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1

Introduction

Inspired by constructions of certain four-dimensional (4D) superconformal indices as correlators in 2D topological field theory (TFT) on a (punctured) Riemann surface C [1], we
proposed a generalization in [2] that leads to closed-form expressions for the Schur limit of
the superconformal indices of two infinite sets of Argyres-Douglas (AD) theories that arise
from twisted compactifications of the 6D A1 (2, 0) theory on C — the so-called (A1 , A2n−3 )
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1 Introduction

i=1

k=1

where n ≥ 2 is an integer, q is a fugacity, R is an irreducible representation of AN −1 with
quadratic Casimir C(R) and Cartans hi (in the Chevalley basis4 ), x = (x1 , · · · , xN −1 ) are
flavor fugacities, and the factor F ij is the quadratic form matrix, i.e., the inverse of the
Cartan matrix
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..
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··· N − 1

In particular, this wave function can be used to construct Schur indices for the
(AN −1 , AN (n−1)−1 ) Argyres-Douglas theories
X
(n)
I(AN −1 ,AN (n−1)−1 ) (q; x) =
CR (q)feR (q; x) ,
(1.3)
R

1

See [3, 4] for nomenclature and the classic references [5–7] for the original constructions of these theories
as endpoints of renormalization group flows from N = 2 gauge theories.
2
By N = 2 chiral operators, we mean operators annihilated by all the anti-chiral N = 2 Poincaré
supercharges.
3
We define an Argyres-Douglas theory to be any N = 2 SCFT with at least one N = 2 chiral operator
of non-integer scaling dimension.
4
Namely, the “rasing” and “lowering” generators, ei and fi , satisfy [hi , ej ] = Aji ej , [hi , fj ] = −Aji fj
and [ei , fj ] = δij hj with the Cartan matrix, Aij .
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and (A1 , D2n ) superconformal field theories (SCFTs).1 In addition to giving exact information about non-trivial sectors of these theories (the so-called Schur operators [8, 9]) and
characterizing new states in 2D SU(2) q-deformed Yang-Mills (see [10] for a review and,
e.g., [11–13] for other recent developments), these indices contain a surprise: they encode
information about the N = 2 chiral operators2 parameterizing the Coulomb branch even
though N = 2 chiral operators do not contribute directly to the Schur index [14]. These
results may point to the existence of a deeper structure at work in 4D N = 2 SCFTs
(see [15] for interesting recent progress in this direction). In fact, Coulomb branch physics
is at the heart of a complementary approach to computing these indices via BPS state
counting [16] (building on results in [17]).
More recently, many papers have appeared that include generalizations to other classes
of Argyres-Douglas theories3 and other limits of the superconformal index [18–21] as well
as to the full superconformal index [22–24] (and also to minimal interacting deformations
of AD theories [25, 26]). However, many interesting Argyres-Douglas theories remain to
be explored, and various aspects of the structure underlying these theories remain to be
uncovered (see [27–29] for interesting recent progress).
In this paper, we generalize our discussion in [2] and propose the following simple
wave functions for certain irregular punctures in SU(N ) q-deformed Yang-Mills theory
(thus generalizing our earlier results from N = 2 to all N ≥ 2)
#
"
N −1
∞ 
N
−1
Y
Y
n ij
1
(n)
F
h
h
h
nC
(R)
−
i j
feR (q; x) =
(1.1)
(x1 · · · xi ) i ,
q 2 TrR q 2
1 − qk

where the sum is taken over all irreducible representations of AN −1 , and the coefficients,
CR , take the form
QN −1

(1 − q k )N −k
dimq R =
−1
(q; q)N
∞

QN −1

N −1
(1 − q k )N −k su(N ) − N −1 − N −3
2 ,q
2 ,··· ,q 2 ),
χ
(q
R
−1
(q; q)N
∞
(1.4)
as conjectured in [1].5 h Here, our convention
for
the
character
is
such
that
i
QN −1
su(N )
6
h
−1
i
χR
(x1 , · · · , xN ) ≡ TrR
with xN ≡ (x1 · · · xN −1 ) .
i=1 (x1 · · · xi )

CR (q) =

k=1

k=1

5

These coefficients are fixed by the rank of the q-deformed Yang-Mills theory and the topology of the
surface on which it lives. As we will review below, both these properties are in turn fixed — up to duality
— by the particular AD theory we consider.
6
An equivalent expression is
su(N )

χR

(x1 , · · · , xN ) =

det(xjℓi +N −i )
−i
det(xN
)
j

,

(1.5)

P −1
where ℓ1 , · · · , ℓN are given by ℓi = N
j=i λj , in terms of the Dynkin labels, (λ1 , · · · λN −1 ), of the representaiton R.
7
One may also try to infer additional integral expressions for some of these theories using the methods
described in [30, 31] and results in the existing literature.
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Therefore, in addition to providing a description of new states in SU(N ) q-deformed
Yang-Mills theory, our expression in (1.1) can be used to construct closed-form expressions for Schur indices of a doubly infinite set of strongly interacting SCFTs. This proposal completes the construction of all such indices for Argyres-Douglas theories of type
(AN , AM ). Indeed, these indices have not been previously constructed for theories of type
(AN −1 , AN (n−1)−1 ) with N > 2 (with the exception of the (A3 , A3 ) and (A2 , A5 ) cases for
which expressions involving integrals over gauge groups exist [2, 18], but no simple sum of
the type in (1.1) has been found7 ).
One interesting aspect of the (AN −1 , AN (n−1)−1 ) theories with N > 2 is that they typically have exactly marginal deformations (if n = 2, there are N − 3 such deformations, and,
if n > 2, there are N − 2 exactly marginal deformations). While the index is an invariant of
the resulting conformal manifolds, the S-duality groups (see the interesting recent discussion in [32]) act on the index through discrete symmetries. Our compact expressions for the
Schur indices make it possible to explore the discrete symmetries of the index efficiently.
Moreover, as we will see in detail, our formulae encode a highly non-trivial set of
renormalization group (RG) flows that typically take conformal manifolds in the ultraviolet
(UV) and often map them to products of conformal manifolds in the IR along with various
isolated factors. While we leave a deeper exploration of such RG flows and the laws they
obey to future work, we develop a simple “monopole vev RG flow” formalism to study these
flows in the theories related by mirror symmetry to the S 1 reductions of our AD theories
of interest (we explain why the reduction along the circle commutes with the RG flow).
Another aspect of our proposal is that it immediately gives us an infinite set of
new superconformal indices for free. Indeed, simply by including already-existing expressions for wave functions corresponding to an additional regular puncture in the SU(N )
q-deformed Yang-Mills theory, we generate Schur indices for infinitely many co-called “type

IV” Argyres-Douglas theories [4, 33]
I(IN,N (n−1) ,RY ) (q; x; y) =
where
fRY (q; y)

X
R



(n)
feR (q; x)fRY (q; y) ,



q
SU(N )
ρ(Y )
= P.E.
ΛY (y) ,
χ
(q, y) χR
1−q

(1.6)

(1.7)

n=1

for any function of the fugacities, G.
Finally, the fact that our expressions are written in terms of simple Lie algebra data
makes it tempting to speculate about possible generalizations of our expressions beyond
AN −1 (and perhaps beyond the theories one can engineer from compactifications of the
(2, 0) theory on a Riemann surface, C). In section 6, we explore these ideas further.
The plan of this paper is as follows. In the next section, we briefly review basic aspects of the (AN −1 , AN (n−1)−1 ) theories including their Seiberg-Witten curves and exactly
marginal deformations. We then move on to discuss some basic theory-specific consistency
checks of our proposal that allow us to make contact with previous results in the literature.
Afterwards, we describe our monopole vev RG flow formalism and explain how our formulae for the (AN −1 , AN (n−1)−1 ) indices encode 4D ancestors of these flows. We then discuss
the discrete symmetries of the index and the implications for the corresponding chiral algebras (in the sense of [9]). Before concluding, we speculate about the hypothetical exotic
N = 2 SCFTs alluded to above.

2

AD theories from 6d (2,0) AN −1 theories

All of the (AN −1 , AN (n−1)−1 ) and (IN,N (n−1) , RY ) SCFTs discussed above are in class S. A
theory, TC , of class S can be engineered by taking the six-dimensional (2, 0) theory with any
ADE Lie algebra, g, and compactifying it on a (punctured) Riemann surface, C. In order to
obtain a 4D theory with N = 2 supersymmetry (SUSY), one performs a partial topological
twist on C (thereby breaking SO(5)R → SO(2)R × SO(3)R ) and imposes a BPS boundary
condition at each puncture [34–36]. One can understand these boundary conditions as
corresponding to half-BPS co-dimension two defects that fill the four-dimensional spacetime
and endow TC with flavor symmetries.
In our earlier paper [2] we focused on the case g = A1 , while in this paper we generalize
to the case g = AN −1 for N ≥ 2. This theory supports a plethora of somewhat simpler to
understand “regular” defects [34, 35, 37, 38] in addition to a bewildering array of so-called
“irregular” defects [4, 34, 39–41]. In all cases, we can describe the Coulomb branch physics
and aspects of the flavor symmetries by considering a Higgs field, ϕ, of an AN −1 Hitchin
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y is the flavor fugacity associated with the regular puncture, ΛY (y) is the set of N − 1
fugacities corresponding to the Young diagram Y (see [1]), χρ(Y ) (q, y) is a polynomial in q
determined by Y , and
"∞
#
X1
n
n
P.E. [G(a1 , · · · , ap )] ≡ exp
G(a1 , · · · , ap ) ,
(1.8)
n

2.1

Irregular singularities of type I

In this section, we briefly describe the form of the Higgs field ϕ near the irregular punctures
we introduced above. The particular irregular singularities we are interested in are called
“type I” in the nomenclature of [4]. Placing such a singularity at the point z = ∞ on C
yields an expansion for ϕ of the form


Mn+1
n−1
n−2
−2
ϕ(z) = dz M1 z
+ M2 z
+ · · · + Mn +
+ O(z ) ,
(2.1)
z
where the Mi are arbitrary traceless N × N matrices. The singular terms above (i.e., those
up to O(z −2 )) encode the various relevant and exactly marginal deformations of the TC
SCFT. In the case of the (AN −1 , AN (n−1)−1 ) theories, ϕ is regular for z 6= ∞. On the other
hand, for the theories of type (In , RY ), ϕ has an additional regular singularity at z = 0.
The corresponding simple pole encodes the additional flavor symmetry arising from the
puncture at z = 0.
2.2

Seiberg-Witten curves of the AD theories and exactly marginal couplings

Given the expansion for the Higgs field in (2.1), we can obtain the Seiberg-Witten curve for
the (AN −1 , AN (n−1)−1 ) SCFT by considering the spectral curve (i.e., det (xdz − ϕ(z)) = 0)
and using reparametrizations that do not affect the physics
0 = xN + a2 xN −2 z 2(n−1) + a3 xN −3 z 3(n−1) + · · · + aN −1 xz (N −1)(n−1) + z N (n−1) + · · · , (2.2)
where the final ellipses contain lower-dimensional terms.9 The ai coefficients we have
written explicitly in (2.2) are dimensionless and give the N − 2 exactly marginal couplings
8

Although it will not be particularly important in our discussion below, we note that it is possible for
there to be additional flavor symmetries that are not manifest in this way of describing the physics.
9
Here the dimensions of the coordinates are [x] = n−1
and [z] = n1 . This statement follows from the
n
fact that λ = xdz is the 1-form and that therefore [x] + [z] = 1.
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system living on C (this is an (EndV )-valued meromorphic (1, 0) form on C, where V is an
SU(N ) bundle). Casimirs of ϕ then correspond to vevs of N = 2 chiral operators, hOi, that
parameterize the Coulomb branch of the 4D theory. In the case of a regular defect, ϕ has
a simple pole at the insertion point (which we refer to as a “regular puncture”), and the
corresponding flavor symmetry is a subgroup G ⊆ SU(N ) depending on the nature of the
regular puncture.8 If all the punctures are regular, the theory is typically superconformal.
On the other hand, in the case of an irregular defect, the ϕ field has a pole of order
n + 1 (with n > 0 referred to as the “rank” of the defect) at the insertion point (which
we refer to as an “irregular puncture” on C). In the theories we study below, n ∈ Z≥0 ,
but there are more general possibilities. The flavor symmetry group induced by such a
singularity will generically be U(1)N −1 in the cases we consider below (but, again, there
are more general possibilities). According to the discussion in [4, 40], TC is an SCFT only
if C is a CP1 with either one irregular puncture and no regular punctures or with one
irregular puncture and one regular puncture. In either of these two cases, TC will typically
have non-integer scaling dimension N = 2 chiral primaries and will therefore be an AD
SCFT. We will encounter both situations below.

of the theory for n > 2. Note that for n = 2, there are only N −3 such couplings because one
of the ai can be eliminated by a change of coordinates. There are also N −1 mass parameters
corresponding to the deformations of the curve by xk z (n−1)(N −k)−n for k = 0, · · · , N − 2.
Hence, to summarize, for sufficiently large N we have conformal manifolds of the
following dimensions


(n > 2) ,
dimC Mconf
(AN −1 ,AN (n−1)−1 ) = N − 2 ,


dimC Mconf
(2.3)
(AN −1 ,AN −1 ) = N − 3 .

(N − 1)(2N 4 (n − 1)2 + 2N 3 (n − 1)2 − 5N (n − 1) − 5)
,
24(N (n − 1) + 1)
(N − 1)(N (n − 1)(N 2 (1 + N )(n − 1) − 2) − 2)
c=
.
12(N (n − 1) + 1)

a=

(2.4)

The curves, spaces of marginal deformations, and anomalies for the theories with an additional regular singularity are more complicated, but can be found using similar methods.
We will not discuss their detailed form here but instead refer the reader to [4, 33] for details.
2.3

Reduction to three dimensions

As we will see below, our formulas in (1.1) and (1.3) contain a wealth of information about
RG flows between different theories of type (AN −1 , AN (n−1)−1 ) via the residues of various
poles in the Schur index. To check these predictions, we will find it useful to compare
our results with RG flows for these same theories compactified on a circle (where the
(AN −1 , AN (n−1)−1 ) SCFTs flow to 3D N = 4 SCFTs that are believed to be described by
a 3D N = 4 Lagrangian). The fundamental reason we can learn about 4D RG flows from
3D ones is that our procedure manifestly preserves eight Poincaré supercharges throughout
and so non-perturbative superpotentials cannot be generated.
In fact, it will be simpler to study the 3D mirrors of the direct S 1 reductions of
these theories [4, 33]. For the (AN −1 , AN (n−1)−1 ) SCFT, the 3D mirror is given by a
U(1)N −1 quiver gauge theory with each U(1) factor having n − 1 fundamental hypermultie † with i 6= j labeling the U(1) nodes) and n−1 bifundamental hypermultiplets
plets (Qi,k , Q
i,k
†
e
e† = Q
e † ).
(Qi,j,k , Q ) between each pair of nodes (where we define Qi,j,k = Qj,i,k , Q
i,j,k

i,j,k

The resulting N = 4 superpotential reads


N
−1 n−1
X
X
X
e i,j,k  ,
e i,k + qi,j
Qi,j,k Q
Φi Qi,k Q
W =

j,i,k

(2.5)

j6=i

i=1 k=1

where i, j = 1, · · · , N − 1, k = 1, · · · , n − 1, and qi,j = −qj,i = 1 for i < j.
The theories with an additional regular puncture have closely related 3D mirrors that
have been proposed in [4, 33]. We will not discuss these latter dimensionally reduced
theories further below, but our discussion of RG flows can be extended to these cases as well.
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Moreover, using methods described in [4], it is straightforward to compute the corresponding conformal anomalies

3

The Schur index

I(p, q, t, xi ) = TrH (−1)F e−β∆ pj1 +j2 −r q j1 −j2 −r tR+r

Y

xfi i ,

(3.1)

i

where the trace is taken over the Hilbert space of local operators, H, j1,2 are the SO(4)
spins, R is the SU(2)R Cartan, r is the U(1)R ⊂ U(1)R × SU(2)R superconformal R-charge,
and the fi are flavor charges. By standard arguments, only operators annihilated by Q
and Q† contribute to the index (these states have ∆ = E − 2j1 − 2R + r = 0 with E the
scaling dimension).
A simpler but nonetheless physically rich limit of the index, called the Schur index, is
obtained by taking t → q. It is straightforward to check that the p dependence drops out
and we are left with
Y f
I(q, xi ) = TrH (−1)F e−β∆ q E−R
xi i .
(3.2)
i

This limit of the index is intimately connected with 2D chiral algebras via the correspondence in [9], with Coulomb branch physics [3, 14–16] (even though the Coulomb branch
operators themselves do not contribute to (3.2)), with Higgs branch physics (such operators, of type B̂R in the nomenclature of [42] (see also [43]), contribute directly to (3.2)),10
S 3 partition functions for dimensionally reduced theories [14, 44, 45], and, crucially for us
below, with q-deformed Yang-Mills theory in the class S context [1]. In the next subsection,
we will motivate our proposals (1.3) and (1.6) for this limit of the index.
3.1

Motivating our generalization

To explain our proposal in (1.3), it is useful to recall the corresponding result in the case of
SU(N ) q-deformed Yang-Mills theory on a Riemann surface, C, of genus g with m regular
punctures (defined by Young diagrams, Yi , with i = 1, · · · , m) [1]. Indeed, the authors
of [1] argued that the Schur index in this case can be computed (up to an overall prefactor)
as an m-point correlator in the zero-area limit of q-deformed Yang-Mills theory
ITC (q; x) =

X

CR (q)2−2g−m

R

m
Y

fRYk (q; xk ) ,

(3.3)

k=1

10

We can think of Higgs branch physics as contributing perturbatively in q to (3.2) while Coulomb branch
physics contributes only non-perturbatively in q [14].
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Before discussing our formulas in greater detail, we would like to briefly review the construction of the superconformal index. This quantity is a refined Witten index that counts
operators in short representations of the superconformal group weighted by three superconformal fugacities (p, q, t) and arbitrarily many flavor fugacities (xi ). The counting is
modulo short multiplets that can pair up to form long multiplets, thereby guaranteeing
the invariance of the index under exactly marginal deformations (as long as the spectrum

is discrete). The index is written with respect to some supercharge Q (with Q, Q† = ∆)
and a mutually commuting set of charges as

where CR (q) is defined as in (1.4), and xk ≡ (x1,k , · · · , xN −1,k ) are SU(N ) fugacities.
The R dummy variables in (3.3) correspond to irreducible representations of SU(N ) labeling intermediate states in the TFT correlator, and fRYk is the inner product of the state
|xk , Yk i corresponding to the holonomy around the k-th regular puncture with the state
corresponding to the representation R, i.e.
hR|x, Yk i = fRYk (q; xk ) .

(3.4)

R

factor of CR (q) in (1.3) follows from the discussion in the regular puncture case by noting
that C = CP1 with a single puncture (and so 2 − 2g − m = 1).11
In our earlier paper [2] we provided strong evidence (confirmed using other techniques [16, 23]) that, in the SU(2) case, the index is given by (1.3) with
(n)
feR (q; x) =

∞ 
Y

k=1

1
1 − qk



h
i
2
q nC2 (R) TrR x2J3 q −n(J3 ) ,

(3.5)

where J3 = ± 21 for the fundamental representation. One important aspect of this formula
is that it is manifestly invariant under the SU(2) Weyl group (in this case S2 ≃ Z2 ). This
invariance is natural since the Hitchin system description of our theory has SN invariance.
To emphasize this invariance and also to see how to generalize (3.5) in an SU(N )
Weyl-invariant way, we can re-write our expression as
(n)
feR (q; x) =

=

∞ 
Y

k=1
∞ 
Y
k=1

1
1 − qk
1
1 − qk




h n 1
i
q nC2 (R) TrR q − 2 h1 ( 2 )h1 xh1 =
i
h n 11
q nC2 (R) TrR q − 2 F h1 h1 xh1 1 ,

(3.6)

where the various quantities appearing are written in terms of the Chevalley basis e1 , f1 , h1
of SU(2),12 and F 11 = 21 is the (in this case 1 × 1) inverse Cartan matrix appearing in (1.2)
(with N = 2). Weyl invariance follows from the fact that any highest weight representation,
R, is spanned by states |λi such that hi |λi = λi |λi, and F ij λi λj = (λ, λ) is Weyl invariant.
It is now clear how to generalize the R-dependent part of in (3.6) for general N in a
minimal way that respects the SU(N ) Weyl invariance (recall that Weyl[SU(N )] ≃ SN ) of
q-deformed Yang-Mills theory
#
"
N
−1
h n 11
i
Y
n
ij
q nC2 (R) TrR q − 2 F h1 h1 xh1 1 → q nC2 (R) TrR q − 2 F hi hj
(3.7)
(x1 · · · xi )hi .
i=1

11

Similarly, there is no factor of CR (q) in (1.6) since 2 − 2g − m = 0.
Recall again that the Chevalley basis satisfies [hi , ej ] = Aji ej , [hi , fj ] = −Aji fj and [ei , fj ] = δij hj ,
where Aij is the Cartan matrix. In the case of SU(2), we can identify J3 = 21 h1 .
12
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The topological nature of the index in (3.3) is reflected in the fact that it is independent
of the ordering of the punctures.
Therefore, in order to compute the index for the (AN −1 , AN (n−1)−1 ) theory from this
(n)
perspective, the main question is to fix the irregular wave function, fe (q; x). Indeed, the

Generalizing the first factor in (3.5) is also straightforward. In [2], we argued that,
for N = 2, (3.5) was the natural generalization of the plethystic exponential in the regular
puncture wavefunction (1.7) to the irregular wave function case, where the global symmetry
is generically reduced to U(1). For N ≥ 2, the global symmetry is generically U(1)N −1 ,
and so a straightforward generalization gives
∞ 
Y

k=1

1
1 − qk



→

∞ 
Y

k=1

1
1 − qk

N −1

.

(3.8)

where λ is the Dynkin label of the highest weight of the representation, R, of SU(N ), ρ is
the Weyl vector of SU(N ), and the inner product is the standard one
(λ, ρ) ≡

X

λi F ij ρj =

i,j

X

λi F ij ,

(3.10)

i,j

where we have used the fact that ρ = (1, · · · , 1). One immediate consequence of (3.9) is
that our expressions for the indices have only positive powers of q (as required by unitarity).
Combined with the fact that CR (q) has only positive contributions in q (in the sense of the
coefficients), we have that flavor contributions to the index obey


Flavor = O q (n−1)(λ,ρ) .

(3.11)

We will be able to use (3.11) to argue that our indices capture the correct symmetry
structure of the (AN −1 , AN (n−1)−1 ) SCFTs and to explain how baryon contributions to the
index arise from SU(N ) representations of q-deformed Yang-Mills theory.
3.2

Some general properties

On general grounds, the O(q) terms in the Schur index can only come from flavor symmetry
moment maps.13 In the (AN −1 , AN (n−1)−1 ) theories, we have a flavor symmetry of rank
N − 1. In the case n > 3, this symmetry is simply U(1)N −1 . For n = 3 and N = 2, the
symmetry is enhanced to SU(2), while it remains U(1)N −1 for N > 2. Finally, for n = 2
and N = 2 we have SU(2) flavor symmetry, for N = 3 we have SU(3) flavor symmetry, and
for N > 3 we again have U(1)N −1 flavor symmetry.
13

Via the correspondence of [9], which maps Schur indices in 4D to vacuum characters of chiral algebras
in 2D and 4D flavor symmetry moment maps to 2D affine Kac-Moody (AKM) currents, this statement
corresponds to the fact that any O(q) term in the vacuum character of a chiral algebra is an AKM current
(here we normalize the character so that its expansion starts with a “1”).
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This latter expression has the added benefit that, when combined with CR (q), it gives the
expected asymptotic Cardy-like behavior in the limit q → 1 (we will make this statement
more precise below).
Finally, our expression has the important property that




(n)
feR (q; x) = O q n(λ,ρ) , dimq R = O q −(λ,ρ) ,
(3.9)

Using the result in (3.11), we can easily argue for this flavor structure. First, suppose
n > 3. In this case, we expect U(1)N −1 flavor symmetry and hence
IA(N −1 ,AN (n−1)−1 ) = 1 + (N − 1)q + · · · ,

n > 3,

(3.12)

since the adjoint of U(1)N −1 is N − 1 singlet representations. Indeed, from (3.11), we see
that the power of q at which flavor comes in is
(n − 1)(λ, ρ) ≥

(n − 1)(N − 1)
.
2

(3.13)

3d
(E − R)|Baryons = EMonopoles
=

(n − 1)ν(N − ν)
,
2

ν = 1, · · · , N − 1 .

(3.14)

Using our formula in (3.11), we can reproduce these baryonic contributions from SU(N )
representations with Dynkin labels
λi = δi,ν ,
(3.15)
thus furnishing an interesting algebraic description of these operators and the corresponding
moduli (sub)-spaces they parameterize.
Let us also note that if we have a conformal manifold with n = 2 and complex dimension
N − 3 > 0 as in (2.3), then the flavor symmetry is U(1)N −1 and there are at least three
moment maps at O(q). These moment maps are related to three AKM currents via the
correspondence in [9] and hence we find that the resulting chiral algebra has at least three
generators in accord with the general bounds of [46]. If we have a conformal manifold
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3

For n > 3, we see that the flavor contributions come in at order q 2 and higher. Therefore,
we can only have singlets at O(q). In this case, it is easy to see that the only contributions
at O(q) come from the (1 − q)−(N −1) = 1 + (N − 1)q + · · · factor in (3.8).
Next, consider the case n = 3. Clearly, if N > 2, then by (3.13) flavor contributions
come in at order q 2 and higher, and we can again argue that the index takes the form
in (3.12). On the other hand, if N = 2, then there will be contributions at O(q). These
contributions are from SU(2) moment maps corresponding to raising and lowering operators
of SU(2) and were described in our paper [2].
Finally, consider setting n = 2. In this case, if N > 3, then flavor contributions come
3
in at order q 2 , and we are back to the analysis presented in the n > 3 case. If N = 3, then
there are flavor contributions at order q corresponding to the flavor symmetry enhancement
U(1)2 → SU(3) of the (A2 , A2 ) ≃ (A1 , D4 ) theory. The (A1 , D4 ) index was described
[ 3 . Below we will describe the
in [2] and corresponds to the vacuum partition of su(3)
−2
same theory from the dual (A2 , A2 ) perspective and explicitly check this flavor symmetry
enhancement. If N = 2, then we are in the case of the free hypermultiplet, (A1 , A1 ).
This theory again has flavor contributions at order q reflecting the U(1) → SU(2) flavor
symmetry enhancement (this case was covered in [2]).
The result in (3.11) also allows us to describe how baryons arise in the index of the
(AN −1 , AN (n−1)−1 ) SCFT. Indeed, these theories have baryons (and also monopoles in the
mirrors of the S 1 reductions that we will study further below)

with n > 2 and complex dimension N − 2 > 0, then the flavor symmetry is at least
U(1)2 . However, we must also have baryons from (3.14). These are generators of the HallLittlewood ring [8] and hence are also generators of the corresponding chiral algebra [9]
and so the bounds of [46] are again obeyed.
Finally, we close by noting that this discussion on the irregular singularities and the
flavor symmetry guarantees that the theories with an additional regular singularity as
in (1.6) have the correct flavor symmetry dependence at O(q) as well.

4

Consistency checks

4.1

Lower rank checks

The checks that follow, while highly non-trivial, are only for small N, n. In the next
subsection, we will give checks for all N, n ≥ 2. Since we have already seen that our
formula for general N is consistent with our earlier work on N = 2 in [2], here we focus on
the case of N > 2.
4.1.1

The (A2 , A2 ) index

The (A2 , A2 ) theory is dual to the (A1 , D4 ) theory [3]. In [2] we gave a closed-form expres[ 3 ).
sion for the Schur index of this latter theory (it is just the vacuum character of su(3)
−2
Given our generalization, we see that the (A2 , A2 ) index (and hence the vacuum char[ 3 ) must also be expressible as
acter of su(3)
−2
X
(2)
I(A2 ,A2 ) (q; x, y) =
CR feR (q; x, y) ,
(4.1)
R

where R runs over irreducible SU(3) representations, and CR is given by (1.4) (with N = 3)
CR =

(1 − q)2 (1 − q 2 ) su(3)
χR (q, 1, q −1 ) .
(q; q)2∞

In this case, our proposed wave function is
!2
∞
h
i
Y
1
(2)
−F ij hi hj h1
h2
2C2 (R)
feR (q; x, y) =
q
x
(x
x
)
q
Tr
.
1
2
R
1
1 − qk
k=1
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In the first part of this section, we perform various non-trivial consistency checks of our
generalization (1.3) by matching it onto previously known indices that can be constructed
by duality with A1 Hitchin systems or by conformally gauging isolated theories constructed
from A1 Hitchin systems for small N and n.
We then describe the proposed Lagrangian mirrors of the S 1 reductions of the
(AN −1 , AN (n−1)−1 ) SCFTs and certain RG flows that interpolate between such theories.
These flows involve giving vevs to monopole operators, and we will present a simple formalism to capture the resulting physics. We then compare our results with the parent
RG flows in 4D encoded in our indices via the procedure described in [47] (and already
exploited in the A1 irregular singularity case in [2]). This gives a strong check of our proposal for all N, n ≥ 2 and also of the Lagrangians in [4, 33]. Finally, we conclude with a
non-perturbative-in-q check of the expected Cardy-like behavior of these indices [2, 48–50].

(A1 , D4 )

2

(A1 , D4 )

1
Figure 1. A quiver diagram describing a weak coupling limit of the (A3 , A3 ) theory.

4.1.2

(A3 , A3 ) index

For the (A3 , A3 ) theory, our above discussion implies that
I(A3 ,A3 ) (q; x1 , x2 , x3 ) =
where
CR =

X
R

(2)
CR feR (q; x1 , x2 , x3 ) ,

(4.4)

(1 − q)3 (1 − q 2 )2 (1 − q 3 ) su(4) 3 1 − 1 − 3
χR (q 2 , q 2 , q 2 , q 2 ) .
(q; q)3∞

(4.5)

The wave function corresponding to the irregular puncture is given by
(2)
feR (q; x1 , x2 , x3 )

=

∞
Y

k=1

1
1 − qk

!3

h
i
ij
q 2C2 (R) TrR q −F hi hj xh1 1 (x1 x2 )h2 (x1 x2 x3 )h3 , (4.6)

where R runs over irreducible representations of SU(4).
Our expression (4.4) for the index can be expanded in powers of q as follows
3

I(A3 ,A3 ) (q; x1 , x2 , x3 ) = 1 + 3q + (a + 1/a)(b + 1/b + c + 1/c)q 2


+ 10 + a2 + 1/a2 + (b + 1/b)(c + 1/c) q 2
5

+ 4(a + 1/a)(b + 1/b + c + 1/c)q 2 + · · · ,

(4.7)

where we reparameterize x1,2,3 by x1 ≡ ab, x2 = c/a, and x3 = a/b. We have checked
that the above expression coincides with the (A3 , A3 ) index evaluated in [2] by gauging a
diagonal SU(2) subgroup of the flavor symmetry of two (A1 , D4 ) theories and two (A1 , A1 )
theories (our expression here is considerably simpler since there is no integration over a
gauge group). In terms of the quiver description in figure 1, the fugacity a corresponds
to the U(1) flavor symmetry acting on the hyper multiplets while b and c are fugacities
associated with the two (A1 , D4 ) theories.
The S-duality transformation (see [51–53] for a discussion of this duality) (a, b, c) →
p
√ √
( b/c, a bc, bc/a) corresponds to
x3 →

1
,
x1 x2 x3

with x1 , x2 fixed .
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We have checked that the above formula reproduces the (A1 , D4 ) ≃ (A2 , A2 ) index that we
described in [2] correctly up to high order in q.

(A1 , A3 )

2

(A1 , D6 )

1
Figure 2. A quiver diagram describing a weak coupling limit of the (A2 , A5 ) theory.

4.1.3

(A2 , A5 ) theory

A simple S-duality for the (A2 , A5 ) theory was worked out in [52] and was studied at the
level of the Macdonald index in [18]. This theory has a quiver description given in figure 2
which enabled us to compute its Macdonald index in [18] as an integral over the diagonal
SU(2) gauge group. On the other hand, from our expressions above, we see that the Schur
index of this theory should be expressible in terms of an expansion over SU(3) characters
X
(3)
I(A2 ,A5 ) (q; x1 , x2 ) =
CR feR (q; x1 , x2 ) ,
(4.9)
R

where CR is given by (4.2), and the irregular wave function is
!2
∞
i
h 3 ij
Y
1
(3)
h2
3C2 (R)
− 2 F hi hj h1
feR =
x
(x
x
)
.
q
Tr
q
1 2
R
1
1 − qk

(4.10)

k=1

By an explicit computation, we obtain


1
1
b c
2
q2
+
I(A2 ,A5 ) (q; x1 , x2 ) = 1 + 2q + 6 + c + bc + + +
c b bc c2


3c 3b
3
3
2
+ 14 + 3c + 3bc +
q3 + · · · ,
(4.11)
+
+
+
b
c
bc c2
√
√
where the flavor fugacities x1,2 are rewritten in terms of b ≡ x1 x2 and c ≡ 1/ x2 . The
above expression coincides with the index of the quiver theory shown in figure 2, where b
is the flavor fugacity for the U(1) ⊃ U(1) × SU(2) flavor symmetry of the (A1 , D6 ) theory
while c is the fugacity for U(1) flavor symmetry acting on the hyper multiplets.
p
√
The S-duality transformation is, as found in [18], given by (b, c) → ( c3 /b, 1/ bc).
Indeed, the index (4.11) is invariant under this transformation. Up to the symmetry
14

Indeed, the above transformation implies λk → λk − hαk , α3 iλ3 , or, equivalently, λ → λ − hλ, α3 iα3 .
Recall from the discussion above that the Weyl invariance follows from the fact that any highest weight
representation R is spanned by states |λi such that hi |λi = λi |λi, and F ij λi λj = (λ, λ) is Weyl invariant.
15
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This transformation is identical to the Weyl reflection associated with α3 .14 Since (4.4)
is invariant under the action of the Weyl group of A3 , our conjecture (4.4) is manifestly
invariant under the S-duality transformation.15 Note also that the other generators of the
Weyl group exchange x1 and x2 , or x2 and x3 . In terms of the quiver description shown
in figure 1, these two exchanges correspond to the combination of (4.8) and a symmetry
manifest in the weak coupling description shown in figure 1.

b → b−1 , which is manifest in the weak coupling description shown in figure 2, this S-dual
transformation is equivalent to
x2 →

1
,
x1 x2

x1 : fixed ,

(4.12)

which corresponds to the Weyl transformation associated with α2 .
4.2

RG flows

(AN −1 ,AN (n−1)−1 )→(Aν−1 ,Aν(n−1)−1 )⊕(AN −ν−1 ,A(N −ν)(n−1)−1 )⊕(A1 ,A1 ), 1<ν <N −1,
(4.13)
as well as
(AN −1 , AN (n−1)−1 ) → (AN −2 , A(N −1)(n−1)−1 ) ⊕ (A1 , A1 ) .
(4.14)
In the 4D description, these RG flows are triggered by turning on baryonic vevs.16 On
general grounds [54], in the mirror description of the S 1 reductions of these theories, the
RG flow should be triggered by turning on vevs for monopole operators.
The consistency of our RG flow picture in both 4D and 3D is a highly non-trivial check
of our proposal in (1.3) as well as for the 3D mirrors of the dimensional reductions of the
(AN −1 , AN (n−1)−1 ) SCFTs in [4, 33].17
4.2.1

The 3D picture and the mirror RG flow

Around (2.5), we briefly described the mirrors of the S 1 reductions of the
(AN −1 , AN (n−1)−1 ) SCFTs [33]: they are 3D N = 4 SCFTs that arise from gauge-coupling
RG flows of Lagrangian U(1)N −1 quiver gauge theories with each U(1) factor having n − 1
e † with i 6= j labeling the U(1) nodes) and n − 1
fundamental hypermultiplets (Qi,k , Q
i,k
e † ) between each pair of nodes (where we define
bifundamental hypermultiplets (Qi,j,k , Q
i,j,k

e † ). The resulting N = 4 superpotential was described in (2.5)
e† = Q
Qi,j,k = Qj,i,k , Q
j,i,k
i,j,k
and is reproduced below for ease of reference


N
−1 n−1
X
X
X
e i,j,k  ,
e i,k + qi,j
Qi,j,k Q
(4.15)
Φi Qi,k Q
W =
j6=i

i=1 k=1

where i, j = 1, · · · , N − 1, k = 1, · · · , n − 1, and qi,j = −qj,i = 1 for i < j.
The particular 3D flows we will study are triggered by turning on vevs for monopole
operators in the above theories (so that the 4D flows correspond to flows induced by turning
16

The decoupled (A1 , A1 ) factors on the right-hand side (r.h.s.) of (4.13) and (4.14) contain the axiondilaton of spontaneous conformal breaking and their N = 2 partners.
17
In the case of the (A1 , A2n−3 ) and (A1 , D2n ) theories, we have additional checks of the 3D mirrors
arising from the S 3 partition function computations in [14] and the Higgs branch Hilbert series analysis
in [55] (the Hilbert series analysis counts a proper subset of the Schur operators but also applies to the
other (AN , AM ) theories).
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In this section, we give a general non-perturbative check of our proposal in (1.3) for all
N, n ≥ 2. The RG flows we will discuss can be studied both in 4D and 3D and are
interpolations between the following SCFTs in our class of theories

on vevs for baryons). These operators are superconformal primaries (at the IR endpoint
of the flows described by the Lagrangians in (4.15)) that have scaling dimension [56]


N
−1
X
X
n
−
1
3d

|ai | +
|ai − aj | ,
(4.16)
EMonopoles
= jL =
2
i=1

i<j

(AN −1 , AN (n−1)−1 ) → (AN −2 , A(N −1)(n−1)−1 ) ⊕ (A1 , A1 ) .

(4.17)

Note that the N = 2 case was already studied in [2] (the first factor on the r.h.s. disappears
in this case) where the flow was analyzed in the direct S 1 reduction. Here we give a simple
description of this flow in the mirror theory for N ≥ 2. In this case, we claim that the flow
in (4.17) can be triggered by turning on the following vev
hO1,··· ,1 i =
6 0,

(4.18)

where O1,··· ,1 is the highest SU(2)L weight component of the monopole primary with a1 =
a2 = · · · = aN −1 = 1 and
E 3d (O1,··· ,1 ) =

(N − 1)(n − 1)
= I3L (O1,··· ,1 ) ,
2

(4.19)

where the r.h.s. denotes the SU(2)L weight of the operator.20
To analyze the flow21 resulting from (4.18), we note that, by Goldstone’s theorem, (i)
there will be a Goldstone Boson for the broken overall topological symmetry in the IR, and
18

Therefore, these baryons descend from 4D baryons of SU(2)R spin jR and scaling dimension EBaryons =
2jR .
19
Although such an analysis can in principle be carried using standard matter operators built out of fields
appearing in the superpotential of the mirror theory to (4.15) (using the techniques in [57]), this avenue
becomes very tedious for the theories we study once N and n become sufficiently large.
20
This flow can also be triggered by turning on a similar vev for the jth monopole with ai = δi,j and
j = 1, · · · , N −1. Together with the monopole we explicitly consider in the text and the same monopoles but
with ai → −ai , the 4D baryonic ancestors of these operators contribute to the Schur index as a fundamental
plus an anti-fundamental of SU(N ) q-deformed Yang-Mills theory.
21
Although it will not be important for us below, we note that the necessary RG analysis can be more
subtle in theories with accidental IR superconformal R symmetries (i.e., theories that are often referred to
as “bad” and “ugly”).
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where jL is the spin under the SU(2)L ⊂ SO(4)R R-symmetry that acts on the (mirror)
Coulomb branch, and ai ∈ Z is the charge of the monopole operator under the ith U(1)
topological symmetry (there are N −1 such global symmetries corresponding to each U(1) ⊂
U(1)N −1 gauge factor). By mirror symmetry, these operators map to baryons that have
3d
EBaryons
= jR , where jR is the spin under the SU(2)R ⊂ SO(4)R R-symmetry factor that
acts on the Higgs branch.18 The topological charges map to charges under the baryonic
symmetries of the (AN −1 , AN (n−1)−1 ) SCFTs in 4D.
Since monopoles do not appear in the superpotential (4.15), describing the flows resulting from turning on their vevs is non-trivial.19 Let us first study the somewhat simpler
flow arising from the mirror of the S 1 reduction of (4.14)

a i1 = a i2 = · · · = a iν = 1 ,

ia 6= ib ∀a 6= b ,

(4.20)

and all other topological quantum numbers vanishing.22 This monopole operator has scaling dimension
(N − ν)ν(n − 1)
= I3L (O1,··· ,1 ) .
(4.21)
E 3d (O1,··· ,1 ) =
2
Moreover, reasoning similar to the one above with ν = N − 1 (now we take the overall U(1)
to be U(1)ai1 + · · · + U(1)aiν ) suggests that we have the following RG flow when turning
on a VEV for this operator
(AN −1 , AN (n−1)−1 ) → (Aν−1 , Aν(n−1)−1 ) ⊕ (AN −ν−1 , A(N −ν)(n−1)−1 ) ⊕ (A1 , A1 ) , (4.22)
where 1 < ν < N − 1.
Next we will describe the 3D Coulomb branch flows of this sub-section as Higgs branch
flows in the parent 4D theory. Our approach will be to study poles and residues corresponding to the baryonic vevs of the monopole ancestors.
4.2.2

The 4D RG flow and poles in the index

In this sub-section, we study the behavior of our formula for the Schur index under RGflows triggered by turning on vevs for the 4D baryonic ancestors of the monopole operators
discussed above. We expect that these 4D RG flows are in one-to-one correspondence with
the flows discussed above in 3D and that the RG flows in 4D commute with the reduction
along the circle.23
−1)!
(N −1)!
There are (N(N
such operators. Combined with another set of (ν−1)!(N
operators with aj1 =
−ν−1)!ν!
−ν)!
aj2 = · · · = ajN −ν = 1 and ja 6= jb ∀a 6= b (and all other topological quantum numbers vanishing) and
similar operators with ai → −ai , we get precisely the number of operators in a ν-index antisymmetric
representation of SU(N ) and its conjugate, i.e., an N − ν-index antisymmetric representation (unless N
is even and ν = N2 ; in this case we simply get a single N2 -index antisymmetric combination). All in all,
we see that the monopole operators are in one-to-one correspondence with the ν-index anti symmetric
representations of SU(N ) for ν = 1, · · · , N − 1 (i.e., the representations discussed around (3.15)).
23
This expectation is based on the fact that a non-perturbative superpotential is not compatible with
eight supercharges.
22
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(ii) this particle must be coupled irrelevantly to the rest of the theory. Moreover, at long
distances, the corresponding topological current must have the form jµ = ∂µ φ, where φ is
the Goldstone Boson. In the case of the topological symmetry, we know jµ = (⋆F )µ and so
the Goldstone boson is just the scalar dual to the photon (see [58] for related discussions).
Therefore, we see that the overall U(1) vector multiplet must decouple in the IR. In
particular, it cannot couple to anything charged under the corresponding gauge symmetry.
This fact implies that, for each U(1)i node (i = 1, · · · , N − 1) all n − 1 fundamentals get a
mass. On the other hand, the bi-fundamentals are all neutral under the overall U(1) gauge
symmetry and are therefore unaffected by the VEV in (4.18). Once we remove the overall
U(1), the remaining theory is precisely the U(1)N −2 gauge theory that describes the mirror
of the S 1 reduction of the (AN −2 , A(N −1)(n−1)−1 ) theory. Combined with the decoupled free
vector (which in 4D becomes a decoupled (A1 , A1 ) theory), we find the RG flow in (4.14).
We claim that the more general RG flows in (4.13) can be analyzed in a similar spirit
by turning on a VEV for any one of the monopoles with charges

In what follows, we give a vacuum expectation value (vev) to a Higgs branch operator,
O. The authors of [47] argued that the superconformal indices of the UV and IR SCFTs
of such an RG flow are related to each other by


1
−1
IUV (q; x) ,
(4.23)
Ivect (q) · IIR (q; y) = −fi,O · Resxi =x∗i
xi

q RO

rank
YGF

(xk )fk,O = 1 ,

(4.24)

k=1

where RO is the SU(2)R weight of O, and GF is the flavor symmetry of the UV SCFT.
We will see below that our formula for the Schur index of the (AN −1 , AN (n−1)−1 ) theory is
perfectly consistent with the above index relation for various non-trivial RG flows.
4.2.3

(AN −1 , AN (n−1)−1 ) → (AN −2 , A(N −1)(n−1)−1 ) ⊕ (A1 , A1 ) flow

Let us first study the RG-flow of the form (AN −1 , AN (n−1)−1 ) → (AN −2 , A(N −1)(n−1)−1 ) ⊕
(A1 , A1 ). For generic N and n this is a flow between conformal manifolds in the UV and
IR (with a decoupled axion-dilaton multiplet in the IR). To study this flow from the 4D
index perspective, we first rewrite our formula for the index so that it is suitable for the
above residue computation.
To that end, the expression for the (AN −1 , AN (n−1)−1 ) index that we proposed in (1.3)
can be rewritten as
QN −1
(1 − q k )N −k
(4.25)
I(AN −1 ,AN (n−1)−1 ) (q; x) = k=1
[(q; q)∞ ]2N −2
#
"
N
−1
X n
Y
n ij
q 2 (λ,λ+2ρ) (dimq Rλ ) TrRλ q − 2 F hi hj
×
(x1 · · · xi )hi ,
i=1

λ

where λ runs over the non-negative weights, and ρ is the Weyl vector of AN −1 .24 Here Rλ
stands for the highest weight representation whose highest weight is given by λ.
We first note that the quantum dimension of the representation Rλ can be split into a
λN −1 -independent part and a λN −1 -dependent one as follows25
A

A

−2
dimq Rλ = dimq N −2 R(λN1 ,···
,λN −2 ) ×

A

N
−1
Y
i=1

[ℓi + N − i]q
,
[N − i]q

(4.26)

−2
where R(λN1 ,···
,λN −2 ) is the representation of AN −2 corresponding to the dynkin label
(λ1 , · · · , λN −2 ) and the q-number is defined as

[x]q ≡
24
25

x

x

1

1

q− 2 − q 2
q− 2 − q 2

We use the fact that C2 (R) = 12 (λ, λ + 2ρ).
P −1
Here, ℓi is defined by ℓi = N
j=i λj as in footnote 6.
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where fk,O is the flavor charge of O under the k-th flavor symmetry of the UV SCFT,
and xi is a flavor fugacity associated with a flavor symmetry with non-vanishing fi,O . The
contribution Ivect (q) ≡ [(q; q)∞ ]2 is the Schur index of a free vector multiplet. In (4.23),
x∗i is the value of xi such that

Now, note that the last factor on the r.h.s. of (4.26) can be expanded as follows
N
−1
Y
i=1

[ℓi + N − i]q
(−1)N −1 q −
=
[N − i]q

N −1
λN −1 − 21
2

PN −2
k=1

kλk −

Q

N (N −1)
4

i=1 [N

i=1

~
n∈Mλ

− i]q

.

(4.28)
N
−1
Y

X

µ∈Wλ−~n·~
α i=1

(x1 · · · xi )µi ,

(4.29)

where Mλ ⊂ NN −1 is the set of non-negative integers, ~n, such that (λ − ~n · α
~ )i is non27
negative for all i, and Wλ−~n·~α is the Weyl orbit including the weight λ −~n · α
~ . Combining
the expressions (4.26)–(4.29), we obtain
QN −1
(1−q k )N −k (−1)N −1 X X
A −2
A
I(AN −1 ,AN (n−1)−1 ) (q;x) = k=1
dimq N −2 R(λN1 ,···,λ
QN −1
2N
−2
N −2 )
[(q;q)∞ ]
i=1 [N −i]q λ ~
n∈Mλ
  (n−1)(N −1)


P −2
N (N −1)
+nnN −1 λN −1 − 21 N
λN −1
k=1 kλk −
2
4
× q
+(higher powers of q
)
(4.30)
!
N
−1
PN −2
Y
2
n
n PN −2
λ
+n
−2n
+n
|~
n
·~
α
|
i(N
−i)λ
+n
λ
n
−
i
i i 2
k
k+1
i=1
(x1 ···xk ) k k−1
+Weyl conjugates ,
×q 2 i=1
k=1

where we defined n0 , nN ≡ 0. Note here that
X X

λ ~
n∈Mλ

∞
X

=

X

,

(4.31)

n1 ,··· ,nN −1 =0 λ∈M
f~n

f~n is the set of weights λ such that (λ − ~n · α
where M
~ )i ≥ 0 for all i = 1, · · · , N − 1. For a
f~n , there exists a minimum
given ~n, while there is no maximum value of λN −1 so that λ ∈ M
∗
value, say λN −1 . Then we see that (4.30) contains the following sum
∞
X

λN −1 =λ∗N −1

×


  (n−1)(N −1)

P −2
N (N −1)
+nnN −1 λN −1 − 12 N
λN −1
k=1 kλk −
2
4
+ (higher powers of q
)
q

N
−1
Y
k=1

(x1 · · · xk )

λk +nk−1 −2nk +nk+1

+ Weyl conjugates

!

.

(4.32)
(N −1)(n−1)

+nnN −1
2
Since the sum over λN −1 gives a geometric series in x1 x2 · · · xN −1 q
, the in(N −1)(n−1)
+nn
N
−1
2
dex has a pole at x1 x2 · · · xN −1 q
= 1. In particular, the index has a pole at

x1 x2 · · · xN −1 q
26

(N −1)(n−1)
2

PN −1

= 1,

(4.33)

As usual, |η|2 ≡ (η, η) and ~n · α
~ ≡ i=1 ni αi .
Here we used the fact that the multiplicity of λ − ~n · α
~ in the representation Rλ is the number of ways
of writing λ − ~n · α
~ as a linear combination of positive roots. If (λ − ~n · α
~ )i 6= 0 for all i, then the Weyl
orbit, Wλ−~n·~α , contains N ! weights, while, if (λ − ~n · α
~ )i = 0 for some i, then there are fewer weights.
27
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Furthermore, since F ij hi hj is Weyl invariant, we have26
#
"
N
−1
X
Y
n
n ij
2
q − 2 |λ−~n·~α|
TrRλ q − 2 F hi hj
(x1 · · · xi )hi =

+ (higher powers of q λN −1 )

which arises from the contributions with nN −1 = 0. The corresponding residue is evaluated
as
− Res I(AN −1 ,AN (n−1)−1 ) (q; x) = [Ivect (q)]−1 · I(AN −2 ,A(N −1)(n−1)−1 ) (q; y) ,
where yi ≡ xi q

n−1
2

(4.34)

.28 Note that the condition (4.33) now reduces to
y1 · · · yN −1 = 1 ,

(4.35)

and is compatible with the discussion in section 4.2.1 from the perspective of the
dimensionally reduced mirror. This is a highly non-trivial check of our formula for the
Schur index of the (AN −1 , AN (n−1)−1 ) theory and also of the proposed mirror in [4, 33].
4.2.4

The
(AN −1 , AN (n−1)−1 )
→
(AN −ν−1 , A(N −ν)(n−1)−1 ) ⊕ (A1 , A1 ) flow

(Aν−1 , Aν(N −1)−1 )

⊕

It is straightforward to generalize the above discussion to the more general RG flow
(AN −1 ,AN (n−1)−1 )→(Aν−1 ,Aν(N −1)−1 )⊕(AN −ν−1 ,A(N −ν)(n−1)−1 )⊕(A1 ,A1 ), 1<ν <N−1.
(4.37)
For generic values of N and n, this is an RG flow from a UV conformal manifold to an
IR theory that is a direct product of two smaller conformal manifolds and a decoupled
theory (comprising the axion-dilaton multiplet). The 3D descendant of this RG flow was
described above.
To reproduce this flow from the index, we first note that the quantum dimension (4.28)
can also be rewritten as29
Y

A

A

−ν−1
dimq Rλ = dimq R(λν−1
× dimq R(λNν+1
,··· ,λN −1 ) ×
1 ,··· ,λν−1 )

1≤i≤ν<j≤N

[ℓi − ℓj + j − i]q
. (4.38)
[j − i]q

Moreover, the last factor on the r.h.s. can be expanded as follows
(−1)
+



ν(N −ν) q

− 21 (ν(N −ν)λν +(N −ν)

higher powers of q λν



.

Pν−1

Q

k=1

kλk +ν

PN −1

1
k=ν+1 (N −k)λk + 2 N ν(N −ν)

1≤i≤ν<j≤N [j

)

− i]q
(4.39)

Combining these expressions with (4.29), we will see that the sum over λν gives a geometric
series in x1 · · · xν q
28
29

(n−1)ν(N −ν)
+nnν
2

and therefore the index I(AN −1 ,AN (n−1)−1 ) (q; x) has a pole

Here we used the fact that λ∗N −1 = 0 for nN −1 = 0.
P −1
Recall here that ℓi ≡ N
k=i λk .
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which is required for the Weyl symmetry of AN −2 that corresponds to the permutations
of y1 , · · · , yN −1 . The result (4.34) agrees with the expected index relation (4.23) for the
RG-flow
(AN −1 , AN (n−1)−1 ) → (AN −2 , A(N −1)(n−1)−1 ) ⊕ (A1 , A1 ) ,
(4.36)

at x1 · · · xν q
pole at

(n−1)ν(N −ν)
+nnν
2

= 1 for all nν = 0, 1, 2, 3, · · · . In particular, the index has a
x1 · · · xν q

(n−1)ν(N −ν)
2

= 1,

(4.40)

with the residue given by
−ResI(AN −1 ,AN (n−1)−1 ) (q;x)=[Ivect (q)]−1·I(Aν−1 ,Aν(n−1)−1 ) (q;y)·I(AN −ν−1 ,A(N −ν)(n−1)−1 ) (q;z).
(4.41)
(n−1)(N −ν)

ν
Y

yi = 1 ,

i=1

N
−ν
Y

zi = 1 .

(4.42)

i=1

The relation (4.41) agrees with the expected index relation (4.23) for the RG-flow,
(AN −1 , AN (n−1)−1 ) → (Aν−1 , Aν(n−1)−1 )⊕(AN −ν−1 , A(N −ν)(n−1)−1 )⊕(A1 , A1 ). This result
is also compatible with the 3D discussion in section 4.2.1.
4.3

Cardy-like behavior

In this section, we would like to study the essential singularity that arises in the index when
we take q → 1. On general grounds, we expect that the Schur index behaves as follows in
this limit [2, 48–50]
8π 2
lim log ISchur = −
(a − c) + · · · ,
(4.43)
β→0
β
where β is defined as q = e−β and is proportional to the S 1 radius (when thinking of the
index as being related to the twisted partition function of the theory on S 3 × S 1 ).30
Furthermore, if the theory in question has a genuine Higgs branch (i.e., a branch on
which there are, at generic points, just free hypermultiplets), then U(1)R ’t Hooft anomaly
matching guarantees that
lim log ISchur =

β→0

π2
dimQ MH ,
3β

(4.44)

where dimQ MH is the quaternionic dimension of the Higgs branch, MH .
Now, our conjecture in (1.3) is a sum over products of terms whose power is fixed by
the topology of C (which we will refer to as the “topological” terms) (1.4) and components
of irregular wavefunctions (1.1). It is clear that the only terms that contribute to the pole
in (4.43) are those involving factors of (q; q)−1 . The topological terms supply N − 1 such
30

A more rigorous statement is that if the S 3 partition function of the theory reduced on S 1 is finite,
then (4.43) holds [49, 50] (although we are not aware of any N = 2 SCFT counterexamples to the behavior
in (4.43)). The (AN −1 , AN (n−1)−1 ) theories we are considering in this note satisfy the above criteria:
their mirror duals consist of N − 1 U(1) gauge groups with n − 1 fundamentals for each U(1) and n − 1
bifundamentals between each pair of abelian nodes.
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2
Here, the flavor fugacities on the r.h.s. are defined as yi ≡ xi q
for i = 1, · · · , ν
(n−1)ν
− 2
for i = 1, · · · , N − ν. Note that (4.40) and x1 · · · xN = 1 imply
and zi ≡ xν+i q

factors, and the irregular wavefunction supplies an additional N − 1 factors. Each such
factor is just the q → 1 contribution of a half-hypermultiplet. Therefore, we have
lim log I(AN −1 ,AN (n−1)−1 ) =

β→0

π2
(N − 1) + · · · ,
3β

(4.45)

lim log I(IN,N (n−1) ,F ) =

β→0

π2
π2 2
(N + N − 2) + · · · =
(N + 2)(N − 1) + · · · ,
6β
6β

(4.46)

which matches the known results in (2.43) of [33].

5

Discrete symmetries of the index and S-duality

As we discussed in section 3.1, our wave function
#
"
N −1
N
−1
∞ 
Y
Y
n ij
1
(n)
(x1 · · · xi )hi ,
q nC2 (R) TrR q − 2 F hi hj
feR (q; x) =
1 − qk

(5.1)

i=1

k=1

for the irregular singularity is invariant under the action of Weyl group of SU(N ) on the
flavor fugacities, xi , even though the flavor symmetry associated with the irregular puncture
is not SU(N ) but U(1)N −1 . More concretely, the above wave function is invariant under
si : xi ↔ xi+1

(5.2)

for i = 1, · · · , N −1, which generate SN acting on the flavor fugacities, x.31 This invariance
implies that the Schur indices of the (AN −1 , AN (n−1)−1 ) and (In , RY ) Arygres-Douglas
theories are invariant under the SN action on the flavor fugacities.
This SN symmetry of the index is consistent with the fact that our irregular puncture
is type I and therefore corresponds to the boundary condition (2.1) of the Hitchin system.
To see this, let us collect the singular terms in (2.1) as
M (z) ≡ M1 z n−1 + M2 z n−2 + · · · Mn +
31

Mn+1
.
z

(5.3)

Recall here that xN ≡ (x1 · · · xN −1 )−1 . With this definition, si corresponds to the Weyl reflection
λk → λk − (αi , αk )λi .
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which reproduces the known a − c for these theories given by taking the difference of the
expressions in (2.4).
As a simple application to see how easily our results extend to the case of type IV
AD theories [33] (recall from the introduction that these theories are characterized by an
additional regular singularity), let us turn our attention to the I(IN,N (n−1) ,F ) SCFT (here
“F ” refers to the fact that the regular puncture is “full”). The irregular wave function is the
2
−1)
same as in the (AN −1 , AN (n−1)−1 ) case and therefore again contributes a factor of π (N
6β
to (4.43). On the other hand, the full regular puncture corresponds to the following Young
diagram: [1, · · · , 1]. The resulting flavor symmetry is SU(N ). The adjoint representation
has dimension N 2 − 1, and so we find that

This SN action on the boundary condition (5.3) can naturally be identified with the SN
action (5.2) on the flavor fugacities, since a permutation of the mass parameters encoded
in Mn+1 corresponds to a change of the basis of flavor charges. Then, the SN invariance
of the index is consistent with the SN symmetry of the Seiberg-Witten curve. Indeed, in
section 4.1, we have seen that the S4 invariance of the (A3 , A3 ) index and the S3 invariance
of the (A2 , A5 ) index are related to the S-duality discussed in [18, 51]. This identification
of the two SN will tell us how the Schur operators of general (AN −1 , AN (n−1)−1 ) and
(IN,N , RY ) theories are mapped by the S-duality. This will be useful to identify the 2d
chiral algebras associated, in the sense of [9], with these Argyres-Douglas theories.
As a final point, we note that the index is also invariant under a Z2 charge conjugation
x1 → (x1 )−1 ,

x2 → (x2 )−1 ,

x3 → (x3 )−1 ,

··· ,

xN −1 → (xN −1 )−1 .

(5.4)

Combined with the above SN symmetry, we see that, for generic N , the discrete symmetry
of the index includes SN × Z2 (for N = 2, this group is reduced to Z2 ). However, the
discrete symmetry group acting on the index may be larger (as it will generally be when
there is also a regular puncture). To study such a possibility, it is useful to recall (3.11).
A more general discrete symmetry acting only on x and preserving CR (q) can interchange
(n)
different components of the wavefunctions, feRλ (q; x) (i = 1, · · · , N ′ ), only if (λ1 , ρ) =
i
(λ2 , ρ) = · · · = (λN ′ , ρ). In the case of conjugate representations, this latter quantity is the
same. However, it would be interesting to see if there are more general group actions that
are consistent with this constraint and are indeed symmetries of the index.
32

We can make this gauge transformation consistent with a possible regular puncture at z = 0.
The Coulomb branch parameters of the 4d theory correspond to the Hitchin moduli that are not fixed by
the boundary condition at punctures. Since they correspond to the vacuum expectation values of Coulomb
branch operators, this re-labeling of the Coulomb branch parameters corresponds to a change of a basis of
the Coulomb branch chiral ring.
34
In the case of an additional regular singularity, we may also have additional discrete symmetry (and
part of this discrete symmetry may also be part of the S-duality group).
33
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Since we can diagonalize this matrix order by order without changing the spectral curve,
det(xdz − ϕ(z)) = 0, we assume the Mi are all diagonal. Then the (diagonal) elements of
the Mi are the coupling constants and mass parameters of the correspoinding 4d N = 2
theory. In particular, the parameters in M1 correspond to exactly marginal couplings and
those in Mn+1 are mass parameters, while those in Mi for 2 ≤ i ≤ n correspond to relevant
couplings. Note here that the only constraint on Mi is that the sum of its eigenvalues is
vanishing. Therefore there is an action of SN that permutes the N eigenvalues of M (z).
Since such an SN action can be realized by a gauge transformation in the Hitchin system,32
it preserves the Seiberg-Witten curve, det(xdz −ϕ(z)) = 0, of the 4d N = 2 theory up to relabeling the Coulomb branch parameters.33 In the same spirit as [35, 51, 59], this discussion
suggests that the (AN −1 , AN (n−1)−1 ) and (IN,N (n−1) , RY ) Argyres-Douglas theories are
invariant under this SN . Note here that, since it permutes the diagonal elements of M1 , this
SN symmetry generically relates the theory at different points on the conformal manifold.
Therefore this SN contains an S-duality group of the theory as a sub-group.34

6

Beyond AN −1 ?

One amusing aspect of our wave function formula in (1.1) is that it can, in principle, be
defined for any Lie algebra, g, by a mild re-writing
(n)
feR (q; x) =

∞ 
Y

k=1

1
1 − qk

rg

"

q nC2 (R) TrR q

F ij hi hj
−n
2

N
−1
Y
i=1

(x1 · · · xi )hi

#

,

(6.1)

CR (q) =

rg ∞
Y
Y

k=1 i=1

1
1−

q dk −1+i

dimq R ,

(6.2)

where, in the regular puncture case with simply laced g, the authors of [60, 61] argued that

the dg = d1 , · · · , drg are the degrees of invariants of g,36 and dimq R is defined as
dimq R ≡

Y [(λ + ρ, α
e)]q

α>0

[(ρ, α
e)]q

,

α
e≡

2α
.
(θ, θ)

(6.3)

Here λ are the Dynkin labels, α is any positive root, ρ is the Weyl vector, θ is the highest
root, and [x]q was defined in (4.27).
Given these expressions, we can attempt to construct a putative Schur index
I(g,n) (q; x) =

X
R

(n)
CR (q)feR (q; x) ,

(6.4)

where, for g = AN −1 , the hypothetical (g, n) SCFT is the actual (AN −1 , AN (n−1)−1 ) theory.
If such expressions are meaningful for more general g, they may not come from a (2, 0)
SCFT compactified on C.37 Therefore, it is not completely clear what the rules are (or
even if they exist!) for writing an index given the data in (6.1) and (6.2). However, we can
simply press on and ask if (6.4) satisfies the basic rules for a Schur index.
The most obvious generalizations to check are those involving g = DN , E6,7,8 (where
there might be some hope that, at least for some paris (g, n), a theory of class S can be
associated with (6.1) — see the discussion in the regular puncture case given in [60, 61]).
We defer such a discussion to future work and instead focus on an even more speculative
avenue with non-simply laced g.
35

Of course, the above generalization is not unique. For example, we could take rg → h∨
g − 1 in (6.1) and
∨
below (where h∨
is
the
dual
Coxeter
number).
Note
that
for
generic
g,
h
−
1
=
6
r
.
The
choice we make
g
g
g
is somewhat more natural: it guarantees that the rank of the flavor symmetry (as defined by the number
of flavor-singlet terms in the index at O(q)) is the same as the number of fugacities in (6.1).
36
Since this is a topological factor, it is likely to apply to the irregular puncture case as well.
37
If g 6= A, D, E, there are various obstructions to a (2, 0) origin of the theory (e.g., see [62] for an
interesting recent discussion). Moreover, even if g = D, E, we are not sure which SCFTs — if any —
(6.1), (6.2), and (6.4) correspond to.
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where rg is the rank of g, F ij is the quadratic form for g, and the hi are the Cartans for
g.35 We can also try to generalize (1.4) as follows

In this spirit, one can check that for g = G2 and n = 2, the expression in (6.3) cannot
correspond to a Schur index. Indeed, plugging the following group theory data
"
#
2
1
FG2 = 3
, dG2 = {2, 6} ,
(6.5)
1 2

It is straightforward to verify that all powers appearing in (6.4) are integer or half-integer
and that the expansion in q of this index reads
11

I(F4 ,2) (q; x) = 1 + 4q + 15q 2 + 45q 3 + 125q 4 + 316q 5 + O(q 2 ) ,

(6.7)

11

where the first flavor dependence comes in at O(q 2 ). If the corresponding theory exists,
it has flavor symmetry U(1)4 and has a candidate stress tensor contribution at O(q 2 ).
Note that this theory cannot be the putative F4 SCFT discussed in [9, 63] since the flavor
symmetry here is not F4 but rather is its Cartan subalgebra (note however, that the order
1152 Weyl group of F4 must still be a symmetry of (6.7)).38 It would be interesting to see
if one can bootstrap a chiral algebra (with a finite number of generators) whose vacuum
character satisfies (6.7) and gives the Schur sector of a genuine 4D N = 2 SCFT.39

7

Discussion and conclusion

From our simple proposal for the wave function for an irregular singularity of type I in
SU(N ) q-deformed Yang-Mills theory (1.1), we extracted a great deal of physics concerning
new superconformal indices, conformal manifolds, S-duality, RG flows, and S 1 reductions.
Based on this discussion, we suggest the following open problems:
• It would be interesting to find the chiral algebras associated with the
(AN −1 , AN (n−1)−1 ) and (IN,N (n−1) , RY ) SCFTs (see [64, 65] for a beautiful recent
discussion of the (A1 , A2n−3 ) and (I2,2(n−1) , FA1 ) cases). Our discussion implies there
is a non-trivial SN × Z2 action on the associated chiral algebra.
• It would be worthwhile to understand the full symmetry group that acts on the index
and which subgroup corresponds to the action of the S-duality group. In so doing,
perhaps we can make closer contact with the results in [32].
38

Moreover, one would guess from our formula that the hypothetical Higgs branch has quaternionic
dimension 4 instead of 8.
39
Note that the chiral algebra for the hypothetical (F4 , 2) SCFT would need to include new AKM pri11
maries at O(q 2 ).
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into (6.1) results in powers of q that are not integer or half-integer. Clearly, we must, at
the very least, specialize to a subset of g and n.
With these facts in mind, consider for example the case g = F4 and n = 2 with


23 2 1
3 6 4 2


(6.6)
FF4 = 
 , dF4 = {2, 6, 8, 12} .
 2 4 3 32 
1 2 32 1

• Since we can compute the (A2 , A2 ) ∼ (A1 , D4 ) index either as a correlator in SU(3)
q-deformed Yang-Mills on a surface with a single irregular puncture or as a correlator in SU(2) q-deformed Yang-Mills theory with both a regular and an irregular
puncture, we see that certain observables in different q-deformed Yang-Mills theories
(on different Riemann surfaces) must be related. Can this result be promoted to a
duality between different subsectors of these theories?

• We described some intricate RG flows between conformal manifolds in the UV and
IR. It would be interesting to understand if these flows obey any new constraints
beyond the a-theorem.
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