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Abstract

Invariance of Type IIB superstring theory under SL(2,Z) or S-duality implies de-
pendence on the complex coupling 1" through real and complex modular forms in 7.
Their structure may be understood explicitly in an expansion of superstring correc-
tions to Einstein’s equations of gravity, in powers of derivatives D and curvature R.
The perturbative loop expansion in the string coupling for the 4-string amplitude gov-
erns corrections of the form D?PR* for all p. We show that, at two-loop order, the
DOSR* term is proportional to the integral of a modular invariant introduced by Zhang
and Kawazumi in number theory and related to the Faltings d-invariant studied for
genus-two by Bost. The structure of two-loop superstring amplitudes for p > 3 leads
to higher invariants, which generalize Zhang—Kawazumi invariants at genus two. An
explicit formula is derived for the unique higher invariant associated with order D8R?.
In an attempt to compare the prediction for the DSR* correction from superstring per-
turbation theory with the one produced by S-duality and supersymmetry of Type I1B,
various reformulations of the invariant are given. This comparison with string theory
leads to a predicted value for the integral of the Zhang-Kawazumi invariant over the
moduli space of genus-two surfaces.
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1 Overview and outline

There are a variety of tools for approximating string theory scattering amplitudes. String
perturbation theory is an expansion in powers of the string coupling parameter, g, that
generalizes the field theoretic Feynman diagram expansion. A term of order ¢g?*~2 in the
expansion is referred to an h-loop contribution. It arises from integrating over the moduli
space M, of genus A Riemann surfaces. Although there is a large body of literature concern-
ing the structure of superstring perturbation theory and its effective field theory limits there
are few explicit multi-loop amplitude results. Indeed, the highest order explicit amplitude
calculations are at two loops, where the four-string amplitude in closed superstring theories
has been reduced to an integral over the genus-two moduli space My [1, 2] (see also [3] for
a survey, and references to earlier work, as well as [4] for the relation with the pure spinor
approach).

An alternative approximation of (super)string amplitudes is the low energy, or o/, expan-
sion (where ' is the square of the string length scale), in which successive terms describe
local and nonlocal interactions of higher dimension with the lowest order term typically
defining a point-like field theory limit based on classical (super)gravity. Each term in this
expansion depends on the moduli, or scalar fields, that characterize the theory. Expanding
around the boundary of moduli space gives the perturbation expansions of these coefficients.
Although the low energy expansion of the tree amplitude is easy to analyse and the one-loop
amplitude has been studied up to order (a/)%, there has been no discussion of the low energy
expansion of the two-loop amplitude beyond its lowest order non-zero term.

It is fruitful to consider the constraints imposed by SL(2,Z)-duality (which in physics is
often referred to as S-duality) together with supersymmetry on the combination of the o’
expansion and string perturbation theory. Since SL(2,Z)-duality relates theories in different
regions of moduli space it is a non-perturbative feature. In particular, effective interactions
at any order in the low energy expansion of the amplitude must transform covariantly under
SL(2,7Z)-duality. The moduli, or couplings, dependence of certain highly supersymmetric
interactions that arise at low orders in o' are exactly determined by the SL(2,Z)-duality
constraints and in such cases this leads to precise relationships between perturbative contri-
butions at different orders in perturbation theory.

The simplest non-trivial example of SL(2,Z)-duality arises in the ten-dimensional Type
IIB theory. In this theory, the string coupling g, is related to the imaginary part of a complex
coupling T' = Ty + iTy by the relation 75 = g;!' and the requirement T, > 0. The duality
group SL(2,7) acts on T' by Mobius transformations, and includes exchanges of weak and
strong coupling, namely small and large g, = T, . Invariance under SL(2,Z) duality implies
that the coefficient of any effective interaction in the low energy expansion of a Type IIB
superstring amplitude is a function of 7" that must transform covariantly under SL(2,Z) and
encode the exact dependence of the interaction on the string coupling. Interactions of low



enough dimension satisfy supersymmetry conditions and a great deal is known about their
moduli dependence. In particular, supersymmetry together with SL(2,7Z) invariance can be
used to determine the exact T" dependence of the coefficients of the the first two orders in the
low energy expansion of the effective action beyond classical supergravity [5] [6l [7]. These are
the R* interaction (which preserves half of the total number of 32 supersymmetries) and the
D*R* interaction (which preserves 8 supersymmetries). The quantity D?PR" schematically
represents a scalar built out of n factors of the Riemann curvature tensor R and 2p covariant
derivatives D. In the perturbative limit, g, — 0, these coefficients only contain two pertur-
bative terms, namely a tree-level and a one-loop term (for the R* case) or a two-loop term
(for the D*R* case).

The expression for the coefficient of an interaction preserving only 4 supersymmetries has
also been strongly motivated from arguments based on SL(2,Z)-duality of M-theory on a
torus and is conjectured to satisfy an inhomogeneous Laplace eigenvalue equation in moduli
space [8]. However, this structure has yet to be derived directly by use of supersymmetry.
This function possesses four power-behaved terms in its zero Fourier mode, corresponding
to string perturbation theory contributions from genus zero to genus three and receives
no corrections at higher orders in perturbation theory. However, only the genus-zero and
genus-one components of this coefficient function have been tested by direct comparison with
perturbative string amplitude calculations, although there is also indirect evidence that the
genus-three component is correct.

Motivated by the preceding comments, in this paper we will initiate the study of the low
energy, or ', expansion of the genus-two amplitude by considering the structure of its first
non-trivial term, which contributes to the D% R* interaction. This will be expressed as an
integral of an Sp(4, Z)-invariant over the moduli of the genus-two surface. We will show that
this is equal to an invariant that has been independently defined in the mathematics literature
by Zhang [9] and by Kawazumi [10]. This invariant is related [I1] to the Faltings invariant,
which has special features on genus-two surfaces, as shown by Bost and collaborators [12} [T3].
Here we will argue that the duality-invariant coefficient of the D® R* interaction in the Type
IIB theory gives a prediction for the value of the integral of this invariant over the moduli
space of genus-two surfaces. It remains a challenge to perform the integration directly and
thereby confirm this prediction.

1.1 Outline of paper

The outline of this paper is as follows. In section [2| we will review the expressions for the
four-string amplitudes of Type II closed-string theories in superstring perturbation theory
up to two loops (up to this order in perturbation theory there is no distinction between
Type IIA and Type 1IB). We will describe the structure of the low energy expansion of
these expressions, which is a sum of powers of Mandelstam invariants. The expansion of the

4



tree-level (genus-zero) amplitude is straightforward and gives coefficients that are rational
numbers multiplying monomials in Riemann zeta values. The expansion of the genus-one
amplitude is more subtle since it involves integrating products of Green functions between
points on a given surface, followed by integration over the complex structure. Importantly,
the amplitude includes non-analytic parts that need to be subtracted before expanding the
analytic part of the amplitude. We will survey the structure of the genus-one amplitude
before turning to the genus-two case.

The genus-two four-string amplitude is expressed as an integral of the four vertex operator
positions on a given Riemann surface ¥ paramaterized by a period matrix €2, followed by
integration over €2 in the moduli space My of genus 2 Riemann surfaces. The leading term
in the low energy limit is of order D* R*, with a normalization that was determined in [14],
as will also be reviewed in section [2

The next term in the low energy expansion is of order D® R*. The coefficient of this term,
which is the main focus of interest in this paper, is given by an integral of a density Béo’l) (Q)
over genus-two Riemann surfaces parameterised by the period matrix €. In section |3 we will

show that Béo’l)(Q) is given by a certain projection of the scalar Green function,

BOV (@) = -8 / P(z,w) Gz w), (1.1)
22

where the P(z,w) is a section of K, ® K, ® K, ® K,, and K is the canonical bundle on
Y. Further manipulations will lead to the identification Béo’l)(Q) = 64 (), where ¢ is an
invariant that has been considered for altogether different reasons in papers by Zhang [9],
Kawazumi [10] and De Jong [11], [15]. Generalizations to higher order invariants are obtained
in an obvious manner by expanding the string theory N-particle amplitude to higher orders
in o as briefly discussed in section [4

In section 5] we will study further properties of p, making use of its relation to the Faltings
invariant, §, that was obtained in [I1]. This leads to an expression for ¢ in the form,

where g is a simple constant, and Wiy is the weight-ten Igusa cusp form. Also, ® is a
real-valued genus-two modular form of weight (1,1) defined by an integral over the real

four-dimensional torus 7% = (R/Z)* associated with the Jacobian of the surface,
2
In & (Q) = / d'zIn ‘19[93](0,9)‘ (1.3)

T4

We will confirm that ¢ is not pluri-harmonic, i.e. it is not the real part of a holomorphic
function in Q (a result shown in [10]; see also [11]), by showing that also In ® is not pluri-
harmonic. The obstruction will be simply related to the non-trivial dependence, at genus two,
of the ¥-divisor on Q. An alternative simplified expression for ¢ is obtained in appendix [A]
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In section@we will discuss the integral of ¢(€2) over moduli space, which is relevant for the
connection with the coefficients of the low energy expansion of the string theory amplitude.
Although we will prove that this integral is finite (with details given in appendix [Bf) we have
not succeeded in evaluating it.

We are therefore led in section[7]to consider the value of this integral based on its connec-
tion to the low energy expansion of Type IIB superstring theory, which is highly constrained
by SL(2,7Z)-duality. We will, in particular, review the structure of the moduli-dependent
coefficients of the three leading terms in the o’ expansion beyond the classical Einstein (su-
per)gravity term, that were mentioned earlier. The first two of these (the coefficients of R*
and D*R?) are specific examples of non-holomorphic Eisenstein series, which satisfy Laplace
eigenvalue equations in moduli space. The perturbative expansion of such series’ (i.e., the
expansion as Tp — 00) possess precisely two power-behaved pieces in their zero Fourier mode
that reproduce the tree-level, genus-one and genus-two parts of these interactions. The ab-
sence of higher-order corrections to R* beyond genus one and to D*R* beyond genus two
are striking non-renormalization conditions.

The form of the coefficient of the interaction D® R*, which preserves 4 supersymmetries,
has also been strongly motivated from arguments based on SL(2,7Z)-duality of M-theory
on a torus [§], and is conjectured to satisfy an inhomogeneous Laplace eigenvalue equation
in moduli space. The function that satisfies this equation possesses four power behaved
terms in its zero Fourier mode, corresponding to string perturbation theory contributions
from genus zero to genus three and receives no corrections at higher orders in perturbation
theory. The genus-zero and genus-one contributions have been checked by direct comparison
with perturbative string amplitude calculations. The genus-three contribution has not been
checked directly. However, an indirect indication that the predicted value of the Type IIB
genus-three contribution to D%R* is correct is the agreement of its value with the value of
the corresponding Type ITA contribution that was obtained from M-theory compactified on
a circle [§].

The genus-two contribution to D% R?* relates directly to the content of this paper. We
will show that the value of this contribution contained in the conjectured SL(2,Z)-duality
invariant coefficient leads to a predicted value for the integrated Zhang—Kawazumi invariant,

3 273
dpgp = = Vo= —, (1.4)
/M2 2 15

where dps is the Sp(4, Z)-invariant measure and V5 = [ dps is the volume of the moduli space
of genus 2 Riemann surfaces Ms. An explicit check of this relation would be of interest,

both for its mathematical content and for confirming the SL(2,7Z)-duality prediction.
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2 Low energy expansion of Type IIB amplitudes

The overall kinematic structure of the exact four-string amplitudes are constrained by max-
imal supersymmetry to have the form

AW (G ki, T) = K1 RE ¢y 000 (k1 Koy kg, ) T (s, 8,0 T) (2.1)

where
R§1’<2’<37<4(k17 k27 k37 k4) == flA/ QBB/ SC’C, 4DD, KABCD KAIB/C/D/ . (22)
The external states are any of the 256 massless states in the N' = 2 supermultiplet of Type IIB
superstring theory, and are described by polarization tensors, (A% (i = 1,...,4), where the
indices A, B run over both vector and spinor values. The tensor K K is defined in [16]. The
amplitudes also depend on the momenta of the external massless states, k' (i = 1,...,4,
w = 0,1,...,9), which satisfy k; - k; = 0, and overall momentum conservation requires

ki + ko + k3 + k4 = 0. It will be convenient to introduce dimensionless Lorentz-invariant
variables s, t,u defined by s = —a/(ky + ko)?/4, t = —a/ (ko + k3)?/4, u = —a/(ky + k3)?/4,
and which obey s + ¢ +u = 0. The scalar function 7 (s,t,u;7T) in depends on s,t,u
and the modulus field, T

2.1 Structure of the full amplitudes

For convenience, we will follow the notation of [Il, 2] in the construction of the amplitudes,
which concentrated on the sector of amplitudes with external NS-NS bosons, with polariza-
tion tensors efﬁ . Such amplitudes will be denoted by AY (e;, k;, T'). Since these amplitudes
are linear in each ¢/ a general amplitude is a linear combination of a basis of amplitudes
in which the polarization tensor is factorized, €/’ P = et Ef . More explicitly, the prefactor that

multiplies the amplitude has the form
KK =2°R* (2.3)
The kinematic factor K is normalized as follows,

K = (AR H) + (S0 + () (12 57)
R I AT T I AR R (2.4
where we use the following notation for the gauge invariant field strength, 1 = el'kY — ekl
The kinematic factor K is obtained from K by substituting € — €. In the case of four

external gravitons the prefactor R* reduces to the product of four linearized Weyl curvatures
contracted into each other by a well-known sixteen-index tensor, tsts.
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In string perturbation theory the amplitude has an expansion in integer powers of T, ' =
gs that has the form

./4(4) (Ei, ki, T

Z AN (65, ki, Ty) (2.5)

pert.

where A(4 (€;, ki, Ty) is the h-loop amplitude defined by a functional integral over genus-h
Riemann surfaces, and is proportional to T3 2" = = ¢>"=2. Note that the perturbative terms
in the IIB theory do not involve the Ramond-Ramond scalar, 7T}, but it enters into the
non-perturbative contributions to the amplitude through the effects of D-instantons, as will
be apparent when we consider the implementation of SL(2,7Z) duality later in this paper.
The properly normalized perturbative amplitudes for h = 0,1, 2 are given as follows [14]E|

De b Ty = p2 2t LEs)D=0I(—y) 5
Aolen kDo) = mo B R S SR T ) (26)
AV (e ki o) = = 2T7z4/ MB(stuh) (2.7)
1 iy gy L2 16 1() 2 My (Im 7_)2 1\o, 4, ) .

PRIOIE
Ag4)(6i,ki7T2) = 64 10T R4/ mBZ(S’uulQ) (28)

In these formulas, £%; is the 10-dimensional Newton constant. The dimensionless reduced
amplitudes By, at fixed moduli only depend on the Mandelstam variables, and are given by,

Bi(s,t,u|T) = Hll i exp{——Zk‘ - k; G(zl,zj)} (2.9)

4 (Im T i<

2
By(s,t,ul$2) :/ (deg—sm‘ﬂexp{ Zkz k; G( zz,z])} (2.10)

1<J

The integration over ¥* stands for a 4-fold integral over the Riemann surface X. To define
the other ingredients, we fix a canonical homology basis of 1-cycles Ay, By with I =1,---,h
(with h = 1,2 in this paper), and a dual basis of holomorphic 1-forms w; satisfying,

% LUJ:(S[J f LUJ:Q[J (211)
A] BI

n the two-loop amplitude Agl) given in formula (2.23) of [14], it is understood that each factor of Vs
is accompanied by a factor of a//2, since the convention o’ = 2 was used in [2] where these formulas were
originally obtained. Properly restoring these factors produces a factor of 4, which has been carefully taken
into account in writing formula below. We take this opportunity to also correct a typo on the last line
of equation (2.31) of [2], where the factor of p should be removed.




For h = 1, the holomorphic Abelian differential is constant, w;(z) = dz in terms of a local
complex coordinate z. The moduli space M of genus-one Riemann surfaces is parametrized
by the local complex coordinate 7 = €27 in the range 1 < |7] and —1 < 2Re (1) < 1.

For h = 2, the moduli space My of genus-two Riemann surfaces is parametrized by the
entries of the period matrix €7, subject to the following set of inequalities [17],

(1) 0 < [2Im (QIQ)| <Im () < Im(Qgg)
(2) [Re (Q11)] < =, |Re ()] < =5 [Re ()] < %
3) det (CQ + D)| > 1 for all < . g) €Sp(4.Z)  (2.12)

The dependence on moduli of Abelian differentials, the prime form, and the Green function
will not exhibited, unless otherwise indicated. The differential form Vg on %* is given by,

3Vs = (t—u)A(1,2) ANA(3,4)
+(s —t)A(1,3) N A(4,2)
+(u—s)A(1,4) AN A(2,3) (2.13)
where the bi-holomorphic form A(z,w) is a section of K, ® K, and is defined by

A1, j) = Az, 25) = wi(2zi) Awa(z;) — walz) Awi(z)) (2.14)
The differential is symmetric A(j,7) = A(4, j), and satisfies the relation,
A(1,2) NA(3,4) + A(L,3) ANA(4,2) + A(L,4) ANA(2,3) =0 (2.15)

With the help of (2.15]), and momentum conservation, the following alternative expressions
for Vs may be derived,

Vs = —sA(1,4) ANA(2,3) +tA(1,2) AA(3,4)
Vs = —ul(1,2) ANA(3,4) + sA(1,3) ANA(4,2)
Vs = —tA(1,3) ANA(4,2) + uA(1,4) AA(2,3) (2.16)

Finally, for genus one and two, G(z,w) is a scalar Green function. Since the range of the
scalar Laplace operator on a compact Riemann surface is orthogonal to the constant function,
the scalar Green function is not uniquely defined. This non-uniqueness is reflected in the
fact that one may shift G’ by an arbitrary function f as follows G(z,w) — G(z,w) + f(2) +
f(w). This shift is inconsequential in the string amplitudes of in view of momentum
conservation, s + ¢ + u = 0. One convenient choice for the Green function is given by,

G(z,w) = —In|E(z,w)|* + 2r(Im Q);; (Im /Z“f w1> <Im /zw wJ) (2.17)
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where E(z,w) is the prime form. For h = 1, the prime form is given in terms of the Jacobi
Y-function 91 (z,7) = I[L1](z,7) by E(z,w) = 91(z — w) /¥, (0) for modulus 7, where Jacobi

22
Y-functions with general real characteristics k = [k'k”| are defined by,
I[6'K")(z,7) =Y _exp {imr(n + k) + 2mi(n + k') (z + £") } (2.18)
nez

and the Green function takes on a simplified form,
V1(z —w)
1(0)

For h = 2, the prime form may be found in ({A.5]) of this paper, and in equation (3.9) of [2],
but its explicit expression will not be needed here.

2 27

+ - (Im (2 — w))® (2.19)

G(z,w) = —ln’

2.2 Structure of the low energy expansion

For fixed moduli 7 and €2, the integrations over ¥ in the reduced amplitudes B; and By of
and will not converge for all values of s,t,u. Instead, poles will be produced at
positive integer values of s,¢ and u. The physical origin of these poles is the appearance of
massive on-shell intermediate states, just as was the case in the tree-level amplitudes. Since
no such poles, or any other singularities, can occur for sufficiently small s, ¢, u, the Taylor
series expansion in these variables has finite coefficients, and the series will have a finite
radius of convergence. A separate issue, which arises upon further integration over moduli,
is the fact that the loop amplitude has non-analytic thresholds, as prescribed by unitarity.
These arise from degenerations of Riemann surfaces at boundaries of moduli space, and were
discussed in the context of the genus-one case in [I8, [19]. Earlier discussions of the analytic
behavior of the one loop amplitude may be found in [20], 21].

Exploiting the invariance of the integrands in B; and By under permutations of the index
i on the variables (z;, k;), the Taylor series expansions of the functions B; and B; may be
arranged in symmetric polynomials in s,¢,u. To do so, we write the exponential factor in
the integrals in terms of s,t, u,

exp {sG(1, 2) +tG(1,4) + uG(L,3) + sG(3,4) + tG(2,3) + uG(2, 4)} (2.20)
Since we have s 4+t + u = 0, only two independent invariants remain,
oy = (8% + % + u?) o3 = (s* +t* +u?) = 3stu (2.21)

Thus, By, will admit the following expansions,

Bi(s, t,ulQ) = ZB(M (72 (0)" (2.22)

p,g=0
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where we will set {2 = 7 for h = 1. By construction, the coefficients B,(Lp ) (Q2) are smooth real
modular invariants, and thus depend only on the surface X, and not on the specific period
matrix representing X..

However, care has to be taken in integrating the coefficients B(p q)(Q) over moduli space
since such integrals may be divergent, just as had already been the case for the full super-
string amplitudes. The divergent parts are accounted for by the presence of non-analytic
contributions in the variables s, ¢, u due to thresholds that are prescribed by unitarity [18], 19].

2.3 Review of genus-zero and genus-one expansions

Since we will be interested in comparing the coefficients of the o3 R* interaction at different
genera, we will here review the low energy expansions up to this order at genus 0 and 1
before considering the genus 2 case.

2.3.1 The genus-zero expansion

The genus-zero four point amplitude, (2.6)), can easily be expanded to all orders in the limit of
s,t,u < 1 using standard properties of the I' function. The first few terms in the expansion
are as follows,

4 1 = 2((2n + 1)
A((J )(e“ ki, Ty) = ki, Ts 7?,4E exp <Z —onil

n=1

(8" +t" + u”))
= kL, TZR? (2((3) +¢(5) o9 + ;C(?’)Q o3+ .. ) : (2.23)

In writing this we have used the fact that [18§]
+q—1)! p q
St ta =0y p q‘ (%) (%) . (2.24)
2p+3q9=n p ¢
The coefficient of the term of order o} 0 R* ~ s?!*3¢ R* in this expansion is a monomial in
Riemann ¢ values of depth 2p + 3¢ + 3 with rational coefficient{?]
2.3.2 The genus-one expansion

The low energy expansion of loop amplitudes is considerably more difficult than the tree-level
case. At genus one and higher qualitatively new issues arise since the Sp(2h,Z)-invariant

2In the generalisation to the expansion of N-particle closed superstring tree amplitudes the coefficients
are generally multi-zeta values [22].
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coefficients Bép’q)(s, t,u|2) in are integrals of (2p + 3¢) powers of the Green function
on a genus-h surface that arise in the expansion of the exponential factor (2.20). We will
here review the genus-one expansion, which was discussed in detail in [I8] [19], where the
SL(2,7)-invariant expansion coefficients were determined up to order s R*. The genus-one
Green function G(z,w) of may be expressed as a double Fourier expansion in the form,

1
G(z,w) = . . n)z;;(o ) |mTT——T—n|Q exp [2mi(nz — ny)] + 2 In (27 |n(7’)|2) : (2.25)

The Dedekind eta-function 7(7) is defined by,

[e.e]

n(r) = /12 H (1 — 62”’”) , (2.26)

n=1

and we have parametrized z — w by real coordinates, x and y,
2—w=z+TY, (2.27)

so that z and y are normalized to have period 1. The zero mode in (the last term)
cancels in the combination of Green functions that arises in the amplitude in the expansion
of . This has the immediate consequence that the term linear in G does not arise in
the expansion . In this way we may identify the momentum space Green function as,

Clmon) = ~ DD — (2.28)

2 )
T m(00) |mT + n|

which only contains non-zero modes.

The coefficient, ng D of the order s27+3¢ R* contribution to the expansion involves sums
of terms that are products of 2p+ 3¢ Green functions joining pairs of vertex positions, which
are then integrated over the torus. Any such term can be simply expressed in momentum
space by a diagram with the four external vertices represented by nodes and each Green
function by a propagator joining two of the nodes. The integer world-sheet momenta in each
propagator of the form (2.28) are summed with momentum conserved at each vertex. The
absence of a zero momentum component in the propagator means that there are no
diagrams in which any vertex has a single propagator joined to it. In particular, this means
that there is no contribution with a single power of the Green function. This contrasts with
the situation at higher genus, where there is a contribution with a single Green function,
which we will consider in detail later.

The first term in the expansion is the trivial term with coefficient B%O’O) =16 in 1)
Substituting in (2.7) gives the leading contribution to the genus-one amplitude, which is

3Note that with our conventions [ |dz|*> = [ |dz A dz| = 2Im .
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proportional to the volume of My,

2 2
= %530724. (2.29)

A§4) (Eia ki? TZ)

The first non-trivial term in the expansion is of order s* R* with a coefficient that is propor-
tional tof

< = AW B

where E5(7) is the s = 2 case of a non-holomorphic Eisenstein series, defined by

1 7_8 7—8
T S g S
2¢(2s) s Z00) |m + nt| =3 lp+ qT|

which is easily seen to be invariant under SL(2,7Z) transformations that act on 7 by

ar +b

T —
cr+d’

a,b,c,d € Z ad —bc=1. (2.31)

It also satisfies the Laplace eigenvalue equation
A E (1) = s(s —1) Eg(1), (2.32)

where the SL(2) Laplace operator is defined by A, = 75(92 + 02)). The integral of an
Eisenstein series over a fundamental SL(2,7) domain is generally divergent at the boundary
Ty — 00 so we will integrate over the cutoff fundamental domain F7, defined by

Fr=A{rl-1/2<n<1/2, <L, |7| > 1, L>1}. (2.33)

Such an integral is evaluated by using Gauss’s law to localize the result on the boundary of
the cutoff fundamental domain,

/ T g = L / T A By = 2B o o (2.34)
FL FrL

TS s(s—1) TS s—1

where we have used the asymptotic behavior of the Eisenstein series, lim,, o, Es(7) =
2¢(2s)75 + O(75~%). Terms that are power behaved in the cutoff L are cancelled once the

“Note that the normalization of G in (2.28) differs by a factor of 47 from that in [19] and the definition
of Es in (2.30) differs by a factor of 2¢(2s) from the definition in [I9]. This leads to differences in the
normalizations of the modular invariant coefficients.
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non-analytic part of the amplitude is taken into account. The non-analytic contributions
arise from the large-7 boundary of . In order to isolate these contributions it is nec-
essary to consider the region of the integral with L < 75 < oo. The first of these arises at
order O(sR* Ins) and is identified with the logarithmic singularity that can be obtained by
dimensional regularization of one-loop supergravity.

Since the expression for [ wm, Bo(7) vanishes after subtracting the term linear in L in
there is no genus-one contribution to the terms of order oo R* [I8]. This fits in with
expectations based on SL(2,Z)-duality that predict that the o R* term is absent at genus
one but is present at genus two, as will be reviewed in section [7}

The two diagrams that contribute to 850’1)7 the coefficient of the term of order o3R*, are

= ZC(6) Ba(r), &= =i Dy(r).

The first term is another Eisenstein series that gives zero contribution to [ My 650’” by the
same reasoning as in the earlier case. However, the coefficient Dj is tricker to evaluate and
has the form [19]]

Dy(r) = =C(6) Eo(r) + C(3). (23)

Taking into account the combinatorial factor that specifies the number of ways in which the
diagram Dj arises from expansion of the exponential and performing the 7 integral
over the cutoff fundamental domain (again dropping terms that are power behaved in the
cutoff L) gives a contribution to the amplitude at order o3 R* [18]

272

AN (e, ki To)| = 5 B Rty oa R (2.36)

o3

Note that higher order diagrams contributing to the expansion of the loop amplitude inte-
grand for the N-particle amplitude give invariants of the form,

Lij N
Dl12,l13,.-~(7_) = Z H |mz’j —:27”Lij7' 20 H5<Zggzmz])5(20ﬂ nz‘j> . (237)
i= 7 j

lij 1<i<j<N
where 0; = sign(j —¢), while /;; is the number of propagators joining vertices labelled 7 and
7, and the weight, w = ZKKKN l;; labels the order in the o/ expansion. The Kronecker

5This expression was originally believed [19] to be an approximation up to terms that vanish in the limit
To — 00, but was subsequently shown to be exact by Zagier (private communication).
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delta’s impose conservation of the integer momenta at each vertex labelled by 7. In the case
of the four-string amplitude (N = 4) diagrams of the form arise at order s*R*. Some
of these higher-order terms were analyzed in [19], but we will not consider them further here
since they are not of direct relevance to this paper.

Generalizing to N-particle amplitudes with N > 4 not only leads to analogous diagrams
with N vertices, but also to modifications of the rules in (2.37)) to account for world-sheet
propagators with numerator momentum factors [23].

2.4 The two lowest-order genus-two contributions
Since the prefactor, |Vs|?, in the genus h = 2 amplitude is of degree 2 in s,t, u, it follows
immediately that B (Q) = 0, a result first proven in [2).

The simplest non-zero contribution arising at two-loop level is Bél’o). It is obtained by
retaining the lowest order contribution of the exponential, namely 1, and setting t = —s and
u = 0. Using the Riemann bilinear relation for the period matrix €2,

i

—/wIAw_J:ImQIJ (238)
2 Js

we readily derive the following expression,

2
(1L0) () :1/ AL AARDP )
By () 2 Jsu  (detIm Q)2 k (2:39)

Its value was used in [14] to compute the coefficient of the correction D*R? to two loop
order, giving the result,

Agl) (Eiv ki) T2)

02

We have used the fact that the volume of My is Vo = 473/135 (see for example [17] and
Appendix A of [2]). As we will review later, this value is in precise agreement with the one
expected from the implementation of SL(2,Z)-duality at order oy R%.

3 Relating Béo’l) to the Zhang—Kawazumi invariant

We will now simplify the first non-trivial term in the expansion of the genus-two amplitude,
which has the form D*R* [ My 2 Béo’l). This is the term that is linear in the Green func-
tion G. We shall then review the definition of an invariant introduced by Zhang [9] and by
Kawazumi [10], and show that for genus two it is proportional to Béo’l)(Q).
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3.1 Simplification of Béo’l)

Given the general expansion of Ba(s, t,u|{2) in terms of s, ¢, u, we may set s =t and u = —2s

to determine Béo’l)(Q), while choosing the s, ¢ symmetric representation for )g on the first
line of (2.16)). We find the following expression,

©0,1) 1 |A(1,2) AA(3,4) — A(1,4) AA(2,3))2
B () = __/24 (det V)2

3
><{G(1,2) +G(3,4) — G(1,3) —G<2,4>} (3.1)

where we shall use the abbreviation Y = Im Q throughout. The term involving G(1,2) may
be integrated over the points 3 and 4, and so on, making use of the following formulas,

/E AGHABGE = 2i(detY) S Vidws () ADx(k)

JK
/ / A, ) NAG k) NA(k ) = —4(detY) A(7, £) (3.2)
Zj Yk
which follow from ([2.38]). As a result, we find,
B (Q) = —8/ P(z,w) G(z,w) (3.3)
22

We have introduced the form P(z,w) of tensor type (1,1). ® (1,1),, which may be defined
for arbitrary genus h by,

P(z,w) = Z (=Y /'Yl + hY Y ) wi(2) Awy(2) Awk(w) Awg (w) (3.4)
LKL

It is readily verified that P(z,w) is symmetric under interchange of z and w, and integrates
to 0 against a constant function,

/Ez P(sw) = /Ew P(sw) = 0 (3.5)

In view of this property, Béo’l)(Q) (defined in 1} is still invariant under shifting the Green
function by an arbitrary function f, namely G(z,w) = G(z,w) + f(z) + f(w).

3.2 The Arakelov Green function

The Zhang-Kawazumi invariant ¢(€2) introduced in [9] and [I0] is expressed in a number
of equivalent forms which all involve the Arakelov Green function. The Arakelov Green
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function In g(z,y) on 3 x ¥ is symmetric In g(x,y) = Ing(y, x) and provides an inverse to
the scalar Laplace operator on X, just as the Green function G of (2.17)) does,

00 Ing(z,w) = 7(z,w) — mpus(2)
00G(z,w) = —2m8(z,w)+ 4mps(z) (3.6)

where 0 = dz0, and 0 = dz0; and [;,6(z,w) = 1 in local complex coordinates z,z. The
normalization conditions on uy, are as follows,

/E pe =1 [ s gt w) =0 (3.7)

z

To define the form puy, we proceed as follows. We shall keep the dependence on the genus h
explicit whenever possible, though our main interest will be in the case h = 2. The canonical
Kahler form p on the Jacobian J(X) of a Riemann surface ¥ is defined by,

1 _ _
n=3 IZ; Yi;td¢r A dCy (3.8)

The integrals of the holomorphic 1-forms d(; along any closed cycle on J(Q2) are normalized
to belong to Z? ® QZ?. Alternatively, in terms of a parametrization of J(X) by real variables
2}, 2] € R/Z, we have]

€[:x¥+ZQ[fo] u:de’]’/\dx'I (3.9)
J I
The Abel map j : z — (; is defined by,

Cr(z) = /z wr — Az(2o) (3.10)

where the Riemann vector is defined by

A[(Zo) = % — %Q][ + Z% wJ(Z) /ZCO[ (311)

The form usy is defined as the pull-back under the Abel map j of the canonical Kéhler form
i, divided by a factor of h in order to achieve the normalization of (3.7)),

() = 3 Jun(2) = 5 S Vigln(2) A (3). (3.12)

6The notation with prime 2’ and double prime &’ is borrowed from the representation of real character-
istics, with which we shall soon identify these parameters.
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The Arakelov Green function In g(z, w) is related to G(z,w) by the shift,

(s w) = —5G(zw) + () + f(w)
fz) = %éuﬂwG@mﬂ—iLﬂﬂdewMﬂw (3.13)

Both integrals above are convergent, and f(z) has been determined by enforcing the nor-
malization condition (3.7)) on Ing.

3.3 The Zhang-Kawazumi invariant, ¢
For any genus h, the Zhang—Kawazumi invariant ¢(£2) of [9] [10] admits the representationﬂ
9 2
o= 1| [ o) AR (3.1
Ae | s
¢ IJ
in a basis of Abelian differentials w’ normalized by fz Wy /\w_f] = —2id;77, and where )\, are the
non-zero eigenvalues of the Laplace operator evaluated for the Arakelov metric on X, and ¢,

are the corresponding eigenfunctions, normalized with respect to the volume form py. The
Zhang—Kawazumi invariant ¢(€2) also admits the following equivalent representation [9],

o(Q) = /22 v(z,w) Ing(z,w). (3.15)

where the bi-form v(z,y) may be expressed as follows[]

vs(z,w) = 2us(2) A ps(w) + % Z Y Y dwr(2) Awy(2) Awg(w) Awrp(w)  (3.16)
ILJK,L

with the following normalization,

/ vs(z,w) = (2 — 2h)us(w) /22 vs(z,w) =2 —2h (3.17)

Note that both representations of the Zhang—Kawazumi invariant are expressed in terms
of the Arakelov Green function Ing, and that neither formula is invariant under shifts
Ing(z,w) = Ing(z,w) + f(z) + f(w) by an arbitrary function f.

"In the mathematics literature, the Zhang-Kawazumi invariant ¢ and the Faltings invariant ¢ are usually
denoted as functions of the surface, ¢(X) and §(3) in order to stress that they are real modular invariant
functions of  and Q and thus depend only on the surface, not on the specific © chosen to represent ¥.. Here
we shall follows physics notation and denote both as functions of .

8Note that the corresponding expression for & in (2.5) and for v in equation (2.6) of [24] are incompatible
with the normalization of the Abelian differentials implied by the pairing of (1.1). The problem may be
traced to an inconsistent change in normalization of the Abelian differentials effected in Proposition 2.5.3 of
[9). These inconsistencies have been resolved in writing our equation and .
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3.4 Proportionality of ¢ and Béovl)

We will now show that the invariant ¢(2), and the coefficient 15’50’1)(9) are simply pro-
portional to one another. The first step in this proof uses the following relations between
bi-forms, which may be easily proven by inspection,

P(z,w) = 2hvs(z,w) + 4h(h — Vus(2) A ps(w) (3.18)
Next, we recast Béo’l)(Q) in terms of the Arakelov Green function in 1} using the relation
on the first line of (3.13)). The terms in f cancel out in view of (3.5)), and we find,
B () = 16 / P(z,w) Ing(z,w) (3.19)
22

Next, we express P in terms of vy and py using (3.18)), and make use of the defining relation
of the Arakelov Green function in (3.7)) to drop the term in uy. As a result, we find,

BV () = 32hp(2) (3.20)

An alternative way of stating the result is that the invariant ¢(€2) admits a simple represen-
tation in terms of the Green function G(z,w) by,

1
Q) =——
p(Q) = -+ g

This expression for ¢(€2) is now invariant under any shift G(z,w) = G(z,w) + f(z) + f(w).

P(z,w)G(z,w) (3.21)

4 Higher-order invariants

A natural generalization of the Zhang-Kawazumi invariant ¢ is obtained by considering
higher order expansion terms of the superstring 4-point function, and more specifically of
the unintegrated partial amplitudes By (s, t, u|2).

Recall that for genus 2, we have 850,0) = 0, while the coefficient BS’O) is the constant which
governs the D*R* correction. Next, the coefficient Béo’l) produces the Zhang-Kawazumi in-
variant. Finally, all coefficients Bép ) with p+q > 2 produce new invariants which generalize,
in a way, the ¢ invariant at genus two. The general form of the invariants ng 9 ig obtained
by expanding the exponential to order n = 2p + 3¢ in all variables s, ¢, u, so that we have,

82(87 tv u’Q)

- i/ i(s(}(l 2) +tG(1,4) + uG(L,3)
n nl Jsa (detIm Q)2 ’ ’ ’

+sG(3,4) +£G(2,3) +uG(2, 4))n (4.1)

Next, one recasts this homogeneous polynomial of degree n + 2 into the symmetric functions
09 and o3. This combinatorial problem can be solved with the help of a graphical expansion.
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4.1 The invariants 852’0) and BS’”

In this section, we shall make the simplest of these generalizations as explicit as possible. As
examples, we shall work out in some detail the invariants of order low orders (03)? and c9073.
In view of the general analysis that leads to 7 this contribution is proportional to o,
a fact that may also be checked by direct calculation. To obtain the coefficient BgQ’O)(Q) it
will suffice to set © = —t and s = 0. To obtain Bél’l)(Q) one proceeds analogously, but sets
t = s and u = —2s instead. One finds,

s - [ BB oy o)

1 [ |A(1,2)A(3,4) — A(1,4)A(2,3))2
6 /E det (Im Q)2

FG(1,4) + G(2,3) — 2G(1,3) — 2G(2,4))3 (4.2)

BV (@) = (G(l, 2) + G(3,4)

These expressions are manifestly modular invariant, and convergent. They are also mani-
festly invariant under shifting the scalar Green function G(z,w) — G(z,w) + f(z) + f(w),
so that the argument may be expressed in terms of cross-ratios.

4.2 Diagrammatic expansion

As in the case of the genus-one amplitude, the coefficients of the terms in the low energy ex-
pansion have an obvious graphical representation in terms of products of propagators. Since
the amplitude has an overall measure that is of order s> R*, a diagram with n propagators
contributes to a term of order s"*2R? that has a coefficient Bép ’q), where 2p + 3¢ = n + 2.
An important qualitative difference between the genus-one and genus-two cases is that the
zero mode part of the Green function does not decouple from the amplitude for genus h > 1.
Consequently, there are non-zero contributions from diagrams in which one or more vertices
are connected to a single propagator.

The simplest example of a non-vanishing diagram with h = 2 is the single propagator,
which gave zero contribution at genus one but contributes to Béo’l) (the integrand of the
coefficient of D®R?), as discussed in this paper,

In the genus-one case there was only one diagram with two propagators that contributed
to the expansion. For genus h = 2 here are two additional diagrams that also contribute to

B (the integrand of the coefficient of D3 R*).
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\/
|

In addition to the two diagrams with three propagators shown earlier for the genus-one

case the following diagram contribute to the coefficient Bél’l) (the integrand of the coefficient

of DIORY),

/0

o—
At this order the following diagrams with more vertices contribute to the five-point and
six-point functions,

N4

*—0
o —
*—0

5 Alternative forms and the Faltings invariant

The Zhang—Kawazumi invariant may be re-expressed in a number of useful ways, of which
perhaps the most important is via the Faltings d-invariant. It is not so much the Faltings
invariant itself that is of use to us, but rather the circumstance that §(2) itself admits many
alternative formulations. We shall not present a general definition of §(2) here, but rather
we refer the interested reader to [12] [I3] for detailed information.

We begin by exhibiting the relation between the invariants ¢(£2) and §(€2) obtained in
Corollary 1.8 of [I1], and specialized here to the case of genus twoﬂ

©(Q2) =36In2 —401In(27) — 31In || TU10(Q)|| — gé(Q) (5.1)

9Note that the Faltings invariant, denoted here and in [12, [13] by J, is referred to as § in [I1].
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Here, Uy, is the unique genus-two cusp modular form of weight 10 introduced by Igusa, and
| Wyo|| is its modular invariant Peterson norm, which are respectively defined by,

U@ =[] 910,07

d even
[T(Q)] = (detY)°[T1(Q)] (5.2)
The genus-two J-function with general real characteristics [z] is defined by
Ix](¢, Q) = Z exp {m(n +2")'Q(n +2') + 2mi(n + 2') (¢ + x”)} (5.3)
nez?

where the characteristics are parametrized in terms of ' and z” following ((3.9)),

2] = [ 2] 2 = [ml} 2 = [xl} (5.4)

!
)

The J-function without characteristics is defined by ¥(¢, Q) = 9[0](¢, ©2).

5.1 ¢ as an integral over the Jacobian
In [12, [13], two alternative expressions are provided for the Faltings invariant 6(Q2) at genus

two. The first is as an integral over the Jacobian J(€)[]

() =12In2 — 161In(27) — In || ¥10(Q)|| — / wA I |92 (5.5)
J(Q)

In this expression, p is the canonical Kéhler form on J(€2) defined in (3.8). The Peterson
norm of ¥ is defined for ¢ € J(2) as follows,

191(¢, ) = (det Y)2[9(¢, Q)P exp{—2r(Im )Y~ (Im ()} (5.6)

Expressed in terms of the integral over J(2), the Zhang-Kawazumi invariant takes the form,

1 o}
P = - 3 |Wu@l +5 [ pnuinfol? 5.7)
2 2 )i

where ¢y = 61n2. Remarkably, in this combined expression, the terms in In(det V') cancel
one another, and the following simplified form may be obtained,

H(9) = oy — iln W10(Q)P + 510 B(Q), (5.8)

0The integral of [12], 3] is originally to be carried out over Pici(X), the Picard variety of holomorphic
line bundles over ¥ with first Chern class equal to 1. Choosing an arbitrary reference point in Pici(X), we
use the standard isomorphism between Pic; (X) and J(X) to recast the integral over J(X) = J(Q).
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where ®(2) results from the integral over the Jacobian. To represent this quantity, a par-
ticularly convenient parametrization of J(2) is in terms of the real coordinates x; and z/

introduced in (3.9) and (5.4). In terms of this parametrization, we have[]

B(Q) = exp {/T 'z In (19[95](0,9)‘2} (5.9)

The measure of integration is d*x = dx)dz!dzydx} which is subject to the relation pu A p =
2d*z, while the domain of integration is 7% = (R/Z)?. In te passage from (5.7)) to (5.8)) we
have also made use of the standard formula,

Iz](¢, Q) = 9[0](¢ + Q' + 2", Q) exp {iw(x')th' + 2mi(2") (¢ + ZL‘”)} (5.10)

Since [9[z](0,Q)| is invariant under shifts in = by Z*, the range of integration T* may be
replaced by [0, 1]*. For any fixed 2, the integral over z is convergent. Thus, ®(£2) is finite
throughout the interior of Siegel upper half space Hy, without poles or zeros. However, we
shall see in section |§| that ®(£2) has singularities near the boundary of moduli space.

5.2 Modular properties

Modular transformations M € Sp(4,7Z) obey the defining relations,

M:(é g) J:G _0[) MIM = J (5.11)
Their action on the period matrix in Hs is given by,
Q— Q= (AQ+ B)(CQ+ D)™ (5.12)
while on real characteristics, we have,
o[ G ) [z () 619
Their action on ¥-constants with characetristics takes the form,
9[7)(0, ) = det (CQ + D)29[x] (0, Q) (5.14)

Thus, the modular transformation property of ® is as follows,
®(2) = |det (CQ + D)| &(Q) (5.15)

which makes it a real modular form of weight (%, %)

We thank Boris Pioline for pointing out an inconsistency of normalization, by a factor of 2 in the
exponent of @, in the first version of this paper.
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5.3 Holomorphy properties of ¢

Although formally we have In [J|> = In4 + In¥J, the form ® is not the absolute value of a
holomorphic modular form on moduli space. This property was shown in [I0] and [15]. Here,
we shall give an elementary derivation of this result, and exhibit the difference in behavior
between the genus-one and genus-two cases.

e Genus two

We proceed from (5.9) by introducing an explicit regulator ¢ for the logarithmic singu-
larity of the integrand,

B.(9) = exp {/T dizIn (‘ﬁm(o, o) + 52> } (5.16)

In view of the integrability of the logarithmic singularity, we clearly have ®. — ® as ¢ — 0.
We shall use ®. to regularize the derivatives of ®, as usual.

We restrict attention to the variation along a single complex parameter ¢t in the Siegel
upper half space Hy, with (locally) holomorphic dependence of the period matrix €2;,(t) on t.
Having already established that ®. is finite and non-zero everywhere on the interior of Hs,
it suffices to compute the Laplacian in ¢ which is given by,

9, ? g
0,0;In®.(Q(t)) = [ d*z |=0[z](0,Q(t 5.17
As ¢ — 0, the integral over T is supported on the subset of J(£2) where 1) vanishes,
6 2
0,0:In ®(Q(t)) = / d*z a19[x](0, Q)| 6@ @[z](0,Q(t)) (5.18)
T4

The integrand is everywhere positive or zero, which makes the integral itself positive or zero.

There is an interesting geometrical interpretation of this formula in terms of the ¥-divisor,
which we shall denote by ©, and which is defined by,

O(Q) = {¢ € J(2) such that ¥(¢,Q2) = 0} (5.19)

A variation in ¢ produces a variation §;0 in © because the Jacobian changes with (¢). But
there is also another variation 9,0 due to an intrinsic co-moving change of ©. These contri-
butions are most clearly disentangled by formulating the ¥-divisor without characteristics,
and parametrizing ¢ by real characteristics,

C] = Q]in] + JI/I/ (520)
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As t varies, 2/, 7" must vary, along with €2, to keep ¢ in the ¥-divisor, so that we must have["]

(Q[JI{] -+ Q[Ji‘f] + x’})@;ﬁ(g, Q) + Q]J@]J’lg(cj Q) =0 (521)
evaluated at = (¢). In the parentheses, the first term represents ¢ ,;0, while the remaining
two terms represent 0,0. Equivalently, in terms of ¥-functions with characteristics, the
variation of © in ¢ is given by,

#,8,0[x] (0, Q) + 1819]2)(0, Q) + Q7,9;,9[2](0,9) = 0 (5.22)

Combining this formula with the Laplace equation in ¢, we find,

8t8tln<l>:/T4 d*x |2, 0y0[2](0, Q1)) + 27 979[x](0,Q(t)) i §@[z](0,Q(t))  (5.23)

The Laplacian in t receives contributions from the intrinsic variation §,0 only. For genus
two, this intrinsic variation is not everywhere vanishing, as O(f2) varies non-trivially in
J(2) with Q. The non-trivial variation of © with ¢ is illustrated in Figure 1. As a result,
0:0;In ® # 0, and the function In ® is not pluri-harmonic. In [I0] and [15], explicit formulas
for the Laplacian of ¢ were derived in terms of characteristic classes.

e Genus one

However, the same arguments transposed to genus one lead to a different conclusion, as
should have been expected from the explicit formula we have available for the genus-one
Faltings invariant. The genus-one equivalent is given by,

0,0-Ind(71) = / d*z | 0'9[x)(0,7) + " 0"9[x](0, T) i 6@ (9[z](0, ) (5.24)

T2

For genus one, the ¥-divisor is a single point, ¢ = 1/2 + 7/2, or in terms of characteristics
' = x” = 1/2. Thus, © has no intrinsic variation as 7 is being varied, and hence we have,

0,0-Ind(7) =0 (5.25)

This result is consistent with the explicit result ®(7) = |n(7)|.

12We shall use the following notations: a dot refers to the derivative with respect to t; the derivatives
with respect to Q are denoted by 9;; = 9/0€Q; and 9r; = %8/8QU when J # I; and the derivatives with
respect to z; and 2/ are denoted respectively by 9; and 7.
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0.503+
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0.500- . T y U

X_] n

Figure 1: Four one-dimensional slices of the genus-two ¥-divisor are presented in co-moving
coordinates [z'z"] for the Jacobian. The moduli €21, 22, and the characteristic 23 are chosen
“generically”: we set 27 = 0.4 + i, Q99 = 0.1 + 2¢, and x5 = 0.55. The remaining modulus
is chosen to be real 215 =t and in the interval [0, 1]. At ¢t = 0, we choose 2] =z =1/2, a
point which is on the ¥-divisor for any value of 4 in view of (B.I)). We plot the parametric
curves x| (t) versus x7(t) as t runs from 0 to 1, for four values of 77, namely 2z, = 0.1 (red),
xh, = 0.2 (black), 25, = 0.25 (green), and 2/, = 0.3 (blue), such that J[z](0,) = 0.

6 Issues involved in integrating ¢ over moduli space

The coefficients of the terms in the low energy expansion of the string amplitude at genus
two are the integrated invariants,

| dua? (6.1)
Mo

where duy = |d*Q?/(det Im Q)? is the Sp(4,Z)-invariant measure on the Siegel upper half
space Hsy. This suggests that it is of interest to consider the integral of ¢(€2) over the genus-2
moduli space. Although we will not succeed in performing this integral explicitly we will
prove that the integral is a well-defined, convergent expression.

26



To this end we recast ¢ in another alternative form,

1 4
gp(Q):goo+§ Z /T4dxln

§ even

2

[2](0, )

ol
06(0.9) (62

To compute the integration over My, one would need to compute the following integral,

Alz] = / dpz In
Mz

A[z] is periodic in each x with period 1, and diverges when x is an odd spin structure. In
terms of Afz], the integral of ¢ over moduli is given by,

2

9[z](0,Q)

9[0)(0.9) (6:3)

4 1
/M2 dpz o = o Vo +5 /T4 d*zAlx] — 5 Z A[d] (6.4)

§ even

In order to prove that this integral is convergent we will analyse of the asymptotic properties
of the integrand at the boundaries of moduli space where the genus-two surface degenerates,
which will be discussed next.

6.1 Asymptotics of the ¢ and ¢ invariants in degeneration limits

In this subsection, we shall evaluate the limits of the invariants as the surface approaches
the separating and non-separating degeneration nodes. These limits reproduce the genus-two
results of [25], where the degeneration limits of the Arakelov Green function and the Faltings
invariant on a genus h surface were considered, and the results of [15] on the asymptotic
limits of ¢. Here we will start with the expressions for § and ¢ in and , rewritten
in terms of the modular form ® which was defined in ,

0 = 12In2—-16In(27) —61In(detY) —In |¥yo| —2In P, (6.5)

1
o = 61n2—§1n|\1110]—|—51n<13. (6.6)

To describe the degenerations we use the following parametrization of the period matrix,

Q:(Tl T) . (6.7)
T T2

The separating degeneration is obtained by sending 7 — 0 while keeping 7,7 fixed. The
non-separating degeneration is obtained by letting 75 — 200 while keeping 7, 7 fixed. Since

the behavior of Wy, at the degenerations is standard, we need only study the asymptotic
behavior of ® in the appropriate limits, details of which are given in appendix [B]
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e Separating degeneration node 7 — 0

Substituting the expression for Wy, near the separating degeneration,
U1(Q) = —22(277)*n(m)* n(r)* + O(14), (6.8)
together with the expression for ® of (B.8)), into gives the following limit for the Zhang—

Kawazumi invariant ¢,
P(Q) = ~In [2n7(m Pn()?| + O(7%) (6.9)

The Faltings invariant 6 may now be derived from (j5.1)), and we find,

5(Q) = 61(m1) + d2(m) — In ‘2#777(7’1)277(7'2)2‘2 + O(7?) (6.10)

where the genus-one Faltings invariant on the degeneration component I has been denoted
by 07, and is given by (see for example [24] after Proposition 4.6),

5:(r7) = —8In(27) — 61n ((Im71)|77(77)\4) : (6.11)

a combination which is manifestly modular invariant. The combination 2777 (71)?n(72)?,
which is invariant under the Sp(4,Z) transformations to leading order in 7, was
identified in [25] as the intrinsic degeneration parameter (and referred to as 7 in that paper).
With this identification, our final result for the separating degeneration precisely agrees
with part (a) of the Main Theorem of [25], specialized to genus h = 2 and h; = hy = 1.

e Non-separating degeneration node 7, — ico

Using the non-separating degeneration limit of Wy,
U1o(Q) = —22e* (1) *0, (1, 70)? (6.12)
and the asymptotics for ® of (B.14)), we find,

T 5m (Im 7)? V1(7,71)
Q) = —(I ——— —In|——= 1
P(Q) = Gmm)+ o “‘mn> (6.13)
7 Im 7)? Ui (T,
5(Q) — m)_8111(2@+_;1m2_61n<1m72>_gﬁg - _17;(:51)

Throughout this subsection we shall neglect contributions which vanish as 75 — ico. Ex-
pressed in terms of the Arakelov Green function In g(z) = In g(z|m) for modulus 7, presented

in (B.17)), these invariants become,
(Im 7)?

Immy

™

o@) = 7 (mr-

5 ) —Ing(7|m) (6.14)

(Im 7)?

Im 7y

() = d(n)—8In(2m) + %T <Im Ty — ) —6In(Im7p) —2Ing(7|m)
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In terms of the modular invariant degeneration parameter |t| which was introduced in [25],
and is defined by,

Im 7)? 1 1
Imm — (ImTf = —%ln |t] + }1119(7"7’1) (6.15)
the invariants take the following form,
@ = —s5 il - 2lng(rin) (6.16)
= ——In|t|—=In .
v 12 6 I

() = d(m)— %ln [t| — 61n(—1In|t]) + %lng(ﬂﬁ) — 21In(27)

This expression agrees precisely with part (b) of the Main Theorem of [25] for genus two.

6.2 Convergence of the integral over moduli space

The preceding analysis of asymptotic behavior enables us to prove the convergence of the
integral of ¢ over the genus-two moduli space My with the measure djo, encountered in (6.4)).
The function ¢(€2) is well-defined everywhere in the interior of My, but has singularities as
one approaches the boundary of Msy. To deal with the boundary behavior in a systematic
way, it will be convenient to replace My by its Deligne-Mumford [26] compactification My,
which is obtained from M by adjoining the divisors (a divisor is a subvariety of complex
co-dimension 1) corresponding to the separating node and to the non-separating node. The
integration measure du, extends to a finite measure on M, with finite volume.

To show convergence of the integral of ¢ on the compact space Mo, it will suffice to
show that the integral converges near each one of the compactification divisors. The divisors
intersect, but the convergence of the integral near the intersection will be shown to follow
from the convergence near each divisor separately.

e The asymptotic behavior of the measure near the separating divisor 7 — 0 is given by,

|d27'1| |d27'2|

d d>
Ha = |d°7| (Im7)? (Im7y)3

(1+0(P)) - (6.17)

Since the most singular term as 7 — 0 is given from by ¢ ~ —1In|7|+... the 7 integral
converges near 7 — 0, in view of the integration range of (2.12)).

e The asymptotic behavior of the measure near the non-separating divisor 7, — 200 is
similarly given by the following formula,

’d27'1| ‘d2’7'2’
(Im7)? (Im7y)3

dpy — |d*7| (1+0(Imm;") . (6.18)
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From we see that ¢ ~ mIm75/6 + O(7) so that the 7 integral converges, in view of
the integration range of (2.12).

e The asymptotic behavior near the intersection of the separating and non-separating
divisors is given by either formula or for the measure. The asymptotic behavior
of ¢ near the intersection of the divisors may be obtained either as the 7, — 700 asymptotics
of , or as the 7 — 0 asymptotics of . Happily, these two limits are interchangeable,
and give rise to the following uniform asymptotics near the intersection of divisors,

o(Q) = —In(27) + %Imfg —In|r| — In|n(m)? (6.19)

up to terms that vanish as 7 — 0 and 7 — i00. It is readily seen that the convergence near
the intersection is automatic once the convergence near each divisor has been checked.

We conclude that the integral with the measure dus of ¢ over the compactified moduli
space Mo, and thus over the moduli space M, is convergent.

7 Value of integrated invariant from SL(2,Z)-duality

Although we have not evaluated the integrated invariant directly, we will now determine the
relationship of its value to the coefficient of the genus-two D®R* term in the low energy
expansion of the four-string amplitude in Type IIB string theory..

As we described in the introduction, the Type IIB theory is invariant under the duality
group SL(2,7Z), which acts on the complex coupling T' = T} +iT, by M&bius transformations.
The SL(2,7Z) transformation properties of the other fields will not concern us here.

Symmetry of the amplitude under the interchange of external states again implies that
the low energy expansion of the analytic part of the amplitude is a symmetric function of
powers of the Mandelstam variables and has an expansion in powers of oy and o3 in which
each term is invariant under SL(2,Z). These conditions imply that the analytic part of the
full (i.e., non-perturbative) amplitude has a low energy expansion of the form,

3 1 _1
AD (e kT = w2, R (Tga—3 +T7 E0o)(T) + Ty 2 Eoy(T) o

an.

Ty Sy (T) o5+ .. ) , (7.1)

where the explicit powers of T, disappear after transforming from the string frame to the
Einstein frame (in which the curvature, R is inert under SL(2,Z)). The coefficients &, 4)(7T')
are SL(2,Z)-invariant functions. The prefactor of R*, which arose in the perturbative exam-
ples discussed earlier, in fact multiplies the full amplitude as can be deduced from maximal
supersymmetry. The first term in the above expansion is the lowest order term in the tree-
level expansion, which is equal to the tree-level supergravity amplitude. The challenge is to
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determine the modular invariant coefficient functions of the higher order terms. These are
functions of 7" and their expansions in the weak-coupling limit 75 — oo should start with
power-behaved terms that correspond to terms in string perturbation theory.

The first term in the o/ expansion beyond the supergravity amplitude is of order
R*, and corresponds to an interaction which preserves 16 supersymmetries in an effective
action, that may be expressed as an integral over 16 Grassmann coordinates. The next
term is of order D*R*, which is associated with an effective interaction which preserves
8 supersymmetries, that may be expressed as an integral over 24 superspace Grassmann
coordinates. These have T-dependent coefficients [5, 6] [7]

Eo,0(T) =2¢(3) E% (1), Ean(T) =¢(5) Eg (1), (7.2)

where F(T) is an SL(2,7Z) non-holomorphic Eisenstein series, which was encountered earlier
in a different context and was defined in . Although these solutions were initially
discovered by indirect means they were subsequently determined by supersymmetry, which
constrains the coefficients to satisfy Laplace eigenvalue equations of the form with
s =3/2 (in the R*) case or 5/2 (in the D*R* case) [6] [7].

The perturbative and non-perturbative content of these coefficients can easily be ex-
tracted by considering the Fourier modes of F(T'), defined by

20(25) Eo(T) = Y F(Tp) ™™, (7.3)
N#0
The non-zero modes Fy.o(7%) contain the effects of D-instantons, with exponentially sup-
pressed asymptotic behavior, Fy(Ty) ~ e 2"V at weak coupling (T, — o00). The zero
mode, on the other hand, is a sum of two power behaved terms 75 and 7, ~* which correspond
to particular terms in string perturbation theory,

27120 (s — 1/2)
['(s)
Substituting the zero mode parts of the coeflicients €0y (1) and E1,0)(T'), as defined in ([7.2)),

into (7.1 gives the contributions that are power-behaved in the coupling constant, Thus,
the perturbative contribution to the R* term is obtained by setting s = 3/2,

Fo(Ty) = 2¢(25) T5 + (25— 1)Ty~*, (7.4)

1

T / Eo0(T)dTy = 2(3)T; /

1
2 2

[NIES

Es(T)dT = 2¢(3)T% 4 4¢(2) , (7.5)

which contains the sum of tree-level and one-loop contributions. Similarly, the perturbative
contribution to the coefficient of oo R? is

T, ) 5(170)<T) dly = C<5) T, /

SIS
SIE

LB ()T = O + ST, (1)

1
2
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which contains the sum of tree-level and two-loop contributions. The precise coefficients of
the perturbative terms in and match those determined directly from perturbative
string calculations reviewed in section . The tree-level terms were shown in while the
genus-one term in 1' is given (up to a normalization factor) by [ duy Bgo’o). Similarly, the
genus-two term in 1) is given (up to a normalization factor) by [ dus Bél’o) [14]. This also
accounts for the absence of a one-loop contribution to oyR* in the ten-dimensional theory.
Generalizations of these results to lower dimensional theories with maximal supersymmetry
obtained by toroidal compactification involve combinations of Eisenstein series for higher-
rank duality groups, which are functions of more moduli [27], 28 29] (see also [30]).

The coefficient of the term D%R* in the low energy expansion which preserves 4 supersym-
metries, &1, is not an Eisenstein series but is expected to be a solution of the inhomogeneous
Laplace equation

(A7 —12) E01)(T) = —(2((3) B3 )? (7.7)

This equation was motivated by M-theory considerations in [§] based on considering the
compactification of Feynman diagrams of eleven-dimensional supergravity on a torus. The
solution to this equation has an asymptotic expansion for large 7T, that gives a contribution
to the coefficient of the o3 R* term in ([7.1)) of the form

i / £ (1) dT; = SC3PTE + 50R)0B) + SCOPTE + oo C(6)T + O(e™™) (78)

which contains four perturbative terms that are power-behaved in T5 that correspond to tree-
level, one-loop, two-loop and three-loop string theory contributions, together with an infinite
sum of D-instanton contributions. The ratio of the tree-level and one-loop contributions
agrees with the explicit string perturbation theory calculations and the overall normalization
has been chosen to be consistent with a tree-level amplitude normalized to 3/c3.

We can now compare the ratio of the two-loop perturbative contribution to &£¢,1) o3 RA
with the two-loop contribution to & ) o2 R*. First note that the expressions for E1,0) and
Eo,1y in and have been normalized to ensure that their tree-level contributions
have the correct relative normalizations, which accords with the tree-level expansion of the
amplitude as given in ([2.23)),

AP

= K2, T2 (g(z)) o9+ gg(sf 03) R*. (7.9)

The ratio of two-loop contributions to the oy R* and o3 R* terms (the T, terms in (7.6
and ([7.8))) is given by

o9 Ri+o3 R4

dus BV 8¢(2)?
UVRCEL S Gl (7.10)

fM2 dpiz BS’O) 3C(4)




From (3.20)) with h = 2 we see that this means that the integral of the Zhang-Kawazumi
invariant should take the value

1 0,1) 3 (1,0) 3 271'3
dusp = — | dus BOY = = [ dpy B = Svp = 2 (7.11)
/M2 64 J s 2 64 J o, 2 2 45

where Vo = 473/135 is the volume of My and we have substituted the value BS’O) = 32
obtained in (2.39). We note here that, by the construction of ¢ given in (3.14]), we have
©(Q) > 0 for all Q, which is consistent with the sign of the proposed relation (7.11)).

It would be satisfying to find a method of evaluating [ My, Q2 ¢ directly, which would
provide a precise check on the SL(2, Z)-duality prediction and might point to some interesting
mathematical properties of .
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A Expressing ¢ as a single integral over X

For completeness, we here determine a second alternative expression for ¢ based on [12, [13]
that is given in terms of a single integral over the surface Y. To obtain this expression, we
start from the following expression for the Faltings invariant, given in [12],

0(2) = —12In(27) — 2Indet Y — 2In|M,,,, | +/ pln |9 (A.1)
©+p—q
In this formula, p, ¢ are two distinct branch points, and v, and v, their associated odd spin
structures. The expression for 6(€2) is independent of the choice made for p, g. The modular
object M, ,, entered the calculations of the genus-two superstring measure in [31], and
may be expressed with the help of ¥-constants and of the six distinct genus-two odd spin
structures v; witht=1,---,6,

M, =7 T] 9w + v + (0,)° (A.2)
k4,5
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Finally, © is the 1¥-divisor, namely the set of points ¢ € J(2) such that J(¢,2) = 0. Using
the Riemann vanishing theorem in genus-two, © may be parametrized as follows,

o {g,_/Z:wI—A](ZO), zEE} (A3)

where Aj(zg) is the Riemann vector defined in(3.11]). Next, we proceed to reformulate the
integral over the shifted ¥J-divisor in terms of more familiar objects. To do so, we use the
relation v, = p — A to recast the J-function into one with spin structure characteristic v,

1
[0z +p—g=AQI° = W)z —q Q) +;n(detY)

—27TIZ;Y,;,1 (Im /qzwf) (Im /qzwj) (A.4)

We make use of the prime form expressed with respect to spin structure v,

Dvpl(z —w, Q)

Bew) =, w)

(A.5)

for w = ¢, where h,(2) is the normalized holomorphic 1/2 form with odd spin structure v.
Recasting the first term in (A.4]) in terms of the prime form, we find,

[z +p—q=AQI = I|EGq)l” +In |, ()" + In |hy, ()"
1
+35 In(detY) — 27Im (2 — ¢)'Y 'Im (2 — q)  (A.6)

Combining the first and the last terms, we recognize the appearance of —G/(z, ¢), where the
scalar Green function G was defined in (2.17)). Putting all together, ¢ takes the form,

hu, (q)*

- 1
QO(Q) = Qo — 5 In |\I/10| — 51H Mup’yq

+5/Eug(z) {G(z,q9) —In|n,, (2)]?} (A7)

Note that the combination h,,(¢)?/M,, ,, is independent of the branch point v,. Given that

the total expression for ¢ is independent of the branch points p, g, we see that the integral
in (A.7) must be independent of the branch point p.
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B Derivation of asymptotic limits of ¢

In this appendix we derive the asymptotic limits quoted in section [6.1}

B.1 The separating degeneration

To leading order in the separating degeneration 7 — 0, the genus-two ¥-function tends to,
xll xlll Y roon 2
(Y ZL‘/ /" (0, Q) = 19[931 xl](07 7_1) 19[‘%2 w2](07T2) + O(T ) (Bl)

where V]2 27](0, 77) are the genus-one ¥-functions with real characteristics 2 27, defined in
(2.18). They may be expressed in terms of the ¥-function with zero characteristics by,

Iy 27(0,77) = e 2 g (o 4 ) (B.2)

The limit of ® then becomes,

2 1 1
o =T ([ ot [ asf wioles afi0. ) + 0 (B3)
I=1 0 0

To evaluate each factored integral, we first express the ¥-function with characteristics in
terms of ¥ with zero characteristics using (B.2)), and then use the infinite product represen-
tation of the latter,

111’(9 Z 7_ Zln 27rm7') (1 . e7ri(2n7+22—1—7)> (1 . eﬂi(ZnT—Zz—l—T))] ) (B4)

The o’ and z” integrals in (B.3]) may be carried out by considering each of the three factors
in the square parentheses in turn, as follows. The first factor trivially gives

1 1 o0
/ dx’y / dx’] Z In (1 — €)= Z In (1 —€*7) . (B.5)
0 0 n=1

The second factor contributes zero, since the logarithm has a Taylor expansion in powers
of the exponential in its argument and the modulus of the exponential is strictly less than
1. Each term in the Taylor series vanishes by virtue of the x” integral. In the third factor,
terms with n > 1 vanish analogously, but for the n = 1 term the expansion breaks down
when % < 2’ < 1. Thus, that region needs to be re-expanded by writing the argument of
the logarithm as (1 — e™(T—#'7=2"=1)y — _pmi(r=2¢'r=22"—1)(] _ o=mi(r=22'7=22"-1)) Joading to

a non-zero contribution given by
1 1 1
[ dx'l/o da'fim (1 —22")7 — 22" — 1) +imr = _ZMT' (B.6)
3
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In addition to the above terms, in converting from In¥(z, 7) to log¥[z’, z”](0, 7) using (B.2)
we also need to evaluate the logarithm of the prefactor

1 1 1 1 1
m’/ dx'/ da” (1(2')? + 22'2") = m'/ da’ (1(z')? +2') = ng - §i7r (B.7)
0 0 0
Combining (B.5), (B.6), and (B.7), the final result is

1 1
[ s [ o ol 2510 7P =l
0 0
As a result, the asymptotics of ® is given by

® = [n(r)n(m)* + O(7?). (B.8)

B.2 Non-separating degeneration

In terms of the parametrization the non-separating degeneration is given by 7 — 200.
Later on, we shall be more precise in the finite part of this limit. To extract the leading
asymptotics of the genus-two v-function, given by , we isolate the 7y-dependence by
recasting the double sum over nq,no as a simple sum over n = ny of genus-one v-functions.
For brevity, we shall use the notation x; = 2 and y; = «7. We find,

J[z](0,82) = Z Cp(r11 + (N + 22)T + Y1, 71) (B.9)

neL

C, = exp iw{ﬁx% + 1o(n + 29)? + 2731 (n + x2) + 221y1 + 2(n + xz)yg}

The leading asymptotics depends on the range chosen for the value of the characteristics. To
obtain the asymptotics in as simple a manner as possible, we choose the integration ranges
for the torus to be —% <azh < % With this choice, it is the term n = 0 which dominates,
and we find the following asymptotics, to leading order,

J[2](0,Q) = Co I(mixy + T2 + Y1, 71) (B.10)
The term in 725 may be decomposed by making the following change of variables,

r1 — T =x1+x(Im7)/(Imm)

Y1 — 1=y + 2o <Re (1) — (Im7)(Re 7'1)/(Im7'1)> (B.11)

in terms of which the leading asymptotics of In []|? becomes,

det Y
In |9[2])(0, Q)% = In |97 §:](0,71)|? — 2ma2 S (B.12)

ImTl
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where detY = detImQ) = (Im7)(Im7) — (Im7)%. Using translation invariance of the
integration measure over the torus T#, we have dx,dy, = dZ,dy; and the integration range
is unchanged by periodicity. Carrying out the integrations over x, and yo, we find,

detY
In® = / dxl/ di (1n|19 z1 71](0, 7‘1) 2_TEC ) (B.13)
1 1 6 Imm
Using the result of (B.8) and (B.8]) for the remaining integral, we find,
Im 7)2
nd =1 U P B.14
n® =ty - § (- (27) (B.14)

Finally, we shall work out the orders of the terms that we have omitted by retaining only the
leading order in 75 — 700. We use the decomposition of the genus-two J-function in ,

still for the characteristics —% < xpy < % The suppression factors are governed by the

ratio of the correction terms, divided by the leading term, and take the form,

Gu| _ exp 27T{ — (Im79)(n® + 2nz4) — 2Im (T):L‘ln} (B.15)
Co

Since n? + 2nxy > |n|(|n| — 2|x5]), the contributions with |n| > 2 are suppressed by at least
positive integer powers of e=2™™(72)  For n = +1, the suppression is lesser, and is given by

Vi + (xo £ V)T + 41, 71)

B.16
Wy + 22T + 41, 71) ( )

exp 27T{ — (Im 79)(1 £ 222) F 2(Im T)xl}

Upon integration over x5 in the range —% <zp < %, the correction is found to be power law
suppressed by a factor (Im 75)~!. Thus, the terms we have neglected are either exponentially
suppressed for |n| > 2 and power suppressed for |n| = 1.

B.3 The genus-one Arakelov Green function

The genus-one Green function is standard up to normalization choices. The canonically
normalized Green function G was given in while the Arakelov normalization is obtained
by fixing the arbitrary additive constant in the Green function so that the integral of the
Arakelov Green function In g vanishes. In the notation of , we find

V1(z,7)|  m(Imz)?
1 =1 B.17
ng(2) = n| 20| 7 (B.17)
We recall the product formula for ¥,(z, 7),
191 (Z, 7_) — _26i7r7'/4 Sll’l T2 H 27mm7' (1 o 627Tim7'+27riz) (1 o 6271'1'777,7'7271'2'2) <B18)
m=1
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The Arakelov Green function satisfies,

/ d*zIng(z —w) =0 (B.19)

The integral is over the fundamental domain of the genus-one surface ¥ generated by the
lattice with periods 1 and 7. Note that the canonical Green function G in (2.25) and the
Arakelov Green function Ing in (B.17)) are related by

G(z,w) = —2Ing(z — w) + 2In(27|n}*), (B.20)

where we have used the fact that ¢/(0,7) = —2mn(7)>.

C Direct calculation of separating degeneration of ¢

We calculate the separating degeneration asymptotics of ¢ directly from the formula for ¢
given in ([3.21]), with G defined in , and P defined in . In the parametrization of
(6.7), we seek the asymptotics as 7 — 0 while keeping 77, I = 1,2 fixed. The surface ¥
pinches off to the union of two genus 1 surfaces >; with one puncture p; each.

The leading asymptotics of the normalized holomorphic Abelian differentials w’ on the
genus-two surface is given by wt(z) = wl '(2)+O(t) for z € 2y and wh(z) = O(t) for = & 3y,
with 7 = 7it/2 + O(t?). Here, wgl) are the normalized holomorphic Abelian differentials

on the genus-one components ;. Representing ¥; by a flat torus with modulus 7;, and

complex coordinates zy, z;y with periods 1 and 77, we have wg)(z) = dzy. The imaginary part

of the period matrix becomes, Y;; = d;;7Im7; + O(t). Using this information, we evaluate
the degeneration limit of the form P(z,y) of (3.4]) and we find to leading order,

zZ,w € X P(z,w) = —4(Im 77) " 2d*2d*w
2 €Y, weE X P(z,w) = 4(Im 7)) (Im ) ' d*2d*w (C.1)

where we recall that d*z = idz A dZ/2, so that [;, d?2; = Im7;. The asymptotics of the
Green function G was carefully evaluated in formula (3.19) of [I4], and is given by,

Z,w € X G(z,w) = GY(z,w; 1) + O(7) (C.2)

2 € X, wE Xy G(z,w) = ’ | —|— els (z,pl,ﬁ) + G(l)(w,pQ;Tg) + O(7)

To make its genus-one nature and modulus explicit, we have denoted the genus-one Green
function of (2.19)) for modulus 7; by GV (z, w; 7).
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To carry out the integrals of (3.21)) in this limit, we proceed from (B.19)) and (B.20), to

deduce the value of the following integral,
[ 26 (e wim) = 2t 2l (C3)
X

for any point w (as follows by translation invariance on the torus). Combining the limits of
P and G given above, and carrying out the integrals over z and w, we find,

¢ = +In(nln(m)[?)+ In(2nly(r)?)
0 0 2w 2eln(n)) — 2mrin(r) ) (C4)

The terms on the first line result from the integration over z,w on the same component >,
while the terms on the second line arise from z and w on opposite components ;. The
contribution from points in the funnel (present for non-zero t) tends to 0 as t — 0, and may
be neglected. Minor simplification reproduces the separating degeneration asymptotics of
, which was obtained through the asymptotics from ® in appendix B.
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