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ABSTRACT. Let F' be a nearly holomorphic vector-valued Siegel modular form of weight p with
respect to some congruence subgroup of Sp,,, (Q). In this note, we prove that the function on
Sp,,, (R) obtained by lifting F' has the moderate growth (or “slowly increasing”) property. This
is a consequence of the following bound that we prove: ||p(Y'/?)F(Z)| < [Tr, (us(Y)*/? +
pi(Y)*’\l/z) where A1 > ... > A, is the highest weight of p and u;(Y) are the eigenvalues of
the matrix Y.

1. INTRODUCTION AND STATEMENT OF RESULT

Let G be a connected reductive group over Q and K a maximal compact subgroup of G(R).
One of the properties that an automorphic form on G(R) is required to satisfy is that it should
be a slowly increasing function (also referred to as the moderate growth property). We now recall
the definition of this property following [4].

A norm || || on G(R) is a function of the form [|g|| = (Tr(c(g)*c(g)))"/? where o : G(R) —
GL,(C) is a finite-dimensional representation with finite kernel and image closed in M, (C) and
such that o(K) C SO,,. For example, if G = Sp,,,, we may take o to be the usual embedding
into GLa, (R) while for G = GL,, we may take o(g) = (g,det(g)~!) into GL,11(R). A complex-
valued function ¢ on G(R) is said to have the moderate growth property if there is a norm || ||
on G(R), a constant C, and a positive integer A such that |¢(g)| < C||g||* for all g € G(R). This
definition does not depend on the choice of norm.

In practice, automorphic forms on G(R) are often constructed from classical objects (such
as various kinds of “modular forms”) and it is not always immediately clear that the resulting
constructions satisfy the moderate growth property. For a classical modular form f of weight k
on the upper half plane, one can prove the bound | f(z +iy)| < C(1 +y~*) for some constant C
depending on f. Using this bound it is easy to show that the function ¢; on SLy(R) attached
to f has the moderate growth property. More generally, if F' is a holomorphic Siegel modular
form of weight k£ on the Siegel upper half space H,,, Sturm proved the bound |F(X + iY)| <
C Tl (1 + i (Y)~F) where p1;(Y) are the eigenvalues of Y, which can be shown to imply the
moderate growth property for the corresponding function ®z on Sp,, (R).

Bounds of the above sort are harder to find in the literature for more general modular forms.
In particular, when considering Siegel modular forms on H,, it is more natural to consider
vector-valued modular forms. Such a vector-valued form comes with a representation p of
GL,,(C) corresponding to a highest weight A\; > ... > A, > 0 of integers. Furthermore, for
arithmetic purposes, it is sometimes important to consider more general modular forms where the
holomorphy condition is relaxed to near-holomorphy. Recall that a nearly holomorphic modular
form on H, is a function that transforms like a modular form, but instead of being holomorphic,
it is a polynomial in the the entries of Y ~! with holomorphic functions as coefficients. The

theory of nearly holomorphic modular forms was developed by Shimura in substantial detail
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and was exploited by him and other authors to prove algebraicity and Galois-equivariance of
critical values of various L-functions. We refer the reader to the papers [1, 3, 2, 7, 8, 9] for some
examples.

We remark that the moderate growth property for a certain type of modular form is absolutely
crucial if one wants to use general results from the theory of automorphic forms to study these
objects (as we did in our recent paper [6] in a certain case). It appears that a proof of the
moderate growth property, while probably known to experts, has not been formally written
down in the setting of nearly holomorphic vector-valued forms. In this short note, we fill this
gap in the literature.

Consider a nearly holomorphic vector-valued modular form F' of highest weight \; > ... >
An > 0 with respect to a congruence subgroup. The function F' takes values in a finite dimen-
sional vector space V. For v € V, denote ||v] = (v,v)"/? where we fix an U(n)-invariant inner
product on V. We can lift F to a V-valued function & on Spa, (R). For any linear functional
£ on V consider the complex valued function ®7 = £ o &5 on Spy, (R). We prove the following
result.

Theorem 1.1. The function ®p defined above has the moderate growth property.
The above theorem is a direct consequence of the following bound.

Theorem 1.2. For any nearly holomorphic vector-valued modular form F as above, there is a
constant C' (depending only on F') such that for all Z = X +1iY € H,, we have

lo(Y ) F(Z)] < CTT(u(Y) "2 4 () ~7%).
i=1

The proof of Theorem 1.2, as we will see, is extremely elementary. It uses nothing other than
the existence of a Fourier expansion, and is essentially a straightforward extension of arguments
that have appeared in the classical case, e.g., in [5] or [10]. This argument is very flexible and
can be modified to provide a bound for Siegel-Maass forms. With some additional work (which
we do not do here), Theorem 1.2 can be used to derive a bound on the Fourier coefficients of
F. We also remark that the bound in Theorem 1.2 can be substantially improved if F' is a cusp
form.

Notations. For a positive integer n and a commutative ring R, let M;"™(R) be the set of
sym

symmetric n X n matrices with entries in R. For X, Y € M, (R), we write X > Y if X —Y is
positive definite. Let H,, be the Siegel upper half space of degree n, i.e., the set of Z = X +1Y €

M;"™(C) whose imaginary part Y is positive definite. For such Z and g = [é g} € Spa,(R),
let J(g9,2) =CZ + D.

For any complex matrix X we denote by X™* its transpose conjugate. For positive definite
Y = (yij) € MR"™(R), let ||Y|| = max;j|yij|. We denote by p;(Y) the i-th eigenvalue of Y, in
decreasing order.

2. NEARLY HOLOMORPHIC FUNCTIONS AND FOURIER EXPANSIONS

For a non-negative integer p, we let NP(HH,,) denote the space of all polynomials in the entries
of Y~! with total degree < p and with holomorphic functions on H,, as coefficients. The space

N(H,) = | J N?(H,)

p=>0
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is the space of nearly holomorphic functions on H,.
It will be useful to have some notation for polynomials in matrix entries. Let

Ry ={(i,j):1<i<j<n}.

Let
Tﬁ = {b = (bi,j) S ZR" : b@j >0, Z biﬂ‘ < p}.
(4,5)ERn
For any V = (v; ;) € MyY™(R), and any b € T%, we define [V]P = [Lijer., v?;’-j. In particular,

a function F' on H, lies in NP(H,) if and only if there are holomorphic functions Gy on H,, such

that
F(Z)= Y Gu(2)Y 1"
beT¥
Definition 2.1. For any § > 0, we define
Vs ={Y e M;’"(R):Y >01I,}.
Lemma 2.2. Given any Y € Vs, we have ||[Y 1| <671

Proof. Note that for any positive definite matrix Y’ = (y;;) we have [|Y'|| = max;;|y;;| =
max; y};,. This is an immediate consequence of the fact that each 2 x 2 principal minor has
positive determinant and each diagonal entry is positive.

So it suffices to show that each diagonal entry of Y ~! is less than or equal to §'. But the
assumption Y > 61, implies that Y1 < §~'1,,, which implied the desired fact above. O

An immediate consequence of this lemma is that for any § <1, Y € Vs and b € T}, we have
Yp <8,

Definition 2.3. We say that F' € NP(H") has a nice Fourier expansion if there exists an integer
N and complex numbers an(F,S) for all 0 < S € My (Z), such that we have an ezpression

F(Z) = Z Z ap(F, S)eQm'Tr(S'Z) [Yfl]b

beTy Sex MyY™(Z)
5>0

that converges absolutely and uniformly on compact subsets of H,,.

Note that a key point in the above definition is that the sum is taken only over positive
semidefinite matrices. The next proposition, which is well-known in the holomorphic case,
shows that this implies a certain boundedness property for the function F'.

Proposition 2.4. Let F € NP(H") have a nice Fourier expansion. Then for any 6 > 0, the
function F(Z) is bounded in the region {Z = X +iY : Y € Vs}.

Proof. We may assume that § < 1. By the notion of a nice Fourier expansion, for each b € T},
the series
Rp(Y):= > |ap(F,8)e " EY)

SeL MY™(Z)
5>0

converges for any 0 <Y € M;"™(R). For any Z in the given region, using Lemma 2.2, we get

[F(Z)] < ) Rp(Y)57, (1)

beT?
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and so to prove the proposition it suffices to show that each Rp(Y') is bounded in the region
Y > 4. By positivity, we have

jap (£, 8) e 2T < Ry (Y)
for each Y > 0 and each S € My (Z). Therefore
|ab(F, S)| < Ry(01,,/2)e"™ ™). (2)

Next, note that if Y > 6I,, then Tr(SY) > 0Tr(S) for all S > 0. To see this, we write
Y = 61, + Y where Y7 > 0 is the square-root of Y —1,,. As S > 0 we have Tr(Y15Y7) > 0 and
consequently Tr(SY') = Tr(S0I,) + Tr(Y15Y7) > Tr(So1,).

Using the above and (2), we have for all Y > 1,

Rp(Y) < Ryp(61,/2) > e~ 0 Tr(S),
0<Se £ MY™(Z)

As the sum ) 5 ge 1y svm(z) € converges to a finite value (for a proof of this fact, see [5,
— N n

p. 185]) this completes the proof that Ry(Y) is bounded in the region Y > 01,,.

—om Tr(S)

g

3. BOUNDING NEARLY HOLOMORPHIC VECTOR-VALUED MODULAR FORMS

Let (p, V) be a finite-dimensional rational representation of GL,(C) and (,) be a (unique up
to multiples) U(n)-invariant inner product on V. In fact, the inner product (,) has the property
that

{(p(M)v1,v2) = (v1, p(M™)v2)
for all M € GL,,(C). (To see this, note that it’s enough to check it on the Lie algebra level. It’s
true for the real subalgebra u(n) and so by linearity it follows for all of gl(n,C).) For any v € V,
we define
ol = (v, v) /2.

As is well known, the representation p has associated to it an n-tuple Ay > Aa > ... > A, >0
of integers known as the highest weight of p. We let d, denote the dimension of p.

We define a right action of Spy, (R) on the space of smooth V-valued functions on H,, by

(F|,9)(2) = p(J(9,2)) "' F(gZ)  for g € Spy,(R), Z € Hy. (3)

A congruence subgroup of Sps, (Q) is a subgroup that is commensurable with Sp,,,(Z) and
contains a principal congruence subgroup of Sps,, (Z). For a congruence subgroup I' and a non-
negative integer p, let N5 (T') be the space of all functions F : H,, — V with the following
properties.

(1) For any g € Sp,,(Q) and any linear map £ : V' — C, the function £ o (F‘pg) lies in
NP(H,,) and has a nice Fourier expansion.

(2) F satisfies the transformation property
F‘pyzF for all v € T (4)
Let Ny(T') = Uy>o N5 (L). We refer to N,(T') as the space of nearly holomorphic Siegel mod-

ular forms of weight p with respect to I'. We put N,S") = Up N,(I'), the space of all nearly
holomorphic Siegel modular forms of weight p.

Recall that for any Y > 0 in Mp"™(R), we let pu1(Y) > pa(Y) > ... > pn(Y) > 0 denote the
eigenvalues of Y. We can now state our main result.
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Theorem 3.1. For any F € Nén), there is a constant Cr (depending only on F') such that for
all Z = X +iY € H,, we have

n

lo(Y' ) F(Z)] < Cp [ T(ua(Y) 2 4 () ~472).
=1

In order to prove this theorem, we will need a couple of lemmas.

Lemma 3.2. For anyv €V, and any Y > 0 in My"™(R), we have

(Hui(Y)A”“") [oll < {lp(Y)v]l < (H pi(Y ) [[o]]-
i=1

Proof. This follows from considering a basis of weight vectors. Note that it is sufficient to prove
the inequalities for Y diagonal as any Y can be diagonalized by a matrix in U(n) and our norm
is invariant by the action of U(n). O

Next, we record a result due to Sturm.

Lemma 3.3 (Prop. 2 of [10]). Suppose that F is a fundamental domain for Sps,, (Z) such that
there is some § > 0 such that Z = X + 1Y € F implies that Y € V5. Let ¢ : H,, — C be any
function such that there exist constants c; > 0, X > 0 with the property that |¢(vZ)| < c1 det(Y)*
for all Z € F and vy € Sps,,(Z). Then for all Z € H,, we have the inequality

|<C¢Huz Ak (Y)Y,

Proof of Theorem 3.1. Let F be as in the statement of the theorem, so that F' € N,(I") for
some I' C Spy,(Z). We let v1,72,...,7 be a set of representatives for I'\Spy,,(Z). Fix an

orthonormal basis v1,ve,...,vg of V and for any G € N,ﬁ") define G;(Z) := (G(Z),v;). Note

d 2\ 1/2

that |G(2)]| = (L, 1G(2)P) .
Let F be as in Lemma 3.3. By Proposition 2.4, it follows that there is a constant C' depending
on F such that [(F|,7)i(Z)] < C foralll < r <t 1< i <mn, and Z € F. Moreover,

for any Z = X 4+1iY € F we have each y;(Y'/2) > §'/2 and therefore (H;-lzl Mj(Y1/2)’\j) <
det(Y))‘l/Qéé 2= M) Now consider the function #(Z) = |p(YV?)F(Z)||. For any ~ €

Spy,(Z), there exists g € I and some 1 < r < t such that v = p7,. An easy calculation shows
that

l6(v2)| = (Y /) (F| ) (Z)]I-
So for all Z € F, v € Spy,,(Z) we have, using Lemma 3.2 and the above arguments,
l6(v2)]| < det(Y)*1/2652 Zimsh=2gt /2

So the conditions of Lemma 3.3 hold with A\ = A\;/2. This concludes the proof of Theorem
3.1. O

Corollary 3.4. For any F € N,E”), there is a constant Cr (depending only on F') such that for
all Z = X +1Y € H,, we have

o0V P F(Z)] < Cr (14 T(¥ )™ (det ¥) 2.
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Proof. This follows immediately from Theorem 3.1 and the following elementary inequality,
which holds for all positive integers A,n and all positive reals yi,...,yn:

n

[T+ <Q+m+. +y)™
=1

To prove the above inequality, note that 1 4 yz)‘ <4y +...+ yn)A for each i. Now take the
product over 1 < i < n. O
4. THE MODERATE GROWTH PROPERTY

Given any F' € N,S"), we define a smooth function 5 on Spy,(R) by the formula
Or(g) = p(J(g, 1) F(gl),
where I := ily,.

Proposition 4.1. Let F € N,E") and Dy be defined as above. Then there is a constant C' such
that for all Z = X +14Y € H,, we have

- ([YV2XYl/? - _
o ([ y-1/2 D H < C [T 4 () ~272).
i=1

Proof. This follows immediately from Theorem 3.1. 0

A complex-valued function ® on Sp,, (R) is said to be slowly increasing if there is a constant
C and a positive integer r such that

[©(9)| < C(Tx(g"9))"
for all g € Sp,,,(R).

Theorem 4.2. Let F' € Nén) and Op be as defined above. For some linear functional £ on V,
let & = Lo ®p. Then the function ®r has the moderate growth property.

Proof. Note that |®x(g)] < |[|£] |®#(g)]. So it suffices to show that there is a constant C' and
a positive integer r such that

1@r(9)ll < C(Tr(g%9))" (5)
for all g € Sp,,(R). Since both sides of this inequality do not change when g is replaced by
gk, where k is in the standard maximal compact subgroup of Sp,,(R), we may assume that g

: Y12 Xxyl/? : : .

is of the form yv-1/2 |- Then the existence of appropriate C' and r follows easily from
Proposition 4.1. Indeed, we can take any r > nA;/2 and C the same constant as in Proposition
4.1. O
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