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Abstract: A strong-form boundary collocation method, the singular boundary method (SBM), 

is developed in this paper for the wave propagation analysis in periodic structures. The SBM is 

of several advantages including mathematically simple, easy-to-program, meshless with the 

application of the concept of origin intensity factors in order to eliminate the singularity of the 

fundamental solutions and avoid the numerical evaluation of the singular integrals in the 

boundary element method. Due to the periodic behaviors of the structures, the SBM coefficient 

matrix can be represented as a block Toeplitz matrix. By employing three different fast 

Toeplitz-matrix solvers, the computational time and storage requirements are significantly 

reduced in the proposed SBM analysis. To demonstrate the effectiveness of the proposed SBM 

formulation for wave propagation analysis in periodic structures, several benchmark examples 

with a non-dimensional wavenumber kd<60 are presented and discussed, where k is the 

wavenumber and d is the maximum diameter of the periodic structures. The proposed SBM 

results are compared with the analytical solutions, the reference results and the COMSOL 

software. 
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1. Introduction 

The control of wave propagation in periodic structures [1-3] is of great 

importance in the design and manufacture of modern acoustic and optical devices, 

such as photonic crystals, photovoltaic devices and metamaterials [4,5]. To improve 

the performance of these devices, various numerical methods have been proposed to 

simulate and manipulate wave propagation in periodic structures, such as the transfer 
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matrix method [6], multiple scattering theory method [7], finite element method 

(FEM) [8], boundary element method (BEM) [9], plane wave expansion method 

(PWEM) [10], method of fundamental solutions (MFS) [11], to mention just a few of 

them. 

Among the above-mentioned numerical methods, the transfer matrix method is 

mainly implemented to 1D periodic structures. The multiple scattering theory method 

is limited to solving 3D periodic structures with special scatterers (sphere or cylinder). 

The domain-discretization FEM requires the additional treatments to carefully deal 

with the exterior domain of the periodic structures. The BEM [12] requires only 

boundary discretization, and introduces the fundamental solution as its basis function 

to satisfy the governing equation and the Sommerfeld radiation condition at infinity in 

advance. However, it is a sophisticated mathematical and time-consuming issue for 

numerical integration over the singularities in the BEM. Besides, both the PWEM and 

MFS can avoid these troublesome issues appeared in the BEM due to the use of the 

nonsingular plane wave basis function or the placement of the source nodes away 

from the real physical boundary. However, both the PWEM and MFS provide the 

highly ill-conditioning resultant matrices with moderate node number, which may 

jeopardize the accuracy of their numerical solutions. In addition, the PWEM has a 

relatively slow convergence rate. In the MFS, the determination of the efficient 

placement of the source nodes is vital for numerical accuracy and reliability, and it 

requires an additional computational cost.  

Based on the merits and demerits of the above-mentioned numerical methods, a 

meshless boundary collocation method, the singular boundary method (SBM), has 

been proposed by Chen et al. in 2009. The SBM [13, 14] employs the fundamental 

solutions as the basis functions, and introduces the concept of “origin intensity 

factors” (source intensity factors) to take the place of the singularities encountered in 

the fundamental solutions at origin. It inherits the merits from the BEM and the MFS, 

and avoids the numerical computation of the singular integrals in the BEM, and 

circumvents the troublesome placement of the source nodes in the MFS. In addition, 

unlike the other boundary collocation methods (MFS and PWEM), the resultant 
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matrix obtained by the SBM has the reasonable condition number as same as the 

BEM.  

It should be mentioned that the determination of the origin intensity factors 

(OIFs) is one of the key issues in the SBM implementation. So far, there are four 

approaches [15, 16] proposed to determine the OIFs of both the fundamental solutions 

and their derivatives. The efficiency and accuracy of the SBM have been verified for 

the potential problems, acoustic and elastic waves, and water waves with arbitrary 

complex-shaped geometries. Table 1 lists the conclusion for the comparisons between 

these four approaches in the SBM, where SLE denotes the system of linear equations. 

In the table, the more “*” it has, the better it is. 

Table 1. The comparisons between these four approaches in the SBM 

 Approach1 Approach2 Approach3 Approach4 

Accuracy ** **** * *** 
Stability * *** **** **** 

Easy to use * ** *** **** 

Inconvenience 
Inner sample 

node, Solve SLE 

twice 

Boundary sample 

node, Solve SLE 

twice 

Lowest accuracy, 

Numerical 

Integral 
/ 

  

Besides, the SBM resultant matrix is very large and dense similar to the BEM. It 

is necessary to combine the SBM with the additional techniques to alleviate the 

computational and storage requirements for large-scale applications, such as the fast 

multipole methods [17,18], the adaptive cross approximation [19], the Fast Fourier 

Transform (FFT) [20, 21] and the pre-corrected Fast Fourier Transform (pFFT) [22, 

23]. It has been shown that the SBM formulation for the periodic structures leads to a 

Toeplitz-type matrix similar to the BEM [24]. Therefore, several efficient and fast 

algorithms can be used to accelerate the computation of the SBM with the special 

structure of Toeplitz matrix (constant elements along each diagonal). Levinson [25] 

derived an  2O n  algorithm for a n n  Toeplitz matrix. Chandrasekaran and 

Sayed [26] proposed a stable fast solver for non-symmetric Toeplitz-type matrices. 

Chan [27] introduced the iterative solvers for Toeplitz matrices. Ferreira and 

Dominguez [28] proposed an  logO n n  algorithm, which extends a Toeplitz matrix 
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to a circulant matrix by adding more equations, and implements the simple iterative 

algorithm in conjunction with the Fast Fourier Transform (FFT) to obtain the solution 

of Toeplitz matrix. Karimi et al. [29] introduced the algorithm developed by Ferreira 

and Dominguez into the BEM for acoustic wave analysis in periodic structures.  

In this study, the SBM in conjunction with Fast Toeplitz-type Matrix Solvers 

(FTMS) is introduced to wave propagation analysis in periodic structures. In the SBM 

implementation, the Approach4, the empirical formula coupled with the subtracting 

and adding-back technique [15], is used to determine the origin intensity factors. In 

addition, three fast Toeplitz-type matrix solvers are implemented according to the 

types of the SBM resultant matrix. The paper is divided into the following sections. In 

Section 2, a detailed numerical implementation of the proposed SBM-FTMS model is 

described. Section 3 provides some numerical examples with a non-dimensional 

wavenumber kd<60 to demonstrate the effectiveness of the proposed method. Finally, 

in Section 4 some conclusions are drawn from the present analysis. 

 

2. Methodology 

2.1. Time-harmonic wave propagation model 

Consider the time-harmonic wave propagation in a homogeneous and isotropic 

medium D exterior to the closed bounded curve   of the periodic structures, which 

is described by the Helmholtz equation 

2 2( ) ( ) 0,         u x k u x x D    ,                    (1) 

subjected to the boundary conditions 

       Du x u x  ,                           (2a) 

 
( )       N

u x
q x q x


  

n
,                      (2b) 

where /k c  is the wavenumber,   the angular frequency, c  the wave speed 

in the exterior medium D, and n  the outward unit normal on the physical boundary. 

D  and N  represent the boundaries with the essential boundary (Dirichlet) and the 

natural boundary (Neumann) conditions, respectively, which construct the whole 
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closed bounded curve D N    , and u is the complex-valued amplitude of the 

displacement, velocity potential or wave pressure. For the exterior wave propagation 

analysis, it should be accomplished by imposing an appropriate radiation condition at 

infinity, which is termed as the Sommerfeld radiation condition 

1
(dim 1)

2lim 0
r

u
r iku

r





 
  

 
,                       (2c) 

where dim is the dimension of the wave propagation problems, and 1i   . 

2.2 Singular boundary method 

For solving the time-harmonic wave propagation problems (1)-(2), the SBM 

approximate solutions u(x) and q(x) can be expressed by utilizing a linear combination 

of the Helmholtz fundamental solutions as follows 

 

 

   

1 1 1

1 1 1

, ,                                       \

, , ,    

MM N
k k k

j m j m

k j k

M N Mm
k k k k K Kjj K

j m j m m m m S m

k j k
j m k K

G x s x D

u x

G x s G x s U x



  

  

  
 


 


 
   





 
,         (3a) 

 

 

 

 

1 1 1

1 1

1

,
,             \

,
            

,        ,
,

k MM N
m jk k

j m

k j kx

k
M N

m jk

j
m k j x

j m K

mk
M

m mk K Kjj

m m S

k x
k K

G x s
x D

G x s

q x

x
G x s

Q





 

  

 





 
  





  





 
 








n

n

n

,                  (3b) 

where M is the number of the scatterers in the periodic structures, N denotes the 

number of source points k

js  on the kth scatterer, k

j  represents the jth unknown 

coefficient of the kth scatter, xn  is the outward unit normal vector on the collocation 

points xm,  
 

 

0 4,  dim 2
G ,

4 ,  dim 3mj

mj
k

m j ikr

mj

iH kr
x s

e r

 
 



 are the Helmholtz fundamental 

solutions, nH  is the nth order Hankel function of the first kind, and 
2

k

mj m jr x s   
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is the Euclidean distance. If the collocation points and source points coincide, i.e., 

= k

m jx s , we have the well-known singularities in the Helmholtz fundamental solutions. 

The SBM introduces the concept of the origin intensity factors Kjj

SU  and Kjj

SQ  to take 

the place of these singularities. Due to the periodic structures, each scatterer has the 

same geometry with the same set of boundary nodes in this study. Therefore, the 

origin intensity factors Kjj

SU  and Kjj

SQ
 
for each scatterer are the same, namely, 

=Kjj jj

S SU U  and = , 1,2, ,Kjj jj

S SQ Q K M . According to the same order of the 

singularities in the Laplace and Helmholtz fundamental solutions [14], the origin 

intensity factors jj

SU  and jj

SQ  can be represented as follows 

0 ,    =jj jj k

S S m jU U B x s  ,                 (4a) 

0,    =jj jj k

S S m jQ Q x s ,                    (4b) 

where 0

jj

SU  and 0

jj

SQ  are the OIFs of the corresponding Laplace equation, 

    

 

ln 2 2 2 ,    dim 2,

4 ,                                    dim 3,

k i
B

ik

  



   
 



 

and 0.57721566490153286   is the Euler constant. In this paper, we implement 

the Approach4 based on the empirical formula and the subtracting and adding-back 

technique to determine the origin intensity factors 0

jj

SU  and 0

jj

SQ , which can be 

represented as follows 

  
20

4

1
ln ,                    dim 2

2 2

ln1
,   dim 3

4 25

j

jj

S

Sj

L

U

LL

 





  
   

 
   
   
  
  

,           (5a) 

 0

0

1

,1 N
m jjjj

S

jm m s
j m

G x sL
Q

L L



 




n
,               (5b) 

where the Laplace fundamental solutions are given by 
   

 
0

ln 2 ,dim 2

1 4 ,        dim 3

mj

mj

r
G

r





 
 



, 
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sn  is the outward unit normal vector on the source points sj, LS  denotes the surface 

area of the 3D object, and Lj is half-length of the curve 1 1j js s   between the source 

points sj-1 and sj+1 for 2D problems or the infinitesimal area of the source point sj for 

3D problems as shown in Fig. 1. More details about the determination of the OIFs can 

be found in the literatures [15,16].   

 

(a)                                (b) 

Fig. 1 The schematic configuration of (a) the source points sj and the curve 1 1j js s   for 2D 

problems and (b) the source points sj and the corresponding infinitesimal area jL  for 3D 

problems. 

By applying either Eq. (3a) or (3b) at all the boundary collocation points on the 

physical boundaries of the periodic structures, the following linear system of 

equations can be obtained by 

Aα b ,                           (6) 

where A

 

is the SBM coefficient matrix, α  and b

 

denote the unknown coefficient 

vector and the known boundary condition vector, respectively. After determining the 

vector α , the displacement, velocity potential or wave pressure at any point inside 

the domain or on the boundary can be evaluated via Eqs. (3a) and (3b). 

2.3 Fast Toeplitz-type matrix solver 

In this section, three different fast Toeplitz-type matrix solvers (FTMS) have 

been employed to the present SBM simulation according to the types of periodic 

soft/rigid structures. 
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(a) Type 1: Axisymmetric structure  

For solving the axisymmetric structure problems, the SBM coefficient matrix A  

is a block circulant matrix C  with the form 

0 1 1

1 0 2

1 2 0

M

M M



 

 
 
  
 
 
 

C C C

C C C
A C

C C C

,                  (7) 

where iC  is an N N  matrix. The number of the unique blocks M corresponds to 

the number of the scatterers M in the periodic structures. Fig. 2 shows a typical 

axisymmetric structure with top-shaped section [30], whose surface can be 

represented as   

 1 2 3 1 2 3= , , : cos cos , cos sin , sin ,0 2 , ,
2 2

x x x x R x R x R
 

       
 

         
 

in which     , 0.144 1 0.3cos 4R     . 

 

Fig. 2 Schematic configuration of top-shaped axisymmetric structure 

According to the property of the block circulant matrix, only the first block row 

 0 1 1MR C C C  of block circulant matrix C  needs to be stored and 

computed. Thus, the computational storage can be reduced to 1/ M  storage of the 

full coefficient matrix C . Moreover, the inverse matrix 
1

C  can be fast calculated 

by using the Fast Fourier Transform (FFT). In the FFT implementation, a block 

Fourier matrix BF  is defined as the following pN pN
 
square matrix 

B N F F I ,                          (8) 
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where NI  is an N N  identity matrix,   the Kronecker product, and the Fourier 

matrix F  is the following p p  square matrix 

1 2 1

2 2 2

1 2 1

1 1 1

1 2 1

1 1 1 1

1
1

1

1

p

p

p p p

p

p

  

  

  





  



 
 
 
 
 
 
 
 

F ,                   (9) 

in which 
2

exp ,   0,1, , 1k

ik
k p

p




 
   

 
. Then the linear system equation (6) 

gives  

     1 1 1 1

B B B B

   F α F C F F b , (10) 

where  

1 1 1 1 1

0 1 1=diagB B M

    


 
 F C F R R R ,  

0 1 1= =
T

T

B M 
 
 R F R R R R . 

By setting 

1

0 1 1 =
T

M B




   α α α α F α

 

1

0 1 1 =
T

M B




   b b b b F b  

one obtains 

 1 , 0,1, , 1i i i i M  α R b . (11) 

The solution of the linear system (6) yields 

 = Bα F α . (12) 

The above-mentioned matrix solver is called as Fast Toeplitz-type Matrix Solver 

1 (FTMS1) in this study. 

(b) Type 2: Periodic structure with one-line scatterers  

For solving the periodic structure problems with one-line scatterers, the SBM 

coefficient matrix A  is a block Toeplitz matrix T  with the form 
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0 1 1

1 0 2

1 2 0

M

M

m m



 

 

 
 
  
 
 
 

T T T

T T T
A T

T T T

,                 (13) 

where each iT  is an N N  matrix. The number of the unique blocks is 2 1M  , 

where M is the number of the scatterers in the periodic structures. Fig. 3 shows a 

typical periodic structure with one-line scatterers [30], the surface of the 

kite-shaped scatterer [26] can be represented as 

 1 2 1 2

cos +0.65cos 2 0.65
= , : , 0.25sin ,0 2 .

6
x x x x

 
  

 
     

 
 

 

 

Fig. 3 Schematic configuration of periodic structure with one-line scatterers 

According to the property of the block Toeplitz matrix, it can be embedded into a 

larger block circulant matrix C  

0 1 2 1

1 0 1 2

1

2 1

1 2 1 0

 

 





 
 
 
  
 
 
 
 

T T T T

T T T T

C T

T T

T T T T

.                      (14) 

Then the first block row  0 1 1 1 2 1M M M   
 R T T T T T T

 
of 

C  needs to be stored and computed, whose computational storage can be reduced to 

2(2 1) /M M  storage of the full coefficient matrix T . Eq. (6) can be rearranged as 

follows 
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11 12

21 22

     
              

C C α b
C α b

C C 0 d
,              (15) 

where 11=C T  and 21= d C α . Since both the left-hand and right-hand side vectors α  

and b  contain unknown vectors α  and d , Eq. (15) cannot be solved directly. 

Here, the simple iterative algorithm in conjunction with the Fast Fourier Transform 

(FFT) proposed by Ferreira and Dominguez [28] is employed by using the following 

steps: 

i) Insert the known elements of b  into k
b , namely, replace kb  by b  and apply 

the FFT for block circulant matrix to compute the following matrix-vector 

multiplication 

1 1 .
k k

k k

k k

     
        

   

b α
C b α C

d e
              

 (16) 

ii) Insert the known elements of α  into k
α , namely, replace ke  by zero vector 

and apply the FFT for block circulant matrix to compute the following matrix-vector 

multiplication 

1

+1

1

.
kk

k k

k





  
        

   

bα
C α b C

d0
              

 (17) 

iii) Stop the iteration process if the convergence is achieved with  

1

1

k k

k






 
 

 

b b

e
, 

where 1

 

denotes the convergence tolerance for the whole matrix. Otherwise restart 

the loop. 

The above-mentioned matrix solver is called as Fast Toeplitz-type Matrix Solver 

2 (FTMS2) in this study. 

(c) Type 3: Periodic structure with multiple-line scatterers  

For solving the periodic structure problems with two-line scatterers, the SBM 

coefficient matrix A  is composed of the block Toeplitz submatrices T  with the 

form 
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1 2

3 4
,

 
  
 

T T
A

T T
                        (18) 

where each i
T  is a block Toeplitz matrix having the same form as that of Type2 

periodic structure. Fig. 4(a) shows a typical periodic structure with two-line 

kite-shaped scatterers. Here, the following iterative algorithm is implemented: 

i) Set the initial vector 
T

1 2

0 0 0,    α α α  determined by solving the equations 

1 1 1

0 =T α b  and 4 2 2 3 1

0 0= T α b T α  in sequence. 

ii) Solve the equations 1 1 1 2 2

1=k k T α b T α  and 4 2 2 3 1

1 1=k k T α b T α  in sequence.  

iii) Stop the iteration process if the convergence is achieved with 1 2k k  
 α α , 

where 2

 

denotes the convergence tolerance for the submatrix. Otherwise restart the 

loop from step ii). 

It should be mentioned that the equations with block Toeplitz matrix i
T  in steps 

i) and ii) can be fast calculated by using the FTMS2 mentioned in Section 2.3(b). The 

above-mentioned matrix solver is called as Fast Toeplitz-type Matrix Solver 3 

(FTMS3) in this study. 

 
(a) Two periodic arrays of scatterers          (b) Four periodic arrays of scatterers 

Fig. 4 Schematic configuration of periodic structure with multiple-line scatterers (a) two-line 

arrays, (b) four-line arrays 

 

For solving the periodic structure problems with four-line scatterers as shown in 

Fig. 4(b), one may consider the two kite-shaped scatterers in one column as a cell 
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structure, and then the problem is reduced to the two-line periodic structure problem. 

Therefore, it can be solved by using the above-mentioned FTMS3. 

Finally, it should be mentioned that when the analytical solutions or reference 

results are not available, the correctness of the present numerical results has been 

examined by using the following scheme with two steps: 

Step (a): Calculating the parameter 3= K


b Aα . If 
10

3 10  , then it may verify 

that the FTMS runs correctly. Otherwise, reset the initial vector 
0α . 

Step (b): Solving the considered problems by using the proposed SBM with two 

different boundary node numbers 1 2,N N  ( 1 22N N ). Then choosing NK random 

nodes in the computational domain to calculate the relative error 

   

 
2 1

2

1
max

N N

k NK
N

u k u k
ME

u k 

  
  

  
 

 
by using the proposed SBM formulation with 1 2,N N . If 

310ME  , then it may 

verify that the present numerical results are correct. Otherwise, reset the boundary 

node numbers 1 2,N N . 

3. Numerical results  

In this section, the efficiency and accuracy of the proposed method are firstly 

tested on wave scattering by 2D circular and 3D cylinder structures. Then, the 

comparison between the present SBM results and the reference results [32,33] for 

water wave scattering by one and two periodic arrays of infinite cylinders is made. 

Subsequently, the implemented SBM is applied to investigate the differences between 

the multiple periodic arrays of infinite and finite cylinders under different wave 

incidence angles. Finally, wave propagation in the periodic structures with 2D and 3D 

irregular scatterers are investigated.  

3.1 Convergence and numerical efficiency analysis 

We firstly investigate the numerical accuracy and efficiency of the proposed 

method by four benchmark examples. The numerical accuracy is measured by the 

maximum error Merr(u) defined as  
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   
1

( ) max ,
k NT

Merr u u k u k
 

                     (19b) 

where  u k  and  u k  are the analytical and numerical solutions at xi, respectively, 

and NT is the total number of the test points in the interested domain. The test points 

 jy  are placed on a similar geometric surface to the scatterer with its center at the 

geometric center gc  of the scatterer, which can be defined as follow 

 0= + ,j jod y gc y gc                     (20) 

where  0

jy  are the points with a uniform angular distribution on the surface of the 

scatterer, and od is the off-distance parameter. Unless otherwise specified, NK=100, 

NT=200, od=2, 
4

1=10 
 and 

7

2 =10 
 are used in all the following numerical 

examples on a personal computer with an Intel Dual-Core of 16GB RAM.   

Example 3.1: 2D wave scattering by an infinite circular cylinder with soft (u=0) or 

rigid (q=0) boundary  

 

Fig. 3 Sketch of the wave scattering problem by an infinite circular cylinder.  

We consider a plane wave 0cos
=

ikr

I e
  scattered by an infinite circular cylinder 

(Type 1 structure) as shown in Fig. 3. The analytical solutions of the scattered field u  

[31] for soft and rigid boundaries are, respectively,  

0
0

1
0

( ) ( )
( , ) ( ) 2 ( )cos

( ) ( )

n n
n

n
n

J ka J ka
u r H kr i H kr n

H ka H ka
 





    , for soft boundary, (21a) 

0
0

1
0

( ) ( )
( , ) ( ) 2 ( )cos

( ) ( )

n n
n

n
n

J ka J ka
u r H kr i H kr n

H ka H ka
 





 
   

 
, for rigid boundary, (21b) 
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where the prime denotes differentiation with respect to kr, and the analytical solutions 

are numerically calculated by using the first 150 terms in the above expressions (21). 

Fig. 4 displays the convergence rate of the present SBM for solving the linear system 

of equations (6) by using the FFT for 2D wave scattering problem at the normalized 

wave number 60ka  . It can be found from Fig. 4 that the present SBM with FTMS1 

has a fast convergence rate with the curve-slope 2.6. 
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Fig. 4 The convergence rate of the present SBM in Example 3.1. 

Example 3.2: 3D wave radiation by a finite circular cylinder with soft or rigid 

boundaries 

 

Fig. 5 Sketch of 3D wave radiation problem by a finite circular cylinder 

Next we consider the wave radiation problem by a finite circular cylinder (Type 

1 structure) as shown in Fig. 5, where the pressure (u) or the normal velocity (q) on 

the surface of the finite circular cylinder are induced by a point source of the spherical 

dilatation wave with the unit intensity located at the geometric center. The analytical 

solution is given by  
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( , )= gcikr

gc gc gcu r e r ,                    (22) 

where ( , )gc gcr   represents the polar coordinates with the geometric center gc as the 

origin. Fig. 6 displays the convergence rate of the present SBM for solving the linear 

system of equations (6) by using the FFT for 3D wave radiation problem with 2ka   

and 2h a . It can be found from Fig. 6 that the present SBM with FTMS1 has a fast 

convergence rate with the curve-slope 1.3. 
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Fig. 6 The convergence rate of the present SBM in Example 3.2. 

Table 2. CPU time versus the boundary node number in the present SBM simulation 

2D case (Example 3.1) 3D case (Example 3.2) 

N CPU time (s) N CPU time (s) 

100 4.27E-05 450 1.64E-02 

400 5.56E-05 4,050 1.28 E-01 

1,000 1.59E-04 11,250 5.54E-01 

4,000 3.70E-04 22,050 1.86E+00 

10,000 8.63E-04 36,450 4.36E+00 

40,000 3.88E-03 54,450 9.04E+00 

100,000 1.17E-02 76,050 1.68E+01 

200,000 2.36E-02 101,250 2.90E+01 

800,000 1.17E-01 130,050 4.81E+01 

/ / 198,450 1.10E+02 

/ / 238,050 1.67E+02 

/ / 281,250 2.35E+02 

/ / 328,050 3.24E+02 

 

Table 2 lists the CPU times versus the number of the boundary nodes in 

Examples 3.1 and 3.2. It can be found that 2D SBM model with 800,000 boundary 
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nodes requires less than 1 second, and 3D SBM with 328,050 boundary nodes 

requires less than 6 minutes. 

 

3.2 Numerical comparisons with reference results 

In this section, a numerical comparison between the present SBM and the 

reference methods proposed by Walker and Taylor [32] and Williams and Li [33] is 

given to further verify the efficiency of the present SBM. 

Example 3.3: Water wave interaction with one-line 9 impermeable circular cylinders 

(q=0) 

 

Fig. 7 Sketch of the 2D problem for water wave interaction with one-line 9 circular cylinders 
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Fig. 8 Dimensionless run-up  H
 
on the upstream face of the first and middle cylinders in 

an array of 9 cylinders plotted against 2kb  . 
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First consider the water wave interaction with one-line 9 bottom-mounted 

impermeable circular cylinders (q=0), which can be simplified to a 2D problem for an 

incident plane water wave 0cosikr

I e
   scattered by one-line 9 circular rigid obstacles 

(Type 2 structure) as shown in Fig. 7. For the convenience of comparison with the 

reference results [32], we set the parameters as follows: radius of the 2D 

circular cylinders 3 16a  , spacing between the centers of the adjacent cylinders 

3 4b  , wave incidence angle =0 , and boundary node number on the surface of 

each circular cylinder 50N  . Fig. 8 presents the dimensionless run-up H
 
on 

the upstream face of the first and middle cylinders in an array of 9 cylinders with 

respect to 2kb  , where = 2uH  and H
 
denotes the height of surface water 

wave. It can be found from Fig. 8 that the results obtained by the present 

SBM-FTMS2 are in good agreement with the reference results [32]. 

 

Example 3.4: Water wave interaction with 2×2 impermeable circular cylinders (q=0) 

 

Fig. 9 Sketch of the 2D problem for water wave interaction with 2×2 circular cylinders 
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Fig. 10 Dimensionless run-up H
 

on (a) Cylinder 1, (b) Cylinder 2, (c) Cylinder 3, (d) 

Cylinder 4 in the four-cylinder array with different normalized wave numbers = 2,ka   . 

Next, we consider the water wave interaction with 2×2 bottom-mounted 

impermeable circular cylinders (q=0), which can be simplified to a 2D problem for an 

incident plane water wave 0cosikr

I e
   scattered by 2×2 circular rigid obstacles 

(Type 3 structure) as shown in Fig. 9. For the convenience of comparison with the 

reference results [33], we set the parameters as follows: radius of the 2D 

circular cylinders 3 16a  , spacing between the centers of the adjacent cylinders 

3 4b  , wave incidence angle 0 = 4  , and boundary node number on the surface of 

each circular cylinder 50N  . Fig. 10 presents the dimensionless run-up H
 
on 

each circular cylinder of the four-cylinder array with different normalized wave 

numbers = 2,ka   . It can be found from Fig. 10 that the results obtained with the 

present SBM are in good agreement with the reference results. With the increasing 

normalized wave number ka , the dimensionless run-up on the surface of each cylinder 

becomes more oscillating. 

Besides, the following two groups of the specific parameters are set to 

investigate the near-trapped mode phenomenon: (a) 0.4a  , 1b  , =4.08482ka , 
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0 = 4  ; (b) 0.4a  , 1b  , =5.797ka , 0 =5 16  . As shown in Fig. 11, the 

maximum amplitudes appearing on the inner sides of the four cylinders are about 160 

and 10 times higher than the incident wave amplitude for the aforementioned two 

specific parameter settings, respectively. 

 

Fig. 11 Near-trapped modes for the four cylinders at the specific parameters: (a) =4.08482ka , 

0 = 4  ; (b) =5.797ka , 0 =5 16  . 

 

3.3 Multiple periodic arrays of infinite and finite cylinders 

In this section, we consider the plane wave propagation in structures with 

multiple periodic arrays of circular cylinders and investigate the effects of the height 

of the cylinders on the wave propagation behavior around the multiple periodic arrays 

of the scatterers.   

Example 3.5: Wave scattering by 4×4 impermeable cylinders (q=0) 

This example considers the acoustic wave scattering problem of a plane wave 

  3 0 0 1 0 2 0cos sin cos sinik x x x

Iu e
    

  by 4×4 impermeable cylinders (Type 3 structure, two 

cylinders in one column is defined as a cell structure), where  0 0,   denotes the 

angle of the incident plane wave in the spherical coordinates. When 0 0 or   , the 

plane wave is coming from the positive or negative x3-direction. In this case, the 

schematic configuration of each cylinder is presented in Fig. 5, and the corresponding 

parameters are set as follows: radius of the circular cylinders 3 16a  , spacing 
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between the centers of the adjacent cylinders 3 8b  ,  non-dimensional wave 

number = 2ka  , angle of the incident wave 0 = 2  , and the boundary node 

number on the surface of each 3D cylinder 288N  . It should be mentioned here that 

the original 3D problem can be reduced to 2D problem when the circular rigid 

cylinders are infinitely long, i.e., infh  . Then, the boundary node number on the 

surface of each 2D circular cylinder is taken as 50N  . In the numerical verification 

of the present SBM-FTMS3, we set 1 2144, 288N N   in 3D case, and 

1 224, 50N N   in 2D case. 

Figs. 12-14 show the acoustic pressure amplitude u  for a 4×4-cylinder array 

with the heights (a) infh  ; (b) 3h  ; (c) 2h  ; (d) 1h   on the 3 0x   plane for 

various wave incidence angles ( 0 =0, 6, 4   ). It can be observed from Figs. 12-14 

that the acoustic pressure amplitude for the normal wave incidence 0 =0  is 

symmetrical with respect to the line 2 0x  , and the acoustic pressure amplitude for 

the wave incidence angle 0 = 4   is symmetrical about the line 1 2x x .  
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Fig. 12 Acoustic pressure amplitude u  for the 4×4-cylinder array with different heights 

(a) infh  ;
 
(b) 3h  ;

 
(c) 2h  ;

 
(d) 1h   on the 3 0x   plane ( 0 =0 ). 

 

Fig. 13 Acoustic pressure amplitude u  for the 4×4-cylinder array with different heights 

(a) infh  ;
 
(b) 3h  ;

 
(c) 2h  ;

 
(d) 1h   on the 3 0x   plane ( 0 = 6  ). 
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Fig. 14 Acoustic pressure amplitude u  for the 4×4-cylinder array with different heights 

(a) infh  ;
 
(b) 3h  ;

 
(c) 2h  ;

 
(d) 1h   on the 3 0x   plane ( 0 = 4  ). 

In comparison with the 3D models for different heights of the cylinders, 2D 

models provide the smallest acoustic pressure amplitudes in the nearby downstream 

region of the 4×4-cylinder array. This is because there is no diffraction by the top 

surface of the scatterers in the 2D models. Furthermore, with the increasing height of 

the cylinder h, the acoustic pressure amplitude is decreasing in the nearby 

downstream region of the 4×4-cylinder array. It reveals that the periodic structures 

with a regular array of the scatterers can block the wave propagation at certain 

frequency or non-dimensional wave number ka, which can be used for vibration 

control and noise reduction in engineering applications. 

 

3.4 Structures with periodic arrays of 2D and 3D irregular scatterers 

In this section, the wave propagation simulation for structures with periodic 

arrays of 2D and 3D irregular scatterers are presented. 

Example 3.6: Wave scattering by one-line 7 infinite m-shaped impermeable cylinders 
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(a) SBM results ( 0 =0 )                   (b) COMSOL results( 0 =0 ) 

 

(c) SBM results ( 0 = 4  )                (d) COMSOL results( 0 = 4  ) 

 

(e) SBM results ( 0 = 2  )                (f) COMSOL results( 0 = 2  ) 

Fig. 15 Acoustic pressure amplitude u  for one-line 7 m-shaped cylinder array at different wave 

incidence angle 0  
with the wave number =4.1888k  by using the present SBM-FTMS2 

(7×345 boundary nodes) and the COMSOL software (26613 domain elements and 1031 boundary 

elements), (a) SBM results ( 0 =0 ), (b) COMSOL results( 0 =0 ), (c) SBM results ( 0 = 4  ), (d) 

COMSOL results( 0 = 4  ), (e) SBM results ( 0 = 2  ), (f) COMSOL results( 0 = 2  ). 

We consider the acoustic wave interaction with one-line 7 infinite m-shaped 
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impermeable cylinders, which can be simplified to a 2D scattering problem of an 

incident plane acoustic wave 0cosikr

I e
   scattererd by one-line 7 rigid m-shaped 

obstacles (Type 2 structure). The corners of the middle m-shaped obstacle are 

(0.3,0.5), (0.475,0.5), (0.65,-0.05), (0.825,0.5), (1,0.5), (1,-0.5), (0.9,-0.5), (0.9,0.4), 

(0.7,-0.2), (0.6,-0.2), (0.4,0.4), (0.4,-0.5), (0.3,-0.5). The distance between the centers 

of two adjacent m-shaped obstacles is 3/2. Fig. 15 depicts the acoustic pressure 

amplitude u  for one-line 7 m-shaped cylinder array at different wave incidence 

angle 
0 =0, 4, 2    with the wave number =4.1888k  by using the present 

SBM-FTMS2 (7×345 boundary nodes) and the COMSOL software (26613 domain 

elements and 1031 boundary elements). It can be found from Fig. 14 that the present 

SBM-FTMS2 with fewer boundary nodes can provide the similar numerical results to 

the COMSOL software. 

 

Example 3.7: Wave scattering by 20×20 infinite kite-shaped impermeable cylinders 

We consider the acoustic wave interaction with 20×20 infinite kite-shaped 

impermeable cylinders, which can be simplified to a 2D scattering problem of an 

incident plane acoustic wave 0cosikr

I e
   scattererd by 20×20 rigid kite-shaped 

obstacles (Type 3 structure, 10 kite-shaped obstacles in one column is defined as a 

cell structure). Fig. 16 depicts the acoustic pressure amplitude u  for the 20×20 

kite-shaped-cylinder array at the wave incidence angle = 4   and the 

non-dimensional wave number = 2ka   by using 100 boundary nodes on the surface 

of each kite-shaped scatterer. In the numerical verification of the present 

SBM-FTMS3, we set 1 250, 100N N  . It should be mentioned that it cannot obtain 

the correct results when 20×20 rigid kite-shaped obstacles are considered as Type 2 

structure for taking 20 kite-shaped obstacles in one column as a cell structure. It 

reveals that the proposed SBM with the FTMS3 is more stable than the FTMS2 in the 

simulation of multiple-line periodic structures. 
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Fig. 16 Acoustic pressure amplitude u  for the 20×20 kite-shaped cylinder array at the wave 

incidence angle 
0 = 4   and the non-dimensional wave number = 2ka   by using 100 

boundary nodes on the surface of each kite-shaped scatterer. 

  

Example 3.8: Wave scattering by 4 × 4 top-shaped impermeable 

axisymmetric scatterers 

This example considers the scattering of a plane time-harmonic wave 

  3 0 0 1 0 2 0cos sin cos sinik x x x

Iu e
    

  by the 4 × 4 top-shaped impermeable 

axisymmetric scatterers (Type 3 structure, 2 top-shaped axisymmetric scatterers in 

one column is defined as a cell structure). Fig. 17 shows the acoustic pressure 

amplitude u  for the 4×4 top-shaped impermeable axisymmetric scatterers at the 

wave incidence angle 0 = 2  , 0 = 4   and the non-dimensional wave number 

= 2ka   by using 600 boundary nodes on the surface of each top-shaped 

axisymmetric scatterer. In the numerical verification of the present SBM-FTMS3, we 

set 1 2288, 600N N  . 
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Fig. 17 Acoustic pressure amplitude u  for the 4 × 4 top-shaped impermeable 

axisymmetric scatterers at the wave incidence angle 0 = 2  , 0 = 4   with the 

non-dimensional wave number = 2ka  . 

4. Conclusions  

This paper presents the singular boundary method (SBM) in conjunction with the 

fast Toeplitz-type matrix solvers (FTMS) for the acoustic wave propagation analysis 

in periodic structures with a non-dimensional wavenumber kd<60. According to the 

types of the SBM resultant matrix generated by different types of the periodic 

structures, three fast Toeplitz-type matrix solvers are implemented. The efficiency and 

accuracy of the proposed FTMS-SBM are tested on wave scattering problems by 2D 

circular and 3D cylindrical scatteres.  

Numerical results verify that the present SBM provides satisfactory solutions and 

converges to the exact solutions with the increasing boundary node number (the 

curve-slope is 2.6 in 2D and 1.3 in 3D). Then numerical comparison shows that the 

present SBM results are in good agreement with the reference results for the water 
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wave scattering problem by one-line 9 infinite cylinders and 2×2-array infinite 

cylinders. Different heights or lengths of the cylinders are considered to show its 

effects on the acoustic pressure amplitude around the multiple periodic arrays of the 

scatterers. With the increasing height of the cylinders, the acoustic pressure 

amplitudes will decrease in the nearby downstream region of the multiple periodic 

arrays of the scatterers. Finally, the numerical results show that the present SBM can 

simulate the acoustic wave interaction with the periodic array of 2D and 3D irregular 

objects up to 800,000 boundary nodes (2D) or 300,000 boundary nodes (3D) on a 

personal computer with an Intel Dual-Core of 16GB RAM. Besides, numerical results 

show that the proposed SBM-FTMS3 is more stable than the SBM-FTMS2 in the 

simulation of multiple-line periodic structures.  

Overall, it is concluded that the proposed FTMS-SBM could be considered as a 

competitive alternative for wave propagation analysis in periodic structures after 

further extensive numerical and theoretical study. As for the theoretical error analysis 

of the SBM, it is a nontrivial task. So far, only one related work [34] has been 

reported, which gives the error bounds of the SBM for potential problems. The 

theoretical error analysis of the SBM for wave propagation problems is still under our 

intensive investigation. Besides, it is worth noting that as the first step, we only 

considered wave propagation by 2D and 3D periodic structures with impenetrable 

boundary conditions in this study. The proposed FTMS-SBM for wave propagation by 

periodic structures with penetrable boundary conditions is under intense study and 

will be reported in a subsequent paper. 
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