Uranus and Neptune) and 2 larger and 2 smaller

terrestrial planets (Earth and Venus) and (Mercury and Mars) respectively.

Interestingly the orbital radii of the terrestrial and giant planets are clearly

segregated, and the giant planets occupy a zone where we expect the pro-

toplanetary disc to have been cool enough for ices to be present.

Another very interesting observation concerns the angularmomentum and

mass distribution in the solar system. While most of the massis located

in the sun, most of the angular momentum is carried by the planets. This

suggests that mass and angular momentum had been redistributed in the

protoplanetary disc.

21
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1.2 Exoplanets

The discovery of extrasolar planets (Exoplanets) orbitingsolar-type stars

is one of the major scientific breakthroughs in astronomy of the past decades.

In 1995 the first planet orbiting around another star, 51 Pegasi, was de-

tected by Michael Mayor and Didler Queloz using the radial velocity tech-

nique (Mayor and Queloz 1995). At the time of writing, 342 planets with

a wide range of masses, eccentricities and semi-major-axeshave been de-

tected (Udry and Santos 2007).

1.2.1 Detection Techniques

Radial Velocity Technique

With over 92% of planets detected with this method it is the most com-

monly used. It employs the optical Doppler shift of the star light. Due

to the gravitational influence of the planet, the star orbitsaround the sys-

tems center of mass and its velocity component along the lineof sight

changes periodically. This effect can be measured in the Doppler shift of

the star light. Since the star’s mass can be inferred by spectral analysis,

the measured velocity curve gives the planet semi-major axis, eccentricity,

longitude of pericenter and lower mass limitMP sin(i). The inclinationi

between the orbital plane of the planet and the viewing planeis generally

not known, and therefore this technique gives only lower mass limits. Be-

cause the planet has to be observed for at least one orbital period, it is not

possible to detect planets (around sun-like stars) with separations much

larger than 5-6AU with this method at the moment. But as time passes

larger separations should be possible to detect. Furthermore the accuracy

of the Doppler measurement is limited, such that generally higher mass

planets (∼MJ ) are observed with this technique. Ongoing projects are all

ground based (HARPS, CES).

Transit Method

The second most common method for finding extrasolar planetsis the

transit method. When the planet moves in front of the star as seen from

the perspective of the observer, it blocks some of the stellar light. This
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effect induces a change in the stellar light curve, which canbe measured,

and one can obtain the planet radius along with the orbital inclination with

respect to the observer. Thus combined with the radial velocity technique

one obtains not only the real mass of the planet, but also its density, there-

fore knowing its gaseous (or solid) nature (Tinetti et al. 2009). In addi-

tion one can detect absorption lines from the planet’s atmosphere and thus

determine the atmospheric composition of the planet. Like the radial ve-

locity method this technique works best for planets at smallseparations.

Unfortunately the probability of detecting a transit is very small and thus

it is required to monitor thousands of stars simultaneouslyfor this method

to be effective. The first planet observed in this way was HD209458b

(Charbonneau et al. 2000) and since then over 50 transits have been de-

tected. Besides the ongoing missions (COROT, EPOch, SuperWASP), the

most recent mission for planet transits is KEPLER, which waslaunched

in March 2009 and will monitor105 stars within the next 4 years looking

for extrasolar terrestrial planets.

Microlensing Technique

In the last few years microlensing has become a new means of detecting

extrasolar planets, and by now 8 planets have been detected.This method

relies on a background star to provide a source of light. Then, foreground

stars act as gravitational lenses when they pass in front of the background

star and cause the source star to suddenly brighten. If the foreground

star possesses a planetary companion, it will perturb the light curve by

adding two successive spikes of brightness, superimposed upon the regular

pattern of the microlensing event. This allows the planet orbit and mass

to be inferred. While this method remains effective even forplanets in the

sub-earth mass range and for larger separations (Beaulieu et al. 2006), the

disadvantage is that microlensing events do not repeat, meaning individual

results may be open to question. There are several ongoing ground based

(MOA, PLANET) (Bond et al 2004) and planned space missions (GEST)

for the detection of microlensing events.
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Direct Imaging and Others

A very new method to detect extrasolar planets is direct imaging. Unlike

the other methods, where indirect effects of the planet are used to constrain

planet properties, this method directly measures the infrared radiation of

the planet and can be used to detect long period planets. The observed in-

frared emission together with an age estimate of the system can be used in

a cooling model to predict the planet mass. Separating the comparatively

faint glow of a planet from the light output of its host star isa very difficult

task, and so all the planets detected with this method are usually very mas-

sive planets or possibly brown dwarfs around dwarf stars (Chauvin et al

2005). Furthermore the system ages are normally poorly constrained and

so the planet mass can not be determined very accurately. However the

strength of this method is that it allows the effective blackbody temper-

ature of the planet to be inferred and allows detection of planets at large

orbital separations. One of the latest findings of planets with this method

is HR8799d (Marois et al 2008) using the Keck and Gemini telescopes.

Apart from these techniques the mass of a planet can be measured by its

influence on the surroundings. The most famous example is probably For-

malhaut b detected 2008 by Paul Kalas (Kalas et al 2008). Although this

planet has been detected via direct imaging its mass has beenconstrained

by its effect on a dust belt surrounding the orbit.

Finally, astrometry gives a direct measure of stellar position. It works in

a similar way to radial velocity searches, but measures the stars position

directly. This technique favours detection of long period planets, which

makes it complementary to radial velocity surveys. Howeverdue to the

high sensitivity required so far only one space mission, Hipparcos, was

dedicated to astrometric measurements, and did not result in any detec-

tions of previously unknown planets. A very promising spacemission for

astrometric searches is scheduled for 2011 (GAIA), which isexpected to

detect between 10000 and 50000 giant planets within 200pc from the sun.
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Figure 1.1: Masses in (MJ ) as a function of semi-major-axis (log(AU))
for the known Exoplanets. The sharp cutoff beyond 5-6 AU corresponds
to the oldest radial velocity surveys. For larger separations other detec-
tion techniques (microlensing, direct-imaging, etc.) have been used that
resulted in substantially fewer planet detections.

1.2.2 Statistical Properties of Exoplanets

The regularly increasing number of known extrasolar planets brings some

confidence to observed features in statistical distributions of the planet

and primary star properties. Most of our information is derived from the

radial velocity observables (lower mass limit, semi-major-axis, eccentric-

ity). Although the radial velocity method is biased towardshigher mass

planets, the largest fraction of the observed planets have masses smaller

1MJ , while there are only a few planets with masses larger than5MJ . The

least massive object (GL581e) found so far by radial velocity surveys has

a minimum mass of about 2 earth masses (Mayor et al. 2009).

The distribution of periods of giant exoplanets is basically made up of two

main features. A peak around 3 days (hot Jupiters) corresponding to sep-

arations below 0.04 AU that includes about 12 per cent of the observed

planets plus an increasing distribution with period. The hot Jupiters were

completely unexpected before the first exoplanet discoveries, mainly be-

cause the temperatures at these distances from the star are so high that the
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Figure 1.2: Eccentricity distribution as function of semi-major-axis
(log(AU)) for the known Exoplanets. The extreme data point at 115AU
corresponds to Formalhaut b, which has been detected via direct imaging.

material needed to assemble the core of such planets cannot be found in a

solid phase there. Although in situ formation due to disc instability also

has been suggested (Bodenheimer et al 2000, Boss 1997), the widely ac-

cepted explanation suggests that giant planets form first from ice grains in

the outer regions of the system where the temperature of the stellar nebula

is cool enough, and then migrate inwards as a result of the interaction with

the surrounding protoplanetary disc (Goldreich & Tremaine1978; 1979;

1980, Lin & Papaloizou 1979).

Fig.1.1 displays the mass-semimajor axis correlation diagram for the known

exoplanets. It can be seen that there is a deficit of very massive planets

(≥ 4MJ) at separations smaller 0.3AU, which can be explained with the

picture of planetary migration. As a matter of fact Type II migration has

been shown to be less effective for massive planets (Nelson et al. 2000),

which explains why there is a deficit of high mass planets at these radial

positions. Also there seems to be a trend towards more massive planets

at larger separations (Zucker & Mazeh 2002). This trend is not surpris-

ing as massive planets are expected to form further out in thedisc, where

materials for accretion are available along a longer orbital path and larger
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Figure 1.3: Histogram displaying the planet distribution as a function of
the stellar metallicity[Fe/H] .

feeding zones are available (Pollack et al 1996).

The eccentricity distribution of the exoplanets spans almost the full range

between 0-1, as shown in Fig.1.2. Only for very close orbits are the planets

on nearly circular orbits, which is expected as a result of tidal circulization

(Halbwachs, Mayor & Udry 2005). There is also a trend of higher eccen-

tricities for larger orbital separations and planet masses. Since planets are

expected to form in circular rotation embedded in the protoplanetary disc,

these eccentricities cannot be explained with the standardplanet forma-

tion model and require further explanation. Suggested mechanisms that

leed to eccentricity growth are: the interaction with the gaseous disc itself

(Goldreich & Sari 2003); the gravitational interaction between multiple

giant planets (Lin & Ida 1997); interaction between the giant planets and

planetesimals in the early stages of the system evolution (Levison, Lis-

sauer & Duncan 1998): the secular influence of an additional,passing-by

or bounded companion in the system (Wu & Murray 2003). In thisthesis

we will focus primarily on this last scenario.

Another very interesting observation is that the probability of finding plan-

ets is increased with the host stars metallicity. This trendcan be seen from

Fig.1.3. Most stars with planetary companions exceed the solar metal-
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licity. The widely accepted explanation is that the metallicity excess as

a whole has an interstellar origin such that the bulk metallicity enrich-

ment observed most probably reflects the metal content of thecloud of

gas and dust that gave origin to the star and planetary system(Sadakane et

al 2002). This implies that planets seem to form more easily in metal rich

environments.

1.3 Planet Formation

1.3.1 Protoplanetary Discs

Planets are believed to form out of a protoplanetary disc around a newly

formed star. Such a disc forms when a rotating molecular cloud collapses

to form a protostar (Hoyle 1960, Bate et al. 2003).

If the mass of the cloud exceeds a critical value (the Jeans mass∼ 1M⊙)

it is expected to collapse under the effect of its own self gravity. The

collapse lasts for about∼ 105 years, during which time the pressure and

temperature dramatically increase in the central regions of the cloud until

the first nuclear fusion reactions begin and a protostar is formed. In the

outer parts the gas can only collapse along the axis of net rotation, because

angular momentum needs to be conserved. This results in the formation

of a thin disc of gas and dust extending to about 100AU around the newly

formed protostar. The disc typically lasts for about 10 million years after

which time it gets dispersed due to the photoevaporation from the central

star (Haisch et al 2001).

Observationally these discs have been detected around classical T Tauri

stars by an apparent infrared excess, which is attributed tohot dust in

the disc near the central protostar. Because they representthe natural site

where planets form, protoplanetary discs are of fundamental importance

in any theory of planet formation.

Disc Composition

Since the disc and star form out of the same cloud, their composition

is very similar. The protoplanetary disc out of which our solar system

formed was mainly made of hydrogen (71%) and helium (27%), with only
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a small fraction of heavier elements (oxygen 0.97%, carbon 0.4%). Within

the core accretion model of planet formation it is the amountof solid ma-

terial in the disc that in part determines the rate and efficiency of the planet

formation process. Usually the mass fraction of solids to gas in protoplan-

etary discs is only about 1 per cent (Hayashi 1981). Most of the solid

material (75%) can be found in the outer region of the disc, beyond the

so called snow line (beyond 3AU), where temperatures are small enough

(T ≤ 170K) to condense volatiles, such as water ammonia and methane,

to ices. These solids will later form the planetary cores of the gas and ice

giants. In the inner regions these volatiles can not condense due to the

increased temperatures there, and the solid component mainly consists of

dust-silicates, which later will form the cores of terrestrial planets. Hence

this is consistent with the basic structure of our solar system.

Because the mass of a giant core determines its ability to accrete gas

(Pollack et al. 1996, Mizuno 1980), a fundamental question concerns

the amount of mass in a protoplanetary disc. To estimate the disc mass

a model often referred to is the minimum mass solar nebula (MMSN)

(Weidenschilling 1977, Hayashi 1981), which gives an estimate of the

minimum mass required to build our solar system based on the current

position of the planets. The disc mass inferred by this modelis about

Md = 0.013M⊙ between 0.3 and 30 AU, which agrees well with ob-

served masses of protoplanetary discs in both the Taurus star forming re-

gion (Osterloh & Beckwith 1995) and the Orion nebula cluster(Eisner &

Carpeneter 2006).

Basic Equations

A true description of the disc would require us to specify thephase space

position of every molecule within it. However, since the mean free path of

the gas molecules is small compared to the size of the system,we can use

the hydrodynamical limit, which allows us to consider only bulk properties

like densityρ, velocity v, temperatureT and pressureP . The equations

describing the time evolution of these quantities are the Navier-Stokes

equations:

Dρ

Dt
+ ρ∇v = 0 (1.1)
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Dv

Dt
= −1

ρ
∇P −∇Ψ + Svisc (1.2)

where D
Dt

= ∂
∂t

+ v.∇ is the convective derivative,Ψ is the gravitational

potential and

Svisc =
1

ρ
∇T (1.3)

is the viscous acceleration. In this expressionT is the viscous stress ten-

sor, given by:

Tij = ρν

(

vi;j + vj;i −
2

3
δij∇v

)

(1.4)

wherevi;j is the covariant derivative of the i’th velocity component with

respect to the j’th coordinate andν is the viscosity operating in the disc.

An equation of state (EOS) is needed to close the system, which is usually

given by:

P (ρ, T ) = RρT = c2Sρ (1.5)

with cS being the sound speed. In all the models discussed in this the-

sis, the disc is taken to be locally isothermal, such that thesoundspeed is

constant in time. Hence we assume that energy that is generated due to

viscous heat is instantly radiated away. Additionally, because protoplan-

etary discs are of small mass compared to the central star we neglect self

gravity when calculating the gravitational potentialΨ.

Steady State Disc Structure

For a simplified analysis (Pringle 1981) we assume that the disc is axis

symmetric and in a steady state. Because of the axisymmetricgeometry

of the disc, we adopt cylindrical coordinates(r, φ, z) with z = 0 lying in

the disc midplane. With the assumption of vertical hydrostatic equilibrium

the z-component of Eq. (1.2) becomes (neglecting the viscosity terms):

1

ρ

∂P

∂z
=

∂

∂z

(

GM⋆√
r2 + z2

)

≃ −GM⋆z

r3
= −Ω2

Kz (1.6)

whereM⋆ is the mass of the central object andΩK =
√

GM⋆

r3 is the keple-

rian frequency. The approximation in this equation is validin the thin disc
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limit (z ≪ r). Using the EOS (Eq. 1.5) for an vertically isothermal disc

Eq. (1.6) is solved by the following density profile:

ρ(z) ∼ exp(− z2

2H2
) (1.7)

whereH = cS

ΩK
is the vertical scale height of the disc. Since the disc

is geometrically thinh = H
r

≪ 1 it follows that cS

vK
≪ 1 and we con-

clude that the disc is dynamically cold and orbiting with highly supersonic

speeds. More sophisticated models with treatment of the energy equation

including radiative and thermal energy transport (Ruden & Lin 1986) have

shown that the aspect ratioh = H
R

varies only little in radius. Hence in all

models we choose the aspect ratioh to be a constant, which implies that

the temperature depends on the radial coordinate asT ∝ r−1.

In the radial direction let us assume a balance between gravitational, cen-

trifugal and pressure forces. From the radial component of Eq. (1.2) this

requires, that:

vφ = rΩK

[

1 +
1

ρΩ2
Kr

∂P

∂r

]
1

2

∼ 1√
r

(1.8)

and hence the gas of the disc is in sub-keplerian rotation, when the pres-

sure decreases outwards. Because there is no structure in the vertical di-

rection as a result of our assumption of hydrostatic equilibrium, we can in-

tegrate Eq. (1.1) and Eq. (1.2) over the vertical coordinateand reduce the

problem to two dimensions (r, φ). The equations retain their form, if we

replace the three dimensional densityρ by a surface densityΣ =
∫∞

−∞
ρdz.

Accretion

Many of the infrared luminosities measured from classical T-Tauri stars

are too high to be explained by reradiation of starlight by dust in the disc

(Gullbring et al. 1998). These luminosities stem from the release of the

gravitational energy of particles as they pass through the disc and are even-

tually accreted by the central star. Thus the energy released per time by

this process isĖgr = GM⋆Ṁ
R⋆

whereR⋆ is the radius of the star anḋM is

the mass accretion rate, which is constant in time and space for a disc in

steady state (Pringle 1981).

Accretion is attributed to the effect of the viscosity in thedisc acting on
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the shear induced by the differential velocity profile (Eq. 1.8). As shown

by (Pringle 1981) the continuity (Eq. 1.1) and azimuthal momentum equa-

tion (Eq. 1.2) can be combined to yield a diffusion equation for the surface

densityΣ:

∂Σ

∂t
=

3

r

∂

∂r

(√
r
∂

∂r
[νΣ

√
r]

)

(1.9)

which shows that matter initially distributed in a narrow ring will spread,

such that most of the mass moves inwards, while a tail of matter moves

out to larger radii in order to take up the angular momentum.

Hence matter flows inward and angular momentum is transported out-

wards, if viscosity is operating in the disc. During this process the system

constantly loses energy (Lynden-Bell et al. 1974). Thus theasymptotic

lowest energy state, which the disc is tending towards, is not a disc at all,

but a singular state in which all the mass is at the center and all the angular

momentum is at infinity.

Half of the released gravitational energy of a particle thatis travelling

through the disc is used to heat the dust via viscous heating,which then

is radiated by the dust in the infrared. The other half is transformed into

kinetic energy of the gas as it is spiralling inwards. This energy is also

released eventually, when the fast rotating material hits the slow rotating

star surface. However as this typically excites higher energy states on a

subatomic level, the emitted radiation is not visible in theinfrared spec-

trum. Thus the luminosity that is being observed in the infrared is only

half of the gravitational energy (Pringle 1981):

L =
GM⋆Ṁ

2R⋆
(1.10)

This allows a direct measurement of the accretion rate via detection of the

systems infrared excess.

Turbulent Viscosity

In a steady state disc the accretion rate is directly proportional to the vis-

cosity (Pringle 1981):

Ṁ = −2πrΣvr ≃ 3πνΣ (1.11)
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Observations have revealed that typical accretion rates ofprotoplanetary

discs are many orders of magnitude larger than what would be expected

from this expression for a standard molecular viscosity. The correspond-

ing Reynolds number in this case is about1012 (Frank, King & Raine

1985), implying the viscosity is of negligible importance.However, for

Reynolds numbers of above about103 the flow is expected to turn differ-

ential rotation into shear-driven turbulence (Shakura & Sunyaev 1973).

For a purely hydrodynamical disc this seems to be prevented by the Rayleigh

criterion for stability for a differentially rotating body:

d

dr

(

r2Ω
)

≥ 0 (1.12)

Because the angular momentum increases with radiusj = r2Ω =
√
GM⋆r

this criterion is always satisfied for keplerian discs. However if the disc

is weakly magnetized, this does not rule out magnetic instabilities as a

source of viscosity.

At present the most promising mechanism to produce such instabilities is

the magneto rotational instability (MRI). This was first examined for ap-

plication on accretions discs by (Balbus & Hawley 1991) and since then

much of the numerical research was dedicated in this area. However the

possibility for a turbulent driven viscosity was recognized a long time be-

fore the MRI was proposed. In the so calledα-viscosity model (Shakura

& Sunyaev 1973) the viscosity is parametrized as follows:

ν = ανcSH (1.13)

where the parameterαν can be determined from more detailed numerical

simulations dealing with the details of the MRI, and was found to lie in

the rangeαν = 10−3 −10−2 (Papaloizou & Nelson 2003). The magnitude

of the viscosity parametrized in this way is now consistent with observed

accretion rates. However, there remains considerable uncertainty about

the value ofαν , as it appears that turbulent activity seems to be reduced as

numerical resolution is increased (Fromang & Papaloizou 2007).

The time a fluid particle requires to be accreted through a disc of sizeRd

is the viscous accretion timescale given by:

τν =
R2

d

ν
=

Rd

ανcSh
=

1

ανh2
· Ω−1

K (Rd) (1.14)
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For typical disc parameters (Rd = 50AU, M⋆ = M⊙, h = 0.05, αν ∼
10−2) this gives a timescale of aboutτν ∼ 106 years. However, a certain

degree of ionization is required to sustain the MRI. In general accretion

discs are thought to have dead zones (Gammie 1996), an intermediate

radial region in the disc, in which ionization due to the central star or by

cosmic rays is suppressed. Thus accretion in this region should be absent

as a result of the missing turbulence.

1.3.2 From Dust to Planetesimals

The terrestrial planets and planetary cores of the giant planets form from

the accretion of km-sized planetesimals, which themselvesare produced

as a result of the sedimentation and collisional growth of dust grains in the

protoplanetary discs.

These grains form during the formation of the disc when the gas is able

to cool and various compounds condense into microscopic grains. For a

disc of solar composition the first abundant condensates aresilicates and

iron compounds. At lower temperatures large quantities ofH2O and other

ices can condense. Pre-existing condensates from the interstellar medium

(ISM) may also be present (Lissauer 1993). Grains have typical sizes from

0.3µm to about10µm and densities of about3gcm−3 as can be inferred

from the analysis of comets and primitive meteorites (Li & Greenberg

2003, Brownlee et al. 2006).

Hence the clumping of these grains to form a planet requires an impressive

increase of the order of1013 in size and1040 in mass. The ’Planetesimal

Hypothesis’ states that this growth happens in a gradual build up from

smaller to larger bodies via binary collisions (Safronov 1972, Hayashi

1977).

Since bodies of different sizes have different dynamical properties due to

their interaction with the gas disc, it is necessary to divide the planetary

growth into a series of stages, although there is often no fineline distin-

guishing one particular line from the next, and different stages may occur

concurrently.
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Radial Drift

One of the most important interactions with the gas disc fromµm sized

dust grains up to1km-sized planetesimals is the interaction via gas drag.

A quantity that shows how strong a particle is influenced by gas drag is

the stopping time. This is the timescale it takes for the particles relative

velocity with respect to the gas to decrease by a factor e.

τS =
MD∆v

FD
(1.15)

whereMD is the mass of the dust grain,FD is the dragforce and∆v =

vD − vG is the relative velocity between the dust and gas.

The relative velocity of particles orbiting in the disc mid plane is given

by the fact that dust particles do not feel the radial pressure gradient, and

therefore need to orbit at keplerian speed to conserve theirorbits. The gas

on the other hand orbits at slight subkeplerian speed as seenfrom Eq. (1.8).

Hence the relative velocity is:

∆v ≃ 1

2

r

ρvK

∂P

∂r
≃ 1

2

c2S
vK

=
1

2
h2vK (1.16)

where for a rough estimate I have used∂P
∂r

∼ P
r
. Since typical discs have

h = 0.05 the relative velocity is only about10−3 of the keplerian velocity.

For typical disc parameters the gas mean free path isλM ∼ 1m, which

is very large compared toµm sized dust grains. Hence we can use the

Epstein law (Weidenschilling 1977) in this size-regime:

FD = −πA2ρcS∆v (1.17)

whereA is the radius of the dust grain. Evaluating expression (1.15) for

typical dust and gas parameters at 1AU (A = 1µm,MD = 4π
3
ρSA

3 with

ρS = 3gcm−3 andρ ∼ 10−10gcm−3, cS = hvK with h = 0.05) gives

τS ∼ 24s. Because the stopping time is so much shorter than the orbital

period, most of the time the dust grains orbit at the same subkeplerian

velocity as the gas does. However in contrast to the gas, the dust does not

feel the pressure support, and hence feels a net gravitational force pulling it

inward. As the dust grain starts to move inward, it also feelsthe dragforce

in the radial direction. Hence the terminal radial drift speed is reached
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when the net gravity force is balanced by the radial dragforce. This gives

the radial drift speed as (Weidenschilling 1977):

vr =
1

ρ

∂P

∂r
τS ∝ A (1.18)

It can be seen from this expression thatvr → 0 asA → 0, which means

that very small grains are carried by the gas.

For large particlesA ≫ λM = 1m the dragforce is given by (Weiden-

schilling 1977):

FD = −CDπA
2ρ|∆v|∆v (1.19)

whereCD is the drag coefficient and is of order unity. Evaluating the

stopping time with this drag law and the above values, for a planetesimal

size ofA = 10m, the stopping time becomesτS ≃ 1150 years which

is much longer than the orbital period at 1AU. Thus these bodies are on

keplerian orbits, but they feel the headwind of the gas, which rotates at

subkeplerian speed, and hence they also drift inward. The drift speed is

given by the fact that the bodies remain on keplerian orbits,hence any

time change in their angular momentum will be∝ vr
∂
∂r

(ΩKr
2). On the

other hand the time change of angular momentum is given by thetorque

due to the dragforce. Equating these two torques gives the drift velocity

as (Weidenschilling 1977):

vr =
CDA

2

2MDρΩ
3
K

∣

∣

∣

∣

∂P

∂r

∣

∣

∣

∣

(

∂P

∂r

)

∼ 1

A
(1.20)

From this expression it is clear thatvr → 0 asA→ ∞.

Hence for very small dust grains (µm-size) the radial drift speed decreases

for decreasing particles size, while for large planetesimals (≥ 10m) the

radial drift speed decreases for increasing particle size.Therefore there

must be maximum speed in the intermediate range. This is reached when

A ∼ λM ∼ 1m and corresponds to a very fast drift speed with correspond-

ing drift timescales of only about100 years. This creates a big problem

for planet formation, as any process by which planetesimalsform must be

extremely rapid, or possibly special flow features, like pressure extrema

or vortices, play an important role (see below).
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Dust Settling and Growth

If dust grains were not subject to gas drag force, because they do not feel

the vertical pressure gradient either, they would oscillate with the keple-

rian period around the disc midplane, once they formed at finite height

above it (Papaloizou & Terquem 2006). However, since the stopping time

is very short compared to the orbital period forµm sized dust grains, these

oscillations are suppressed. Instead they settle towards the disc midplane.

By equating the vertical gravity forceΩ2
Kz with the gas drag force (from

1.15), the terminal vertical velocity becomes (Armitage 2007):

vz = Ω2
KzτS ∝ A (1.21)

which corresponds to a settling timescale of105 years at 1AU forµm sized

dust grains.

Because the settling speed is∝ A the larger dust particles will sweep out

the smaller ones in their vertical path, and consequently grow. During this

process they also drift radially which promotes further growth. Numeri-

cal simulations (Weidenschilling 1980, Nakagawa et al 1981) have shown

that they can grow up to 0.1-1m, and sedimentation is then found to occur

in a few 103 years. However these simulations assume that grains stick

perfectly to each other, so that they agglomerate when they collide.

Laboratory experiments on dust aggregates (Blum & Wurm 2008and their

references therein) have revealed, that dust particles tend to stick and form

larger bodies as long as their collisional velocity is below1m/s, although

details depend also on the inner structure of aggregates. Detailed numeri-

cal simulations taking into account the inner structure of aggregates have

shown that optimal conditions for particle sticking involve grains with

fractal or fluffy structures (Suyama et al 2008). However if relative ve-

locities become too large (30m/s) collisions will result indisruption of

particles, reversing the growth process (Benz & Asphaug 1999).

Relative velocities are generated due to differential coupling to the disc

via gas drag (for different sized particles) and turbulent motions (Weiden-

schilling & Cuzzi 1993). As far as equally sized particles are concerned,

turbulent motions are expected to be damped by gas drag forces for suf-

ficiently small particles and successive binary collisionsshould lead to

growth up to 10cm sized particles in about 1000 years (Blum & Wurm
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2008 and their references therein).

Growth beyond 10cm sized planetesimals via binary collisions is very dif-

ficult, because of the high collisional velocities and the short radial drift

timescales involved. This is also known as the ’metre-barrier’ and presents

one of the big unresolved problems in the theory of planet formation.

Gravitational Instability

A different mechanism by which planetesimals may form is gravitational

fragmentation of a dense dust-disc. The suggestion - made byGoldreich

& Ward (1973) - is attractive since it forms planetesimals while entirely

bypassing the size scales that are most vulnerable to radialdrift. The grav-

itational collapse requires the Toomre stability condition (Toomre 1969)

to be violated:

Q =
ΩKv∞
πGΣD

= hD
M⋆

MD
≥ 1 (1.22)

wherev∞ andΣD is the velocity dispersion and surface density of the dust

andhD andMD is the aspect ratio and mass of the dust disc respectively.

The dust disc is gravitationally unstable to its own self gravity, if Q ≤ 1.

Gravitational instability can lead to the formation of km sized planetesi-

mals in about100−1000 years (Armitage 2007), therefore circumventing

the above mentioned problems.

However there are certain theoretical objections to the formation of plan-

etesimals via gravitational instability. As can be seen form the stability

criterion, an extremely massive disc is required for gravitational instabil-

ity to set in (about 20 times the MMSN, Johansen et al 2007).

Furthermore the dust disc has to be extremely thin. SettingQ = 1 in

Eq. (1.22), and assuming a gas to dust ratio of typically 100 for a MMSN

of gas, we requirehD = MD

M⋆
= 10−2 MG

M⋆
∼ 10−4. If turbulence is present

in the disc, small dust particles will get stirred up and the sedimentation

towards the disc midplane is suspended. This means that sucha thin dust

disc required for gravitational fragmentation is not able to form in the

presence of turbulence. Even if there were no turbulence to begin with, a

configuration of an extremely thin dust disc embedded in a thicker gas disc

will be unstable to the Kelvin-Helmholtz instability, which eventually will
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lead to turbulence. When the stirring effects of Kelvin-Helmholtz turbu-

lence are included, it is commonly accepted that the instability mechanism

fails to explain the formation of planetesimals, as long as astandard gas

to dust ratio of 100 is assumed.

If one could find a way to locally increase the dust to gas ratioby some

orders of magnitude, there may still be space for gravitational instabil-

ity. Recently two possibilities have been investigated, that could lead to

local enhancements of solid material. For example if there are local pres-

sure maxima in the disc, dust particles will accumulate there. As can be

seen from Eq. (1.18) and Eq. (1.20) the drift velocity is proportional to the

sign of the pressure gradient. Hence particles will drift towards pressure

maxima, which can be created by long-lived vortices in turbulent discs

(Fromang & Nelson 2005, Johansen, Klahr & Henning 2005) or inspiral

arms of self gravitating discs (Rice et al 2004).

Another possibility is the streaming instability (Johansen et al 2007), al-

though this already requires very high solid to gas ratios. If material can

be concentrated in one of these ways to produce sufficiently overdense re-

gions in the disc, the gravitational instability idea couldsolve some of the

problems associated with the Planetesimal hypothesis.

1.3.3 Growth beyond Planetesimals

Orderly Growth

Once planetesimals have sizes (≥ 1km) the collisional velocities gener-

ated by turbulent motions and differential gas drag are expected to be

smaller than the escape velocities from their surface. Collisions will then

necessarily result in growth of the participating bodies (Ohtsuki 1993).

Safronov (1972) claimed that the growth of planetesimals would remain

orderly in the period following dust accumulation, reasoning that gravita-

tional scattering would cause smaller planetesimals to possess a velocity

dispersion comparable to the escape velocity of larger bodies. In this case

gravitational focussing can be neglected and the accretional cross section

of planetesimals is simply determined by their geometricalcross section.
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Hence the accretion rate is given by:

dMp

dt
= πA2

pρpv∞ =
1

2
πA2

pΣpΩp (1.23)

whereMp, Ap, v∞ is the mass, radius and velocity dispersion of the plan-

etesimal andρp is the density of planetesimals. In the second equalityΣp

is the planetesimal surface density given byΣp = 2ρpHp = 2ρpv∞/Ωp.

The accretion timescale becomes :

τacc = Mp

(

dMp

dt

)−1

=
8ApρS

3ΣpΩp
≃ 9.4

(

Ap

1cm

)

years (1.24)

where I have assumed spherical planetesimals with a mean density ρS =

3gcm−3 and a solid to gas ratio of (Σp/ΣG = 0.01 ), with the gas surface

density of a MMSN atr = 5AU (ΣG = 150gcm−2).

It is clear form this expression that to form a10M⊕ giant embryo (Ap ∼
109cm), which is required for gas accretion to set in (Pollack etal. 1996),

would take up to∼ 1010 years, much longer than the disc lifetime of∼ 107

years. Even with a3 − 4 fold increase in solid material outside the snow

line (Thommes et al. 2003), there is no noteworthy change in these results.

However, to shorten accretion timescales significantly, anincrease of the

accretional cross section resulting from gravitational focussing needs to be

invoked (Binney & Tremaine 1987). Because of the gravitational attrac-

tion of the accreting core, its cross section increases by a factor(1 + v2
esc/v

2
∞),

wherevesc =
√

2GMp/Ap is the escape velocity from its surface. For an

earth mass with the above used mean density atr = 5AU immersed in a

planetesimal swarm withv∞ = 0.01rΩp the focussing factor is of the or-

der103 − 104, hence dramatically accelerating the growth process. When

gravitational focussing is dominant(v2
esc/v

2
∞ ≫ 1) the accretion rate be-

comes:

dMp

dt
=

1

2
πA2

pΣpΩp
v2

esc

v2
∞

∝ ΣpM
4

3

p v
−2
∞ (1.25)

As long as the mass surface densityΣp does not change too much, the effi-

ciency of accretion is therefore determined by the evolution of the velocity

dispersionv∞, or more precisely by its mass dependence.
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Runaway Growth

In the early stages of planetary accretion, when velocity dispersions are

still small, larger planetesimals grow more rapidly than smaller ones, re-

sulting in runway growth of the largest planetesimal (Greenberg 1978,

Wetherhill & Stewart 1989). This implies that the mass ratioof a larger

bodyM1 and a smaller bodyM2 increases with time (Kokubo & Ida 1996):

d

dt

(

M1

M2

)

=
M1

M2

(

1

M1

dM1

dt
− 1

M2

dM2

dt

)

≥ 0 (1.26)

Hence runway growth occurs, if the relative growth rate is increasing with

mass:

1

M

dM

dt
∝M q q ≥ 0 (1.27)

This also implies that the absolute growth rate (Eq.1.25) has to increase

with mass faster than linearly. If we assume that the velocity dispersion

scales with mass asv∞ ∝ Mη
p , then from Eq. (1.25) and Eq. (1.27) it

follows that

η ≤ 1

6
(1.28)

for runaway growth to occur (Ohtsuki 1993).

Numerical N-Body simulations (Kokubo & Ida 1996) have shown, that as

planetesimals grow and scatter each other (dynamical friction), the system

attains a state of equipartition of energies (Stewart & Wetherill 1988). This

implies that every planetesimal has the same kinetic energy, independent

of its mass:

Ekin =
1

2
v2
∞Mp ∝M2η+1

p = const (1.29)

From this it follows thatη = −1
2

clearly satisfying condition (1.28).

Hence the system is in the runway growth phase as long as gravitational

focussing and dynamical friction is effective. In addition(Kokubo & Ida

2000) show that the condition for runaway growth implies that the mass

distribution must be very steep,n ∝ M̺
p with ̺ ≤ −2 which means that

most of the mass is present in smaller bodies.

Analytically this problem has been approached by Ida & Makino (1993)

and Wetherill & Stewart (1989) within kinetic theory. Sincethe velocity
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dispersion is raised by scattering among the planetesimals(viscous stir-

ring) and damped by gas drag, an equilibrium velocity dispersion is de-

rived by equating the corresponding timescales. To simplify the analysis

only two populations were considered. One group consistingof a large

number of planetesimals with a small fixed massMa = 1018g and another

with a much smaller number of cores of larger mass,Mb, which increases

as the system evolves. As long as the core masses are comparable to the

planetesimal masses, the balance is between the viscous stirring among

the small planetesimals against the gas drag. Hence the equilibrium ve-

locity dispersion has no dependence on the core masses (η = 0) which

implies runaway growth.

The core growing in this mode quickly becomes the most massive in its

neighbourhood by several orders of magnitude (Ohtsuki & Ida1990).

Oligarchic Growth

Runaway growth can not continue indefinitely. After105 years, when the

core has become about50−100 times as massive as the planetesimals (Ida

& Makino 1993, Kokubo & Ida 1998) the growth slows down.

As the cores grow during the runaway phase they will eventually domi-

nate the viscous stirring of the smaller planetesimals. Hence the equilib-

rium velocity dispersion derived by equating gas drag and viscous stirring

timescales becomes a function of the core mass, that scales as v∞ ∝ M
1

3

b

(Ida & Makino 1993). This clearly violates the condition forrunaway

growth. Lissauer (1987) also suggested that the depletion of planetesimals

through accretion by protoplanets would limit the growth ofprotoplanets.

The system now enters a phase of slow orderly growth again, inwhich the

mass ratio between cores approaches unity rather than increasing.

While the cores grow they attain circular orbits and keep their orbital sepa-

rations wider than about5−10 Hill-radii due to orbital repulsion (Kokubo

& Ida 1998). Orbital repulsion is a coupling effect of scattering between

large cores and dynamical friction from small bodies. Scattering between

two cores on nearly circular orbits increases their eccentricities and or-

bital separation. After scattering, dynamical friction with smaller bodies

reduces the eccentricities while the orbital separation remains almost the

same.
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Hence the cores keep being separated from each other and their mass ratio

approaches unity. The system is in what is called the oligarchic growth

phase (Kokubo & Ida 1998). Oligarchic growth of a core continues un-

til all planetesimals in its gravitational reach (feeding zone) are accreted

or scattered out, which takes105 − 106 years. At this stage the core has

reached its isolation mass, for which an upper limit is givenby (neglecting

radial migration of planetesimals):

Mb = 2πab∆aΣp = 10πabRHΣp = 10πa2
b

(

Mb

3M⋆

)
1

3

Σp (1.30)

where in the second equality I have assumed that the cores areseparated

by five Hill radii (∆a = 5RH ). Solving forMb gives:

Mb = 2.3
( ab

5AU

)3
(

Σp

3gcm−2

) 3

2

M⊕ (1.31)

For a solid surface density (Σp = 10gcm−2 atab = 5AU), this givesMb ∼
13.9M⊕. Hence the required core masses for gas accretion (∼ 10M⊕) are

easily achieved.

In the terrestrial planet region (Σp = 10gcm−2 atab = 1AU), the isolation

mass is∼ 0.1M⊕, which corresponds to the mass of a planetary embryo.

In the final stage of planet formation, terrestrial planets are believed to be

formed via collisions of planetary embryos in the giant impact phase.

Giant Impacts

After the oligarchic growth phase has ended, and protoplanets have reached

their isolation masses, further gravitational interactions take place between

them.

Because the gas disc has disappeared after106−107 years, there is nothing

to balance the growth of the velocity dispersion of the planetary embryos

other than inter-core collisions (Thommes et al. 2003). These are very en-

ergetic and highly inelastic, hence the designation of giant impact growth.

Because of the low damping, velocity dispersions are raisedthat are of the

order of the escape velocities and gravitational focussingbecomes unim-

portant. Hence we can use Eq. (1.24) to estimate the timescale to form

a 1M⊕ planet at 1AU, which gives∼ 108 years. Since the timescale is

∝ r3, where r is the orbital radius, this implies unacceptable timescales
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for the formation of Uranus and Neptune within a MMSN model. The

existence of a swarm of left over planetesimals that can provide the nec-

essary damping of the velocity dispersion via dynamical friction could

increase the accretion rates however (Chambers 2001, O’Brien 2006).

1.3.4 Gas Giant Formation

For planets located beyond the snow line (≥ 2.7AU) oligarchic growth

can produce isolation masses of up to∼ 10M⊕, enough to gravitationally

attract a gaseous atmosphere. According to the critical core mass model

developed by Perri & Cameron (1974) and Mizuno (1980) the solid core

grows in mass along with the atmosphere in quasi-static and thermal equi-

librium until it reaches the critical massMcrit ∼ 15M⊕, above which no

equilibrium solution can be found for the atmosphere.

By the time the core reachesMcrit the envelope has grown massive enough,

such that the radiative energy losses can not be compensatedby planetes-

imal accretion alone and the core has to contract, which leads to further

gas accretion. As the envelope mass grows, the radiative energy losses

increase. The result is a runaway contraction of the envelope, leading to

the very rapid accretion of gas onto the protoplanet and to the formation

of giant planets such as Jupiter. Originally it was assumed that this rapid

evolution is a dynamical collapse, hence the designation ’core instability’

for this model (Wuchterl 1995).

Time dependent numerical evolutionary models (Bodenheimer & Pollack

1986, Pollack et al.1996) show that the very rapid gravitational contrac-

tion of the envelope is not a dynamical collapse, as long as the solar neb-

ula can supply gas rapidly enough to compensate for an increasingly rapid

contraction of the gaseous envelope and an increasingly rapid expansion

of the planet’s Hill sphere. The model by Pollack et al.(1996) predicts the

presence of three evolutionary phases.

In the first phase the core undergoes runaway accretion of planetesimals

and quickly reaches masses∼ 10−15M⊕. Phase two begins after the feed-

ing zone of the core has been depleted of planetesimals. In this phase both

the core and the gaseous envelope grow very slowly, while thegaseous

envelope mass is slowly catching up to the solid core mass. The third



1.3: Introduction — Planet Formation 45

phase, marked by runaway gas accretion, starts when the solid and gas

masses are about equal. The overall evolutionary timescaleis given by the

time spent in phase two. The calculations by Pollack et al. (1996) have

shown, that it takes up to7 · 106 years for the planet located at the 5AU to

reach the gas runaway stage. Since this time is determined bythe planets

luminosity, it could be reduced substantially if lower opacities in the plan-

ets envelope are assumed (Papaloizou & Nelson 2005). Once the planet

reaches the critical mass and runaway gas accretion sets in,the rapid ac-

cretion of gas halts, when the planet becomes massive enoughto tidally

truncate the disc and open an annular gap around it (Lin & Papaloizou

1993). Although some mass flow across the gap and onto the planet will

still occur (Kley 1999), the gas accretion rate is expected to drop signif-

icantly once the gap formed becomes too wide. Hence an upper limit is

given by∼ 10MJ consistent with extrasolar observations.



Chapter 2

Gravitational Perturbations

2.1 Disturbing Function

In this chapter we consider the response of a particle or fluidelement to

the gravitational potential of a perturbing body. The perturbed body is

assumed to be bound to the primary star, whose mass isM⋆. Let r† be the

position vector of the perturbing massM† andr the position vector of the

perturbed particle with massM . The external potential perturbation can

be written as:

Ψ′ =
GM†

√

r2
† + r2 − 2rr†cos(ψ)

(2.1)

whereψ is the angle between the position vectorsr andr†. This can be

expanded in terms of the orbital elements of the perturbed and perturbing

body (Murray & Dermot 1999). In general the expansion will have the

form:

Ψ′ =
∑

Ψ̂(a, a†, e, e†, α, α†)cos(θR) (2.2)

wherea, e andα are the semi-major-axis, eccentricity and inclination re-

spectively of the corresponding bodies. The quantityθR is a permitted

linear combination with the general form:

θR = j1λ+ j2λ† + j3ω̃ + j4ω̃† + j5Ω + j6Ω† (2.3)

46
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whereλ andΩ are the mean longitude and longitude of ascending node

(nodal precession) respectively and

ω̃ = ω + Ω (2.4)

whereω is the longitude of pericenter (apsidal precession) measured from

the line of nodes. In general the sum in expansion (2.2) goes over all

possible integer combinationsji, that are consistent with the property

6
∑

i=1

ji = 0 (2.5)

which stems from the azimuthal invariance of the primary’s potential. By

knowing the explicit form of the functionŝΨ and the permissible com-

binations of the angles inθR, one can identify those terms that make a

dominant contribution to the potential and those that can beneglected.

2.2 Lindblad Resonances

In this section we are interested in the disc response to the external grav-

itational potential of a perturbing body. We assume that theorbital plane

of the perturber is coplanar with the disc mid-plane and thatthe disc fluid

element (perturbed particle) is on a circular orbit (r = a). The perturbing

potential expansion reduces to:

Ψ′ =
∑

Ψ̂(r, a†, e†)cos(j1λ+ j2λ† + j4ω†)

=
∞
∑

l=−∞

∞
∑

m=0

Ψ̂mlℜ
{

eim(φ−Ωm
l

t)
}

(2.6)

whereℜ{x} denotes the real part of the complex variablex. The second

equation can be written as the degree of freedom in the sum is reduced

to two by use of equation (2.5). Here we modified our notation (λ → φ,

|j1| → m) to present the potential in its more familiar form, wherem is

called the azimuthal mode number.

Thus we expanded the disturbing potential into a two dimensional Fourier
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series with coefficientŝΨml. The pattern speedsΩm
l are given by:

Ωm
l = −j2

j1
n† −

j4
j1
ω̇† = n† +

l

m
κ† (2.7)

whereκ† = 4n2
† + dn2

†/d[ln(r)] is the epicyclic frequency of the perturb-

ing body andn† is its mean motion. The epicyclic frequencyκ† is the

orbital Eigen-frequency of the perturber. If it were to be perturbed from a

circular orbit, it would oscillate around its original trajectory with exactly

this frequency.

For a term with givenl andm the gravitational perturbation becomes sta-

tionary in a reference frame that moves with angular frequency Ωm
l . For a

circular perturber the sum overl reduces to a single term withl = 0 and

Ωm
0 = n†. To first order ine† two additional terms for eachm appear in

the expansion with pattern speedsΩm
+1 andΩm

−1. For a parabolic perturber

(e† = 1) one has to consider a very large number (formally infinite) of

terms in thel-sum. Hence its easier to calculate the Fourier coefficients

Ψ̂ml numerically as will be done in chapter 3.

To find out how the disc responds to this potential, we linearly perturb the

fluid dynamics equations (1.1) and (1.2) from equilibrium. We use cylin-

drical coordinates and assume the equilibrium state to be axisymmetric,

and ignore vertical motion, and hence use vertically averaged fluid vari-

ables. The equilibrium state is in differential rotation with v0
φ = Ωr and

v0
r = 0. We neglect the viscosity and assume an isothermal equationof

stateP = c2SΣ. The perturbed fluid quantities areΣ = Σ0 + Σ′, vr = v′r,

vφ = v0
φ + v′φ andΨ = −GM⋆

r
+ Ψ′. After linearising the fluid equa-

tions with this ansatz, we expand the perturbed quantitiesX ′ (whereX

representsΣ, vr or vφ) in the same way as we expanded the perturbing

potential:

X ′ =
∞
∑

l=−∞

∞
∑

m=0

X̂mle
im(φ−Ωm

l
t) (2.8)

The resulting solutions for the perturbed velocity and density coefficients

are (where we drop the suffixml):

v̂r =
i

∆

[

m (Ωm
l − Ω)

d

dr
− 2mΩ

r

]

(

c2S
Σ̂

Σ0
+ Ψ̂

)

(2.9)
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v̂φ =
1

∆

[

κ2

2Ω

d

dr
− m2(Ωm

l − Ω)

r

]

(

c2S
Σ̂

Σ0
+ Ψ̂

)

(2.10)

Σ̂ =
−Σ0

imr(Ω − Ωm
l )

(

d

dr
(rv̂r) + imv̂φ

)

(2.11)

where we define∆ to be:

∆ = κ2 −m2(Ω − Ωm
l )2 (2.12)

The perturbed velocities become singular where∆ = 0, indicating a

strong coupling between the disc and the perturbing potential. These are

the nominal Lindblad resonances (Goldreich & Tremaine 1979). At these

locations there will be a strong response from the disc even for a weak

potential. This is where the pattern speed of the potential as seen from the

fluid particle is in resonance with its orbital Eigen-frequency κ. Assum-

ing the perturbing and perturbed body to be in keplerian motion (κ† = n†,

κ = n), we see that the nominal Lindblad resonances are located at:

rL
m =

(

m+ l

m± 1

)− 2

3

a† (2.13)

Here outer Lindblad resonances (OLR) are obtained using the+ sign,

while inner Lindblad resonances (ILR) are obtained using the− sign.

Artymowicz (1993a,b) noted that when pressure effects become important

the Lindblad resonances are shifted from these nominal locations. For a

keplerian disk, careful treatment of the perturbations in this limit modifies

equation (2.12) to become:

∆ = κ2(1 +m2h2) −m2(Ω − Ωm
l )2 (2.14)

whereh = H/r is the aspect ratio of the disc. The radial location of these

effective Lindblad resonances (form≫ 1) is:

rL
m =

(

1 ± 2

3m

√
1 +m2h2

)

a† (2.15)

for mh ≫ 1 the effective Lindblad resonances pile up at the radial loca-

tions∆r = |rL
m − a†| = 2H†/3 from the perturbing object, whereH† is

the disc height at the perturbers’s position.
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From Eq. (2.11) we see that there exists another singularityfor which:

m(Ω − Ωm
l ) = 0 (2.16)

this is called a corotation resonance. The radial location of corotation

resonances is therefore given by:

rC
m =

(

m+ l

m

)− 2

3

a† (2.17)

For a circular perturber (l = 0) the corotation resonances are always co-

orbital (rC
m = a†) and the ILR and OLR are always located interior and

exterior respectively to the perturber orbit. However for an eccentric per-

turber (|l| > 0) for each pattern speedΩm
l there will be additional corota-

tion and Lindblad resonances. Overlapping of resonances associated with

different eccentric modesl might occur if the perturber becomes eccentric.

2.3 Lindblad Torques

The perturbing potential exerts a torqueT on the disc. For simplicity we

will consider the perturber to be on a circular orbit (l = 0), and drop the

suffix l. The z-component of the torque is given by:

Tz = −
(
∫ ∞

0

∫ 2π

0

(r ×∇Ψ)Σrdφdr

)

.ez

= −
(
∫ ∞

0

∫ 2π

0

∂Ψ′

∂φ
Σ′rdφdr

)

(2.18)

Here we have used the fact that the unperturbed potential is antisymmet-

ric. Additionally, because of the integration overφ, any first order contri-

butions∝ eimφ do not contribute and the torque becomes second order in

the perturbed quantities. Them-coefficient of this torque can be expressed

as:

Tm = −
∫ ∞

0

m

2
ℑ
{

Σ̂mΨ̂m

}

2πrdr (2.19)

whereℑ{x} denotes the imaginary part of the complex variablex. Ne-

glecting the pressure term∝ c2S in Eq. (2.9) and Eq. (2.10) we can use
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Eq. (2.11) in Eq. (2.19) to obtain the torques exerted on the disc at a Lind-

blad resonance of orderm as (Goldreich & Tremaine 1979):

TL
m = sgn

(

n† − Ω(rL
m)
) π2Σ0(rL

m)

3Ω(rL
m)n†

A(rL
m)2 (2.20)

where

A(r) =

(

2m2(Ω(r) − n†)

Ω(r)
+ r

d

dr

)

Ψ̂m(r) (2.21)

This gives a positive torque exerted at outer Lindblad resonances (Ω(rL
m) <

n†) and a negative torque exerted at inner Lindblad resonances(Ω(rL
m) >

n†). Note that in realityTL
m initially increases for increasingm, but even-

tually declines. This is called the torque cutoff. The reason for this is that

rL
m does not tend toa† for m → ∞, but tends toa† + 2/3H† as explained

above. This causes the potential coefficientΨ̂m(rL
m) to tend to zero for

m→ ∞.

2.4 Density Waves

The torque exerted on the disc at a Lindblad resonance of order m causes

the launching of an m-fold pressure supported wave. The superposition

of these renders a spiral wave. These spiral waves carry awaythe angu-

lar momentum exchanged with the perturber. One usually assumes that

the waves are tightly wrapped, i.e. they can be approximatedby a WKB

approach (Lin & Shu 1968):

Σ′ ∝ Σ̂m(r)ei(mφ−σt) = Σ̃m(r)ei(S(r)/ǫ+mφ−σt) (2.22)

Note that in this analysis we allow for arbitrary wave frequenciesσ and

not necessarily the one associated with the pattern speed ofthe perturbing

potential (mΩm
l ). The idea here is that the phaseS(r)/ǫ varies rapidly

while Σ̃m(r) is slowly varying withr. Theǫ factor ensures this in the for-

mal limit ǫ→ 0.

Far away from the perturber we can neglect the gravitationalperturbation

(Ψ̂m = 0) and solve the equations for homogeneous, free waves. Combin-

ing Eqs. (2.9-2.11), replacing (mΩm
l → σ), applying Eq. (2.22) and taking
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only the leading order∝ 1/ǫ2 terms we obtain the dispersion relation:

(σ −mΩ)2 = k2
rc

2
S + κ2 (2.23)

wherekr = ∂S/∂r is the radial wavenumber. Forkr to be real it follows

∆ ≤ 0 (from Eq. 2.12) and hence density waves are only present exterior

to the OLR and interior to the ILR (Lin & Shu 1964). From Eq. (2.23)

follows the radial wave group velocity as

Ur =
∂σ

∂kr
=

krc
2
S

σ −mΩ
(2.24)

A density wave that has been launched by a circular perturberat a Lind-

blad resonancerL
m has the wave frequencyσ = mn†. Hence we can ob-

serve that the density waves launched at outer Lindblad resonances (Ω <

n†) propagate radially outward (Ur > 0) and the density waves launched

at inner resonances (Ω > n†) propagate radially inward (Ur < 0). To de-

rive the dispersion relation (Eq.2.23) we have taken into account only the

leading order∝ 1/ǫ2 terms. If we take all terms into account that appear

when combining Eqs. (2.9-2.11) and using Eq. (2.22) it can beshown that

they can be combined to give (Balbus 2003):

1

r

∂

∂r

[

r
Σ̃2

m(σ −mΩ)

Σ0k2
r

Ur

]

=
1

r

∂

∂r
(rAr) = 0 (2.25)

where the quantity

Ar =
Σ̃2

m(σ −mΩ)

Σ0k2
r

Ur =
Σ̃2

mc
2
S

Σ0kr
(2.26)

is the wave action. It is conserved with respect to the radialcoordinate.

As waves propagate through the disc they carry away angular momentum.

The angular momentum flux is given by:

FJ(r) = Σ0

∫ 2π

0

rv′φv
′
rdφ = Σ0r〈v′φv′r〉 (2.27)

where the angle brackets denote an average over one wave-cycle. For

the same reason as for the Lindblad torques the angular momentum flux

is second order in perturbed quantities. One could think that the term
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rv0
φ〈Σ′v′r〉 associated with mass flux is missing in the above expression.

However, the dissipation-less passage of a density wave does not cause

matter to flow in the disc, despite the fact that〈Σ′v′r〉 6= 0. This is because

the perturbed quantities have been calculated only to linear order in their

amplitudes, whereas the fluxes are second order in the same amplitudes.

Consequently another termΣ0〈v2
r〉, wherev2

r includes all higher-order cor-

rections, should be added to the mass flux. Only when these higher order

correction terms are also taken into account, the mass flux disappears:

Ṁ = 〈Σ′v′r〉 + Σ0〈v2
r〉 = 0 (2.28)

Using Eq. (2.9) and Eq. (2.10) with Eq. (2.22) in expression (2.27) the

m-component of the angular momentum flux becomes:

Fm
J (r) =

mΣ̃2
mc

2
S

2Σ0kr
=
m

2
Ar (2.29)

Hence we see that the angular momentum flux is simply the wave action

multiplied by a factorm/2 and therefore, like wave action, is conserved

with respect to the radial coordinate. The angular momentumflux is posi-

tive everywhere and hence angular momentum is transported outwards. A

wave that is excited at an inner Lindblad resonance carries negative angu-

lar momentum into the inner disc, while a wave in the outer disc carries

positive angular momentum outwards. As it propagates away from the res-

onance location, the wave becomes more tightly wrapped (kr increases).

Conservation of angular momentum flux implies that the wave amplitude

(Σ̃m) increases. Eventually the wave becomes non-linear and gets damped

by non-linear effects. Correspondingly the angular momentum carried by

the wave gets transferred to the background flow and as a consequence of

angular momentum gain or loss mass starts to be transported as well.

2.5 Planetary Migration

2.5.1 Type-I Migration

The torque acting on the disc causes the launching of spiral waves which

carry away the angular momentum exchanged with the perturber, which in
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this section we assume to be a planet. Because the total angular momen-

tum of the planet-plus-disc system is conserved a compensating torque

acts on the planet. Consequently we see from Eq. (2.20) that outer Lind-

blad resonances extract angular momentum from the planet while inner

Lindblad resonances give angular momentum to it. To obtain the total

torque on the planet exerted by the outer disc, expression (2.20) with

TL
m < 0 has to be summed over allm, with rL

m set for the OLR. Like-

wise to obtain the total torque exerted on the planet by the inner disc, one

has to sum expression (2.20) withTL
m > 0 andrL

m set for the ILR. These

are referred to as the one sided Lindblad torques.

The total net torque (differential Lindblad torque) is obtained by adding

the one sided Lindblad torques from the inner and outer discs. If the ILR

and OLR torques were symmetrical, exact cancellation wouldoccur and

the net torque would be zero. However, Ward (1997) shows thatasym-

metry arises, primarily because for a givenm value the OLR lie slightly

closer to the protoplanet than the ILR. Hence the OLR are stronger than

the ILR torques, leading to a net negative differential Lindblad torque on

the planet. Consequently the planet loses angular momentumand migrates

inward. This is called Type I migration (Goldreich & Tremaine 1980,

Ward 1986). Tanaka et al. (2002) provides an estimate of the total net

torque on the planet (including corotation torques that will be discussed

later):

T = −C
(

MP

M⋆

)2

h−2Σ0a4
Pn

2
P (2.30)

whereC = 1.364 + 0.541ξ andξ is the slope of the density power law:

Σ0 ∝ r−ξ. We can observe that the torque on the planet scales as∝ M2
P .

This is because the angular momentum exchange occurs with the spiral

wave triggered in the disc. Mathematically speaking the torque is second

order in the perturbed quantities and in Eq. (2.19)Σ′ ∝MP andΨ′ ∝MP .

This implies that the planets migration rate is proportional to its mass:

ȧP = J̇P

(

dJP

daP

)−1

= 2aP
T

JP

= −2C

(

MP

M⋆

)(

Σ0a2
P

M⋆

)

h−2aPnP (2.31)
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whereJP = MPnPa
2
P is the planet’s angular momentum. Applying this

formula to aMP = 10M⊕ planet embedded ataP = 5AU in a minimum

mass solar nebula disc (Md = 0.015M⋆) that extends out toRd = 40AU

and has an aspect ratio ofh = 0.05 with uniform density the migration

timescale becomesτI = aP/(−ȧP ) = 8/C · 104 orbits, that is a few

hundred thousand years. This is much shorter than the formation timescale

of gas giants (∼ 106 − 107 years) and protoplanets are expected to have

migrated into the sun, before substantial gas accretion canset in.

2.5.2 Type-II Migration

If the planet embedded in the disc becomes too massive, the spiral waves

excited in the disc become non linear. Hence they can not propagate too

far before they get damped by non-linear damping effects andtheir angular

momentum content gets transferred to the background flow in the planets’

vicinity. The outer disc gains angular momentum and mass is pushed

outwards while the inner disc loses angular momentum and mass is falling

inside. Hence the planet tends to repel the gas and clear an annual gap

around it (Lin & Papaloizou 1979b). Viscous and pressure forces tend to

smooth out the gap. Only if the viscous torques are smaller than the one

sided Lindblad torques can a gap be opened. Otherwise the gasoverruns

the planet and the gap can not form. Papaloizou & Lin (1984) find the

criterion for gap opening as:

ν

a2
PnP

< 0.0887

(

MP

M⋆

)2

h−3 (2.32)

whereν is the shear viscosity. In addition, simple 3D considerations lead

us to think that a planet can not open a gap, if its Roche-lobe is smaller

than the disc height. In this case, gas in the upper layer would hardly feel

the planet and would not be repelled. Furthermore, in that case, the spiral

waves stay in the linear regime such that the planetary torque is totally

evacuated away and not deposited locally, so that the local opening of a

gap is not possible (Lin & Papaloizou 1986b). Hence another necessary
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condition for gap opening is

RH =

(

1

3

MP

M⋆

)
1

3

aP > HP (2.33)

From this criterion the smallest possible planet mass to open a gap satisfies

HP = RH . ReplacingHP by RH in Eq. (2.32) gives the gap-opening

criterion as (Bryden et al. 1999):
(

MP

M⋆

)

>
40ν

r2
PnP

= 40ανh
2 (2.34)

whereaν is the viscosity coefficient (Shakura & Sunyaev 1973). For stan-

dard disc parameters (h = 0.05) and (αν = 4 · 10−3), expression (2.34)

givesMP/M⋆ > 4 · 10−4 and Eq. (2.33) givesMP/M⋆ > 3.75 · 10−4. Ac-

cordingly we can expect that a planet with mass exceeding that of Saturn

will begin to open a visible gap (Papaloizou et al 2007).

If the planet opens a gap around it, the surface density within the gap

is reduced to very small valuesΣGap/Σ
0 = 10−3 − 10−2 (Nelson et al.

2000). When Lindblad resonances are located inside this gap, the Lind-

blad torques consequently vanish. Hence the planet can no longer ex-

change angular momentum with the gas and migrate according to Type-I

migration. There is necessarily a change of regime. Material exterior and

far away from the planet tends to spiral inwards because of its viscous

evolution. However if it gets too close to the planet it will be repelled, i.e.

a positive torque by the planet is applied on the gas, that compensates the

viscous torque. Consequently the viscous torque is acting on the planet,

which as a result migrates inward. This is called Type II migration. Using

Eq. (1.2) with Eq. (1.4) the torque due to viscosity acting onthe unper-

turbed disc interior to the planet is:

Tν = 2π

∫ aP

0

rdrΣ0rSvisc = −3πa2
PνΣ

0nP (2.35)

UsingTν for T in Eq. (2.31) the type II migration timescale for a uniform

density disc can be written as:

τII =
MP

6νπΣ0
= τν

MP

6Md
(2.36)
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Figure 2.1: Surface density contour plot. A 1MJ Planet has been started at
5AU and evolved for∼ 100 orbits. Brighter colours correspond to higher
surface density and darker colours correspond to lower surface density.
The planet has managed to open a gap in the disc.

whereMd is the disc mass interior to the planets semi-major axis. Hence

the migration time is basically the viscous evolution timeτν = a2
P/ν of

the disc. It can not be faster than the disc, even ifMP < Md because if the

planet moves inward faster than the disc, it is repelled by the inner disc

toward the center of the gap. For very massive planetsMP > 6Md the

migration is effectively slowed down because of the inertiaof the planet

and the migration rate becomes inversely proportional to the planet mass.

However as the planet forms from the surrounding disc a valueMP/Md ≫
1 is unlikely. Therefore, in general, giant planets should suffer type II

migration on the viscous timescale (D’Angelo et al 2003):

τII =
a2

P

ν
=

a2
P

ανcSH
=

2π

nP
· 1

2πανh2
(2.37)

For typical disc parameters (h = 0.05) and (αν = 10−3) this gives∼ 104

orbits, equivalent to∼ 105 years for a planet at5AU. In Fig.2.1 we present
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Figure 2.2: Migration timescales against planet mass. Crosses represent
the results of numerical simulations. The black solid line represents the
analytical solution (Eq.2.31) in the Type I regime. The dashed vertical
line indicates the boundary between Type I and Type II regimes as given
by Eq. (2.34).

the results of a numerical simulation calculated with the NIRVANA code,

in which a1MJ planet was started around a solar type star ataP = 5AU

and has been evolved in a disc with aspect ratioh = 0.05 and uniform

surface density. The disc mass was scaled such that it would contain 2

MMSN inside40AU. The viscosity in the disc also was taken to be uni-

form. Its value corresponds to anαν = 2 · 10−3 at the planets position.

The image shows the surface density contours after the planet has evolved

for 100 orbits. Brighter colours indicate higher surface density and darker

colours indicate low surface density. Hence we can clearly see that the

planet has managed to open up a gap in the disc at this stage, aswould

be expected from condition (Eq.2.34). Its migration timescale should be

of the order of the viscous timescale, as can be verified from Fig.2.2. In

this figure we performed simulations for a range of planetarymasses and

plot the resulting migration timescales (aP/ȧP ) as a function of planet

mass. The dashed vertical line indicates the boundary between Type I

and Type II migration, as is given by condition (Eq.2.34). Inthe Type I
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migration regime the migration timescales found in our numerical simu-

lations (crosses) agree very well with the ones associated with expression

(2.31), which is indicated by the solid black line. In this regime the mi-

gration timescale is inversely proportional to the planet mass. In the Type

II regime, migration timescales are of the order of the viscous timescale,

which is∼ 3 · 105 years from expression (2.37). We can also see the trend

that the migration time is increased for larger planet masses in this regime,

which is consistent with Eq. (2.36).

2.5.3 Corotation Torque

Apart from torques at Lindblad resonances the planet can also exchange

angular momentum with co-orbiting material at corotation resonances.

At Lindblad resonances the angular momentum deposited is transported

away through pressure supported waves. On the contrary, these waves are

evanescent in the corotation region, and are unable to remove the angular

momentum brought by the perturber (Goldreich & Tremaine 1979).

Instead fluid elements in the vicinity of the planet’s semi-major axis move

on so called horseshoe trajectories. These are shown in Fig.2.3 for a planet

on a fixed circular orbit embedded in a stationary disc. In this figure we

adopted a reference frame that is co-rotating with the planet, which is lo-

cated atθ = 0. The abscissa is the azimuthθ ranging from0 to 2π and the

ordinate is the distance to the central starr. Consider a fluid element with

initial semi-major axisr = aP + b whereb is a small impact parameter.

When the fluid element gets close to the planet it loses angular momentum

and is scattered onto a new orbit withr = aP − b. On this new orbit the

angular velocity in the co-rotating frame is of opposite sign with respect

to the former orbit. Thus the fluid element moves away from theplanet

in the direction it came from. After a revolution on this new orbit, the

fluid element encounters the planet again, from the oppositedirection. It

gains angular momentum and is sent back on the orbitr = aP + b where

it moves away from the planet. After a revolution on this orbit the initial

condition is recovered.

We can observe from Fig.2.3 that the horseshoe trajectorieshave an ap-

proximate rectangular shape. However for a fluid element to describe such
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Figure 2.3: Horseshoe streamlines for a stationary disc in aframe coro-
tating with a planet on a fixed circular orbit. The shaded areamarks the
horseshoe region. The solid line with arrow marks the separatrix.

horseshoe trajectories their impact parameterb has to be small enough,

otherwise the gravitational perturbation is too weak. The limit is denoted

asxS, the half width of the horseshoe region. Forb > xS the fluid ele-

ments are in circulation with respect to the planet, while those withb < xS

librate in the horseshoe region. The corresponding limiting trajectory is

called the separatrix and separates the region of libration(shaded area)

from the region of circulation. The separatrixxS scales with the Hill ra-

diusRH of the planet (Masset et al 2006).

Because the fluid elements give and extract equal amounts of angular mo-

mentum from the planet during each libration cycle, the net corotation

torque on the planet vanishes over a few libration periods. This is called

saturation of the corotation torque. Within linear theory one usually as-

sumes that the perturbation is very small, that isMP and thereforexS

tends to zero and hence the libration period (which is twice the synodic

period of an unperturbed fluid element):

τL ≃ 2
2π

xS∂Ω/∂r
=

8πaP

3xSnP

(2.38)

becomes very long (formally infinite). Hence within linear theory the

corotation torque never saturates. An expression for the fully unsaturated

corotation torque due to a perturbing potential with azimuthal mode num-
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berm is given by (Goldreich & Tremaine 1979):

TCR =
mπ2Ψ̂2

m

2(dΩ/dr)

d

dr

(

Σ0

B

)

(2.39)

which has to be evaluated at the corotation radius. HereB = Ω+(r/2)(dΩ/dr)

is the second Oort constant. The quantityB is also half the flow vortic-

ity and henceB/Σ0 scales with the flow vortensity. Hence the corotation

torque vanishes for a density profileΣ0 ∝ r−
3

2 .

For a finite mass perturber the libration period will be finite, and satura-

tion of the corotation torque over a few libration periods isequivalent to

establishing this density profile in the corotation region.But note that this

can be avoided if some mechanism acts to maintain the vortensity gradient

across the horseshoe region. If for example viscosity is operating in the

disc it can cause an exchange of angular momentum between librating and

circulating fluid elements which results in a net corotationtorque. Then

saturation is prevented. This is possible if the viscous timescale across the

libration region is smaller than the libration period (Masset 2001).

However even in the fully unsaturated case the corotation torque was

shown to amount only to a few per cent of the differential Lindblad torque

(Ward 1997, Tanaka et al 2002). Recent calculations, however, suggest

that the corotation torque is larger in non-isothermal discs (Paardekooper

& Papaloizou 2009).

2.5.4 Type-III Migration

In the last section we considered the corotation torque for the case of a

stationary disc. Consider now a planet on a fixed circular orbit embedded

in a disc in which the radial velocity of the fluid elements is constant and

equal tovr < 0. In that case the dynamics is different from that considered

above.

A fluid element circulating in the outer disc spirals inward and approaches

the planet orbit. Letb0 = r − aP be the impact parameter of the fluid

element at conjunction with the planet. Ifb0 > xS the fluid element is

circulating in the outer disc, but ifxS < b0 < xS − τLvr/2 it will have

an impact parameterb1 < xS at the next conjunction. Consequently it

will get scattered onto an orbit with semi-major-axisr = aP − b1. During
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the time it takes for the next conjunction to take place its semi-major-axis

decreases by an amount|τLvr/2|. Hence at the next encounter with the

planet its impact parameter isaP − r = b1 − τLvr/2 = b0 > xS . Thus,

no outward U-turn is possible anymore, the fluid element is left in the

inner disc where it keeps spiralling inward. Hence the fluid element has

experienced a net loss of angular momentum to the planet. Assuming it

encounters the planet withb ≃ xS the specific angular momentum the

fluid element gave to the planet isδj = 2xS(dj/dr) = xSaPnP . Since

Ṁ = −2πaP ΣSvr is the mass flow at the upper separatrix with surface

densityΣS, the corotation torque on the planet is given as:

TCR = ṀxSaPnP = −2πΣSvrxSa
2
PnP = −1

2
vraPnPMS (2.40)

whereMS is the mass of the horseshoe region if it had constant surface

densityΣS. This shows that an inwardly directed mass flow (vr < 0) can

exert a positive torque on the planet. This will lead to migration in the

Type III regime. Hence the torque exerted on the planet is proportional to

the mass flow past it. However it should be noted that expression (2.40) is

only valid as long as the infall velocity of the fluid element is small enough

to allow a close encounter with the planet. In chapter 3 we will investigate

this mechanism as a possible driver for the planets outward migration.

In this picture we have assumed that the relative velocity between the gas

and the planet (vr) arises because of mass flow past a non migrating planet.

If on the other hand the relative velocity arises due to the migration of the

planet through a stationary disc, we can simply replacevr = −ȧP in ex-

pression (2.40).

However in this case another contribution to the planet torque has to be

accounted for that comes from material from within the horseshoe re-

gion. The fluid trajectories in the vicinity of an outwardly migrating planet

(ȧP > 0) are depicted in Fig.2.4 in a reference frame that moves withthe

migrating planet. If the impact parameter of a fluid elementb = r − aP is

smaller thanxS − τLȧP/2 at the inward U-turn,b is still smaller thanxS

at the next conjunction with the planet. Hence an outward U-turn is per-

formed. The radial distancer− rP is now larger than at the inward U-turn

because of the relative radial velocityȧP . At the next conjunction with the

planet its relative distancer−aP has decreased again and the next inward
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Figure 2.4: Horseshoe streamlines for a stationary disc in aframe centered
on an outwardly migrating planet. The shaded area marks the horseshoe
region. The thick solid line with arrow marks the separatrix.

U-turn has a smaller amplitude than the previous outward U-turn. The

fluid element remains on a closed horseshoe trajectory. In order for that to

be maintained the planet obviously has to give more angular momentum

to the fluid element at an outward U-turn than it receives at aninward U-

turn. Hence a planet that migrates outwards loses angular momentum to

the material inside the horseshoe region. Likewise a planetthat migrates

inwards gains angular momentum form the horseshoe region. Thus the in-

teraction with material in the horseshoe region slows down the migration.

This effect is therefore called the horseshoe drag. IfMHS is the mass in

the horseshoe region, the torque this material exerts on theplanet is thus

given by:

TDH = −ȧP
dj

dr
MHS = −1

2
ȧPaPnPMHS (2.41)

This should be added to expression (2.40). Hence the total corotation

torque due to Type III migration on a migrating planet becomes:

TCD = TCR + TDH =
1

2
ȧPaPnP δm (2.42)

whereδm = MS − MHS is the so called mass deficit in the horseshoe

region (Masset & Papaloizou 2003). There is a positive feedback on the

migration whenδm > 0: If the planet migrates outwards (ȧP > 0) the
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planet receives a positive corotation torque, which pushesthe planet out-

wards even more. On the contrary if the planet migrates inwards (ȧP < 0)

the corotation torque is negative and the inward migration is enhanced.

2.5.5 Preventing and Reversing Planetary Migration

Theories of planetary migration provide a natural explanation for the pres-

ence of observed extrasolar ’hot Jupiters’, which reside very close to their

host stars. Since temperatures are too high to allow in situ formation,

protoplanetary migration solves this problem, by allowingprotoplanets to

form farther out in the disc and then migrate to their currentlocations.

Depending on the planets mass, migration will occur in the Type I (for

small mass planets), Type III (for intermediate sized planets) or in Type II

regime (for massive planets). Even the slowest migration (Type II) gives

migration timescales that are of the order of105 years which is very much

shorter than typical formation times of gas giants (106−107 years). Hence

we would expect that the planetary cores will have fallen into their host

stars, before they were able to accrete substantial amountsof gas. This

presents one of the biggest unsolved problems in the theory of planetary

migration. One solution is to lower the surface density of the gas disc,

however this would make it very hard to form gaseous giants. Likewise,

it may be that planets form as the disc is dissipating, thoughthis would

require very fortuitous timing.

Many mechanisms of halting migration have been suggested.

Ward (1986) showed that Type I migration could reverse if disc tempera-

tures increased outwards. This seems highly unlikely, since temperatures

should increase inwards due to stellar heating and viscous dissipation. Pa-

paloizou & Larwood (2000) found that the migration can reverse in the

Type I regime, once the protoplanets eccentricity exceeds (e > 1.1h).

Since eccentricity is normally damped by the gas disc for small mass plan-

ets (see below), Cresswell & Nelson (2006) investigated thepossibility

that scattering between different protoplanetary cores can sustain the re-

quired eccentricity. However they found that eccentricitydamping due to

the disc is the dominant process, and consequently inward migration can
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not be halted this way.

Masset et al. (2006) show that the planet migration can be stopped at sur-

face density transitions in the disc. In certain cases the corotation torque

on the planet, which scales as∝ d(Σ/B)/dr from Eq. (2.39) can be-

come positive and dominant over the differential Lindblad torque, leading

to outward migration. In fully turbulent discs Nelson (2005) and Nelson

& Papaloizou (2004) showed that the local density fluctuations can slow

down type I migration or replace it with a random walk throughthe disc.

In the Type II migration regime Masset & Snellgrove (2001) investigated

the situation of two gap opening planets in a disc, that can betrapped

into a mean motion resonance, such that their gaps overlap. In such a

situation they find that the two planets migrate outwards, ifthe inner one

is more massive than the outer one. Paardekooper & Melemma (2006)

and Paardekooper & Papaloizou (2008) investigated planet migration in

non-isothermal discs. They show that the corotation torquedepends on

the radial entropy gradient in the disc and can in some situations lead to

outward migration of the planet. In chapter 3 we will investigate the pos-

sibility, that the planet-disc system is perturbed by a secondary star on a

parabolic orbit. We will find that the gravitational impact of the perturb-

ing star causes structural changes in the disc, which changes the balance

of inner and outer Lindblad torques, leading to outward migration of the

planet.

2.6 Secular Interactions

In this section we describe the dynamics of a perturbed body that interacts

with the perturbing body via secular interactions. The perturbing potential

given in Eq. (2.2) can in generally be quite complex. Howevermost of the

terms are associated with argumentsθR, that contain the mean longitudes

λ† andλ of the perturbing and perturbed body. Unless the two bodies are

in resonant orbits, such thatj1λ+ j2λ† = 0, these terms will vanish when

averaged over long enough time.

In secular theory we study the response to the remaining terms, those that

do not contain the mean longitudes in their arguments. This is equivalent

to smearing the perturber’s mass into an elliptical ring with line density
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inversely proportional to its speed and computing the secular evolution

of the perturbed body under the gravitational force of this ring, which

presents an alternative way of obtaining the secular part ofthe disturbing

function (Gauss’ averaging method).

By looking at expression (2.2) we can observe that the only terms that do

not contain the mean longitudes in their arguments are thosewith j1 =

j2 = 0. For simplicity we choose a coordinate system, which is coplanar

with the orbit of the perturbing body (α† = 0). Hence the disturbing

function reduces to:

Ψ′ =
∑

Ψ̂(a, a†, e, e†, α)cos(j3ω̃ + j4ω̃† + j5Ω) (2.43)

2.6.1 2nd Order Expansion

Following Murray & Dermott (1999), the disturbing functionexpanded to

second order in eccentricities and inclinations can be written as:

Ψ′ = n2a2M†

M⋆

χ2

[

1

8
b
(1)
3/2(e

2 − α2) − 1

4
b
(2)
3/2e†ecos(ω̃ − ω̃†)

]

(2.44)

wherebj3/2 are Laplace coefficients, defined as:

bjs(χ) =
1

π

∫ 2π

0

cosjφ

(1 − 2χcos(φ) + χ2)s
dφ

≃ 2
s(s+ 1)...(s + j − 1)

1 · 2 · 3...j χj (2.45)

The potential is valid if the perturbation is external (a† > a) with χ = a
a†

.

If the perturbing body is on the inside (a† < a) expression (2.44) has to be

divided by a factorχ whereχ now becomesχ =
a†

a
. In the following we

will restrict the discussion to the case for which the perturbing body is on

the outside, keeping in mind that the above amendment shouldbe made

for a perturber on the inside.

The perturbing potential will cause the orbital elements ofthe perturbed

body to change with time. These orbital elements are defined with respect

to the central star. This implies that when the disturbing potential is intro-

duced, additional indirect terms should be dealt with, thataccount for the

acceleration of the central star. However when these terms are expanded
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in terms of orbital elements, it appears that there is no termin their ex-

pansion associated with arguments, which satisfyj1 = j2 = 0, and hence

these indirect terms do not contribute within secular theory.

The change of orbital elements is described by Lagrange’s equations for

the variations of the orbital elements (Roy 1988). Taking into account the

fact that the disturbing function has no dependence on the mean longitudes

λ andλ† (within secular theory), these are given by:

∂a

∂t
= 0

∂e

∂t
= −

√
1 − e2

na2e

∂Ψ′

∂ω̃
∂ω̃

∂t
=

√
1 − e2

na2e

∂Ψ′

∂e
+

tan1
2
α

na2
√

1 − e2
∂Ψ′

∂α

∂α

∂t
=

−tan1
2
α

na2
√

1 − e2
∂Ψ′

∂ω̃
− 1

na2sinα
√

1 − e2
∂Ψ′

∂Ω

∂Ω

∂t
=

1

na2
√

1 − e2sinα

∂Ψ′

∂α
(2.46)

Note that within secular theorẏa = 0, because the disturbing function has

no dependence on the mean longitude. Using Eq. (2.44) in Eqs.(2.46) to

lowest order inα ande we can derive the change of orbital elements of

the perturbed body due to secular interactions as:

∂e

∂t
= −n

4
χ2M†

M⋆
b
(2)
3/2e†sin(ω̃ − ω̃†)

∂ω̃

∂t
=

n

4
χ2M†

M⋆

[

b
(1)
3/2 − b

(2)
3/2

e†
e
cos(ω̃ − ω̃†)

]

∂α

∂t
= 0

∂Ω

∂t
= −n

4
χ2M†

M⋆

b
(1)
3/2 (2.47)

This implies that the eccentricity can only grow, if the perturbing body

is on an eccentric orbit (e† > 0). For a circular perturber (e† = 0) the

eccentricity and inclination remain unchanged. As will be shown below,

this property holds only within a second order expansion.

We observe that a circular perturber causes the orbital plane to precess in a

retrograde sense (Ω̇ < 0). The pericenter precesses in the prograde sense

with twice the rate (̇ω = ˙̃ω − Ω̇ = −2Ω̇ > 0).
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2.6.2 4th Order Expansion - Kozai-effect

Although a 4th order expansion can also be found in Murray & Dermot

(1999) using Laplace coefficients we follow here an expansion presented

in Innanen et al. (1997) using Legendre polynomials. In the following we

will restrict the analysis to the case of a circular perturber. The second

order expansion presented in the last section for a circularperturber is:

Ψ =
3GM†a

2

8a3
†

[

e2 − α2
]

(2.48)

where we have usedb(1)3/2 = 3χ to first order inχ = a
a†

. Following Innanen

et al. (1997) the secular part of the disturbing function up to 4th order for

a circular perturber is (apart from constant terms):

Ψ =
3GM†a

2

8a3
†

[

e2 − sin2(α) − e2sin2(α)(4 − 5cos2(ω))
]

(2.49)

We can see that in the limit of low inclinations and eccentricities, i.e.

sin(α) ≃ α andsin2(α)e2 ≪ 1 the disturbing function is identical to the

second order expansion. However this new expansion includes a fourth

order term∼ e2sin2(α), which becomes important when the inclination

of the perturbed body becomes large (Kozai 1962). Such a situation might

arise when the perturbing object is very distant, such that it had been cap-

tured in a three-body process after the formation of the planetary system.

In this case one expects thatcos(α) is uniformly random between−1 and

1. Applying Lagrange’s equations (2.46) to the new disturbing function,

the change of orbital elements is given by:

∂α

∂τ
= −15

8
e2sin(2ω)sin(α)cos(α)/

√
1 − e2 (2.50)

∂e

∂τ
=

15

8
e
√

1 − e2sin(2ω)sin2(α) (2.51)

∂ω

∂τ
=

3

4

√
1 − e2

[

2(1 − e2) + 5sin2(ω)(e2 − sin2(α))
]

(2.52)

∂Ω

∂τ
= −cos(α)

4

[

3 + 12e2 − 15e2cos2(ω)
]

/
√

1 − e2 (2.53)

where for simplicity of notation, we introduced:

τ = [a3
†n/GM†]

−1t (2.54)
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From these equations we can observe that the eccentricity and inclination

can change due to the higher order term∝ e2sin2(α) in the expansion. In

addition to the extra terms in equations (2.50) and (2.51) wecan also ob-

serve that equation (2.52) contains an extra term∝ −sin2(α). This yields

the possibility thaṫω = 0 if sin(α) becomes large.

Although there can be significant change in the inclination and eccentric-

ity, it is straightforward to show that within this expansion the Delaunay

variable, defined as:

D =
√

a(1 − e2)cos(α) (2.55)

is a constant of motion. Because the angular momentum of the perturbed

particle isJ = M
√

GM⋆a(1 − e2) this property expresses the fact that

the z-component of the angular momentum is conserved. Furthermore it

implies that minima ine concur with maxima inα and vice versa.

Assuming a very small initial eccentricitye0 and large initial inclination

α0, one notes thatα remains almost constant as long as the eccentricity

is small (because Eq. (2.50) has the factore2). Consequentlyω quickly

moves to a value which makesω̇ = 0. To lowest order ine expression

(2.52) shows that this happens whensin2(ω) = 2
5
sin−2(α0). Henceω is

now stuck with this value and we can use this result in Eq. (2.51) to obtain:

∂e

∂τ
=

15

4
sin2(α0)sin(ω)cos(ω)e

=
15

4
e

√

2

5

[

sin2(α0) −
2

5

]

(2.56)

This implies that the eccentricity grows exponentially once the apsidal

precession rate iṡω = 0. While the eccentricity grows the inclination

decreases according to Eq. (2.55). This is called the Kozai-effect (Kozai

1962). It produces large cyclic variations in eccentricityand inclination as

a result of angular momentum exchange with the perturber orbit. From

Eq. (2.56) we observe that for the Kozai-effect to operate werequire

sin2(α0) >
2
5
, which corresponds to an initial inclinationα0 > 39.2◦ ≡

αK , whereαK is the Kozai-threshold inclination. If the initial inclination

is below this value the solutions to the equations are quasi-periodic and

the variations of orbital elements are small, i.e. the Kozai-effect is sup-
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pressed.

In Fig.2.5 we present numerical results from N-body simulations for par-

ticles with different initial inclinations and eccentricitiese0 ∼ 10−3. The

data in these plots has been smoothed over a temporal window of ∆τ ∼
10−2. The perturbing object is on a circular orbit, which is coplanar with

the xy-plane of the coordinate system.

We can observe that the Kozai-effect is operating for all particles with

α > 39.2◦ (0.684). For these bodies the apsidal precession locks into

the Kozai-mode, such thatω̇ = 0, andsin(2ω) > 0. Consequently we

observe that the eccentricity grows while the inclination decreases until

it approaches the critical inclination. As it approaches this critical value

the Kozai-lock is temporarily released, because the positive contribution

to ω̇ in Eq. (2.52) can not be compensated by the negative contribution

∝ sin2(α). Henceω quickly precesses in a prograde sense, eventually

leading tosin(2ω) < 0 and the inclination starts to increase again. Con-

sequently the system again becomes locked into the Kozai-mode, but now

with sin(2ω) < 0, and thus the inclination increases and the eccentricity

decreases.

At the end of the Kozai-cycle we can observe that the system moves back

to its original configuration and the cycle repeats. Becausethe Delau-

nay variable is conserved, and the eccentricity reaches itsmaximum at the

same time as the inclination approaches its critical value,we can estimate

the maximum eccentricity as:

emax =

√

1 − 5

3
cos2(α0) (2.57)

This maximum value is depicted in Fig.2.5 (top-left panel) by the horizon-

tal dashed lines and agrees with the numerical results quitewell. The time

required to reach this maximum (afterω has locked into the Kozai-mode,

such thatω̇ = 0) can be estimated from expression (2.56) as:

τmax = 0.42ln

(

1

e0

)

1
√

sin2(α0) − 0.4
(2.58)

These timescales are indicated by the vertical dashed linesin Fig.2.5 (top-

left panel). As we can see, the expression underestimates a little the time

required to reach the maximum eccentricity when one starts with very
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Figure 2.5: Numerical results of particles in the point masspotential of a
perturbing object. Line colours correspond to particles atdifferent initial
inclinations. Dashed horizontal and vertical lines in the upper left panel
indicate the analytical estimate Eq. (2.57) and Eq. (2.58).

small eccentricity. However the agreement is reasonable good. Note that

this timescale therefore depends on the initial inclination α0, eccentricity

e0 and because of Eq. (2.54) on the semi-major axes of the perturbed and

perturbing body.

In contrast the maximum eccentricity (Eq.2.57) is independent of the semi-

major-axis of the perturbing object. This implies that the increase of ec-

centricity occurs even if the perturbing body is very distant and the per-

turbation is consequently small. The time scale for the phenomenon just

becomes long in such a case.

If the initial inclination is too low, as depicted in Fig.2.5(dark blue line),

the Kozai-mechanism is suppressed. The apsidal precessioncan not lock

into the Kozai-mode, because the negative term∝ sin2(α0) is too small

in Eq. (2.52). This implies that changes in eccentricities and inclinations
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are averaged out before they can build up.

Note that the Kozai-effect is also suppressed, if sufficientapsidal preces-

sion is caused by an external source. This could be, for example, a sec-

ond perturbing body, tidal circulization, relativistic effects or a remnant

disc around the primary star. If any of these causes an apsidal precession

period that is shorter than the Kozai-timescale, the changes in eccentric-

ity and inclination are averaged out before a substantial change in these

quantities can establish. Thus one must take into account the fact that the

Kozai effect is very sensitive to deviations from the point mass model, for

any additional precession effect can easily suppress it.

In chapter 5 we will investigate the possibility that the Kozai-effect may

be suppressed in presence of a gaseous disc around the primary star. The

Kozai effect has been used to explain the large eccentricities of some plan-

ets, such as HD80606b (Wu & Murray 2003) with a striking eccentricity

of e = 0.93 or 16CygBb (Holman et al. 1997) withe = 0.67. If the

eccentricities become too large the perturbed body might collide with the

central object and the stability of such systems may be threatened.



Chapter 3

Giant Planet Formation in

Stellar Clusters: the Effects of

Stellar Fly-bys

3.1 Stellar Encounters in Star-Clusters

So far the theory of planet formation and migration described in this thesis

has considered only cases, in which the protoplanetary discand the plan-

ets forming in them are treated as isolated systems.

However, current data indicates that a significant fractionof the stellar

population is born in groups or clusters from the giant molecular cloud

(GMC). Once formed GMCs obtain a highly clumpy structure, possibly

due to collisions in supersonic turbulent flows. This highlynonuniform

structure contains numerous cores with masses ranging froma few hun-

dred to a few thousand solar masses. Fragmentation of the more massive

cores due to collapse of their gravitational unstable substructures leads to

the formation of protostars. At the end of this complex process young

embedded groups/clusters appear to be basic units of star formation, ac-

counting for a significant fraction of the stars that populate our galactic

disc.

The majority of stars (60%) observed in embedded clusters are found in

systems that contain between 100 and 1000 stellar members, with sizes

ranging between 0.5 and 3.65 pc (Lada & Lada 2003, Carpenter 2000).

73
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Close encounters between the stars of these clusters are expected to sig-

nificantly modify the structure of protoplanetary discs around the stars

(Clarke & Pringle 1991, Korycansky & Papaloizou 1995, Larwood 1997).

It is likely that the impact of this, and other environmentalfactors, will

need to be included in planet formation models eventually ifthe observed

distributions of planetary characteristics are to be reproduced. The ques-

tion of how often young planetary systems and their host stars suffer a

close encounter with passing stars in a cluster has been addressed by

Adams et al (2006). They performed N-body simulations to determine

the probability for a fly-by to occur with a given distance of closest ap-

proach (impact parameter).

Their models included the effects of cluster gas (present for the first 5

Myr) and its dispersal after this time, and the encounter distances were

computed over a total evolution time of 10 Myr. As expected, the pres-

ence of gas increases the gravitational potential of the cluster, and results

in an increased encounter rate. However as gas leaves the system, the grav-

itational well grows less deep, and the stellar systems adjusts its structure.

Stars filling the high-velocity part of the distribution will thus leave the

system, and hence the cluster lifetime tends to be reduced inmodels that

include the treatment of gas.

Adams et al (2006) considered both virial (hot) and subvirial (cold) start-

ing conditions. Latter were motivated by clump dispersion measurements

from recent observations of systems in which the stars are (apparently)

born with speeds substantially lower than virial. Specifically in the NGC

1333 cluster, the observed clump-to-clump rms velocity is only∼ 0.45kms−1,

significantly less than that expected if the clumps were in virialized orbits

(∼ 1kms−1), see Adams et al (2006) and references therein. As another

example, the clump-to-clump velocities in the NGC 2264 region are esti-

mated to be about 3 times smaller than that expected in virialequilibrium.

In the models of Adams et al (2006) the velocity dispersion ofthe subvirial

configuration was chosen to be a factor of3.5 less compared to the virial

velocities. Assuming that observed clumps are progenitorsof individual

protostars, it seems that subvirial speeds are common in clusters of young

stars. These are of primary interest in the context of planetformation as

their planetary systems are likely to be in a stage of early evolution, such
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that the gas discs have not yet been dispersed, and gas accretion onto the

planet is still in progress.

In order to build up robust distributions of output measures, Adams et

al (2006) performed multiple realizations of equivalent initial conditions.

For stellar densities adopted from catalogues by Lada & Lada(2003) and

Carpenter (2000), they found that approximately 0.5 and 1 encounter with

an impact parameter of≤ 100 AU occurred every106 years for subvirial

clusters with member number of 100 and 1000 respectively. Ina similar

study, Malmberg et al (2007) performed N-body simulations for clusters

without gas and with virial initial velocities. Their modeldid not include

the gas component, so the life time of their clusters was substantially in-

creased, and their simulation times were about a factor 10 higher than

those by Adams et al (2006). For an initial cluster membership number

of N = 700 and size 0.38 pc, they found an encounter rate of about 10

encounters in106 years after 5 Myr of evolution. This larger encounter

rate is due to the higher star density used in the simulations.

An analytical estimate of the stellar encounter rate was presented by Bin-

ney & Tremaine (1987):

Π = 16
√
πnv∞R

2
C

(

1 +
GMtot

2v2
∞RC

)

(3.1)

wheren is the star density in the cluster,v∞ is the velocity dispersion,

RC is the close encounter distance andMtot is the total mass of bodies

involved in the encounter. The term in brackets is the gravitational fo-

cusing factor. For large encounter distance one can neglectthe focusing

factor andΠ ∝ R2
C . The formula predicts1.46 encounters per Myr (with

RC ≤ 100AU) for Adams et al (2006) cold configuration and0.41 en-

counters per Myr for their virial configuration. This is in close agreement

with their numerical results. The formula also agrees roughly with the en-

counter rate obtained by Malmberg et al (2007), taking into account the

increased star density used in their simulations.

For a typical lifetime of a protoplanetary disc of about5 · 106 years, the

above result suggests that up to1 − 7% of all stars in the cluster will ex-

perience a close encounter withRC ≤ 100 AU, and significantly more

for larger impact parameters. Only half of these will be prograde, and
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very few will be coplanar with the protoplanetary disc, a setup that will

be used in this chapter. Our 2D simulations clearly can not capture the

warping and twisting of the disc that would result from an inclined en-

counter, but an inclination angle of45◦ still results in a disc experiencing

70% of the maximum possible gravitational perturbation in its horizontal

plane. The tidal truncation and spiral wave excitation we capture in 2D

simulations will therefore remain as important phenomena in the full 3D

case even when the inclination angle is much larger than the disc opening

angle. Taking into account the reduced influence of very highinclina-

tion encounters, estimates of the fraction of stars experiencing prograde

encounters which may induce significant disc truncation andspiral wave

excitation are in the range0.25 − 1.5% for a disc lifetime of 5 Myr.

In this chapter we address the question of how such encounters will mod-

ify the evolution of a giant planet forming in the protoplanetary disc. It

is well known that a giant planet forming in a disc surrounding a single

star will form a tidally-truncated gap, and will migrate inwardvia type II

migration on a time scale of a few×105 years (e.g. Lin & Papaloizou

1986; Nelson et al. 2000). The planet will also accrete gas which slowly

diffuses through the gap at a rate which is approximately oneJovian mass

per105 yr.

A close-encounter between the protoplanetary disc and a passing star will

significantly perturb the disc, causing it to be tidally truncated and initi-

ating an inward flow of gas. We use a grid-based hydrodynamicscode

(NIRVANA) to perform 2D simulations that examine how the evolution

of a giant planet forming in a disc is modified by such encounters. We are

particularly interested in calculating how the mass accretion and migration

rates are modified. Our simulations start with a Jovian mass planet on a

circular orbit at 5 AU, which has formed a gap and is slowly undergoing

inward type II migration in a disc of radius 50 AU. The effectsof stellar

perturbers with distances of closest approach to the planet–hosting star of

between 100 - 250 AU are examined. For close encounters in particular

we find that accretion of gas can be substantially enhanced, and the inward

migration can be reversed such that the giant planet undergoes a sustained

period of outward migration.
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3.2 Summary of this Project

The primary aim of this work is to examine the effect of parabolic stellar

encounters on the evolution of a Jovian–mass giant planet forming within

a protoplanetary disc. We consider the effect on both the mass accretion

and the migration history as a function of encounter distance.

We use a grid–based hydrodynamics code to perform 2D simulations of

a system consisting of a giant planet embedded within a gaseous disc or-

biting around a star, which is perturbed by a passing star on aprograde,

parabolic orbit. The disc model extends out to 50 AU, and parabolic en-

counters are considered with impact parameters ranging from 100 – 250

AU.

In agreement with previous work, we find that the disc is significantly

tidally truncated for encounters< 150 AU, and the removal of angular

momentum from the disc by the passing star causes a substantial inflow

of gas through the disc. The gap formed by the embedded planetbecomes

flooded with gas, causing the gas accretion rate onto the planet to increase

abruptly. Gas flow through the gap, and into the inner disc, leads to a

brief period of type III migration outward, and causes the positive inner

disc torques exerted on the planet to increase, resulting ina sustained pe-

riod of outward migration. For weaker interactions, corresponding to an

encounter distance of≥ 250 AU, we find that the planet-disc system ex-

periences minimal perturbation.

Our results indicate that stellar fly-bys in young clusters may significantly

modify the masses and orbital parameters of giant planets forming within

protostellar discs. Planets that undergo such encounters are expected to

be more massive, and to orbit with larger semimajor axes, than planets in

systems which have not experienced parabolic encounters.

3.3 Basic Equations

The system we consider consists of a central star, a thin protoplanetary ac-

cretion disc, whose height-to-radius ratioH/r ≪ 1, a giant planet whose

orbit plane coincides with the disc midplane, and a stellar–mass perturber

on a prograde parabolic orbit whose plane is coincident withthat of the
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planet. It is therefore convenient to consider a two dimensional system in

which the equations describing the disc dynamics are vertically integrated.

We adopt cylindrical polar coordinates (r, φ, z) whose origin is located at

the position of the central star, where the rotation axis of the disc coin-

cides with thez axis, and the velocities are denotedv=(vr, vφ, 0). Using

this coordinate system in Eq. (1.1) and Eq. (1.2), the vertically integrated

continuity equation is given by:

∂Σ

∂t
+

1

r

∂

∂r
(rΣvr) +

1

r

∂

∂φ
(Σvφ) = 0. (3.2)

The vertically integrated radial momentum equation is:

∂

∂t
(Σvr) +

1

r

∂

∂r
(rΣv2

r) +
1

r

∂

∂φ
(Σvrvφ)

= Σ
v2

φ

r
− ∂P

∂r
− Σ

∂Ψ

∂r
+ Sr

visc (3.3)

and the angular momentum equation reads:

∂

∂t
(Σrvφ) +

1

r

∂

∂r
(rΣrvφvr) +

1

r

∂

∂φ
(Σrv2

φ)

= −∂P
∂φ

− Σ
∂Ψ

∂φ
+ rSφ

visc. (3.4)

HereΣ =
∫∞

−∞
ρdz denotes the surface density,P is the height integrated

pressure,Ψ is the gravitational potential, andSr
visc andSφ

visc are the vis-

cous forces in ther andφ direction, respectively:

Sr
visc =

1

r

∂

∂r
(rTrr) +

1

r

∂Trφ

∂φ
− Tφφ

r
(3.5)

Sφ
visc =

1

r

(

1

r

∂

∂r
(r2Trφ) +

∂Tφφ

∂φ

)

(3.6)

Tij is the(i, j) component of the height integrated viscous stress tensor.

We adopt a locally isothermal equation of state:

P = cS(r)2ρ (3.7)

with cS(r) =
(

H
r

)

vK , whereH
r

is the constant aspect ratio andvK is the

local Keplerian velocity. The gravitational potential experienced by the
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disc is given by:

Ψ(r, φ) = −GM⋆

r
+

2
∑

i=1

Ψi(r, φ)

+
2
∑

i=1

GMi

r3
i

r · ri +G

∫

disc

dm(r′)

r′3
r · r′ (3.8)

whereM⋆ is the mass of the central star, and the last two terms result from

our choice of a non inertial reference frame centered on the primary star.

In this problem we have two bodies in addition to the central star: the

planet (i = 1) and the secondary stellar perturber (i = 2). The gravita-

tional potential due to bodyi, denoted byΨi, is given by:

Ψi(r, φ) =
−GMi

√

r2 + r2
i − 2rricos(φ− φi) + b2i

(3.9)

whereMi is the mass of the secondary star or planet. We use a softening

parameter,bi, whose value isbi = 0.6Hi, andHi is the effective disc

thickness at the location of the companion object,i.

The planet and the secondary star experience forces from allthe other

bodies and the disc. The equation of motion for each of these objects is:

d2ri

dt2
= −GM⋆

r3
i

ri −
∑

j 6=i

GMj

|ri − rj |3
(ri − rj)

+

∫

disc

dm(r′)
∇′Ψi(r

′, φ′)

Mi

−
2
∑

j=1

GMj

r3
j

rj −G

∫

disc

dm(r′)

r′3
r′ (3.10)

The last two terms are indirect terms, which arise because wework in a

non inertial frame centered on the primary star. The second term describes

the gravitational interaction between the planet and secondary. The third

term represents the acceleration from the disc. Note that inorder to con-

serve angular momentum, the torque experienced by the disc due to the

planet or secondary star is used to calculate the force on that body, which

is why the third term appears in a slightly unfamiliar form. We note fur-

ther, however, that the forces due to the disc arising from material within

the Hill sphere of the planet were neglected, resulting in a slight asymme-
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try between the disc and planet accelerations.

3.4 Numerical Methods

The system of equations described in Sect. 3.3 is integratedusing NIR-

VANA, a grid–based hydrodynamic code (Ziegler & Yorke 1997). The

advection scheme uses a second order accurate monotonic transport al-

gorithm (van Leer 1977), and conserves mass and angular momentum

globally. In all simulations the number of grid cells employed was (Nr,

Nφ)=(3072, 256). The equations of motion for the planet and stars are

integrated using a standard first-order Euler scheme.

3.4.1 Boundary Conditions

A zero gradient outflow boundary condition was applied at theouter radial

boundary, and at the inner radial boundary we applied a boundary condi-

tion which allows outflow, but at a rate that is limited to be smaller or

equal to 10 times the viscous flow rate, where the viscous massflow rate

was defined in Eq. (1.11). Limiting the outflow rate in this waywas found

to be necessary as standard open or reflective boundary conditions were

found to generate unsatisfactory results for this particular application.

3.4.2 Units

The equations are integrated in dimensionless form with thegravitational

constantG = 1. The inner radius is located atr = 1 and the outer radius

of the computational domain is atr = 150. We assume that the inner disc

edge is located at a distance of 0.5 AU from the star when converting be-

tween code and physical units. The mass of the central objectis assumed

to be 1 M⊙. When discussing simulation results we use the planet initial

orbital period as our unit of time.
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3.4.3 Initial Conditions

We initialise the simulations using a power law distribution for the surface

density profile, modulated by a taper function that reduces the surface den-

sity near the outer edge of the disc:Σ(r) = Σ0r
−1/2 · fT . Effectively, the

power law profile extends between the inner disc edge andr ∼ 100, be-

yond which the taper function becomes important and reducesthe surface

density down to a small value. Once the density falls to10−5Σ0, the disc

joins onto a region where the density uniformly has this small value. This

set-up provides the disc with plenty of space to respond to the impact by

the parabolic perturber, thus reducing the influence of the outer boundary

condition. The taper function takes the form

fT = tanh (
rT − r + ǫ

∆T
) (3.11)

whererT = 100. We chose the effective disc edge scale height to be

∆T = 0.2 · rT , as was done by Korycansky & Papaloizou (1995). Corre-

spondingly, the initial azimuthal velocity profile is chosen to be a modified

Keplerian, which ensures the disc is in radial equilibrium initially:

vφ =

√

√

√

√

1

r
·
(

1 − 3

2

(

H

r

)2
)

+ hT (3.12)

The term involving the aspect ratio represents the effect ofthe pressure

gradient generated by aΣ ∼ r−
1

2 disc. The additional termhT represents

the effect of the taper function and can be written as:

hT = −rc2S
1

fT

∂fT

∂r

= −rc
2
S

∆T

1 − tanh2 ( rT−r+ǫ
∆T

)

tanh ( rT−r+ǫ
∆T

)
(3.13)

Here it becomes clear why the small but nonzero quantityǫ was intro-

duced. It was chosen to be about 5 times the grid spacing.

For the uniform density region beyondr > rT , the azimuthal velocity was

taken to be Keplerian.

The proportionality factor for the surface density prescription,Σ0, is deter-

mined from the total disc mass, which was taken to beMd = 4.513×10−2
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M⊙ at the beginning of the simulation. This corresponds to about three

times the MMSN. The radial velocity was chosen to be zero initially, and

the disc aspect ratio isH
r

= 0.05. The viscosity coefficient was cho-

sen to be a constantν = 10−5 throughout the disc, corresponding to

αν = 1.26 × 10−3 at the planet position.

Running of the simulations consisted of two phases. First, aJupiter mass

planet was evolved for 535 orbits, starting atr1 = 10, in order to create a

clean gap. Accretion onto the planet was switched off duringthis phase.

Second, a solar mass stellar perturber was launched (usually at a distance

r2 = 1000) and was evolved on a prograde, parabolic orbit in the plane

of the disc. We denote the distance of closest approach of theperturber

(or impact parameter) asq, which we express in units of the initial disc

outer radius. Thus a run withq = 2, for example, has a distance of closest

approach equal to 200 measured in code units, as the disc has an initial

radius equal to 100.

In the case of model 1, which we discuss below and which did notinclude

a parabolic perturber, we simply continue the run on fromt = 535 orbits,

but switch on gas accretion.

3.4.4 Planet Accretion Routine

Due to low resolution in the planet Hill sphere, we adopt a simple treat-

ment of the gas accretion process (Kley 1999). For disc cellswhich lie

within a distance ofRH/5, whereRH is the planet Hill sphere radius, the

amount of mass removed from the disc at each time step and added to the

planet is given by:

∆m = A Σ(r, φ) dS(r, φ) ∆t (3.14)

where∆t is the time step size anddS denotes the surface area of the

disc cell. This prescription leads to an exponential decrease of the mass

contained in the inner region of the Hill sphere, and we get a half-emptying

time of:

t 1

2

=
ln(2)

A (3.15)

The accretion parameter,A, was allowed to take values[0, 0.05, 0.5], cor-

responding tono, slowandfastaccretion.



3.4: Giant Planet Formation in Stellar Clusters: the Effects of Stellar
Fly-bys — Numerical Methods 83

In some simulations, we also took into account the momentum content of

the accreted gas, and added it to the planet momentum. Here, the planet

momentum was updated according to:

d(M1v1)

dt
=

1

∆t

∫

1

5
RH

dm · vG (3.16)

wherevG is the gas velocity vector and the integral is over the area within
1
5
RH . The planet mass was then updated, and the new velocity calculated

using the new values of momentum and mass.

3.4.5 Calculating Torques in Corotation Region

An issue that we explore in this chapter is the role of corotation torques

in driving the migration of the planet. The parabolic fly-by is expected to

truncate the disc and drive a significant mass inflow. It is possible that as

mass flows through the coorbital region of the planet, it induces a positive

corotation torque, inducing a period of outward type III migration as de-

scribed in Masset & Papaloizou (2003).

In order to measure the torque exerted on material located inthe corotation

region in the numerical simulations, we define an annulus whose bound-

aries extend by one Hill radius on either side of the planet semimajor axis.

We thus split the disc into three parts, an inner and outer disc, and the an-

nulus – which we refer to as the corotation region. Integrating Eq.3.4 over

an annulus with outer radiusa1 +RH and inner radiusa1 −RH gives:

∂J

∂t
+ T F = T ν −

2
∑

i=1

TCR
i + T ind (3.17)

with:

T F =

∫ 2π

0

dφ (r2 Σ vr vφ) |a1+RH

a1−RH
= F od

J − F id
J (3.18)

where J denotes the total angular momentum content in the annulus and

F od
J (F id

J ) is the angular momentum flux through the outer (inner) bound-

ary of the annulus. Note that the integrand is evaluated at the radial bound-

aries of the corotation region only.T F denotes the angular momentum

change due to a possible differential angular momentum flux.T ν repre-
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sents the viscous interaction between the annulus and the inner and outer

disc, which occurs along the surfaces of the boundaries, andT ind is the

torque arising from the indirect forces. In practice we find that these latter

two terms are negligible. The quantity−TCR
i is the gravitational torque

exerted by any bodyi on the corotation region:

TCR
i =

∫ a1+RH

a1−RH

∫ 2π

0

Σ
∂Ψi(r, φ)

∂φ
r dr dφ (3.19)

In practice we find that the torque due to the parabolic perturber (i = 2)

also has negligible magnitude. Also there is an associated loss of angular

momentum due to gas accretion onto the planet, which we will treat as an

effective torque and denote asT acc:

T acc = A
∫

S

Σ vφ r dS, (3.20)

where the integral is to be performed over the surface area enclosed within

a distance ofRH/5 from the planet, as described in Sect. 3.4.4. Therefore

the entire angular momentum budget can be expressed as:

∂J

∂t
+ T F ≃ −TCR

1 − T acc. (3.21)

In order to estimate the error associated with this estimate, we also calcu-

late:

QE =
∂J
∂t

+ T F + TCR
1 + T acc

∣

∣

∂J
∂t

∣

∣+ |T F | + |TCR
1 | + |T acc| (3.22)

whereQE is a measure of the error. In our simulations we find thatQE

remains small, but varies between10−3-10−2. The main contributor to the

error arises from the exclusion of the Hill sphere region when calculating

the torques on the planet, since we did not include this when calculating

TCR
1 .

3.4.6 Calculating Specific Torques on the Planet

The specific torques on the planet (body 1) are due to the direct accelera-

tion from the disc, the direct acceleration due to the secondary perturber

plus the indirect gravitational force, and an effective torque due to the ac-



3.5: Giant Planet Formation in Stellar Clusters: the Effects of Stellar
Fly-bys — Results 85

cretion of gas with different specific angular momentum. Mathematically

this can be expressed as:

Γtot
1 = Γdisc

1 + Γind+dir
1 + Γacc

1 (3.23)

The specific disc torque can be expressed as:

Γdisc
1 =

1

M1
r1 ×

∫

disc

dm(r′)∇′Ψ1(r
′, φ′)

= Γod
1 + Γid

1 + ΓCR
1 (3.24)

such that the specific disc torques are separated into contributions from

the outer and inner disc, and from the corotation region, where the latter

coincides withΓCR
1 =

T CR
1

M1
. Furthermore we write the specific torques due

to the direct gravitational interaction with the secondaryperturber (body

2) and the indirect force as:

Γind+dir
1 = r1 ×

GM2

|r1 − r2|3
(r2 − r1) − r1 ×

GM2

r3
2

r2

− r1 ×G

∫

disc

dm(r′)

r′3
r′ (3.25)

The last two terms are due to the indirect force. Note that thefirst two

terms in this expression almost cancel out, asr1 << r2. Therefore this

term is dominated by the indirect force due to the acceleration of the cen-

tral star by the disc.

3.5 Results

We now present the simulation results. We begin by discussing the ef-

fect of the perturber on the global disc structure, and how the stellar fly-

by modifies the global angular momentum content of the disc. We then

present a calibration run of a giant planet embedded in an otherwise unper-

turbed disc to demonstrate agreement with previous resultson migration

and accretion rates. Following this we present results which demonstrate

the effects that a stellar fly-by can have on the evolution of agiant planet

forming in a protostellar disc. The runs we have performed, and their

associated model parameters, are summarised in table 3.1.
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Run q A Accretion of
label Ang. Momentum

1 - 0.5 no
2 2 0 no
3 2 0. no
4 2 0.05 no
5 2 0.5 no
6 2.5 0.5 no
7 3 0.5 no
8 5 0.5 no
9 2 0.05 yes
10 2 0.5 yes

Table 3.1: Table of runs - Run 1 is a reference run, that was evolved with-
out presence of the secondary. In model 2 the planet was maintained on a
fixed circular orbit. In the second column the close encounter distance in
units of the outer edge of the physical domainrT = 100(50AU) was var-
ied. The third columns contains the variation of the accretion parameter,
where a value of0.5 corresponds to fast,0.05 to slow and0 to no accre-
tion. In the last column the effect of accreting specific angular momentum
from the surrounding gas is also included for runs 9-10.

3.5.1 Effect of Parabolic Perturbers on the Global Disc

Structure: Models 2-8

We now consider simulations for which there is an encounter between a

stellar perturber on a prograde, parabolic orbit and a circumstellar disc.

We focus here on the effects that the fly-by has on the disc structure. It

is expected that close encounters for which the impact parameterq ≤ 3

will produce significant changes in the global structure of the disc. Fly-by

scenarios with gaseous discs have been investigated without an embedded

planet by Ostriker (1994) using linear theory, Korycansky &Papaloizou

(1995) using linear theory and two dimensional simulationsperformed

using a finite difference code, and by Larwood (1997) using three di-

mensional SPH simulations. These authors all agree that thedisc loses

a significant fraction of its angular momentum due to the encounter. The

orbital motion of a stellar perturber on a parabolic orbit scans a broad

(formally infinite) range of angular frequencies, and Korycansky & Pa-

paloizou (1995) demonstrate that the peak response of the disc occurs for
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Figure 3.1: This figure shows surface density contours for different stages
of the encounter during model 2. The top left panel shows the initial state
at the time when the perturber is introduced, just after the gap clearing
phase after 535 planetary orbits. The top right panel corresponds to when
the perturber has reached pericenter. In the bottom left panel the disc is
being truncated, and waves travel all the way to the planet-induced gap.
The lower right panel shows the disc a long time after the encounter has
occurred.

frequencies corresponding to inner Lindblad resonances which are located

near the edge of the disc. More specifically, most of the torque experi-

enced by the disc is applied at the point of pericenter passage.

We begin by examining the effect of a parabolic encounter on the global

structure of the disc in model 2. To initiate this run we took the results of

model 1 aftert = 535 planet orbits, and launched a solar-mass perturber

from an initial position of (x, y)=(-750, 0), chosen so that its pericenter

distance from the central star isr2 = 200 code units (or 100 AU in physi-

cal units), such thatq = 2. At the time when the perturber is launched, the

planet has opened a deep gap in the disc, as may be observed in the first

panel of Fig. 3.1. The influence of the perturber is apparent in the second
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panel of Fig. 3.1, which corresponds to a time oft = 576 orbits when

the perturber has reached pericenter (located atx = 93.4, y = −178.4).

A lop-sided two-armed spiral wave is launched from near the outer edge

of the disc, generating a perturbation with strong contributions from az-

imuthal mode numbersm = 2 andm = 1. Them = 2 inner Lindblad

resonance associated with the perturber’s angular frequency at pericenter

is located near the disc edge, and inward propagatingm = 2 spiral waves

are launched in the disc. The strongm = 1 contribution comes from the

fact that the closest approach occurs on just one side of the disc, such that

the perturbing potential has a significant non resonantm = 1 component.

The total energy (kinetic plus potential) of the secondary is given by:

E =
ṙ2
2

2
+
r2
2φ̇

2
2

2
− G(M⋆ +M2)

r2
(3.26)

For a parabolic (zero energy) orbit, the angular frequency of the perturber

at closest approach in a frame centered on the primary is:

ω2 =

√

2G(M⋆ +M2)

(qrT )3
= 2(qrT )−

3

2 (3.27)

whererT is the initial disc outer radius, and the second equality arises

because we assumeG = 1, M∗ = 1, andM2 = 1. The potential due to

the secondary can be written:

Ψ(r, φ) =
GM2

r2

[

r

r2
cos(φ− φ2) −

r2

(r2 + r2
2 − 2rr2cos(φ− φ2))

1

2

]

where the first term in brackets describes the effect of working in the pri-

mary frame. For a circular orbit,r2 andφ2 are time-independent in a

frame corotating with the perturber, but for a parabolic orbit, r2 andφ2 be-

come time dependent. Thus if one wants to consider contributions to the

potential in the Fourier domain we must writeΨ in terms of frequency-

dependent quantities by means of a Fourier transform in time:

Ψ(r, φ) =

∞
∑

m=−∞

∫ ∞

−∞

Ψmσ(r)ei(mφ−σt)dσ (3.28)
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Thus there is an infinite spectrum of frequenciesσ which contribute to the

potential of the perturber. (Note that this expression can also be derived

from Eq. (2.6) withσ = mΩm
l = (m+l)n†, since for a parabolic perturber

with fixed pericenter distance,e† → 1 implies a† → ∞ andn† → 0.

Hence the discrete sum over l becomes a continues integral over σ.) We

have calculated the Fourier transform of the potentialΨ(r, φ), for reasons

discussed below, using an analytical expression for the perturber trajectory

from Larwood (1997):

r2 = qrT [4p, (1 − 4p2), 0] (3.29)

with

p = sinh

[

1

3
sinh−1

(

3

4
ω2t

)]

(3.30)

This can be derived by integrating Eq. (3.26) in time with (E = 0) and

choosing a coordinate system, in which the y-axis coincideswith the lon-

gitude of pericenter. With this it is possible to determine the potential

experienced in a ring at any radial location,r, in the disc for any chosen

time, allowing us to evaluate the discrete Fourier transform of Ψ(r, φ), and

hence the coefficientsΨmσ(r).

The fact that we have an infinite range of frequencies means that in prin-

ciplem = 2 waves are triggered at inner Lindblad resonances everywhere

in the disc by the perturber. It is expected, however, that the disc responds

dominantly to a frequency whose inner Lindblad resonance islocated near

to the edge of the disc where the gravitational perturbationis large. For

each simulation we performed with different values ofq (q = 2, 2.5, 3,

5), it was found that the dominant frequency of the spiral waves launched

were associated with Lindblad resonances located at different disc loca-

tions. An interesting question is what determines the location from which

the dominant wave is launched ? One factor in determining this is the fact

that the disc is of finite radial extent, and a surface-density taper is applied

at the outside edge, such that strong forcing by the companion’s gravity

there does not necessary excite a wave which propagates withlarge ampli-

tude into the main body of the disc. By plotting the productΣ(r).Ψmσ(r),

whereΣ(r) is the initial unperturbed surface density, we find for most of
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Figure 3.2: Angular momentum and mass of the disc normalisedby the
initial values for model 2.

our models that the radial location in the disc where this product reaches

a maximum agrees very well with the position of the Lindblad resonance

associated with the dominantm = 2 wave. The value ofσ used when plot-

ting Σ(r).Ψmσ(r) corresponds to the frequency of a wave which would be

launched at anm-fold Lindblad resonance located atr. For the model

2, with q = 2, we find that the dominant wave excited near the edge of

the disc had a frequencyσ/ω2 = 0.65, with corresponding Lindblad res-

onance atr ≃ 106. This coincides with the maximum ofΣ(r).Ψmσ(r).

The disc response is highly non linear in model 2. Fourier analysis of the

disc surface density shows that in addition to the dominant wave excited

near the disc edge, a higher frequencym = 2 wave is more pronounced in

the disc inner parts, whose Lindblad resonance is located atrL
m ≃ 53. The

implication is that the highly non linear wave excited at thevery disc edge

is damped through the process of truncating the disc to a radius of≃ 50.

The wave which survives and continues to propagate inward islaunched

near to the radial location where the disc is eventually truncated. The trun-

cation of the disc down to a radius ofr ≃ 50 (half its original size) can

be observed in the third and fourth panels of Fig. 3.1, and arises because

the non linear wave excited at the disc edge has a lower angular frequency

than the local disc material.

The third panel of Fig. 3.1 also shows that spiral waves excited in the disc
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Figure 3.3: Disc angular momentum versus time for the following runs:
model 5 – black (solid) line; model 6 – red (dotted) line; model 7 – green
(dashed) line: model 8 – blue (dash-dotted); model 1 – magenta (triple-
dot-dashed) line.

travel all the way to the gap generated by the planet, and the associated

angular momentum loss by the disc causes significant mass flowthrough

the gap and into the disc that lies interior to the planet. This flooding

of the gap is temporary, however, as the planet eventually clears the gap

on a time scale of a few hundred orbits after the perturber haspassed by

the disc. The fourth panel corresponds to a time when the perturber is

no longer influencing the disc, and the spiral waves that it excited have

propagated toward the disc center and have dissipated. It isapparent that

the embedded planet has been able to re-form the gap, but the outer gap

edge has developed an eccentric shape (with eccentricity∼ 0.2.) which

undergoes slow retrograde precession. The origin and evolution of this

disc eccentricity are discussed later in the chapter.

During pericenter passage of the secondary, mass gets pulled out through

the outer boundary, and is lost from the disc. Fig. 3.2 displays the relative

mass and angular momentum loss by the disc in units of the initial quanti-

ties. As one can see, the disc loses about 6% of its initial mass, and there is

an associated advective angular momentum loss through the outer bound-

ary which is included in the solid curve showing total angular momentum

loss. We also plot the angular momentum change due to torquesonly, as
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this result can be compared with Korycansky & Papaloizou (1995). Their

set-up differed from ours, as we use an isothermal equation of state and

open boundaries, and their calculations adopted closed boundary condi-

tions and a polytropic equation of state. In spite of these differences, we

obtain similar results to those authors, and find that the angular momen-

tum loss due to torques by a perturber passing the disc with a pericenter

distance equal to twice the disc radius is approximately 11 percent. Ko-

rycansky & Papaloizou (1995) obtained the value 13.3 percent.

The results for model 6, with impact parameterq = 2.5, are similar to

those described for model 2. The disc response is highly nonlinear, and

the disc is significantly truncated down to a radius ofr ≃ 80 from an

initial value of r = 100. A dominantm = 2 wave is excited at the

disc edge whose frequency corresponds to a Lindblad resonance located

atrL
m = 100, and this again coincides with the maximum ofΣ(r).Ψmσ(r).

Further into the disc, interior to the final truncation radius, more promi-

nentm = 2 waves with higher frequencies are observed, correspondingto

Lindblad resonances located nearr = 75.

A significant difference in behaviour is observed for the discs withq ≥ 3,

as the disc response transitions from being highly nonlinear to being quasi-

linear, with very modest tidal truncation. These are models7 and 8, for

which the impact parameters wereq = 3 andq = 5, respectively. In the

case of model 7, we find that a dominantm = 2 wave is excited in the disc,

but with a frequency which corresponds to a Lindblad resonance located at

rL
m ≃ 86, somewhat inside the outer disc edge. This again corresponds to

the maximum of the productΣ(r).Ψmσ(r). Unlike in the nonlinear cases

discussed above, this wave propagates all the way in to the inner disc with-

out being fully dissipated.

The results of model 8 withq = 5 are intriguing. We observe that a weak

m = 2 spiral wave is excited in the disc, and propagates all the wayto

the center of the disc where the planet is. The dissipation ofthis wave

causes a modest modification of the disc surface density in the vicinity of

the planet and gap. This wave has a frequency whose inner Lindblad res-

onance location is predicted to be atrL
m ≃ 127. The productΣ(r).Ψmσ(r)

does not accurately predict the location of this Lindblad resonance, which

is outside of the main body of the disc where the density is very small,
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and as such we would not expect to see a wave in the disc which has been

excited there. It is possible that this wave is excited because of finite res-

onance width effects.

The change in angular momentum for each of the disc models 5, 6, 7 and

8 are shown in Fig. 3.3. As expected we see that the closest encounters

lead to the largest loss of angular momentum from the disc, ranging from

approximately 12% forq = 2, down to approximately 1% forq = 3. The

case withq = 5 is almost indistinguishable from model 1, for which there

was no stellar perturber, only an accreting planet in the disc. The results

are in good agreement with those of Korycansky & Papaloizou (1995) who

found angular momentum changes of 13.3 % forq = 2, approximately 1

% for q = 3, and effectively 0 % forq = 5.

3.5.2 Planet Calibration Run: Model 1

We ran a model in which the stellar perturber was absent in order to cali-

brate the migration and gas accretion rate of a giant planet that is initially

of 1MJ . The initial stages of this simulation consisted of runningthe

model with a non accreting planet for 535 orbits, and after this time we

switched on accretion so that gas entering the planet Hill sphere and being

accreted did so after viscously diffusing through the tidally-truncated gap.

At the end of the simulation (t = 1880 planet orbits) we obtained an ac-

cretion rate of1.2 × 10−9 in code units. This corresponds to2.37 × 10−4

MJ /orbit, and is similar to the accretion rates found by Kley (1999), Nel-

son et al (2000), Lubow et al (1999) (whose results were in therange

1.4 × 10−4 to 7.15 × 10−4 MJ /orbit). As noted by Lubow et al (1999),

accretion onto the planet is highly efficient, such that we find that

ζ =
ṀP

3πνΣ
= 3 (3.31)

This compares well to results found by Kley (1999) who obtainedζ = 2.8,

and Lubow et al (1999) foundζ ≃ 2 using a slightly different disc and

accretion model. The evolution of the planet mass in this case is compared

against runs for which there is a stellar fly-by later in this chapter, and may

be observed in Fig.3.17. In this model the planet mass increases by about

50 per cent over the duration of the simulation between the times 535 to
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1880 orbits.

As expected for planets in the type II migration regime, the migration time

scale (defined byr/ṙ) is found to beτII = 5.8 × 105 years (see Fig.3.8),

in good agreement with Nelson et al (2000), D’Angelo & Kley (2003) and

a simple estimate of the viscous time scale (Eq.2.37). Note that due to the

initial gap clearing phase the planet has already migrated to r = 9.4365

after 535 orbits. The eccentricity stays below 0.01 throughout the run, as

shown in Fig.3.14.

3.5.3 Planet on Fixed Circular Orbit: Model 2

Before we examine the results of simulations which considerthe migra-

tion and gas accretion by a giant planet embedded in a disc which is per-

turbed by a stellar fly-by, we examine a simulation in which the planet is

maintained on a fixed circular orbit. As we will see in later sections, the

evolution of both disc and planet in these systems is complicated, espe-

cially in those runs for which the fly-by induces a strong perturbation in

the disc, so a planet on a fixed circular orbit provides a simpler starting

point for which we can analyse the torques acting on the planet, and the

evolution of the disc.

The simulation we present here is model 2 (see table 3.1), which involves

a non accreting Jupiter mass planet (M1 = 10−3), and is a continuation

of model 1 in which a non accreting giant planet opens up a gap in an

otherwise unperturbed disc. We restart model 1 at timet = 535 orbits, by

which time the giant planet has migrated fromr = 10 to r = 9.43 and has

opened a clean gap. Migration of the planet is switched off, and a stellar

companion is introduced with a closest approach distance tothe central

star equal to twice the disc radius (i.e.q = 2). The global effect of the

fly–by on the disc has been described in Sect. 3.5.1.

The specific torques experienced by the planet due to the discare shown as

a function of time in Fig. 3.4. This figure shows the specific torques due to

the inner and outer disc, those originating from the corotation region that

we defined in Sect. 3.4.5, and the total torque. Note that the torques have

been smoothed over a temporal window of about six planetary orbits.

The simulation results are shown from the point in time when the stellar
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Figure 3.4: Specific torques on planet for model 2, which are denoted by
the following line styles:Γod

1 – black (solid) line;Γid
1 – blue (dotted) line;

ΓCR
1 – red (dashed) line;Γtot

1 – green (triple-dot-dashed) line.

perturber was introduced (att = 535 orbits), after the planet has opened

a gap. Each of the torques acting on the planet, shown in Fig. 3.4, is seen

to be approximately constant untilt ≃ 580 orbits, which is just after the

point of closest approach of the stellar fly–by, whose effectis to truncate

the disc severely and induce an inward mass flow through the disc. Shortly

aftert = 580 orbits we see that the corotation torque,ΓCR
1 , spikes upward

from an initial valueΓCR
1 ≃ 0. This can be understood in the context of

type III migration theory (Masset & Papaloizou 2003), whichpredicts that

a strong inward gas flow through the orbital location of a planet can induce

a substantial positive torque due to the gas interacting gravitationally with

the planet in the corotation region as it passes from one sideof its orbit to

the other.

As we will see below, the gas flow in our simulations does not remain on

circular orbits, and becomes rather complicated, such thata simple appli-

cation of type III migration theory is probably not valid forthis problem.

But we should still expect that an externally induced mass flow through

the corotation region will lead to a positive corotation torque acting on the

planet. Fig. 3.5 displays the mass flow measured at the outer and inner

edges of the corotation region, with the convention that a negative mass

flow corresponds to flow directed inwards. It is obvious that between the
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Figure 3.5: Mass flow through boundaries of corotation region, where a
negative value corresponds to inflow. The black (solid) linecorresponds
to the outer boundary, and the red (dotted) line the inner boundary.

times 600 – 670 orbits there is a significant mass flow from the outer into

the inner disc through the corotation region. (though it canalso be seen

that some of the material flowing in through the outer boundary of the

corotation region does not make it all the way through this region and out

through the inner boundary) The correlation between the negative mass

flow in Fig. 3.5 and the positive corotation torque in Fig. 3.4suggests that

the torque is induced by gas flow through the planet orbit. It is also clear,

however, that the positive corotation torque is very short lived, and the

long term evolution of the planet torques are dominated by other effects.

Over the same time scales over which we see the development ofa pos-

itive corotation torque, we also see that the inner disc torques exerted on

the planet increase (upper line in Fig.3.4) because of mass flow into the

inner disc, thereby increasing its mass and gravitational influence. We can

also see that there is a long term trend for the outer disc torques to become

less negative, and this is due to the modification of the outerdisc structure

caused by the fly-by and interaction with the planet. The surface density

in the outer disc has decreased due to the fly-by and associated mass flow

into the inner disc, as shown in the lower-right panel of Fig.3.6.

In addition to this long-term weakening of outer disc torques, and strength-

ening of inner disc torques, we see that the torque measured as a corotation
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Figure 3.6: The top left panel shows how the gap outer edge penetrates
the corotation region, represented by the white solid lines. The top right
panel illustrates the mass weighting procedure used to estimate the orbital
elements of the disc material located at the gap outer edge. The dashed
lines are the boundaries of the region, from where the velocity and density
information was taken, and the solid line shows the ellipse thus obtained
which represents the gap outer edge. The lower left panel shows the az-
imuthally integrated surface density in the corotation region. The lower
right panel displays the gap structure around the planet. Due to eccentric-
ity near the gap outer edge, the integrated surface density in the outer disc
is reduced, but is increased in the corotation region, whichis denoted by
the dashed vertical lines.

torque remains highly variable. To a large degree, this is due to the fact that

the outer edge of the gap has become eccentric after the fly-by, and during

periods of time when the disc pericenter penetrates the corotation region,

the outer disc exerts a strong negative torque on the planet.Of course, this

torque is not a corotation torque induced by mass flow throughthe orbit

of the planet, but is in fact a resonant torque between the outer eccentric

disc and planet. We postpone detailed discussion about the origin and long

term evolution of this eccentric disc until Sect. 3.5.4, where we discuss the
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Figure 3.7: The pericenter distance of the gap outer edge versus time for
model 2.

evolution of a migrating planet embedded in a disc perturbedby a stellar

fly-by.

The eccentric outer disc is shown in close-up by the upper-right panel of

Fig. 3.6, and on the time scale of the runs presented here the magnitude

of the disc eccentricity varies between values of≃ 0.1 – 0.2, causing the

outer gap edge to vary its distance from the planet. To illustrate this effect,

we calculated the mass-weighted orbital elements of gas that is located in

an annulus extending from the planet semi-major axis (r = 9.43) out to

a radiusr = 12.3, in order to get a representative ellipse which describes

the shape of the outer gap edge. This is depicted in the upper-right panel

of Fig.3.6. The pericenter distance of this representativeellipse is plot-

ted as a function of time in Fig. 3.7, and by comparing with Fig. 3.4 we

can see that when the pericenter distance decreases belowr ≃ 10.4 the

designated corotation torque, and the total torque, becomes negative. In

particular this occurs at times approximately equal to 680,780 and 1020

orbits.

To summarise the rather complicated interaction between the planet and

the perturbed disc after the fly-by, we find the following:

(i). Tidal truncation of the disc causes significant mass flow through the

planet orbit from outer to inner disc.
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Figure 3.8: Semimajor axes of planets as a function of time for various
models. The line styles are as follows: model 3 – black (solid) line; model
1 – green (dash-dotted) line; model 4 – black (dotted) line; model 5 – red
(dashed) line; model 9 – blue (triple-dot-dashed) line; model 10 – magenta
(long-dashed) line.

(ii ). This mass flow can induce a short-lived positive corotation torque on

the planet.

(iii ). The flow of mass from outer to inner disc causes a build-up ofmass

in the inner disc, and thus increases significantly the positive Lindblad

torques exerted by the disc on the planet.

(iv). The negative outer disc Lindblad torques are weakened by the change

in disc structure, and reduction in surface density of the outer disc, induced

by the fly-by and interaction with the planet. This is such that over long

times the positive inner disc torques are stronger than the negative outer

disc torques.

(v). On the time scale of the run presented here, a long-lived and time de-

pendent eccentric outer disc is generated and maintained. Close encoun-

ters between the outer eccentric gap edge and the planet induce strong

negative temporally varying torques on the planet.
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Figure 3.9: Specific torques experienced by the planet for model 3. The
line styles are as follows:Γod

1 – black (solid) line;Γid
1 – blue (dotted) line;

ΓCR
1 – red (dashed) line;Γtot

1 – green (triple-dot-dashed) line;Γind+dir
1 –

magenta (dash-dotted) line.

3.5.4 Migrating Planet: Model 3

In this section we investigate the effect of a stellar perturber on a migrat-

ing, non-accreting planet embedded in a disc. As with model 2, which

was discussed in the previous section, the initial conditions for this sim-

ulation were taken from model 1 at timet = 535 orbits after the Jovian

mass planet had opened up a clean gap in the disc. At this pointin time

the orbital radius of the planetr1 = 9.43. The perturber was introduced

on a parabolic orbit with closest approach to the disc equal to 200 code

units, such that the ratio of pericenter distance to disc radius was equal to

two (i.e. q = 2).

Our discussion of the results for model 2 presented in Sect. 3.5.3 suggest

that a fly-by withq = 2 will result in net positive torques being exerted on

the planet, first because the perturber–induced gas flow through the planet

orbit will induce a positive corotation torque, and second (and more im-

portantly for the long-term evolution) because structuralchanges in the

disc will change the balance between inner and outer disc torques. This

should drive outward migration of the planet. Fig. 3.8 showsthat this

expectation is fulfilled in model 3 whose semi-major axis evolution is de-
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Figure 3.10: This figure shows the disc surface density at different times
during model 3. The top left panel shows the initial state of the disc af-
ter gap clearing. The top right panel shows that the gap outeredge has
increased its semimajor axis and eccentricity. The lower left panel shows
that the gap circularises after its initial eccentricity growth. The lower
right panel shows the corresponding azimuthally averaged profiles. The
vertical lines represent the position of the planet at the different times in-
dicated.

picted by the solid black line. The outward migration lasts for more than

2000 planetary orbits, up until the end of the simulation.

The torques experienced by the planet in model 3 are shown in Fig. 3.9.

As found in model 2, the corotation torque is seen to spike upward shortly

after the fly-by due to the perturber–induced inflow of gas past the planet

orbit. Beyond this initial time we again find that the outer disc becomes

eccentric, for reasons discussed below, and this contaminates our mea-

surement of the inflow–induced corotation torque. Given that the gas in-

flow is expected to be short-lived, however, we also expect the duration of

positive corotation torques to be short-lived. The pictureis complicated

because variations in the outer disc edge pericenter causessignificant vari-
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ation in the measured corotation torques as the outer disc edge penetrates

the designated corotation region around the planet orbit. Accompanying

the positive spike in the corotation torque we observe a sharp increase in

the positive torque exerted by the inner disc on the planet, which is caused

by mass flow into the inner disc. This increase in torque is seen to decline

over time scales of∼ 1000 orbits as the inner disc accretes onto the central

star and the planet migrates outward. But long term changes to the struc-

ture of the outer disc cause the negative torque to decrease in magnitude.

These changes are induced by tidal truncation, induced massinflow, and

eccentricity evolution. The result is that the total torqueexperienced by

the planet remains positive for the duration of the simulation.

As discussed in Sect. 3.5.3, the outer disc in model 2 is foundto become

eccentric shortly after the fly-by, and the same effect is observed in model

3 for the migrating planet. Analysis of the disc structure shows that the

disc eccentricity is localised near the outer edge of the gapbetween disc

radii in the ranger ≃ 10 – 20 in both models 2 and 3. The surface density

at different times for this simulation is shown in Fig. 3.10.The first three

panels show images of the surface density distribution, andillustrate the

disc eccentricity evolution. The bottom right panel shows the azimuthally

averaged surface density as a function of radius, and shows the effect of

the eccentric disc on the gap width around the planet. The origin of the

disc eccentricity appears to be as follows:

The fly-by induces a significant and rapid inward gas flow through the

disc. A fraction of this inflowing gas approaches the planet on modestly

non circular orbits and undergoes a close gravitational interaction with

the planet, which exerts a positive torque on the gas near to its pericenter

passage. The equations for the change in semimajor axis and eccentricity

of a particle due to gravitational interaction with a planetcan be written

(Murray & Dermott 1999):

da

dt
=

2a3/2

√

µ(1 − e2)

[

Re sin f + T (1 + e cos f)
]

de

dt
=

√

a(1 − e2)

µ

[

R sin f + T (cos f + cosE)
]

(3.32)



3.5: Giant Planet Formation in Stellar Clusters: the Effects of Stellar
Fly-bys — Results 103

Figure 3.11: Semimajor axis of planet – black (solid) line; semimajor axis
of gap outer edge – blue (dotted) line; pericenter distance of outer gap
edge – red (dashed) line

whereµ is the ratio of planet to central star mass,f is the true anomaly of

the perturbed particle,E is the eccentric anomaly,R is the radial acceler-

ation andT is the tangential acceleration. These expressions demonstrate

that a fluid particle experiencing a significant torquer × T at pericenter

through interaction with the planet should increase both its semi-major

axis and eccentricity (sincecos f ≃ 1, cosE ≃ 1 andsin f ≃ 0). Using

the procedure adopted in Sect. 3.5.3 to calculate the mass weighted orbital

elements of the gas near the outer edge of the gap, we have plotted the

evolution of the semi-major axis and eccentricity of this gas in Figs. 3.11

and 3.12, respectively. Between the timest ≃ 580−1000 we see that both

of these quantities increase. The expressions given by Eq. 3.32 clearly do

not govern accurately the complicated behaviour of a gas disc interacting

with a planet, but they do indicate the route by which fluid elements can be

scattered onto eccentric orbits with larger semimajor axesby an embed-

ded planet. The fact that accretion discs are known to support long–lived

normal modes with azimuthal mode numberm = 1 (Papaloizou 2002)

suggests that a coherent eccentric mode may arise from the processes de-

scribed above.

Once a significant disc eccentricity has been set up, then it is expected that

the planet and eccentric disc will undergo secular interaction (in addition
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Figure 3.12: Planet eccentricity – black (solid) line; eccentricity of gap
outer edge – blue (dotted) line.

to continuing interaction at Lindblad resonances), causing their eccentric-

ities to vary and their orbits to precess. The time evolutionof the planet

semi-major axis and eccentricity are plotted along with those of the disc

near the gap outer edge in Figs. 3.11 and 3.12, and the longitudes of peri-

center for both disc and planet are plotted in Fig. 3.13. We can make rough

estimates for the expected direction and rates of precession, in addition to

the eccentricity variations of disc and planet, using secular perturbation

theory, treating the disc (both interior and exterior to theplanet orbit) as

smeared out rings with appropriate values for the semi-major axes and

eccentricities. We note that such a theory, which neglects important ef-

fects such as the disc pressure, cannot provide accurate predictions for the

observed evolution. But it is precisely this failure which can be used to

deduce which of the neglected physical processes are important in driving

the evolution of the disc-plus-planet system. Working to second-order in

the eccentricities, the equations describing the time variation of longitudes

of pericenter and eccentricities within secular theory have been presented

in Eq. (2.47). Applied for the outer disc and planet, these are:

dωod

dt
=

nod

4

(

a1

aod

)

M1

M∗

[

b
(1)
3/2(χ1) −

e1
eod

b
(2)
3/2(χ1) cos (ω1 − ωod)

]
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dω1
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M∗

(
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)

b
(2)
3/2(χ2) sin (ωid − ω1) (3.33)

In the above expressions, theax, refer to the semimajor axes, where the

subscriptx is one of: od for the outer disc;id for the inner disc;1 for

the planet as before. Similarly theex terms denote the eccentricities, the

ωx terms denote the longitudes of pericenter, and theMx terms denote the

masses. Theb(1)3/2(χ) andb(2)3/2(χ) are Laplace coefficients, which we eval-

uate using power series up to fifth and sixth order inχ, respectively. We

denoteχ1 = a1/aod andχ2 = aid/a1.

At time t = 1000, we can see from Fig. 3.13 that the outer disc and planet

are close to apsidal alignment, with the planet longitude ofpericenter just

leading that of the outer disc such thatω1 − ωod > 0. From Eq. 3.33

we predict that the outer disc should precess in a prograde sense, and the

planet in a retrograde sense (at the observed rate), using values for the

disc and planet parameters that have been obtained from the simulations.

In principle we could have read off values from Figs. 3.11, 3.12, and 3.13,

but these apply only to material very near the outer edge of the gap (in fact

the values plotted in Figs. 3.11, 3.12, and 3.13 were calculated in order

to define the orbital elements of the fluid located at the gap edge), and

the planet interacts gravitationally with material further out in the disc.

We therefore extend the outer disc region used to calculate the orbital el-

ements of the gas so that it covers the intervala1 ≤ r ≤ 20, where the

larger value corresponds to the orbital distance at which the disc eccentric-

ity becomes small. This procedure leads to the following values, which we

used in Eq. 3.33:a1 = 9.9; aod = 15.2; aid = 6.4; e1 = 0.06; eod = 0.24;

eid = 10−6; M1 = 10−3; Mod = 5.4 × 10−3; Mid = 4 × 10−3; ω1 = 2.5;

ωod = 2.3; ωid = 0.Eq.3.33 predicts prograde precession for the outer disc
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and retrograde precession for the planet, but Fig.3.13 shows that both the

outer disc and planet precess in a retrograde sense at approximately the

same rate, with their apsidal lines close to being aligned. This suggests

that the disc and planet are in a joint mode in which the retrograde preces-

sion of the outer disc is being driven by pressure perturbations associated

with the eccentric mode, and the planet precession rate is determined by

secular gravitational interaction with the outer and innerdisc (Papaloizou

et al 2001), (Papaloizou 2002).

Examining the disc att = 1500 orbits we see that the semi-major axis

and eccentricity of the outer disc located near the gap edge are decreas-

ing. In addition the precession rate of both outer disc and planet are close

to zero as the direction of precession is about to change. This change

in precession direction is apparently due to the strength ofthe eccentric

disc mode decreasing (indicated by the decrease in disc eccentricity) such

that the pressure driven retrograde precession is overcomeby the prograde

precession induced by the planet gravity. This reduction inouter disc ec-

centricity also allows the planet to precess in the progradesense as the

term proportional toeod in the expression fordω1/dt in Eq. 3.33 becomes

small. Using the valuesa1 = 10.4; aod = 15.; aid = 7.0; e1 = 0.04;

eod = 0.1; eid = 10−6; M1 = 10−3; Mod = 5.4 × 10−3; Mid = 4 × 10−3;

ω1 = 0.95; ωod = 0.7; ωid = 0. (obtained as described above) in Eq. 3.33,

secular theory predicts that the outer disc eccentricity att = 1500 should

be increasing very slowly and the planet eccentricity should be decreas-

ing, sinceω1 − ωod > 0. What we observe, however, is thateod ande1
both decrease, indicating that disc eccentricity is damping due to some

other process not associated with the secular exchange of angular momen-

tum. This is most likely due to the disc viscosity, whose effects may be

enhanced by the large eccentricity gradient which builds upin the disc at

earlier times and which can increase the shear rate locally in the disc.

If we now consider the disc and planet evolution att = 1800 orbits, we

see that the more rapid prograde disc precession has causedω1 − ωod to

change from being positive to being negative. As expected from Eq. 3.33,

which predicts that the planet eccentricity should now begin to grow due

to interaction with the outer disc, we see thate1 starts to increase. Using

the valuesa1 = 10.8; aod = 15.; aid = 7.2; e1 = 0.035; eod = 0.8;
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Figure 3.13: Longitude of pericenter for the planet – black (solid) line;
longitude of pericenter for the gap outer edge – red (dotted)line.

eid = 10−6; M1 = 10−3; Mod = 5.4 × 10−3; Mid = 4 × 10−3; ω1 = 2.0;

ωod = 2.4; ωid = 0. in Eq. 3.33, however, secular theory predicts that the

outer disc eccentricity should decrease at a slow rate at this point, which is

the opposite of what we observe in Fig. 3.12. Clearly the disceccentricity

at this point is growing because of another effect, unrelated to the secular

interaction between disc and planet. Previous work which has considered

the growth of disc eccentricity has examined the role of non linear mode

coupling, where coupling between them = 1 component of the planet

potential and anm = 1 disturbance in the disc leads to the excitation of

anm = 2 wave at the 3:1 outer Lindblad resonance, whose pattern speed

is equal to half the orbital angular velocity of the planet. The removal of

angular momentum from the disc by this wave causes its eccentricity to

grow. This process was first examined by Papaloizou et al (2001), where it

was shown to operate for planets whose masses were greater than around

10 Jupiter masses. More recent calculations by Kley & Dirksen (2006)

and D’Angelo et al (2006) suggest that eccentric disc growthmay occur

for lower mass planets in the Jovian mass range. In order to investigate

this issue further we have performed a Fourier analysis of the disc surface

density distribution near to the 3:1 resonance and have observed anm = 2

wave with the appropriate pattern speed, suggesting that the above expla-

nation for the disc eccentricity growth may be valid. We note, however,
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Figure 3.14: Planet eccentricity for various models. The line styles are as
follows: model 3 – black (solid) line; model 4 – black (dotted) line; model
5 – red (dashed) line; model 1 – green (dash-dotted) line.

that this wave is likely to be a combination of waves generated by the non

linear mode coupling described above, and a wave excited directly by the

planet at its 3:1 eccentric Lindblad resonance, since the planet has a small,

non-zero eccentricity. Growth of the disc eccentricity maybe assisted by

the fact that the corotation resonances (e.g 2:1), normallyassociated with

eccentricity damping, may be reduced in efficacy by the largegap size

and modified gap structure that arises because of strong interaction with

the planet by inflowing gas shortly after the fly-by, when the eccentric disc

was set up initially.

Over long time scales we see from Figs. 3.11, 3.12 and 3.13 that the disc

and planet undergo a significant period of evolution in whichtheir ec-

centricities grow and decay periodically, but with a long term trend of

decreasing amplitude of variation. During this time the planet continues

to migrate outward toward the gap edge, and the inner disc accretes onto

the central star. This process should eventually lead to a situation where

the negative outer disc torques begin to dominate over the positive inner

disc torques, such that inward migration should ensue. The computational

resources required to run the simulation for this length of time, however,

are very substantial and are above our current capability. What is clear,

however, is that a planet that forms in a disc around a star within a stellar
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cluster which experiences a close encounter with another member of the

cluster may undergo a significant period of outward migration.

3.5.5 Variation of the Planet Accretion Rate: Models 3-5

We now consider a set of runs (models 3, 4, and 5) where we varied the

accretion rate of gas onto the planet embedded in a disc with astellar

perturber whose pericenter distance was equal to twice the disc radius

(q = 2). Model 3 was discussed in Sect. 3.5.4, and models 4 and 5 are

identical apart from the inclusion of gas accretion. We distinguish be-

tween slow (A = 0.05 – model 4) and fast (A = 0.5 – model 5) accre-

tion in Eq.3.14, corresponding to half emptying times oft1/2 = 0.07 and

t1/2 = 0.007 orbits, respectively. (In fact both of these accretion times are

small so we should really call them ‘fast’ and ‘very fast’ accretion runs).

Here we consider only the effects of adding the gas mass to theplanet. In

Sect. 3.5.7 we also consider the effect of adding the angularmomentum

of the accreted gas to the planet orbit.

We begin by considering model 4, corresponding to slow accretion. The

change in semi-major axis is shown by the black (dotted) linein Fig. 3.8,

where we see that the migration is directed outward and occurs at a rate

that is slightly faster than was obtained for the non accreting planet (model

3). The torques experienced by the planet in model 4 are shownin Fig. 3.15.

During the early phases of evolution the torques are very similar to those

already discussed for model 3 and presented in Fig. 3.9. We see that the

corotation torque spikes upward shortly after the fly-by, and we also see

that the positive inner disc torques increase rapidly at thesame point in

time due to gas flow into the inner disc. There is also a slow decrease

in the negative outer disc torques which arises because of the gas flow

from outer to inner disc and the change in disc structure nearthe planet

after the fly-by. The main difference between model 3 and 4 arises af-

ter approximately 900 orbits, when we see that the negative outer disc

torque quickly reduces in magnitude, and this occurs because the outer

disc becomes more eccentric in model 4 than model 3 due to the planet

mass growing and being more able to drive the disc eccentricity upward.

The increased disc eccentricity reduces the pericenter distance of the gap
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Figure 3.15: Specific torques on planet for model 4. The various line styles
are denoted as follows:Γod

1 – black (solid) line;Γid
1 – blue (dotted) line;

ΓCR
1 – red (dashed) line;Γtot

1 – green (triple-dot-dashed) line;Γind+dir
1 –

magenta (dash-dotted) line.

outer edge, and allows the planet to accrete gas from the outer disc at a

fairly rapid rate. The reduction in outer disc mass and torques causes a

significant imbalance between inner and outer disc torques (even though

the inner disc is also being accreted by the planet, but at a slower rate),

and explains why the slow accreting planet is able to migratemore rapidly

than the non accreting planet in Fig. 3.8.

We now consider the orbital evolution of the fast-accretingplanet in model

5, whose semi-major axis as a function of time is shown by the red (dashed)

line in Fig. 3.8. We see that over the duration of the run, the planet in

model 5 migrates more slowly than those in models 3 (non accreting) and

4 (slowly accreting). The specific torques experienced by the planet for

model 5 are shown in Fig. 3.16, and there are a number of differences

which explain why the more rapidly accreting planet migrates outward

more slowly. We see that the positive spike in the corotationtorque at

t ≃ 600 orbits is reduced in this model because the planet accretes more

of the gas that tries to flow from outer disc to inner disc afterthe fly-by.

Consequently there is no sudden increase in the positive inner disc torques

observed for models 3 and 4, since little mass makes it through into the

inner disc. As in model 4, we find that the evolution of the negative outer



3.5: Giant Planet Formation in Stellar Clusters: the Effects of Stellar
Fly-bys — Results 111

Figure 3.16: Specific torques on planet for model 5. The various line styles
are denoted as follows:Γod

1 – black (solid) line;Γid
1 – blue (dotted) line;

ΓCR
1 – red (dashed) line;Γtot

1 – green (triple-dot-dashed) line;Γind+dir
1 –

magenta (dash-dotted) line.

disc torques includes a period of rapid reduction in the torque amplitude,

which is even more pronounced in the case of model 5 than in model 4.

This arises because the outer disc becomes highly eccentricin the vicinity

of the outer gap edge, such that the outer disc pericenter reaches very close

to the planet orbit. The rapidly accreting planet is able to quickly accrete

gas from this eccentric outer disc, thus reducing the negative torque it ex-

erts. The long term result of these effects is for the inner disc torque to be

larger than the outer disc torque, thus driving outward migration, but the

imbalance between inner and outer disc torques is reduced compared to

models 3 and 4, leading to slower migration.

The planet masses are plotted as a function of time in Fig. 3.17. Model 4 is

shown by the black (solid) line, model 5 is shown by the red (dotted) line,

and the mass of the planet embedded in a disc without a perturber (model

1) is shown by the green (short-dashed) line. It is clear thatthe effect of

the perturber is to significantly increase the accretion rate of an embedded

giant planet, which is not surprising given that a close encounter drives a

significant mass flow through the disc, causing the gap to be flooded. Over

longer times, as the planet masses grow and tidal truncationbecomes more

effective, gas accretion slows down as the gap is reformed. At this point
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Figure 3.17: Evolution of planet masses for various runs. The line styles
are denoted as follows: model 1 – green (dashed) line; model 4– black
(solid) line; model 5 – red (dotted) line; model 9 – blue (dash-dotted) line;
model 10 – magenta (triple-dot-dashed) line.

in time the accretion rates of the planets in the perturbed (models 4 and

5) and unperturbed (model 1) discs are very similar. The planet masses at

these times, however, differ significantly because of the earlier evolution.

Between times of 500 to 1500 orbits the planet in model 1 has reached

≃ 1.35 Jupiter masses, from an initial mass of 1 Jupiter mass, whereas

models 4 and 5 have reached≃ 2 and2.7 Jupiter masses, respectively.

Overall, our models suggest that there should be significantdifferences

between planets whose nascent discs have been significantlyperturbed by

a fly-by compared with those whose discs have not been externally per-

turbed. In particular, planets born in highly perturbed discs should on

average have higher masses and larger semi-major axes.

3.5.6 Variation of the Impact Parameter: Models 5-8

In this section we consider the effect of varying the impact parameter of

the encounter,q, on the evolution of the planet. In each of the models we

have allowed the embedded planet to both migrate and accretegas (the

accretion rate is set to be ‘fast’ in these simulations).

The semimajor axes versus time are shown in Fig. 3.18 for eachof these
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Figure 3.18: Semimajor axes of planets from various runs. The line styles
are denoted as follows: model 5 – black (solid) line; model 6 –red (dotted)
line; model 7 – green (dashed) line; model 8 – blue (dash-dotted) line;
model 1 – magenta (triple-dot-dashed) line.

models, and the corresponding torques experienced by the planets are

shown in Fig. 3.20. The change in semimajor axis for the planet in model

5, with q = 2, is shown by the solid line in Fig. 3.18, and the evolution of

this planet has already been discussed in detail in Sect. 3.5.5. Here, we see

that it is this planet which migrates outward at the fastest rate when com-

pared with the other accreting planets for which the external perturbation

was weaker (q > 2). We see that there is a general trend in models 5-8,

such that outward migration is weakened when the external perturbation is

weaker. Model 6 had impact parameterq = 2.5, and the planet in this run

is seen to undergo slower outward migration than the planet in model 5

(q = 2). Model 7 had impact parameterq = 3, and the outward migration

in this case is not only slower than for models 5 and 6, but alsoappears to

stall and reverse at timet = 1400 orbits. Model 8 experienced the weakest

perturbation (q = 5), and the resulting migration is always inward. But

we also notice that the rate of migration in this case is slightly slower than

that for model 1 (no external perturbation), because even inthis case the

perturber excites a wave in the disc which modifies the surface density

profile near the planet when it dissipates.

The torques experienced by the planets for models 5-8 are shown in Fig. 3.20.
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Figure 3.19: Planet mass from various runs. The line styles are denoted as
follows: model 5 – black (solid) line; model 6 – red (dotted) line; model
7 – green (dashed) line; model 8 – blue (dash-dotted) line; model 1 –
magenta (triple-dot-dashed) line.

We recall from Sect. 3.5.5 that a significant feature of the torques for

model 5 was the rapid decrease in outer disc torques due to theplanet

accreting gas from the outer eccentric disc. This led to sustained outward

migration, due to the imbalance between inner positive disctorques and

outer negative disc torques being skewed by this accretion of the outer

disc. Examining the upper right panel of Fig. 3.20, we see that the neg-

ative outer disc torques for model 6 are also reduced, but no where near

as sharply as for model 5. This is because the lower amplitudeexternal

perturbation does not lead to such a large disc eccentricity, and the outer

disc is not so readily accreted. A positive imbalance between inner and

outer disc torques still arises, however, such that outwardmigration is

maintained. We note that the weaker external perturbation also causes the

initial positive spike in the corotation torque to be reduced by≈ 50%.

For model 7 (q = 3), we notice that the initial spike in the corotation

torque is so small that it does not induce an overall positivetorque in the

disc shortly after the fly-by. In addition, there is no abruptchange in the

outer disc torques, since the disc eccentricity remains relatively small in

this case as the tidally-induced inward mass flow is reduced.The small

outer disc eccentricity, however, continues to favour accretion from the
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Figure 3.20: Specific torques acting on planets for runs withvarying q.
The line styles are denoted as follows:Γod

1 – black (solid) line;Γid
1 –

blue (dotted) line;ΓCR
1 – red (dashed) line;Γind+dir

1 – magenta (triple-dot-
dashed) line;Γtot

1 – green (dash-dotted) line.

outer disc between times≃ 600 - 1000 orbits, leading to a period of out-

ward migration. But this stalls as the planet moves outward and away from

the inner disc which continues to accrete onto the central star.

As we have seen in Fig. 3.18, the planet in model 8 (q = 5) behaves very

similarly to the one in model 1, for which there was no external perturber.

The long term decline in inner and outer disc torques shown inthe lower

right panel of Fig. 3.20 is due to accretion of the disc by the planet.

The mass accretion history for these models is shown in Fig. 3.19. As ex-

pected, the most strongly perturbed model results in the most rapid mass

growth, as the gap is subject to greater flooding in that case.As with the

migration, there is a global trend of smaller planetary massgrowth for

larger impact parameters, and model 8 (withq = 5) shows very similar

results to model 1 (without a perturber). Clearly, outward migration and

enhanced accretion are strong functions of the impact parameter.
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3.5.7 Including Angular Momentum of Accreted Gas:

Models 9-10

We now discuss models 9 and 10 for which we included the effects on

the planetary orbits of the angular momentum content of the accreted gas.

The method for doing this is described in Sect. 3.4.4. In all other aspects

models 9 and 10 are identical to models 4 and 5, respectively.

The orbital evolution of the planets in models 9 and 10 are shown in

Fig. 3.8, where model 9 is shown by the blue (dash-triple dotted) line,

and model 10 is shown by the magenta (long-dashed) line. It isclear that

in both cases the inclusion of the accreted angular momentumcauses the

outward migration of the planet to be increased because the gas which is

accreted has higher specific angular momentum than the planet. This is

because the majority of the accreted gas comes from the outer(eccentric)

disc.

The specific torque due to accretion is given by:

Γacc
1 =

T acc

M1

− j1
M1

∂M1

∂t
(3.34)

wherej1 is the specific angular momentum of the planet, andT acc is de-

fined in Sect. 3.4.5. We plot this “accretion torque” in Fig.3.21 for model

10, along with the other torques arising from the disc.

Prior to the fly-by (before 637 orbits), the contribution from the accretion

torque is very small (and negative - apparently because the planet is ac-

creting mainly from the inner disc). After the fly-by, the accretion torque

becomes positive and rises very quickly as material from theouter disc

flows into the gap and is accreted by the planet. We see from Fig. 3.21

that in the case of a “fast accreting” planet, the accretion torque during the

period of strong gas inflow can be more than twice as large as the coro-

tation torque. For the more slowly accreting planet (in model 9), we find

that the peak accretion torque is about half of the peak corotation torque.

Over longer times the accretion torque remains positive as the planet con-

tinues to mainly accrete material from the outer disc, such that the outward

migration occurs at a rate which is significantly larger thanthat obtained

when the accretion torque is not included.

The evolution of the planet masses is shown in Fig. 3.17. We see that the
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Figure 3.21: Specific torques on the planet for model10. The various line
styles are denoted as follows:Γod

1 – black (solid) line;Γid
1 – blue (dotted)

line;ΓCR
1 – red (dashed) line;Γtot

1 – green (triple-dot-dashed) line;Γind+dir
1

– magenta (dash-dotted) line;Γacc
1 – brown (long-dashed) line.

accretion rates of models 9 and 10 are very similar to models 4and 5,

respectively. The small increase in accretion rate which occurs when the

accretion torque is included probably arises because the more rapidly out-

ward migrating planet sits slightly closer to the outer gap edge, allowing

it to accrete gas at a slightly higher rate.

We note that the numerical resolution within the planet Hillsphere is

very low in our simulations, such that we cannot resolve the accretion

of gas through the circumplanetary disc which is expected toform onto

the planet. Instead we simply remove gas from within the Hillsphere at a

prescribed rate, as described in Sect. 3.4.4, and add its mass and linear mo-

mentum to the planet. In order for our prescription for including the accre-

tion torque to be valid, it is necessary for the loss of angular momentum by

the gas as it travels through the circumplanetary disc to be due ultimately

to tidal interaction with the central star. In other words, gas that flows into

the planet Hill sphere can accrete through the circumplanetary disc due to

standard viscous evolution, but the outer edge of the circumplanetary disc

must remain tidally truncated by interaction with the central star. If other

processes lead to the loss of angular momentum by the circumplanetary

disc (such as magnetic field coupling between the circumplanetary and
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circumstellar discs, for example - see Nelson & Papaloizou 2003), then

our prescription will overestimate the magnitude of the accretion torque.

To summarize the torque exerted on the planet by accreted gascan not be

measured accurately, hence one must be very carefull in interpreting these

results.

3.6 Summary

In this chapter we have examined the influence of a parabolic stellar en-

counter on the evolution of a giant planet forming within a protostellar

disc. Previous work by Adams et al (2006) and Malmberg et al (2007) has

examined the frequency with which such encounters will occur within a

young stellar cluster, and their estimates suggest that between0.25−1.5%

of stars should experience a prograde encounter with impactparameter

≤ 100 AU and inclination relative to the disc midplanet≤ 40◦ over a 5

Myr protostellar disc life time, with the precise encounterrate determined

by the stellar density.

The results of our simulations suggest that encounters whose distance of

closest approach are< 3 times the disc radius (i.e.q < 3) have a severe

influence on the disc structure, due to the non linear response of the disc.

This is in agreement with the previous work of Korycansky & Papaloizou

(1995) and Larwood (1997). The disc models we have considered in this

work have outer radii of 50 AU, such that encounters with pericenter dis-

tances< 150 AU cause significant changes to the disc structure. The main

effect of the encounter is significant shrinkage of the outerdisc radius, and

excitation of an inward propagatingm = 2 spiral wave at an inner Lind-

blad resonance which corresponds closely to the orbital angular frequency

that the perturbing star has at pericenter.

The distance of closest approach which results in significant modification

of the disc structure also corresponds, in our work, to the point at which

significant changes in the evolution of the embedded giant planet occur.

This is because the strong tidal truncation of the disc results in significant

loss of angular momentum by the disc material. This induces asubstantial

inflow of gas through the disc. When this mass flows through theplanet

orbit it induces a short-lived episode of outward type-III migration, causes
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the tidally-truncated gap around the giant planet to be temporarily flooded

with gas, and increases the mass of the disc which lies interior to the planet

orbit. Thus we find that for impact parametersq ≤ 3, the mass accretion

rate onto the giant planet is significantly increased, and a period of pro-

longed outward migration can be induced. This suggests thatgiant planets,

which have been subject to a stellar encounter when forming in a proto-

planetary disc, should have higher masses and larger semi-major axes, on

average, than planets which have not been subject to such an encounter.

The rate of outward migration, and the increase in accretionrate, is found

to scale roughly with the inverse of the closest encounter distance, such

that impact parameters ofq = 2 and 2.5 were found to cause the largest

changes in giant planet evolution, with long periods of sustained outward

migration which lasted for the duration of our simulations (approximately

2000 giant planet orbits). Aq = 3 encounter resulted a shorter period of

outward migration, and aq = 5 encounter resulted in almost no change in

the evolution of the planet.



Chapter 4

On the Evolution of Warped and

Twisted Accretion Discs in close

Binary Systems

4.1 Introduction

Accretion discs are found in a number of astrophysical environments.

These include protostellar discs around T Tauri stars as introduced in sec-

tion 1.3, and around compact objects in Cataclysmic Variable and X-ray

binary systems. As explained in the previous chapter, starsmost likely

form in cluster environments, such that encounters betweentwo stars may

become a possibility. If they form close enough to each otherwith low

relative velocities, the secondary star will be in a bound orbit, leading to

the formation of a binary system. As a matter of fact many of the T-Tauri

stars associated with low-mass star-forming regions are observed in bi-

nary systems. For example in the Tau-Aur Association the frequency of

multiple systems has been estimated to be up to 60 % (Richichi1994) of

the observed sample, which spans a separation range of1.8 − 1800AU.

Reipurth & Zinnecker (1993) performed surveys of stars in 11southern

nearby star-forming regions. For a separation range of150−1800AU they

observed 238 pre-main-sequence stars, of which 37 were found in binary

systems. In the Trapezium cluster about12% of pre-main-sequence stars

were found in binaries with separations26 − 528AU (Prosser et al 1994).

120
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Although they span a wide range of separations, most T Tauri stars asso-

ciated with low mass star-forming regions are observed to bemembers of

binary systems, where the peak in the distribution of separations occurs at

approximately 30 AU (Leinert et al. 1993). Studies of the tidal interaction

between a circumstellar disc and a binary companion indicate that tidal

truncation occurs at a ratio of binary separation to disc radiusD/Rd ≃ 3

(Artymowicz & Lubow 1994, Larwood et al. 1996, Kley & Nelson 2008).

Given that 30 AU is smaller than typical disc sizes observed in T Tauri

systems (Edwards et al. 1987), protostellar discs in many binary systems

are often going to experience strong tidal effects.

For small binary separations it is likely that the secondarystar formed out

of an extension of the protostellar disc, resulting in coplanarity between

the disc and binary orbit. Hence most of studies that were aimed to un-

derstand the effect of an orbiting body on a differentially rotating disc,

assumed the disc to be coplanar with the orbital plane of the binary (Arty-

mowicz & Lubow 1994, Lin & Papaloizou 1993, Goldreich & Tremaine

1981).

However the binary orbit and disc midplane might be inclinedto each

other, if the secondary star is being perturbed by other stars in its vicin-

ity, or alternatively if the binary companion has not been formed out of

the same disc, but rather being captured in a three body process. There

are observational indications that the disc and orbital plane are not always

coplanar. The binary system HK Tau has been imaged, and showscom-

pelling evidence for a disc whose midplane is misaligned with the orbit

of the binary companion (Stapelfeldt et al.1998). Another example is the

pre-main-sequence Herbig star TY CrA, which is a triple system in which

the angle between the orbital plane of the third component and that of

the central binary has been inferred from spectroscopic observations to be

∼ 70◦. A dusty shell is observed around the binary, which is believed to be

the remnant of an accretion disc (Bibo, The & Dawanas 1992). This could

be an indication that the disc and the orbits are not necessarily coplanar in

pre-main-sequence systems. Terquem & Bertout (1993, 1996)have sug-

gested that the reprocessing of radiation from the central star by a tilted

and warped accretion disc could account for the high spectral index of

some T Tauri stars.
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Additionally a number of precessing jets have been observedin star form-

ing regions, and the jet precession may be an indication of the presence

of an underlying precessing disc from which the jet is launched (Königl

& Ruden 1993, Terquem et al. 1999). In the case of close X-ray binaries,

the objects SS433 and Her X-1 show evidence of precessing jets and/or

accretion discs (Boynton et al. 1980, Katz 1980, Margon 1984, Petterson

1977). In the HH111 and HH1-2 regions, pairs of jets have beenfound

with common origins but very different alignments, which isan indication

for non-coplanar disks in young binaries (Gredel & Reipurth1993). In

addition Bally & Devine (1994) observed a precessing jet which seems

to be excited by the young stellar object HH34* in the L1641 molecular

cloud in Orion.

Not only in the above context but also around rotating black holes in the

center of active galactic nuclei (AGN’s) precessing and warped accretion

discs may be found. Here it is the misalignment of the black hole spin

with the angular momentum vector of the disc that causes the Lense-

Thirring precession to produce a warp in the disc. The effectis known

as the Bardeen-Petterson effect (Bardeen & Petterson 1975).

An early study of the equations describing the behaviour of athin non-

coplanar viscous disc was undertaken by Petterson (1977). The resulting

equations, however, lacked the property of conserving global angular mo-

mentum. This was addressed in subsequent work by Papaloizou& Pringle

(1983), where they showed that warps in discs for whichh < αν < 1

evolve diffusively on a timescale shorter than the usual viscous accretion

timescale by a factorα2
ν , whereαν is the dimensionless viscosity coef-

ficient (Shakura & Sunyaev 1973), andh is the disc aspect ratioH/r.

The opposite regimeαν ≤ h has been investigated by Papaloizou & Lin

(1995) using linear perturbation theory. They demonstrated that the gov-

erning equation for the disc tilt changes from being a diffusion equation to

a wave equation in this physical regime, showing that warps propagate as

bending waves with a speed corresponding to half the sound speed,cS/2.

An analytic study of warped discs was undertaken by Ogilvie (2000) in

which the mildly non linear evolution of disc warps was examined. The

tidal perturbation of an inviscid disc by a companion on an inclined circu-

lar orbit has been studied by Papaloizou & Terquem (1995) using linear
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theory. They investigate the disc response to tidal perturbations that have

odd symmetry with respect to the disc midplane and consider both zero

and non-zero perturbing frequencies. They show that the zero-frequency

(secular) mode leads to rigid precession of the disc if the sound crossing

time through the disc is smaller than the differential precession time. Fur-

thermore, they estimate that the timescale for damping the inclination is

of the same order as the accretion timescale of the disc. Numerical simu-

lations of tidally interacting discs which are not coplanarwith the binary

orbit have been performed by Larwood et al (1996) using SPH simula-

tions. They found that the disc precesses approximately as arigid body as

long as the disc aspect ratio is large enough. For smaller aspect ratios their

results suggest that the disc develops a modest warp, while for h ≤ 0.03

the disc becomes disrupted as a consequence of differentialprecession.

Their results suggest that a disc can split-up into two distinct parts that

behave independently. These SPH simulations also showed that the incli-

nation evolves on the viscous timescale, as expected from Papaloizou &

Terquem (1995).

The goal of the present study is to examine in detail the structure of mis-

aligned accretion discs in close binary systems as a function of the impor-

tant physical parameters:h, αν , the outer disc radiusRd, and the incli-

nation angleγF . We use a grid-based code (NIRVANA) to perform this

study, and this code has a relatively small numerical viscosity compared

with the SPH schemes used to perform previous studies. This allows us

to tightly control the disc viscosity, and therefore examine in more detail

its influence on the disc evolution. We consider a broad rangeof disc pa-

rameters in which warps propagate either as bending wavesh > αν or

diffusively h < αν . As well as examining the quasi-steady disc structures

which arise because of tidal interaction with the inclined companion, we

also examine the conditions under which a disc becomes disrupted due to

strong differential precession. In particular we are interested in examin-

ing whether the following criterion holds: a disc will achieve a state of

rigid-body precession if warp propagation across the disc (either through

bending waves or diffusion) occurs on a timescale shorter than the differ-

ential precession time.

The plan of the chapter is as follows. In Sect.4.3 we present the basic
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equations of the problem. In Sect.4.4 we describe the numerical meth-

ods used in the simulations, and in Sect. 4.5 we discuss the linear theory

of bending waves and calibrate the simulation code against calculations

based on linear theory. In Sect.4.6 we present our results for the tilted,

tidally interacting discs, and in Sect. 4.7 we summarize ourresults.

4.2 Summary of this Project

There are numerous examples of accretion discs in binary systems where

the disc midplane is believed to be inclined relative to the binary orbit

plane. Examples include the X-ray binaries Her X-1 and SS433, and the

young stellar binary HK Tau. Under suitable physical conditions, such a

configuration is expected to induce warping and rigid-body precession of

the disc.

In this project we aim to examine the detailed disc structurewhich arises

in a misaligned binary system as a function of the disc aspectratio,h, vis-

cosity parameterαν , disc outer radius,Rd, and binary inclination angle,

γF . We also aim to examine the conditions which lead to an inclined disc

being disrupted by strong differential precession. We use agrid-based hy-

drodynamic code to perform 3D simulations. This code has a relatively

small numerical viscosity compared with SPH schemes which have been

used previously to study inclined discs. This allows the influence of vis-

cosity on the disc evolution to be tightly controlled.

We find that for thick discs (h = 0.05) with low αν , efficient warp commu-

nication in the discs allows them to precess as rigid bodies with very little

warping or twisting. Such discs are observed to align with the binary orbit

plane on the viscous evolution time. Thinner discs with larger viscosity,

in which warp communication is less efficient, develop significant twists

before achieving a state of rigid-body precession. Under the most extreme

conditions we consider (h = 0.01, αν = 5 × 10−3 andαν = 0.1), we find

that discs can become broken or disrupted by strong differential preces-

sion. Discs which become highly twisted are observed to align with the

binary orbit plane on timescales much shorter than the viscous timescale,

possibly on the precession time.

We find agreement with previous studies which show that thickdiscs with
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low viscosity experience mild warping and precess rigidly.We also find

that ash is decreased substantially, discs may be disrupted by strong dif-

ferential precession, but for disc thicknesses that are significantly smaller

(h = 0.01) than those found in previous studies (h = 0.03).

4.3 Basic Equations

We consider the evolution of a thin, gaseous, viscous disc inorbit around

a central star, where the disc is perturbed by a companion star orbiting

in a plane which is not coincident with the disc midplane. Fora range of

physical parameters, it is expected that the disc will precess rigidly around

the angular momentum vector of the binary system. The equations of

continuity and motion for a viscous fluid were introduced in Eq. (1.1) and

Eq. (1.2). Working in a precessing reference frame these maybe written:

Dρ

Dt
+ ρ∇v = 0 (4.1)

Dv

Dt
= −1

ρ
∇P −∇Ψ + Svisc − 2Ω × v − Ω × (Ω × r) (4.2)

where

D

Dt
=

∂

∂t
+ v · ∇

is the convective derivative,ρ is the density,v the velocity and P the pres-

sure. The precession frequency is given by|Ω|, and the disc angular mo-

mentum vector is assumed to precess around a vector pointingin the direc-

tion of Ω. The gravitational potential isΨ. We adopt a locally isothermal

equation of state:

P = cS(r)2ρ (4.3)

where the isothermal sound speed is defined bycS(r) = h · vK . Hereh

is the aspect ratio of the disc,H/r, andvK is the local keplerian velocity.

Svisc is the viscous force per unit mass:

Svisc =
1

ρ
∇T (4.4)
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whereT is the viscosity stress tensor:

Tij = ρν

(

vi;j + vj;i −
2

3
δij∇v

)

(4.5)

We adopt the standard ‘alpha’ model (Shakura & Sunyaev 1973)to spec-

ify the kinematic viscosityν = ανc
2
S/Ω. We solve the above equations

numerically, using a system of spherical coordinatesr = (r, θ, φ).

4.3.1 Orbital Configuration

We work in a reference frame in which the origin of the coordinate system

is fixed on the central star, and the secondary star moves on a circular orbit

about the origin with position vectorD. The gravitational potentialΨ at

any position vectorr is therefore given by:

Ψ = −GM⋆

r
− GMB

|r −D| +
GMBr · D

D3

where G is the gravitational constant, andM⋆ andMB are the primary

and secondary masses, respectively. The first term is due to the primary

star, and the remaining two terms are due to the companion star. The last

indirect term accounts for the acceleration of the origin ofthe coordinate

system, which coincides with the location of the primary star. Note that

there are no contributions to the potential due to the disc since we do not

include disc self-gravity in our calculations, and the stars also do not ex-

perience a gravitational force due to the disc. Consequently the binary

orbital parameters remain unchanged. The secondary star feels the accel-

eration by the central star and the indirect component of thepotential, such

that the equation forD may be written

d2D

dt2
= −GM⋆

D3
D − GMB

D3
D = −ω2

BD. (4.6)

In a non-precessing reference frame centered on the centralstar, whose

x − y plane coincides with the orbital plane of the binary the solution for

a circular orbit is simply:

D = D · (cos (ωBt)e1 + sin (ωBt)e2) (4.7)
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where D is the constant binary separation andωB is the binary orbital

angular velocity.

4.4 Numerical Methods

The system of equations described in Sect.4.3 is integratedusing the grid-

based hydrodynamics code NIRVANA (Ziegler & Yorke 1997), adapted

to solve the equations in a precessing reference frame. Thiscode uses

operator-splitting, and the advection routine uses a second-order accurate

monotonic transport algorithm (van Leer 1977). A routine for calculat-

ing the 3D viscosity stress tensor as well as a routine to visualize three

dimensional data files has been added.

4.4.1 Boundary Conditions

Periodic boundary conditions were applied in the azimuthaldirection. At

all other boundaries outflow conditions were adopted using zero-gradient

extrapolation. Velocities at the radial boundaries were set to ensure that

zero viscous stress occurs there.

4.4.2 Units

We adopt a system of units such that the unit of mass is equal tothat

of the central star,M⋆, the unit of radius is equal to the radius of the

inner boundary of our computational domain, and we set the gravitational

constantG = 1. The unit of time then becomes1/ΩK(1), whereΩK

is the keplerian angular velocity evaluated atr = 1. When discussing

simulation results, however, we will express time in units of the orbital

period atr = 10, the nominal outer disc radius in the simulations. Thus

we describe a time interval of2πΩK(10)−1 as ‘one orbit’. Inclination and

precession angles are described in units of degrees.

4.4.3 Reference Frames and Initial Conditions

The numerical domain extends radially fromr = [1, Rd], and azimuthally

from φ = [0, 360◦]. The outer radius,Rd, may differ from simulation to
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simulation. The meridional domain covers the rangeθ = [90◦−∆θ, 90◦+

∆θ], where again∆θ may vary between the simulations.

We perform simulations in two different reference frames. For models in

which the disc is expected to develop rigid precession, we solve the equa-

tions in a frame which precesses around the angular momentumvector of

the binary. Given a sensible choice of the precession rate, this approach

ensures that the disc midplane always stays close to the equatorial plane

of the computational domain whereθ = 90◦, and allows simulations to

be performed with large inclinations of the binary orbit. Ifevolved in

a non-precessing frame, the disc would precess around the binary angu-

lar momentum vector, causing it to eventually intersect with the upper

and lower meridional boundaries of the computational domain if the bi-

nary inclination angle is large. Adopting a precessing reference frame

allows simulations to be conducted with relatively small meridional do-

mains, even for large binary inclinations, thus substantially reducing the

computational expense involved.

For models in which substantial differential precession ofthe disc is ex-

pected to arise, adopting a frame with a single precession frequency does

not solve the problem described above, since some parts of the disc in-

evitably intersect the meridional boundaries. As these models are of sig-

nificant interest from the astrophysical point of view (theywill tend to be

thin discs with large viscosity, similar to those which occur in X-ray bi-

naries for example), we have computed them in a non precessing frame,

but have been forced to use large meridional domains and smaller binary

inclination angles.

We denote coordinates in the precessing frame asr̂, while coordinates in

the non-precessing binary frame are denotedr. The coordinates in the

code frame are denoted withrC , where the code frame can be one of ei-

ther the precessing frame or the binary frame. The transformation of any

vectore from the binary into the precessing frame is given by

ê = RZ(ΩF t)RX(γF )e (4.8)
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with rotation matrices:

RX(γF ) =







1 0 0

0 cos(γF ) sin(γF )

0 − sin(γF ) cos(γF )







RZ(ΩF t) =







cos(ΩF t) − sin(ΩF t) 0

sin(ΩF t) cos(ΩF t) 0

0 0 1






. (4.9)

Thus to transform a vector from the binary into the precessing frame, we

first rotate around thex-axis by an inclination angleγF and then rotate

the resulting vector around thez-axis by an precession angleΩF t. Here

ΩF is the precession rate of the precessing frame andt is the time elapsed.

This transformation is particularly useful when setting upthe initial condi-

tions for the simulations which are performed in the non-precessing binary

frame, since we assume that the binary orbit lies in a plane which is co-

incident with the equatorial plane of the computational grid, with the disc

being inclined by an angleγF .

Model set-up in Precessing Frame

In the precessing frame the code midplane (defined to reside whereθC =

90◦) coincides with the disc midplane initially, so that (rC ≡ r̂). The

initial density profile is chosen to satisfy hydrostatic equilibrium in the

θ̂-direction, which yields:

ρ(r, θ̂) = r−ξ
[

sin (θ̂)
]( 1

h2
−(ξ+1))

, (4.10)

whereξ = 3
2

is the radial power law exponent of the density profile. Note

that this expression has the limit:

lim
θ̂→0

ρ(r, θ̂) = r−ξexp






−

(

θ̂ − π
2

)2

2h2






, (4.11)

which is the familiar form of the density profile for very thindiscs (Eq. 1.7

with z =
(

θ̂ − π
2

)

r). The velocity in thêφ direction is chosen to balance
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the forces in the radial direction:

v̂2
φ =

1

r
(1 − (ξ + 1)h2). (4.12)

Consequently, the azimuthal velocity profile is slightly subkeplerian be-

cause of the radial pressure gradient. The velocities in ther andθ̂ direc-

tion are chosen to be zero initially.

We setΩ in Eq. (4.2) to point in the same direction as the binary angular

momentum vector:

Ω = ΩFe3 = ΩF (− sin (γF )ê2 + cos (γF )ê3) (4.13)

where the last equality is derived using the transformationgiven by Eq. (4.8).

The precession rate was taken from Larwood et al (1996):

ΩF = −
(

3GMB

4D3

)

∫ Rd

0
Σr3dr

∫ Rd

0
Σr3Ωdr

cos(γF )

whereΣ =
∫ π

0
ρrsin(θ)dθ is the surface density. Note that this is basically

just an appropiate disc average of the free particle rate given by Eq. (2.53)

with (e = 0). Hence the precession frequency is determined by the ratio

of the integrated external torque exerted by the secondary to the integrated

angular momentum content of the disc (Papaloizou & Terquem 1995). For

the velocity and density profiles given by Eqs. (4.12) and (4.10), respec-

tively, this evaluates to:

ΩF

Ωd(Rd)
= −3

7

R3
d

D3

MB

M⋆
cos (γF ), (4.14)

whereΩd(Rd) is the orbital angular velocity of the disc at radiusRd. The

binary orbit given by Eq. (4.7), expressed in precessing frame coordinates,

is given by:

D = D







cos ([ωB − ΩF ]t)

sin ([ωB − ΩF ]t) cos(γF )

sin ([ωB − ΩF ]t)) sin (γF )






(4.15)

Thus an observer moving with the disc sees an increased binary frequency

ωB −ΩF due to the retrograde precession of the disc (i.e.ΩF is negative).
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Model set-up in Binary Frame

When working in the non-precessing binary frame we set the precession

frequencyΩ = 0 in Eq. (4.2). Since the equatorial plane of the compu-

tational domain coincides with the binary orbit plane (rC ≡ r), the disc

is inclined with respect to the equatorial plane of the computational grid

by an inclination angleγF . We can use the transformation defined by

Eq. (4.8) att = 0 to relate the polar angles of the precessing frame to the

polar angles of the binary frame. One particularly useful relation is:

sin2 (θ̂) = cos2 (φ) sin2 (θ) + cos2 (γF ) sin2 (φ) sin2 (θ)

+ sin2 (γF ) cos2 (θ)

− 2 cos2 (γF ) sin (γF ) sin (θ) cos (θ) sin (φ) (4.16)

which can be used to determine the initial density profile given by Eq. (4.10).

The initial velocity is given by:

v̂φ = v̂φ(− sin (φ̂)ê1 + cos (φ̂)ê2)

= v̂φ(− sin (φ̂)e1 + cos (φ̂) cos (γF )e2 − cos (φ̂) sin (γF )e3)

Using the relationship between the polar angles one can find an expres-

sion for v̂φ that is written entirely in terms of binary frame angles. The

different components in the radial, azimuthal and meridional direction are

then given by:

vr = 0

vφ = v̂φ
cos (γF ) sin (θ) − sin (φ) sin (γF ) cos (θ)

sin (θ̂)

vθ = v̂φ
sin (γF ) cos (φ)

sin (θ̂)
(4.17)

wherev̂φ is given by Eq. (4.12) andsin (θ̂) by Eq. (4.16). It can be shown

that this set of profiles satisfies the Euler equations given by Eqs. (4.1)

and (4.2) withSvisc = 0, MB = 0, Ω = 0 andγF = constant, since in a

spherically symmetric potential there is no preferred direction for the disc

rotation axis.
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4.4.4 Definition of Precession and Inclination Angles

In order to follow the evolution of the disc structure we calculate the to-

tal angular momentum vector,L(r), for disc material contained in each

spherical shell in the numerical domain:

L(r) =

∫ 2π

0

dφ

∫ π
2
+∆θ

π
2
−∆θ

l · r2 sin (θ) dθ δr (4.18)

whereδr is the radial grid spacing andl is the angular momentum density:

l = ρr × v = ρ(−rvφθC + rvθφC). (4.19)

θC andφC are the code unit vectors in the meridional and azimuthal di-

rections, respectively. Note that when working in the precessing frame a

term involving the precessional velocities should be addedto this expres-

sion. In practice we find that this is of negligible magnitude, because of

the slow rate of precession, and therefore the term has been omitted. For

disc material located in a given spherical shell we locate the inclination

angle,δ, (equal toγF at timet = 0) between the disc and binary angular

momentum vectors through:

cos (δ) =
JB.L

|JB||L|
. (4.20)

The precession angle,β, measured in the binary plane can be defined

through:

cos (β) =
(JB × L).u

|JB × L| , (4.21)

whereu is an arbitrary reference unit vector in the binary plane. We

chooseu = −e1, so that the initial precession angleβ = 0 by this defi-

nition. When working in the precessing frame−e1 has to be expressed in

precessing frame coordinates and becomes time dependent.

When discussing the results of the simulations we use the thefollowing

terminology: awarp occurs if the angleδ becomes a function of radius in

the disc; a disc develops atwist whenβ becomes a function of radius; a

disc is said to bebrokenif eitherβ or δ change discontinuously at some ra-

dius such that the disc separates into two independently precessing parts; a
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disc is said to bedisruptedif β varies smoothly by more than 180 degrees

across the disc radius because of differential precession.

4.4.5 Calculation of Torque Contributions

Later in this chapter we will be interested in measuring the different con-

tributions to the changes in the precession and inclinationangles for disc

material located at different radii in the computational domain. As a first

step we calculate the rate of change of the angular momentum vectorL(r)

associated with disc material located at radiusr, which involves integrat-

ing over the individual spherical shells in the computational domain.

Using the continuity and momentum Eqs. (4.1) and (4.2) to express the

velocity and density changes in Eq. (4.19), and assuming that the density

vanishes at the meridional boundaries, we find:

L̇(r) = L̇F (r) + L̇ν(r) + L̇B(r) (4.22)

where a dot denotes a time derivative. We have that

L̇F (r) = −
∫ 2π

0

dφ

∫ π
2
+∆θ

π
2
−∆θ

dθ sin (θ)
[

r2 · l · vr

]r+ δr
2

r− δr
2

(4.23)

is the change due to the divergence of a radial angular momentum flux.

The change due to viscous interaction with neighbouring shells is:

L̇ν(r) =

∫ 2π

0

dφ

∫ π
2
+∆θ

π
2
−∆θ

r3 sin (θ) dθ [−TrφθC + TrθφC)]
r+ δr

2

r− δr
2

(4.24)

Thus thez-component of the angular momentum vector can only be changed

by theTrφ component of the viscous stress tensor, while thex andy com-

ponents can also be changed due to radial shear of vertical motion via Trθ.

The last term in Eq. (4.22) which induces a change of the angular mo-

mentum vector of disc material contained in a spherical shell is due to the

gravitational interaction with the secondary star:

L̇B(r) = L̇T (r) + L̇A(r), (4.25)
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where the angular momentum change due to torques is:

L̇T (r) =

∫ 2π

0

dφ

∫ π
2
+∆θ

π
2
−∆θ

t · r2 sin (θ) dθ δr (4.26)

and the torque densityt is given by:

t = −ρr ×∇Ψ = ρ

[

1

sin (θ)

∂Ψ

∂φ
θC − ∂Ψ

∂θ
φC

]

. (4.27)

When working in the precessing frame there is an additional term causing

angular momentum change due to Coriolis and centrifugal forces:

L̇A(r) =

∫ 2π

0

dφ

∫ π
2
+∆θ

π
2
−∆θ

ρ r2 sin (θ) dθ (−r∆vφθC + r∆vθφC) δr

with

∆vφ = (−2Ω × v − Ω × (Ω × r))φC

∆vθ = (−2Ω × v − Ω × (Ω × r)) θC . (4.28)

In the following we are only interested in the torque components expressed

in precessing frame coordinates. Thus all the torque components have

been calculated now for simulations performed in the precessing frame.

However, when working in the binary frame, we perform the above cal-

culations and then project each of the torque components onto precessing

frame coordinate axes to ensure a uniform approach to monitoring the

torque contributions. Since the latter are time dependent,the additional

term when working in the binary frame is:

L̇A(r) = −Ω × L̂

This term accounts for the angular momentum change measuredin the

precessing frame that arise because of the precession of theframe.

4.4.6 Calculation of Precession and Inclination Rates

We can now relate the above torques to the rate of change of theprecession

and inclination angles. When working in the precessing frame, the incli-

nation angleδ and precession angleβ for disc material in a given radial
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shell, as defined by Eqs. (4.20) and (4.21), are given by:

cos(β) =
cos(ΩF t)(sin(γF )LZ + cos(γF )LY ) + sin(ΩF t)LX

[

(sin(γF )LZ + cos(γF )LY )2 + L2
X

]
1

2

cos(δ) =
− sin(γF )LY + cos(γF )LZ

|L| . (4.29)

Note that the vector componentsLX , LY andLZ in the above expression,

and in the remaining expressions in this subsection, shouldhave hat sym-

bols because they are measured in the precessing frame. We neglect these,

however, in order to simplify the notation. For sufficientlyrigidly pre-

cessing discs the deviation from the mean precession frequency ΩF will

be small, and the disc midplane will remain close to the equatorial plane

of the computational domain. In this case we can use the approximation:

LX ≪ LZ LY ≪ LZ . (4.30)

With this approximation, Eq. (4.29) gives to first order:

δ = γF +
LY

LZ

β = ΩF t−
1

sin (γF )

LX

LZ
. (4.31)

Thus for sufficiently rigidly precessing discs the total inclination is the

sum of the inclination of the precessing frame and a small deviation term

which is proportional to they-component of the angular momentum vec-

tor, measured in the precessing frame. Likewise the precession angle is

the sum of precession due to the frame and a small deviation term that is

proportional to thex-component of the angular momentum vector. The

advantage of this approximation is that the precession and inclination an-

gles become linear functions of the torque components. Thisallows us to

write:

∂δ

∂t
=

(

∂δ

∂t

)F

+

(

∂δ

∂t

)ν

+

(

∂δ

∂t

)B

∂β

∂t
= ΩF +

(

∂β

∂t

)F

+

(

∂β

∂t

)ν

+

(

∂β

∂t

)B

(4.32)
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where each of the rates are calculated according to Eq. (4.31):

(

∂δ

∂t

)K

=
1

LZ
L̇K

Y − LY

L2
Z

L̇K
Z

(

∂β

∂t

)K

= − 1

sin(γF )

(

1

LZ
L̇K

X − LX

L2
Z

L̇K
Z

)

. (4.33)

Hence, in circumstances where the approximation expressedin Eq. (4.30)

holds, we can measure separate contributions to the inclination and preces-

sion rate coming from the radial flux (Eq. 4.23), viscous stress (Eq. 4.24)

and gravitational interaction with the secondary star (Eq.4.25). When dis-

cussing contributions to differential precession rates later in this chapter,

we will omit the constant mean precession rateΩF of the precessing frame

in the expression for the total rate given by Eq. (4.32).

4.5 Linear Theory of Free Warps and Bending

Waves

In order to calibrate the code, we now examine how well it is able to model

the propagation of free bending waves, and compare the results with linear

theory. The linear theory of warps in accretion discs was initially investi-

gated by Papaloizou & Pringle (1983). Their analysis is valid in a regime

in which the dimensionless viscosity parameterαν (Shakura & Sunyaev

1973) lies in the rangeh ≤ αν ≤ 1. In this regime, globally warped discs

were found to evolve diffusively, with a diffusion coefficient larger than

that associated with mass flow through the disc by a factor of∼ 1
2α2

ν
, as-

suming an isotropic viscosity. Papaloizou & Lin (1995) investigated the

regime in whichαν ≤ h, and showed under that, for low frequency modes,

the governing equation for the disc tilt changes from being adiffusion

equation to a wave equation, such that warps are communicated through

the disc via propagation of bending waves. In a keplerian disc these are

expected to propagate with little dispersion at half the sound speed,cS/2.

Nelson & Papaloizou (1999) used smooth particle hydrodynamic simula-

tions to examine the propagation of free bending waves, comparing their

numerical results with linear calculations. Overall, theyfound that the

SPH code managed to model the propagation of bending waves quite accu-
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rately as long as the warp amplitude remains small such that linear theory

holds. One drawback associated with using SPH for that problem, how-

ever, was the fairly large numerical viscosity associated with the scheme

which is difficult to control and specifyab initio. In this section we com-

pare our numerical results with a linear calculation, adopting a similar

set-up to the one used by Nelson & Papaloizou (1999).

4.5.1 An Initial Value Problem

Small-amplitude warps can be considered to be linear perturbations with

azimuthal mode numberm = 1 of a disc with mid-plane initially coin-

cident with the (e1,e2) plane. To see that consider equations (4.16) and

(4.17) forγF ≪ 1. The midplane of the tilted disc (sin(θ̂) = 1) can be

expressed as:

sin(θ̂) ≃ sin(θ) − γF cos(θ)sin(φ) (4.34)

ρ ≃ ρ0

(

1 − γF cos(θ)

h2sin(θ)
sin(φ)

)

(4.35)

vθ ≃ v0
φγF cos(φ) (4.36)

vφ ≃ v0
φ (1 − γF cos(θ)sin(φ)) (4.37)

whereρ0 andv0
φ are the unperturbed density and azimuthal velocity re-

spectively. Hence we can see that the perturbations originating from a

warped or tilted disc are∼ exp(imφ) with m = 1.

In order to study the evolution of free warps we follow Papaloizou & Lin

(1995) and linearly perturb equations (4.1) and (4.2) in cylindrical coor-

dinatesr(r, φ, z). Working in a non-precessing frameΩ = 0, we neglect

the effect of viscositySvisc = 0 and assume an isothermal equation of

state and no perturbing potential. The equilibrium state isin differential

rotation withv0
φ = Ωr andv0

r = 0, v0
z = 0. Thus the perturbed quantities

readρ = ρ0 + ρ′, vφ = rΩ + v′φ, vr = v′r andvz = v′z, where we set the

azimuthal dependence of theX ′ quantities through a factor∼ exp(imφ)

with m = 1. Introducing the quantityW = P ′/ρ0 = c2Sρ
′/ρ0, the lin-

earised equations for the perturbed momentum components are (Nelson
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& Papaloizou 1999):

∂v′r
∂t

+ iΩv′r − 2Ωv′φ = −∂W
∂r

(4.38)

∂v′φ
∂t

+ iΩv′φ + v′r
1

r

d(r2Ω)

dr
= −iW

r
(4.39)

∂v′z
∂t

+ iΩv′z = −∂W
∂z

(4.40)

and the linearised continuity equation reads:

ρ0

c2S

(

∂W

∂t
+ iΩW

)

= −1

r

∂(rρ0v′r)

∂r
−
iρ0v′φ
r

− ∂(ρ0v′z)

∂z
(4.41)

An analytical solution to the linearised equations corresponds to the case

of a rigid tilt. In this case the velocity and pressure perturbations are time-

independent and given by:

v′r = −zΩδ (4.42)

v′φ = −izδd(rΩ)

dr
(4.43)

v′z = rΩδ (4.44)

W = ρ′ · c
2
S

ρ
= −irzΩ2δ (4.45)

whereδ is a free scaling factor and corresponds to a small constant incli-

nation. For large scale warps, it is expected that the local inclinationδ

varies on a length scale significantly larger than the disc thicknessH. It is

then reasonable to assume the inclination is also approximately indepen-

dent of z. As a result of this assumption and by use of the rigidtilt solution

(Eq.4.45) the z dependence of the linearised equations disappears, when

introducing new quantitiesq′r = v′r
z

andq′φ =
v′

φ

z
. The resulting equations

are given by (Nelson & Papaloizou 1999):

∂q′r
∂t

+ iΩq′r − 2Ωq′φ = i
∂(rΩ2δ)

∂r
∂q′φ
∂t

+ iΩq′φ + q′r
1

r

∂(r2Ω)

∂r
= −Ω2δ

∂v′z
∂t

+ iΩv′z = irΩ2δ (4.46)
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The continuity equation (Eq.4.41) is then multiplied byz and vertically

integrated through the disc with the result:

FrΩ2

(

∂δ

∂t
+ iΩδ

)

= − i

r

∂(rGq′r)
∂r

+
Gq′φ
r

+ iΣv′z (4.47)

where

F =

∫ ∞

−∞

ρz2

c2S
dz G =

∫ ∞

−∞

ρz2dz Σ =

∫ ∞

−∞

ρdz (4.48)

Equations (4.46) and (4.47) are a set of coupled differential equations for

the inclinationδ, as a function ofr andt. They can be used to follow the

evolution of a bending disturbance from initial data. We will use the time-

dependent solution calculated in this way to test the NIRVANA code’s

ability to propagate bending disturbances.

Assuming furthermore a time dependence of the perturbations∼ eiσt, with

σ ≪ Ω for slow varying warps, we can evaluate the time derivativesin

equations (4.46) and derive algebraic equations for the components of the

perturbed velocities. For a keplerian disc these are given by:

q′r = −(σ + Ω)δ +
rΩ2(σ + Ω)(∂δ/∂r) + δσ2(3Ω + σ)

(σ + Ω)2 − Ω2
(4.49)

q′φ =
iδΩ2 + iq′rr

−1d(r2Ω)/dr

σ + Ω
(4.50)

v′z =
Ω2rδ

σ + Ω
(4.51)

For low-frequency modes with|σ| ≪ Ω there is a near resonance through

the near vanishing of(σ + Ω)2 − Ω2 with the result that slowly vary-

ing warps may induce large horizontal motions and vertical shear (∂v′r
∂z

,
∂v′

φ

∂z
) (Papaloizou & Lin 1995). Physically these horizontal motions are

generated due to pressure forces in the disc that arise from the vertical

misalignment of neighbouring regions of the disc midplane.Using the

velocity components (Eq.4.49-4.51) in the perturbed continuity equation

(4.47), one can derive a single second order ODE for the inclinationδ:

4δΩσF +
d

dr

(GΩ

σ

dδ

dr

)

= 0 (4.52)
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Hence we can see that localized disturbances, for whichδ ∼ exp(ikrr)

obey the dispersion relation:

σ2 =
1

4

G
F k2

r = a2
Wk

2
r (4.53)

whereaW = 1
2

√

G
F

= c̃S

2
.

From expressions (4.48) it can be seen thatc̃S is the mean sound-speed,

such that warping disturbances propagate as bending waves through the

disc with half of this mean soundspeed.

So far we have neglected the effects of viscosity in the disc.The main

effect of viscosity is to damp the resonantly excited horizontal shear mo-

tions as seen in expressions (4.49,4.50). For this effect alone the influence

of viscosity can be incorporated into equations (4.49-4.51) by replacing

the resonant denominator(σ + Ω)2 − Ω2 by (Papaloizou & Lin 1995):

(σ − iανΩ + Ω)2 − Ω2 (4.54)

whereαν is the viscosity parameter (Shakura & Sunyaev 1973).

This is equivalent to using the modified operator:
(

∂

∂t
+ iΩ

)

→
(

∂

∂t
+ (i+ αν)Ω

)

(4.55)

in equations (4.46 and 4.47). With this modification equation (4.52) be-

comes:

4δΩσF +
d

dr

( GΩ

σ − iανΩ

dδ

dr

)

= 0 (4.56)

For low-frequency modes|σ| ≪ ανΩ the dispersion relation is now given

by:

σ = i
a2

Wk
2

ανΩ
(4.57)

This result is consistent with a diffusion equation forδ:

dδ

dt
= Dd

2δ

dr2
(4.58)
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with diffusion coefficientD = c̃S
2/(4ανΩ). This result is in close agree-

ment with that obtained by Papaloizou & Pringle (1983) who found that

when viscosity becomes important, warps tend to evolve diffusively on a

timescale of2α2
ντν , whereτν = r2/ν being the standard viscous evolution

time. Interestingly this diffusion process tends to take longer as the viscos-

ity is increased. We thus see that the evolution of a warp varies between

that of a propagating bending wave and a diffusion process according to

the magnitude ofαν . The transition occurs roughly whenσ ∼ ανΩ which

implies αν ∼ H/r. It should be noted however that this derivation is

only valid as long as the viscosity is small. If the viscositybecomes too

large the complete viscous stress tensor should be includedin the equa-

tions of motion, which would make the analysis very complicated, since

there would be accretion velocities in the unperturbed state.

4.5.2 Setting up initial Data

A number of simulations using NIRVANA have been performed, in which

warps with different amplitudes in discs with different parameters were set

up and allowed to evolve. We compare these solutions with those obtained

using the linear theory expressed in Eqs. (4.46, 4.47) usingthe same set

of initial conditions. The linear calculations employed a one dimensional

finite difference scheme for which we used 1000 equally spaced grid cells.

Starting with a gaussian initial inclination profile

δ(r) = δMAXe
(−|r−rMID |2)

with rMID = 5 to be centered in the middle of a disc with inner radius

r = 1 and outer radiusr = 9, the set of equations (4.46, 4.47) was

integrated forward in time. We chose the viscosity in these test simula-

tions to beαν = 10−3 ≪ h since we are mainly interested in the regime

of propagating bending waves, and because the linear solution presented

here becomes invalid for large viscosities. The NIRVANA code was set

up in an inertial frame using the expressions (4.10) and (4.17) to spec-

ify the initial density and velocity, in combination with Eq. (4.16), with

γF (r) = δ(r) now being the disc tilt which is a function ofr. In these
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simulations we usedNr = 404 cell in radius, 5 cells per pressure scale

height in the meridional direction (and different numbers of vertical scale

heights, depending on the initial warp amplitude, as described below) and

Nφ = 300 cells in azimuth.

4.5.3 Results

An example result is shown in Fig.4.1 which has a disc aspect ratio of

h = 0.03 and maximum initial inclination angleδMAX = 5◦. In this

particular simulation the meridional domain contains 15 pressure scale

heights (∆θ = 12.89◦) in total. Fig.4.1 shows the inclination as a function

of radius at different stages of the evolution. The solid blue line represents

the NIRVANA solution, while the red dashed line shows the linear calcu-

lation.

Moving from the top left to top right panel, we can observe howthe ini-

tial pulse begins to broaden. At timet = 0.96 we see that the pulse has

separated into an in-going and out-going bending wave. By timet = 1.46

the pulses have reached the boundaries of the domain and havefully sep-

arated. It is clear that NIRVANA is able to capture the evolution of these

low amplitude bending waves with a high level of accuracy.

In Nelson & Papaloizou (1999) the numerical SPH and linear solutions

showed more substantial disagreement at the position of theinitial pulse

(r = 5) at the final stage of the simulation, with the separation of the

two pulses not being captured as accurately. This was probably due to the

larger numerical diffusion present in the SPH code, though it should be

remembered that the SPH simulations were performed using only 20,000

particles. The more accurate solution obtained with NIRVANA, on the

other hand, is a clear indication that the numerical diffusion is smaller.

We also performed simulations for other values of the disc thicknessh

and maximum initial inclination angleδMAX . The number of pressure

scale heights used in the meridional direction was scaled with the max-

imum inclination angle to avoid the disc interacting with the meridional

boundaries. The results are shown in Fig.4.2, and are presented at a stage

of the simulations when the bending waves have propagated all the way to

the radial boundaries. This corresponds to the final panel ofFig.4.1. Since
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Figure 4.1: Time evolution of free warp for h=0.03,δMAX = 5◦. NIR-
VANA results (blue solid line); linear results (red dashed line).

the bending waves propagate with half the sound speed, the evolution oc-

curs over a longer time in the thinner discs (h = 0.01), and over a shorter

time in the thicker disc models (h = 0.05). As can be seen from Fig.4.2,

the agreement between the numerical solution and the linearcalculation

is good in all the models presented here. This is particularly the case for

those runs with lower initial maximum inclinations in Fig.4.2 (top left and

right panels), but the results are still in very reasonable agreement for the

higher inclination cases in Fig.4.2 (lower left and right panels).

We mention here that for even higher inclination angles NIRVANA be-

haves more diffusively, and the agreement between the linear and non lin-

ear solutions gets worse. As found by Nelson & Papaloizou (1999), when

the warps become non-linear they generate horizontal motions that are of

the order of the sound speed, creating shocks because of the symmetric

form of the initial bending disturbance. The result is an effectively higher

viscosity operating in the disc, which is clearly not accounted for in the
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Figure 4.2: Final stage of evolution for different sets of disc parameters.
The NIRVANA solution is shown by the solid blue line, the linear calcu-
lation by the red dashed line.

linear calculations.

4.6 Tilted Discs in Binary Star Systems

We now discuss our results for the misaligned, tidally interacting discs.

We set up the disc models according to the procedure outlinedin Sect.

4.4, and details of the model parameters can be found in Table4.1. The

models are characterized by the disc aspect ratio,h, viscosity,αν , and ini-

tial inclination with respect to the binary orbit plane,γF . The disc outer

edge,Rd, was chosen such that the disc is already very close to its tidal

truncation radius, which is about one third of the distance between sec-

ondary and primary star,D. In some models the initial radius of the outer

disc edge was varied also.

In this study, we are interested in examining the evolution of discs that
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Model label h αν γF Rd Frame
1 0.05 0.025 45 9 precessing
2 0.05 0.1 45 9 precessing
3 0.03 0.015 45 9 precessing
4 0.03 0.1 45 9 precessing
5 0.03 0.1 25 9 precessing
6 0.01 0.005 10 8 binary
7 0.01 0.1 10 8 binary
6a 0.01 0.005 10 10 binary
7a 0.01 0.1 10 10 binary

Table 4.1: Table of runs. The disc is characterized by the aspect ratio,h,
viscosity parameter,αν , and initial inclination angleγF . We also list the
initial disc outer radius and the reference frame in which the simulation
was performed.

fulfil the condition for wave-like warp propagation,h > αν , as well as

discs that support diffusive warp propagation,h < αν . For the models in

the wave regime we setαν = 1
2
h, and for the runs in the diffusive regime

we setαν = 0.1 ≫ h.

The perturber is evolved on a circular orbit at a distance ofD = 30, and its

mass is increased linearly from zero up toMB = M⋆ over a time interval

of 4 orbits, during which time its distance is kept constant.Models 1 – 5

were performed in the precessing frame. If we use Eq. (4.14) to estimate

the precession frequency, then we obtain a value ofΩF = −4.86 · cos(γF )

[degrees/orbit]. We find, however, that a better fit to test simulations is

given byΩF = −3.74 · cos(γF ) [degrees/orbit], which is the value used

in the simulations. The reason is that as the disc gets tidally truncated it

tends to precess slower, as can be seen from Eq. (4.14).

The resolution was chosen such there are 5 cells per pressurescale height

in the meridional direction for all models. Models 1 and 3 incorporated

15 scale heights in the meridional direction. Models 2, 4 and5 used 22.5

scale heights (to allow for a greater degree of twisting in the higher vis-

cosity models where warp communication is expected to be less efficient).

In the radial and azimuthal directions we usedNr = 404 andNφ = 300

cells, respectively, for each of these models.

Models 6 and 7 were performed in the non-precessing binary frame. Since
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the disc midplane is inclined with respect to the equatorialplane of the

computational grid in these simulations, higher resolutions are necessary

to avoid numerical errors. This is particularly true in the azimuthal direc-

tion because tilting the disc causes a component of the disc vertical struc-

ture to point along this direction. For a disc whose midplanecoincides

with the equatorial plane of the computational grid, pairwise cancellation

of fluxes ensures conservation of angular momentum to machine accuracy.

However, if the disc midplane is inclined with respect to theequatorial

plane of the computational grid, the accuracy is limited by the advection

scheme, and higher resolution in the azimuthal direction becomes neces-

sary to avoid unphysical evolution of precession and inclination angles.

Hence we used 600 cells in azimuth. In order to be able to resolve spiral

waves for these extremely thin discs, we used 1056 cells in radius. Hence

these calculations involve1056× 300× 600 grid cells, making these sim-

ulations computationally very expensive.

The disc outer edge was chosen to be a bit smaller than in the thick disc

runs, since highly pronounced non linear effects at the outer edge were

seen in lower resolution test simulations (described as Models 6a and 7a

in Table 4.1). In effect a strongly perturbed and narrow outer rim of gas

became partially detached from the main body of the disc and developed

a very different inclination and precession angle evolution in Model 6a,

an effect not observed in Model 6 with a smaller initial outerradius. This

phenomenon is discussed in more detail later in this chapter. In order to

accommodate an inclined disc with an inclination of10◦ we used 60 pres-

sure scale heights (∼ ±17.03 degrees) in the meridional direction, with

5 cells per pressure scale height. We now describe the results of these

models, where we have ordered our discussion in terms of the disc aspect

ratio, h. Column density plots are displayed for each of the runs. These

have been generated with a subroutine for NIRVANA, which hasbeen de-

veloped for this purpose.

4.6.1 Models 1 and 2

A column density plot for the disc in Model 1 is displayed in the upper

panels of Fig.4.3 corresponding to the end stage of this simulation. The
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Figure 4.3: Column density plot at timet = 75.0 for Model 1 (upper pan-
els), and Model 2 (lower panels). The left panels correspondto projection
onto the (e2, e3) binary plane, and the right panels to projection onto the
(e1, e3) plane.

left panel displays a projection of the disc column density onto the (e2,

e3) plane of the binary reference frame, and the right panel displays a pro-

jection onto the binary (e1, e3) plane. At this stage the disc has precessed

rigidly to β = −180 degrees, so the disc appears edge on in the (e2, e3)

plane and face on in the (e1, e3) plane. The precession of 180 degrees

is evident, as the disc angular momentum vector now has a negative e2

component, whereas it had a positivee2 component in its initial state, as

can be seen from the transformation given by Eq. (4.8) att = 0. Another

result of the interaction with the secondary star is the formation of spiral

waves, which are apparent in Fig.4.3. These spiral waves areprimarily

launched at them = 2 inner Lindblad resonance.

Fig.4.4 shows the evolution of the precession and inclination angles, re-
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Model τW τP Predicted Observed
label behaviour behaviour

1 5.43 48.01 rigid precession rigid precession
2 10.87 47.60 rigid precession rigid precession
3 9.05 43.90 rigid precession rigid precession
4 30.19 47.02 rigid precession rigid precession
5 30.19 36.37 rigid precession rigid precession
6 22.77 33.87 rigid precession rigid precession
7 227.7 36.25 disrupted/broken rigid precession
6a 31.83 21.48 disrupted/broken broken
7a 318.32 19.12 disrupted/broken disrupted

Table 4.2: This table lists the warp propagation times,τW and differential
precession times,τP , for each of the models, and indicates the theoreti-
cally expected and observed behaviours.

spectively, for disc material orbiting at different radii.These angles have

been calculated using Eq. (4.18), where we have integrated over radial

shells of width∆r = 1. Thus the red dashed line in Fig.4.4 corresponds to

disc gas betweenr = 1 andr = 2, the blue solid line to disc gas between

r = 8 andr = 9, and the black dotted line to disc gas betweenr = 4 and

r = 5. The solid black line shows the precession and inclination angles of

the entire disc. It is apparent that the lines are almost indistinguishable in

Fig.4.4 (upper left panel), showing that the different discparts in Model

1 precess at the same uniform rate, such that the disc is in a state of rigid

body precession with almost no twist. This behaviour is expected from

linear theory (Papaloizou & Terquem 1995). In Table 4.2 we show the

warp propagation timescaleτW and the differential precession timescale,

τP . In the bending wave propagation regime (h > αν), τW = 2Rd/cS,

since warps propagate with half the sound speed in this regime. In the dif-

fusive regime (h < αν) τW = 2α2
νR

2
d/ν. The warp propagation timescale

should be compared to the differential precession timescale τP ∼ 2/ΩF .

If τW < τP it is expected that the disc will precess as a rigid body, while if

τW > τP the disc may become disrupted as a result of differential preces-

sion. Hence, we see that the rigid precession of the disc in Model 1 agrees

with expectations. Our Model 1 is very similar to Model 1 in Larwood et

al (1996), which also shows rigid body precession. The inferred preces-
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Figure 4.4: Evolution of precession (left panels) and inclination angles
(right panels) for Models 1 and 2. The blue solid line corresponds to disc
material betweenr = 8 andr = 9, the red dashed line to disc material
betweenr = 1 and r = 2, and the black dotted line to disc material
betweenr = 4 andr = 5. The black solid line represents the entire disc.

sion period in our Model 1 is about 146 orbits, which is a little larger than

the period given by Eq. (4.14). The difference arises because the disc is

tidally truncated and shrinks slightly, so its precession rate decreases.

Looking at the upper right panel of Fig.4.4, we observe that the inclination

for Model 1 changes only slightly during the simulation. Theoscillation

seen in the inclination rates is driven by the secondary star. Since the or-

bital plane is inclined with respect to the disc midplane, the vertical com-

ponent of the gravitational force due to the secondary star causes the disc

to perform a forced oscillation with a frequency equal to twice the binary

frequency. Papaloizou & Terquem (1995) argued that the discis expected

to align with the binary orbit on a time scale similar to that over which

binary torques cause the total angular momentum of the disc to evolve. If

the viscously-induced outward expansion of the disc is balanced by tides

due to the companion, then disc-alignment should occur on the viscous

evolution time,τν . For Model 1 we estimateτν = R2
d/ν ∼ 2175 orbits.

Extrapolating the disc evolution shown in Fig. 4.4 gives an alignment time

of ∼ 2025 orbits, in good agreement with the viscous time scale.
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Column density plots for Model 2 are displayed in the lower panels of

Fig.4.3. Warp propagation in this higher viscosity model (αν = 0.1) is

expected to be diffusive, and therefore less efficient than for Model 1 (as

shown by the warp propagation times listed in Table 4.2). This run was

also evolved until the precession angle reached -180 degrees. The high

viscosity operating in the disc leads to the damping of the spiral waves

before they can propagate very far, and thus they are not apparent in the

images.

The precession angles for Model 2 are displayed in Fig.4.4 (lower left

panel). We observe that this more viscous disc develops a small differen-

tial twist before it attains a state of rigid precession. This suggests that the

disc needs to develop a slightly more distorted shape in order for internal

stresses to counterbalance the companion-induced differential precession

when warp communication is less efficient. Nonetheless, rigid body pre-

cession is expected in this case, and the numerical results are in agreement

with this expectation.

Examining the inclination evolution for Model 2 shown in thelower right

panel of Fig. 4.4, we see it is very similar to that observed for Model 1.

The viscous time scale in Model 2 should be approximately 4 times shorter

than for Model 1, but there is no indication that the inclination evolution

is faster in this case. We note that the inclination evolution rates do not

appear to have reached final steady values for either Models 1or 2 by the

end of the simulations, such that an accurate assessment of the longer term

evolution rate is not possible. This may be because the outerdisc radius

has not had time to equilibrate during the simulations as they have only

run for a fraction of the global viscous timescale of the disc. We are able

to conclude, however, that the inclination evolution occurs over timescales

much longer than the precession time, and appears to be consistent with

evolution on the global viscous time of the disc.

4.6.2 Models 3, 4 and 5

As shown in Table 4.1, Models 3, 4 and 5 all haveh = 0.03. Model 3 has

αν = 0.015, and so warp propagation occursvia bending waves, whereas

Models 4 and 5 haveαν = 0.1 such that warps propagate diffusively. Ta-
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ble 4.2 shows that the warp propagation for Models 4 and 5 is expected to

be considerably less efficient than for Model 3. Models 3 and 4had incli-

nations of45◦, whereas Model 5 had an inclination of25◦, which induces

a more rapid precession of the disc, and therefore has a greater tendency

to twist the disc up.

Column density plots for these models are shown in Fig. 4.5. Due to the

long runs times, we were unable to evolve Models 3 and 4 until they had

precessed by180◦. Therefore the upper and middle panels of Fig. 4.5 dis-

play disc images at times corresponding to the moment when the outer

disc has precessed by90◦ instead. It is clear from these panels that the

disc in Model 3 has precessed as a rigid body, with almost no twist ap-

parent. Consequently, after precessing through90◦ the disc appears edge

on when projected into the (e1, e3) plane and face on when projected into

the (e2, e3) plane. The middle right panel of Fig. 4.5, however, shows that

the disc in Model 4 has developed a small twist due to the innerdisc not

having precessed by90◦ at the same moment when the outer disc has. The

lower panels of Fig. 4.5 show column density plots for Model 5, which

was evolved until the outer disc had precessed by180◦ (assisted by the

fact that the precession is faster in this case). It is apparent from these

panels that the disc has developed a small twist since the inner disc has

not precessed a full180◦ by the end of the simulation.

The precession angles for Model 3 are plotted in the top left panel of

Fig. 4.6. The blue solid line corresponds to disc material orbiting between

radii r = 8 – 9, the red dashed line radii betweenr = 1 – 2, and the

black dotted line to radii betweenr = 4 – 5. A black solid line is also

plotted showing the precession angle integrated over the whole disc. The

fact that these lines effectively lie on top of each other shows that the disc

precesses as a rigid body with essentially no twist. Rigid-body precession

is expected in this case since the warp propagation time is less than the

differential precession time (see Table 4.2).

The inclination angles for Model 3 are plotted in the top right panel of

Fig. 4.6. The line styles and colours correspond to the same disc annuli

as described above. It is clear that the inclination evolution in this case is

very slow. The global viscous evolution time for this disc isapproximately

10,000 orbits, and a linear extrapolation of the inclination evolution shown



4.6: On the Evolution of Warped and Twisted Accretion Discs in close
Binary Systems — Tilted Discs in Binary Star Systems 152

Figure 4.5: Column density plots for Model 3 (upper panels) and Model 4
(middle panels) at timet = 35.0, and Model 5 at timet = 55.0. The left
panels correspond to projection onto the (e2, e3) plane, the right panel to
projection onto the (e1, e3) plane.
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Figure 4.6: Evolution of precession (left panels) and inclination angles
(right panels). The blue solid line corresponds to disc material between
r = 7 andr = 8, the red dashed line to disc material betweenr = 1 and
r = 2 and the black dotted line to disc material betweenr = 4 andr = 5.
The solid black line represents the entire disc. In the lowerleft panel the
free particle precession rates for the inner (dashed-dotted line) and outer
disc (dashed-triple-dotted line) are also depicted for Model 5.

in Fig. 4.6 gives a time of∼ 13500 orbits for the disc to fully align with

the binary orbit. Clearly the disc inclination is evolving on the viscous

time in this case.

The evolution of the precession angles for Model 4 are shown in the left

middle panel of Fig 4.6. The line styles and colours correspond to disc

annuli as described above. We see that this disc develops a well-defined

twist which is set up within the first 5 – 10 orbits due to the inner and

outer parts of the disc undergoing differential precession, with the outer

disc precessing faster than the inner disc. The magnitude ofthe twist is

approximately12◦. Thereafter the disc is seen to precess as a rigid body,
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Figure 4.7: Precession rates due to the contributions discussed in Sect.
4.4.6 for Model 5

maintaining the same twisted shape. We note that this disc isexpected to

achieve rigid body precession from consideration of the warp propagation

and differential precession times (see Table 4.2).

The inclination angles for Model 4 are shown in the right middle panel

of Fig. 4.6. We see that the disc in this case has developed a small warp,

with the inner and outer discs having a difference of inclination of about

1◦. We also observe that the inclination is evolving more rapidly than is

the case for Model 3. The global viscous evolution time for this disc is

approximately 1500 orbits, and extrapolating the inclination evolution ob-

served in Fig. 4.6 gives an estimated time for alignment of∼ 1000 orbits,

close to the expected value.

It is interesting at this point to compare our results for Models 3 and 4

with Model 9 presented by (Larwood et al 1996), which had comparable

parameters (h = 0.03, D/Rd = 3, 45 degree inclination). Although it is

difficult to know the precise value of theαν viscosity operating in the SPH
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Figure 4.8: Inclination rates due to the contributions discussed in Sect.
4.4.6 for Model 5

simulations, it is likely that the effectiveαν value lies between the values

used in our Model 3 (αν = 0.015) and Model 4 (αν = 0.1). Nonetheless,

we find qualitatively different behaviour, with our models quickly achiev-

ing a state of rigid body precession, with a small twist and warp which

vary smoothly across the disc. Model 9 of Larwood et al (1996)shows

significant disruption of the disc, which effective breaks discontinuously

into two distinct parts which become mutually inclined by approximately

25◦. The origin of this discrepancy is unclear, but one possibility is that

SPH simulations using 20,000 particles are only marginallyable to resolve

the vertical structure of a disc withh = 0.03. This may have the effect

of reducing the efficacy of warp propagation below that whichis expected

from consideration of the disc physical parameters.

We now turn to Model 5. The precession angles for this run are displayed

in the lower left panel of Fig.4.6. Given that the precessionfrequency,

given by Eq. (4.14), is proportional tocos (γF ), the disc precesses faster
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Figure 4.9: Time averaged inclination change rates as function of radius
for Model 5. Red dashed-dotted line: radial flux of angular momentum;
blue dotted line: gravitational interaction with the companion star; green
dashed line: viscous friction between adjacent radial discshells; black
dashed-triple-dotted line: total inclination change rate.

in this simulation than in Models 1 – 4, and this faster precession can be

observed in Fig. 4.6. The lower left panel of this figure showsthe preces-

sion angles as a function of time for disc annuli located betweenr = 1 –

2, r = 4 – 5, andr = 8 – 9, with the linestyles and colours being the same

as described above. The larger precession frequency induces greater dif-

ferential precession in the disc, and the consequence of this is that Model

5 shows a slightly larger twist (15◦) than Model 4 (12◦). Also plotted in

this panel are precession angles that would be observed if the inner (black

dashed-dotted line) and outer (black dashed-triple-dotted line) disc annuli

precessed at their free particle rates given by (Eq.2.53) (for a circular or-

bit):

ωZ = − 3

4ΩK(r)

GMB

D3
cos(δ) (4.59)

As can be seen from the figure, the disc parts tend initially towards their

free particle rates, such that the outer disc precesses faster than the in-

ner disc. Information about this differential precession is communicated

across the disc, and internal stresses are established which cause the inner



4.6: On the Evolution of Warped and Twisted Accretion Discs in close
Binary Systems — Tilted Discs in Binary Star Systems 157

disc precession to speed up and the outer disc precession to slow down,

such that precession at a uniform rate occurs after approximately 10 or-

bits. The warp communication and differential precession times given in

Table 4.2 for this model predict rigid-body precession, as observed.

The emergence of internal stresses as the disc twists up is illustrated in

Fig.4.7, where the different physical contributions to theprecession rate

are displayed for Model 5. These have been calculated according to the

procedure outlined in Sect. 4.4.5-4.4.6. Here the different linestyles cor-

respond to the same disc annuli described above (solid blue line: r = 8

– 9; dotted black line:r = 4 – 5; dashed red line:r = 1 – 2). From

the lower left panel of Fig.4.7, we can observe that the gravitational inter-

action with the secondary causes a negative precession ratefor the outer

annulus, and a positive precession rate for the inner annulus, and these

rates correspond to the free particle precession rates. Since the frame in

which these rates were measured precesses in a retrograde sense with a

mean frequencyΩF < 0, this means that the inner annulus would lag be-

hind while the outer annulus would lead the precession of thereference

frame, if the companion’s gravity was the only contributor to the total pre-

cession rate. In fact, this is what is observed until aboutt = 10 orbits,

during which time the disc precesses differentially (see Fig.4.6, lower left

panel).

As the disc starts to develop a twist due to differential precession, mis-

alignment of disc midplanes as a function of radius causes pressure forces

to generate horizontal shear motions that drive the propagation of bending

disturbances, and these communicate information about precession angle

changes across the disc. The resulting internal stresses are clearly propor-

tional to the degree of twisting, allowing the disc to achieve a state of rigid

body precession once a sufficiently twisted disc has been established. At

this point the disc structure becomes quasi-static in the precessing frame

as each disc annulus precesses at the same rate. This sequence of events

is demonstrated by the upper left panel of Fig.4.7, which shows the con-

tribution to the precession rate from the pressure-inducedradial flux of

angular momentum. Aftert = 10 orbits, the contribution to the preces-

sion rate from the radial flux almost completely compensatesthe effect of

gravity, such that the total precession rate (relative to the precession of the
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reference frame) is zero for all disc annuli, as can be seen inthe lower

right panel of Fig.4.7, which shows the sum of the contributions to the

precession rate. This demonstrates that the disc manages toredistribute

the angular momentum such that rigid body precession is achieved. Once

again we note that in this figure we have subtracted the mean precession

rateΩF of the precessing frame.

The effect of viscosity as calculated in Sect. 4.4.5 is depicted in the up-

per right panel of Fig.4.7. We observe that the effect of viscous friction

between differentially precessing radially adjacent discshells causes the

disc to precess more rigidly. However, the dominant effect of the viscosity

is the damping of the horizontal shear motions induced by thetwist. Since

these shear motions are responsible for driving the bendingdisturbances,

the viscosity will lead to weakened communication, and the redistribution

of angular momentum due to radial advective fluxes shown in the upper

left panel of Fig.4.7 will be suppressed. This effect is dominant and oppo-

site to the one seen in the upper right panel of Fig.4.7.

The inclination angles for Model 5 are shown in the lower right panel of

Fig. 4.6. It is clear that the disc develops a small warp, withthe inner disc

having∼ 1◦ higher inclination than the outer disc. The rate of global incli-

nation change is similar to that observed in Model 4, suggesting alignment

of the disc in the global viscous evolution timescale.

We plot the different physical contributions to the rate of inclination change

for Model 5 in Fig.4.8. In Fig.4.9 we also display the time averaged contri-

butions to the rate of inclination change as a function of radius, where the

time averaging was performed over the full length of the simulation. As

may be observed in the lower left panel of Fig.4.8, and even more clearly

in Fig.4.9 (blue dotted line), the companion’s gravity induces a globally

negative net inclination change, leading to coplanarity ofthe entire disc on

the viscous time scale, in agreement with the lower right panel of Fig.4.6.

This is consistent with the findings of Papaloizou & Terquem (1995) that

the zero-frequency (secular) gravitational interaction will lead to copla-

narity. We note that because of the time averaging, this is the dominant

gravitational contribution that we pick up in Fig.4.9 (bluedotted line).

More interestingly, we can observe from the upper left panelof Fig.4.8,

and in Fig.4.9 (red dashed-dotted line), that the contribution from the ra-
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dial fluxes not only counteracts the effect of gravity, it actually overshoots

slightly, causing the inner disc to become more inclined than the outer

disc. This change of inclination is seen in the upper right panel of Fig.4.6.

Thus the communication of bending disturbances on the one hand leads

to rigid precession of the disc, and on the other hand causes the disc to

become slightly warped. Viscosity tends to reduce the amount of warp-

ing, such that it acts to flatten the differential inclination profile across the

disc radius, as can be seen from the green dashed line in Fig.4.9. Thus the

total average inclination rate in Fig.4.9 (dashed-triple-dotted line) is nega-

tive for the entire disc, while the magnitude is slightly bigger for the outer

disc, with the consequence that the disc has developed a slight warp and

tends to become coplanar with the orbital plane on the viscous timescale,

as seen in the lower right panel of Fig.4.6.

4.6.3 Models 6 and 7

We now discuss Models 6 and 7, for which the discs have aspect ratio

h = 0.01, an inclination angle of10◦, and were performed in a non pre-

cessing frame. Model 6 hasαν = 0.005, so warps propagatevia bending

waves in this case, and Model 7 hadαν = 0.1, so warps propagate dif-

fusively in this model. We see from Table 4.2 that differential precession

is expected to disrupt the discs in Model 7, as the warp propagation time

is longer than the differential precession time. Rigid-body precession is

expected for Model 6.

Column density plots showing the disc in Model 6 are presented in Fig.4.10

for different times during the evolution. The top panels show the initial

state of the disc. The disc appears edge on in the (e2, e3) plane and face

on in the (e1, e3) plane. As we move down to the next panels the outer

edge of the disc has precessed by 45 degrees at timet = 10.4, as can be

seen in Fig.4.11 (upper left panel). The inner region of the disc, however,

has only precessed by about 12 degrees at this stage and so appears al-

most edge-on in the left panel. In the third panels down the outer disc has

precessed by 90 degrees att = 25.7 and appears edge on in the (e1, e3)

plane and face on in the (e2, e3) plane. The inner disc has precessed by

approximately 70 degrees by this time, and so does not appearedge-on in
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Figure 4.10: Column density plots for Model 6. The left-handpanels are
projections onto the (e2, e3) plane, and the right-hand panels are projec-
tions onto the (e1, e3) plane. The disc structure is displayed at the different
times indicated.
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Figure 4.11: Evolution of the precession (left panels) and inclination an-
gles (right panels). The blue solid line corresponds to discmaterial be-
tweenr = 7 andr = 8, the red dashed line to disc material betweenr = 1
andr = 2, and the black dotted line to disc material betweenr = 4 and
r = 5. The solid black line represents the entire disc.

either projections. The bottom panels show the disc structure at the final

output of the simulation which was halted att = 44 orbits, by which time

the outer disc had precessed by approximately160◦.

The precession angles for Model 6 are shown in the upper left panel of

Fig. 4.11. The blue solid line corresponds to disc material orbiting in an

annulus betweenr = 7 – 8, the black dotted line corresponds to the annu-

lus betweenr = 4 – 5, and the red dashed line corresponds to the annulus

betweenr = 1 – 2. As with Models 4 and 5, we see that the disc inner

and outer annuli begin to precess at the local free-particlerates, and the

disc develops a significant twist which reaches a maximum amplitude of

approximately30◦. As the disc becomes increasingly twisted, however,

internal stresses are established which cause the inner disc precession rate

to increase and the outer disc precession rate to decrease. Eventually the

disc reaches a state of rigid body precession after a time of about 10 orbits.

After this time we see that there is a long term readjustment of the degree

of twist such that byt = 44 orbits the twist angle has reduced from∼ 30◦

to ∼ 20◦.
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Figure 4.12: Average precession rates as function of radiusfor Model 6.
Red dashed-dotted line: radial flux of angular momentum; blue dotted
line: gravitational interaction with the companion star; green dashed line:
viscous friction between adjacent radial disc shells; black dashed-triple-
dotted line: total inclination change rate. The black solidline represents
the precession rate of free particles.

In Fig. 4.12 we display the time integrated contributions tothe preces-

sion rate as a function of radius for Model 6, following the procedure

described in Sect. 4.4.5-4.4.6. Note that the average (negative) preces-

sion rate of the disc has been subtracted in this figure, such that a positive

value corresponds to precession that will lag that of the overall disc, and

a negative value corresponds to precession that leads. The contribution

from the companion’s gravity is shown by the blue dotted line, and this is

very similar to the free-particle precession rate which is plotted using the

black solid line. The red dashed-dotted line shows the contribution from

the pressure-induced radial flux of angular momentum, and this is seen to

almost exactly counterbalance the effect of gravity, showing that it is the

pressure-induced radial motion in the disc which is responsible for halting

the differential precession and inducing rigid body precession. The con-

tribution from the disc viscosity is shown by the green dashed line, and is

seen to be negligible.

The inclination angles for Model 6 are shown in the top right panel of

Fig. 4.11, where the line styles and colours correspond to the disc annuli
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Figure 4.13: Average inclination change rates as function of radius for
Model 6. Red-dashed-dotted line: radial flux of angular momentum;
blue dotted line: gravitational interaction with the companion star; green
dashed line: viscous friction between adjacent radial discshells black
dashed-triple-dotted line: total inclination change rate.

described above. As with Model 3, we see that the disc develops a warp

such that the inner disc has a larger inclination to the binary plane than

the outer disc. Indeed, the inclination of the inner disc is seen to increase

initially, before decreasing after approximately 20 orbits as the disc as a

whole aligns with the binary orbit plane. As discussed previously, disc

alignment is expected to occur on the viscous time scale, which for Model

6 is approximately3 × 105 orbits. It is obvious from Fig. 4.11, however,

that the disc in our simulation is not aligning on such a long time scale, but

will actually align within∼ 650 orbits. Possible reasons for this enhanced

alignment rate are discussed below.

Fig. 4.13 shows the time integrated contributions to the rate of inclination

evolution as a function of radius for Model 6. We see that the compan-

ion’s gravity causes the inclination to decrease in the discinner and outer

regions, and in the inner regions the radial flux of angular momentum op-

poses this and increases the inclination during the simulation. Indeed the

radial flux contribution causes the inclination angle to grow there, as ob-

served in the upper right panel of Fig. 4.11. The outer parts of the disc

experience negative contributions from both the companion’s gravity and
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the pressure-induced radial flux, driving alignment of the disc on the rel-

atively short timescale described above. It is clear that the disc viscosity

plays a negligible role in driving the inclination evolution (green dashed

line).

We now discuss the results from Model 7. In Fig.4.14 we display column

density plots for this model. The top panels show the initialstate. The

second panels down show the disc at timet = 20.5. At this stage the outer

disc edge has precessed by 90 degrees and appears edge on in the (e1, e3)

plane, and face on in the (e2, e3) plane. By contrast, the inner disc has not

precessed very much and still appears almost edge on in the (e2, e3) plane

and face on in the (e1, e3) plane. At timet = 44 orbits the outer disc has

precessed by 180 degrees and appears edge on in the (e2, e3) plane and

face on in the (e1, e3) plane. The inner disc, however, has only precessed

by about 70 degrees by this time, and so does not appear edge onin ei-

ther projection. The bottom panels show the final stage of thesimulation

when the outer disc has precessed by about 220 degrees. It is clear from

these images that the disc in Model 7 has adopted a highly twisted shape,

but one in which the precession angle for different disc annuli varies very

smoothly across the disc.

The precession angles for Model 7 are displayed in the lower left panel of

Fig.4.11. We observe that the disc is in a state of differential precession

at the end of the simulation, and the twist between inner and outer disc

annuli is approximately 110 degrees at this stage. Althoughthis twist is

large, the actual rate of differential precession at the endof the simulation

is very small, as the precession rates of the inner and outer disc have con-

verged during the run. Indeed, extrapolation of the precession angles in

Fig. 4.11 indicates that rigid body precession will be achieved at a time

equal tot = 56.6 orbits, at which point the twist amplitude will be111.7◦.

This suggests that even though the warp propagation time is much smaller

than the differential precession time for Model 7 (see Table4.2), internal

stresses can be set up within the disc that cause uniform precession once

the disc becomes highly twisted. Adopting a definition of disc disruption

which requires the twist to become greater than 180 degrees,we suggest

that the disc in Model 7 will not be disrupted, but will instead adopt a

highly twisted but uniformly precessing configuration.
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Figure 4.14: Column density plots for Model 7. The left-handpanels are
projections onto the (e2, e3) plane, and the right-hand panels are projec-
tions onto the (e1, e3) plane. The disc structure is displayed at the different
times indicated.
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Figure 4.15: Diagram illustrating the alignment torques which arise in
highly twisted discs, as discussed in the text.

The inclination angles for Model 7 are shown in the lower right panel of

Fig. 4.11, where the lines styles correspond to the disc annuli described

above. We can see that the disc in this case develops a small warp with

the difference between the inclinations of the inner and outer disc being

∼ 1◦. We also note that it appears that the integrated tilt of the whole

disc is actually smaller than for any of the individual disc annuli, but this

is an effect of averaging over a significantly twisted disc. As observed

for Model 6, we see that the inclination of the disc evolves rather quickly.

The global viscous evolution time for Model 7 is∼ 15000 orbits, whereas

extrapolation of the inclination angles for either the inner or outer disc

suggests that they will completely align after∼ 100 orbits.

What is the explanation for this rapid alignment observed for Models 6 and

7 ? One possibility that we have explored is that numerical diffusion may

cause a tilted disc to align with the equatorial plane of the computational

grid, since the advection routine does not conserve total angular momen-

tum when the disc azimuthal velocity is not directed along the azimuthal

direction of the computational grid. Lower resolution testcalculations

performed for a tilted disc without a companion indicate that this effect

can cause eventual disc alignment, but at a rate which is at most 7 times

smaller than observed in Models 6 and 7. This suggests that numerical

diffusion is not the cause of the rapid alignment.

Another possibility arises when we consider the evolution of a rigidly pre-

cessing, tilted disc which is in a precessing reference frame whose preces-
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sion frequency is equal to that of the disc. Consider first thesituation in

which the angular momentum vectors for all disc annuli lie inthey − z

plane of the binary frame initially (i.e. thez direction of the precessing

frame lies initially in they − z plane of the binary frame, pointing along

the positivey andz directions). A torque exerted on disc annuli in the

y direction, (a ‘y-torque), will cause the disc inclination to change. A

torque exerted in thex direction (an ‘x-torque’), will cause precession

at a rate which differs from the precession rate of the frame.A posi-

tive x-torque causes precession to occur at a rate which is faster than the

frame, and a negativex-torque causes slower precession. This general

picture is expressed mathematically by Eqs. (4.33), and is shown diagra-

matically in the left hand image of Fig. 4.15. For a disc whichprecesses

uniformly without any twist, then the companion’s gravity will exert posi-

tivex-torques on the outer disc annuli, and negativex-torques on the inner

disc annuli, as it tries to cause the disc to precess differentially. Internal

stresses, however, will exactly counterbalance thesex-torques to maintain

uniform precession. In this simple scenario there is no torque exerted on

the disc in they direction to modify its inclination.

Consider now the case of a highly twisted disc which is being forced to

precess uniformly, and whose annuli all have the same inclination. Gravity

will again try to induce differential precession, but now the torque exerted

on disc annuli will have both anx and ay component due to the twist.

Resolving the vectors associated with the internal stresses required to en-

force uniform precession shows that their combinedx-torques operate in

opposite directions such that they cancel when integrated over the disc.

The combinedy-torques, however, operate in the same direction, implying

that the internal torques generate a nety-torque on the disc. Conservation

of angular momentum obviously prohibits this from arising,suggesting

that ay-torque must operate, whose effect is to change the disc inclina-

tion. This is shown diagramatically in the right panel of Fig. 4.15. Given

that the internal torques are operating on the precession timescale in or-

der to maintain uniform precession, this argument suggeststhat a highly

twisted disc may align on the precession time, as is observedfor Models

6 and 7. Interestingly, the resultanty-torque that arises in this picture is

proportional tosin (∆β), where∆β is the twist amplitude, and the rate of
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inclination evolution observed in Models 6 and 7 is in agreement with this

scaling.

If the above argument is correct, then it suggests that discswith modest

levels of twist will align on the global viscous timescale ofthe disc, but

highly twisted discs may align on the much shorter precession timescale.

This obviously has significant implications for astrophysical systems which

may be expected to harbour highly twisted discs, such as the X-ray bina-

ries Her X-1 and SS433.

4.6.4 Models 6a and 7a - Broken or Disrupted Discs ?

We now briefly discuss the results of two lower resolution models which

were run during an early stage of this project: Models 6a and 7a. These

were identical to Models 6 and 7 except that the number of gridcells in

the radial direction wasNr = 300, and the disc outer radii were located

atRd = 10 instead ofRd = 8. Extending the disc radius outward has the

potential effect of increasing the rate of differential precession across the

disc, provided that tidal truncation does not cause the discto shrink back

down toRd = 8.

Column density plots for Model 6a are shown in the top two panels of

Fig. 4.16, corresponding to an evolution time oft = 22.8 orbits. We can

see that there has been some tidal truncation of this disc, and the outer

disc edge is significantly distorted in the images. This arises because a

narrow outer rim, running between radiir ∼ 7 andr ∼ 10, has effectively

detached itself from the main body of the disc, and has evolved to have

significantly different precession and inclination anglescompared to the

main body of the disc.

The inclination and precession angles for Model 6a are displayed in the

upper left and right panels of Fig. 4.17, respectively. The precession angle

of the annulus which lies between radiir = 1 – 2 is shown by the thick red

solid line, and the remaining red dotted lines show the precession angles

for disc annuli of unit width out tor = 7. The solid blue line corresponds

to the disc annulus lying betweenr = 9 – 10, and there are two addi-

tional blue dotted lines for annuli lying betweenr = 7 – 8 andr = 8 –

9. It is clear that the disc has separated into two parts discontinuously at
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Figure 4.16: Column density plots of the two lower resolution runs Models
6a and 7a. The upper panels show two different projections for Model 6a
at time t = 22.8 The lower panels show two different projections for
Model 7a at timet = 27.0.
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Figure 4.17: Evolution of precession (left panels) and inclination angles
(right panels) for Models 6a and 7a. The blue solid lines correspond to
disc annuli of unit radius lying betweenr = 7 andr = 10. The solid blue
line denotes the annulus lying betweenr = 9 andr = 10. The red lines
correspond to disc annuli of unit width lying betweenr = 1 and= 7. The
solid red line denotes the annulus lying betweenr = 1 andr = 2.

a radius betweenr = 7 andr = 8, with the detached outer rim having

precessed significantly faster than the inner disc. The inclination angles

plotted in the upper right panel show that the disc becomes significantly

warped, with the outer rim tending to align with the binary and the inner

disc actually increasing its inclination. Although the change in inclination

appears to occur fairly smoothly across the disc, it should be noted that

the disc has developed a fairly large warp of5◦.

The behaviour of Model 6a is reminiscent of the broken disc presented by

Larwood et al (1996) (their broken Model 9 hadh = 0.03, inclination of

45◦, D/Rd = 3) except that the discontinuous break in Model 6a occurs

near to the edge of the disc. It would appear that Model 6a breaks be-

cause the larger disc radius induces a larger rate of differential precession,

and also possibly because warp propagation is retarded in the outer disc

regions which are subject to non linear density structures and shocks be-

cause of strong interaction with the binary companion.

Column density plots for Model 7a are shown in the lower two panels of
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Fig. 4.16, corresponding to a run time oft = 27 orbits. Here we can see

that the disc has become very highly twisted (the twist amplitude in the

figure is∼ 150◦), but does not show any of the discontinuous behaviour

observed in Model 6a. Instead the twist varies very smoothlyacross the

disc. The precession and inclination angles for Model 7a areshown in the

lower left and right panels of Fig. 4.17, respectively. The solid red line

shows the precession angle of the annulus located betweenr = 1 – 2, and

the solid blue line corresponds to the annulus betweenr = 9 – 10. By

the end of the simulation the twist amplitude is∼ 170◦, and the preces-

sion rates of inner and outer disc remain very different suchthat this disc

will differentially precess through180◦. So, by our working definition of

disc disruption, this disc will be disrupted because of differential preces-

sion. The inclination angles show that the disc also becomessignificantly

warped, with the outer disc aligning with the binary orbit more rapidly

than the inner disc.

To summarise: Model 6a and 7a both show examples of discs which break

or are disrupted because of differential precession. In thecase where

warps propagatevia bending waves, the disc breaks discontinuously into

two independently precessing parts, but which themselves remain as co-

herent structures which precess as rigid bodies. In the casewhere warps

propagate diffusively, viscosity is able to smooth out any discontinuous

behaviour, and instead the disc becomes disrupted because the twist ex-

ceeds 180 degrees. In all probability the disc annuli in Model 7a will con-

tinue to precess differentially in the longer term, substantially destroying

any coherent disc-like structure. The larger disc radius inthis case, when

compared with Model 7, causes the differential precession rate across

the disc to be larger, and thus explains why Model 7a shows disruption,

whereas Model 7 results in a highly twisted disc which is ableto attain a

state of rigid-body precession.

4.7 Summary

We have presented non linear simulations of accretion discsin close bi-

nary systems in which the binary midplane is misaligned fromthe bi-

nary orbital plane. Previous work on this problem, which employed lin-
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ear theory, semi-analytic techniques and SPH simulations (Papaloizou &

Terquem 1995, Larwood et al. 1996), suggests that under suitable condi-

tions the disc should become mildly warped and precess as a rigid-body

around the angular momentum vector of the binary system. Themain aim

of the present study is to examine in detail the structure andevolution of

discs in misaligned binary systems, subject to variation ofthe important

physical parameters. We used the grid-based code NIRVANA toperform

the numerical simulations, and in principle this should have the advantage

over previous SPH simulation studies that the disc viscosity is a well de-

fined and controllable parameter.

Following Nelson & Papaloizou (1999), the propagation of linear bend-

ing waves was used as a means to calibrate the code and test itsability

to propagate warps. Direct comparison with linear calculations show that

the code can propagate bending waves with a high degree of accuracy for

a range of disc models and warp perturbation amplitudes.

In our study of discs in misaligned binary systems, a number of different

models were considered. Discs with aspect ratiosh = 0.05, 0.03 and 0.01

were studied, and for each of these values models were computed with

viscosity parametersαν = h/2 andαν = 0.1. The smaller value ofαν

allows bending waves to propagate, whereas the larger valuecauses warps

to evolve diffusively.

It is expected that discs for which the warp propagation time, τW , is shorter

than the differential precession time,τP , will undergo rigid-body preces-

sion. Discs which do not satisfy this criterion may be disrupted by strong

differential precession. All our models withh = 0.05 and 0.03 have

τW < τP , and the simulations show that each of these discs attains a

state of rigid-body precession. Discs with lower viscositymaintained a

precessing structure with almost no discernible twist and warp, due to the

highly efficient warp propagation associated with bending waves. Discs

with larger viscosity propagate warps less efficiently, andthese models

underwent a short period of differential precession, setting up a twist in

the disc, prior to attaining a state of rigid-body precession. Our analy-

sis shows that internal stresses are established in the discas it becomes

twisted, which transport angular momentum across its radius and cause it

to precess rigidly. Models in which warp propagation is the least efficient
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develop the largest twist, since the internal stresses which hold the disc

together against differential precession are proportional to the twist ampli-

tude. Examination of the simulations shows that the dominant contributor

to these internal stresses are pressure-induced radial angular momentum

fluxes which are driven by local misalignment of disc midplanes. When

αν = 0.1, the final amplitude of the twist was just a few degrees for the

h = 0.05 disc, and for theh = 0.03 disc it was between 12 – 15 degrees,

depending on the binary inclination. The low viscosity models showed

essentially no twist.

In addition to becoming twisted, a disc may also become warped. We find

that for all models withh = 0.05 andh = 0.03 the degree of warping

is very modest, with differences in inclination across all disc annuli being

less than 1 degree. It is expected that these discs will also align with the

binary orbital plane on the global viscous evolution time ofthe disc (Pa-

paloizou & Terquem 1995, Larwood et al. 1996) and all simulations with

h = 0.05 and0.03 are fully consistent with this expectation.

We also considered a number of thin disc models withh = 0.01, where

we not only varied the viscosity but also the outer radius (taking values

of eitherRd = 8 or Rd = 10). The low viscosity model withRd = 8

developed a significant twist of between 20 –30◦ before achieving a state

of solid body precession, as expected sinceτW < τP for this model. A

model run withαν = 0.1 andRd = 8 was predicted to be disrupted due to

differential precession sinceτW > τP in this case. During the simulation

it developed a very large twist∼ 110◦, but as the disc become increas-

ingly twisted the rate of differential precession decreased. At the end of

the run the disc was experiencing very slow differential precession, and

extrapolation of the rate of twisting indicates that this disc will achieve

rigid-body precession with a twist of∼ 112◦. This is the first indication in

our results that a disc which is predicted to be disrupted cannonetheless

generate internal stresses to enforce rigid precession when the degree of

twist becomes large.

Models withh = 0.01 andRd = 10 showed different behaviour, largely as

a result of the larger precession rate which is induced for a larger disc, and

suggest that the models run withRd = 8 had outer radii slightly smaller

than the natural tidal truncation radius. The disc withαν = h/2, which
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supports bending waves, was observed to undergo modest tidal truncation

and to break into two distinct disc parts which precessed independently of

one another, an outcome which is similar to one obtained using an SPH

simulation by Larwood et al. (1996) but for a disc with somewhat different

parameters. A narrow rim at the edge of the disc, running between radii

r = 7 – 10, detached from the interior disc and precessed independently at

a faster rate. The inner disc part precessed at a rate similarto that observed

in theRd = 8 case. Interestingly we estimate thatτW > τP for this larger

disc model, such that the breaking of the disc is indeed expected.

The model withαν = 0.1 propagates warps diffusively, and was ob-

served to differentially precess through 180 degrees, but maintained a very

smooth twist profile throughout the simulation. This disc isclearly dis-

rupted through strong differential precession, and the internal stresses are

insufficient for the disc to achieve rigid-body precession.Over longer

times this disc should become completely twisted up by differential pre-

cession such that it loses all semblance of a disc-like structure.

The results for theRd = 10 discs are interesting, as they indicate two

different modes by which a disc may break or be disrupted. In the bend-

ing wave regime, our results suggest that disc disruption may occurvia

a discontinuous change in the precession rate at a particular radius, such

that the disc breaks into two distinct pieces which precess independently.

Within each separate disc-piece warp communication allowsfor rigid-

body precession. The detachment of the disc outer rim may in part be

influenced by the strong tidal interaction there, since non linear features

and shocks may have the effect of reducing the efficacy of warpcommuni-

cation. In the diffusion regime, it appears that viscosity is able to smooth

out any discontinuities, and the disc is disrupted through global differential

precession of the disc annuli, with a smooth twist profile being maintained

across the disc radius.

A significant result obtained for theh = 0.01 models is that these highly

twisted discs align with the binary orbit plane much more quickly than the

thicker discs, which align on the viscous timescale. Although we find that

numerical diffusion can cause an inclined disc to align withthe equatorial

plane of the computational domain, this occurs on much longer timescales

than are observed. We carefully suggest that alignment of highly twisted
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discs occurs on the precession time rather than the viscous time, causing

rapid alignment of very thin discs.



Chapter 5

Dynamics and Formation of

Planetesimals in Misaligned

Binary Systems

5.1 Introduction / Aims

In this chapter we address the question of how planet formation will be

affected by a binary companion, whose orbital plane is misaligned with

the protoplanetary disc. Among the extrasolar planets detected so far over

20 per cent were found in multiple/binary systems (Desidera& Barbieri

2007). The orbital separations of the binary components arefound in a

wide range from thousands to only a few tens of AU. For low-separation

systems, such as GJ86,γ Cephei and HD41004, with separations of only

20AU, the tidal perturbation of the companion is expected tohave a strong

influence on the planet formation process. However even for wider sep-

arations the binary companion is expected to have a major impact on the

planetesimal dynamics, if the Kozai effect can operate in the system (Wu

& Murray 2003). As shown in chapter (1.3.3) the crucial parameter that

controls the efficiency of planetary growth by accretion of planetesimals

is the relative velocity between impacting objects, which has to be lower

than the bodies escape velocity in order for efficient accretion (runaway

growth) to take place. If the external gravitational perturbation by the bi-

nary companion excites relative velocities that exceed theescape velocity,

176
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runway accretion is prevented and growth is slowed down. Furthermore

if the relative velocity is excited beyond the threshold velocity at which

erosion dominates accretion, planetesimal growth ceases.

The possible effect of a stellar companion on the impact velocity distribu-

tion of planetesimals was explored in several previous works, where most

of them considered coplanar configurations. The first studies dealt with

the simplified case where only the gravitational potential of the two stars

is taken into account (Heppenheimer 1978). Their results imply that the

companion star, especially if it is on a close orbit with higheccentricity,

may prevent planetesimal accretion.

However within the current planet formation scenario, it isvery likely that

planetesimal accretion takes place while significant quantities of primor-

dial gas are left in the system. The complex coupled effects between bi-

nary secular perturbations and gaseous friction on the planetesimals were

numerically explored by Marzari & Scholl (2000) for equallysized plan-

etesimals. It has been shown that the gas drag not only damps the plan-

etesimals eccentricities , but also forces a strong alignment of the plan-

etesimal periastra. This alignment significantly reduces the impact ve-

locities, favouring the accretion process. A later study (Thebault et al.

2006) showed that the gas drag on the other hand causes strongdiffer-

ential phasing for different sized planetesimals and henceincreases their

relative velocities. This is because gaseous friction effects are size de-

pendent, i.e from equations (1.15 & 1.19) the gas drag stopping time is

∝ A. The main conclusion was that even relatively wide binarieswith

D ∼ 50AU could have a strong accretion inhibiting effect on a swarmof

colliding km-sized planetesimals. In these studies, however, the gas disc

was assumed to be perfectly axisymmetric. Paardekooper et al. (2008)

extended their work by including the evolution of the gas disc, as it also

feels the perturbation of the binary companion. Their results suggest that

the effect of differential phasing is even more pronounced in an evolving

gas disc, leading to even higher relative velocities.

All these studies assumed that the orbital plane of the binary compan-

ion is coplanar with the disc midplane. According to Hale (1994) copla-

narity is just an approximation with a deviation of the orbital inclina-

tion of γF ≤ 10◦ for solar-type binary systems with separations less
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than 30-40AU, and systems with separations greater than 40AU appear

to have their orbital planes randomly distributed. Simulations of planetes-

imals interacting with an inclined binary system were performed by Xie

& Zhou (2009). However their studies were limited to very lowinclina-

tions (γF = 1◦) and the evolution of the disc in the gravitational field of

the binary was also not accounted for. They find that as a result of the in-

clination, planetesimals of different sizes will nodally precess at different

rates and hence orbit in different planes. Thus the impact probability is

substantially decreased, and only collisions between equally sized plan-

etesimals occur, for which relative impact velocities are very small due to

the effect of gas drag. All of the authors mentioned so far modelled colli-

sions between thousands of particles to obtain relevant statistics. In order

to do so, they had to neglect the effect of the disc gravity on the dynamics

of planetesimals. This assumption might not be realistic, especially in in-

clined systems, when the planetesimal orbits start to deviate from the disc

midplane.

In this study we investigate the problem of planetesimal accretion in in-

clined binary systems again. In contrast to the previous authors, we in-

clude disc gravity acting on the planetesimals, in additionto the disc gas

drag force and binary potential. We also take into account the evolution

of the disc in the tidal field of the inclined companion. Because of all this

complexity the computational cost in modelling the dynamics of thou-

sands of planetesimals is not affordable. Instead we model only 50 plan-

etesimals, but assume that each of them is representing an orbit, which

is populated by a large (formally infinite) number of planetesimals. We

assume that these orbits are of finite width and have a circular cross sec-

tion. Collisional velocities are estimated using the orbital velocities of

the points where these orbits intersect one another. This approach gives

us good statistics on the impact rates and collisional velocities. We con-

sider two inclinations between the binary orbit plane and disc midplane,

γF = 25◦ andγF = 45◦, and different sized planetesimals (100m, 1km

and 10km) embedded in a disc that has the equivalent surface density of a

minimum mass solar nebula.

We find that the relative velocities between equally sized planetesimals

in theγF = 25◦ case stay lower, as a result of orbital alignment. How-
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ever relative velocities still exceed the limit for catastrophic disruption

for all but the10km-sized planetesimals. For differently sized bodies the

relative velocities tend to be even higher, since their periastra tend to be

less aligned. For theγF = 45◦ case the Kozai effect switches on, lead-

ing to very large variations in eccentricity and inclinations. This causes a

substantial growth of impact velocities even for our smallest planetesimal

size (100m). We conclude that planet formation should be impossible if

the Kozai-mechanism is operating. We also examine the conditions under

which the Kozai mechanism operates, and when it switches off.

The plan of this chapter is as follows. In section 5.3 we present the basic

equations and in section 5.4 we discuss the numerical techniques. In sec-

tion 5.5 we numerically investigate the effect of disc gravity on planetesi-

mals and switch off the binary companion. In section 5.6 we describe the

dynamics of planetesimals that are initially embedded in a disc, which is

inclined with respect to the binary plane by different inclination anglesγF .

We study collisional velocities for inclinationsγF = 25◦ andγF = 45◦

and compare them with threshold velocities for accretionalcollisions. In

section 5.7 we present calculations for different disc masses and binary

separations and demonstrate how the Kozai-effect can be suppressed. In

section 5.8 we summarize our results.

5.2 Summary of this Project

Over 20 per cent of the extrasolar planets observed were detected inbi-

nary systems. It is expected that a significant fraction of these systems

consists of binaries, whose orbital plane is inclined with respect to the

planetesimal-plus-gas disc midplane. For large inclinations it is known

that the companion will excite eccentricities of the planetesimals via the

Kozai-mechanism, if there is no other factor that could drive their apsidal

precession. We investigate the dynamics of planetesimals in these systems

with particular focus on the relative velocities raised by the companion.

The planetesimals feel the gravitational perturbation of the binary and are

allowed to interact with a gaseous disc via gas drag force anddisc gravity.

The disc also evolves under the gravitational perturbationof the inclined

binary companion.
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The parameters we consider are the binary inclinationγF , binary separa-

tionD, disc massMd and planetesimal sizeA. We use a three dimensional

grid based code (NIRVANA) to model the evolution of the disc.Because

we include the effect of disc gravity on the planetesimals the number of

planetesimals that can be modelled is quite limited. Hence we model only

a few planetesimals and conceive them as being representatives of their

orbits, which we think of being highly populated. Crossing of their orbits

is therefore equivalent to collisions of two particles.

We find that collisional velocities are increased with respect to the copla-

nar simulations due to the possibility that orbital planes of the planetesi-

mals are misaligned. For larger binary inclinations the Kozai-Effect leads

to relative velocities always too large for planetesimal growth for all body

sizes considered (100m-10km). However we show that as the binary sep-

aration or the disc mass are increased the Kozai-effect may be suppressed.

Hence we conclude that planet formation from planetesimalsbecomes

more difficult, if the binary companion is inclined with respect to the

planetesimal-plus-gas disc and impossible when the Kozai-Effect starts

operating in the system.

5.3 Basic Equations

In the following we adopt the disc model 1 of chapter 4. As explained

there the hydrodynamic equations are solved in a frame that can precess

around the angular momentum vector of the binary. In this frame the disc

midplane is expected to stay close to the code midplane, as long as the

precession frequencyΩF is chosen according to Eq. (4.14). The planetes-

imals are assumed to be massless. They feel the gravitational force of

the primary, secondary star and disc, the dragforce due to the disc, Cori-

olis and centrifugal forces due to the precession of the frame and indirect

forces, that arise because we center our coordinate system on the primary

star. The equations describing the evolution of the planetesimals are there-

fore:

∂2ri

∂t2
= − GM⋆

r3
i

ri −GMB
(ri − D)

|ri − D|3 −G

∫

disc

dm(r)
(ri − r)

|ri − r|3
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+
FD

Mi

− 2Ω × vi − Ω × (Ω × ri)

− GMB

D3
D −G

∫

disc

dm(r)
r

r3
(5.1)

whereG is the gravitational constant,ri, vi andMi are the position and

velocity vector and mass of planetesimali. M⋆ andMB are the masses of

the central and secondary star respectively andD is the position vector of

the secondary. The first and second terms are the gravitational acceleration

due to the central and companion star respectively and the third represents

the gravitational acceleration due to the disc. The fifth andsixth term

represent Coriolis and centrifugal forces that arise because the coordinate

system precesses around a vectorΩ, given by Eq. (4.13). The last two

terms are indirect terms that account for the acceleration of the central

star by the companion and disc respectively. The gas-drag forceFD can

be written (Weidenschilling 1977):

FD = −CDπA
2
iρ

1

2
|vi − v|(vi − v) (5.2)

HereAi is the radius of planetesimali, ρ andv are the gas disc density and

velocity vector. The value of the constantCD depends on the Reynolds-

number

Re =
2Ai|vi − v|

ν
=

2Ai|vi − v|
λMhvK

(5.3)

whereν is the molecular viscosityν = λMcS, λM is the mean free path of

the gas molecules andcS = hvK is the gas soundspeed.CD takes values:

CD ≃ 24Re−1 for Re < 1

CD ≃ 24Re−0.6 for 1 < Re < 800

CD ≃ 0.44 for Re > 800

5.4 Numerical Method

As in the previous chapter the hydrodynamic equations are integrated us-

ing NIRVANA. The planetesimal orbits are integrated using the leap-frog

integrator, which has the property that velocities are staggered with respect

to positions in time, making this method second order accurate.
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5.4.1 Boundary Conditions

We use the same boundary conditions as in the previous chapter. In az-

imuthal direction periodic boundary conditions have been applied. At all

other boundaries we apply the outflow conditions using zero-gradient ex-

trapolation.

5.4.2 Unit Scaling

The equations are integrated in dimensionless form, where we choose our

unit of space to be the radius of the disc inner edge. The unit of mass is

that of the central star. The unit of time used in the code corresponds to

ΩK(1)−1, such that the gravitational constant becomesG = 1. However

when discussing simulation results we will refer to a time unit that cor-

responds to2πΩK(10)−1, which is approximately one orbit at the outer

disc edge, and therefore is referred to as ’the orbit’. We then also scale

our unit of space to2AU in physical units and assume a solar mass star as

the central object. In contrast to chapter 4, we will displayinclination and

precession angles in units of radians in this chapter.

5.4.3 Initial Conditions

The disc model is that of model 1 described in chapter 4. Henceit extends

from 1 − 9 in code units, corresponding to2 − 18AU in physical units.

Because the planetesimals interact with the disc via disc gravity and gas

drag forces, the disc mass can not be set to zero like in the previous chap-

ter. As standard in our reference model we choose the disc mass to contain

one MMSN (0.015M⊙) if it were extending out to 40AU. For the density

profile given in Eq. (4.10) the disc massMd and outer disc radiusRd hold

the relationshipMd ∝ R
3

2

d . According to this we downscale the disc mass

to the appropriate value for our disc size (Rd = 18AU), hence obtaining

a disc mass ofMd = M̂ ≡ 4.52 · 10−3M⊙, whereM̂ is our nominal disc

mass. In physical units the density is thus given by:

ρ(r, θ̂) = 7.1 · 10−11
( r

AU

)−ξ

sin(θ̂)(
1

h2
−(ξ+1))gcm−3
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whereξ = 3
2
. The surface density becomes:

Σ(r) =

∫

dθ̂rρ(r, θ̂) = 132
( r

AU

)− 1

2 g

cm2

This is significantly less than the surface density given by (Hayashi 1981)
(

Σ = 1700 (r/AU)−
3

2 gcm−2
)

because we use a shallower surface den-

sity profile.

The planetesimal mass is given byMi = 4
3
πA3

iρS, where we choose a

solid density ofρS = 2gcm−3. They are set up initially coplanar with

respect to the disc in circular orbit around the central object. The binary

companion moves on a circular orbit given by Eq. (4.15). Notethat we

therefore neglect the disc gravity on the binary companion.As in chapter

4 the companion mass is increased linearly until it reaches its final mass

MB = 1M⋆ after 4 orbits. Its angular frequency is increased accordingly

to be consistent with a stationary orbit.

5.4.4 Calculating Orbital Elements

In the following we will characterize the dynamics of the planetesimals

by their orbital elements in the binary frame. These are calculated from

the position and velocity vectors that the code outputs every 100 timesteps.

First we have to perform the transformation from the precessing frame into

the binary frame, in which the angular momentum vector of thebinary is

JB ‖ e3. Using Eq. (4.8), we obtain:

ri = R−1
X (γF )R−1

Z (ΩF t)r̂i

=







x̂icos(ΩF t) − ŷisin(ΩF t)cos(γF ) − ẑisin(ΩF t)sin(γF )

x̂isin(ΩF t) + ŷicos(ΩF t)cos(γF ) + ẑicos(ΩF t)sin(γF )

−ŷisin(γF ) + ẑicos(γF )







vi =
∂

∂t
ri = R−1

X (γF )R−1
Z (ΩF t)v̂i − e1yiΩF − e2xiΩF (5.4)

The last two terms account for precessional velocities. Note that in a strict

sense, we should replaceΩF t by
∫

ΩFdt since the precession frequency

is being increased during the first 4 orbits of the simulations. However
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for simplicity we keep this notation and understand that this replacement

should be made. The velocity and position vectors (Eq.5.4) can be used

to calculate orbital elements in the binary frame. Following Murray &

Dermot (1999), the orbital elements in code units (i.e.M⋆ = 1, G = 1)

are:

ai =

(

2

ri

− v2
i

)−1

(5.5)

ei =
√

1 − j2
i /ai (5.6)

cos(Ωi) =
(e3 × ji).e1

|e3 × ji|

sin(Ωi) =
(e3 × ji).e2

|e3 × ji|
(5.7)

cos(αi) =
e3.ji
ji

sin(αi) =
|ji − (e3.ji)e3|

ji
(5.8)

cos(ωi + fi) =

(

e1.ri

ri
+ sin(Ωi)sin(ωi + fi)cos(αi)

)

1

cos(Ωi)

sin(ωi + fi) =
e3.ri

risin(αi)
(5.9)

sin(fi) = sgn(ri.vi)
ai(1 − e2i )

eiji

√

v2
i − j2

i /r
2
i

cos(fi) =

(

ai(1 − e2i )

ri

− 1

)

1

ei

(5.10)

Here ji = ri × vi is the specific angular momentum of particlei. The

orbital elementsai, ei, Ωi, αi, ωi, fi are the semi-major-axis, eccentricity,

nodal precession, inclination with respect to the binary plane, longitude of

pericenter and true anomaly of particlei respectively. Please be aware that

in this chapter we use the symbolsα andΩ respectively to identify inclina-

tion and nodal precession with respect to the binary orbitalplane, whereas

in chapter 4 we used the symbolsδ andβ respectively. The symbolδ will

be used to describe a different quantity in this chapter (seebelow). Since

the planetesimals are initialized to be coplanar with the code and disc mid-

plane (̂zi = 0, v̂i.ê3 = 0) it follows thatαi = γF andΩi = π at t = 0.

Additionally we are interested in the inclination of the planetesimals with
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respect to the local disc midplane, which we will denote by the symbolδ:

cos(δi) =
L(ri)ji
jiL(ri)

= sin(αi)sin(αd)cos(Ωi − Ωd)

+ cos(αd)cos(αi) (5.11)

whereL(ri), as calculated from Eq. (4.18), is the angular momentum vec-

tor of the disc annulus, which has the same distanceri from the central

star as planetesimali at the current time. In this way, we measure the in-

clination of the planetesimal with respect to its local disc, which we will

describe as the relative inclination from now on.αd andΩd are the incli-

nation and nodal precession angle of the gas disc annulus andare calcu-

lated according to Eq. (4.20) and Eq. (4.21) respectively, where we choose

u = e1 as was done for the planetesimals in expression (5.7). Because the

disc is very rigidly precessing, and because of our proper choice ofΩF , it

always stays very close to the code midplane and we have approximately

αd = γF andΩd = ΩF t during the simulations.

If planetesimals stay close to the disc midplane (|Ωi − Ωd| ≪ 1, |αi −
αd| ≪ 1), expression (5.11) can be approximated by:

δ2
i ≃ (Ωi − Ωd)

2sin(αi)
2 + (αi − αd)

2 (5.12)

Note that such an approximation is generally valid for two orbits, whose

orbital parameters (Ω, α) are very similar.

Calculating Changes of Orbital Elements

It will be instructive to understand which contributions (gas drag, disc

gravity, binary companion) are responsible for changing the orbital ele-

ments. In order to measure this, first each force contribution is transformed

into the binary frame using Eq. (4.8), where we take the sum ofdirect and

indirect part when considering gravity of disc or companion. We then

calculate the radialFR, tangentialFT and normalFN components with re-

spect to the particle orbit in the binary frame for each of theaccelerations.

These can be used to calculate the changes of orbital elements (Murray

& Dermot 1999). Here we will only state some of them that will later be
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used for discussion of results:

α̇i = FN · ri

ji
cos(ωi + fi)

(5.13)

Ω̇i = FN · ri

|ji − (e3.ji)e3|
sin(ωi + fi)

(5.14)

For the change of relative inclination, differentiating Eq. (5.11) with re-

spect to time gives:

−sin(δi) · δ̇i = cos(αi)sin(αd) [α̇icos(Ωi − Ωd) − α̇D]

+ sin(αi)cos(αd) [α̇Dcos(Ωi − Ωd) − α̇i]

+ sin(αi)sin(αd)sin(Ωi − Ωd)(Ω̇D − Ω̇i) (5.15)

When calculating the change of relative inclinationδ̇i we note that change

in the discs inclination or nodal precession can only be caused by the

binary companion. Hence when considering the change due to drag force

or disc gravity we seṫαD = 0 andΩ̇D = 0 in Eq. (5.15).

5.4.5 Orbital Crossing and Relative Velocities

In order to obtain collisional velocity distributions, that are statistically

relevant, one has to consider thousands to millions of collisions. Because

we include the treatment of disc gravity, which requires summing over all

grid cells for each particle at each time step we can not afford to model

the dynamics of thousands of particles. Instead we will model only 50

planetesimals but understand them not as individual particles but rather as

representatives of their orbits, which we conceive as beinghighly popu-

lated. Hence when the orbits of two planetesimals cross, we assume that

this is equivalent to a collision between two planetesimalsthat have the

appropriate true longitudes.
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Orbital Crossing in 2d

In the two dimensional case the orbits of two particlesi andj cross, if the

condition

ri(φ, ai, ei, ωi) = rj(φ, aj, ej , ωj) (5.16)

is fulfilled. Hereφ = fi + ωi = fj + ωj is the longitude of the orbital

crossing point measured from an arbitrarily chosen reference direction.

For an elliptical orbit,

ri(φ) =
ai(1 − e2i )

1 + eicos(φ− ωi)
=

ai(1 − e2i )

1 + eicos(fi)
(5.17)

and condition (5.16) leads to the following equation for theangleφ:

Acos(φ) +Bsin(φ) = C (5.18)

with

A = aiej(1 − e2i )cos(ωj) − ajei(1 − e2j)cos(ωi)

B = aiej(1 − e2i )sin(ωj) − ajei(1 − e2j )sin(ωi)

C = aj(1 − e2j ) − ai(1 − e2i )

Eq. (5.18) has the following two solutions forφ:

tan(φ1) = −A
B

+
C

B

A2 +B2

CA+B
√
A2 +B2 − C2

tan(φ2) = −A
B

+
C

B

A2 +B2

CA−B
√
A2 +B2 − C2

(5.19)

This gives a real solution forφ only if A2 +B2 ≥ C2, and thus the condi-

tion for orbital crossing is:

2aiaj(1 − eiejcos(∆ω)) − a2
i (1 − e2i ) − a2

j (1 − e2j ) ≥ 0 (5.20)

where∆ω = ωi−ωj . A few limiting cases can be tested with this criterion.

If ai = aj, ei = ej andωi 6= ωj the condition is always fulfilled, likewise

if ai = aj , ei 6= ej andωi = ωj or ai = aj , ei 6= ej andωi 6= ωj. On
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the other hand ifai 6= aj , ei = ej andωi = ωj the condition is never

fulfilled, and for ai 6= aj , ei = ej andωi 6= ωj the condition is only

fulfilled if |∆ω| becomes large enough. Hence the condition confirms our

expectation from geometrical considerations.

Orbital Crossing in 3d

In three dimensions the situation is more complicated due tothe fact that

the orbits can be in different planes. The condition for orbital crossing in

three dimensions is given by the vector equation:

ri(φi,Ωi, αi, ai, ei, ωi) = rj(φj,Ωj , αj, aj , ej, ωj) (5.21)

whereΩi andαi are the above defined nodal precession and inclination

angles with the binary plane. From Murray & Dermot (1999) we have:

ri = ri(φi)







cos(Ωi)cos(φi) − sin(Ωi)sin(φi)cos(αi)

sin(Ωi)cos(φi) + cos(Ωi)sin(φi)cos(αi)

sin(φi)sin(αi)






(5.22)

andri(φi) is given by Eq. (5.17). Note that the angleφi = fi + ωi is the

angular distance of the orbit crossing point to the nodal line, which can be

different for orbit i andj. For circular orbits with the same semi-major

axis (ri(φi) = rj(φj)) we can solve Eq. (5.21) forφi andφj, giving the

two solution couples (φj1,φi1) and (φj2,φi2) as:

tan(φj1) =
sin(Ωi − Ωj)

cos(αj)cos(Ωi − Ωj) − sin(αj)/tan(αi)

φj2 = φj1 + π

sin(φi1) =
sin(φj1)sin(αj)

sin(αi)

cos(φi1) = cos(φj1)cos(Ωi − Ωj) + sin(φj1cos(αj)sin(Ωi − Ωj)

(5.23)

The solution forφi2 is obtained by usingφj2 instead ofφj1 in the last two

equations. We note that, whenαi = αj andΩi = Ωj it follows thatφi1 =

φj1 andφi2 = φj2, as we had for the two dimensional case. These solutions

have been derived under the assumption that the orbits are circular with
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the same semi-major axis. If they have a finite eccentricity and different

semi-major-axes, we still expect the point of closest approach at these

longitudes(φi1,φj1) and (φi2,φj2). Hence we define orbital crossing or

collision, if the following condition is fulfilled:

|ri(φi1, ai, ei, ωi) − rj(φj1, aj , ej, ωj)| ≤ ∆r (5.24)

whereri is given by Eq. (5.17) and this condition is also checked for the

other couple (φi2,φj2). We choose∆r to be a sufficiently small value,

usually ∆r = 2 · 10−4AU in physical units, as has been used for the

inflated radius of planetesimals in Xie & Zhou (2009).

Collisional Velocities

In order to maximize the number of collisions, we perform simulations

in which we initialize the orbits of planetesimals in a narrow range of

semi-major-axes (∆a = 10−3AU). At every time output (100 timesteps)

the condition (5.24) is then checked for the 1250 particle pairs, that arise

from the 50 particles modelled. Since this gives a total of the order of107

pairs after typical time intervals considered, we still obtain quite a large

number of pairs for which condition (5.24) is fulfilled. Hence we are able

to obtain good statistics on collisional velocities. For orbit i the velocity

at the first orbit crossing location is:

vi1 =
d

dt
ri(φi1,Ωi, αi, ai, ei, ωi)

= vrir̆i + vφiφ̆i

=
1

√

ai(1 − e2i )
· eisin(φi1 − ωi)r̆i

+
1

√

ai(1 − e2i )
(1 + eicos(φi1 − ωi))φ̆i (5.25)

and likewise for orbitj. Herer̆i = ri

ri
is the particle unit vector calculated

from Eq. (5.22) and̆φi = ∂
∂φ

r̆i is the unit vector inφ direction. Note

that this expression does not account for precessional velocities. However

since they do not contribute to the relative velocities at orbital crossing

points (whereri = rj) they can be safely omitted. The relative velocity at

the first crossing location is then simply∆v = |vi1−vj1| and likewise for
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the second location (φi2,φj2). Later we will present averages of collisional

velocities calculated in this way.

Analytical Estimate on Collisional Velocities

To gain better understanding of the contributions that control collisional

velocities we derive an analytical estimate. Consider two particle orbits (1)

and (2), which have very similar orbital elements, i.e.a1 = a2, e2 = e1 +

∆e, Ω2 = Ω1+∆Ω, α2 = α1+∆α, ω2 = ω1+∆ω, where the∆-quantities

are assumed to be very small. The above orbital elements are measured

with respect to the binary plane. Consider now a coordinate system, that

is coplanar with the orbit of particle (1), i.e. r̆1 = cos(φ1)e1 + sin(φ1)e2.

The velocity of particle (1) is then given by Eq. (5.25), i.e.v1 = vr1r̆1 +

vφ1φ̆1. With respect to the xy-plane of this coordinate system the orbit

of particle (2) will share an inclinationδ12, because its plane is slightly

different due to the quantities∆α and∆Ω. But since these differences

are very tiny by assumption, the relative inclinationδ12 between the two

particle orbits is expected to be small. Hence from Eq. (5.22) it follows

that:

r̆2 = r̆1 + d̆r with d̆r =







0

0

sin(φ1)δ12






(5.26)

Hence the orbit crossing point (r1 = r2) corresponds toφ1 = 0, from

which it follows that:

d̆r = 0 and d̆φ =







0

0

δ12






(5.27)

The velocity vector of orbit (2) at the orbit crossing point is thus:

v2 = (vr1 + dvr)r̆1 + (vφ1 + dvφ)(φ̆1 + d̆φ) (5.28)

To first order we neglect the termdvφd̆φ, and the relative velocity between

the two orbits at orbital crossing is:

∆v = v2 − v1 = dvrr̆1 + dvφφ̆1 + vφ1d̆φ (5.29)
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Becausĕr1.φ̆1 = r̆1.d̆φ = φ̆1.d̆φ = 0, the relative velocity becomes:

∆v2 = dv2
r + dv2

φ + v2
φ1δ

2
12 (5.30)

From Eq. (5.25) the radial and azimuthal velocity differences are to first

order:

dvr = vr(e+ ∆e, ω + ∆ω) − vr(e, ω)

≃ 1
√

a(1 − e2)
(∆esin(φ− ω) − e∆ωcos(φ− ω))

dvφ = vφ(e+ ∆e, ω + ∆ω) − vφ(e, ω)

≃ 1
√

a(1 − e2)
(∆ecos(φ− ω) + e∆ωsin(φ− ω))

(5.31)

In the limit e≪ 1 the relative velocity becomes:

∆v2 = v2
K

(

∆e2 + e2∆ω2 + δ2
12

)

(5.32)

with vK = a−
1

2 . The quantityδ12 is defined within the coordinate system

that is coplanar with orbit (1). Since (∆Ω ≪ 1 and∆α ≪ 1) we can

apply the approximation introduced in Eq. (5.12) to expressδ12 as:

δ2
12 = ∆α2 + sin(α)2∆Ω2 (5.33)

and the relative velocity becomes:

∆v2 = v2
K

(

∆e2 + e2∆ω2 + ∆α2 + sin(α)2∆Ω2
)

(5.34)

This result shows that relative velocities are generated due to various rea-

sons. As in the coplanar case, relative velocities can be raised due to

different eccentricities∆e or orbital phasing∆ω. In three dimensions rel-

ative velocities will also be raised by different inclinations∆α or different

nodal phasing∆Ω. If ∆e = ∆α = 0, ∆ω = ∆Ω ∼ 1 andsin(α) ∼ α we

recover the result from Lissauer & Stewart (1993) for randomized orbits:

∆v = vK

√
e2 + α2 (5.35)
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5.5 Effect of Disc Gravity on Planetesimal Dy-

namics

As a preparation we performed simulations of planetesimalsthat interact

with the disc and central star only. This gives us a better understanding of

the effect of the disc, and the knowledge gained in this section will be use-

ful in understanding later results. As a further simplification we switched

off the drag force, hence we only study the effect of the disc gravity in this

section.

In this chapter we will use the figure convention that the top left panel

will be referred to as panel 1, with the remaining panels being labelled as

2,3,4... when moving from left to right and from top to bottom.

A simulation result for our reference particle is presentedin Fig.5.1 (panel

1-3, solid line). The shown planetesimal has an initial semi-major axis of

10AU, eccentricity ofe = 0.1 and relative inclination ofδ = 0.1. Shown

are the nodal precessionΩ (panel 1), inclinationα (panel 2) and apsidal

precession anglesω (panel 3). The quantities are calculated with respect

to a reference plane, that is coplanar with the disc midplane(α = δ). We

observe that the disc gravity causes retrograde nodal precession (̇Ω < 0)

and prograde apsidal precession (ω̇ > 0), while the inclinationα stays

unaffected. The retrograde nodal precession is seen, sincethe angular

momentum vector of the planetesimal precesses around the angular mo-

mentum vector of the disc.

We also studied the dynamics of other planetesimals with different initial

semi-major-axes, eccentricities and relative inclinations. The results are

summarized in panels 4-6 of Fig.5.1. Shown are the apsidal (solid) and

nodal (dashed) precession rates as a function of semi-major-axisa (panel

4), eccentricitye (panel 5) and relative inclinationδ (panel 6) for the ref-

erence disc mass model (black) and a disc with twice that mass(red).

We can observe that the precession frequencies (nodal and apsidal) scale

roughly with the mass of the disc. Furthermore the precession rates are

larger in magnitude for particles that have smaller semi-major-axes, as

can be seen in Fig.5.1 (panel 4). This is because of our surface density

profile Σ ∝ r−
1

2 , which implies that a particle with smaller semi-major-

axis feels a stronger deviation from a Kepler potential due to disc gravity
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and as a consequence precesses faster. The precession rates(nodal and

apsidal) do not show any strong dependence on the particle’seccentricity

for the eccentricity range shown, as seen in Fig.5.1 (panel 5). However

they appear to have a stronger dependence on the relative inclination than

would be expected from a point mass perturber, as can be verified by com-

paring panel 6 with expression (4.59).

Another interesting feature shown in panels 4-6 concerns the ratio of mag-

nitudes of the nodal and apsidal precession rates. For a point mass per-

turber secular theory predicts that the test particle orbitprecesses nodally

in a retrograde sense (Ω̇ < 0) and apsidally in a prograde sense (ω̇ > 0)

with twice the frequency, i.e.̇ω = −2Ω̇, hence the quantitỹω = Ω + ω

as defined in chapter (2.0.9) precesses in a prograde sense,˙̃ω = ω̇ + Ω̇ =

−Ω̇ > 0.

However we can observe here that this does not hold if the gravitational

perturbation originates from an extended disc. Although the apsidal pre-

cession is prograde (ω̇ > 0) and the nodal precession is retrograde (Ω̇ <

0), the magnitude of the apsidal precession rate is not twice as large as the

nodal precession rate, in fact it is even slightly smaller inmagnitude than

the nodal precession rate, as seen in Fig.5.1 (panels 4-6). This implies that

the quantitỹω precesses slowly in a retrograde sense,˙̃ω = ω̇ + Ω̇ < 0.

So far we have discussed the particles orbital elements measured with re-

spect to a reference plane, that is coplanar with the disc midplane. How-

ever later on we will always refer to orbital elements measured with re-

spect to the binary plane, which will be inclined with respect to the disc

midplane. As long as the inclination of the disc with respectto the binary

plane is smaller than the particles relative inclination (αd ≤ δ), the nodal

and apsidal precession rates caused by disc remain unchanged, and Fig.

5.1(panel 4-6) apply.

However if the inclination of the disc with respect to the binary plane

becomes larger than particle relative inclination (αd ≥ δ) the nodal and

apsidal precession rates will be different.

In order to understand the effect of the gravity of a disc thatis highly in-

clined with respect to our reference plane, we transform theposition and

velocity vectors via the transformation (5.4), using a representative incli-

nation of the disc ofαd = γF = 0.78(45◦) > 0.1(5.7◦) = δ and assume
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Figure 5.1: Upper panels: nodal (panel 1) and apsidal precession (panel
3) angles as well as inclination angles (panel 2) of a test particle feeling a
disc that is coplanar with the reference plane (solid line) and a disc that is
inclined byγF = 0.78(45◦) (dashed line). Middle panels: nodal (dashed)
and apsidal (solid) precession rates caused by a coplanar disc as a func-
tion of semi-major-axisa (panel 4), eccentricitye (panel 5) and relative
inclinationδ (panel 6) for a standard disc mass (black) and a disc with the
double mass (red). Bottom panels: nodal (dashed) and apsidal (solid) pre-
cession rates caused by an inclined disc as a function of semi-major-axisa
(panel 7), eccentricitye (panel 8) and relative inclinationδ (panel 9) for a
standard disc mass (black) and a disc with the double mass (red). In panel
7 a parabolic fit to the apsidal precession rates is shown (dotted lines).
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that the disc is non-precessing withΩd = ΩF t = 0. (Inclusion of a small

precession frequencyΩF 6= 0 does not change the result.)

The outcome of this transformation is shown by the dashed line in Fig.5.1

(panels 1-3) for the same reference particle as earlier. We observe that

the nodal precessionΩ (panel 1) and inclination anglesα (panel 2) are

oscillating around a fixed value. This can be understood as follows. The

angular momentum vector of the particle still precesses around the angu-

lar momentum vector of the disc as before. Unlike before the disc has an

inclination with respect to the reference plane ofαd = 0.78(45◦) > δ.

Hence the precession of the angular momentum vector causes the inclina-

tion and nodal precession angles to oscillate around those of the disc, with

an amplitude given by the particles relative inclinationδ.

We verify that for the reference particle the nodal precession rate mea-

sured with respect to the disc midplane isΩ̇ ∼ −0.23(−13.2◦) per orbit,

as seen from panel 4 (black dashed line). This corresponds toa precession

period of 27 orbits, coinciding with the observed period of oscillation of

the inclination and nodal precession angles measured with respect to the

reference plane (panel 1& 2, dashed line).

Additionally the particle appears to precess apsidally in aretrograde sense

(panel 3, dashed line). The precession rates (nodal and apsidal) are dis-

played as functions of semi-major-axis, eccentricity and relative inclina-

tion in panel 7-9, respectively, for the highly inclined disc case, with the

same linestyle and color convention as before. As can be seenfrom these

panels the net nodal precession rate is zero, since the disc causes oscilla-

tion but no net change of the nodal precession angle, which can be verified

from panel 1 (dashed line). But this implies that the apsidalprecession rate

is now ω̇ = ˙̃ω ≤ 0, and the particle orbit precesses apsidally in a retro-

grade sense.

Thus we can predict the apsidal precession rate in the highlyinclined disc

case as follows. Consider the apsidal and nodal precession rates measured

with respect to the disc midplane (panels 4-6). The sumω̇ + Ω̇ ≤ 0 gives

the apsidal precession rate in the highly inclined disc case(panels 7-9),

while the net nodal precession rate is zero in this case. Comparing panels

4-6 (solid and dashed lines) with panels 7-9 (solid line), wecan verify that

the statement is true.
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From panels 8-9 we observe that the apsidal precession rate is roughly in-

dependent of eccentricitye and relative inclinationδ. However it does de-

pend on the semi-major-axisa and also scales roughly with the disc mass,

as shown in panel 7. For future purposes we fit this apsidal frequency by

a second order polynomial:

ω̇ =
Md

M̂

[

C0 + C1

( a

AU

)

+ C2

( a

AU

)2
]

1

orbit
(5.36)

with C0 = −4.187 · 10−2, C1 = 5.118 · 10−3, C2 = −4.242 · 10−4, Md is

the disc mass and̂M is the nominal disc mass for the reference model as

introduced in section (5.4.3). The fit is displayed in panel 7(dotted lines)

and matches the numerical data (solid line) very well.

To summarize, the effect of the gravity of an inclined disc onthe planetes-

imal orbit depends on the ratio of the inclination of the discwith respect to

the binary plane,αd, and the inclination of the particle with respect to the

discδ. If δ ≥ αd the resulting nodal and apsidal precession rates caused

by the disc are displayed in Fig.5.1 (panels 4-6). Ifδ ≤ αd the precession

around the disc angular momentum vector causes oscillations in the nodal

precession and inclination angles with an amplitude that isgiven byδ. The

apsidal precession in this case is displayed in Fig.5.1 (panels 7-9) and can

be approximated by Eq. (5.36).

5.6 Planetesimal Dynamics in inclined Binary

Systems

We will now describe the dynamics of planetesimals that are orbiting in

the full disc-binary system. The model details are summarized in table

1. The planetesimals are initially set up on circular and coplanar orbits

with respect to the disc midplane, i.e.δi = 0. They are initially dis-

tributed radially in the rangeai ∈ [6..16]AU for models 1-9. In an addi-

tional series of runs we confine the planetesimals to a narrowannulus with

∆a = 2·10−4AU centered arounda = 10AU (Models 10-17) to maximize

the number of collisions and study collisional velocities in more detail.

In our reference model (model 3), the planetesimals have geometrical

cross sections (sizes) ofA = 10km, hence we expect the effect of gas
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drag to be unimportant. The inclination of the binary companion to the

gas-plus-planetesimal disc is initially set toγF = 0.78 (45◦) and its sep-

aration from the central object is set toD = 60AU. The disc mass used

in the reference model isMd = 1M̂ and corresponds to a scaled MMSN

as explained in section (5.4.3). In the following we performed different

simulations, in which we varied the initial inclinationγF of the binary

companion to the gas-planetesimal disc (model 1-3), the planetesimal size

Ai (model 3-5), the disc massMd (model 6-7) and the binary separation

D (model 8-9).

Model γF Md D Ai

Nr. [degrees] [M̂ ] [AU] [m]
1 0 1 60 10000
2 25 1 60 10000
3 45 1 60 10000
4 45 1 60 1000
5 45 1 60 100
6 45 3 60 10000
7 45 6 60 10000
8 45 1 90 10000
9 45 1 120 10000
10 25 1 60 10
11 25 1 60 100
12 25 1 60 1000
13 25 1 60 10000
14 45 1 60 10
15 45 1 60 100
16 45 1 60 1000
17 45 1 60 10000

Table 5.1: Table of runs - Model 3 is our reference model, we then varied
the inclinationγF of the binary companion to the gas-plus-planetesimal
disc (model 1-3), the planetesimal sizeAi (model 4-5), the disc massMd

(model 6-7) and the binary separationD (model 8-9). In models 10-17
we confine the planetesimals to a narrow ring to maximize the number of
collisions between them.
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Figure 5.2: Orbital elements for the coplanar case. Panel 1 shows the
semi-major-axes of different planetesimals, where the color convention
introduced here is used in future plots. The eccentricity ofthe various
planetesimals is shown in panel 2.

5.6.1 Zero Inclination

In this model the binary orbital plane is coplanar with the planetesimals-

plus-disc midplane. The semi-major-axesai and eccentricitiesei are shown

in Fig.5.2. The colours correspond to different initial semi-major-axes,

with darker blue colours representing the inner planetesimals and the green-

red colours correspond to planetesimals further out in the disc. In the

following we will adopt this convention when discussing future simula-

tion results. As can be seen from Fig.5.2 (panel 1), the binary compan-

ion does not cause any change in the bodies semi-major-axes as expected

from secular theory (chapter 2.0.9). However due to short term interac-

tion with the binary companion eccentricities are generated that are of the

order of (ei ∼ 10−2), as can be seen from Fig.5.2 (panel 2). Because of

the closer proximity to the binary companion the outer planetesimals are

more strongly affected by these perturbations and their eccentricities are

raised to larger values. Note that the data in this and the following Figures

has been smoothed over a temporal window of 1.8 orbits.

5.6.2 Low Inclination

In this section we describe the simulation results for model2. Fig.5.3

shows the evolution of eccentricitiesei (panel 1), nodal precession angles
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Figure 5.3: Orbital elements for the low inclined caseγF = 25◦. The
colours represent planetesimals at different semi-major-axes with the con-
vention adopted from Fig.5.2. The eccentricity is depictedin panel 1.
In panel 2 and 3 the nodal precession and inclination angles are shown,
where the short dashed line represents the inner and outer edge of the
disc. In panel 4 the relative inclination with respect to thedisc is shown,
where the short dashed line represents one pressure scale height and the
dashed-dotted line indicates whereδi = αd.

Ωi (panel 2), inclinationsαi (panel 3) and relative inclinationsδi (panel

4) for the different planetesimals using the same convention of colours as

before.

As in the coplanar case eccentricities are raised due to short term interac-

tions with the binary companion. We can observe that these are somewhat

lower than in the coplanar case due to a reduced coplanar component of

the companions gravity.

In panel 2 of Fig.5.3 it appears that most planetesimals precess at a joint

rate with the disc, except the most outer particle (red line), which will be

discussed later. In Fig.5.4 we show the time evolution of nodal precession
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rates for the particle atr = 13.3AU (panel 1) andr = 6.2AU (panel

2). The various curves represent contributions due to gas drag (blue),

disc gravity (red), binary companion (green) and the total rate (black) as

calculated in section (5.4.4). Because of their different radial location,

the outer particle orbit would precess faster in the retrograde sense than

the inner particle if the disc would be absent, since the freeparticle pre-

cession rate is given by Eq. (4.59). Confirming this we can observe in

Fig.5.4 (panels 1& 2) thaṫΩi due to the companion (green line) is about

Ω̇i = −0.09(−5.15◦) per orbit for the outer anḋΩi = −0.03(−1.7◦) per

orbit for the inner body. However the disc gravity compensates this ef-

fect and causes the planetesimals to precess at a common net rate. Since

the disc precesses rigidly at a rateΩ̇D ≃ ΩF = −0.06(−3.4◦) per or-

bit, which corresponds to the free particle rate at abouta = 11.5AU, disc

gravity (red line) gives a positive contribution to the precession rate for

the outer particle (̇Ωi > 0) and a net negative contribution for the inner

particle (Ω̇i < 0). Since the particle-plus-disc system precesses in the

retrograde sense the outer particle precession is slowed down, while the

inner particle precession is speeded up by the disc, such that both bodies

precess together with the disc at the rateΩF .

Additionally the nodal precession and inclination angles of the planetesi-

mals show oscillations, as seen from Fig.5.3 (panel 2, 3). These are caused

by the disc gravity as well, as illustrated by the red line in Fig.5.4(panel

5) and explained in the section (5.5). The angular momentum vector of

the planetesimal precesses around the disc angular momentum vector and

this causes these oscillations, sinceδi < αd, which can be verified from

Fig.5.3 (panel 3& 4).

Initially the planetesimals are coplanar with the disc midplane (δi = 0),

and the amplitude of these oscillations vanishes. Because the mass of the

binary companion is increased from 0 up toMB = M⋆ over four orbits, it

causes differential nodal precession between particlei and the disc, which

leads to a build up of relative inclinationδi, sinceδ2
i ∝ (Ωi −Ωd)

2, which

was shown previously (Eq.5.12). Since the differential precession is en-

hanced as the planetesimals semi-major-axis deviates froma = 11.5AU,

the relative inclination, as seen in Fig.5.3 (panel 4), is largest for the par-

ticles that are furthest inside (black line) or furthest outside (yellow line)
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and tends to zero as the particle semi-major axis approachesai = 11.5AU

(green lines). Planetesimals interior to8AU and exterior to13AU have rel-

ative inclinations beyond one pressure scale height, and essentially orbit

outside of the disc. The variations of the relative inclinations are caused

by the companion star as can be seen from Fig.5.4 (panel 6). Due to the in-

clination variations caused by the disc (panel 5), the precession rate varies

according to Eq. (4.59), which feeds back intoδi via Eq. (5.11).

We can also observe that the oscillation periods of inclinationαi and nodal

precession anglesΩi varies among the shown planetesimals. This is ex-

pected due to their different semi-major-axes and relativeinclinations and

the observed periods are all consistent with Fig.5.1 (panel4-6, dashed

line).

Furthermore it is worth noticing that the inclination oscillations, as seen in

Fig.5.3 (panel 3), start off in opposite senses for planetesimals above and

belowa = 11.5AU, i.e. planetesimals belowa = 11.5AU are perturbed

on higher inclination orbits, while planetesimals beyonda = 11.5AU are

perturbed onto lower inclination orbits. This can be understood as fol-

lows. In Fig.5.4 (panel 3 and 4) we plot the precession angle difference

Ωi − Ωd against inclination angle differenceαi − αd for a planetesimal

at a = 13.3AU (panel 3) and a planetesimal ata = 6.2AU (panel 4) re-

spectively. Therefore these panels show the trajectory of the tip of the

angular momentum vector of the planetesimals relative to the disc angular

momentum vector, which is located at the origin. For the inner particle

the companion induces a differential precessionΩi − Ωd > 0 and the anti

clockwise precession around the disc angular momentum vector causes

the planetesimal to approach a higher inclination orbitαi − αd > 0 dur-

ing the first half cycle of this precession. For the outer planetesimal the

induced differential precession isΩi −Ωd < 0 and the anti clockwise disc

precession causes perturbation onto lower inclination orbits αi − αd < 0.

The planetesimal that is orbiting ata = 15AU shows quite distinct be-

haviour from all the other bodies, as can be seen from Fig.5.3(red line).

This particle is dominated by the gravity of the companion, it nodally

precesses fast enough to quickly decouple from the disc. As it precesses

away from the disc, the planetesimal’s relative inclination δi grows, as can

be seen from Fig.5.3 (panel 4). Since the precession rate around the disc
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Figure 5.4: Panel 1 and 2 show the nodal precession rates of a planetesi-
mal with semi-major-axis ata = 14AU (panel l) anda = 6AU (panel 2).
Shown are the contributions of the disc gravity (red line), binary compan-
ion (green line), gas drag (blue line) and total rate (black line). In panels
5 and 6 we also show the rates of inclination with respect to the binary
and disc midplane respectively for the inner particle. In panel 3 & 4 the
trajectory of the tip of the particles angular momentum vector is shown in
(Ωi−Ωd, αi−αd) - space for the outer (panel3) and inner particle (panel4)
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angular momentum vector is a decreasing function of relative inclination,

as can be verified from Fig.5.1 (panel 6, dashed line), the precession pe-

riod becomes very long for this particle, much longer than the time scale

shown in Fig.5.3. BecauseΩi − Ωd < 0 we therefore observe the quasi

’monotonic’ decrease of inclination in Fig.5.3 (panel 3) until the reversal

point at t = 47 orbits. At this point the nodal precession difference is

Ωi − Ωd = π and now the planetesimal orbital plane starts to reapproach

the disc midplane from the other side (Ωi − Ωd > 0). Consequently we

observe the ’quasi’ monotonic increase of inclination after t = 47 orbits.

Hence the oscillation period observed for the unbound planetesimal in

Fig.5.3 (panel 2-3, red line) is the synodic period∝ |Ωi − Ωd|−1 between

the disc and particle nodal precession.

An additional feature we can observe betweent = 35 andt = 55 orbits,

where the unbound planetesimal satisfiesδi > αd and the disc temporarily

enhances its nodal precession rate as shown in Fig.5.3 (panel 2). This is

the expected behaviour according to what was described in section 5.5.

Collisional Velocities in Low Inclination Case

In this section we initialize the planetesimals in a narrow range of semi-

major-axes (∆a = 2 · 10−4AU) centered arounda = 10AU. We consider

three different planetesimal sizes (100m,1km and10km) and for each size

we perform a simulation modelling 50 particles. Every 100 timesteps the

condition for orbital crossing (Eq.5.24) is checked for each of the 1250

particles pairs, arising from 50 particles. If the condition is fulfilled for a

pair, we calculate the velocity at the orbital crossing point for both plan-

etesimal orbits according to Eq. (5.25). The so obtained relative velocities

are then averaged over a temporal window of3.2 orbits. This procedure is

applied for planetesimals with same and different sizes, i.e. bodies from

within the same and different simulations. When calculating the relative

velocities of bodies from different simulations, care has to be taken that

each data point corresponds to exactly the same time. Since the timestep

is controlled by the CFL condition, which is determined by disc quantities

only and the disc does not feel the planetesimals, the timestep was identi-

cal in the simulations performed. Hence the data outputs aresynchronized

and it is valid to obtain relative velocities from bodies of different simula-
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Figure 5.5: average collisional velocities in the low inclinationγF = 25◦

case between equally sized (left panel) and differently sized planetesimals
(right panel). Left panel: 10km-10km (green-solid), 1km-1km (blue-
solid), 100m-100m (red-solid). Right-Panel: 10km-1km (green-solid),
10km-100m (blue-solid), 1km-100m (red-solid). Thresholdvelocities for
catastrophic disruption corresponding to the different size-combinations
for the weak (dashed-dotted line) and strong aggregates (dashed line) are
also shown.

tions.

The results are shown in Fig.5.5 (solid lines) for collisions between equally

sized (panel 1) and differently sized planetesimals (panel2). We can ob-

serve that relative velocities tend to be larger for collisions between dif-

ferently sized bodies and seem to be smaller as the planetesimal size de-

creases.

An interesting question is what causes the collisional velocities seen in

Fig.5.5. In Fig.5.6 we present averages of all the quantities that determine

the relative velocities according to our analytical estimate (Eq.5.34), i.e.

the distance of longitude of pericenter∆ω (panel 1), average eccentricitye

(panel 2), difference in eccentricity∆e (panel 3), difference in inclination

∆α (panel 4), distance of nodal lines∆Ω (panel 5) and average inclination

α (panel 6) of the crossing orbits. Using the numbers extracted from these

Figures in the expression (5.34) we can reproduce the relative velocities

shown Fig.5.5 quite well, indicating that Eq. (5.34) is a valid approxima-

tion.

For collisions between planetesimals of the same size the dominating con-

tribution to square of the relative velocity comes from the term∝ e2∆ω2,
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Figure 5.6: average orbital parameters of the colliding planetesimal pairs
in the low inclinationγF = 25◦ case. The line colours and styles are
as follows: green-solid (10km-10km), blue-solid (1km-1km), red-solid
(100m-100m), green-dashed (10km-1km), blue-dashed (10km-100m),
red-dashed (1km-100m)



5.6: Dynamics and Formation of Planetesimals in MisalignedBinary
Systems — Planetesimal Dynamics in inclined Binary Systems 206

Figure 5.7: Threshold velocities for collisions between equally sized plan-
etesimals as a function of their spherical radiusR1. The disruption curves
for the weak (dashed-dotted line) and strong rock (dashed line) are shown
for two different impact velocitiesVI = 50m/s (green) andVI = 2km/s
(blue) along with the solution for rubble piles (black-solid line). The bod-
ies escape velocity (black-dotted line) is also shown.

while all other terms are at least an order of magnitude smaller. This

implies that planetesimals of one size group all orbit in thesame plane

and relative velocities are generated due to misalignment of their orbit

pericenters∆ω, a result that is similar to those seen in coplanar mod-

els. As gas drag operates on the planetesimal orbits, their pericenters be-

come more aligned, thus reducing collisional velocities between equally

sized planetesimals, as was shown by Marzari & Scholl (2000). This

evolution of improving periastra alignment is not seen too clearly from

Fig.5.6 (panel 1, solid-lines), since these averages involve only planetes-

imals at collision events. Collisions are more likely when pericenters are

misaligned, hence the average∆ω presented in Fig.5.6 (panel 1, solid-

lines) is skewed towards higher misalignment. However we doobserve
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that planetesimals with smaller sizes (red solid line) seemto have their

periastra better aligned, as a result of the drag force. Thisleads to smaller

relative velocities between them. Planetesimals of different sizes tend

to have much larger collisional velocities, as seen from Fig.5.5 (dashed

lines). One reason is the increased misalignment of pericenters, as can

be seen from Fig.5.6 (panel 1, dashed lines). Because the gasdrag force

is size-dependent it induces strong orbital phasing for planetesimals of

different sizes, as was shown by Thebault (2006). However incontrast

to these coplanar models, we observe here that an additionaland domi-

nating contribution to the square of the relative velocity comes from the

term∝ α2∆Ω2. Due to their different coupling to the precessing gas disc,

planetesimals of different sizes precess at different rates. While smaller

planetesimals tend to precess together with the disc, larger planetesimals

tend to precess at their own free particle rates. This induces a large mis-

alignment of their orbital planes∆Ω as seen in (panel 5, dashed lines) in

addition to the misalignment of their pericenters.

We conclude that relative velocities between differently sized planetesi-

mals tend to be larger in binary systems, whose orbital planeis misaligned

with the planetesimal-plus-disc plane, while relative velocities between

same sized planetesimals are unaffected by this non coplanarity.

We now want to determine whether the collisions with velocities seen in

Fig.5.5 will lead to growth or erosion of the planetesimals.From Stew-

art & Leinhardt (2009) we adopt the universal law for the largest remnant

mass:

Mlr

Mtot
= 1 − 1

2

QR

QD
(5.37)

hereMlr is the mass of the largest postcollision remnant andMtot =

M1 + M2 is the total mass of the two colliding bodiesM1 andM2. The

quantityQR = 0.5M1M2

M2
tot

∆v2 is the reduced mass kinetic energy scaled

by the total mass of the colliding system. For equally sized bodies accre-

tional collisions requireMlr

Mtot
> 1

2
from which it follows thatQR < QD.

HenceQD is called the catastrophic disruption limit of the collisions. If

QR > QD collisions between equally sized bodies will lead to erosion.

When considering collisions between differently sized bodies the condi-

tion has to be modified. LetM1 ≫M2 such thatM2 = µM1 with µ ≪ 1.
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The condition for accretion is nowMlr > M1 from which it follows that

QR <
(

2µ
1+µ

)

QD, which implies for the relative velocity threshold:

δvD = 2
√

1 + µ
√

QD (5.38)

The disruption limitQD is sensitive to factors that influence the energy

and momentum coupling between the colliding bodies, i.e. impact ve-

locity, mass ratio and material properties such as strengthand porosity.

Following Stewart & Leinhardt (2009) the catastrophic disruption curve

QD can be fit to an analytical formula (Housen & Holsapple 1990, 1999):

QD =
[

qSR
9µM /(3−2φM )
12 + qGR

3µ
12

]

V
(2−3µM )
I (5.39)

whereµM andφM are material properties. In this expressionR12 is the

spherical radius of the combined massMtot at a density ofρS = 1gcm−3.

Since we use a density ofρS = 2gcm−3 this radius is given byR12 =

2
1

3 (1 + µ)
1

3R1, whereR1 is the spherical radius of the bigger massM1 in-

volved in the collision. The first term on the right hand side of Eq. (5.39)

represents the strength regime, while the second term represents the grav-

ity regime. Very small bodies are supported by material strength (first

term), which decreases as the planetesimal size increases.As gravity be-

comes more important for larger bodies the second term will eventually

become dominant and increase the disruption limit again. Stewart & Lein-

hardt (2009) derive the constantsqS, qG, µM andφM for weak aggregates,

such as weak rock and porous glass, by fitting the disruption curve to their

numerical results. For weak aggregates they findqS = 500, qG = 10−4,

µM = 0.4 andφM = 7 (in cgs units). For strong rocks they use the basalt

laboratory data and modelling results from Benz & Asphaug (1999) and

find qS = 7 · 104, qG = 10−4, µM = 0.5 andφM = 8 (in cgs units). In the

limit of very large bodies the disruption curve can be best fitted by their

results of colliding rubber piles (zero strength). In this regime Stewart &

Leinhardt (2009) find

QRP = 1.7 · 10−6R2
12 (5.40)

For illustrative purposes we present the relative velocitythresholdδvD ob-

tained by combing Eq. (5.38) and Eq. (5.39) in the case of identical collid-
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ing bodies (µ = 1) in Fig.5.7. Note that in the limit of large bodies at low

impact velocities, we setQD = QRP , because the rubber-pile solution de-

fines a lower limit of the disruption curve in this regime. Thefigure shows

the limiting velocity below which collisions will lead to net accretion as

a function of the planetesimal radiusR1 for the weak (dashed-dotted) and

strong aggregates (dashed) at two different impact velocitiesVI = 2km/s

(blue) andVI = 50m/s (green). It is apparent that the threshold velocity

is increased for larger impact velocities as more energy is partitioned into

shock deformation. In contrast, at low impact velocities the momentum

coupling between the colliding bodies is more efficient and less energy

is needed to cause erosion of planetesimals. As gravity becomes more

important than strength for very large bodies the curves join onto the dis-

ruption curve for colliding rubber piles (black solid line), which is inde-

pendent of impact velocity. In this regime the threshold velocity is about a

factor of 3-5 larger than the escape velocity from the bodiessurface (dot-

ted line).

To compare the relative velocities obtained from our numerical simula-

tions with the disruption threshold velocity, we evaluate Eq. (5.38) for

equally (µ = 1) and differently sizedµ = 10−3 planetesimals using

VI = ∆v in Eq. (5.39) and choosingR1 as the bigger of the two plan-

etesimals involved in the collision. The results are plotted in Fig.5.5 for

the strong (dashed line) and weak aggregates (dashed-dotted line). Except

for collisions between equally sized10km bodies (green), the collisional

velocities are always substantially larger than the disruption threshold.

Hence we can conclude that growth of planetesimals can not occur for

planetesimal sizes< 10km. For the equally (10km) sized bodies on the

other hand the situation is not as clear. Although the collisional velocities

lie below the strong aggregate threshold (green dashed line) they are also

slightly above the weak aggregate threshold (dashed-dotted line). This

implies that subsequent collisions might also lead to erosion in this size-

regime. If collisions between10km sized planetesimals do lead to growth

then this will most definitely not occur in the runaway regime, because

the escape velocity is∼ 10m/s, which can be inferred from Fig.5.7(dotted

line). Hence we conclude that in binary systems, whose orbital plane is

misaligned with respect to the planetesimal-plus-disc midplane, relative
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velocities are excited that will lead to fragmentation of planetesimals for

sizes< 10km, and even the survival of10km sized bodies might be threat-

ened.

5.6.3 High Inclination

In this model we increased the inclination between the disc-planetesimal

system and the binary plane toγF = 0.78 (45◦). In section (2.6.2) we

have learned, that once the inclination exceedsαK = 0.68 (39.2◦) the

Kozai-effect will lead to large eccentricity and inclination variations of

the planetesimals. The presence of our scaled MMSN disc can not pre-

vent the onset of the Kozai-effect for planetesimals with semi-major-axis

a < 12AU, which can be concluded from Fig.5.8 (panel 2,4).

As expected from the Kozai-timescale (Eq.2.58) the eccentricity grows

earliest for planetesimals with larger semi-major axes (panel 2, green lines).

When the Kozai-mechanism starts operating, the inclination starts to de-

crease. In the absence of the disc, this decrease would continue until the

threshold ofαK = 0.68(39.2◦) is approached, after which the inclination

would increase and the eccentricity would decrease again. However in the

presence of the disc the situation is different. As the Kozai-effect reduces

the inclinationαi and hence the nodal precession is being accelerated ac-

cording to Eq. (4.59), the planetesimal quickly decouples from the disc,

which can be verified from Fig.5.8 (panel3, green line). As discussed ear-

lier this leads to a ’quasi’ monotonic decrease of inclination due to the pre-

cessing effect of the disc. Consequently the planetesimalsget perturbed

onto orbits with inclinationαi < αK and the Kozai-effect switches off.

At this stage the planetesimal has only completed half its Kozai-cycle and

is left with high eccentricity (panel 2) and low inclination(panel 4), the

latter corresponding to a large relative inclinationδi, as seen in panel 5.

The apsidal precession angles are depicted in panel 6 of Fig.5.8. During

the time the Kozai-effect is operating (αi > αK) the apsidal angle locks

into the Kozai-mode, such thatω̇i = 0. After the Kozai-effect has switched

off (αi < αK) we observe prograde apsidal precession (ω̇ > 0). Although

this precession rate is dominated by the perturber the disc enhances the

prograde precession rate, sinceδi > αd at this stage. The total rate is thus
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Figure 5.8: Orbital elements for the high inclined caseγF = 0.78(45◦).
Panel 1 shows the semi-major-axes. Panel 2 shows the eccentricity grows
due to the Kozai-effect for all but the most outer planetesimals . The nodal
precession and inclination angles are depicted in panel 3 and 4 respec-
tively, where the short dashed lines represents the discs inner and outer
edge. The long dashed line in panel 4 represents the threshold inclina-
tion of 39.2◦ above which the Kozai-mechanism is expected to operate.
Panel 5 shows the relative inclination with respect to the disc, where the
short dashed line marks the one pressure scale height limit.The apsidal
precession angles are depicted in panel 6.
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given by the sum of contributions by the binary companion Eq.(2.52) and

disc Fig.5.1 (panels 4-6, solid line).

Planetesimals with semi-major-axesa > 12AU decouple from the disc

due to the differential precession induced by the binary companion. Con-

sequently their inclinations get perturbed belowαK before the Kozai-

effect can start to operate, and their eccentricities stay low.

Varying Planetesimal Sizes for High Inclination Case

In model 3, which serves as our reference model from now, we have used

a planetesimal size ofAi = 10km, hence the effect of gas drag was essen-

tially absent. As we decrease the size of the bodies in the system, the gas

drag becomes more important, since the stopping time is∝ Ai. Results

for the 1km and 100m sized planetesimals are shown in the leftand right

panels of Fig.5.9 respectively. As can be seen from the figure, the Kozai

effect leads to the growth of eccentricities (panels 3& 4) and relative incli-

nations (panels 7& 8) for both particle sizes shown. This is not surprising,

since the timescale on which we expect substantial damping of eccentric-

ity and inclination to occur is of the order of the gas drag stopping time

(Paardekooper et al. 2008). For our disc model this is given by:

τS = 0.81

(

Ai

m

)

( a

AU

)2

orbits (5.41)

where we used Eqs. (1.15, 5.2, 1.16) and the model parametersdescribed

in section (5.4.3). For the100m sized planetesimals ata = 6 − 15AU

the stopping time is of the order of103 − 104 orbits respectively and a

factor of10 longer for the1km sized planetesimals. This is much longer

than the timescale on which the Kozai-Effect operates (∼ 102 orbits from

expression 2.58) and hence we would not expect the gas drag toprevent

growth of eccentricity and relative inclination in this size range. We com-

ment here (without showing results), that we also found the Kozai-Effect

to be operating for10m sized planetesimals for which the stated timescale

should be of the same order. Bearing in mind that the disc loses substantial

amounts of mass due to accretional outflow through the open boundaries,

we would therefore expect the stopping time to be effectively larger than

given by expression (5.41).
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Figure 5.9: Orbital elements for the 1km (left panels) and 100m sized
planetesimals (right panels). The semi-major-axes are shown in panels
1& 2. In panels 3& 4 eccentricity growth due to the Kozai-effect is still
apparent for the both planetesimals sizes. The inclinationis shown in
panels 5& 6, where the short dashed lines represent the disc inner and
outer edge and the long dashed line marks the threshold inclination above
the Kozai effect operates. In panel 7 & 8 the relative inclination with
respect to the disc is shown, where the short dashed line indicates the one
pressure scale height limit.
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The increased effect of gas drag causes the semi-major-axesto decay, as

can be seen from panels 1&2 in Fig.5.9. As planetesimals feelthe Kozai-

effect and develop large eccentricities and relative inclinations, their rel-

ative velocities with respect to the disc gas becomes very large, since

|vi −v|2 ≃ v2
K (e2i + δ2

i ) from expression (5.35). When they pass through

the disc at the line of nodes, they lose a substantial amount of kinetic en-

ergy to the gas, which makes their semi-major-axes decay very rapidly.

At the time before the planetesimals decouple from the disc due to the

Kozai-effect, we observe that their relative inclinationsare being damped

by gas drag (panel 8, black and blue lines) and consequently their oscil-

lation amplitude decreases (panel 6). This has a particularly interesting

effect for the planetesimal ata = 13AU (light green line). While this

planetesimal was not subject to the Kozai-effect in model 3,here it does

feel the Kozai-effect, and its eccentricity grows. Becausethe relative incli-

nation is damped due to gas drag, the particle can not be perturbed below

the Kozai threshold ofαK = 0.68(39.2◦) and therefore it feels the Kozai-

effect.

Collisional Velocities for High Inclination Case

In this section we investigate relative velocities for the high inclination

(γF = 0.78) (45◦) case. The procedure to detect collisions and measure

relative velocities is identical to the one applied to the low inclination case.

In Fig.5.10 (panel 1 & 2, solid lines) we present collisionalvelocities be-

tween equally and differently sized planetesimals respectively. In contrast

to the low inclination model, we observe that collisional velocities become

very large (∼ a few km/s) for all size combinations considered. The or-

bital elements are displayed in Fig.5.11.

For collisions of planetesimals of the same size (solid lines) we can ob-

serve in (panel 1) that the alignment of pericenter is improved by a factor

of about four compared to the low inclination model. Becausethe apsi-

dal precession locks into the Kozai-mode, whereω̇i = 0, the longitude

of pericenter approaches a value that is the same for all planetesimals of

the same size. Hence as long as the Kozai-mechanism operatesthe plan-

etesimals pericenters tend to align. However, on the other hand the Kozai-

effect causes an increase of eccentricity by a factor of30 − 40 and the
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Figure 5.10: Average collisional velocities in the high inclination γF =
0.78(45◦) case between equally (panel 1) and differently sized planetesi-
mals (panel 2). Left panel: 10km-10km (green-solid), 1km-1km (blue-
solid), 100m-100m (red-solid). Right-Panel: 10km-1km (green-solid),
10km-100m (blue-solid), 1km-100m (red-solid). Thresholdvelocities for
catastrophic disruption corresponding to the different size-combinations
for the strong aggregates (dashed line) are also shown. Relative velocities
have also been calculated using a larger orbit width∆a = 2·10−3AU (dot-
ted lines). Panel 3 & 4: collision count for orbital width∆a = 2 · 10−4AU
& ∆a = 2 · 10−3AU respectively. The line colours and styles in panel
3 & 4 are as follows: green-solid (10km-10km), blue-solid (1km-1km),
red-solid (100m-100m), green-dashed (10km-1km), blue-dashed (10km-
100m), red-dashed (1km-100m)
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Figure 5.11: average orbital parameters of the colliding planetesimal
pairs in the high inclinationγF = 45◦ case. The line colours and
styles are as follows: green-solid (10km-10km), blue-solid (1km-1km),
red-solid (100m-100m), green-dashed (10km-1km), blue-dashed (10km-
100m), red-dashed (1km-100m)
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planetesimals reach eccentricities ofe = 0.4 − 0.6. Thus the contribu-

tion to the relative velocity due to the term∝ e∆ω is increased overall

by a factor∼ 10 compared to the low inclination model. Additionally

there now appears to be a contribution∝ α∆Ω and∝ ∆α. Because

the Kozai-mechanism leads to inclination variations on slightly different

timescales among the planetesimals, a differential inclination∆α results.

Consequently the planetesimals start to decouple from the disc at slightly

different times, leading to large differential nodal precession angles∆Ω.

However these are minor contributions to the relative velocity of the plan-

etesimals, the main contribution is due to the term∝ e∆ω.

The situation is different for planetesimals of different sizes. As can be

seen from Fig.5.11 (panel 5) the orbital planes of differentsized planetes-

imals are randomly distributed∆Ω ∼ 1 due to their different coupling to

the precessing disc. This results in very large relative velocities due to the

termα∆Ω. Hence like in the low inclination case, the relative velocities of

differently sized planetesimals are generated due to misalignment of their

pericenters∆ω and their orbital planes∆Ω. In contrast to the low inclina-

tion model, the eccentricitiese and nodal precession differences∆Ω are

much larger due to the Kozai-effect and this leads to very large collisional

velocities.

In Fig.5.10 (panel 3) we show the obtained number of collisions for the

different size-combinations. As can be seen from this panelthe number of

collisions drops to about 100 for collisions between differently sized plan-

etesimals. As the bodies start to orbit in different planes their encounter

probability is reduced, as was already shown by Xie & Zhou (2009). This

implies that the relative velocity averages (panels 1 & 2) are obtained by

only∼ 102−103 data points, and the results could become statistically un-

reliable. In order to compare the obtained velocities with more statistically

significant data we also calculated the relative velocitiesfor an orbit width

∆a = 2 · 10−3AU. The collision probability is accordingly increased by

a factor of∼ 10 as can be seen from Fig.5.11 (panel 4). The so obtained

relative velocities are plotted as dotted lines in panel 1& 2and are almost

indistinguishable from the data obtained at smaller orbit width. Hence we

can conclude that the results are reliable.

The disruption threshold velocity for the strong aggregatedata is shown
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as the dashed lines in panel 1& 2. The collisional velocitiesare substan-

tially larger for all size combination in this case. Hence weconclude that

no planetesimal accretion is possible, when the Kozai-mechanism starts

operating in the system. For the relative velocities observed in Fig.5.10

of ∼ 2km/s we estimate that collisions will always lead to fragmentation

unless bodies of size∼ 3 − 4 · 102 km have already formed.

5.7 Suppressing the Kozai-Effect

5.7.1 Increasing Disc Mass

Since the Kozai-mechanism leads to large eccentricities for all particles

sizes considered (100m-10km), the collisional velocitiesbetween them

will always be too large to allow the formation of planets from planetes-

imals. Hence it is worthwhile to study the conditions under which the

Kozai-mechanism will operate. As explained in chapter (2.0.9), the eccen-

tricity growth is caused by locking the apsidal frequency into the ’Kozai-

mode’, such thaṫωi = 0, and hence the eccentricity grows according to

Eq. (2.56). However if apsidal precession is caused by another source,

like the disk for example, then we would expect the Kozai-mechanism to

be ineffective, once this external precession is fast enough (Wu & Murray

2003). Since the apsidal precession rate caused by the disc scales with

disc mass (Eq.5.36), we increased the disc mass in this section to check

whether the Kozai-mechanism, can be suppressed this way. The results are

shown in Fig.5.12. For model 7 and 8 with disc masses ofMd = 3.3M̂ and

Md = 6.6M̂ respectively, wherêM is the disc mass used in model 3, we

find that the Kozai-mechanism still switches on for theMd = 3.3M̂ case

(left panels) while it is not operating for theMd = 6.6M̂ model (right pan-

els). Consequently we observe that the eccentricity grows to large values

for model 6, as seen in Fig.5.12 (panel 1), while it stays low for model 7

(panel 2). Note that we only display planetesimals with semi-major-axes

a ≤ 13AU, because bodies at larger semi-major-axes tended to develop

unstable behaviour for the higher disc mass models.

Increasing disc gravity suppresses the effect of differential precession.

Hence relative inclinations tend to be smaller for the larger disc mass
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Figure 5.12: Orbital elements for model 6 (left panels) and model 7 (right
panels). Only planetesimals with semi-major-axesa ≤ 13AU are in-
cluded. In model 6 the Kozai-effect is still operating whilein model 7
it is switched off. Panel 1& 2 show the eccentricity. In Panel3& 4 the
inclination is shown, where the short dashed lines represent the inner and
outer edge of the disc and the long dashed line indicates the threshold in-
clination of 0.68(39.2◦) above which the Kozai-mechanism can operate.
The relative inclinations with respect to the disc midplaneare shown in
panel 5& 6, where the short dashed line indicates the one pressure scale
height limit.
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models, as can be verified from Fig.5.12 (panels 5& 6). In contrast to

model 3 all the bound planetesimals stay below the one-pressure scale

height mark and thus orbit inside the disc. Because of their low relative

inclinations, planetesimals can not decouple and be perturbed below the

Kozai-threshold (αK = 39.2◦). Hence in contrast to model 3 the planetes-

imal at a = 13AU feels the Kozai-effect in models 6, as can be seen in

Fig.5.12 (panel 1 & 3, light green line).

The oscillation frequency seen in panel 3& 4 is consistent with the rates

depicted in Fig.5.1 (panels 4-6, dashed line) taking into account the in-

creased disc mass and low relative inclinations.

5.7.2 Increasing Binary Separation

In this section we varied the separation of the binary systemto check

whether the Kozai effect can be suppressed. We consider separations of

D = 90AU andD = 120AU in model 8 and 9 respectively. Because

the Kozai-timescale is∝ D3, extremely long simulation times are re-

quired to prove the existence (or non existence) of the Kozai-effect. Thus

we switched off the evolution of the disc to speed up the run times for

these models. Consequently the disc remains axisymmetric and static.

The results are shown in Fig.5.13 for theD = 90AU (left panels) and

D = 120AU model (right panels). We can observe that the Kozai-effect is

operating for model 8 while it switched off for model 9.

The timescale for the Kozai-effect to increase the eccentricities is larger as

expected by a factor3.3 for model 8 compared to the reference model. If

the Kozai-effect were operating in model 9, we would expect to see sub-

stantial eccentricity growth after 500 orbits (a factor 8 longer than in our

reference model). However this is not seen in model 9 and therefore we

conclude that the Kozai-effect is not operating in model 9.

Comparing with model 3, we find that the eccentricities in model 9 raised

due to short term effects by the companion star are much smaller due to

the larger separation of the binary companion and stay of theorder of

e ∼ 10−3, as can be verified from panel 2.

From panels 3& 4 we observe that the nodal precession period is∝ D3 as

expected. Note that the precession rate of the precessing frame had to be
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Figure 5.13: Orbital elements for model 8 (left panels) and model 9 (right
panels). The Kozai effect is operating for model 8 but is switched off for
model 9. The eccentricities are shown in panel 1& 2. The nodalpreces-
sion and inclination is shown in panel 3& 4 and 5& 6 respectively, where
the short dashed lines represent the discs inner and outer edge. The long
dashed line in panel 5& 6 represents the39.2◦ inclination threshold, above
which the Kozai effect can operate. Panels 7& 8 show the relative inclina-
tion with respect to the disc, where the dashed line marks theone pressure
scale height limit.
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modified according to Eq. (4.14) to be consistent.

As for the high disc mass models, the effect of differential precession is

suppressed for larger binary separations. Hence relative inclinations stay

small for the bound planetesimals, as can be seen in panel 7& 8. Con-

sequently planetesimals can not be perturbed below the Kozai-threshold

(αK), and the Kozai-effect is now operating even for the most outer plan-

etesimal ata = 15AU in model 8 (panel 1& 5, red line).

5.7.3 A Theoretical Argument

We have seen in the previous two sections that the Kozai-mechanism

can be suppressed, once the disc mass or the binary separation are large

enough. Now we want to confirm the numerical results by a theoretical ar-

gument. The apsidal precession rate for a planetesimal in the binary-disc

system is given by:

∂ωi

∂t
=

3

4

GMB√
GM⋆

a
3

2

D3

(

2 − 5sin(ωi)
2sin(αi)

2
)

− |ω̇D| (5.42)

where the first term on the right hand side is given by Eq.2.52 with e = 0

andω̇D is given by Eq. (5.36). In order for the Kozai mechanism to operate

we require that∂ωi

∂t
= 0. This can only be true if the prograde term due

to the binary is larger than the retrograde term of the disk. Hence for the

Kozai-effect to operate we require that:

3

2

a
3

2

D3
≥ |ω̇D| (5.43)

where the quantities are expressed in numerical units. Using Eq. (5.36),

we can express this inequality in terms of the disc mass:

Md ≤ M̂
3

2
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1
[
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(

a
AU

)

+ C2

(

a
AU

)2
] (5.44)

if this inequality is fulfilled, we therefore expect the Kozai-mechanism

to operate. In Fig.5.14 we show disc mass against binary separation for

a planetesimal ata = 11AU. The red area corresponds to the parameter

regime where the inequality is fulfilled and the Kozai-mechanism should

be operating. The blue area marks the parameter space, wherethe Kozai-
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Figure 5.14: Plot of the parameter regime explored. Displayed is the disc
mass against binary separation. For large binary separations and/or disc
masses the Kozai mechanism is suppressed (blue area), whilethe Kozai
mechanism can operate if the disc mass or binary separation is small
enough (red area). The boundary between the two areas is set by equat-
ing disc and binary precession rates for a planetesimal ata = 11AU. The
symbols denote the outcome of the simulations, where a crossimplies
that the Kozai was switched off and an open square indicates the Kozai-
mechanism was operating. The dashed and dotted line represents the same
boundary for a body ata = 6AU anda = 15AU respectively.

mechanism should be switched off. The symbols represent thesimulation

results, where open squares indicate, that we found the Kozai mechanism

was operating (models 3,6& 8), while crosses represent the models in

which the Kozai effect was found to be ineffective (models 7&9). We

clearly see that the numerical results agree with our expectation. Hence

when the apsidal precession rate caused by the disc becomes larger than

the apsidal precession of the binary companion, the Kozai-effect is inef-

fective.

We also plot the boundary lines, that correspond to semi-major-axes of
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a = 6AU (dashed line) anda = 15AU (dotted line). Betweenr = 6AU

andr = 11AU the precession frequency due to the disc is nearly inde-

pendent of semi-major-axis, as can be seen from Fig.5.1 (panel 7, solid

line). Yet the binary precession still increases as∝ a
3

2 . Hence the param-

eter space for which the Kozai-mechanism operates becomes larger as the

semi-major axis increases. Betweena = 11AU anda = 15AU the disc

precession rate increases in magnitude approximately as∝ a
3

2 . Thus the

boundary separating the two parameter spaces does not change very much

beyonda = 11AU.

5.8 Summary

In this chapter we investigated the dynamics of planetesimals in binary

systems, in which the binary companion is inclined with respect to the

planetesimal-plus-gas disc. Additionally the planetesimals are allowed to

interact with a gaseous disc via gas drag force and disc gravity. The disc

also evolves under the gravitational perturbation of the binary compan-

ion. The key results found in this chapter can be summarized as follows.

Disc gravity causes planetesimals to nodally precess around the disc an-

gular momentum vector, which is superimposed on the precession around

the binary angular momentum vector. For a highly inclined disc, this

shows as oscillations in the planetesimals nodal precession and inclina-

tion values. While disc gravity causes planetesimals to precess together

with the disc as long as they stay close to the disc midplane, it reduces

the inclination substantially for planetesimals that decouple from the disc.

When the Kozai-effect is operating and planetesimals startto precess away

from the disc, they therefore can be perturbed below the Kozai-threshold

and the Kozai-mechanism switches off, which leaves planetesimals with

very large eccentricities and low inclinations. Reducing the planetesimal

sizes down to (100m) can not prevent the Kozai-mechanism, and hence

we found eccentricity growth for all planetesimal sizes considered. When

calculating relative velocities between planetesimals wehad to face the

problem that including disc gravity is computationally very expensive, and

hence our study was limited to only a small number (50) of planetesimals

per simulation. Using a different approach, in which the planetesimals
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were conceived not as individual particles, but rather as representatives of

their orbits, which we thought to be highly populated, we were able to

obtain good statistics on relative velocities of planetesimal pairs despite

the low number of planetesimals modelled. Due to the possibility of mis-

aligned orbital planes in the non coplanar problem, we foundthat relative

velocities tend to be higher for differently sized planetesimals, when non-

coplanar binary companions are considered. If the Kozai-mechanism is

operating in the system, relative velocities become very large (∼ a few

km/s) for all size combinations considered, certainly leading to the frag-

mentation of planetesimals. Increasing the disc mass or binary separation

can suppress the Kozai-mechanism as was verified by an analytical argu-

ment.



Chapter 6

Conclusions & Future work

In this thesis we have investigated the evolution and formation of planets,

planetesimals and accretion discs subject to external gravitational pertur-

bations. Since most stars form in clusters, close encounters between stars

can occur. The effect of close encounter on the evolution of agiant planet

forming within the protostellar disc was examined in chapter 3, where we

specialized on parabolic, coplanar encounters. Previous work by Adams

et al (2006) and Malmberg et al (2007) has examined the frequency with

which such encounters will occur within a young stellar cluster, and their

estimates suggest that between0.25 − 1.5% of stars should experience a

prograde encounter with impact parameter≤ 100 AU over a 5 Myr proto-

stellar disc life time. In agreement with Korycansky & Papaloizou (1995)

and Larwood (1997) our results indicate that encounters with closest ap-

proach distances of< 3 times the disc radius should substantially modify

the disc structure, due to the non linear response of the disc. For typical

protostellar discs with sizes of about50AU, we therefore expect encoun-

ters with pericenter distances of< 150 AU to significantly perturb the

disc and consequently causing substantial modification of the disc struc-

ture. The main effect of the encounter is significant shrinkage of the outer

disc radius, and excitation of an inward propagatingm = 2 spiral wave

at an inner Lindblad resonance which corresponds closely tothe orbital

angular frequency that the perturbing star has at pericenter.

The strong tidal truncation of the disc results in significant loss of angular

momentum by the disc material. This induces a substantial inflow of gas

through the disc, which eventually flows through the planet orbit and in-

226
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duces a short-lived episode of outward type-III migration.Furthermore it

causes the tidally-truncated gap around the giant planet tobe temporarily

flooded with gas, and increases the mass of the disc which liesinterior to

the planet orbit. Hence our results show that for impact parameters with

pericenter distance< 3 times the disc size, the mass accretion rate onto the

giant planet is significantly increased, and a period of prolonged outward

migration can be induced. We therefore conclude that giant planets, which

have been subject to a stellar encounter when forming in a protoplanetary

disc, should have higher masses and larger semi-major axes,on average,

than planets which have not been subject to such an encounter. Encoun-

ters with impact parameters of 2 and 2.5 times the disc size were found to

cause the largest changes in giant planet evolution, with long periods of

sustained outward migration which lasted for the duration of our simula-

tions. A q = 3 encounter resulted a shorter period of outward migration,

and aq = 5 encounter resulted in almost no change in the evolution of the

planet.

We have not considered discs with radii larger than 50 AU in chapter 3,

and so cannot comment directly on the effect that stellar encounters will

have on giant planets forming in discs with larger radii. What is clear,

however, is that discs provide a conduit through which the influence of a

passing star can be communicated through to a forming planetvia the in-

ward propagation of a non linear spiral wave and associated inward mass

flow. Observations indicate that disc radii can be significantly larger than

50 AU. For example, some of the discs which have been imaged inin

Orion have radii of a few hundred AU (McCaughrean & O’dell 1996).

Given that the encounter frequency scales quadratically with the encounter

distance when gravitational focusing is ignored, it is reasonable to specu-

late that the effect of passing stars may be even more important than we

have stated in chapter 3 during giant planet formation, especially if typical

disc sizes are in excess of 50 AU.

There are a number of improvements that need to be made to the mod-

els we have presented before any serious attempt could be made to in-

corporate the environmental effects we have discussed intoa meaningful

planetary population synthesis calculation. The first is that we have only

considered prograde, coplanar encounters, whereas we would expect the
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relative angular momentum vectors associated with encounters between

passing stars and discs to be isotropically distributed within a young stellar

cluster. The absence of Lindblad resonances in the disc during retrograde

encounters means that these are likely to have a minimal effect on a form-

ing planet, provided that the passing star does not actuallypass through

the disc. During an early phase of this project we ran simulations of retro-

grade encounters, and the results of these indicate that such perturbations

will have minimal impact on planet formation. Inclined prograde encoun-

ters will have a weakened ability to tidally truncate the disc and induce

inward mass flow, so we would expect their influence to be smaller than

that described in chapter 3. We note, however, that inclinedencounters

will excite bending waves in the disc, causing the disc orbital plane to de-

viate away from that of the planet, at least for a short time after the impact

until disc-planet interactions can bring the system back into alignment.

An additional improvement to the model presented here wouldinclude a

broader survey of the available parameter space. This wouldinclude simu-

lations of discs with varying outer radii, and planets with different masses

and semi-major axes. Also, multiple planets in the process of forming co-

evally may be induced to undergo close interaction through the changes in

migration outlined in chapter 3, leading to a rich variety ofpossible out-

comes through gravitational scattering.

Since most stars not only form in clusters but also as part of abinary sys-

tem, we have considered the non-linear response of an accretion disc to the

tide of a binary companion in chapter 4. In contrast to most studies ded-

icated to disc-binary interactions, we focussed on binary systems, whose

orbital plane is misaligned from the disc midplane. Previous work on this

problem, which employed SPH simulations (Larwood et al. 1996) sug-

gests that under suitable conditions the disc should becomemildly warped

and precess as a rigid-body around the angular momentum vector of the

binary system. The aim of the study presented in chapter 4 wasto exam-

ine in more detail the structure and evolution of discs in misaligned binary

systems using the grid-based code NIRVANA to perform the numerical

simulations. This code should have the advantage over SPH simulations

of previous studies that the disc viscosity is a well defined and controllable

parameter.



6: Conclusions & Future work 229

In our study of discs in misaligned binary systems, a number of differ-

ent models were considered. Discs with aspect ratiosh = 0.05, 0.03 and

0.01 were studied, and for each of these values models were computed

with viscosity parametersαν = h/2 andαν = 0.1. The smaller value

of αν allows bending waves to propagate, whereas the larger valuecauses

warps to evolve diffusively. It is expected that discs for which the warp

propagation time,τW , is shorter than the differential precession time,τP ,

will undergo rigid-body precession. All our models withh = 0.05 and

0.03 hadτW < τP , and the simulations showed that each of these discs

attains a state of rigid-body precession. Discs with largerviscosity prop-

agate warps less efficiently, and these models underwent a short period of

differential precession, setting up a twist in the disc, prior to attaining a

state of rigid-body precession. Our analysis showed that internal stresses

are established in the disc as it becomes twisted, which transport angu-

lar momentum across its radius and cause it to precess rigidly. Models in

which warp propagation was the least efficient developed thelargest twist,

since the internal stresses which hold the disc together against differential

precession are proportional to the twist amplitude. It is also expected that

these discs will align with the binary orbital plane on the global viscous

evolution time of the disc (Papaloizou & Terquem 1995, Larwood et al.

1996) and all simulations withh = 0.05 and0.03 were fully consistent

with this expectation.

We also considered a number of thin disc models withh = 0.01, where we

not only varied the viscosity but also the outer radius. A model run with

αν = 0.1 andRd = 8 was predicted to be disrupted due to differential

precession sinceτW > τP in this case. During the simulation it developed

a very large twist∼ 110◦, but as the disc became increasingly twisted the

rate of differential precession decreased. At the end of therun the disc

was experiencing very slow differential precession, and extrapolation of

the rate of twisting indicates that this disc will achieve rigid-body preces-

sion with a twist of∼ 112◦. This was an indication in our results that

a disc which is predicted to be disrupted can nonetheless generate inter-

nal stresses to enforce rigid precession when the degree of twist becomes

large. Models withh = 0.01 andRd = 10 showed different behaviour,

largely as a result of the larger precession rate which is induced for a
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larger disc. The disc withαν = h/2, which supports bending waves, was

observed to undergo modest tidal truncation and to break into two distinct

disc parts which precessed independently of one another.

The model withαν = 0.1 propagates warps diffusively, and was ob-

served to differentially precess through 180 degrees, but maintained a very

smooth twist profile throughout the simulation. A significant result ob-

tained for theh = 0.01 models is that these highly twisted discs align with

the binary orbit plane much more quickly than the thicker discs, which

align on the viscous timescale. We suggested that alignmentof highly

twisted discs occurs on the precession time rather than the viscous time,

causing rapid alignment of very thin discs.

This work has a number of astrophysical implications. Most TTauri stars

are members of binary or multiple systems, and in a number of these it

is believed that the disc and orbit planes are misaligned. One particular

system for which there is a resolved image of a disc which is misaligned

from the binary plane is HK Tau (Stapelfeldt et al. 1998). In this sys-

tem, the disc radius is estimated to be 105 AU, and the projected binary

separation is approximately 3 times larger than this, suggesting that the

disc may be tidally truncated and undergoing strong interaction with the

inclined companion star. The images do not show any signs that the disc

is warped, which is consistent with ourh = 0.05 models, whose aspect

ratio is probably appropriate for T Tauri discs. Evidence for misaligned

young binaries is also provided by observations of precessing jets in star

forming regions (Terquem et al. 1999). In one particular example, Bally

& Devine (1994) suggest that the jet which appears to be launched by the

young stellar object HH43* in the L1641 molecular cloud in Orion pre-

cesses with a period of about104 years. Applying models to a disc with

outer edge of 50 AU surrounding a solar type star, the rigidlyprecessing

disc models presented in this work precess with a period of between 3.5

– 5 × 104 years, depending on the inclination angle considered. Thusthe

observed precession is consistent with that driven by a binary companion,

with parameters close to those adopted in our work. The long alignment

timescales that we find forh = 0.05 discs suggests that a T Tauri disc will

remain misaligned throughout its lifetime, such that jets launched from

the disc inner regions will continue to precess for the duration of the time
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when jet launching is active.

The thinh = 0.01 disc models that we have computed are most likely rele-

vant to discs in X-ray binaries. The X-ray binary systems SS433 (Margon

1984) and Her X-1 (Boynton et al. 1980) are two examples of systems

thought to contain precessing discs, with the evidence provided by the

precessing jet of SS433 being particularly compelling. It is likely that the

transfer of matter between the donor star and compact objectin these sys-

tems will cause disc material to lie in the binary orbit planeinitially, and

a tilting mechanism is required to move the disc out of this plane, such

as the Bardeen-Petterson effect (Bardeen & Petterson 1975), a misaligned

dipole magnetic field associated with the central neutron star (Terquem &

Papaloizou 2000), a disc wind (Schandl & Mayer 1994) or radiation pres-

sure (Iping & Petterson 1990, Pringle 1996). If our results on the rapid

realignment of highly twisted discs are correct, then this implies that a

strong tilting mechanism which operates on short timescales will be re-

quired to maintain a misaligned disc which can be observed toprecess.

We also tried to run a model withH/R = 0.005 and low viscosity. How-

ever, we found that the resolution required to run such a model was ex-

ceeding our computational capabilities at the current timeand therefore

this would be an interesting future project. We expect such amodel to

break as a result of differential precession as was seen in model 6a. How-

ever the discontinuity seen in model 6a was located very close to the outer

disc edge (r = 7 − 8), where the propagation of bending waves is ex-

pected to become inefficient as the edge of the disc is being non-linearly

truncated. It would be interesting to see if a model withH/R = 0.005

andRd = 8 also breaks into two distinct disc parts, and whether the ra-

dial point of the discontinuity is shifted towards smaller radii for such a

model. Another future task could include studying in more detail the rapid

alignment rate of our highly twisted disc models. In particular we would

like to eliminate the numerical diffusion as a possible reason for this rapid

alignment by using higher resolution models. We also would like to widen

the parameter space considered. This would include simulations of binary

systems with different separations, mass ratios and orbital eccentricities.

It is also interesting to consider the formation of planets via collisions of

planetesimals in these disc systems, as was done in chapter 5. The plan-
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etesimals were allowed to interact with the gaseous disc viagas drag force

and disc gravity, while the disc also evolves under the gravitational per-

turbation of the binary companion. The key results found in chapter 5

can be summarized as follows. While disc gravity causes planetesimals to

precess together with the disc as long as they stay close to the disc mid-

plane, it reduces the inclination substantially for planetesimals that decou-

ple from the disc. When the Kozai-effect is operating and planetesimals

start to precess away from the disc, they therefore can be perturbed below

the Kozai-threshold and the Kozai-mechanism switches off after only half

the Kozai-cycle. This leaves planetesimals with very largeeccentricities

and low inclinations. The Kozai mechanism was found to operate for all

planetesimal sizes considered.

When calculating relative velocities between planetesimals we had to face

the problem that including disc gravity is very time-consuming, and hence

we could only model a small number (50) of planetesimals. We used a

different approach, in which planetesimals were conceivedas represen-

tatives of their orbits, which we thought to be highly populated. Hence

we were able to obtain good statistics on relative velocities of planetesi-

mal pairs despite the low number of planetesimals modelled.Due to the

possibility of misaligned orbital planes in the non coplanar problem, we

found that relative velocities tend to be higher for differently sized plan-

etesimals, when non-coplanar binary companions are considered. If the

Kozai-mechanism is operating in the system, relative velocities become

very large (∼ a few km/s) for all size combinations considered, certainly

leading to the fragmentation of planetesimals. Increasingthe disc mass or

binary separation can suppress the Kozai-mechanism as was verified by

an analytical argument. Hence we conclude that growth of planetesimals

is generally difficult in binary systems, that are inclined with respect to

the planetesimal-plus-disc plane. For the low inclinationcase (γF = 25◦)

we would only expect planetesimals to grow to larger bodies,once they

already reached sizes of10km. If the initial planetesimal disc was formed

by smaller bodies, the formation of planets from planetesimals might be

inhibited. When the Kozai-effect starts operating, the relative velocities

become very large, leading to the fragmentation of the planetesimals. Un-

less bodies of sizes3 − 4 · 102km have already formed, the Kozai-effect
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will prevent the formation of planets in the systems we have considered.

Hence the planet formation scenario in which planetesimalscoagulate to

form larger bodies seems to be unlikely in these systems and the other

alternatives of noncollisional mechanisms such as gravitational instability

could play role.

Of course it can be argued whether the systems we have presented are typ-

ical. The vast majority of planets were found in wider binaries with sep-

arations of≥ 100AU. As we have demonstrated the Kozai-effect can be

suppressed by the disc gravity for larger binary separations. Hence these

systems should be only marginally affected by the binary companion as

long as the disc is present. Note however that once the disc disperses,

the Kozai-effect will lead to large eccentricities of any planetary system

which forms even for wide binaries, although on larger timescales.

Our disc model only extends out toRd = 18AU. In the future we also

would like to consider planet formation in protoplanetary discs that ex-

tend out to40 − 50 and as such resemble more closely a typical plane-

tary system. Furthermore, we have only considered planet formation via

collisions of planetesimals, whereas dust agglomeration onto individual

planetesimals could still lead to planetary growth as long as collisions be-

tween planetesimals can be avoided. If the number of planetesimals in the

system is dramatically reduced, planets could still form insuch systems.

This could be investigated in an additional future project.



Appendix A

Physcial constants

Table A.1: Physical constant definitions.

Symbol Description Value

MJ Mass of Jupiter 1.90 × 1027kg

M⊙ Mass of Sun 1.99 × 1030kg

AU Astronomical Unit 1.50 × 1011m

R Gas constant 8.31 × 103Jkg−1K−1

G Gravitational constant 6.67 × 10−11kg−1m3s−2

M⊕ Earth mass 5.98 × 1024kg

pc Parsec 3.08 × 1016m

Myr 106 years 3.15 × 1013s
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Appendix B

Symbols

Table B.1: Symbol definitions.

Symbol Description First used

in subsection

A Planetesimal size 1.3.2

Ar Radial wave action 2.4

A Accretion rate parameter 3.4.4

a Semi-major-axis 1.3.3

aW Warp propagation speed 4.5.1

α Inclination 2.1

αK Kozai inclination threshold 2.6.2

αν Viscosity parameter 1.3.1

B Second Oort constant 2.5.3

b Small impact parameter 2.5.3

bjs(α) Laplacce coefficient 2.6.1

bi Gravitational softening 3.3

β Precession angle 4.4.4

C0,C1,C2 Fitting constants 5.5

CD Gas drag coefficient 1.3.2

C Type I torque parameter 2.5.1

cS Sound speed 1.3.1

c̃S Mean soundspeed 4.5.1

χ Ratio of semi-major axes 2.6.1

continued on next page
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Table B.1:continued

Symbol Description First used

in subsection

D Binary separation 4.3.1

D Position vector of binary companion 4.3.1

D Delaunay variable 2.6.1

D Diffusion coefficient 4.5.1

δ Inclination angle 4.4.4

δij Kronecker delta symbol 1.3.1

δMAX Maximum inclination 4.5.2

δ12 Inclination between two planetesimals 5.4.3

∆ Lindblad parameter 2.2

∆T Disc edge scale height 3.4.3

E Total energy 3.5.1

E Eccentric anomaly 3.5.4

Egr Gravitational binding energy 1.3.1

Ekin Kinetic energy 1.3.3

e Eccentricity 2.1

e Unit vector 2.3

ǫ Small quantity 2.4

η Velocity dispersion exponent 1.3.3

F averaged quantity 4.5.1

FJ Radial angular momentum flux 2.4

FD Gas drag force 1.3.2

FN ,FR,FT Normal, radial, tangential

component of acceleration 5.4.3

f True anomaly 3.5.4

fT Taper function 3.4.3

G averaged quantity 4.5.1

Γ Specific torques 3.4.6

γF Inclination of precessing frame 4.4.3

H Height of disc 1.3.1

h Aspect ratio of disc 1.3.1

continued on next page
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Table B.1:continued

Symbol Description First used

in subsection

hT Taper contribution

to azimuthal velocity 3.4.3

i Inclination with respect

to the viewing plane 1.2.1

i Body number 3.1

J Angular momentum 2.5.1

J Angular momentum vector 4.4.4

j Specific angular momentum 1.3.1

j1 − j6 Integer values for

permitted combinations 2.1

κ Epicyclic frequency 2.2

kr radial wavenumber 2.4

λ Mean longitude 2.1

λM Mean free path 1.3.2

l Eccentric mode number 2.2

l Angular momentum density of shell 4.4.4

L Luminosity 1.3.1

Li Angular momentum vector component 4.4.4

L(r) Angular momentum vector of shell 4.4.4

µM Material property parameter 5.6.2

µ Ratio of masses 3.5.4

M Mass of Object 1.2.1

Ṁ Mass accretion rate 1.3.1

M̂ Nominal disc mass 5.4.3

Mcrit Critical mass 1.3.4

Mlr Largest remnant mass 5.6.2

Mtot Total mass 5.6.2

m Azimuthal mode number 2.2

δm Mass deficit in horseshoe region 2.5.4

∆m Accreted mass per time unit 3.4.4

continued on next page
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Table B.1:continued

Symbol Description First used

in subsection

dm mass of fluid element 3.3

ν Viscosity coefficient 1.3.1

n Number density 1.3.3

n mean motion 2.1

N Cluster membership number 3.1

Ni Number of grid cells in ith direction 4.5.3

Ω Angular velocity 1.3.1

Ω Longitude of ascending node 2.1

ΩK keplerian angular velocity 2.2

ΩF Precession rate of precessing frame 4.4.3

Ωm
l Pattern speed 2.2

Ω Spin axis vector of precessing frame 4.3

ω Longitude of pericenter 2.1

ω̃ ω + Ω 2.1

ω2 Angular frequency of

secondary at pericenter 3.5.1

ωB Binary orbital frequency 4.3.1

ωZ Free particle nodal precession rate 4.6.2

∆ω Pericenter distance 5.4.3

P Pressure 1.3.1

p Trajectory parameter 3.5.1

Ψ Gravitational potential 1.3.1

ψ Angle between position vectors 2.1

φ Azimuthal coordinate 1.3.1

φC Code unit vector inφ-direction 4.4.4

φM Material property parameter 5.6.2

Π Encounter rate 3.1

Q Toomre parameter 1.3.2

QE Error estimate 3.4.5

QR Reduced mass kinetic energy 5.6.2

continued on next page



B: Symbols 239

Table B.1:continued

Symbol Description First used

in subsection

QD Disruption threshold 5.6.2

QRP Rubber pile threshold 5.6.2

q Runaway growth exponent 1.3.3

q Closest approach distance

in units of disc radius 3.5.1

q′r Z-independent radial velocity 4.5.1

q′φ Z-independent angular velocity 4.5.1

qS Strength-regime fitting parameter 5.6.2

qG Gravity-regime fitting parameter 5.6.2

R Radius of object 1.3.1

R Radial acceleration 3.5.4

RH Hill radius 1.3.3

RC Close encounter distance 3.1

Rd Disc outer edge 4.4.3

RZ Rotation matrix 4.4.3

RX Rotation matrix 4.4.3

Re Reynolds number 5.3

R12 Radius of combined mass 5.6.2

r Radial coordinate 1.3.1

r Position vector 2.3

rT Taper edge 3.4.3

rL
m Lindblad resonance location 2.2

rC
m Corotation resonance location 2.2

δr Radial grid spacing 4.4.4

rMID Mid point of radial domain 4.5.2

r′ integration variable 3.1

ρ Density 1.3.1

ρS Mean density of planetesimals 1.3.3

̺ Distribution exponent 1.3.3

S(r) Fast varying phase 2.4

continued on next page
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Table B.1:continued

Symbol Description First used

in subsection

S Surface 3.3

Svisc Viscous acceleration 1.3.1

s Dummy variable 3.1

Σ Surface density 1.3.1

Σ̃m WKB density coefficient 2.4

ΣGap Surface density inside the gap 2.5.2

Σ0 Surface density coefficient 3.1

σ Wave frequency 2.4

T Temperature 1.3.1

T Torque 2.2

T Tangential acceleration 3.5.4

T Viscous stress tensor 1.3.1

TCR Corotation torque 2.5.3

TL
m Lindblad torque 2.3

t Time 1.3.1

∆t Time step 3.4.4

t 1

2

Half emptying time 3.4.4

t Torque density 4.4.5

τ Timescale 1.3.1

τS Gas drag stopping time 1.3.2

τL Libration period 2.5.3

τW Warp propagation time 4.6.1

τP Differential precession time 4.6.1

θ Meridional coordinate 4.3

∆θ Meridional extend 4.4.3

θC Code unit vector inθ-direction 4.4.4

θR Resonant angle 2.1

Ur Radial group velocity 2.4

u Unit vector in binary plane 4.4.4

v velocity 1.3.1

continued on next page
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Table B.1:continued

Symbol Description First used

in subsection

v Velocity vector 1.3.1

v∞ Velocity dispersion 1.3.2

vesc Escape velocity 1.3.3

v2
r Higher order correction

of radial velocity 2.4

∆v Relative velocity 1.3.2

δvD Disruption velocity 5.6.2

VI Impact velocity 5.6.2

W Enthalpy perturbation 4.5.1

xS Half width of corotation region 2.5.3

ξ radial exponent of density profile 2.5.1

ζ Accretion efficiency 3.5.2

z Vertical coordinate 1.3.1

Table B.2: Subscripts & Superscripts

Notation Description First used in subsection

† Perturbing object 2.1

⋆ Primary star 4.3.1

0 Initial value 2.7.1

1 Planet 3.4.3

2 Secondary star 3.4.3

I Type I 2.5.1

II Type II 2.5.2

A Additional term 4.4.5

a Small planetesimals 1.3.3

acc Accretion 3.4.5

b Large planetesimal core 1.3.3

B Binary companion 4.3.1

continued on next page
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Table B.2:continued

Notation Description First used in subsection

C Code 4.2

CR Corotation 2.5.4

d Disc 1.3.1

D Dust grain 1.3.2

DH Drag by horseshoe region 2.5.4

dir Direct term 3.4.6

F Radial flux 3.4.5

G Gas 1.3.2

HS Horseshoe region 2.5.4

i Planetesimal number 5.4

i1 First orbit crossing

location for particle i 5.4.3

i2 Second orbit crossing

location for particle i 5.4.3

id Inner disc 3.4.6

ind Indirect term 3.4.5

j1 First orbit crossing

location for particle j 5.4.3

j2 Second orbit crossing

location for particle j 5.4.3

K Keplerian value 1.3.1

l Eccentric mode number 2.2

m Azimuthal mode number 2.2

ν Viscosity 1.3.1

od Outer disc 3.4.6

P Planet 1.2.1

p Planetesimal 1.3.3

φ Azimuthal coordinate 1.3.1

r Radial coordinate 1.3.1

S Upper separatrix 2.5.4

tot Total 3.4.6

continued on next page
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Table B.2:continued

Notation Description First used in subsection

θ Meridional coordinate 4.3

z Vertical coordinate 2.3

Table B.3: Operator definitions.

Operator Description
d

dX
Derivative

∂
∂X

Partial derivative
D
Dx

Convective derivative

∇X Divergence of vectorX

∇X Gradient of scalar X

Xi;j Covariant derivative of vector X

ℜ{X} Real part of the complex variable X

ℑ{X} Imaginary part of the complex variable X

X ′ Perturbed value of the quantity X

X0 Unperturbed value of quantity X

X̂ Fourier coefficient of quantity X

〈X〉 Average of quantity X over wave cycle

Ẋ Time derivative of quantity X

sgn(X) Sign of quantity X

X̂ Precessing frame quantity

X̆ Normalization of vectorX

∆X Width of quantity X

dX Small difference of quantity X



Appendix C

Acronyms

Table C.1: Acronyms definitions.

Acronym Description

HARPS High Accuracy Radial velocity

Planetary Search project

CES Coude Echelle Spectrometer

COROT Convection, Rotation & Transits

GEST Galactic Exoplanet Survey Telescope

EOS Equation of State

MRI Magnetic Rotational Instability

ISM Interstellar Medium

MMSN Minimum Mass Solar Nebula

OLR Outer Lindblad Resonance

ILR Inner Lindblad Resonance

WKB Wentzel-Kramers-Brillouin

GMC Galactic Molecular Cloud

AGN Active Galactic Nuclei

SPH Smooth Particle Hydrodynamics

ODE Ordinary Differential Equation

CFL Courant-Friedrichs-Lewy Timestep Constraint

ISM Interstellar Medium
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Papers from the thesis

Fragner MM, Nelson RP, 2009,Giant planet formation in stellar clusters:

the effect of stellar flybys, A&A, accepted on 23.07.2009

Fragner MM, Nelson RP, 2009,On the evolution of warped and twisted

accretion discs in close binary systems, A&A, submitted
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