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Abstract We investigate the magnetospheric and solar wind factors that control the occurrence
probabilities, locations, and frequencies of standing Alfvén waves excited via coupled fast-mode resonances
(cFMRs) in the outer magnetosphere’s dawn and dusk sectors. The variation of these cFMR properties with
the observed magnetospheric plasma density profiles and inputs to the semiempirically modeled magnetic
field from the numerical cFMR calculations of Archer et al. (2015) are studied. The probability of cFMR
occurrence increases with distance between the magnetopause and the Alfvén speed’s local maximum. The
latter’s location depends on magnetospheric activity: during high activity it is situated slightly outside the
plasmapause, whereas at low activity it is found at much larger radial distances. The frequencies of cFMR are
proportional to the Alfvén speed near the magnetopause, which is affected by both density and magnetic
field variations. The location of the excited resonance, however, depends on the relative steepness of the
Alfvén speed radial profile. The steeper this is, the closer the resonance is to the outer boundary and vice
versa. The variation of the density profiles with solar wind conditions and activity is also shown.

1. Introduction

In realistic representations of Earth’s magnetosphere, the Alfvén and fast magnetohydrodynamic (MHD) wave
modes are coupled [Radoski, 1971], allowing for resonant ultralow-frequency (ULF) waves in the outer magne-
tospheric cavity [Chen and Hasegawa, 1974; Southwood, 1974]. In particular, much attention has been paid to
radially standing cavity/waveguide fast-mode waves between the magnetopause and a turning point, which
excite a discrete field line resonance (FLR) [e.g., Kivelson and Southwood, 1985; Samson et al., 1991, 1992].
In the absence of any upstream driving at specific frequencies [Guglielmi, 1974; Potapov, 1974; Viall et al.,
2009], these coupled fast-mode resonances (cFMRs) have been suggested as one mechanism of producing
the often observed discrete frequency FLRs [see, e.g., Potapov and Mazur, 1994]. Such FLRs occur predomi-
nantly at magnetic local times (MLTs) around ∼8 h with a secondary peak at ∼16 h [Baker et al., 2003; Plaschke
et al., 2008].

The magnetosphere is an incredibly variable system, however: the magnetopause location and motion are
largely dictated by the balance between the ever changing solar wind dynamic pressure and the magnetic
pressure of the magnetospheric magnetic field [Shue et al., 1998]; reconnection at the magnetopause depletes
magnetic flux in the dayside transporting it to the nightside [Dungey, 1961]; magnetospheric convection
erodes the plasmasphere and outer magnetosphere causing the plasmapause to move earthward [O’Brien and
Moldwin, 2003]. Since magnetospheric ULF waves are sensitive to the configuration of plasma and magnetic
field, all of these effects should impact upon their properties.

Some attempts have been made to understand how different conditions affect cFMRs. Allan and McDiarmid
[1989] simulated cFMRs in a cylindrical geometry where the plasma densities varied with L shell as L−q for
some radial density exponent q. They showed that as q increased, the location of the excited resonance
moved earthward. Wright and Rickard [1995] modeled a two-dimensional Cartesian waveguide with a uni-
form magnetic field and an Alfvén speed that increased linearly with distance from the magnetopause.
They demonstrated that as the scale length (inversely proportional to the Alfvén speed gradient) increases,
the waveguide frequencies go up and the resonance location moves earthward. Claudepierre et al. [2016]
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performed three-dimensional global MHD models of cFMR showing that the inclusion or exclusion of a plas-
masphere model affects the penetration of compressional waves into the magnetosphere and the L shells
over which FLRs may be excited.

Since these studies use rather idealized magnetic fields and/or densities, Archer et al. [2015] (hereafter A2015)
combined a large number of observed density profiles with a realistic magnetic field model, applying cFMR
theory (see section 2) to each profile. They found that cFMRs are supported most often in the dawn sector
and least often around noon, in agreement with ground-based FLR observations. Profiles that did not sup-
port cFMR typically showed immediate rises in density with distance earthward from the magnetopause, and
(A2015) posited that extended plasmaspheres or plasmaspheric plumes may limit the occurrence of this
mode. They calculated the spread in the cFMR frequencies as the Median Absolute Deviation (MAD) [Huber,
1981], a robust scale parameter given by MAD = Mediani

(|||xi − Medianj

(
xj

)|||) such that 50% of the data lie
between Median ± MAD. This symmetric statistic was chosen so that the relative variability could be quanti-
fied as the ratio of MAD to the median, which is unaffected by highly skewed distributions unlike, e.g., the ratio
of the interquartile range to the median. Combining the effects due to density and magnetic field variations,
the authors found the relative variability of cFMR frequencies to be 28%, 72%, and 55% at dawn, noon, and
dusk, respectively. The relative variability at noon and dusk was chiefly due to density effects.

Although A2015 assessed the overall variability in cFMR properties, the sources of this variability have not fully
been explored. We therefore wish to determine how magnetospheric and solar wind conditions affect the
occurrence, frequencies, and resonance locations of cFMR, identifying any controlling factors that will allow
for better prediction of magnetospheric ULF wave properties.

2. Theory

Here we present the theory of the resonant coupling between the fast and Alfvén modes in the outer mag-
netospheric cavity [Kivelson and Southwood, 1985; Samson et al., 1992]. A field line resonance excited at
radial distance xr (x, y, and z correspond to the radial, azimuthal, and field-aligned coordinates respectively
throughout) satisfies the Alfvén dispersion relation[

𝜔

vA

(
xr

)]2

− k2
z = 0 (1)

with angular frequency 𝜔, wave vector component kz , and local Alfvén speed vA = B∕
√
𝜇0𝜌 which depends

on both the magnetic field strength B and plasma mass density 𝜌. The fast-mode resonances considered
in this paper propagate between the magnetopause, location xmp, and a turning point, location xt ≥ xr

determined by [
𝜔

vA

(
xt

)]2

− k2
y − k2

z = 0 (2)

assuming low plasma 𝛽 . The solutions to the resonant coupling can be found using the WKB approximation
through radially integrating the phase

Φ
(

xr

) ≡ ∫
xmp

xt

dx

√√√√√[
𝜔
(

xr

)
vA (x)

]2

− k2
y − k2

z (3)

and requiring eigenmodes [Samson et al., 1992, 1995]. A2015 applied the time-of-flight method [e.g., Wild
et al., 2005] to the quantized FLR eigenfrequencies

𝜔l

(
xr

)
= 𝜋l

[
∫

dz
vA

]−1

(4)

where l ∈ N is the field-aligned mode number, assumed the usual azimuthal waveguide form ky = m∕x for
azimuthal mode numbers m ∈ R [Waters et al., 2000], and used the radial quantization condition

Φ
(

xr

)
= 𝜋

2

(
n − 1

2

)
(5)
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Therefore, odd radial mode numbers n ∈ N correspond to an antinode at the magnetopause [Mann et al.,
1999; Claudepierre et al., 2009; Elsden and Wright, 2015; Elsden et al., 2016], whereas even n exhibit nodes
there [Samson et al., 1992, 1995]. These methods yield frequencies, denoted 𝜔l,n (m) ∕2𝜋, which differ only
slightly from those determined numerically using more sophisticated techniques [Singer et al., 1981; Rickard
and Wright, 1995; Rankin et al., 2006; Kabin et al., 2007].

Because the frequencies of the cFMRs were found to highly correlate with the outer magnetospheric Alfvén
speed taken nearest the magnetopause at the spacecraft apogee [Archer et al., 2015], we shall rephrase the
above theory by introducing a normalized Alfvén speed profile (x), where this characteristic scale has been
divided out, i.e.,

vA (x) ≡ vA

(
xmp

) (x) (6)

Thus,  (x) is a dimensionless quantity varying with radial distance that encapsulates the functional form of
the profile only. It follows that the frequencies can be expressed as

𝜔l

(
xr

)
= 𝜋l

vA

(
xmp

)
(

xr

)
S
(

xr

) (7)

where S
(

xr

)
=vA

(
xr

) ∫ dz∕vA is the effective length of the resonant field line. Inserting these into equation (3)
applied to m = 0 as with Samson et al. [1992], since waveguide dispersion has been found to be systematic,
we arrive at

Φ
(

xr

) ≡ 𝜋l

S
(

xr

) ∫
xmp

xr

dx

√√√√√[
(

xr

)
 (x)

]2

− 1 (8)

which has no explicit dependence on the characteristic speed (note that our choice of using the speed near
the magnetopause was somewhat arbitrary). Therefore, we expect resonance locations to vary only with the
form of the normalized profiles  (x).

3. Data and Methodology

We use the numerical cFMR calculations of A2015. The density profiles utilized were derived from space-
craft potential measurements by the three inner Time History of Events and Macroscale Interactions during
Substorms (THEMIS) [Angelopoulos, 2008; Bonnell et al., 2008; McFadden et al., 2008a, 2008b] probes (TH-A,
TH-D, and TH-E) between February 2008 and June 2013 within 1 h of dawn (6 h MLT), noon (12 h MLT), and
dusk (18 h MLT) assuming fixed ion compositions in each sector from Lee and Angelopoulos [2014]. At dawn
and dusk, a constant extrapolation of the density from apogee (∼10.5–13.0 RE) to the magnetopause was
used [cf. Carpenter and Anderson, 1992]. The density observations were combined with a T96 magnetic field
model [Tsyganenko, 1995, 1996] using median conditions over the survey period (shown in Table 1) as inputs,
yielding Alfvén speed and FLR frequency profiles for each crossing. The cFMR theory presented in section 2
was then numerically applied to each crossing’s set of Alfvén speed and FLR frequency profiles, calculating
the cFMR resonance locations and frequencies for mode numbers l = 1–3, m = 0–10 (0.5 spacing) and all
possible n (given by the solutions to equation (5)). Further calculations were performed varying the solar wind
dynamic pressure Pdyn,sw input by ±MAD (0.5 nPa).

Although A2015 discussed the overall occurrence and variability in frequency and resonance location of
cFMRs, they did not ascertain the factors that control them and thus how cFMRs depend on solar wind and
magnetospheric conditions, which shall be the subject of this paper. Note that we only consider dawn and
dusk here because FLRs are observed more often in these sectors [Baker et al., 2003; Plaschke et al., 2008] and
only 27% or less of density profiles at noon support cFMR [Archer et al., 2015]. Analysis at noon is left to the sup-
porting information. We also limit our discussion to cFMRs with mode numbers l = 1, |m| = 1, and n = 1–3.
The variation of frequency and resonance location with m and l was discussed in A2015. Furthermore, the
qualitative dependences presented in this paper will also apply to cFMRs with different mode numbers,
though the quantitative relationships may, of course, differ.

ARCHER ET AL. COUPLED FAST-MODE RESONANCE DEPENDENCES 3
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Table 1. Percentiles Over the Survey Period of the T96 Input Conditions From the OMNI Database

Percentile

T96 Input 5% 25% 50% 75% 95%

Pdyn,sw (nPa) 0.6 1.0 1.4 2.0 3.7

By,sw (nT) −5.3 −2.4 −0.5 1.9 5.0

Bz,sw (nT) −4.3 −1.5 −1.5 1.6 4.4

Dst (nT) −31 −12 −5 2 11

In section 4 we explore the dependence of cFMR occurrence, resonance location, and frequency on the mag-
netospheric density profiles using a fixed T96 magnetic field model under the median conditions across the
entire survey (see Table 1). Since the focus of this study is on cFMRs at dawn and dusk, we shall discuss only
the large-scale morphological features of the density profiles that affect the ULF mode in question and shall
not attempt to create a new comprehensive density model such as that of Sheeley et al. [2001]. In section 5 we
vary all T96 inputs independently to investigate how magnetic field variations affect cFMRs across all density
profiles.

4. Magnetospheric Plasma Density
4.1. Occurrence
First, we investigate the probability of cFMR occurrence, i.e., when a solution to equation (5) exists. A2015
showed that density profiles that do not support cFMR tend to exhibit increases in the density immediately
earthward of the magnetopause, resulting in decreases in the Alfvén speed with distance from the boundary
because the density rises faster than the magnetic field. The authors posited that such density increases may
be caused by an extended plasmasphere or plasmaspheric plumes, which might explain the possible occur-
rence of cFMR with local time. From equations (1) and (2) we see that fast magnetosonic waves only propagate
in regions where vA(x) < vA(xr) [Waters et al., 2000]. Therefore, we expect that the resonance cannot be excited
earthward of the Alfvén speed local maximum, the location of which we shall call the inner boundary xib of
the outer magnetospheric cavity [cf. Waters et al., 2002; Hartinger et al., 2012].

For each density profile we locate this inner boundary (which does not change with the T96 inputs) and
calculate the conditional probability of cFMR being supported as a function of xib using Bayes’ rule

P
(

cFMR ∣ xib

)
=

f
(

xib ∣ cFMR
)

P (cFMR)

f
(

xib

) (9)

P (cFMR) is the overall fraction of profiles that support a cFMR of that mode, i.e., the fraction for which a solu-
tion to equation (5) existed. The probability densities of the inner boundary locations across all profiles and
for those supporting the particular mode of cFMR are f

(
xib

)
and f

(
xib ∣ cFMR

)
, respectively. These quantities

were evaluated as kernel density estimates [Bowman and Azzalini, 1997] using Gaussian kernels of optimal
bandwidth for the conditional probability in equation (9) [Hall et al., 2004]. The conditional probabilities are
shown in Figure 1 for dawn (b) and dusk (d) along with the distributions of xib (grey areas). The inner boundary
locations varied significantly in the two sectors, with large xib occurring for many of the dusk profiles, whereas
at dawn xib tended to be smaller. In contrast, the conditional probabilities in both sectors are almost identi-
cal. We find that when the inner boundary is close to the magnetopause (xib ≳11.5 RE), cFMRs are impossible.
As xib moves earthward, however, the probability of cFMR increases for each mode until eventually they are
all fully supported. The transition from cFMRs being impossible to almost certain happens at increasing dis-
tances from the magnetopause with radial mode number and corresponds well with the range of resonance
locations, shown in Figures 1a and 1c as box plots. Finally, we show scatterplots inset (Figures 1e and 1f) of
resonance versus inner boundary locations, revealing that the resonances are indeed confined to larger radial
distances than the inner boundary.

The possible occurrence (assuming that a suitable driver is present at all times) of cFMR can thus be under-
stood in the following way. If, for given mode numbers, the radial quantization condition (equation (5)) is not
satisfied before the inner boundary is encountered, cFMR will not be possible. Since greater radial mode num-
bers require larger phase integrals, the critical radial distances from the magnetopause will also be greater.
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Journal of Geophysical Research: Space Physics 10.1002/2016JA023428

f(x
ib

)

(b)

0

0.2

0.4

0.6

0.8

1

(d)

3 4 5 6 7 8 9 10 11 12
0

0.2

0.4

0.6

0.8

1

1
2
3   Dusk (c)

1
2
3   Dawn (a)

x
ib
 (R

E
)

3 6 9 12

x r (
R

E
)

3

6

9

12

(e)

x
ib
 (R

E
)

3 6 9 12

x r (
R

E
)

3

6

9

12

(f)

Figure 1. Possible occurrence of cFMR (n = 1–3 in blue, green, and red) in the (b) dawn and (d) dusk sectors as a
function of the inner boundary location. Grey shaded areas represent the distribution of inner boundary locations in
both sectors. (a, c) Box plots of resonance locations are displayed where whiskers represent 95% of the data. (e, f )
Scatterplots of resonance against inner boundary locations are shown.

Thus, only for small inner boundary locations ≲5 RE will all of the first three cFMRs be possible. Furthermore,
the different distributions of xib explain the occurrences reported in the two sectors (A2015).

We now interpret the location of the inner boundary. Previous studies have typically identified the plasma-
pause as the innermost large proportional change in density over some small radial distance; e.g., O’Brien and
Moldwin [2003] required at least a factor 2 change within 0.5 RE . However, it is known that the density transition
can exhibit multiple sharp jumps [Horwitz et al., 1984] or indeed a smooth profile [Tu et al., 2007; Archer et al.,
2013] that current empirical models have not addressed. Figure 2 shows a number of example density (blue)
and corresponding Alfvén speed (red) profiles at dusk taken throughout the stages of geomagnetic substorms
in 2011. Locations satisfying the O’Brien and Moldwin [2003] criteria are shown as grey vertical lines, with that
identified as the plasmapause (the innermost) in turquoise. In contrast, the inner boundary is depicted by the
black dashed lines. While a few cases show these two locations being similar (Figures 2b, 2d, and 2g) when
the plasmapause is a single sharp density change, the other cases exhibit more structure to the density tran-
sition resulting in the inner boundary being farther out. Based on the examples, it appears that the location of
the Alfvén speed peak can be thought of as the outer edge of the plasmapause. Although the plasmapause
is often poorly defined and thus cannot always be identified, the inner boundary can always be located.

We statistically investigate the inner boundary’s location with magnetospheric activity. The peak magneto-
spheric activity (Kp, Dst, and AE indices) for each magnetosphere crossing was calculated. This was performed
over the 36 h before the beginning of the crossing until the end of the crossing so that the location could be
directly compared with the O’Brien and Moldwin [2003] plasmapause model. The two-dimensional distribu-
tions of inner boundary location against activity are shown in Figure 3 as contours of kernel density estimates
[Botev et al., 2010] along with medians (black lines) and interquartile ranges (dotted). Logarithmic scaling is
used for the Dst and AE indices, again for direct comparison with O’Brien and Moldwin [2003]. For medium to
high activities and at small radial distances (≲6 RE) the distribution of inner boundary locations appears to
be constrained by the empirically determined plasmapause location (the O’Brien and Moldwin [2003] model
given by turquoise dashed lines); i.e., the orange/red contours are largely to the right of the turquoise dashed
lines. However, at low activities the inner boundary is located at much larger radial distances. While Kwon et al.
[2015] showed that for low activity the plasmapause occurs at larger radial distances than predicted by the

ARCHER ET AL. COUPLED FAST-MODE RESONANCE DEPENDENCES 5
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Figure 2. (b–g) Example density (blue) and Alfvén speed (red) profiles at dusk throughout various phases of geomagnetic storms, indicated by the (a) Dst index.
Sharp density changes identified using the method of O’Brien and Moldwin [2003] are shown (grey vertical lines) with the innermost identified as the plasmapause
(turquoise). The inner boundary of fast-mode waves, the Alfvén speed peak, is represented by black vertical dashed lines. The dotted vertical line shows the
THEMIS apogee.

O’Brien and Moldwin [2003] model, especially at dusk, this cannot fully account for these results. The rank order
correlation coefficients (ROCC) between activity and xib in both sectors are similar to those for the plasma-
pause. We model the inner boundary location via robust linear regression using iteratively reweighted least
squares with bisquare weighting [Huber, 1981; Street et al., 1988] to arrive at the coefficients in Table 2 for the
equation

xib ∼ aQ + b (10)

where Q represents the activity index, the same functional form as O’Brien and Moldwin [2003]. The model fits
are shown in Figure 3 as the purple dashed lines. We therefore have produced the first simple empirical model
of the inner boundary location, an important quantity in magnetospheric ULF wave modeling.

ARCHER ET AL. COUPLED FAST-MODE RESONANCE DEPENDENCES 6
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Figure 3. Linearly spaced contours of the distribution of inner boundary locations against the (top row) Kp, (middle row)
AE, and (bottom row) Dst indices at (left column) dawn and (right column) dusk. Lines show the medians (solid) and
interquartile ranges (dotted) with inner boundary location along with the O’Brien and Moldwin [2003] plasmapause
model (turquoise dashed) and our linear fit (purple). Rank order correlation coefficients are also displayed.

4.2. Frequency and Resonance Location
A2015 showed that the frequencies of cFMRs at dawn are highly correlated with the reciprocal square root
of the outer magnetospheric density (taken at apogee) and thus the Alfvén speed. We find the same at dusk,
though the level of correlation is slightly reduced (0.95–0.97). Despite the high correlation, there is still some
nonnegligible spread in the frequency (5–12%) about the line of best fit. Some of this scatter will be due
to different resonance locations. For this reason and for those raised when discussing cFMR occurrence, we
investigate the factors controlling where the resonance is excited.

Motivated by equation (8), we look for a relationship between the resonance location and the ratio of the den-
sity at the resonance point with that at the magnetopause. These are plotted in Figure 4 for dawn (left) and
dusk (right). When density decreases with distance from the outer boundary, the resonance location tends
to be closer to the magnetopause, whereas the quicker the density increases proportionally from that at the
magnetopause, the more the resonance is pushed earthward. Alternatively, the steeper the Alfvén speed pro-
file from the magnetopause, the closer the resonance is to the outer boundary and vice versa. The resonance
locations follow power laws based on the normalized density ratios

log10

[
ne(xr)

ne(xmp)

]
∼ c log10[ne(xr)] + d (11)

Table 2. Linear Fit Coefficients to the Inner Boundary Location With Activity

Dawn Dusk

Index a b a b

max(Kp)36h −2.5 13.9 −4.7 21.3

log10
[
max (AE)36h

]
−9.9 32.2 −19.5 58.6

log10
[
−min (Dst)36h

]
−10.6 19.5 −16.3 28.3
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Figure 4. Relationship between (left) dawn and (right) dusk sector cFMR resonance locations (n = 1–3 in blue, green, and red) and ratio of the density at the
resonance to that near the magnetopause. The full distribution of outer magnetospheric density ratios is shown as contours. Rank order correlation and power
law fit coefficients are also displayed.

where ne is the spacecraft potential derived electron number density. The values of the coefficients c and d,
displayed in Figure 4, were again determined by robust regression and are nearly identical at dawn and dusk.
However, the density profiles in these two sectors are very different from one another, with dusk exhibiting
far more variability in the normalized density profiles as demonstrated by A2015 and through the contours of
the normalized outer magnetospheric (i.e., excluding values earthward of the inner boundary of each profile)
densities shown in Figure 4. The almost exact agreement in cFMR behavior at these two vastly different local
times therefore suggests that the density ratio is indeed a controlling parameter of this ULF mode.

These results are consistent with recent global MHD simulations of cFMR [Claudepierre et al., 2016] in which
the run with a plasmasphere, exhibiting a shallower Alfvén speed profile than that without, showed deeper
penetration of the compressional waves due to an earthward shift in the turning points. If we assume that
the density profiles followed power laws with radial distance (often used in analytic models), we can arrive at
radial density exponents for each profile based on the densities at the magnetopause and the resonance. The
relationship between this and resonance location (not shown) is qualitatively similar to the analytical model
results of Allan and McDiarmid [1989]. This is despite the observed density profiles clearly not showing such
idealized behavior, as indicated in the distribution of all density ratios beyond the inner boundary displayed
in the background of Figure 4. This shows the large amount of spread in the form of the observed density
profiles, making it somewhat surprising that the resonance location exhibits such a well-defined relationship
with the density ratio.

Given the control of the density near the magnetopause over the cFMR frequency and the form of the pro-
file on the resonance location, we wish to simply assess how the profiles change with conditions. The median
solar wind conditions from the OMNI database were calculated over the course of each density profile includ-
ing the 6 h before the crossing started. As with previous studies the specific choice of time lag used has only
a small effect on the strength of any correlations found [Cho et al., 2015]. At each radial distance we calculate
the ROCC of the solar wind condition to the magnetospheric density, using only densities beyond the inner
boundary. The correlation coefficients are displayed in Figures 5e–5h. Since we wish to ascertain the predom-
inant controlling factors of magnetospheric density profiles, we require a minimum ROCC ∼ 0.3 since this
indicates that ≳10% of the variation in density can be attributed to a linear relationship between the ranks of
the two variables. To ascertain how any correlations present actually affect the magnetospheric density, we
take the upper (red) and lower (blue) quartiles of the solar wind conditions, plotting at each radial distance the
median density (lines) and interquartile range (shaded areas) for these subsets in Figures 5a–5d. We therefore
limit our discussion to the overall dependences of the plasma profiles with median conditions and make no
comment about extreme events such as during strong geomagnetic storms.
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Figure 5. Dependence of density profiles in the (a–d) dawn and (e–h) dusk sectors on solar wind conditions, displaying the upper (red) and lower (blue) quartiles.
Solid lines and shaded areas represent the medians and interquartile ranges over these subsets. Lower panels show the rank order correlation coefficient with
radial distance of the density to the above solar wind quantity.

At dawn (Figures 5a–5d) the strongest correlations are found with the solar wind density (Figure 5c) through-
out the range of radial distances shown (6–12 RE), though particularly closer to the magnetopause. Takahashi
et al. [2014] also reported the solar wind density to have the greatest effect on dawn sector mass densities at
L = 11 RE derived via magnetoseismology, explaining this relationship as due to a fraction of the solar wind
plasma entering the magnetosphere, e.g., via the Kelvin-Helmholtz instability at the magnetopause [Johnson
et al., 2014]. Although the density is increased across the entire profile, this increase is proportionally great-
est near the magnetopause. Therefore, under high solar wind density the cFMR frequencies will be reduced
due to the lower Alfvén speed with the resonances occurring closer to the magnetopause because of the
shallower density profile. Like Takahashi et al. [2014], we also find a marginal (ROCC ∼ 0.3) dependence on
Bz,sw at large radial distances only (Figure 5b), with times of northward IMF tending to have marginally larger
magnetospheric densities. This dependence will therefore have an effect on cFMR frequencies and resonance
locations similar to that of the solar wind density. Little to no dependence on By,sw (Figure 5a) or solar wind
speed (Figure 5d) is found.

At dusk (Figures 5e–5h) the only clear dependence on solar wind conditions is with the velocity (Figure 5h),
which is only marginal, whereas all other quantities have small correlations (ROCC<0.3) and large overlaps in
densities of the upper and lower quartiles. Overall, the densities are larger for slow wind than for fast wind. One
possible explanation for this is steady magnetospheric convection, suggested as the dominant mechanism
for transporting material from the tail to the outer magnetosphere, which tends to occur under slow solar
wind [O’Brien et al., 2002; Kissinger et al., 2010]. Since it is not clear if the form of the density profiles is affected
by the solar wind speed, only the cFMR frequencies should change due to the Alfvén speed; the resonance
locations should remain similar.

We also investigate how the density profiles are affected by magnetospheric activity as quantified by the Kp,
AE, Dst, and PCN indices. Again, we calculate the median over the crossings plus a 6 h time lag, producing
Figure 6 in the same format as that used for the solar wind conditions. At dawn (Figures 5a–5d) the only clear
relationship is with Dst (Figure 5c), which is almost identical to that for Bz,sw. Of course, these two quantities
are typically related [Gonzalez et al., 1994]. At dusk (Figures 5e–5h) very similar relationships are seen across
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Figure 6. Dependence of the density profiles on magnetospheric activity indices in the same format as Figure 5.

all of the indices, with greater correlations than with the solar wind conditions and AE showing the overall
strongest relationship by a marginal amount. Please note that the sharp increase seen for high Dst should not
be interpreted as physical. It is a result of very few profiles (46) having inner boundaries located at radial dis-
tances less than 7 RE for low activity; hence, the confidence intervals in the density quartiles (not shown) are
large, particularly in the vicinity of the sharp increase. Low activity results in higher densities at all radial dis-
tances and vice versa, which is somewhat to be expected since enhanced magnetospheric activity erodes the
outer magnetosphere. As with the solar wind speed, there does not appear to be a clear change in the form of
the profile with activity. Therefore, during geomagnetically quiet times the enhanced magnetospheric density
should reduce the frequencies of cFMRs but without significantly changing the location of the resonance.

5. Magnetospheric Magnetic Field

A2015 assessed the variability of cFMR frequencies due to the magnetic field by changing the solar wind
dynamic pressure input to T96 by ±MAD (0.5 nPa) across all density profiles. Here we extend that analy-
sis across all inputs. The cFMRs were recalculated varying each T96 input separately (evaluated at the 5th,
25th, 75th, and 95th percentiles) with the remaining inputs left at their median values. All values used are
shown in Table 1. We thus ascertain how the magnetic field affects cFMR occurrence, resonance locations, and
frequencies here. The results of varying these inputs at dawn and dusk are shown in Figures 7 and 8, respec-
tively, where again P (cFMR) is the overall fraction of profiles that support a cFMR of that mode, and the lines
represent the medians, whereas error bars display the interquartile ranges.

The largest effect on cFMRs arises from varying the solar wind dynamic pressure Pdyn,sw. Figures 7e and 8e
show that as the magnetopause (black) moves in response to the dynamic pressure, the resonance location
moves a similar amount. However, the distance between the magnetopause and the resonance locations
is slightly smaller for larger Pdyn,sw and vice versa: the resonance location is closer to the magnetopause
by ∼0.7 RE at dawn and ∼1.0 RE at dusk for the 95th percentile of Pdyn,sw compared to median conditions
and farther away by ∼0.5 RE at dawn and ∼0.7 RE at dusk for the 5th percentile. Since the magnetopause is
closer to Earth’s approximately dipole magnetic field for enhanced Pdyn,sw, the magnetic field profile and thus
the Alfvén speed profile is steeper, which results in a reduced distance between the magnetopause and the
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Figure 7. Variation of dawn (a–d) cFMR occurrence probability, (e–h) resonance location, and (i–j) frequency with T96 inputs at their respective 5th, 25th, 50th,
75th, and 95th percentiles. Medians (lines) and interquartile ranges (error bars) are displayed for n = 1–3 (blue, green, and red). The magnetopause location is
shown for reference as the black lines in Figures 7e–7h.

Figure 8. Variation with T96 inputs at dusk in the same format as Figure 7.
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resonance location. Conversely, the Alfvén speed profiles are shallower under reduced Pdyn,sw yielding slightly
larger distances. The motion of the magnetopause and resonance location also explains the occurrence of
cFMR with dynamic pressure (Figure 7a); they are more likely for low Pdyn,sw and less likely for high Pdyn,sw.
Since increasing Pdyn,sw moves both the magnetopause and resonance locations earthward, i.e., toward the
inner boundary, it becomes more likely that the inner boundary (independent of Pdyn,sw) will be encountered
before resonance can be achieved in the phase integral, making cFMR less likely. The relationship between the
frequencies of the cFMRs and the dynamic pressure (Figure 7i) is approximately a power law with exponent 1

2
,

as shown by the black line. Since the outer magnetospheric magnetic field has a significant contribution from

the magnetopause current, dictated by pressure balance between the magnetospheric magnetic pressure
directly earthward of the magnetopause to the component of the solar wind dynamic pressure normal to the
boundary [e.g., Petrinec and Russell, 1997], such a relationship is to be expected.

Few if any changes in the cFMRs are seen by varying By,sw (Figures 7b and 7f and 8b and 8f) apart from a slight
decrease in their likelihood for the most extreme values, moreso at dawn. Such a weak dependence is perhaps
to be expected since By,sw has comparatively little control over the quantities affecting cFMRs, such as the
magnetic field strength and magnetopause location [e.g., Tenfjord et al., 2015, and references therein]. On the
other hand, Bz,sw has more influence (Figures 7c and 7g and 8c and 8g) with a ∼±4% change in frequencies
across the central 90th percentile, with negative Bz,sw resulting in lower frequencies. Occurrence probabilities
and resonance locations, however, are barely affected by these changes. The T96 magnetic field shows fairly
similarly sized changes in magnetic field strength across the outer magnetosphere (≳7 RE) as magnetic flux
is depleted under southward interplanetary magnetic field (IMF) due to reconnection. The normalized Alfvén
speed profiles are thus barely affected leaving the resonance locations unchanged; the change in the absolute
Alfvén speed, however, explains the shifts in frequencies.

Finally, we consider the Dst index which shows the second largest effects on cFMR (Figure 7, right). As Dst
decreases (indicative of more storm-like conditions), cFMRs occur less often, resonance locations move earth-
ward, and frequencies increase. The effect on the magnetospheric magnetic field of more negative Dst is a
decrease within the inner magnetosphere and an increase in the outer magnetosphere, with the critical radial
distance being ∼9 RE . This therefore makes the Alfvén speed profile shallower, thereby increasing the pen-
etration of the fast waves into the magnetosphere, pushing the resonance location earthward toward the
inner boundary, which is independent of varying the Dst input to T96, thereby making cFMRs less likely while
also driving their frequency up (when possible). However, the inner boundary tends to occur at smaller radial
distances for more negative Dst (Figure 3, bottom row), which has not been taken into account with these
occurrence probability calculations. Since the inner boundary moves earthward by a much greater amount
than the resonance location with decreasing Dst, cFMR should overall be more likely during storm times.

6. Conclusions

We have investigated how coupled fast-mode resonance (cFMR) occurrence probabilities, frequencies, and
resonance locations vary with solar wind and magnetospheric conditions in the outer magnetospheric dawn
and dusk sectors. Our main conclusions are the following:

1. cFMR occurrence probabilities depend on the distance between the magnetopause and the inner bound-
ary, the location of the Alfvén speed local maximum. Because fast-mode waves cannot propagate earth-
ward of the inner boundary, larger distances between it and the magnetopause result in radial eigenmodes
being supported more often. Although the magnetopause’s location is largely determined by pressure bal-
ance with the solar wind dynamic pressure [e.g., Shue et al., 1998], the inner boundary’s location depends on
magnetospheric activity. A comparison with the empirical O’Brien and Moldwin [2003] plasmapause model
shows that the inner boundary occurs at only slightly larger radial distances than the plasmapause during
high activity, though under quiet conditions it is typically located at much larger radial distances than the
plasmapause. Consequently, cFMRs are most likely (≳75% probability) during storm times and under low
dynamic pressure solar wind.

2. cFMR frequencies are largely proportional to the Alfvén speed near the magnetopause: they vary as the
square root of the solar wind dynamic pressure (proportional to the magnetopause magnetic field strength
via pressure balance) and as the reciprocal square root of the density (extrapolated from the spacecraft
apogee). At dawn, larger densities near the magnetopause tend to occur under high-density solar wind
and to some degree northward IMF, whereas at dusk, densities beyond the inner boundary are enhanced
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during times of low magnetospheric activity. Thus, cFMR frequencies are expected to be lower (≲5 mHz
(cf. A2015)) under these sets of conditions. Furthermore, lower frequencies are also expected during low
solar wind dynamic pressure due to the magnetospheric magnetic field.

3. cFMR resonance locations depend on the relative steepness of the Alfvén speed profiles with distance from
the magnetopause. With steeper profiles, fast-mode waves are confined near the outer boundary, whereas
with shallower profiles, they may penetrate to shorter radial distances. This effect manifests when either
the density or the magnetic field is varied. The magnetic field’s (and consequently the Alfvén speed’s) radial
profile is steeper during enhanced solar wind dynamic pressure or under quiet times and shallower under
reduced dynamic pressure or storm times. On the other hand, the penetration of the ULF waves is increased
when the density’s radial profiles are steeper and thus the Alfvén speed’s radial profiles are shallower. At
dawn the density profiles are steeper for low-density solar wind and under southward IMF, whereas at dusk
we find no clear relationship between the form of the density profile and solar wind or magnetospheric
conditions. Therefore, cFMR penetration earthward from the magnetopause should be greatest (∼6–8 RE)
under low solar wind dynamic pressure or during storm times in both the dawn and dusk sectors, as well
as under low-density solar wind and southward IMF at dawn.

Through numerically modeling cFMRs using realistic densities and magnetic fields over a wide range condi-
tions, we have thus determined a number of dependences that may be tested against observed ULF waves in
the outer magnetosphere.

We should note that the A2015 calculations that this study is based on assumed a fixed ion composition from
Lee and Angelopoulos [2014], due to the lack of direct composition measurements by THEMIS. The composi-
tion can, however, change throughout the solar cycle. For instance, the density of O+ ions has been directly
observed to increase with the solar UV/EUV flux, whereas few if any changes were seen for H+ or He+ [Young
et al., 1982; Yau et al., 1985; Cully et al., 2003; Nosé et al., 2009]. Takahashi et al. [2010, 2014] have shown that
observed FLR frequencies and magnetoseismologically derived mass densities also show some small depen-
dence on the solar UV/EUV flux. Therefore, while previous work suggests that changes in composition should
not significantly affect our results (no more than a few percent), they are a source of error that could perhaps
be addressed in the future using other data sets [cf. Sandhu et al., 2016].

Because the focus of this paper was on a resonant ULF wave mode, we only performed relatively simple
analyses on how the determined controlling factors of cFMRs vary with solar wind conditions and/or magne-
tospheric activity. In particular, we only looked at variations relative to median conditions over the course of
each magnetosphere crossing, incorporating some time lag. It is likely, however, that the true dependence of
magnetospheric plasma densities is far more complicated; it may depend on some combined time history of
magnetospheric plasma density and a number of other (e.g., solar wind or ionospheric) conditions. Determin-
ing this solar wind-magnetosphere-ionosphere coupling is beyond the scope of this study but is an important
challenge for ULF wave modelers.
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