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Abstract

Scattering is a fundamental phenomenon in physics, e.g. large parts of the knowledge
about quantum systems stem from scattering experiments. A scattering process can
be completely characterized by its K-matrix, also known as the “Wigner reaction
matrix” in nuclear scattering or “impedance matrix” in the electromagnetic wave
scattering. For chaotic quantum systems it can be modelled within the framework of
Random Matrix Theory (RMT), where either the K-matrix itself or its underlying
Hamiltonian is taken as a random matrix. These two approaches are believed to
lead to the same results due to a universality conjecture by P. Brouwer, which is
equivalent to the claim that the probability distribution of K, for a broad class of
invariant ensembles of random Hermitian matrices H, converges to a matrix Cauchy
distribution in the limit of large matrix dimension of H. For unitarily invariant
ensembles, this conjecture will be proved in the thesis by explicit calculation, utilising
results about ensemble averages of characteristic polynomials. This thesis furthermore
analyses various characteristics of the K-matrix such as the distribution of a diagonal
element at the spectral edge or the distribution of an off-diagonal element in the bulk
of the spectrum. For the latter it is necessary to know correlation functions involving
products and ratios of half-integer powers of characteristic polynomials of random
matrices for the Gaussian Orthogonal Ensemble (GOE), which is an interesting and
important topic in itself, as they frequently arise in various other applications of RMT
to physics of quantum chaotic systems, and beyond. A larger part of the thesis is
dedicated to provide an explicit evaluation of the large-N limits of a few non-trivial
objects of that sort within a variant of the supersymmetry formalism, and via a related
but different method.
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1. Introduction

Scattering is a fundamental phenomenon in physics, where large parts of the knowl-
edge about quantum systems stem from scattering experiments. This dates back to
the early 20th century, a famous example being Rutherford’s gold foil experiment
which discovered that atoms are built of a nucleus orbited by electrons. Also today a
lot of new insights are gained by scattering experiments, the discovery of the Higgs-
boson being the latest most famous example. In addition also in classical wave systems
scattering plays an important role, e.g. for electromagnetic or elastodynamic waves.
At the heart of such a scattering process is the scattering matriz (S-matrix), which
relates incoming and outgoing waves or particles, therefore completely characterising
the process. An equivalent description of scattering is via the so-called K-matrix (also
known as the “Wigner reaction matrix” in nuclear scattering or “impedance matrix”
in the electromagnetic wave scattering), a quantity closely related to the S-matrix.

This thesis is concerned with chaotic scattering, i.e. a scattering process where
a slight change of the parameters describing it changes the outcome in an irregular
way, which has attracted both experimental and theoretical interest over the last
decades, see e.g. |1H5]. In these cases, a statistical description is most appropriate,
and it turns out that the theory of random matrices provides a powerful tool to
model chaotic scattering processes. To that end, one can either model the S-matrix
(or equivalently the K-matrix) as a random matrix, or alternatively the Hamiltonian
underlying the scattering process and infer statistical quantities like distributions or
correlation functions [5H11].

The thesis is organised as follows: In the remainder of this chapter, all the prereq-
uisites necessary to model quantum chaotic scattering using Random Matrix Theory
will be introduced. The main aim is to make it self-contained, such that any scientist
with a background in mathematics or physics will be able to understand it without

further background reading. We start with an introduction to Random Matrix Theory
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1. Introduction

in Section [I.I} Then, in Section after a short detour into the theory of classical
chaos, we introduce the ideas of Quantum Chaos and how they tie with the theory of
random matrices. Such prepared, we finally introduce the ideas of quantum chaotic
scattering in Section [1.3

In Chapter [2| we explain two mathematical tools which will be needed throughout
the thesis. These are the saddle-point approximation in Section [2.1, and the super-
symmetry method in Section [2.2] The main focus is not on mathematical rigour, but
on explaining how these methods work and can be applied to problems.

Chapters [3, [4 and [5] form the main body of the thesis. In Chapter [3, which is
based on [12], we show that the K-matrix for chaotic scattering is Cauchy-distributed,
starting from a Hamiltonian description, where the Hamiltonian H is taken as a large
unitarily invariant random matrix (which corresponds to systems with broken time-
reversal symmetry). We thereby prove the equivalence of the two different methods of
modeling directly the K-matrix or its underlying Hamiltonian H as a random matrix,
extending earlier results of P. Brouwer [13] who showed this equivalence for the case
of Cauchy-distributed H. This is done by explicit calculation, utilising results about
ensemble averages of products and ratios of characteristic polynomials of random
matrices. We encounter that for the case where H is an orthogonally invariant random
matrix (which correspond to systems with preserved time-reversal symmetry) it is
necessary to know such objects not only for integer, but also half-integer powers of
characteristic polynomials. Such objects are an interesting and important topic in
itself, arising also in various other applications of Random Matrix Theory. Hence
Chapter , which is based on [14], is dedicated to provide explicit evaluations of
the large-N limits of a few non-trivial objects of that sort for the case of Gaussian
distributed random matrices. Finally we analyse various other characteristics of the
K-matrix in Chapter [5| such as the distribution of a diagonal element at the spectral
edge or the distribution of an off-diagonal element in the bulk of the spectrum. We
conclude the thesis in Chapter [6] with a summary of the results and an outlook

into open problems. Some technical details and calculations are deferred into the
Appendix [A]

11



1. Introduction

1.1. Random Matrix Theory

Random Matrix Theory (RMT) is a rich topic that evolved from the humble attempt
to describe level statistics of compound nuclei to an indispensible tool in physics
and beyond. Due to its universal features it has also become an interesting topic in
the mathematical community, without any direct applications in mind. Section [I.1.]]
shall serve as a short summary of the origins of Random Matrix Theory and how
this theory evolved. In Section we review the so-called “classical ensembles”,
i.e. those originally introduced in Random Matrix Theory, which also in the present
days play an overwhelming role. There are many good textbooks and review articles
about Random Matrix Theory, e.g. |[15-19].

1.1.1. Historical Overview and Main ldeas

The main concern of Random Matrix Theory is to understand the spectral properties
of a matrix whose entries are drawn randomly from a given probability distribution.
Its origins can be traced back to the work of Wishart in 1928 [20] in the context
of biostatistics. However, the real foundation of the field is usually attributed to
Wigner’s work in the 1950’s [21,22], motivated by nuclear physics applications, and
further development by Dyson [23|, Mehta [24] and co-workers.

Wigner’s original idea is along the following lines: Suppose we want to study prop-
erties of the energy levels Ejﬂ of a large compound nucleusE] In principle these are
completely determined via the Schrodinger equation Hv; = F;v;, where v is the j-th
eigenstate of the system corresponding to the energy level F; and H is the Hamilto-
nian describing the system. However, a compound nucleus is an object for which it is
too complicated to write down a Hamiltonian, and even if it was possible the resulting
Schrodinger equation would be too complicated to be solved. On the other hand, the
complicated interactions make the problem amenable to a statistical description. It is

natural to expect that many compound nuclei share similar statistical spectral prop-

'In general, the spectrum consist of a continuum and a — usually infinite — number of discrete
energy levels. Here only the latter are considered.

2In a nuclear reaction, the incident particle and the target nucleus can form an intermediate state
where they become indistinguishable from each other, the energy of the incident particle be-
ing shared among all nucleons of the system. Such an excited, quasi-bound nucleus is called
compound nucleus.

12



1. Introduction

erties (we call the collection of all such systems an “ensemble”). This is in analogy
to the theory of statistical mechanics, where a lot of different microscopic states (e.g.
positions and velocities of particles in a gas) lead to the same macroscopic properties
(e.g. temperature, pressure). It is clear that such an approach is limited to explore
universal features, but cannot reproduce any system specific properties.

In general, H is a linear operator living in an infinite-dimensional Hilbert space.
However, if we truncate H at a large but finite number N of energy eigenvalues, it
can, after choosing an appropriate basis, be represented as an N x N matrix. In the
spirit of the above discussed statistical description, we then take the elements of H
to be random variables, owing to the global symmetries of H. Hence the nucleus is
modelled as a kind of “black box” where the real Hamiltonian is replaced by a random
one. Taking the ensemble average over all such matrices H of the spectral property in
question should then yield the answer for a typical representative of the corresponding
nuclei ensemble. Such an ensemble average of a quantity F'(H,xq, s, ... ), where the

x; (e.g. energy, quantum numbers) are fixed parameters can be computed as
<F(H,.I'1,$2, c. )>H = /dHP(H)F(H,fEl,.’EQ, c. ), (11)

where P(H) is the underlying joint probability distribution of the random matrix H
and the measure dH denotes the product of the differentials of all independent matrix
elements. The notation on the left-hand side, using angular brackets ()5 shall here
and henceforth denote the ensemble average over H as defined by the right-hand side.
One should note that in an experiment, the data usually comes from a single system
rather than from an ensemble of systems described by different Hamiltonians, and the
ensemble average is replaced by the running average over the spectrum. Therefore
one needs the notion of ergodicity, i.e. equality of these two averages for almost all
representants of the ensemble in the limit of large matrices (in analogy to statistical
mechanics where the ensemble average equals the average over time). It can be shown
that this is indeed the case [18,25].

The remaining question is how to choose the underlying probability distribution.
Since the random matrix H represents a Hamiltonian having real eigenvalues, we re-
quire it to be Hermitian. Based on Wigner’s work [22] Dyson showed [23] via group

theoretical analysis that further symmetry restrictions can be boiled down to three

13



1. Introduction

different symmetry classes labelled by the Dyson index 5. These are ensembles of
random matrices where the joint probability distribution remains invariant under
orthogonal (B = 1), unitary (8 = 2) or unitary symplectic (f = 4) transformations
respectively. The unitary ensemble (UE) applies to systems with broken time-reversal
invariance (e.g. by strong applied magnetic field) irrespective of the behaviour under
spin rotation. In that case the matrices are complex Hermitian. The orthogonal en-
semble (OE) applies to time-reversal invariant systems with rotational symmetry as
well as to systems with broken rotational symmetry and integer spin. The matrices
are real symmetric. The symplectic ensemble (SE) applies to systems with preserved
time-reversal invariance with half-integer spin and broken rotational symmetry. It is
described by Hermitian self-dual matrices. The entries of those matrices are quater-
nions that can be expressed via the Pauli spin matrices.

In addition, one might require the independent matrix entries to be statistically
independent, which can be interpreted as a minimum knowledge requirement. This
means it should be possible to write the joint probability distribution P(H) as a
product of probability distributions for each single independent matrix element. It
turns out [15] that this requirement, together with the above described invariance
under a certain transformation, leads for all three symmetry classes to a unique joint
probability distribution given by P(H) = exp(—aTr H? + b Tr H + ¢). Without loss
of generality, the parameter b can be chosen as zero since this only amounts to a shift
in the zero of energy. The parameter a determines the variance and the parameter ¢
fixes the normalisation. We will discuss these so called Gaussian ensembles in further
detail in the following section.

From a computational point of view, working with these Gaussian ensembles is
very convenient because of their nice properties such that often explicit calculations
can be performed. However, from a conceptional point of view they have some draw-
backs. The independence under orthogonal, unitary or symplectic transformations
is a necessary requirement. This is because when representing the Hamiltonian as
a matrix one has to choose a basis. The physics, however, should be independent
of the particular choice which translates to the condition that the joint probability
should be invariant under one of the above mentioned transformations. On the other
hand, the requirement of independent matrix elements being statistically independent

does not stem from first principles. Hence other non-Gaussian ensembles which are
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1. Introduction

invariant under said transformations are a possible choice as well. Indeed we will see
in the next section that the eigenvalue density of the Gaussian ensemble has compact
support (see Eq. ) and thus on this global scale is not an appropriate model for a
physical system, where the level density is supposed to increase. In addition to that
there is a class of problems (e.g. scattering problems, see Section where the basic
objects are unitary matrices. To address both the problems of a non-trivial profile
for the density of states and the need of ensembles where the matrices are unitary,
Dyson introduced his so called circular ensembles [23], which we will discuss at the
end of Section [1.1.2] One can show [15] that the circular and Gaussian ensembles
are equivalent in the sense that their local spectral fluctuations in the limit N — oo
share the same properties. This observation lead to an early universality conjecture
which claims that large random matrices have the same local spectral fluctuations if
they belong to the same symmetry class, independent of the underlying probability
distribution. This conjecture further justifies both why a compound nucleus could
be described by a random matrix and why it usually suffices to work with Gaussian
ensembles.

Starting from the '80s, Random Matrix Theory, which up to this point was moti-
vated mainly by applications to nuclear physics, attracted considerable attention in
a more widespread theoretical physics community. On the one hand, this was driven
by advances in the field of Quantum Chaos, in particular the Bohigas-Gianoni-Schmit
conjecture which establishes a connection between RMT and Quantum Chaos. We
will explore this link in Section [1.2} On the other hand the supersymmetry approach
developed by Efetov [26,27] in the context of disordered systems and adapted to RMT
by Verbaarschot, Weidenmiiller and Zirnbauer [8], provided both a powerful technical
tool and a link between RMT and the theory of disordered systems. In Section
we will illustrate how this approach works.

Up to the late '80s, Random Matrix Theory was mainly — with some notable excep-
tionsﬂf studied by theoretical physicists. This changed considerable in the '90s when
Random Matrix Theory started to attract interest in the mathematical community

as well, mainly driven by its conjectured universality features. To this end one should

3E.g. the work of Marchenko and Pastur on the spectrum of random covariance matrices [28] or
the Montgomery conjecture [29], which establishes a link between RMT and number theory by
observing similarities between the spectrum of GUE matrices and the zeros of the Riemann-zeta
function.

15



1. Introduction

note that one can distinguish two broad classes of random matrix ensembles. The
wmvariant matriz ensembles, and the Wigner matriz ensembles, which are ensembles
of matrices whose entries are independently distributed. The Gaussian ensembles are
the only ensembles that belong to both classes. For important contributions and a
mathematical rigorous treatment on universality of invariant ensembles see [30,[31]
and references therein, and for the universality features of Wigner matrices the recent
books [32,33] and references therein.

Nowadays Random Matrix Theory is a vast and vibrant interdisciplinary research
area, not only with numerous applications in physics (going far beyond those touched
in this thesis, like e.g. quantum chromodynamics), but also a wide range of other
disciplines like wireless communication theory in engineering, the study of financial

markets or number theory (see e.g. the various chapters of Part III in [17]).

1.1.2. Gaussian and Circular Ensembles

In this section we introduce the “classical ensembles”, which are the Gaussian and
circular ensembles introduced by Wigner, Dyson and Mehta. The main focus will be

on the Gaussian ensembles.

Gaussian ensembles

The three Gaussian ensembles are the Gaussian Unitary Ensemble (GUE, 5 = 2), the
Gaussian Orthogonal Ensemble (GOE, 8 = 1) and the Gaussian Symplectic Ensemble
(GSE, 5 = 4). As discussed in the previous section, their joint probability distribution

is given by

P(H) = CGBE exXp (—f—(]]\g Tr H2) . (12)

The parameter J determines the variance

2

(HijHyp) y = AN

(0ir0j1 + dudjr) , (1.3)

where 9;; is the Kronecker delta. The particular form of the prefactor fTZE is arbitrary
at the moment, but will become clear later (see footnote . Cpr is the normalisation

constant, which is different for the three different ensembles (as indicated by the
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1. Introduction

short-hand notation GSE for the GOE, GUE and GSE, respectively). It ensures that
JdH P(H) = 1. The random matrix H is complex Hermitian (GUE), real symmetric
(GOE) or Hermitian self-dual (GSE). This means the number of independent real
parameters is N? for the GUE, N(N + 1)/2 for the GOE and N(2N — 1) for the
GSEf]

Due to the cyclic invariance of the trace it is obvious that the joint probability
is invariant under orthogonal, unitary or symplectic transformation and with a bit
more effort one can also show the invariance of the measure dH [25]. Furthermore it is
easy to check that the independent matrix elements are statistically independent, e.g.
for the GOE one gets Tr H* = >, H3; +2%._, H7, and hence the individual matrix
elements are Gaussian distributed w1th P(Hjj) exp( iz N H 2) on the diagonal
and P(H;) o exp (— 2/3 % H ) for off-diagonal matrix elements. Similar arguments
lead to independently Gaussian distributed matrix elements in the two other cases as
well. Showing that the Gaussian ensembles are the only ensembles having these two
properties requires some additional effort [15].

Since [dH P(H) separates into a product of Gaussian integrals, the normalisation

constants are easy to compute and given by

, (14)

9B-2 \f T (BN+2-8)
mJ? )

Capm =277 (

with the measure for the GUE chosen as dH = vazl dHj; Hjik d(Re Hj;)d(Im Hjy,)
(equivalently one could choose Hjj, and H, as independent variables with measure
dH,xdH,
J2
quaternion parts.

) and analogously for the GSE as the product of differentials of the different

A natural question to ask is what the Gaussian distribution for H implies for
the distribution of the eigenvalues A\;, j = 1... N E| To that end we note that H
can be diagonalised by H = UAU™!, where U is an orthogonal, unitary or unitary
symplectic matrix, respectively, and A is the diagonal matrix of eigenvalues. Due

to the invariance of P(H) under such transformation, it will only depend on the

4Note that the matrix dimension is N x N for the GOE and GUE, but 2N x 2N for the GSE if
the quaternion entries are expressed via the 2 x 2 Pauli matrices.

5For the GSE H has 2N eigenvalues, however, they are doubly degenerate, which is called Kramer’s
degeneracy. With \;... Ay we denote the set of distinct eigenvalues.

17



1. Introduction

eigenvalues. Transformation of the measure is a bit more involved and given by

dH =[] 1= NP daduU), (1.5)

1<j<k<N

where dA = d)\;...d\y and du(U) is the part of the measure which only depends
on the eigenvectors. It turns out that this part is the invariant Haar measure on the
group O(N), U(N) or Sp(2N), respectively. For a derivation of in the § = 2
case see the comment below Eq. in Appendix where the measure for
a different object is calculated, but the computation can be easily adapted for the
diagonalisation of H. Very similar arguments as in lead to the measures for the
cases # = 1,4. The product

A{A} = H (>‘j —A) = (_)N(Nil)ﬂ det (A;?il)j,kzl..‘N (1.6)

1<j<k<N

is called the Vandermonde determinant and shall here and henceforth be denoted
by the symbol on the left-hand side. An easy argument why the above identity is
true is as follows: First we note that both expressions are homogeneous polynomials
(i.e. polynomials whose non-zero terms all have the same degree) of degree N(N —
1)/2 (for the first expression this follows simply from the number of terms in the
product; for the second it follows from the definition of the determinant: Each term
will be of the form A? A}, ... A} ", where [iy, ..., iy] is some permutation of [1,. .., N]).
Furthermore both expressions vanish whenever \; = \;, (this is obvious for the first
expression; for the second expression two rows of the matrix become identical, which
makes the determinant vanish). This implies that both expressions are equal up to
a constant factor. Comparing the term )2 . .. )\%_1 in both expressions yields the
factor (—)NWN-1/2,

Integration over the eigenvalues and eigenvectors separatesﬂ and the eigenvectors

can be integrated out, leaving us with the joint probability for the eigenvalues

5 BN <= 12
P(A) = Crassl A} exp | =775 > A7 (1.7)

6Notice that this implies that the eigenvalues are independent from the eigenvectors, with the matrix
of N orthonormal eigenvectors being uniformly distributed over the Haar’s measure O(N), U(N)
or Sp(2N), respectively.
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We observe that the eigenvalues are highly correlated via the Vandermonde determi-
nant. More specifically they show a level repulsion (the probability of two eigenvalues
coming close to each other being small and exactly zero for any \; = \;) which is
linear, quadratic or quartic for 5 = 1, 2,4, respectively. The normalisation constant

Ch.gpE is given by the inverse of the Selberg integral |15]

/_ d\ / dAy |A{A}|? exp (—4—JZZA§>

_ / ﬁ—N>IZ(6Nﬁ+2 S D1+ 58/2)
_(27T)N2<2J2 H 1+ 5/2)

j=1

Another important question is how the eigenvalues are distributed globally. As
explained the physically most interesting case is for large matrix dimension N. It
turns out that in the limit N — oo, the level density is given for all three ensembles

by the semicircular lauf|

VA2 — N2/ (2nJ?) for |A| < 2J,
p(A) = (1.9)
0 for |A| > 2.J.

Besides Wigner’s original approach, there are nowadays various methods to calculate
this quantity. We will re-derive in Section , where the calculation of the level
density serves us as an example to illustrate the so called supersymmetry method. The
semicircular law suggests that in the limit N — oo, the eigenvalues are distributed
on a compact support, i.e. between —2J and 2J with square-root singularities at
the edgesﬂ This result is clearly not what one would expect for the level density
of a physical system, where usually the number of energy levels in a certain interval
increases with higher energy. However, the global level density is very system specific,

so in general one could not expect it to be captured by Random Matrix Theory.ﬂ

"Wigner initially proved |21] the semicircular law for the case of symmetric Bernoulli matrices, i.e.
matrices where the random entries are either +1 or —1 and later realised that the result holds
more generally.

8Here the scaling of the eigenvalues becomes important. The particular choice of the prefactor %
in the joint probability distribution ensures that the semicircular law becomes independent of S
and N. Otherwise the support would grow with v/N.

90n the other hand, there are other RMT ensembles (Wishart, Jacobi, chiral etc.) whose level

densities do describe unversal features of some physical observables.
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Instead, Random Matrix Theory should be able to describe local properties, i.e.
spectral fluctuations. Such quantities are for example the k-point correlation func-
tions, which are the functions that measure the probability to find eigenvalues of H
around each of the positions z;...x,. They can in principle be found by taking the
joint probability of the eigenvalues and integrating out the last N —k Variablesm
A quantity which is closely related to the two-point correlation function is the near-
est neighbour distribution P(s) which measures the probability to find two adjacent
eigenvalues at distance s. Wigner proposed (originally only for the case § = 1) that

the nearest neighbour distribution should be given by [1§]
P(s) = ags” exp (—bgs?), (1.10)

where the constants can be fixed by normalisation and e.g. the requirement that on
average two levels are at distance one. For the case § = 1 this leads for example to
a; = 7/2, by = /4. This distribution is known as Wigner surmise. It is exact for the
case N = 2, but not correct in the limit N — co. However, the Wigner surmise is very

close to the exact solution, with the maximal error being less than two percent [25].

10 : .

Poisson NDE
1726 spacings

05 .
GOE

1 1
0 1 2 3

Figure 1.1.: Nearest neighbour distribution for the levels of compound nuclei. In addition
the RMT result and the exponential distribution are shown. Taken from [18],
originally appeared in [35].

To compare random matrix results with data from physics experiments, one needs
to rescale the spectra by the local mean level spacing (given by d(\) = [Np(\)]™!) such

that on average two levels are at distance one, a procedure referred to as unfolding.

10A standard approach along these lines is the method of orthogonal polynomials [15]. For a deriva-
tion of the k-point correlation functions using the supersymmetry method see [34].
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Figure shows such a comparison of the nearest neighbour distribution for the
GOE and the levels of compound nuclei (called “Nuclear Data Ensemble” (NDE)
comprising 1726 spacings). In addition the exponential distribution is shown, which
is the result for uncorrelated levels. Notice that for the latter case it is very likely
for two eigenvalues to be close together which is in contrast to the observed level

repulsion in the RMT- and compound nuclei cases.

Spectral edge

The N — oo limit of the level density p(A) for the Gaussian ensembles, given by
the semicircular law (L.9), has a square-root singularity at A = 2J (and A = —2J)
called the spectral edge. For large but finite N, the semicircle is still a very good
approximation as long as one does not come to close to this edge. This regime is called
the bulk of the spectrum. Close to the edge finite-V effects make for the singularity
to be smoothed out. While the mean level spacing in the bulk is of order N~1, it is of
order N=2/3 close to the edge This suggests the correct large-/V limit in this regime,
called the edge scaling limit is given by considering N — oo while A = 2J + EN~2/3,
where ¢ is of order unity. In this limit, the level density for the GUE is given by

NY2p(2J +ENT2) = Al'(€)* — Ai(€) A"(€) = AT'(€)” —~ € Ai(€)?, (1.11)

where Ai(£) denotes the Airy function, we used its property Ai”(£) = £ Ai(§). Using
results from Section , we derive Eq. in Appendix . Figure shows the
level density at the edge of the GUE spectrum. It has oscillations left of the edge at
2.J and decays exponentially on the right (compare also with Eq. (2.18))). This means
for large but finite NV there are indeed only very few eigenvalues which lie outside of
the support of the semicircle. Because of this fact the edge is also called a soft edge,
in contrast to a hard edge which cannot be penetrated; e.g. for a distribution with
strictly positive eigenvalues, zero would be a hard edge.

Note that Eq. is only valid for the GUE, but e.g. for the GOE one has

instead

NY3p(2J + EN7Y3) = AT'(€)% — £ Ai(€)* + % Ai(¢) (1 - /:Odn Ai(n)> . (1.12)

' This is a consequence of the square-root singularity. More generally the scaling is given by
N—1/(+a) if the level density, close to the edge at Aedge, behaves as p(A) o< |A — Aedge|*-
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This means while the level density is the same for all Gaussian ensembles in the bulk

of the spectrum, it differs at the edge.

2.1

Figure 1.2.: The level density (L1.11]) at the edge of the GUE spectrum (with J = 1) for
N = 200 compared with the semicircular distribution (1.9]) (dashed line).

Circular ensembles

The circular ensembles introduced by Dyson [23] are defined as unitary random ma-
trices which are invariant under orthogonal, unitary or symplectic transformation and
have a uniform level density. Analogous to the Gaussian case we distinguish between
symmetric unitary matrices (5 = 1, COE), arbitrary unitary matrices (§ = 2, CUE)
and self-dual unitary quaternion matrices (8 = 4, CSE). Since these matrices are
unitary, their eigenvalues will be of the form exp(if;), where the 6;, j = 1... N are
the eigenphases. Their joint distribution is given by

0, — 0,

2 sin

P(gl, N ,(9N> = CC,BE H ‘ewﬁj - €i¢k}ﬁ = CCﬁE H

1<j<k<N 1<j<k<N

. (1.13)

where Cepp = % Notice that P(6y,...,0y), in contrast to the Gaussian

ensembles, depends only on the differences 8; — ). As required, this yields a constant

level density valid for any N,
(6) = =
p - 27_‘_7

which means the eigenvalues are distributed uniformly on the unit circle in the com-

(1.14)

plex plane. In the limit N — oo, the circular ensembles have the same local spectral

fluctuation properties as the Gaussian ensembles [15].
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1.2. Quantum Chaos

(Classical mechanics distinguishes between two very different types of motion. On
the one hand there is the regular motion of integrable systems, e.g. the harmonic
oscillator, a simple pendulum or the two-body (Kepler) problem. On the other hand
there is chaotic motion of non-integrable systems, e.g. a double pendulum or the
three-body (or more generally n-body) problem. While there are precise measure
theoretical definitions of chaos, for our purposes it is sufficient to say that a system
is chaotic if the distance between two trajectories which were initially close together

grows exponentially in time. The system is hence very sensitive to initial conditions.

Figure 1.3.: Comparison of the classical square- and Sinai-billiard. The left shows a square
cavity. It is is regular, two trajectories that are close together stay close all the
time. The right shows the classical Sinai billiard. It is chaotic, two trajectories
that start close together look completely different after a few collisions with the
boundaries.

A very nice toy model for studying chaotic behaviour are billiards, which are two-
dimensional cavities in which a classical particle moves freely, i.e. in a straight line
with reflection at the boundary. Mathematically this can be described by the Hamil-
ton formalism with potential zero inside of the cavity and infinity at its boundary.
Figure [I.3shows a square shaped billiard and the so called Sinai-billiard which is also
square shaped but with a disk removed from its centre. For each billiard, two different
trajectories which were initially close together are shown. While for the square shaped
billiard the two trajectories stay close together all the time, they become completely

different after a few collisions with the boundaries in the Sinai billiard. This shows

23



1. Introduction

that the square shaped billiard exhibits regular motionE whereas the Sinai billiard ex-
hibits chaotic motionm A system is integrable if it has as many independent constants
of motion, which must be in involution to each other, as it has degrees of freedom. In
a Hamiltonian system, the energy is always conserved and hence a constant of mo-

pa+p;
2m

tion. For billiards it is simply the kinetic energy of the particle given by E =
where m is the mass of the particle and p,, p, are the momenta in x- and y-direction,
respectively. In the square-shaped billiard also |p,| and |p,|, i.e. the modulus of each
component of the momentum, are conserved, hence it has two independent constants
of motion and is thus integrable, showing regular motion. The Sinai billiard, which
shows chaotic behaviour, has no further constants of motion apart from the energy
and is thus non-integrable.

The correspondence principle ensures that the behaviour of a classical system
emerges from quantum mechanics in the limit of large quantum numbers (formally
h — 0). In quantum mechanics, however, the Heisenberg principle forbids to know
both a particles position and momentum at the same time. Hence the notion of
trajectories becomes meaningless and it is a priori not clear how chaotic behaviour
manifests in quantum mechanics. Another idea could be to look at the “distance” of
two wave functions, §1)(t) = 1(t) — ¢1(t). However, its modulus is constant under
time evolution, |09 (t)| = |d1(0)|, due to the linearity of the Schrédinger equation.
This shows that a simple transfer of the concepts of classical chaos to quantum me-
chanics is not possible, although chaotic behaviour has to be founded in quantum
mechanics due to the correspondence principle. Quantum Chaos is the name of the
branch of physics which tries to discover this correspondence. Textbooks on this topic
are e.g. [25,136,[37], the latter also containing a treatment of classical chaos.

One powerful approach to Quantum Chaos is the semiclassical approach, which
analyses quantum systems in the above mentioned limit of large quantum numbers
(h — 0), the so called semiclassical limit. An important early result in this direction
is Gutzwiller’s trace formula which is the semiclassical approximation of the density
of states for a quantum chaotic system [37,38]. The main ingredients to this formula

are the periodic orbits of the classical systems which shows a direct correspondence

12Tn this example the distance between the two trajectories is constant. However, also any system
where the distance only grows sub-exponential is in our definition regular.

13Note, however, that the exponential growth of the system is limited by the system size. The
chaotic behaviour develops well before such effects take place.
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between the classical and the quantum world. However, while this approach shows
how classical chaotic structures emerge from quantum mechanics, it is not clear how
chaotic behaviour manifests on the quantum level.

It turns out that the correct way to classify quantum chaotic behaviour is via the
spectral correlations of quantum systems. A good toy model are again billiards. A
quantum billiard is defined analogous to its classical counterpart, i.e. a quantum
particle confined to a two-dimensional region which has potential zero inside and
potential infinity at its boundary. Mathematically this means the eigenstates 1,
(where n € N labels the eigenstates) of the system can be described by the stationary
Schrodinger equation for a free particle —% (8722 + g—;) Un(z,y) = Extbn(z,y), with
the condition that v, (x, y) vanishes at the boundary (Dirichlet boundary conditions).
Here h is the reduced Planck constant, m the mass of the quantum particle, F,, the
energy level corresponding to the n-th eigenstate and x,y the (Cartesian) position
coordinates. Note that this follows immediately via quantisation of the Hamilton
function ﬁ(pi + pz) for the classical billiard. For example the quantum Sinai billiard
yields, after unfolding the spectrum (i.e. rescaling it such that the mean level spacing
is unity), the nearest neighbour distribution as shown in Figure E Remarkably
this seems to be the same distribution which was found for the levels of compound
nuclei, compare with Figure [I.I and which can be modeled within the framework
of Random Matrix Theory. This observation led Bohigas, Giannoni and Schmit to

formulate their famous (BGS) conjecture

“Spectra of time-reversal-invariant systems whose classical analogs are K

systems show the same fluctuation properties as predicted by GOE.” [39]

K-systems are strongly mixing classical systems that show a high degree of chaos in
the sense of exponential growth of the distance between two trajectories. The Sinai
billiard is an example of such a K-system where the exponential growth is achieved
through the convex boundary. Notice that the conjecture goes beyond two-point
correlations like the nearest neighbour distribution and claims that all fluctuation
properties, e.g. also higher k-point correlation functions, can be described in the

framework of Random Matrix Theory. Although this conjecture has been verified in

14The billiard used to produce the figure is a desymmetrised version of the Sinai billiard, its shape
is shown in Figure as well.
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a vast amount of experiments and there are “heuristic proofs” by physicists [40,41], no
rigorous mathematical proof has been found so far. Note, however, that considerable

progress in this direction has been made for the case of quantum graphﬂ [42,143].
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Figure 1.4.: Nearest neighbour distribution for the levels of the Sinai quantum billiard (shape
shown in picture). In addition the RMT result and the exponential distribution
are shown. Taken from [18], originally appeared in [39].

The reason this is a good way to classify chaotic behaviour of quantum systems is
because the spectral correlations for quantum systems whose classical counterparts
are integrable are very different from the GOE statistics. This is summarised in
the Berry-Tabor conjecture [44] which states that spectra for those systems show
usually Poisson statistics, i.e. their levels are uncorrelated. Figure [1.5 shows the
nearest neighbour distribution for the levels of a rectangular quantum billiard with
incommensurable ratio of the sideﬂ, which can be well described by the exponential
distribution P(s) = exp(—s). Notice, however, that there are notable exceptions
already known to Berry and Tabor, e.g. the one-dimensional harmonic oscillator has
a uniform distribution of eigenvalues, and hence its nearest neighbour distribution in
the unfolded spectrum is a delta-peak at s = 1.

The BGS conjecture established a deep link between the previously disconnected
fields of Quantum Chaos and Random Matrix Theory. However, it should be noted

15 A quantum graph is a set of vertices which are connected by bonds (or edges) of assigned lengths,
the whole graph being equipped with a Hamilton operator.

16For commensurable ratio of sides the spacings will be integer multiples of each other, however
still exponentially distributed with P(n) o< exp(—na), a being a constant depending on the side
lengths.
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Figure 1.5.: Nearest neighbour distribution for the rectangular quantum billiard with side
ratio v/2. The first 10000 levels were considered. In addition the exponential
distribution is shown (dashed line).

that applications of Random Matrix Theory go beyond the BGS conjecture: We have
already seen that the levels of compound nuclei can be well described using random
matrices. However, a nucleus is a many particle system, with the particles being
indistinguishable from each other and possessing spin which cannot be neglected in
the description of the interactions. These phenomena are of a purely quantum nature
and do not exist in classical systems. Therefore the compound nucleus does not
have a classical counterpart, yet its levels also show the same fluctuation properties
as the GOE. In this sense we can also classify the compound nucleus as “quantum
chaotic”, although the BGS-conjecture does not apply. More generally one can expect
such quantum chaotic behaviour in many systems where the interactions are very
complicated, and thus Random Matrix Theory is capable of describing the fluctuation
properties of a vast amount of quantum systems.

In addition also some other systems, which are not quantum at all, can be described
successfully by random matrices. An example is a two-dimensional electromagnetic
cavity. Electromagnetic waves inside such a cavity can be described by the Helmholtz
equation (88_;2 + %) A(z,y) = —k?A(z,y), where k is the wave-number and A(z,y)
is the amplitude, which vanishes on the boundary. This equation is mathematically

equivalent to the Schrodinger equation and hence the electromagnetic wave in a cavity
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is equivalent to a quantum billiard. Indeed it is possible to model quantum billiards
experimentally with microwave cavities [36,/45], which has huge advantages such as
having a macroscopic experimental set-up and being able to collect more data via
measurements as would be possible for quantum systems[”’| More generally many
wave systems are also amenable to a description via random matrices, another exam-
ple being the modes of elastodynamic (acoustic) waves in aluminium blocks [46] or
quartz crystals |[47], where the underlying wave equations are very different from the

Schrodinger equation.

1.3. Quantum Chaotic Scattering

So far all considerations have been for closed systems (levels of compound nuclei,
quantum billiards etc.). However, one can also consider their open counterparts, i.e.
such a system coupled to the environment. A very important physical phenomenon

that arises for such open systems is scattering.

scattering centre (interaction region)
described by Hamiltonian A

incoming wave outgoing (scattered) wave

AVAVAVY .« N
\ /

channels of reaction (possible quantum states far away from scatterer)

Figure 1.6.: Set-up of a generic scattering process.

Figure shows a set-up of such a (not necessarily chaotic) scattering process.
We identify the formely closed system, which can be described by the Hamiltonian
H ., as interaction region or scattering centre and assume that outside of this region
interaction is absent. This means a quantum particle or wave outside of the interaction

region exhibits a free motion. Upon entering the interaction region, the particle or

"In quantum experiments one is usually only able to measure cross-sections which does not allow
to determine modulus and phase separately. In a microwave experiment this does not pose a
problem.
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wave will get scattered and may thereafter (again far away from the interaction region)
be in a different state than before. We call the set of all possible states a particle
can exhibit asymptotically far away from the interaction region channels of reaction.
In the quantum mechanical setting these states are the wave functions (probability
amplitudes), characterised by the energy F and a set of quantum numbers. For
electromagnetic or acoustic waves, they are the electromagnetic fields or displacement
vectors, respectively.

This is the most generic set-up of a scattering process where a scatterer (compact
interaction region) can be identified. It describes a wide range of physical systems,
the scatterer could e.g. be a nucleus, atom or molecule, a mesoscopic ballistic device
(quantum dot), microwave cavity etc. The number and nature of the channels of reac-
tion is determined by the physical system under consideration. In nuclear scattering
for example these channels are the particles into which a compound nucleus can de-
cay. Figure shows a schematic view of such a system with five different channels.
Another example is a quantum dot as shown in Figure [1.8] where the channels are
transverse modes in the leads attached to the dot, their number being determined by

the geometry of the lead.

e a

Cc

Figure 1.7.: Schematic view of a general scattering problem with five different channels of
reaction (labeled a,b,...). They are connected via a compact interaction region
described by a Hamiltonian H. In nuclear scattering for example these channels
could be the particles into which the compound nucleus can decay, e.g. neutron,
proton, electron, photon and alpha particle.
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Figure 1.8.: “Quantum dot defined by 5 metallic gates fabricated on the surface of a GaAs
based heterostructure, in which a two-dimensional electron gas recides.” Taken
from http://pages.unibas.ch/phys-meso/Pictures/pictures.html (2012)

It should be noted that qualitatively there are two different scattering mechanisms:
On the one hand are immediate responses, the so-called direct processes, on the other
hand are delayed responses, which are due to the formation of resonances, i.e. long-
living intermediate states. The first one happens on a much shorter time-scale than
the second one. In nuclear scattering, an example for a direct process could be
when a particle upon hitting the nucleus breaks one of its neutrons free. This can
be interpreted as a coupling of two different channels without interacting with the
scattering centre. In contrast to this a resonance, i.e. an excited intermediate state,
can form when a particle gets absorbed by the nucleus. After a much longer time-scale
the nucleus goes back to its initial state by emitting another particle.

One major simplification we will assume throughout the thesis is the absence of
absorption, i.e. there are no internal losses. Note, however, that we briefly discuss in

the Conclusions [6] how one can introduce absorption into the model.

1.3.1. Scattering Matrix (S-Matrix)

At the heart of the scattering problem lies the scattering matrix (S-matrix). Assuming
at a given energy F there are M channels of reaction, we collect the amplitudes
of incoming waves in the vector ¥ = (™ ... ,z/Jj(\fIn))T and the amplitudes of

outgoing (scattered) waves in the vector 9@ = ({9 j(\Z“t))T. The scattering
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matrix S is then defined as the M x M matrix which relates incoming and outgoing
waves, 1b(°“t) = Szp("”>. It therefore completely characterises the scattering process.
Owing to the flux conservation requirement the S-matrix is unitary in nature [48|, i.e.
STS = SST = 1y.

An easy example is the one-dimensional two-channel case, i.e. S is a 2 X 2 matrix.
Particles on the left of the scatterer (which we assume to be centered around z = 0)
can then be described by plane waves, ¥ (k,z) = A(k)exp(ikx) + B(k)exp(—ikx),
x < 0 similarly for particles on the right ¢ g(k, ) = C(k)exp(ikx)+ D(k) exp(—ikx),
x> 0 where k = v/2mE/h is the wave vector (m being the mass of the particle)
and A, B,C, D are the wave amplitudes. Clearly the terms proportional to A(k) and

D(k) are incoming waves, whereas the other two are outgoing waves. Hence

A(k)

¢out = D(k)

— S, (1.15)

o Sn(k) 512(]{3)
| So1(k) Sas(k)

the elements of S completely describing the scattering process. Moreover the probabil-
ity flux in a one-dimensional system is given by J = % (@D*g—f — %). This implies
for the flux on the left J;, = 22(|A|>—|B|?) and on the right Jr = 22(|C|*~|D|?). Due
to conservation of flux we require those two to be equal. J, = Jg is then equivalent

to unitarity of .S,

Jp = Jr & |AP+|D]? = |B]? +|C)?
g ¢In¢zn - /(/Jlutqpout - 'l/);rnSTS,‘v[)zn A SJ{S - ]12' (116)

For the special case of incoming waves from the left only, D(k) = 0, the unitarity
r(k) (k)
t(k) r(k)
the relations |r|? + |t|* = 1 and 7t* + r*t = 0, hence |r £ ¢|* = 1. From the form of

¥, and ¥R it becomes clear that r(k) and t(k) describe reflexion and transmission of

condition implies that S takes the form S(k) = [ ] with 7 and t obeying

the incoming wave, respectively.

For chaotic scattering, e.g. when the scattering centre is a quantum chaotic system
as described in the previous section, a slight change of the parameters of incoming
waves or the scattering centre changes the behaviour of the S-matrix characteristics in

an irregular way. Therefore it seems most appropriate to find a statistical description
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for the scattering process, i.e. to describe the S-matrix and related quantities in
terms of distributions and correlation functions. Like for the description of closed
quantum chaotic systems, there are two standard approaches in this direction, the
semiclassical and the stochastic approach. The former relies on representing the S-
matrix elements in terms of a sum over the classical periodic orbits, starting with the
genuine microscopic Hamiltonian representing the system, while the latter in contrast
models the Hamiltonian or the S-matrix itself as a stochastic quantity using Random
Matrix Theory, justified by the universality conjectures. Both approaches have their
advantages and drawbacks: the semiclassical approach for example works only well for
the case of many open channels. This, however, does not cover all the important cases
since we can have physical systems with only a few open channels. The stochastic
approach on the other hand is limited to explore only universal aspects, leaving aside
system specific properties. The comparison between these two approaches has been
discussed at length in [49]. As indicated above there are two different approaches to

adopt the stochastic route, which will be described in more detail in the following.

1.3.2. Hamiltonian Approach (Heidelberg Approach)

The Hamiltonian or Heidelberg approach introduces stochasticity on the level of the
Hamiltonian describing the scattering centre. It was developed by Verbaarschot,
Weidenmiiller and Zirnbauer in [8] (see also the review article [50] for earlier work
leading to [8]). For simplicity we restrict to the case of resonance scattering, i.e.
we neglect any direct processes. This is equivalent to the claim that the scattering
matrix is diagonal on average, (Su) = 9ap(Saq) [8]. This restriction is justified due
to [51], where the authors show that for any scattering matrix which is non-diagonal on
average one can find a new scattering matrix USUT (U being a unitary transformation)
which is diagonal on average and thus shares the same fluctuation properties as an
S-matrix without direct processes.

The first step is to find an analytical expression which relates the scattering matrix
with the system Hamiltonian, starting from a microscopic description. As suggested
by the general setting described previously and illustrated by Figures and [1.7], we
identify an interaction region associated with a Hamiltonian H coupled to M channels

of reaction. This Hamiltonian possesses a discrete set of orthonormal eigenstates
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(bound states) |n), n = 1,...,N. The number of eigenstates N is usually very
large and has eventually to be taken to infinity. The channels of reaction, on the
other hand, can be described by a continous set of functions |¢, E), ¢ = 1... M,
where FE is the total energy of the system. They satisfy the orthonormality condition
(a, Eq|b, Ey) = 049 0(E1 — E3). The number M of channels depends on the system
under consideration and can have wide range from very few to very many channels
(but it is always assumed that M stays finite with M < N). The full Hamiltonian

‘H depicting the scattering process can then be written as
H="Ho+ V. (1.17)

Here H, describes the part of the Hamiltonian which is present without any interaction

between the internal states of the system Hamiltonian H and states of the channels,

N M o
Ho= > |n>Hnm<m|+Z/ dE |c, EYE(c, E|, (1.18)
c=1 Y €c

n,m=1

where €. is the threshold energy of channel ¢. Only for an energy E > €. wave prop-
agation is possible (we say the channel is “open”). Note that any direct interaction
between different channels has been neglected as discussed above, thus rendering the

second term diagonal in c. V represents the interaction part,

M

V= iz (|n> /dE Wielc, E| 4 herm. conj.) . (1.19)

n=1 c=1

The coupling amplitudes W, describe how the N bound states of H are coupled to
the M channels. They are arranged in the N x M channel matriz W, composed of
the N-dimensional channel vectors w., ¢ = 1... M describing the interaction between
channel ¢ and the bound states (which are then to be understood as resonances).
The scattering matrix associated with the full Hamiltonian H can be worked out
using standard techniques, i.e. to write down the Lippmann-Schwinger equations for
the incoming and outcoming waves (which are equivalent to the Schrodinger equation
but more suitable for scattering problems) and use them to work out the scattering
matrix which is given as the inner product Sy, = (wg"“t)|wbm)>, a,b=1...M. This
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formal derivation shall not be pursued here, it can e.g. be found in [48]. An illuminat-
ing derivation for a special case (a single lead attached to a cavity) is explained in [6].
Assuming the channel matrix W is energy—independenﬂ it turns out the S-matrix

can be expressed ad"]

1y —iK(E)

e K@= WH(E — H)'W, (1.20)

S(E)
i.e. as the Cayley transform of the so called K-matrix, also known as the “Wigner
reaction matrix” in nuclear scattering or “impedance matrix” in the electromagnetic
wave scattering. Due to this one-to-one correspondence, also the K-matrix is well
suited to characterise a scattering problem. In the main body of the thesis we will
mainly work with the K-matrix instead of the S-matrix. Notice that K is Hermitian,
ensuring unitarity of S. Expanding in a Taylor series and rearranging terms,

another representation of S frequently used in applications can be found as
S(E) =1y — 2WHWE — H+iWWhH)~'W. (1.21)

This representation shows that the open system can be described by the effective
(non-Hermitian) Hamiltonian Heg = H —iWWT (e.g. its eigenvalues are singularities
of S and hence correspond to the resonance states of the system). For vanishing
coupling between the channels and the centre, W = 0, the scattering matrix becomes

unity (K vanishes), in accordance with the neglection of any direct processes.

So far Egs. (1.20]) and ((1.21)) are valid for any scattering process where an interaction

region can be identified, within the discussed limitations (absence of direct processes,
absence of absorption, energy-independence of W). To study quantum chaos-induced
fluctuations of S one replaces now H by an N x N random matrix in the spirit of the
Bohigas-Giannoni-Schmit conjecturem and performs an ensemble average, usually for
the case N > M, i.e. in the limit of large number of resonances with finite number
of channels M.

18This is usually a fair assumptions since W typically varies only very slowly with energy far away
from the threshold [5].

9For notational convenience we write (E— H) ! instead of (E1 —H)~!. This convention, omitting
identity matrices where appropriate, will be used throughout the thesis.

20This means usually H is taken from the GOE or GUE according to time-reversal symmetry being
preserved or broken, respectively, and from the GSE if spin becomes important.
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At first sight it seems with the channel matrix W a large amount of parameters has
been introduced. This, however is not the case. As previously mentioned, the absence
of direct processes is equivalent to the requirement that S is diagonal on average,
(Sap) = 0ap(Saa) [§. Moreover orthogonal or unitary invariance of the underlying
joint probability distribution (e.g. for GOE, GUE) implies that moments of S can
only depend on wiwy, a,b=1... M [8,49], the w, being the channel vectors, which
in the absence of direct processes can be chosen as mutually orthogonal [6,8,49], such
that

wlwb = YaOub- (1.22)

The 7., ¢ = 1... M are called coupling coefficients. Indeed it can be shown [§] that
with condition (1.22)) the ensemble averaged S-matrix is diagonal and for H taken
from the GOE or GUE given by

1- ’Yag(E)

Sa - 6& P —
San) 1+ 7.9(E)

(1.23)
where g(E) = (iE + v4J2 — E?)/(2J?).

The relation (1.22)) implies that the input parameters of the model are not the huge
number (N - M) of coupling amplitudes W,,., but merely the M coupling coefficients
Ye. In general their values can be any positive real numbers. However, it is more

convenient to characterise the strength of the coupling not by the 7., but instead by
the transmission coefficients defined by T, = 1 — |(S..)|>. Using Eq. (1.23) they can

be written as
T — 2v.V/4J? — E?
C VAR BT 42

Due to their definition the transmission coefficients 7. have values between 0 and 1.

(1.24)

They measure the part of the flux in channel ¢ that is not directly reflected back
but spends a significant time inside the interaction region [6,/49]. This means the
cases T, = 1 and T, < 1 correspond to a perfectly open or almost closed channel c,
respectively. As one can see from Eq. , very small as well as very large 7.-values
result in small transmission coefficients. At given energy E the largest value of T, is
obtained for 7, = J, while the perfect coupling 7. = 1 is only reached if in addition

also £ = 0. The mean of the scattering matrix vanishes in this case.
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An important special case is that of equivalent channels, v, =~ forallc=1... M.
For this case the orthogonality relation (1.22]) simplifies to

WIW = ~1 . (1.25)

We shall refer to the model described by Eqgs. (1.22)) or (1.25) as “Fized Amplitude
Model”.
Another model which ensures diagonal (S}, originally suggested in [52], is the “Ran-

dom Amplitude Model”. In this model the channel vectors w, are considered to be

Gaussian random vectors with joint probability defined via

(wy) =0, (wlw) = Y40a. (1.26)
For the special case of equivalent channels this simplifies to

(W)Y =0, (WIW)=n1y, (1.27)

which implies for the joint probability of W (with § = 1 and real W,,. for systems
with preserved time-reversal invariance and § = 2 and complex W, for systems with

broken time reversal invariance)

BMN/2
PW) = (%) exp (—”BQ—JWV Tr WWV) : (1.28)

Both models are expected to lead to the same results in the limit N — oo as long as
the number of channels M remains fixed. Such an equivalence was explicitly verified
in [53] for particular scattering characteristics (Wigner delay times), but is expected

to hold generally.

1.3.3. Maximum Entropy Approach (Mexico Approach)

The maximum entropy or Mexico approach was pioneered in [7},54,55]. It introduces
stochasticity on the level of the S-matrix itself and thus avoids introducing a Hamil-
tonian altogether. The requirements for S are unitarity (due to flux conservation),

causality (i.e. S needs to be analytic in the upper half-plane) and (if relevant) time-
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reversal invariance imposed on S. In [56] was shown that causality is enforced by
the so-called analyticity-ergodicity requirement S° = (S)? = (SP) for all p € N, or

equivalently the reproducing property
1(5) = [ du(s)P5(5)1(5) (1.29)

for any analytic function f(S). S denotes the energy-averaged S-matrix which is usu-
ally determined by experiment and a free parameter in this model. Due to ergodicity
this quantity is equal to the ensemble-averaged S-matrix denoted by (S). The right-
hand side of Eq. is the ensemble average of f(S) (i.e. (f(95))), where du(S) is
the Haar measure and Pg(S) is the distribution of S. For the one-channel case M = 1,
the above mentioned requirements determine this distribution uniquely [7] and it is
given by Pg(S) = 2 (1 — [S?)/|1 — S S[°. In an electrostatic context Eq. is
known as Poisson’s formula which for M = 1 is the solution of finding the potential
on the unit disc from the values it takes on the unit circle. Accordingly Pg(S) is
referred to as Poisson kernel.

For M > 1 the unitarity, causality and (if relevant) time-reversal invariance re-
quirements are not sufficient to determine the distribution of S uniquely. However,
if in addition one also requires the entropy of the system to be maximal (which can
be understood as a minimal information assumption), the probability density of S is
uniquely determined by [7]
| (BM+2-5)/2

Ps(S) = P

det[1y — S'S]
det[]lM - ETSP

(1.30)

where 8 =1, 2,4 is the Dyson index related to the underlying symmetries w.r.t. time
reversal as discussed in Section and Cj is a normalisation constant. Eq. is
a generalisation of the previously discussed distribution for M = 1 to arbitrary M and
is hence also referred to as Poisson kernel. It was first discussed in the mathematical
literature by Hua [57].

The only free parameter of the model is the mean S which hence encodes all the
information for the given scattering problem, like the coupling of the channels to the

scattering centre or the total energy of the system. Statistical properties of scattering
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observables for fixed energy can then be inferred from the corresponding Poisson
kernel distribution.

Notice that this method does not require S to be diagonal on average as opposed to
the Hamiltonian approach, and thus can also account for direct processes which are
then encoded in the non-diagonality of S. The ‘perfect coupling’ case is characterised
by a vanishing mean, S = 0. In this case the density becomes constant, which
implies that S belongs to one of the circular ensembles introduced at the end of
Section

While this method is very successful in the statistical description of scattering char-
acteristics at fixed energy [4], it cannot be used to study the statistics of fluctuations
of the scattering observables over an energy interval comparable with a typical separa-
tion between resonances. For this matter, or to study how properties of S depend on
other external parameters like the transmission coefficients, the Heidelberg approach
is most appropriate.

In Section the Hermitian K-matrix was introduced, which can formally be
defined as the inverse Cayley transform of S, see Eq. . This relation enables us
to infer a probability density of K from the Poisson kernel . It turns out that
S being distributed according to the Poisson kernel with equivalent channels (i.e. S
being proportional to the unit matrix) is equivalent to K being distributed according

to the (matrix) Cauchy distribution
P(K) = Cop 2 PMH270) det (N2 + (K — €)?) 2(PM+2-0), (1.31)

where the width A and the mean € are two real parameters determined by the mean S

of the scattering matrix and vice versa. Cjs ) is a normalisation constant independent
of A and e. Appendix shows the derivation of formula (1.31)) exemplary for the

case 8 = 2. The perfect coupling case is obtained for the choice ¢ =0 and A = 1.
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2. Mathematical Tools

This chapter is aimed to introduce two very useful mathematical tools which will
be used at various places throughout the thesis. The main purpose is to make the
thesis self-contained. Section [2.1|explains the saddle-point approximation for integrals
whose integrand depends on a large parameter (which in the thesis most frequently
will be the size N of the random matrix). Section will introduce supersymmetry

which will later be used to perform random matrix ensemble averages.

2.1. The Saddle-Point Approximation

Very often one encounters integrals of the form

- /C dz f(2) exp(ed(2)), (2.1)

where C' is some contour in the complex z-plane, f(z) and ¢(z) are complex-valued
analytic functions and = is a large real parameter (in our applications z = N will
always be the dimension of the random matrix H and hence a natural number).
Often exact evaluation of these integrals is not feasible, however, since N is a large
parameter one is usually interested in the large-N asymptotics of . A very useful
method to derive them is the saddle-point approximation (also known as method of
steepest descent) which will be explained in this section. First we look at an easier

case of so called Laplace integrals. Then we come back to the asymptotic expansion

of .
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2. Mathematical Tools

2.1.1. Laplace’s Method

A Laplace integral is an integral of the form

b
I = / dt £(t) exp(zo(t)), (2.2)

where f(t) and ¢(t) are real continuous functions. We further assume that ¢(t) attains
its maximum at a unique point ¢, in the interval (a,b) and that f(¢y) # 0. The main
idea of Laplace’s method is that for large x, only points in the neighbourhood of ¢,
will contribute to the asymptotic expansion of I;. We will illustrate the method by
considering the asymptotics of the modified Bessel function I,,(z), n € Z for large

x € R. Our starting point is an integral representation for I,,(x),

I,(x) ! /7r dt cos(nt) exp(z cost). (2.3)

T or

—T

We can identify f(t) = cos(nt) and ¢(t) = cos(t). Moreover ¢(t) has a global maxi-

mum at ty = 0. Laplace’s method now proceeds in three steps:

1. Approximate the integral by neglecting its tails We replace the original range

of integration (—m, ) by a small neighbourhood around ¢, = 0,

™

—Tr —€

1 [7 1 [
I(x) = %/ dt cos(nt) exp(z cost) ~ 2—/ dt cos(nt) exp(z cost). (2.4)

Let us estimate the error of this approximation: The right tail of the integral is given
by the range (e, ) and the integrand assumes its maximum at e. We can thus estimate

the integral by

1 [" 1 ["
%/6 dt cos(nt) exp(z cost)| < %/6 dt exp(x cost)
_ o 1 2
<= exp(z cos€) % 5 €XP [x (1 — % + 0(64))} : (2.5)

where we used the Taylor expansion of the cosine. Due to symmetry, the left tail has

the same estimate.
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2. Approximate the integrand by a Gaussian Let us substitute t = to + y//.
Then the exponent is given by

v (%) = 2 cos (%) —r— y; +0 (%4) (2.6)

where we used again the Taylor expansion of the cosine. Note that also for general ¢(t)
the expansion has never a linear term because ¢'(t) = 0 due to ty being a maximum.
Now O (\y/—;) will be small for large = as long as y is smaller than O(x'/%). If this
condition is fulfilled, we may also approximate f(y/y/z) = cos(ny/\/x) = 1+O(y*/x).
For e = 2%, since the integral boundaries after the transformation are given by 4/,
this means we require « > 1/4. However, at the same time we want the error made in
step 1 to be small which is only the case if we choose @ < 1/2. For example we may
choose e = 27'/3 in . According to , the error made in step 1 is then given by
exp(z — 32!/ + O(27'/%)). Moreover this choice will ensure that the approximation
is correct on the whole integration range and thus

1/6

Io(z) = ‘;’f\(/? ( / :1/6dy exp (—y;) + O(x_1/3)> | 2.7)

Note that the main error of order O(2~'/3) comes from approximating the integrand

73:1/3)

by a Gaussian, whereas the error from neglecting the tails is only O(e and hence

exponentially smaller.

3. Complete the tails of the Gaussian integral The last step is to extend the
range of the integral to +o0o. This is valid since its tails are again exponentially small.

For any a > 0 we have

[e.e] o.¢] o0
/ dye ¥'/? = / dy e~ (@v*/2 < e_“Q/Q/ dye ¥/ = ge_az/Q, (2.8)
a 0 0

and due to symmetry the same estimate holds for the left tail. In our example this

7x1/3)

means the error is of order O(e . Hence we have

I(z) ~ S22 / " dy exp (—y;) _ oxpla) (2.9)

2rx
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The above result is the lowest order approximation of I,,(z), which turns out to be
independent of n.

Note that the errors in steps 1 and 3 are exponentially smaller than the error from
step 2. Hence we can obtain higher order corrections by improving the second step
and expanding both f(¢) and ¢(t) further. To that extend we use

ny y . n*y? y? N y?
COS| — | X LCOS | — ~ — ex r — — _—
Vz) P Jz or )P 2 24y

n2y? y? y
~|11—-— —=(1+=]. (210
( zx)eXp(m 2><+24x) (2.10)
We can then compute

00 2 2,2 4 4 2 _ 1
I(z) ~ exp(x) / dy exp LN (o v exp(x) | An ’
21T o 2 2r  24x Vo 8z
(2.11)
where we used fj;ody yrmev'/2 = \/or @™ Fypanding f(¢) and ¢(t) to even higher

2mml

order, more terms of the asymptotic expansion can be obtained.

General formula for Laplace integrals Following the three steps for general f(t)
and ¢(t), where ¢ is the unique maximum of ¢(¢) in the interval (a, b), one can derive

the formula

I - / 0t 1) exp(6(D) ~ || —2T— F(to) exp((te)), as w - 0o, (212)
. |9 (to)]

Note that one can show that it is always possible to find an e such that the approx-
imation in step 2 is valid and the tails from step 1 and 3 are exponentially smaller
than the error in step 2 [58]. In the remainder of the thesis we hence will not be as
precise as in the introductory example when performing Laplace’s method, and simply
assume that such an e indeed exists without explicitly determining it or estimating

the errors of the tails.
Obtaining the next higher order correction to , it does not suffice to expand
f(t) and ¢(t) to the next higher order, instead one needs to expand f(t) to second
and ¢(t) to fourth order. This is necessary to pick up all contributions to the next

higher order.

42
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There can be a few obstacles when performing Laplace’s method which shall be

shortly summarised in the following.

e The function ¢(t) has no mazimum on the interval (a,b). In this case the
maximum t; will be assumed at the end points a or b. Let us assume the
maximum is at a, and ¢'(a) # 0. Then one necessarily has ¢'(a) < 0. One can
approximate ¢(t) to first order around a and extend the upper integration limit
to infinity, thus reducing the problem to
(a)e™@

b )
I = / dt f(1)e™ ~ f(a)e?@ / dt et/ @0 _ S

i i @ )

If the maximum is assumed at b, a similar result can be obtained as in ([2.13])
with a — b and no minus-sign in front of the fraction. If the maximum happens
to be at one of the end-points, but ¢’ vanishes there, the usual result holds
but multiplied with 1/2 because only one of the integral limits is extended to

infinity.

e The function ¢(t) has more than one maximum on the interval (a,b). For large
x, the integrand will then have distinct peaks at the maxima of ¢(¢), and conse-
quently main contributions to the integral will come from (distinct) neighbour-
hoods around these maxima. One can apply Laplace’s method to each maximum
separately and the final result will be a sum over all maxima. Note that some
maxima might give only sub-dominant contributions. It hence might be bene-
ficial to determine which maxima contribute to the lowest order approximation

before applying the method.

o The function f(t) vanishes at the maximum, f(to) = 0. Then the lowest order
approximation is not given by (this contribution vanishes in that case)
but by a contribution obtained expanding f(t) and ¢(¢) to a higher order. As
explained above the next contribution is obtained expanding f(t) to second and
¢(t) to fourth order. However, it turns out that for f(¢y) = 0 it suffices to expand
¢(t) to third order (but note that in general it does not suffice to expand f(t)
alone). As long as at least one of the two f'(tyg) or f”(ty) are non-vanishing,

this will yield the lowest order approximation for this case. If also the first two
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derivatives of f(t) vanish at the maximum, one has to expand to higher orders
in f(t) and ¢(t) accordingly.

o The second derivative of ¢(t) vanishes at the maximum, ¢"(tp) = 0. In this
case we expand ¢(t) to the next non-vanishing order around ¢y, i.e. in general
o(t) = o(to) + I%!(t — )PP (ty), where p > 2 is the first non-vanishing power.
Since t is a maximum necessarily p is even and ¢ (t;) < 0. The resulting
integral will not be of Gaussian form any more, but instead (we substitute
t=to+yax/P)

I zf (tO)GW(tO_) / h dy exp (—¢(p) (to)yp>

x1/p p!

—00

(2.14)

1/p
= 2f(to) exp(xcb(t()))r(;/p) <x|§b(§)!(t0)|) 7

where we used [ _dy exp(—y?) = 2I'(1/p)/p.

2.1.2. The Saddle-Point Method

The saddle-point method is an extension of Laplace’s method for complex integrals
given in Eq. (2.1). f(z) being complex does not pose any significant difference from
before as one could always view the problem as the sum of two integrals, one containing
the real part of f(z) and the other containing its imaginary part.

The exponential will be of the form exp(z Re ¢(z) + iz Im ¢(2)), and in the spirit
of Laplace’s method the main contribution to the integral should come from the
neighbourhood of the maximum of Re ¢(2) along the curve C. Let z = u 4 dv. If 2
o

is a maximum of Re ¢(z) along the curve C, it must fulfil the conditions

ORe ¢(2) |
ov 20

equations which implies that also the partial derivatives of Im ¢(z) vanish at zy, and

20

= 0. Since ¢(z) is assumed to be analytic it fulfils the Cauchy-Riemann

combining these conditions means ¢'(z) = 0. Such a point is called a saddle point of
¢(z). Figure shows a typical picture of a saddle point and its vicinity. Of course
the initial path of integration C' needs not to pass this point at all. However, because
of the analyticity of f(z) and ¢(z), the contour of integration can be deformed to any
path as long as it does not cross any singularities of the integrand. One should hence

deform the contour in such a way that it crosses or at least comes close to a saddle
point of ¢(z).
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Figure 2.1.: Local region of a simple saddle point. The picture on the left shows the function
Re ¢(u + iv) close to its saddle point. The red curves are the steepest paths
which intersect at the saddle point, black curves are less steep paths. The
picture on the right is a schematic view. Grey areas are above the saddle point,
white areas below. The arrows show the direction of steepest descent.

Another important remark is called for: The term exp(iz Im ¢(z)) makes, in general,
the integrand oscillate rapidly for large x, and such oscillations might cancel each
other out, making it a priori not clear if the main contribution really comes from
the neighbourhood of the saddle point. It is hence desirable to deform the contour
in such a way that Im¢(z) = const. in the vicinity of the saddle point. Such a
contour is also called steepest descent contour (or steepest ascent contour, depending
on the direction), because Re ¢(z) will change most rapidly along such contours. A
saddle point is characterised as the intersection of at least two steepest contours (more
specifically if ¢)(z) is the first non-vanishing derivative of ¢(z), then 2p steepest
contours meet at the saddle point). Steepest contours cannot intersect anywhere else.
Figuratively speaking it is clear that if you stand at the flank of a mountain, there
is only one steepest path. If you are standing on a saddle point like in Figure [2.1
you are at the minimum of a steepest path and at the same time at the maximum of
another steepest path.

Note that an analytic function cannot have any maxima or minima: Let ¢(z) =
p(z) +i(z), p,v € R be an analytic function and z = u + v, u,v € R. If 2z is an
extremum of p(u + iv), the determinant of its Hessian matrix, given by puupo — P2
needs to be positive which implies py,pw > 0 (the subscripts denote partial derivatives

w.r.t. the given variable). However, since ¢(z) is analytic, it fulfils the Cauchy-
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Riemann equations p, = v¥,, p, = —,. Taking the derivative w.r.t. w on the

first equation and w.r.t. v on the second equation we see that the Cauchy-Riemann

2
uv

equations imply pyupoww = — < 0 for all u,v € R, and hence only saddle points are
possible. The same argument also applies to ¥(z).

We are now able to formulate a method to approximate an integral of the form
. This method is called “saddle point method” or “method of steepest descent”

and has two steps:

1. Deform the initial contour C' to a new contour C’ which passes through (or at
least comes close to) a saddle point zg of the function ¢(z), characterised by
¢'(z9) = 0, in (approximately) the direction of steepest descent. By this we
mean the direction where ¢(z) has stationary phase, Im ¢(z) = 0, and Re ¢(z)

assumes its maximum at zg.

2. Perform Laplace’s method on the integral. This step is possible because after
restricting the range of integration to a small neighbourhood around the sad-
dle point zp, the phase will be (approximately) constant and hence the integral
can be treated like a Laplace integral (although z is complex, the z-dependent
part of the exponent, given by x Re ¢(z), is real and for complex f(z) integra-
tion can always be split up into two integrals containing Re f(z) and Im f(z),

respectively).

Note that it is especially not necessary to deform the contour to a steepest contour
globally. This is true because as long as one ensures that the contour is approximately
in the direction of steepest decent close to the saddle point, only a small region around

the saddle point will contribute to the integral and tails can be completely neglected.

Multidimensional saddle-point analysis The saddle-point method can be extended
to multidimensional integrals, where f(z) and ¢(z) are then functions taking complex
vectors as their argument and z is the vector comprising the (complex) integration
variables. Saddle points are then given by the condition that the gradient of ¢ van-
ishes, V¢(z) = 0. However, in the course of the thesis we will only encounter a
much simpler version where ¢ factorises, ¢(z) = H?:l ¢;(2;), and hence the saddle

points are given by the conditions ¢(z) = 0 for all j. Moreover also the measure of
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integration factorises, i.e. the integrals encountered take the form

k
I= /01d21 .../dezk f(zl,...,zk)jl—IleXp(xgzﬁj(zj)). (2.15)

If also f factorised, the problem would reduce to perform a saddle-point analysis on
each of the k integrals. However, also for non-factorising f we can apply the saddle-
point method successively for each variable z;: Assume each of the functions ¢;(z;)
gives rise to a saddle point z? in C. First we deform the contour C} to a contour which
goes through the saddle point 2? in the direction of steepest descent. Then integration
over z; will be dominated by the neighbourhood of 2, and we can replace ¢;(z;) by
its second order Taylor expansion and f(z1,...,2) by f(2% 22,...,2). We proceed
with all following integrations in the same manner, such that in the end f(zy,..., 2x)
has been replaced by the constant f(2),...,z7), and all functions ¢;(z;) by their
second order Taylor expansions. The problem reduces to compute k£ one-dimensional

Gaussian integrals which can be done easily.

Example: Airy function We want to conclude discussion of the saddle-point method
by considering two examples, the first being the asymptotics for large positive x of

the Airy function Ai(x). Our starting point is the integral representation

Ai(z) = % /_:dt exp (z (g + xt))) = ‘2/—5 /_:dt exp (ix3/2 (g + t)))@, .

where we substituted ¢ — /xt to make the integral amenable for the saddle-point
method. We identify ¢(t) = t3/3 + ¢, with the saddle points given by 1, = +i. We
interpret now ¢ as a complex variable and compute the steepest paths through the
saddle points. with ¢ = u + v we have Im ¢(u + iv) = u(u?/3 — v* + 1). Stationary
phase curves through the saddle points are hence given by u = 0 (the imaginary axis)
and v = +,/u2/3 + 1. We further note that Re¢(4i + ¢) = —2/3 F €%, i.e. +i is
a maximum of Re¢ on the path v = \/m, whereas —i is a minimum on the
path v = —\/m . We hence want to deform the contour to go through +i. We
choose the contour which is parallel to the real axis and goes through +i (and hence

tangent to the steepest descent contour, ensuring we approach the saddle point from
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the correct direction). Since the integrand has no poles, deforming the contour does
not pose a problem. We split the contour into three parts: The paths from —oo to
—0o0 + 4, from —o00 47 to 0o 4+ ¢ and from oo + ¢ to co. The two integrals parallel to

the imaginary axis are zero, as can be seen by the following chain,

a+1
/ dt =€ /3|

1 _3/2424 1— —2%/2a?
< [ dte = 50 (a— *o0). (2.17)
0

1 1
/ dt eix3/2((a+it)3/3+a+it) < / dt 6x3/2(_t_a2t+t3/3)
0 0

23/2¢2

The remaining integral can now be treated using Laplace’s method. Substituting

t =i+ yx 3/, and expanding the exponent to second order yields

: 1 > 2 30 9 exp (—32°?)

Example: Hermite polynomial The Hermite polynomial Hy_x(v/ Nz), where both
the order and the argument are large (but of different order in N) will be encountered
at various points throughout the thesis. Hence we want to provide its large-N asymp-

totics at this point. Its integral representation is given by (see e.g. 8.951 in [59])
Z’N
Vs

The first step is to rescale ¢ — v/ Nq and write ¢V = exp(N In q), such that

Hy(z) = / " dgq" expl-L(q +i2)?) (2.19)

‘N—k 0
Hy «(VNz) = Z\/%NN%‘“ /_Oo% exp[—% (g +iz)* + Nlng]. (2.20)
We identify f(q) = ¢~ % and ¢(q) = —%(q +142)2 + Ing. This implies that there are
two saddle points at ¢4 = 2(—iz £ /4 — 22) (we only consider the case |z| < 2). The
simplest possible contours of integration are those where either real or imaginary part
vanish. Hence it would be convenient to deform the contour of integration like in
the last example, but going through the point —iz/2. Note that both saddle points
are on this contour. It is of course not a steepest descent contour, neither can one
expect that it is tangent to such a contour at the saddle points. Nevertheless the

saddle-point method is usually quite robust and yields even correct results when only
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reaching the saddle point in approximately the correct direction. We simply assume
here the chosen contour is “good enough” to give correct results. As in the previous
case one can furthermore show that the two integrals parallel to the imaginary axis
at +o0o are zero. Then we can follow the usual procedure of evaluating f(q) at the
saddle point, expanding ¢(q) to second order around the saddle point and computing
the resulting Gaussian integral. Notice that we have to do this for each saddle point
separately, the result being the sum of both contributions. Those two contributions

are then given by

) 1\ 12
I, = @'N*kN¥qu*k exp[— 5 (qx + i2)?] (1 + E) . (2.21)

Inserting the definition of ¢ and using the easy to check relations ¢y + 12 = ¢ and

—1
<1 + é) = :I:\/Zf7 one thus arrives at

Hy o (VN2) ~ S22 57 (WN

i |\ 2 ) {A*(k,N,z)+(—1)N*’f£1(k,N,z)},

(2.22)

where we defined
A(k,N,z) = (VA — 22 +iz)V 2 exp[Nizv/4 — 22). (2.23)

This is the correct large- N asymptotics, which can be checked for example by numer-
ics. With some more effort the saddle-point analysis can certainly be done with full
mathematical rigour, however, for the purposes of this thesis a non-rigorous treatment
as above usually suffices. Thus in the remainder of the thesis we will only concentrate
on explaining the gross structures of the saddle-point analysis which yield the correct

results without going into much more detail.
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2.2. The Supersymmetry Method

The name “supersymmetry” originates from particle physics. A supersymmetric the-
ory is a theory where every boson has a fermionic partner and vice versa. The photon
for example would have a fermionic partner called photino. In this theory bosons are
described by a set of commuting variables, while fermions are described by a set of
anticommuting or Grassmann variables.

Although mathematically the same, the use of supersymmetry in random matrix
theory is entirely different. The variables do not represent bosons or fermions any
more, instead they are just bookkeeping devices which have no physical meaning,
although the nomenclature of certain quantities sometimes refers to the concepts of
particle physics. This use of supersymmetry was first introduced by Efetov [26,27]. A
more recent review of supersymmetry in random matrix theory can be found in [60].

The aim of this chapter is to present how supersymmetry is utilised to tackle prob-
lems in random matrix theory, however, no completeness or mathematical rigour is
claimed. For a more mathematical treatment the reader is referred to the book of
Berezin [61].

Grassmann variables are introduced in Section [2.2.1] whereas in Section [2.2.2] su-
pervectors and supermatrices as well as invariants like the supertrace and superdeter-
minant are presented. Section[2.2.3]finally defines integrals over Grassmann variables,
with special focus on Gaussian integrals. We also discuss how to change integration
variables and the boundary contributions that may arise, known as Efetov-Wegner
terms. In Section is finally shown, how supersymmetry can be applied to random
matrix theory. Application is explained via a toy model and three different methods
are presented, known as Hubbard-Stratonovich transformation, Superbosonization

and a “hybrid method” of these two methods. Parts of this section are taken from [9).

2.2.1. Grassmann Variables

Let us introduce variables (;,2 = 1... N which obey the relation

GiGj = —G4Gi- (2.24)
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These variables are called anticommuting or Grassmann variables. They are nilpotent,
meaning that the square or any higher power vanishes. This can easily be seen from
the above equation as we get (? = —(? for i = j. This relation can only be satisfied
if

¢ =0. (2.25)
Unlike commuting variables, we cannot represent anticommuting variables as num-

bers, thus they are purely formal objects. It is convenient to define an operation of

complex conjugation for them by

() = ¢, (2.26)
(G) =¢"=—G (2.27)
(G¢)" = GG (2.28)

(¢; is again an anticommuting variable and independent from (; in the same sense as an
ordinary complex variable and its complex conjugate are independent. The definitions
(2.27)) and (2.28)) ensure that (/(; remains invariant under complex conjugation,

(GG)" =¢G7¢ = =66 =G (2.29)

Another possible definition is to drop the minus sign in (2.27]) and to reverse the order
of the Grassmann variables in ([2.28)).
Note that Grassmann variables commute with ordinary variables, but also a product

of an even number of Grassmann variables is a nilpotent commuting variable,

(GGG = GGGk = —GiGG = +GG¢ = G(GiG). (2.30)

Similar to the definition of matrix functions we can write functions of anticommuting
variables as power series. Due to (? = 0, every series gives a finite polynomial. For

example we have
exp(aC’¢;) = 1+ all¢. (2.31)

More generally speaking a function comprising n anticommuting variables can always
be expressed as a sum of at most 2" terms, starting from a term that contains no

Grassmannians up to a term that contains all n of them.
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2.2.2. Objects and Invariants in Superspace

We now consider objects which comprise both commuting and anticommuting vari-
ables. A supervector consists of np ordinary commuting variables z; and np anticom-

muting variables (;. It can be written as

= H , (2.32)

where z denotes a vector with commuting entries z;, 7 = 1...np, and ¢ denotes a
vector with anticommuting entries (j, j = 1...np. In general, z and ¢ can have
different dimensions. The adjoint of a supervector is defined in the usual way by
complex conjugation of the entries and transposition.

In ordinary space, a matrix acts as linear transformation between vectors. In the
same sense we can define an (np + ng) X (np + np) supermatrix o as linear trans-
formation between (np + nr)-component supervectors, ¥’ = o1p, where ng and np
are the number of commuting and anticommuting variables, respectively. For the
multiplication of two supermatrices the usual matrix multiplication is employed. We
require that v’ has the same structure as ), i.e. the first ng components have to

be commuting, and the following nz have to be anticommuting. Decomposing ¢ into

o= [(“ “1] , (2.33)

H2 a2

block matrices,

the multiplication yields

e py |2 _
V= [M GJ [C]

We see now that the above requirement implies that a; and ay are ng Xng and npXnpg

a1z + g

. (2.34)
Loz + as(

matrices with commuting entries and 1 and ps are rectangular matrices of matching
dimension with anticommuting entries. Note that the commuting entries can also be

composed of pairs and higher even combinations of anticommuting variables.
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The transpose and the adjoint of a supermatrix are defined as

T T
a
oT = | M2 gt — (o7 (2.35)
—H1 a3
The minus sign in the definition ensures that the familiar relation (o109)7 = ol o7

also holds for supermatrices. One should notice that in general (¢7)” # o, however,
(")t = o is always true. A supermatrix is Hermitian if o' = . Although we
cannot define the inverse of a Grassmann variable in a meaningful way, a quadratic
supermatrix o can have an inverse. Moreover we can also have unitary supermatrices
with o1 = oT.

In ordinary space trace and determinant are invariants of a matrix. The corre-
sponding quantities for supermatrices are called supertrace and superdeterminant

(sometimes also graded trace and graded determinant). If we use again the notation
with block matrices (2.33)), the supertrace is defined by

Stro =Tra; — Tras. (2.36)

This definition ensures the cyclic invariance of the supertrace Strojo, = Strogo;.
Since trace and determinant of an ordinary matrix M are related by Indet M =

Trln M, we want to define the superdeterminant in such a way that
Insdetc = Str lno (2.37)

also holds. This ensures that we have the familiar properties sdet 07 = sdet o and

sdet 0109 = sdet 01 sdet o2. In terms of the block matrices this implies (see ref. [27])

det(a; — pyas o) B det ay

sdet o = (2.38)

det as N det(ay — poa; tp1)

As one can see the superdeterminant is only well defined for detay # 0. Instead of
“str” and “sdet” the symbols “trg” and “detg” (for graded trace and graded determi-

nant) are also frequently used.
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pg-notation

The above introduced structure of a supermatrix is called block- or boson-fermion-
notation (bf-notation). a; is the boson-boson block, as the fermion-fermion block, p;
and po the boson-fermion and fermion-boson block, where the nomenclature refers to
its origin in particle physics. Sometimes, however, it is more convenient to use another
notation, the so called pg- or [1,2]-notation. Consider an (2ng + 2ng) X (2ng + 2nrp)
supermatrix o consisting of sixteen block matrices a;,b;, 1, v;, 7 = 1...4. The q;
comprise the boson-boson block and are of dimension (ng x np), the b; comprise the
fermion-fermion block and are of dimension (np x np) and the p;, v; comprise the
boson-fermion and fermion boson block and are of matching dimension. In pg-notation

this supermatrix takes the form

ar as 1 W2 ar M1 G2 M2
as a vy by vy b o1 O
oby = 3 A4 M3 M4 - 1 1 2 D2 _ 11 12 _ Gra (2.39)
v vy by by az M3 Qaq4 Mg 0921 022
vg vy by by vsg by vy by

where the o;; are now (ng+ng)x (np+np) supermatrices in standard block notation as
in Eq. (2.33)). For the supertrace we get the rule Stro,, = Str o+ Strog. Changing
from bf- to pg-notation and vice versa is especially useful when supermatrices become

block-diagonal in one of the notations.

2.2.3. Integration
Berezin integral

We cannot integrate over Grassmann variables in the sense of a Riemann integral
because they have no representation as numbers. Thus, an integration over anti-
commuting variables can only be a formal definition. Since there are no powers of

anticommuting variables, it suffices to use the two definitions

/ dc; =0, / dGi¢; = 6. (2.40)
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This is referred to as Berezin integral [61]. The formally introduced differentials
d(; are assumed to be anticommuting with all initial Grassmann variables and with
themselves. Changing the order of integration therefore might give an additional
overall minus sign.

To integrate a function of anticommuting variables, one just needs to expand it
into a power series. Due to the definition the integration over all terms, which
do not contain all Grassmann variables involved in the integration, yields zero. Thus

only the highest order coefficient contributes to the integral. For example we have

[ fac exvlagie = [a6 [aca+agic)
_ a/dg (/dg;g;) G=a. (2.41)

It is also possible to think of Berezin integrals as derivatives since it is very natural

to define a derivative as
¢
¢;

where one has to be careful with signs and has to distinguish if the derivative operator

acts from the left or from the right onto a Grassmann variable. Comparing the
definitions of integration and differentiation we see that they coincide. However, for
our purposes it is more useful to think of the definition as integral because
it follows similar rules when we change variables. In particular, when we change a
single Grassmann variable a(; = Yx;, the differential has to change accordingly by
d{; = ady;. For changing a vector with anticommuting entries A = x this rule
extends to d(; ...d{, = det A dyy ... dxax.

An integral over the components of a supervector or a supermatrix contains both
integrals over commuting and anticommuting variables. We may also in this case

change variables. For an arbitrary transformation of supervectors x* = xT(¢) =
[yT(z,¢) n'(z,¢)] we have

(2.43)

T
dx = sdet lay/ 0z" Oy/oC ]dz/)

on/0z" on/o¢"

with dx = dy;...dy,dn,...dn, and dyp = dz;...dz,d(;...d{,. The Jacobian in

superspace is also referred to as Berezinian.
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Gaussian integrals over Grassmannians

The most important Berezin integrals in view of the supersymmetry method are

Gaussian integrals over Grassmann variables given by

I= / d¢d¢texp (CTAC + p'¢ + ¢, (2.44)

where ¢, g and v are vectors with N anticommuting entries, A is an N x N invertible
matrix with commuting entries, and d¢d¢t = d¢d¢y ... d¢ndCy-
Since we can treat ¢ and ¢' as independent variables, we may transform A¢ = n but

leave ¢ as it is. The measure transforms accordingly to d¢ = det A dn such that
I=detA /dn d¢Texp (¢'np + pfA™'n + ()

N

= detAH /dnjdgk exp <C;77j + (;ﬂA’l)jnj + C]TVJ)
j=1
N

=detA]] /dnijf(l +¢my) (14 (AT ) (14 Gvy). (2.45)
j=1

In the last step we expanded the exponential function as in (2.31]). The solution of
the integral is just the highest order coefficient, thus

I= detAﬂ (1= (pn'A™")1). (2.46)

Writing the term in the bracket again as an exponential, we finally get the identity

/d(jol(T exp (CTAC + pui'¢ + (') = det A exp (—pfA™v). (2.47)

Note the similarity to a Gaussian integral over complex commuting variables,
/dzdzT exp (—zTAz +blz+ zTc) =det ™A exp (bTA_lc) , (2.48)

where dzdz' = H;VZI d(Re z;)d(Im z;)/m and A has to be positive definite to ensure

convergence. The main difference is that in this case the inverse determinant occurs.
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Another type of Gaussian integral is one that does not comprise the complex con-

jugate Grassmannians,

I= /dc exp (CTAC +u"¢), (2.49)

where ¢ and p are vectors with N anticommuting entries, A is an N x N matrix
with commuting entries and d¢ = d(;...d(y. To calculate this integral we look at

its square and write

I’ = / d¢dn exp [¢TAC+n" An+ p" (¢ + )] (2.50)
= /dCdﬂ exp | Y Ajw(GiGr + nyme) + (G + 1) | - (2.51)
7,k

We introduce new variables

1 l
—(0; +0), n=—F
\/5(] j) 77] \/§

This implies d(;dn; = id0;d6}, and altogether we have

¢ = (0; — 07). (2.52)
d¢dn = iV (~=1)NN=D/240,d0; . .. dOydoy = i dedeY, (2.53)

where the measure is now defined as for the Gaussian integral over complex Grassmann
variables. The factor (—1)Y®=1/2 comes from changing the order of the differentials.

The integral then transforms to
2 =) / d0do" exp [67(A — AT)O + ™' "0 — e7/10T ] . (2.54)

This integral is now of the form that one can apply the identity (2.47) and after taking

the square root on both sides one gets

/dC exp (CTAC + pn"¢) = y/det (A — AT) exp %MT(A — AN |, (2.55)

where we used that det(A — A”) vanishes for odd N and iV ) =1 for even N. The
expression in front of the exponential is called Pfaffian, pf(A — AT)? = det(A — AT).
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Efetov-Wegner terms

One should notice that changes of variables in superspace can lead to boundary con-
tributions which have no analogue in ordinary space, they are referred to as Efetov-

Wegner terms. In order to discuss them we consider the example

I= /Ooody /d( /dg* 2y exp (—y* + (). (2.56)

With Eq. (2.41)) the integral over the anticommuting variables yields a factor of unity,
while the integral over the commuting variables gives unity as well and thus I = 1.

Now we want to change the variables to

y=r(1+3x*x), ¢(=rx, "=rx", re(0,00). (2.57)

The Berezinian of this transformation can be calculated to 1/(yr) with (2.43)). To-
gether with
—y’ + 0= —r 1+ X"X) + i =1 (2.58)

the integral transforms to

[ = 2/0de /dx /dx* eXp(r—_Tz). (2.59)

At first glance one might think that I = 0 since the integrand does not depend on
the Grassmann variables any more. This can of course not be correct since we know
that the integral should evaluate to I = 1. If we look closer at the integrand we also
observe that it has a singularity at » = 0 and thus the integral over the commuting
variable does not converge. Hence the whole integral yields an indefinite expression
of the form “0 - c0”.

In order to circumvent this problem and get a meaningful result for the integration
we do the calculation again, but exclude an infinitesimal sphere with radius ¢ > 0

around the singularity at zero,

I = /0 dy /dg /dg* 2yexp (—y* + (*¢) Oy — ¢), (2.60)
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where © denotes the Heaviside function which is 1 for positive and 0 for negative
arguments. This approach was followed for a more general case in [62]. At the end of

the calculation we have to take the limit ¢ — 0. Doing the transformation now yields

I, =2 /Ooodr /dx /dx* eXp(r—_TQ)@(r(l +3X*X) —€). (2.61)

Since the argument of the ©-function includes Grassmann variables, its series termi-

nates after the first order and we get

Or(14+3x*x) —€) =0(r—e) + gx*xé(r —€). (2.62)

This yields for the integral

I, :2/ dr/dx/dx* . —|—/ dr/dx/dx* e_r2x*x5(r—e). (2.63)
€ r 0

Hence the appearance of the d-function ensures that we get an additional contribution

at the boundary r = €. The first integral is now definitely zero for any € > 0 since the
integration over r yields then a finite value, while the integration over the Grassmann
variables yields zero. The second integral still contains the anticommuting variables

and thus we get the desired result

e—0

I =exp(e®) — 1. (2.64)

This example shows that one has to be careful when changing variables in superspace
since additional contributions from the boundary of the integration can arise. A more
rigorous treatment of this topic and methods how one can in general calculate these

Efetov-Wegner terms can be found in [63].
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2.2.4. Supersymmetry in Random Matrix Theory

In order to illustrate how supersymmetry is applied to random matrix theory we use
the level density p(E) = (1/N)(Tr§(E — H))y as a toy model. As usual the angular
brackets denote the random matrix ensemble average. First we note that the level

density can be expressed as the imaginary part of the trace of the resolvent (E—H) ™!,

HO> . (2.65)

The above identity can be shown easily by computing the imaginary part of Tr(E —
H —ie)~! and then taking the limit ¢ — 0,

p(E) = WLN <Im Tr(E — H —ie) ™

1 . N 1 , € 1
oy 2 (B = B =i =5 ) I = 20 - B)

(2.66)

where E; are the eigenvalues of the Hamiltonian H. Equation ([2.65]) on the other hand
can be expressed via a generating function Z(E~,s) (we abbreviate E~ = E — ie; the

limit € — 0 is implied and will from here not be written explicitly),

so} 2B s) = <de(:?;?:;fqu)>}[ (2.67)

p(E) = WLNIm {%Z(E_, s)

To show the validity of this equation one can go to the eigenvalues of H and perform
the derivative.

Now to calculate the level density, or equivalently its generating function, for a given
random matrix ensemble, say the GUE with joint probability distribution P(H) =
Caug exp(—55 Tr H?) (see Eq. (1.2)), we need to perform the ensemble average in

Eq. (2.67), i.e. calculate the integral

det(E~ — H)

det(E- —s— H)’ (2.68)

Z(Es) = /dH P(H)
where dH is the flat measure comprising all independent variables of H, whose number

for an N x N Hermitian matrix is N2. Moreover one is usually interested in the limit

N — oco. Performing this integral is hence highly non-trivial. However, one possible
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trick to compute it is to rewrite it into a supersymmetric model. Therefore we use the
two identities (2.48]) and ([2.47)) to replace the determinants with Gaussian integrals

over N commuting and N anticommuting variables, respectively,

Z(E™,s) = /dH P(H) /dzdzT exp (—iz (B~ — s — H)z) 269)
2.69
X / d¢d¢exp (+i¢T(E- — H)C) .

Note that we had to introduce the imaginary unit in the integral over the commuting
variables in order to ensure convergence (we assume € > 0). Integrals over Grassmann
variables never have convergence problems, however, we also added the imaginary unit
here for symmetry reasons.

The H-dependent part of the exponent in (2.69)) is given by

izl Hz —i¢'HC = iTrH(z® 2 + ¢ ¢ =i Tr HA, (2.70)

where we introduced the Hermitian N x N matrix A given by the term in brackets.

For Gaussian joint probability density, the ensemble average becomes now trivial,

. N ’
(™ ue = Caun /dH exp | =55 TTH? +iTr HA | = exp ~Lmea).
2.J 2N
(2.71)

One way to show the validity of this formula is by explicitly writing the traces as
sum over the matrix elements. This yields just a product of Gaussian integrals. After
performing them and rewriting the product of exponentials back to a trace one gets
the right-hand result. Note that Eq. yields 1 Tr(A + A”)? instead of Tr A% if
the ensemble average is taken for the GOE instead (see Eq. (1.2)).

The simplification of the ensemble average by introducing Gaussian integrals over
commuting and Grassmann variables is at the heart of the supersymmetry method.
It is especially tailored for Gaussian matrix ensembles. However, for more general
joint probability density function P(H), the expression (e!T"H#4);; can be viewed as a
generalised Fourier transform for matrices and effort has been made using this fact to

generalise the supersymmetry method also for non-Gaussian matrix ensembles [64-68].
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After performing the ensemble average, we are left with
J2
Z(E™,s) = /dv,bdw,/)T exp (—MN[M ® Ly]ap) exp (_ﬁ Tr A2) , (2.72)

where we introduced the supervector ¥’ = [27,¢”] and the 2 x 2 matrix M =
diag(E~ — s, —FE~). Hence we have rewritten our original problem into a supersym-
metric model involving the supervector 1. This is already a remarkable result, as we
reduced the degrees of freedom in our statistical model from N? independent variables
of a Hermitian N x N matrix to the 4N independent variables of the supervector
(¢ comprises N complex commuting and N complex anticommuting variables).

Note that the level density is a fairly simple object, and usually more complicated
supersymmetric models arise. E.g. for the k-point correlation function, which is the
function that measures the probability to find eigenvalues of H around each of the
positions z ...z, one would need to introduce k£ N-dimensional vectors z1,..., 2z
comprising complex commuting variables and the same number of vectors comprising
Grassmann variables. One could combine them into one 2k/N dimensional vector )
(the level density is obtain for the choice & = 1). In even more general cases the
number of z-vectors could be different from the number of {-vectors.

The main concern is now to perform the remaining integrations. There exist various

methods to proceed from here an we will present three different ones in the following.

Hubbard-Stratonovich transformation

There is a crucial duality between ordinary and superspace [64], given by the identity
Tr A™ = Str(QL)™, m € N, where A is the N x N matrix defined in (2.70)), L =
diag(1, —1) and @ is the 2 x 2 Hermitian supermatrix

B zlz  2i¢
Q= [—cTz —C*C] : (2.73)

While for the 2 x 2 case it is still possible to show the duality relation by ex-
plicit calculation of the trace and supertrace, a more succinct way is as follows [64]:
First introduce a matrix B whose columns are the integration vectors, B = [z ¢|-
Note that this is not a standard supermatrix of the form introduced in Sec-
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tion However, the composition BB is such a standard supermatrix. To en-
sure that it has the correct properties under transposition and conjugation, com-

pare Eq. (2.35]), we need to define the complex conjugate of B with an extra minus

+2zt

+|- Furthermore define the metric L = diag(1,—1). Then the ma-

trix A can be written as A = BLB', and the trace of its m-th power takes ac-
cordingly the form Tr BL(B'BL)™'B'. We define Q = B'B (this is the same
definition as (2.73)) such that TrA™ = Tr BL(QL)™'B'. As mentioned above
@ is a standard supersymmetric matrix. If B was an ordinary matrix one could
now use the cyclic invariance of the trace. However, due to the presence of the
Grassmann variables, one needs to be a bit more careful. To that end we write
a
77’[
Tr BL(QL)™ 'Bt = Tr(zaz! — zn¢" — ¢nfzt + ¢b¢T). For the terms in this expres-
sion we can use the cyclic invariance of the trace and the right-hand side becomes
Tr(ztza — 2T¢nt) — Tr(=¢Tzn + ¢T¢h) = Str (QL(QL)™ ') (compare with the defini-
tion of the supertrace (2.36])) which proves the claim Tr A™ = Str (QL)™.

This proof can be generalised easily for cases involving kg + kr integration vectors

(QL)™! in block notation, (QL)™! = [ Z . Performing the trace then yields

where B becomes an N x (kg + kp) matrix. The supermatrix Q = B'B will be
accordingly a Hermitian supermatrix with upper left block of size kg x kg, lower
right block of size kr x kr and the other two blocks of matching size (compare with
Eq. ) E.g. for the the k-point correlation function, ) would be a 2k x 2k
Hermitian supermatrix. L is a diagonal matrix of same size as (), where each entry
on the diagonal is either +1 or —1. The duality relation is true for any possible L of
that form.

The duality is also applicable to the orthogonal case, although we have to deal with
Tr(A+A")? instead. In our example we have A+AT = z@2zi+2*@2T+¢@¢ - ¢ @,
Note the minus sign in the last term since ¢ and ¢* anticommute. We can get the same
expression if we take the Hermitian case for k = 2 (Two-point correlation function)
givenby A = 2,02l + 2,020 + ¢, @ ¢+ ¢, @ ¢h and set z5 = 2% and ¢, = ¢} (such
that ¢, ® ¢b = —¢7 @ ¢T where we used (¢*)7 = —¢T which follows from definition
(2.27))). Hence @ will be a 4 x 4 Hermitian supermatrix for the level density and more

generally a 4k x 4k Hermitian supermatrix for the k-point correlation function. Note
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that besides Hermiticity ) will have a few more symmetries in the orthogonal case:
Its first two diagonal elements are the same (z'z = 272*) and similar the following
two diagonal elements (—¢T¢ = ¢7¢*), two entries in its lower right block will be zero
(¢T¢ = ¢'¢* = 0 due to nilpotency of Grassmann variables) and in the off-diagonal
block we have Q13 = 27¢ = Q3, and Q14 = 27" = Q3.

Coming back to the unitary case we use the duality relation to replace Tr A% by
Str (QL)? in our supersymmetric model for Z(E~, s) (2.72). Furthermore we use the

following identity, which is known as Hubbard-Stratonovich transformation [26],

/da exp (—rStro® +iStroQL) = exp (—4—17, Str (QL)Q) , Re(r) >0, (2.74)

T *

where ¢ is a 2 X 2 supermatrix of the form o = 77 , x,y € R, ie. it has the same
now
symmetry as () apart from the imaginary unit in its lower right entry. Because of the

minus sign in the definition of the supertrace this so called Wick rotation [60]
is needed to render the y-integration convergent. The identity is also valid for
Hermitian supermatrices () of larger size or those which one obtains for the GOE, and
any diagonal L having 41 on its diagonal. In all cases ¢ will have the same symmetries
as () apart from the lower right block which will be multiplied by the imaginary unit.
The identity can again be viewed as a generalised Fourier transformation, this
time in superspace.

The term Stro()L can now be expressed in terms of the supervector ¥ introduced
in 2.72), StroQL = ' (Lo ® 1)1, This is also valid for the orthogonal case if one

defines 7 = [27, 21, ¢7, ¢T]. Hence the Hubbard-Stratonovich transformation allows

us to write Eq. (2.72)) as

N
Z(E™,s) :/da exp (_2_J2 StraQ)

(2.75)
X / dypdep’ exp (—ipp' (M — Lo) @ 1n]p) .

Integration over the supervector can now be performed using [ dapdapt exp(iz,bTZzb) =
sdet 7' (a similar identity exists for the orthogonal case, Ik dapdap’ exp(inp'Sap) =

sdet "Y/2%. One gets a different result because not all entries of 4 are independent
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from each other), which is valid for any dimension of @. This identity can be shown
representing the supermatrix ¥ by its blocks, writing " = [27,¢”] and then per-
forming the Gaussian integrals over the anticommuting vector ¢ and the commuting

vector z successively. The final result is then given by

Z(E~,s) = (=1)N /da exp (—% StraQ) sdet N[0 — diag(E~ — s, E7)], (2.76)
where we used sdet (Lo — M) = sdet Lsdet (¢ — LM) and sdet L = —1.

Mapping the problem to a supermatrix-integral, we were able to reduce the degree
of freedoms from N? integrations to just 4, that is the entries of the 2 x 2 supermatrix
o. Two of these integrations are over real commuting variables and two are over
anticommuting variables. Moreover IV is now an explicit parameter in the integrand,
which makes it possible to analyse large-N asymptotics of Z(E~, s), e.g. by means of
the saddle-point approximation (see previous section).

This is still valid for supersymmetric models of higher dimension, the k-point cor-
relation function would for example be expressed by an integral over a 2k x 2k Her-
mitianE] supermatrix. For the orthogonal case supermatrices will be twice as large,
however, due to further symmetries the number of independent variables reduces to
8k2, half of them commuting and half anticommuting (e.g. for the level density the
integral will be over an 8 x 8 Hermitian supermatrix where the first two diagonal
entries and the last two diagonal entries are identical, respectively, the two remaining
entries in the lower right block are zero, and the off-diagonal blocks are only composed
of two different Grassmann variables and their complex conjugates instead of four.
This reduces the number to two real and one complex commuting variables and two
complex Grassmann variables, accounting for eight integrations in total).

Equation ([2.76)) can be seen as the final exact result for arbitrary N. If one wishes
one could also integrate the remaining Grassmann variables out to obtain the gen-
erating function of the level density in terms of an ordinary two-fold integral. From
there one could also proceed to take the large-N limit. However, the symmetries of
(2.76) make it easier to perform a saddle-point analysis at the level of the supermatrix

g.

21Strictly speaking o is not Hermitian since its lower right block is multiplied by i. However, other
than its lower diagonal entries becoming negative on complex conjugation ¢ has all properties of
a Hermitian supermatrix.
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The first step is to determine the N-dependence of the integrand. As explained in
Section [2.2.2] the superdeterminant can be defined via sdet o = exp(Str Ino). We

use this to rewrite the superdeterminant

sdet (o + diag(s,0)) ™" = exp {—N[Str Inog + Str In(1, + o' diag(s,0))] },
(2.77)
where we abbreviated oy = 0 — E~15. The variable s is the source variable, i.e. in
the end we have to take the derivative with respect to s at s = 0. This means we
are free to choose s to be of order 1/N, such that Ns is of order unity. Then we can
expand the second term in the above equation in terms of 1/N which yields for the

generating function

Z(E™,s) ~ /da exp {—N [%}2 Stro® 4+ Str Inog| — NsStrog! diag(l,())} :

(2.78)
where we neglected all terms of order O(1/N) or higher. The above integral is of
the form applicable to the saddle-point method, but with an integral over a su-
permatrix instead@ The idea of finding saddle points can be generalised to such
a (super)matrix-integral. The condition is that the (super)matrix differential of the
O(N) part vanishes, which in our case is given by d(#a2 +1In O’E) = (%0 + 0]51) do.
Hence we require the term in brackets on the right-hand side to vanish, which gives
the saddle-point condition

1
50+ opt =0. (2.79)

Let us first look for a diagonal solution. Then the saddle-point condition applies to
both individual entries on the diagonal with solutions 1 (E* +/(E7)?2—4J 2). Let
us first assume |E| < 2J. Then we have in principle four possible diagonal solutions,
corresponding to the two choices we have for each diagonal entry.

To determine which of these saddle points we have to choose recall that for a diago-

nal saddle-point solution op = diag(c”, o) one has sdet [op — E~ 1, +diag(s,0)] ! =

22 Although the saddle-point method in this supersymmetric form is a standard tool used in such
calculations, it has not been justified with full mathematical rigour. A more rigorous procedure is
to integrate out the Grassmann variables at this point and then deal with the resulting expression
in a controlled way. In this way the saddle-point method can be justified a posteriori. Such a
strategy was for example employed in [69}[70].
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oszE*
Jf)—E*—i—s

the integrand in (2.76)) has a pole at P = E —ie — s, i.e. in the lower half-plane. We

need to deform the contour of integration in such a way that we reach the saddle point

. Now recall that £~ carries a small negative imaginary unit, which implies

without crossing this pole. This is not possible if the saddle-point lies in the lower
half plane, such that we have to choose 0P = % (E_ +i\/4J% — (E*)Q), ie. with
positive imaginary part. For of on the other hand, both solutions can be reached
since there are no poles of the integrand, and the two diagonal saddle-point solutions

are hence given by

_ Bl +iy4d 2(E ) dl&g(l,:l:l)‘ (2.80)

0D

Following the method developed in Section [2.1] the main contribution to the integral
should now come from these saddle points and small fluctuations do around them,
hence we deform the contours of integration through the saddle point and let o =
op + do. As discussed in Section [2.1] it then suffices to evaluate the term of order
unity in the integrand directly at the saddle point op and expand the term of order

N in the exponential to second order in do, where the first order vanishes due to the
saddle-point condition (2.79)). This procedure yields

N N
Z(E~,s) ~sdet o5} exp | — = Stro?, + 5 Str op diag(1,0)
: 2.7 2 281

« / d(60) exp {—2—154 Str [J260° — (0p60)’] } |

In terms of the entries of do (which has the same structure as o), the supertrace in

the integrand is given by

[J2 = (o7)?] (02)* + [J* = (03)*] (6y)* + 2 [J* — 07 03] 6n*om. (2.82)

Assume now we had chosen ¢ different from . Then the term in front of the

Grassmann variables vanishes

J?—olo) = —HE +i/4J2 — (B )?2)(E~ —i/4J2 — (E-)2) =0. (2.83)

Consequently the integrand does not depend on any Grassmann variables at all, and
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hence the integral and thus the whole expression vanishes when performing Grassmann
integration. This shows that the contribution for different entries on the diagonal
vanishes. For the remaining contribution o = o we notice that Stro? = 0 and

sdet op g = 1. Furthermore the exponent in the integrand simplifies to

N

—571 [7* = (@D)] [(62)° + 26076 + (00)°] (2.84)

Integration over the Grassmann variables yields precisely the inverse of the integration
over the ordinary variables, such that the integral over do evaluates to unity. The final

solution for the case |F| < 2.J is hence given by the term of order unity, evaluated at
E~+iy\/4J2—(E~)?
- P ]127

the saddle point op =

Ns
2J2

Ns

Z(E™,s) =~ exp 7

Strop diag(1, 0)} — exp { (E‘ /A — (E—)2>]
(2.85)
The second case |E| > 2J can be treated along the same lines. The only difficulty is
to determine in which half-plane the saddle points are. To that end we expand the
saddle-point solution for small € (since the limit € — 0 has to be taken in the end it
can be taken arbitrarily small) and get 20° = E++/E? — 4J2 —ie (1 + ﬁ) To
be able to deform the contour we need to choose the saddle point with imaginary part
> —e (which is where the pole of the integrand is). Hence for E < —2.J we choose
the plus-solution and for F > 2J the minus-solution. All other steps are the same
as before, including the fact that the choice o2 different from of gives a vanishing

contribution. Thus the final solution for the generating function is

R [% (E— +iy/ATE = (E*)2>] for | E| < 2J, 56)
exp [2% (E— ~sgn(B)/(E)? - 4J2>} for |E| > 2J.

Notice that the restriction to diagonal solutions is not entirely correct: In principle any
supermatrix of the form T~!opT solves the saddle-point equation. For the case where
op is proportional to the unit matrix, the solution becomes independent of 1" and op
is indeed the only solution. In the other case we would have to deal with a manifold of
solutions o = 2(E~ + iv/4J? — E?T~! diag(1, —1)T). However, as we have seen the

diagonal solution (T" = 15) does not contribute to the saddle-point solution, and this
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phenomenon carries over to the transformed solutions, such that the diagonal solution
proportional to the unit matrix really is the only relevant contribution. While the
non-diagonal solutions do not play a role here, they are of crucial importance for other
problems,; e.g. for the two-point correlation function it turns out [60] that one has
to choose the imaginary increments on opposite sites of the real line which results in
a continuous saddle-point manifold contributing to the integral. Integrating out the
fluctuations do usually does not pose a problem and one is left with an integral over
this super-manifold, the so-called nonlinear-sigma model [26,127]. We will encounter
such a model in Chapter |4.4.2]

With the asymptotic result for its generating function at hand it is now
easy to compute the level density using Eq. , where the limit ¢ — 0 is also
implied. Notice that the resulting expression for |E| > 2.J will be proportional to €
and hence vanish in this limit. For the case |E| < 2J, on the other hand, one gets
p(E) = YA2E2  Hence we have shown that the level density of the GUE in the limit

27 J?

N — oo is given by Wigner’s semicircle law (1.9)).

“Hybrid method”

This method uses the Hubbard-Stratonovich transformation only for the fermionic
part, but a formula related to Superbosonization (explained in the following section)
for the bosonic part. There is no standard name for this method in the literature
which is why we call it the “hybrid method”. We start again from ([2.72]). However,

instead of going to the ()-supermatrix we simply perform the trace
TrA?=Tr(z® 2  + ¢ @ ¢ = (272)? — (¢T¢)? — 2«¢T (2 ® 27)¢. (2.87)

Our first aim is now to perform the Grassmann integration, however, the term (CTC )2
prevents us from doing so. To deal with it we do a Hubbard-Stratonovich transfor-

mation for the Grassmann variables only,

2 0
e (5€17) =\ o [ wewn (<5 racic). @8y
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For supersymmetric models which involve more vectors comprising Grassmann vari-

ables (e.g. k for the k-point correlation function), the trace takes the form

k k k
TrA? =Tr 7% — Z C;Czd@ - ZC;ZC] =TrZ* - TYQ%’ - ZC}ZCJ" (2.89)
j=1

=1 j=1

where we abbreviated Z = z; ® zi +o+ 2 ® ZL (Note that this is for the k-point
correlation function, but in general the number of vectors z; could be different from
the number of vectors ¢;) and Qr is the k x k matrix having elements ¢;; = CIC ;- For

this case we may use the Hubbard-Stratonovich transformation

J2 NF N N . -
o (359) = (grim)  far ow (-gpmrhemaeae), @)

where Q r is a Hermitian k£ x k matrix whose entries are commuting variables, and
furthermore we can rewrite Tr QrQp = > i C}@p(j ;- As usual, the orthogonal case is
a bit more involved. The trace for the level density is e.g. given by with k = 2
and ¢, = (] (the definition of Z has to change accordingly). Consequently Qr will be
a 2 x 2 matrix with g11 = ¢oo = ¢'¢ and g2 = ¢'¢* = 0 = ¢7¢ = ¢o1. More generally,

11 12
if we decompose the 2k x 2k matrix QQr into k X k blocks, Qr = QFI 52 , then

P WF
we have QY = Q% and Q}? = (Q%)". Furthermore Q% will be Hermitian, giving rise

to k? independent variables, whereas Q1 will be antisymmetric with complex entries,
giving rise to k? — k independent variables. Hence the total number of independent
variables in the 2k x 2k matrix Qr for the orthogonal case is given by k(2k — 1).
Coming back to our original problem of calculating the level density, the exponent
of is now bilinear in the Grassmann variables and hence integration can be

performed,
J? J?
/dcdcT exp (d(zE tat+ 5z e zT)c) = det (zE tg+ 2@ zT) . (2.91)

Using Sylvester’s theorem det(1 + AB) = det(1 + BA) we are able to perform the

70



2. Mathematical Tools

determinant and obtain

2 2
det (zE +q+ Jﬁz ® zT> = (iE + ¢! (zE +q+ JFZTZ) : (2.92)

We furthermore change the variable £~ 4+ ¢ — ¢ which leaves us with

2(Es) =) — [ dzdz U (B~ f
(E~,s) = 575 | dzdzlexp —ﬁ(zz) —i(E” —s)2'z
o N J?
N-1 B a2 Iy
x/oodqq exp( —2J2(q iF ))(q—i—Nz >

Note that at this point all N Grassmann integrations have been performed and we

(2.93)

are left with 2NV 41 integrals over ordinary variables. Furthermore the integrand only

depends on zfz = > i |2;]?, which allows us to go to polar coordinates (note that
dzdz' = vazl d(Re z;)d(Im z;) /),

[ amasisiatn = 252 [Tanen = 22 (5 ) |
™/ 2 wJ? 0 S

(2.94)

where Son_; is the surface of the 2N-sphere given by Son_1 = 27 /T'(N), such that

Z(E~,s) z\/gj2 (%)N ﬁ /quqN‘leXp (—%(q - iE—)2>

o N N
X /0 dR RN'exp <_2_J2R2 - ZJ—Z(E_ - S)R) (¢ + R).

(2.95)

Like with the Hubbard-Stratonovich transformation method, we managed to reduce
the problem to a small number of integrations left, N being an explicit parameter
of the integrand, allowing for calculations of large-N asymptotics. Here the problem
was reduced to a two-fold integral over commuting variables, whereas the previous
method led to an integral over a 2 x 2 supermatrix. Note however that one could
easily integrate the Grassmann variables in and obtain a two-fold integral over
ordinary variables as well (although the representation of Z(E~, s) will be still differ-
ent, e.g. both integrals will be along the full real axis as opposed to Eq. where

one of the integrals is only along the half axis).
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Equation ([2.95) could serve as a starting point to obtain large-N asymptotics.
However, in this case one can make further progress for finite N. To that end we

notice that rescaling ¢ — \/%q one can write the g-integral in terms of the Hermite

polynomial, Eq. (2.19)). If we also rescale R — 4/ ‘%R and further define the function

Fy(z) = z'Nl/ dR R exp[—3 R + iIm(sgn 2)zR), (2.96)
0

which is the Cauchy (or Stieltjes) transform

FN(Z) = —

(sgnIm z)N—1 /OO Hy(y) exp(—%gf)
(sgnlmz)77" (2.97)

d
V2T Y

00 =Y
of the Hermite polynomial [71]@, the generating function can be written compactly
in terms of a determinant (we also use Hy(—z) = (=1)VHy(z) and Imsgnz = —1

since F~ carries a small negative imaginary part),

Hy @E—) Fy @E——s)
2B 8) = —det | N o 7 )

T(N) Hy (@E*) Fy <TN(E* - s)> .

(2.98)

The derivative of Z with respect to s can now be done easily since it amounts to
taking the derivative of Fiy which is given by F}(z) = Im(sgn z)Fy,1(2) as can be
seen from its definition (2.96)). Hence with Eq. the exact solution for the level
density is given by

(2.99)

Notice that the Hermite polynomials are real but their Cauchy transforms are in
general complex.

Large-N asymptotics are now easily obtained considering the asymptotic forms of
the functions contained in the determinant. Asymptotics of the Hermite polynomial
have been calculated in the previous Section for |E| < 2J and are given by Egs.

23We choose an unconventional prefactor in the definition of the transform which simplifies the
result.
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(2.2212.23). Along the same lines one can obtain large- N asymptotics for Fiy_,(v/Nz)
(equivalently one could also just directly take the Cauchy transform of the asymptotic

expression for Hy_,(v/Nz)) which is given by

FN_k(\/NZ) ~

ﬁj’gjﬁ;;g”(@) A(k, N, Im(sgn 2)z),  (2.100)

where A(k, N, z) is defined as in the case for the Hermite polynomial, Eq. (2.23).
Entries of the determinant have now a very similar structure which causes a lot of

cancellation and yields

1
E)~ —————e YNNN"V2Im(E 4 iV4J2 — E?). 2.101
pE) ™ (B+IP—F). (2101
Since we consider large N-asymptotics, one should also express the I'-function by its
large-N asymptotics I'(N) ~ v2me ¥ NN=1/2 (Stirling’s formula). This cancels any
N-dependence of p(F) and after taking the imaginary part one gets precisely the

same semicircular law p(E) = V42‘;2 J_QEQ, |E| < 2J, as with the Hubbard-Stratonovich

transformation method.

The remaining question is how one can generalise the above used method. For more
complicated supersymmetric models, bilinearising the exponent in the Grassmann
variables using the Hubbard-Stratonovich transformation (2.90) and then performing
the Grassmann integration, one ends up with an expression similar to , i.e. an
expression which only involves integration over commuting vectors z;, j = 1...k.
The integrand will turn out to depend only on the k x k£ matrix (), where elements
of Qp are given by ¢;; = z}zj (e.g. Tr Z? from Eq. is given by Tr Z% = Tr Q%).
The main idea of this supersymmetric method is now to generalise the step going
from z'z to polar coordinates in . Assuming that each vector z; is of dimension

N, this generalisation is given by the formula

T T gk . kA
/dzldzl - /dzkdzk f(@p) = —Hle(N y /QB>onB det(Qg)" " f(Qp),
(2.102)

where the integration on the right-hand side goes over the manifold of Hermitian

positive definite k£ X k matrices Q g- This formula was derived heuristically in [72] and
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not much later proved in 73] (see Theorem I). A similar formula holds for vectors

with real entries (such that Qg becomes real symmetric) and is given by

/dah /dwkf Qp) = S / dQp det(Qp) N V2 f(Qp), (2.103)
H (Nz ) Qp>0

where the integration now goes over the manifold of real symmetric positive definite

k x k matrices Qp. This was proved in the same paper [73] (see Theorem Ia in

Appendix D).

In summary, assuming the original supersymmetric model had kg vectors compris-
ing N complex commuting variables and kp vectors comprising N complex Grassmann
variables, this method replaces integration over these vectors (that is 2N (kg + kr)
independent variables) with integration over a Hermitian kp X krp matrix Q r and a
positive definite Hermitian kp X kg matrix Qp (i.e. k% + k% independent variables).
Note that the Hubbard-Stratonovich transformation method left us with twice the
number of integrations, however, half of them over commuting variables, the other
half over anticommuting ones, i.e. the number of ordinary integrations is the same in
both methods.

An advantage of this method is that the Grassmann variables are integrated out
at an early stage and hence one has not to worry about obstacles given by their
presence like finding the correct integration-supermanifold when doing a saddle-point
approximation or the occurrence of Efetov-Wegner terms. Since ordinary and Grass-
mann integrations are treated separately, this method can also be better suited if one
has to deal with “incomplete supersymmetry”, i.e. when the number of commuting
variables differs from the number of Grassmann variables. On the other hand the
Hubbard-Stratonovich transformation method usually gives a more compact and el-
egant expression in superspace, especially if one has “full supersymmetry”, i.e. the
same number of commuting and anticommuting variables, and employing symmetries
of the supermatrix o can lead to a simpler analysis of the model. However, there
are exceptions to this, e.g. we have seen that the “hybrid method” revealed a nice
determinantal structure of the level density (and its generating function) which was

not obtained from the Hubbard-Stratonovich transformation method.

74



2. Mathematical Tools

Superbosonization

The last method which will be presented here is called “Superbosonization” [66-68].
It is a supersymmetric extension of the formulas (2.102)) and (2.103|), based on the

formula

/ dzdzf ... / dzy,dzf / d¢,d¢t ... / ¢, d¢h, f(Q) o / dQ sdet QN ke (),
(2.104)
where on the left-hand side the complex commuting vectors z;, 7 = 1...kp and

complex anticommuting vectors ¢;, j = 1...kp enter the function f(Q) only via the

supermatrix
_zizl zLle dzl CLle_
o [ b me e
z1.C1 ZkE';C1 C1'C1 CkFC1
_ziékF . zLB'ckF dékF . cLF'ckF_

Integration on the right-hand side goes over the (kg + kp) X (kg + kr) Hermitian
supermatrix Q, with its upper left block being positive definite. A similar formula

can be derived for the case of real variables (replace T in the definition of Q by T),
/dz1 . /dsz /dcl . /deFf(Q) x /d@ sdet QU Fkr—ka=1/2£(9). (2.106)

Here Q has positive definite real symmetric upper left block, and skew-symmetric
unitary lower right block.

Let us try to apply the superbosonization formula to our toy model .
First we need to rewrite the integrand such that it only depends on (). Note that the
definition of @), Eq. , is the same as the earlier definition from the Hubbard-
Stratonovich transformation method . Hence we may replace Tr A2 = Str Q?
in . Also the bilinear form in can be expressed as a function of () via
P (M @ 1Iy)yp = Str(MQdiag(1,—1)). Note that one has to insert the matrix
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diag(1, —1) to cancel the minus-sign in the definition of the supertrace (2.36)). Hence
we can apply the superbosonization formula (2.104)),

Z(E™,s) = /d’l,bd’(PT exp (—z' Str[diag(E™ — s, E‘)Q]) exp (—% Str Q2)

A

7 Str [diag(E~ — s,E)Q]) ,
(2.107)

. X N .
N _ 2
X /dQ sdet " QQ exp < 57 Str @

where we also changed Q — %Q The integration is now over the Hermitian 2 x 2

*

ny
ing variables and 7, n* are Grassmann variables. Similar to the Hubbard-Stratonovich

A x
supermatrix ) = [ ] , where = € (0,00) and y unimodular complex are commut-

transformation method, Superbosonization reduces the problem to an integral over
a 2 x 2 (or more generally (kg + kr) X (kg + kr)) Hermitian supermatrix, which is
also very well suited for large-N approximations. Compare the result obtained via
Superbosonization, Eq. , to the result obtain via the Hubbard Stratonovich
transformation, Eq. (2.76). They are equivalent [74], however, this equivalence is
not obvious at all. The main difference is that contains the inverse of the
superdeterminant. Note also that the range of integration is different.

Large-N asymptotics of can be computed following the same steps as for
the Hubbard-Stratonovich method. The N-dependent part of the exponent is here
given by —% StrQ* + NStrInQ — f]—]gE’ Str@ and the term of order unity by
exp[ 3 Str Q diag(1,0)]. This leads to a different saddle-point condition as for the
Hubbard-Stratonovich method,

Q+Q'— —F =0. (2.108)

However, for a diagonal solution Qp = diag(QP, Q2) this implies entries should be of
the form —% (zE + M) These are precisely the saddle points obtained from
the other method multiplied by —i. Also the term of order unity is the same apart
from an extra 7 in the exponent, which will cancel with the — from the saddle points,

such that the final solution, which is essentially the term of order unity evaluated at
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the correct saddle point solution, will be the same.@

This concludes the discussion of the supersymmetric methods used in random ma-
trix theory. We have seen that it is a very powerful tool to perform RMT calculations.
Depending on the type of problem, one of the methods might be more suited than

another.

24 A1l other considerations like the choice of the correct solution are similar, apart from the range
of integration of the upper left entry z in Q being strictly positive. This means the contour of
integration needs to be deformed in a different way, and subsequently its lower integration range
extended to —oo which can be justified as described in Section
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3. Universality of K-Matrix
Distribution for 3 = 2

In this chapter we show that the distribution of the K-matrix for a quantum chaotic
scattering problem is universal in the sense that it is always distributed according to
a matrix-Cauchy distribution, irregardless of the joint probability density of the large
random matrix which describes the underlying Hamiltonian of the system. This fur-
thermore proves that the two different RMT-approaches in chaotic scattering, known
as “Heidelberg” and “Mexico” approach are equivalent. This work is published in [12].

In the first section we motivate the problem. In the next section the characteristic
function of the K-matrix for the random amplitude model is calculated for arbitrary
dimension N of the random matrix describing the Hamiltonian, and its large N limit
is taken which turns out to be universal. Section then proves that K is Cauchy-
distributed by first calculating the characteristic function of a Cauchy distribution and
then comparing it to the characteristic function from Section [3.2] The last section of
this chapter will show that the same expression for the characteristic function of the
K-matrix can also be obtained starting with the fixed amplitude model and thus the

corresponding distribution will be also Cauchy-distributed.

3.1. Motivation

In the introductory Chapter [1| we presented two different approaches to deal with
scattering problems within the framework of random matrix theory. The Heidelberg
approach described in Section introduces stochasticity at the level of the under-
lying Hamiltonian H in (1.20]), while the Mexico approach described in Section [I.3.3]
introduces it on the level of the S-matrix itself, thus deriving the Poisson kernel
(or equivalently the matrix-Cauchy distribution for the K-matrix).
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These two random matrix approaches look very different in their formulation, yet
they are meant to describe precisely the same object, the S-matrix for a chaotic sys-
tem. The consistency therefore requires that the Poisson kernel distribution for
S must also follow from the law of distribution of H entering the relation . Sur-
prisingly, a direct verification of such a correspondence turns out to be a rather chal-
lenging task. The challenge here is that the two objects are related via the resolvent-
like K-matrix, and to convert the law of distribution of H into that of the resolvent
is not at all trivial. A very elegant indirect way round this problem was discovered
by P. Brouwer [13] who proposed to choose H from the Cauchy ensemble of random
matrices with density P(H) o det [A2 + (H — €)2] N "")72 where A, e are two real
parameters. The main advantage of such a choice is that the resolvent (E — H)™! is
Cauchy-distributed as well albeit with modified parameters and, moreover, diagonal
blocks of Cauchy matrices have again closely related distributions. Using these facts
Brouwer indeed was able to demonstrate the validity of the Poisson kernel for such a
choice of H for all values of § = 1,2,4. He then showed that in the large-N limit the
eigenvalue correlation functions in the Cauchy ensemble (called “Lorentzian” ensem-
ble by Brouwer) have the standard Dyson form, and conjectured that such equivalence
of eigenvalue correlation functions should be enough to ensure the same S-matrix dis-
tribution is to be shared by all representatives of the corresponding universality class.
Although such conjecture sounds very natural, the particular mechanism by which
the generic spectral properties of H are translated into universality of the probability
density of the K-matrix and then P(S) remained unclear. To the best of knowledge no
further attempts to verify universality of the S-matrix distribution were undertaken
in the literature apart from (i) the simplest case M = 1 and H € GUE considered
in [6] and (ii) the recent work [75] which however concentrated on the universality of
two-point spectral correlations of the individual S-matrix entries rather than on the
one-point matrix distribution.

In this thesis chapter, under fairly generic assumptions on H belonging to a unitary
ensemble, it is verified that the law of distribution of the K-matrix is Cauchy with
distribution and its parameters A\ and € are related to the strength of the
coupling amplitudes W and the density of states of the underlying matrix H as well
as details of its (invariant) distribution. Since S- and K-matrix are related via the
Cayley transformation , we thereby also establish the universality of the Poisson
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distribution for the S-matrix. For simplicity we restrict to the condition of equivalent
coupling to continuum in all scattering channels, but note that the method can easily

be extended to arbitrary coupling constants.

3.2. Characteristic Function F(X) of the K-Matrix

The first step in showing the equivalence of the two approaches is to compute an
expression for the characteristic function of the K-matrix given by K = WT(E —
H)™'W (see Eq. (1.20])). Its distribution is given by

P(K)= (6 (K-W'(E—-H)"'W)), (3.1)

where 0 denotes the (matrix valued) Dirac Delta function, and the angular brackets
denote the average over all random variables, i.e. all independent elements of the
random matrix H, and in the random amplitude model also over the independent

entries of W. The characteristic function is then consequently given by

Fen(X) = <exp (‘% Tr XWTH(E — H)‘1W) > : (3.2)

where the matrix X has the same dimensions and symmetries as the matrix K. In
terms of the characteristic function, the probability density function of K can be

obtain by

L (M+2-p) :
PIK) = (%) / X Fy n (X) exp (g TrXK) | (3.3)

We now employ the random amplitude model and perform the averaging over the
coupling matrix W in (3.2)) for 8 = 1,2,

/dW P(W) exp (-% Tr XWH(E — H)—1W> : (3.4)
The probability density function of P(W) is Gaussian (see Eq. (1.28)) and dW stands

for the appropriately normalized Lebesgue measure on the space of complex or real

N x M matrices W. In order to compute the average we first diagonalise X =
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T diag(xy,...,zp) T~ where T is orthogonal for 8 = 1 and unitary for § = 2. Then
we change (WT) — W and exploit that WTW and the measure dW are invariant
with respect of such a transformation. This leaves us with the same expression ,
where now X is replaced by a diagonal matrix containing its eigenvalues x4, ...,z ;.

This allows us to rewrite the trace in the following form

Tr [diag(zy, ..., 2a)WH(E — H)7'W]| =Y zawl(E - H) w,, (3.5)

where the w.. are the column vectors of W (channel vectors). In terms of these vectors
the probability density function becomes P(W) = (%)BMN/ 2 exp(—@—{j > wiw,),
and hence the ensemble average amounts to perform the Gaussian integral

BMN/2
(%) /dW exp [—g zc:'wl (% +iz.(F — H)—l) 'wc]

_ ﬁdet <]1N + ”;C(E - H)1> . (3.6)

c=1

[N]ie

At the next step we bring the characteristic function Fz n(X) to the following form:

M

H det (E — H)g sgndet(E — H)?H)O(=z)
det(E + iyz,/N — H)% ; ’

Fen(X) = < (3.7)

=1
where the angular brackets now stand for the averaging over the N x N matrices
H. ©(—x.) is the Heaviside-Theta function which is 1 for positive arguments and 0
otherwise. This means for negative eigenvalues of X we get additional sgn det factors
in the § = 1 case. These are due to the branch cut in the complex plane when taking
square-roots. Appendix has a more detailed analysis how these factors come
about.

The above relation is eract in the random amplitude model for any
choice of N and M. We will show in Section that for § = 2 the same equation
is valid asymptotically in the fixed amplitude model in the limit N > M
provided the probability density of H is rotationally invariant.
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3.2.1. Large NN Limit in the Random Amplitude Model

For f = 2 and 8 = 4 the object in the right-hand side of is well-studied in
the random matrix theory and formulas have been derived for finite N as well as for
the case N — o0, using various methods, e.g. orthogonal polynomials or supersym-
metry [71,/76-78]. For = 1, results for integer powers have been calculated, but
unfortunately no result of comparable generality seems to be known for the prod-
ucts of square roots of the characteristic polynomials. We will derive such formulas
for small M in Chapter For now, we consider in full generality only the case of
Hermitian ensembles with § = 2.

For this purpose, the formula (2.14) from [76] appears to be most useful for our
goals. Namely, for N x N matrices H distributed according to an invariant ensemble

density with polynomial potential V|

P(H) xexp[-NTrV(H)], V(H)= zp:clH”, ¢, >0, (3.8)

=0

the following universal relation holds asymptotically’}

i <M det(E + ne/ (Np(E)) —H>>

N—o0 pute det(E + Cc/(Np(E)) — H)
— (_ M(Ag_l) ex —Ta = . A{Ca 77} e o
- ( ) p < E ;(Cc 7)0)) AQ{C}AQ{U} d t(S(gn nm))m,n=1.‘.M7

(3.9)
where A{n} = [],,<..("m — M) denotes the Vandermonde determinant, A{¢,n} =
A{CAL} L0 (G — 7). and

S(C—n) = exp(imsgn(Im ) (¢ —n)) . V/(E)

&= SR N

p(E) is the large-N limit of the mean eigenvalue density of H at point E inside the
support of p(E) (so that p(E) > 0). An analogous result for averaged products of

Z5We restrict ourselves to the polynomial potentials in (3.8) for the notational convenience. The
asymptotic relation (3.9), and as a consequence the final result holds for invariant ensembles of
random matrices under fairly general conditions on the matrix measure, see the recent paper [79)
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ratios of characteristic polynomials with § = 4 is also known [77], but has a more
complex structure, with Pfaffians replacing determinants.

With this asymptotic relation in hand, one can evaluate the characteristic function
(3.7) of the K-matrix for f = 2 in the limit N — oo and M fixed. Our case is a
special limit of , where all . — 0. This limit, however, cannot be performed
trivially, e.g. the Vandermonde determinant A{n} featured in the denominator of
Eq. vanishes in this case.

We start the calculation noting that

i AMGn (G XX Car)M
N1 —0 A2{C}A{n} A{C} 7

and hence Eq. (3.9) becomes

det E — H) _ (_ M(IVQI L ex — T
A <H det(E + ./ (Np(E)) — H)>H - ’ ( EZ;<> (3.12)
(G x .o x )M

X lim

A{C} NNy —0 A{n}

(3.11)

det(S(Cn - T]m))m,nzl...M'

We now perform the limits successively, starting with 7,,. This leaves us with the

expression

1
lim det(S(G, — ) ) mn=1... , 3.13
n...np—1—0 AM 1{7]}771 -1 ( (C 7 >> =t M nar=0 ( )

where Apr—1{n} denotes now the Vandermonde determinant for the variables n; to
Nyv—1. For the next limit ny,—1 — 0 naively replacing 7y;_1 just results in an inde-
terminate expression, as the denominator would become zero and the determinant
as well (its two last rows become the same). Instead we use I’'Hospital’s rule, which
states that lim,_,, f(z)/g(x) = lim,_, f'(x)/¢'(z), provided both f(x) and g(z) tend
to 0 for x — a. The derivative of the denominator can be performed easily and is
given by
0 2

P Ap—a{n}m - ny— = Ay {ntni .. .ny s (3.14)
M-1 Nv—1=0
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One way to define the determinant of an M x M matrix A is via the Leibniz formula

M

det A = Z €t ipgAlyiy -+ - AMipg s (315)

U1yt =1

where €, ;,, denotes the total antisymmetric Levi-Civita symbol which is 1 or -1 if
the sequence iy,...,%y is an even or odd permutation of 1,..., M, respectively, and
is 0 otherwise (i.e. when any two i’s have the same value). From this formula, using

the product rule, it is easy to see that the derivative of det A is given by

(det A(x))" = Z ( Z €ir.ing Oy i, () H Gn,in($)> : (3.16)

m=1 \i1,....ips=1 n#Em

The term in brackets is nothing else than the determinant of the matrix A where all
entries in the m-th row (or equivalently m-th column, since det A = det AT) have been
differentiated; to get the overall derivative one has to sum over all rows (or columns).
In our case, however, only the second last row depends on the variable ny,_1, and
thus only one term in the m-summation of Eq. is non-vanishing. Hence, after
performing the ny,_; — 0 limit, Eq. becomes

1
lim

N1 -Nn—2—0 AM72{77}77% s 77]2\/172

S(¢ —m) . S(Car —m)

: : (3.17)
x det S(G — nm—2) ce Sy — v—2)
=S (G — M) o 578 (Cvr — Mar—1) B
S(G—0) S(Cu —0)

Next we proceed with taking the limit 7)o — 0. We observe that after using
"Hospital’s rule once the expression remains indeterminate (now the second last and
third last rows will be the same) and hence it needs to be applied twice. This es-
sentially amounts to adjusting the denominator (it becomes 2Ay 3{n}n?...n3, )
and to replace § in the third last row of by its second derivative with re-

spect to my_o, evaluated at 1y, = 0. We may proceed in the same manner with
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3. Universality of K-Matrix Distribution for § = 2

all other limits, always applying 1’'Hospital’s rule one time more than in the previ-
ous step. After m steps, the denominator will have taken the form 2!3!...(m —
D'Apr—m{n} ot .. .05 _,,, and the last m rows of the matrix have been adjusted ac-
cordingly. Carrying on with this procedure until the last limit n; — 0 is taken, we

hence arrive at the result

: det(S(Cn - nm»m,n:l... Mt 1 ~
771--1-1711\1/}%0 A{n} == (H %) det(fM*m(Cn>)m,n=1“,M, (3.18)

m=0

where we have defined f,,(¢) = 8‘977—2 (C—mn) ‘77:0' Recalling the definition of S(¢ —n),
Eq. (3.10]), we can perform the derivatives and get

- _ O™ exp(imsgn(Im¢)(¢ —n))
~onm C—n

n=0

—imsgn(Im ¢))™ ¢t (3.19)

= exp(imsgn(Im ¢)¢
l:O

Now we insert Eq. into and simplify the result further: We absorb the
prefactor ({; x ... x (y)M into the determinant by multiplying all entries in the first
column with ¢, all in the second with ¢} and so forth. In the same fashion we
absorb the prefactor (HM !

m=0 m!

by 1/(M—1)!, all in the second by 1/(M —2)! etc. This means we change the definition

of f(¢) to (we also change the summation index m — [ — [)

> this time by multiplying all entries in the first row

M—m
R ‘ . 1
frr-m(€) = explimsgn(Im €)¢) "y =[—imsgn(Im )] (3.20)
1=0
At last we go back to the original variables ¢, = iyz,p(F) (see Eq. (3.7)). This
introduces the factor (iyp)™ ! in fM_m, which cancels with the factor introduced by
A{ivpX} = (iyp)MM=D/2A{X}, which gives the final result

exp (—$7V'(E) Tr X)

‘Fﬁ=2<X) = <_>M(M71)/2 A{X}

det(fom((fn))m,n:l...M; (3'21)
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with
M—m

Far-m() = exp(=myp(B)lal) 2™ S 5 lmyp(E)al. (3.22)

1=0

where Fg_o(X) is the large-N limit for the 3 = 2 case of Eq. (3.7). This is the first
main result of this chapter and is valid for any random matrix ensemble with unitarily
invariant distribution (3.8). Recalling that Fz_»(X) is the characteristic function of
the K-matrix, the next and final step is to show that it is the characteristic function

of a matrix Cauchy distribution.

3.3. Proof that K is Cauchy-Distributed

The way in which we will prove that K is Cauchy-distributed is as follows: In a first
step we will calculate the characteristic function for the matrix Cauchy distribution
P(K) o det[\? + (K — €)?]7™. The second step is to show that this characteristic
function is equal to the characteristic function of the K-matrix given in Eq. .
Since the characteristic function uniquely determines the law of distribution one could

then conclude that indeed K is matrix Cauchy-distributed.

3.3.1. Characteristic Function G(X) of a Matrix Cauchy

Distribution

The characteristic function of P(K) = CyAM” det[\? + (K — €)M (with Cy a

constant independent of A and €) is given by

e—z'TrKX dK
det N2 + (K — e)2M

G(X) = Oy / (3.23)
The very first step to calculate this integral is to shift K — K + €l ;. This shift does
not change the measure and produces a factor of exp(—ie Tr X'). Next we diagonalise
K = UkU™*, where k is now a diagonal matrix comprising the eigenvalues of K, and
U is a unitary matrix, U~' = UT, because K is Hermitian. The measure changes
accordingly to dK = A?*{k} dk du(U), where A{k} is again the Vandermonde deter-
minant and du(U) is the Haar measure on the unitary group. For a description how
to derive this result see the paragraph after Eq. in Appendix . This leaves
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us with

M? —ieTr X Az{k’} —iTrUKUTX
G(X)=CyA du(U) e : (3.24)
Hz (N2 BPM
The second integral in the above equation is the famous Itzykson-Zuber-Harish-
Chandra (IZHC) integral, which can be evaluated exactly in terms of a determi-
nant [80-82],

= detexp(—ik,,z,)]
—iTrUKUTX _ M(M—1)/2 ' —WRmTn)|mn=1..M
/d,u(U) e i < | | n) IN{GYNES! : (3.25)

n=1

where the x,, are the eigenvalues of the Hermitian matrix X. Thus G is given by

OM e —ieTr X A{k} -
G(X) = / detlexp(—ik,mTn)lmmn=1..0, 3.26
0 = 280y [ o e Attt (520
where Cyyy = iMM-1D/2)\M? Hifll n!) Cyy.

To make further progress we note that A{k} can be expressed as a determinant as

well (see Eq. (1.6)), and make use of another identity, which is called Andréief-de-
Bruijn identity (see e.g. [83]),

1 M
vl dem h(«xm)> det[fm<xn)]m,n=1M det[gm(xn)]m,n:IM
M / <m=1 (3.27)

— det [ / dz h(z) fm(x)gn(x)]

m,n=1...M

Since the proof of this statement is fairly simple we will present it here: First we use

the Leibniz formula to express the determinants, so the left-hand side becomes

ﬁ > sen(o)sgn(r) / [ [dai n(@r) fo (1) g7, (a2), (3.28)

o,TESM

where the sums are computed over all permutations o and 7 of the set {1,..., M}.
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Next we may rearrange terms in the product and change ¢ = a7, which gives

% sgn(a H/dxh ) for, () g7, (). (3.29)

’ aTESM

Now we rewrite this expression again into a determinant,

% > det [ / dz h(z) me(x)ng(x)} . (3.30)

m,n=1...M

The remaining sum comprises M! terms (the number of permutations of 7). However,
every term in the sum is identical, because the matrices generated by the sum will be
identical up to a permutation of their rows and columns. The determinant remains
invariant under such permutations, provided their number is even (which is here al-
ways the case since the same number of rows and columns are permuted). Performing
the remaining sum hence yields the right-hand side of Eq. which completes the
proof.
Applying the identity to our problem yields

Oy e e X o [, K™ lexp(—ikx,
G(X) = 2 det {(—z) / dk e 5{2)]‘4 ) , (3.31)
—o0 myn=1...M

M(M=1)/2 into the determinant and redefined C’M \ =

where we absorbed the factor (—i)
MM (HM . n! ) Chr. The next step is to evaluate the integral featured in the determi-
nant. First we notice than we can express the function featured in the m-th row as

the (m — 1)-th derivative of the function in the first row (m = 1) since

dm=t > exp(—ikx) w1 [, B exp(—ikx)
— dk ——————5— = (=)™ dk . .32
dzm—t / (A2 + k)M (=1) /oo (A2 4 k%)M (3.32)

This means performing the integral for general m amounts to evaluate it for the case

m = 1, where it is given by

1 0 —zkx Mol
piaw) = | b gy = K (), (339)
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where K, (z) is the modified Bessel (Macdonald) function and the constant is given

by cpa = /\QM_IQM”_l(Mfl)!. In particular, for M = 1 we have g \(z) = e . For

higher M we may use the formula (see e.g. 8.468 in [59])
T n+1)! _
Ko (2) =4/ =€ Z l'(—) n — integer. (3.34)

Hence the characteristic function of a matrix Cauchy distribution with parameters A

and € is given by

éM \ e—ieTr X

G(X) = WC%,A det [9%;1)($n)}mn:1mM7 (3.35)
where
M-—1
A (M —1+1)! L " qm
gua(e) = e Y T T i) = Lneua@). (3.30)

Hence the functions comprising the determinantal expression are essentially polyno-
mials of order M — 1 in |Az|, multiplied by e/,
The last step to get a closed expression for G(X) is to find a general formula for the

m-th derivative of g \(z). We employ a rule for the derivative of a Bessel function,

d

= Ka(w) = ~(Kaa(x) + %Ka(w)), (3.37)

to compute the first derivative of gy (z) = \/g])\x]M_l/QKM_l/Q(L\xD (for brevity we

omit A-dependence in the notation), which is hence given by

Gha@) = /2Nl E Ky s (Aal) = —Naga i (a), (3.38)

where we first used the product rule together with Eq. (3.37)), and then identified
grv—1(x) in the solution. This gives us a recursive relation to compute higher deriva-

tives, and inductively one gets

(m) [m/2] m|(_1)mfl o
g () = A ; l!(m——Ql)!Ql(/\x) IM—my1(T), (3.39)
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where |-| denotes the floor-function. A proof of this equation can be found in Ap-
pendix [A.3]

Instead of derivatives of gp/(x), the determinant features now sums of the form
(3.39). However, these sums are still unhandy as each entry in the m-th row is
composed of [m/2] + 1 different functions g;(x), M —m < j < M —m + |m/2].
It would be desirable that each entry only depends on a single function g;(z). In

particular we want to show that we can bring the determinant to the form

det [gj(\zl_l)(xn)} = Oy det [x;nilgM*de(x")}m,n:l...M’ (3.40)

m,n=1...M

where C)y 5 is some proportionality constant independent of the x,,.
In order to achieve this goal, we first employ yet another recurrence relation of the

Bessel functions, Kq1(x) = 22K, (2) + Ko-1(2). Using this relation on gy (x) yields

_ 2M — 3
QM(x):\/gp\fﬂM 1/2< |>\x| KM_?,/Q(‘)\:ED+KM_5/2(|)\ZE|)>

= (2M — 3)gpr—1(z) + (A\x)?grr_o(x). (3.41)

We claim that this relation implies that for every i, € N with ¢ < j the following

equation holds,
2j—i

A2 gnr—(x) =D ansijo (M) gar (), (3.42)

1=

where aps; j; are some coefficients independent of x and A. More specifically, since
gv—j(z) is an even function, the coeflicients vanish for all even (odd) ! when i is
odd (even). Eq. can be shown as follows: We first apply the relation (3.41))
on guy—;(z), which gives an expression featuring ga—;+1 and gay—j—1, viz, gu—; =
m<gﬂ4—jﬂ — (Mr)%gar—j-1). Now in this expression we replace again both
functions using the same relation . Repeating this procedure for s steps we will

end up with the expression

gu—(x) =Y ar(Ar) gurjraai(), (3.43)

where we omit dependence of the coefficient on other variables but [ for brevity. This
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relation can be shown most easily by induction: For the first step, s = 1, the above
formula yields aggnar—j1(x) + a1 (Az)?ga—;j—1(x) which is of the correct form. For the

s+ 1 step we replace gp—j+s—u(x) in Eq. (3.43)) using (3.41]), rearrange the sums and
redefine the coefficients,

s

gr—(x) =Y ar(Ar)?by [gar—jrari-2(r) + (A1) gar—jram1-2(z)]

s s+1
= aibi (M) gy jaspr-a(@) + Y @b (M) gy jien-a(x)
=0 =1

s+1

~ 21 ~ ~ ~
= E a(Ae) " grm—jpst1-21, Qo = agbo, Gs41 = asbs, &y = aby + aj_1b;_1,
=0

(3.44)

where b, = 1/(2(M — j + s+ 1 —2l) — 3), and thus Eq. (3.43) follows by induction.
After performing s = j — i steps, Eq. (3.43) takes the form

j—i

gn—5(x) = Zaz (A2)? gas—i—au (). (3.45)

=0

Multiplying this equation by (Az)® and then changing 21 + ¢ — [ finally yields
Eq. (3.42).

Let us now look at the m-th row (we start to count the rows from 0 onwards) of
the matrix in . For simplicity we choose m to be even, but the same argument

presented applies also to odd m. Then the n-th entry of this row, according to

Eq. (3.39) is the sum

m/2

A i (Aen) gar—mai(2n), (3.46)

1=0

where we have changed | — m/2 — [ compared to (3.39) and abbreviated the coef-
ficients with ¢,,;. Now let us assume that all entries in the j rows above the m-th
row (j < m) are already of the desired form @7 gp_j41(2,) given in (3.40). Now we
may add to the m-th row a multiple of the zeroth row, a multiple of the second row
and so forth without changing the value of the determinant (this is one of the basic

properties a determinant has). More specifically we may add those rows together such
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that
)

ar (A2)'grr-1(2) = grt-m21 (), (3.47)

3

I
i.e. we choose the a; such that the sum fulfils Eq. (3.42) with i =0 and j = m/2 — 1.

Hence we can add any multiple of gas_p,/241(2n) to each entry of the m-th row without

Il
=)

changing the determinant. The multiple we choose is _%gM_m/Q_’_l(In),

because with Eq. (3.41)) we can then recast the [ = 0 term from (3.46) into the form

m 1
Cm,O)\ (ng/2(xn) - 2(M — m/2 T 1) — 39Mm/2+1(xn))

Cm,0 A"
T oM - m;2 +1) — 3 (A0 G012 (@) (3.48)

We see that this is — up to the prefactor — the [ = 1 term of , i.e. we can
combine the old [ = 1 term with the rewritten [ = 0 term. This only changes the
factor ¢,,; in the expression , however, by this procedure we have effectively
removed the [ = 0 term. With the same arguments we can now remove the [ = 1 term
by adding an appropriate multiple of (Az,,)?gar—m/2(2,) to each entry in the m-th row.
This is again possible since we can combine the previous rows such that Eq.
is fulfilled with ¢ = 2 and 7 = m/2. More generally we may add any multiple of the
form (Azy)2 grr—m/2—141(2n) with 0 < I < (m — 2)/2 to the m-th row, and thus we
can successively eliminate every term from the sum in but the last one, which
is proportional to (Az,)"gar—m(x,). However, this is exactly the desired form for the
m-th row, compare with Eq. . Now all terms above the (m + 1)-th row are of
the form given in , thus we can use the same method again to bring this row,
and successively all other rows below, into the desired form. Since the zeroth and first
row of our matrix are already of the form given in from the beginning, we can
apply the procedure given above starting from the second row onwards.

The last missing piece is the proportionality constant Chsy in (3.40). It is not
feasible to track it when applying the above described procedure, hence we use a
different method. First we note that every matrix entry in the n-th column has
the common factor exp(—Az,) on both sides of Eq. . Hence by multiplying
both sides of the equation with exp <>\ fozl xn> we can eliminate this dependence.

This essentially means that we redefine g,,(z) = exp(Az)gm,(x). Now let us take the
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3. Universality of K-Matrix Distribution for § = 2

o 82 aM—l
(9_:1326_1% e —axjjtf_

all z, = 0. Let us start with the left-hand side. Taking this derivative amounts to

derivative on both sides and then evaluate the ensuing expression for
differentiate every entry in the second column once, every entry in the third column
twice and so forth (see Eq. (3.16) and the paragraph below it). However, recall from
definition (3.36)) that g/ (x) is a polynomial of degree M — 1, and hence gﬁ@“’“) () =0

for k > 0. This means the determinant on the left-hand side takes a quasi-triangular

form ~ _
au(0) @y 0) . gy (o)
gu0) gy .0
det : : - : : (3.49)
a2 g0
g V) 0 |

By interchanging the first with the last column, the second with the second last and
so forth we can bring it to an upper triangular form. This interchanging yields a
factor of (—)MM=1/2 The value of the determinant is then given by the product of

its diagonal and hence the left-hand side becomes

M

(—)Mer=/2 (5 D(0)] (3.50)

Next we take the same derivative on the right-hand side. Again taking the derivative
amounts to differentiate every entry in the n-th column n — 1 times and then evaluate
at z, = 0. The entries in the first column are of the form 27" 'ga; . 1(21), where
1 < m < M denotes the row. When evaluated at 0, only the first entry (m = 1)
is non-vanishing. Similar in the second column, if we differentiate once and then
evaluate at 0, only the first two entries will be non vanishing. More generally, the

n-th column will take the form

~(n—1 n—1)! ~(n—2 n—1)! ~(n—3 ~
g5 P00, 2= 5 (0), 2= g5 (0), L (0= 1) Gasnsa (00,0, 0], (3.51)

Hence the ensuing determinantal expression will feature a triangular matrix, where

the diagonal entries are given by (m — 1)! ga—m41(0), and hence the determinant
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3. Universality of K-Matrix Distribution for § = 2

evaluates to [[2_,(m — 1)! §,,(0). Thus we have transformed Eq. (3.40) into
M—1 M =
(=MD [g& - )(0)} = Chpp [ (m — 1)! G (0). (3.52)
m=1

Recall that gy (z) is a polynomial of degree M — 1 given by e** times (3.36]). Hence
its (M — 1)-th derivative is given by A ~1(M — 1)!, where we used that the highest
order coefficient is given by AM~!. On the other hand, when evaluated at 0, only the
zeroth-order term of g,,(x) survives and thus §,,(0) = %

calculate the constant in (3.40)), and hence we have shown

m=1

This enables us to

(3.53)

x det [:vnm_lgM—mH (xn)] mmn=1..M "

With Eq. (3.35]), collecting and combining all constants, the characteristic function of

a matrix Cauchy distribution is thus given by

o00) = (T1 2y ) 2yt s 030

m=0

where the combination involved in the m-th row in the right-hand side is given ex-

plicitly by

M—m

m—1 _ Alz|,,.m—1 (2M —2m - l)'
" g (1) = € ; (M —m —1)12M=

— Az’ (3.55)

Compare this result with the characteristic function F(X) given in Eq. (3.21)). We
observe a striking similarity if we identify A = myp(E) and € = vV’(E)/2 (recall that
A and € are the two parameters which determine centre and width of the Cauchy
distribution). In this case, they have a similar X-dependence, though the coefficients
of the terms in the sum are still different. In fact this similarity can be further
exploited to show that the determinants in the expressions for F(X) and G(X) are
proportional to each other, thus verifying the claim that K is Cauchy distributed.

This will be done in the next section.
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3. Universality of K-Matrix Distribution for § = 2

3.3.2. Proof that G(X) = F(X)

We start our demonstration with bringing the first row of the determinant in Eq. (3.21))

to the form coinciding with the first row of the determinant in (3.54)). These rows

feature the functions fy;_1(x) (see Eq. (3.22)) and gps(x) (see Eq. (3.55)), respectively,
given by

M-1
e , <2M 2=l

where we chose A = myp(E). The zeroth and the first order coefficients of fy;—;(z)
are both equal to unity, and the two corresponding coefficients in the expression for

gu(x) are equal as well (but different from unity) since

@M -2  2AM-1)@2M-3)  (@M-3)
(M —1)12M=1 — (M —1)l2M—1 (M —2)eM—=2 "

ag = (3.57)
Hence we can safely change those coefficients in fy;_1(z) to the coefficients in gy (x) as
such a change gives rise to a constant proportionality factor for the determinant. Next
we may consider adding subsequent rows to the first row as this does not change the
value of the determinant. Note in particular that the zeroth and first order coefficient
of far—3(x) in Eq. are vanishing. Hence we may add a multiple of the third row
to the first row without changing the already adjusted coefficients of fy;_;(z). More
generally the first n — 1 coefficients in fa_,(z), n odd (see Eq. (3.22)) are vanishing.
This means we can add that particular function to fp;—1(x) without changing its first
n — 1 coefficients. Hence, assuming that we can adjust two coefficients at once with
each step, we can successively add odd rows until all coefficients are adjusted.

The main observation is that the adjustment of both the coefficients as, and as, 1,
given that all previous coefficients are already adjusted, can indeed be done simulta-

neously by adding the (2n + 1)-th row multiplied with the factor

(2M — 2n — 2)!
nl(M —n—1)2M-1"

e = (—1)" (3.58)

In other words this means that the (2n)-th and (2n + 1)-th coefficient of the sum
> o Cifvr— 1) (2) (which is what becomes of the function fy;—1 () after multiplying
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it with ¢y and adding multiples of all functions featured in the odd rows up to 2n +
1, choosing the multiplication factors according to (3.58)) should be equal to the
corresponding coefficients of gp/(x). Hence, for our procedure to work we need to

verify, for any integer 0 < n < L%J, the following identity:

n

. (2M —2] —2)! 1 2M —2n — 6 — 2)!

M—1—-1)2M-12n+¢6—20)!  (2n+O)|(M —2n — 1)12M—2n=0-1"
(3.59)
with 0 = 0 (corresponding to the (2n)-th order coefficient) or 6 = 1 (corresponding to

=0

the (2n + 1)-th order coefficient). Both equations can be conveniently combined into

() [ R ) S

=0

a single relation:

where M = M — 1 and m = 2n or m = 2n + 1. To verify (3.60) we first note that

2M2) as the coefficient of 222 in (1 + 2)?M~2. Cauchy’s theorem

m—2I
2M — 21 1 1 M2
M R G0 U o e (3.61)
m — 21 2mi J, Zm—20+
where 7 is a small loop around the origin. Let us denote the left-hand side of (3.60))
by Sp,m. Inserting (3.61]) we get

we can identify (

then implies

Lm/2]

1 (1+2)M2 (M
!
Smm = § (_1) i j{dz Sm—2l+1 l
=0

_ 1 dzw%(_ly( z )2l (/;4) (3.62)

2w zmtl 142
v 1=0 T

To perform the sum, note that terms with [ > |m/2] do not contribute because the
integrand in becomes analytic for that case (so the integral becomes zero). This
means we can sum all the way up to M (remember that m is related to one specific
row in an (M + 1) x (M + 1) matrix and thus always |m/2| < M) without changing
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the integral. The sum then follows from the standard binomial formula,

1 (1+ z)*M 22 M
S./\/l,m — Qdz—— |1 — m

2w . zml +z
1 (14+22M 1422 \M 1 (1+22)M
d ( . dz ~———1

= — z = — Z
2mi J, zm+1 1+ 2) 2mi J, Zmtl

(3.63)

The last integral is the coefficient of 2™ in (14 22)™, which is precisely the right-hand
side of .

We thus have shown that the identity is valid for any integer 0 <n < M —1
(this follows from the condition |m/2| < M) and conclude that it is indeed possible
to transform fy;_1(x) into gps(x) by adding multiples of all odd rows to the first row.
Note that in each step two coefficients get adjusted simultaneously (with the exception
of the last step in the case of odd M, where only the highest order coefficient gets
adjusted), and this is precisely the mechanism ensuring the whole procedure being
functional. Had it not been for that property, we would be only able to change half
of the coefficients to the required form, since adding even rows to odd rows or vice
versa is meaningless due to their rather different structure (Functions in the odd rows
are of the form e ! times a polynomial in |z|. Function in even rows on the other
hand take the form e *® times sgn 2 times a polynomial in |z]).

All remaining odd rows as well as all even rows can be treated by exactly the same
procedure. This is because fy;_,(x), for any n, has the same coefficients as fy;_1(x)
but shifted, such that the (n — 14 j)-th coefficient of fy;_,(z) is the same as the j-th
coefficient of fy;_1(z) for all 0 < j < M —n. The first n—2 coefficients of fy,_,(z) are
all vanishing. The same applies for the coefficients of 2™ 1gy;_,,41(x), and hence any
odd (even) row can be adjusted by adding all subsequent odd (even) rows according
to the above described procedure.

Note also that as the very last row contains on both sides the function e #lz?—1
the coincidence is ensured automatically.

We have thus shown that the determinant featured in the expression for Fs_o(X),
Eq. , can be transformed to the determinant featured in the expression for G(X),
Eq. and hence both functions are proportional for the appropriate choice of A

and € in G(X). Moreover normalisation ensures F(0) = G(0) = 1 and hence we have
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shown

Fs—2(X) =G(X), (3.64)

if we choose A = myp(F) and ¢ = vV'(FE)/2. Equation and its implications
constitute the main result of this chapter.

Recall that G(X) is the characteristic function of a matrix Cauchy distribution
with free parameters A\ and e, while F_(X) is the characteristic function of the
distribution of the K-matrix with equivalent channels characterised by the channel
factor v and energy F, obtained via the Hamiltonian (Heidelberg) approach, where the
joint probability density of the Hamiltonian is of the form P(H) o exp [-N Tr V(H)]
with V(H) an even polynomial.

Since the characteristic function uniquely determines the law of distribution, we can
conclude that the distribution of the K-matrix (|1.20) converges in the limit N — oo
to the matrix Cauchy distribution with density Ppz_o(K) having mean € =
YV'(E)/2 and width A = myp(E). With Eq. (A.16)), this corresponds to the Poisson
kernel distribution for the S-matrix with mean

o _ L=rlmp(B) +iVI(E)/2)
Y 14 Amp(E) +iVI(E) /2]

(3.65)

in complete agreement with the mean found in [8] for the Gaussian case, compare
with Eq. for V(H) = H?/(2J?) and p(E) given by the semicircle (L.9). The
case of perfect coupling (where S;; = 0) is then obtained for V'(E,.,) = 0 and
TYP(Emaz) = 1, where E,,., denotes the point where p(E) has its maximum. Thus
indeed, the Poisson kernel distribution for the S-matrix is universal in the random

amplitude model ([1.27}f1.28]) in that it does not depend on the choice of the random

matrix ensemble for the underlying matrix H.
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3.4. Universality in the Fixed Amplitude Model

So far all our previous considerations have been made for the random amplitude model
(L.27[1.28). Finally, we would like to demonstrate that the fixed amplitude model
yields the same universal behaviour of the K-matrix in the limit N — oo.

Let us again consider the characteristic function given in Eq. , however, now the
average is only over the random matrix H since the coupling matrices are fixed. We
diagonalise H = UAUT and use the invariance of the trace under cyclic permutation,
such that

Fo—an(X) = (exp(—i Tt T,UR\UY)) (3.66)

with I', = WXW' and Ry = (E — A)~". Here U is the unitary matrix of eigenvectors
of H and A = diag(\q,...,Ay) stands for the diagonal matrix of the corresponding
eigenvalues. The averaging over H then can be performed in two steps, the first step
being the averaging over the Haar measure on the unitary group U(N). As this is
again a special case of the IZHC integral (see Eq. ) it can be done explicitly. The
important new feature however is that the N x N matrix [, is of a reduced rank, with
its M < N non-zero eigenvalues coinciding with the eigenvalues yx., c =1,..., M
of the matrix XWTW = X (here we used the fixed amplitude condition (L.25))), the
rest of its N — M eigenvalues being exactly zero. At the same time the resolvent
matrix R, is of full rank N. The problem of performing the IZHC integral for two
matrices of different rank can be most efficiently done by employing equation (A4)
of the Appendix A in the paper [84] (which is in fact closely related to the so-called
duality IZHC relation, see equation (17.3.8) in [82]). In our case it takes the form:

det XM-N —ZeYe
—i Tr T, URAUT A{Y d . dyu,
(exp (—i Tr A )>U TA(XT /cp { }Hdet (7 Ym
(3.67)
where the integration goes over the complex variables vy, . .., yy along contours par-

allel to the real axis such that sgn(Imy,) = sgn(z.).
Now we should perform the next step of the ensemble average over the eigenvalues A
of H entering via the resolvent R,. After rescaling y. — Ny, and a simple rearranging

in the integrand we can see that the eigenvalue-averaged right-hand side of (3.67)) is
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proportional to (with proportionality constant NMM+1)/2=N)

M

det XM : det (E — A)
— | A{Y}e NZcl@eyetinye) < dyi...ym. (3.68)
AT e 4 Y o

A

In the limit N — oo the integrals over y. can be straightforwardly evaluated by the
saddle-point method developed in Section [2.1, For this method to work we need the
expected value in the integrand to be of order unity, because then the saddle-point
values would be given by the requirement that the derivative of iyx.y.+1Iny. vanishes,
hence y( P) = vw . However, this is justified as Eq. (| ensures that said expected
value in the integrand tends for N — oo to a Well—deﬁned limit of the order of unity
along contours in the vicinity of the chosen saddle point. Moreover the singularities of
the integrand are given by y. = (N(E — \;)) ! and hence lie all on the real axis. The
original contour of integration is parallel to the real axis with sgn(Imy.) = sgn(z.).
This means the contour and the saddle point lie in the same half plane (upper half
plane if z. > 0, lower half plane if z. < 0) and hence we can deform the original
contours without crossing any singularities of the integrand. For each y.-integration
we shift the contour to a parallel of the real axis going through the saddle point WL
evaluate the part of the integrand which is of order unity at the saddle point, expand
the exponential to second order around the saddle point and perform the Gaussian

integrals. This yields for the N — oo approximation of the integral in (3.68))

c=1

The Vandermonde determinant evaluated at the saddle point is given by A{Y (P} =
(i/y)MM=D/2A{1/X}, and furthermore

1 1 o1
A{Y}ZE(Z_E) X}HW:A{X}detXl M.
(3.70)
Together with [T, ¥ ~' = det(X)"~!, which is a term that arises from the Gaussian
fluctuations around the saddle point, one gets the prefactor det(X)N1A{y (P} =

A{X}det X¥NM which cancels precisely the term in front of the integral in (3.68)).
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Moreover, since the expected value in (3.69) is invariant under unitary rotation, we
may replace A by H and taking all these facts together we hence get for the fixed
amplitude model with M < N

U det (B — H
Fi=2,N—o0(X) = <01:[1 Tot (E+(Z'7xc/N)— ) >H (3.71)

This is precisely the expression which was exact in the random amplitude model.
Hence one can conclude that also in the fixed amplitude model the K-matrix
in the limit N — oo has the Cauchy distribution with density .

This result has an interesting corollary. If the w, are chosen to be the first M
columns of the N x N identity matrix, then WT(E — H)"'W is nothing else as
the M x M block of the resolvent (E — H)~!. Therefore for invariant ensembles
of Hermitian random matrices H, finite blocks of the resolvent of H are Cauchy-

distributed in the limit of large matrix dimension.
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Half-Integer Powers

The goal of this chapter is to systematically evaluate large-N asymptotics of random

matrix averages of the form

. . det(,uFl —H)det(,upk—H)
Ck,l(:uFla - UFE B, - - 7MBZ) - <det(,LLBl — H)1/2 o det(,uBl _ H)1/2 OB (41)

where ppi, 2 = 1,...,k and pup;, j = 1,...,1 are sets of complex parameters. This
work is published in [14]. For technical reasons we consider integer powers in the
numerator and half-integer powers in the denominator, but note that the correlation
functions involving products of square roots of the characteristic polynomials in the
numerator can be always reduced to the above form by multiplying and dividing both
the numerator and the denominator with the same corresponding factors.

For similar objects involving only integer powers it has been discovered [71},76-78|,
85[187] that they show a determinantal (8 = 2) or Pfaffian (8 = 1,4) structure[|
Although there are reasons to suspect that the correlation functions may have a
nice mathematical structure even for finite N as well, we are not able to reveal such
structures beyond the simplest case k = 1, [ = 1, see Section and in particular
below. Instead we are mainly concentrating on the large-N limit of a few
simplest, yet non-trivial examples of the correlation function of the type .

As it should be clear from the list of examples which — along with some further

motivation for the problem — we give in Section 4.1 the most physically interesting

26Compare also with Section where this has been used to compute the characteristic function
of the probability density of the K-matrix for § = 2. See in particular Eq. which shows the
determinantal structure of the universal large- /N limit of such a correlation function. For finite N
the correlation function can be expressed as a determinant of orthogonal polynomials and their
Cauchy transforms.
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(bulk) scaling regime in the large- N limit arises when all spectral parameters are close
to some value F € (—2J,2J) by a distance of the order of the mean spacing between
neighbouring eigenvalues in the bulk, i.e. O(J/N). Correspondingly we define the

scaled version of the correlation function as

C,i'f’l“lk)(wm, <oy WFE,WB1, - - 7WBl) ~
< det(F +iwpi1 /N — H) ...det(E + iwpr /N — H)

(4.2)
det(E + iwp /N — H)Y/2 .. . det(E + iwg; /N — H)1/2>GOE,Nﬁ\oo’

where the approximate equality sign above should be understood in the sense of
extracting the leading asymptotic dependence on the parameters when N — oo.
After deriving a determinantal structure for C;; in Section , we consider cor-
relation functions with two square roots in the denominator, and with one or two
characteristic polynomials in the numerator, that is Cy 2(up1; s1, tp2) (Section
and Coa(fr1, fire; a1, fip2) (Section . The results for their large-N asymptotics
are given in Eqs. and for Cﬁ;lk) and in Egs. (4.131)) and (4.135)) for Cégulk).

We then try to compute the correlation function involving four square roots in the

denominator, and two determinants in the numerator, that is Cs4, in Section .
While Section serves only to illustrate the problems which arise when trying to
treat the general case, preventing us from getting a meaningful result, Section

shows the derivation of the special case

) det H?
CS,O4 lk)((); 0,wp1, —WB1, Wp2, ~WpB2) %< 2 4 Whiy1/2 2 | Y 2> |
det(H? + %) /2 det(H? + %) / GOE, N—oo

(4.3)
which leads to the result given in (4.186]), and for the case wgs = 0 further simplifies
to the result in (4.188)). These objects are already rich enough to provide answers for
quantities arising in applications of random matrices in the field of Quantum Chaos

in closed and open (scattering) systems. Such relations are shown in Section .
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4.1. Motivation

To explain the origin of interest in the correlation functions we start with re-
calling that the phenomenon of Quantum Chaos attracted considerable theoretical
and experimental interest for more than three decades and remains one of the areas
where applications of Random Matrix Theory are most fruitful and successful [18]. As
explained in Chapter |1} the applications are based on the famous Bohigas-Giannoni-
Schmit conjecture [39] and the universality of many random matrix properties. As
a consequence one of the common strategies for predicting universal observables of
quantum chaotic systems has been expressing them in terms of resolvents of underly-
ing Hamiltonians, then replacing the actual Hamiltonians by random matrices taken
from analytically tractable (usually, Gaussian) ensembles of N x N random matrices.

The characteristic functions of the probability densities of the observables under
consideration can be frequently computed explicitly by appropriate ensemble aver-
ages. Note that the eigenvalues of unitary (8 = 2), orthogonal (f = 1) or sym-
plectic (8 = 4) ensembles are independent of the eigenvectors, with the matrix of
N orthonormal eigenvectors being uniformly distributed over the Haar’s measure of
the Unitary U(N), Orthogonal O(N) or Symplectic Sp(2/N) group, correspondingly.
To that end it is natural to evaluate the corresponding characteristic functions by
performing first the ensemble average over the eigenvectors. For the § = 2 case
the average can be frequently done exactly for any N by employing the Itzykson-
Zuber-Harish-Chandra [80,[81] formulam which is not yet available for g = 1,4 group
averages. Nevertheless, one is able to perform the eigenvector averages in the limit
N > 1 by using a heuristic idea (going back to [88]) that the set of eigenvectors
essentially behaves for N > 1 as if their components were independent, identically
distributed Gaussian variables with mean zero and variance 1/N. One can rigorously
justify this procedure if only a number n < N'/2 of eigenvectors is involved in the
set, see e.g. [89], but in general a rigorous justification of such a step requires some
non-trivial estimates on the resolvents. The heuristic procedure is widely employed
in Theoretical Physics for RMT applications to Quantum Chaos using the properties
of the standard Gaussian integrals over complex or real variables. In this way the

analysis of many distributions of practical interest is reduced to correlation functions

2TThe derivation of (3.71) in Section is an example for such a calculation.

104



4. Random Matrix Averages Involving Half-Integer Powers

of products and ratios involving integer (for § = 2,4) or half-integer (for B = 1)
powers of characteristic polynomials of random matrices.

Similar averages arise if one is interested in statistics of the matrix elements of
the resolvents computed in the basis of random Gaussian vectors, as it is frequently
done in applications to scattering systems with Quantum Chaos, and the derivation
of Eq. in the previous chapter is an example which yields precisely a correlation
function involving integer powers for = 2 and half-integer powers for g = 1.

For those and other reasons averages of products and ratios of powers of character-
istic polynomials of random matrices attracted much interest over the years. When
only integer powers are involved in the average the corresponding theory was devel-
oped for f = 2 in [71}[76/[86] and extended to 8 = 1,4 in [77]. The case of half-integer
powers for § = 1 remains however outstanding, despite the fact that it is most rel-
evant for an overwhelming majority of experiments in Quantum Chaos due to the
preserved time-reversal invariance of the underlying Hamiltonians.

Additional interest to this type of averages gives the fact that they are closely
related to the problem of evaluating averages of quantities involving absolute values

of characteristic polynomials due to the relation
| det(E — H)| = limdet(E — H + ie/N)? det(E — H — ie/N)"/? (4.4)
e—

valid for matrices H with real eigenvalues. Such averages emerge, for example, when
studying the statistics of the so-called “level curvatures” in quantum chaotic systems
[90,91], see Eq. (4.6) below, as well as in the problem of counting the number of

stationary points of random Gaussian surfaces, see [92,93].

4.1.1. Examples of Such Averages in Physics Problems

To support the above picture we describe below explicitly a few examples of relations
between the characteristic functions of the physical observables of interest in quantum
chaotic systems which can be related to particular instances of the correlation function

(4.1]). The list is almost certainly not exhaustive, but hopefully representative.

e LDoS distribution. One of the first examples of that sort which is worth

mentioning is related to the statistics of the local density of states (LDoS)
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p(x; E,n) at a point = of a quantum system with energy levels broadening 7
due to a uniform absorption in the sample. Mathematically the LDoS is de-
fined in terms of the diagonal matrix element of the resolvent as p(x; E,n) =
1 Im(z|(E — % — H)"!|z), and one is interested in understanding the statistics
of the LDoS assuming a random matrix GOE Hamiltonian H of size N x N,
with the parameter 1 being fixed when N — oo. The Laplace transform for
the probability density P(p) of the LDoS can be expressed in the large-N limit

as [94]

,11/2
o0 det [(E —H)>+ %]
| 0Py expl-sp) = - . (5)
0 _H)2 4+ 1 oy oms
det [(E H)? + 5z + N} GOE, N—oo

Evaluation of the above random matrix average (which in our notation is a
particular case of Cgﬂflk) ) attempted in [94] resulted in a quite impractical 5-
fold integral, and to this end remains an outstanding RMT problem. Note
however that the density P(p) has been found via a different route avoiding

(4.5) as a sum of two-fold integrals in [5}95].

Probability distribution of “level curvatures”. Consider a perturbation
H = H + oV of the Hamiltonian H where « is a control parameter and V'
is a real symmetric matrix. “Level curvatures” are defined as second deriva-
tives of the eigenvalues F, («) of H (interpreted as energy levels of a quantum-
chaotic system) with respect to the external parameter a. They can be ex-
pressed in terms of the eigenvalues )\, and eigenvectors |n) of the unperturbed
Hamiltonian H: C, = % =>. ;én(:'nv_—@ly Assuming the perturbation
V' to be taken as well from the GOE one can show that the probability den-
sity Pg(c) = ﬁ <Zf:f:1 dc—Ch)d(E — )\n)> of the level curvatures for GOE

matrices H with eigenvalues A, and mean density of eigenvalues p(F) can be

represented as [90,91]

|det(E — H)|det(E — H)Y?
det(E + % — H)'/?

Pr(c) « /_+Oodw exp(iwc) < ,  (4.6)

o

>GOE, N—oo

where the required random matrix average in the right-hand side was indepen-

dently evaluated by several alternative methods in [90,91].
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e Statistics of S-matrix poles. Various questions related to the statistics of
quantum chaotic resonances (poles of the scattering matrix in the complex en-
ergy plane [2]) in the regime of a weakly open scattering system can be related

to evaluation of the averages

det H? , W\
<det(H2 n L‘}_2)1/2> and <det <H + m) (4.7)
N? GOE, N—sco GOE, N— oo

where w is considered as N-independent parameter. The first of these averages

features in the statistics of resonance widths change under influence of a small
perturbation of the Hamiltonian H — H + oV akin to that considered above
for the level curvature case. Such change reflects the intrinsic non-orthogonality
of the associated resonance eigenfunctions [96]. Another manifestation of the
same non-orthogonality is the statistics of the so-called Petermann factor which
again can be related to random matrix averages involving half-integer powers
of characteristic polynomials, see [97]. The second average in arose in
a recent attempt of clarifying the statistics of resonance widths beyond the

standard first-order perturbation theory, see [9§].

e Statistics of Wigner K-matrix. In the previous chapter we have shown
that the characteristic function of the distribution of the K-matrix for § = 1,2
is given by Eq. . For g = 2 this is a ratio of products of integer powers
of characteristic polynomials and we were able to show that this object leads
to the universal probability density P(K) given in (1.31). For g = 1, on the
other hand, Eq. is a correlation function involving half-integer powers of
characteristic polynomials which can be brought to the form ﬁ

Another example is to consider the probability density P(K,;) of the individual
off-diagonal entries K,, for 8 = 1. This will be done in the next chapter, and
the Fourier transformed P(K,), given in Eq. (5.30)), is again of the form ([4.1)),
in particular a special case of C24. Note that the quantities K, are of direct
experimental relevance and can be measured in microwave experiments as they

are related to the real part of the electromagnetic impedance [99,100].

28The term sgndet(E — H) can be expressed as det(E — H)/|det(E — H)| where the absolute value
can be related to half-integer powers via Eq. (4.4).
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4. Random Matrix Averages Involving Half-Integer Powers

e A particular type of the correlation functions (4.2)) was investigated in [101]
where it has been shown that for any integer k& > 0 and fixed real § holds [

1
<detk/2(i5/N — H) detk/Q(—i(S/N — H) >GOE,N%oo

4.8
N 6k5 0 d)\le—é)\l d)\ke—éz\k ﬁ |)\ ( )
VA -1 \/)\2 i<
In our notation this is a special case of correlation function Cob;klk at I/ = 0,

where half of its arguments are 0 and the other half are —4.

4.2. Calculation of Correlation Function C; ;

We start by calculating the simplest correlation function of that form

_/ det(up — H)
Cip= <det(uB — H>1/Q>GOE. (4.9)

At present the only systematic method for evaluating such an ensemble average seems

to be the supersymmetric formalism as described in Section Hence we start by
replacing the characteristic polynomials by Gaussian integrals. There is, however, an
important difference compared to the examples considered in Section given by the
presence of the square root in the denominator. Instead of introducing N complex

commuting variables, we introduce N real commuting variables x; and make use of
/da: exp(iz? Ax) = ™/ det A7/, (4.10)

where x is an N dimensional vector comprising the real commuting variables x;,
de =] o1 dz;/ /7 and A is a symmetric matrix. For the numerator we introduce a

vector ¢ comprising N complex Grassmann variables (; and use (2.47)) as described

29Note also that an ensemble average closely related to the left-hand side of (4.8)) was evaluated
explicitly in [102], with the general circular S—ensemble replacing the GOE. The result was
expressed for all 5 > 0 and all integer N > 1 in terms of a certain generalised hypergeometric
function. The § — 0 asymptotics for large N > 1 of the latter function does agree with the one
following from the right-hand side of .
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in Section . In that way the correlation function C;; can be represented by

Ciq = <c/dm exp (isz” (up — H)x) /dCdCT exp (—iCT(uF — H)¢) > . (4.11)

GOE

Here we introduced s = sgn(Im pp) which is necessary to make the @ integration
convergent. The Grassmann integration has no convergence problems, however, for
convenience we introduced a minus sign in the exponent. The constant is given by
c =iV exp[—iTsN/4].

Performing the ensemble average can now be done easily (see Eq. and the

following paragraph) and we are left with
J2
Ci1= c/dw /dCd(:T exp [i(sppx’ @ — MFCTCH eXp | =15 Tr(A+ AD)?|, (4.12)

with A = sz ®@a” +¢®¢'. From this point there are different options to proceed, we
choose to follow the route described in subsection “Hybrid method” of Section [2.2.4]

The trace in Eq. (4.12)) is given by
Tr(A+ AT)? = 4(x"x)? — 2(¢7¢)? — 8s¢T(x @ x7)¢, (4.13)

where we used % = 1, ¢7¢* = —¢T¢, ¢7¢* = ¢7'¢ = 0 and ¢TX¢* = —¢TX¢, which
is valid for symmetric matrices X. Next we use Eq. (2.88]),

exp (;—N@*o?) = [ e (—% - j—% c*c) , (4.14)

to bilinearise the term (¢ ¢ )2, such that the Grassmann integration can be performed,

/ d¢d¢T exp [d (j—qﬁ — Qg+ Qj\‘[ﬂa: ® azT) c]
2s.J?

= det {—ﬁ—z’ +

_ <_LN> <q+ “/T’“‘F> <q+ NT“F - %w%c) . (4.15)

a:®a:T]
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Substituting ¢ + ivV/N g /J — ¢ hence yields for the correlation function (we may

shift the contour of integration back to the real axis without changing the integral)

cue(-35) [Conton [ 4o

J? 2sJ
d _ T N2, - T _ Ty
x/ a:exp[ N(a: ) +isupx az] (q \/N:v :13)

Next we go to polar coordinates as described in Eq. (2.94)), but keeping in mind that

x is a real vector,

(4.16)

de f(aTw) = N1 [T pry = S (N T an g fER)
™2 J, 2 272 J2 0 V277
(4.17)
with Sy_; being the surface of the N-sphere given by Sy_; = 27V/2I'(N/2), such
that

IN T(N/2) o 2
%0 1 sv/2N
x / dR RV/> 1 exp [—5 <R2 - %R) (¢ — sV2R).
0

(4.18)

Similar to the example considered in Section [2.2.4] the g-integration can be expressed
in terms of Hermite polynomials Hy(z), using their integral representation ([2.19) and
Hy(—2) = (—1)YHp(2) such that

CLy= < % ) N/4 expg—(]z‘\;r/s;)wzﬂ

= 1 sv/2N
X {HN(\/NNF/J)/ dR RN/> 1 exp [—— <R2 - %R)
0

2
( o z‘s@]NuB R)

> 1
+iV2sHy_1(VNug/J) / dR RN/? exp [—5
0

(4.19)
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Furthermore we also introduce the Cauchy (or Stieltjes) transform, but for the nota-

tional convenience with a slightly different prefactor than in Section [2.2.4] (compare

Eq. (2.96))

Fn(z) = (—V/2isgn(Im 2))V /0de RN exp [—% (R* — 2isgn(Im z)zR)} . (4.20)

such that C; ; can be written in terms of a determinant, and we get as final result the

rather compact expression

PV V2isgu(tmpg) | N Hya(50r) Fapa(g50s)
Ciy = d

4N I'(N/2) HN(\/—JNMF) FN/Q(%,UJB) ] . 420

Notice the similarity between this result and the generating function for the level
density of the GUE, Eq. (2.98). While this generating function was a ratio of two
characteristic polynomials, C; ; is a ratio with the square-root of a characteristic poly-
nomial in the denominator. This is apparently reflected in the result by the fact that
the Cauchy transforms of the Hermite polynomials (which can be associated with the
bosonic part of the supersymmetric model, i.e. the part coming from the denominator)
have to be evaluated at N/2 instead of N.

4.3. Calculation of Correlation Function C; >

The next correlation function we want to calculate is

det(pur — H)
) ‘ 4.22
Crz <det(,UBl — H)12det(ppa — H)'? [ op ( |

The result is obtained following two different approaches.

4.3.1. Hybrid Method

This is the same approach as for the calculation of C;; in the previous section, i.e.
the first step is to replace the characteristic polynomials by Gaussian integrals over

commuting and anticommuting vectors. In contrast to the calculation of C; ;, we have
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to introduce two N-dimensional real vectors x; and a,, such that
Cio = (3132)N/2< /dm1 exp (z’slwlT(,uBl — H)wl) /da:z exp (is2m2T(MBQ — H)wz)

x /dcjd(r exp (—i¢" (ur — H)C) >

GOE
(4.23)

Again, to ensure convergence, we have to introduce sign factors in the integrals over
commuting variables, where s; = sgn(Im pp;) and sy = sgn(Im pps).
In complete analogy to the previous case the ensemble average can be performed

and

2
Cio= (s159) "/ /dwl /d332 /dCdCT exp [—Z—N Tr(A + AT)?

(4.24)
X exp [i(sluglm{ml + SopoTy Ty — HFCTC)} )
where now A = s, @ &7 + sy 2o ® 21 4+ ¢ ® ¢'. This implies
Tr(A+ AT)? =4 Tr(s11 @ & + spa0 @ 2] )? (4.25)

—2(¢7¢)? = 8¢M(s121 @ ] + soxo @ 2] )C.

The ¢-dependence is the same as in the previous case (the only difference being that
the matrix in the bilinear form in (4.25)) is s; £ @ T + s, T, @21 instead of sz @xT).

This means the ¢ integration can be performed introducing a Gaussian integral over
q, Eq. (4.14), and yields a similar determinant as in (4.15)), given by

J\" VN 2.]
(_\/_W) det |q + Z\/;MF - = (s121 @ x| + 5222 ® T3 (4.26)
Introducing the matrices
T T I 0
Qp=|T17 1T sen(fm fin) , (4.27)
Ty Ty T2 0 sgn(Im pp9)
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and using Sylvester’s identity det(1 + AB) = det(1 + BA), this determinant can be

rewritten as

det

e k]|

T
N-2
. ?;\/N,LLF ’i\/N,UF 2J
_<q+ 5 ) det <q+ 5 —\/NQBL) (4.28)

Furthermore the terms in the exponent of the expression for C; » which depend on x;
and @, can be written in terms of Qp as well since Tr(s;z; ® £ + sy @ x1)? =
Tr(QpL)? and syupi®T T + Sopupext®s = Tr[QpL diag(upi, p2)]. Hence the corre-

lation function becomes (shifting ¢ + @ — ¢ as in the previous case)

°° 1 2 2J
Cro oc/ dg V2 exp {—5 (q — i\/N,uF/J> } /dwl/dmg det (q — \/_NQBL)

J? . )
X exp [—W Tr(QpL)* + i Tr[QpL diag(up1, MBQ)]:| ,

(4.29)

where the proportionality factor is given by %(3152 J?/N)N/2,
This form of the correlation function, depending only on the matrix () g, allows us to
employ the identity ([2.103)) discussed in Section m This means we can replace the
integration over the two N-dimensional vectors xi, s by an integral over a positive

definite real symmetric 2 x 2 matrix Q B, such that

Ci2 oc/C:quCJN_2 exp {—% (q — i\/NuF/J>2] / dQB (det QB)¥

Q>0

A 2 A A
x det (q — j_JNQBL> exp [—JN Tr(QpL)* + i Tr[Qp L diag(up1, pis2)]
(4.30)

5182J2)N/2 oN-5/2

X BTN Finally

The proportionality factor changes accordingly to (—1)"(
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we rescale ¢ — V/Ng/J and Q5 — NQp/(2J%) and obtain

o N . A A N-3
Cio :CN/ dgq" % exp |:_2_ﬂ (q — WFV] / dQp (det Qp) 2

Q>0
) N .~ o iN ..
x det(q — QpL)exp —4—ﬁTr(QBL) —i—Q—JQTr[QBLdmg(uBl,,uBQ)] ,

(4.31)

NYNH2 DY (1) 2
J? 47270 (N—-1)
result in calculating this correlation function since we managed to reduce the problem

with proportionality factor Cy = ( . This is one first important
to a 4-fold integral (¢ integration and the three independent variables of Q 5). Next
we want to perform as many of the remaining integrations as possible, i.e. simplify
the integration over Q.

As the integrand in actually depends on the combination QpL we change
the integration from Qp to QL. The Jacobian of this transformation is unity. Re-
call that the matrix L = diag(sgn(Im ppy),sgn(Im pps)) reflects the signs of pp;
and ppo and this fact will play now a crucial role. If ug; and ups are of the same
sign, L is proportional to the identity and hence QBL is still positive (or negative
if L = (—1,—1)) definite real symmetric and can be diagonalized by an orthogonal
transformation QgL = +0 diag(p1, p2)OT. 1If, however, the signs are different (we
may assume for definiteness Im pp; > 0 and Im ppy < 0), then the matrix QgL will

have an underlying hyperbolic symmetry and can be parametrised as [72}/101]

QpL = Tdiag(p1, —p2)T", T = (4.32)

sinh@® cosh®

cosh@ sinh 9]

where py,ps > 0 and 6 € (—o0,00). This will eventually lead to quite different
expressions for the correlation function C; 5, we will start with the case that the signs

are the same.

Large-N limit for the same-sign case

Assume the imaginary parts of pp1; and ppgs have the same sign. We denote this sign by
s. Then QpL is real symmetric and we can diagonalise QL = s O diag(py, p2)OT, the
measure changes accordingly to [p; — po| dpy dps diu(O). Since Qp is positive definite,
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its two eigenvalues have to be positive, p1,ps > 0. This yields for the correlation

function
e N_o N ' ) 0o 0o g
Cio=Cx dgq” “exp ~57 (¢ —ipp) dp: dps (p1p2) 2
—00 0 0
_ _ _ __N 2 2 4.33
X [p1 = pal(q — sp1)(q = sp2) exp | =5 (91 +13) (4.33)

1sN ) .
X / dp(O) exp [ﬁ Tr O diag(p1, p2)O" diag(up:, UB2)} :

The integral over the orthogonal group in the third line is of the Itzykson-Zuber-
Harish-Chandra type (see Eq. (3.25)). However, unlike to the unitary case, there
is no general formula to calculate that type of integral for the orthogonal group.

Nevertheless we can make progress in the 2 x 2 case by explicit parametrisation

0= CO,S ¢ sing , where ¢ € (0,7/2). The trace featured in the exponential then
—sing cos¢
becomes .
(ks + pup2)(pr + p2) + (mp1 — pus2)(Pr — p2) cos(29)]. (4.34)

The ¢-integration can now be performed explicitly and expressed as a Bessel function

using foﬂ/ ?d¢ exp [iz cos(2¢)] = ZJo(z), such that the group integral becomes

isN . .
/d,u(O) exp [— TrOdlag(pl,pQ)OT dlag(/,LB]_,lUBQ):|

2J% (4.35)
o exp iN ( N Ypr + po) | N(pp1 — pp2)(p1 — p2) '
9 _4J2 MB1 T UB2)\P1 2 0 12 .

Equation , together with states the final result of this subsection for
arbitrary N. Unfortunately, unlike the correlation function C; 1, it is not obvious if
this expression can be written as a determinant or Pfaffian. We proceed from here
taking the large- N limit in the previously discussed scaling which is most relevant to
the physical problems presented in Section 4.1

Correspondingly we scale up = F + iwp /N, and accordingly for up; and pips, with
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|E| < 2J, such that the correlation function becomes

I o N | N [
C(b k) 7TUN dqu 2exp {__ (q —F+ %) 1 / dp, / dps
0 0

1,2 - 2
—0o0

s(p1 + p2)

2 2
p1+p2>+ 4J2

el (2iNE — (wp1 + wm))] (4.36)

{ N
X exp | —

N3 (wpl —w
X (pip2) 2 1o (%(Pl —Pz)) Ip1 — p2|(q — sp1)(q — sp2),

where we used Jy(ix) = [y(z). Note that s = sgn(Im pp1) = sgnwp; = sgnwps. The
integral is of the form ([2.15)) and hence we can proceed from here taking the large-
N limit by performing a saddle-point analysis. We rewrite ¢ = N exp(lngq) and

(Plpz)N/ 2
are of order unity. The saddle points are then given by

2, ) .

= exp(%(lnpl + Inpy)) and assume that all parameters E, J, wp,wp1,wps

+ 9 qr = 9

piL=p (4.37)
Since pi,ps > 0 we want to deform the contours of integration through the saddle
points with positive real part, i.e. for both p; and py we deform the contour to a
line along the imaginary axis going from 0 to isE/2 and a line parallel to the real
axis going from isF /2 to oo + isE/2. The saddle points pfﬁ and pgi do not play a
role, whereas the saddle points pfi and piﬁ, lie on the curves going from isF /2 to
oo +isFE /2. The curves from 0 to isE/2 are far away from any saddle point and hence
their contributions are negligible. For ¢ we deform the contour to a line parallel to
the real axis through the point iE£/2. Note that both saddle points ¢} and ¢>F lie
on this curve. However, the term (¢ — sp1)(q — sp2), evaluated at the saddle points,
SP = ¢SP.

This suggests that the contribution from qu is sub-dominant and hence negligible.

takes the form (¢°” — spSF)2. For the case s = 1, this term vanishes if ¢

Likewise in the case s = —1, the term vanishes for ¢°”, and thus in both cases only
one of the two saddle points contributes to the lowest order approximation. In terms
of s, the relevant saddle point is hence given by (for brevity we drop the superscript
“SP”) qs = %(ZE — 5v/4J2 — E?). The saddle points for p; and py can be expressed

in terms of ¢ via ptf = pSt = —sq:.
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Next we shift the integration variables by those saddle points to ¢ = g5 + 7, p12 =

—5q; + &1,2, such that the correlation function becomes

u C d N 2
Cﬁ’zlk)w7T N/ 77) xpl 57 (qs+n+w—F> +N1n(qs+n)}

(s +1)? N
&1 — & Wp1 — Wpo
<[ an [ as fl—sqsx&—sqsnd/z][ INE (51‘52)}
iNE N (4.38)
xHexp{ 6 = s+ S = ) + 5 In(e o)

x Hexp { i +sz — (8§ — qs)} (n—s& +as +45),

where in the first exponent we used ¢; —iE = ¢} and abbreviated A = V4J2 — E2 for
the lower limits of the &; » integrations. Note that the above expression is already an
approximation since we neglected higher order contributions from the &; o-integrations
along the curve from 0 to isE/2.

The next step in the saddle-point analysis would be to replace the non-/N dependent
term by its zeroth order approximation and expand the N-depended terms in the
exponent to second order around the saddle points (or in our case around 0 since
we shifted the integration variables accordingly, thereby neglecting the sub-dominant
contribution from the other saddle point along the g-integration). However, in this
case the zeroth order of the non-N dependent term vanishes due to |{; —&;|. Hence we
need to expand the integrand to a higher order as discussed in Section [2.1, However,
it will turn out that only the N independent term needs to be modified, while it

suffices to expand the exponents to second order in 1 and &; o, respectively. For 7 one

gets
N % WEg 2 .
exp {—2—(]2 (qs +n+ W) + N In(qs +77)] = @.39)
N(q: Cw N/l 1 '
qévexp [— Q(JZ) JF+O<N)]eXp [—7 (ﬁ_l_ 2)77 + NO( )}
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and accordingly for §;, j = 1,2,

INE

N N
exp [——@j—sq;‘)u—(s@ —q:)+—1n<§j—sq:>} (—sq0)™"
472 2.2 2 (4.40)

X exp {-4%(@;)2 + ziEq;)] exp [ N (}2 T 1) ) &+ NO(f?’)]

Notice that the terms ¢V (—sq¢ )V = (—sJ*)V and exp[—%;;)g] exp[— 552 ((q2)* +

2iEq?)] = exp[— % (¢f +iF)] = e~V are independent of E and can be absorbed into

the proportionahty factor. Following the saddle-point method, we replace the inte-

grand by the approximations above and extend the lower limits of the {; o-integrations

to —oo. Finally let us also rescale vNn — 1, \/Nfl,g — &1,2 , such that

buk) _ A [ dn 1/1 1 1
Cia N(J/oo—(qs+\/iﬁ)2exp{ (J2+ n”+0 TN

\51 &2/ 1o [“’Bl‘“"iz (&1 — 52)]
<f o | . q><ff L

ol i3 o) ol 0(2)

X HeXp { <o +QWB2 (\S/% —q:)] (77\;%&} +qs+Q§) ;

(4.41)
where C' = o (=2 SRIGNES 161 ~. Here we used Stirling’s formula to appfoximate
the I-function in Cy by I'(N — 1) ~ /27 NV=3/2¢=N which shows that C is — at
least approximately — independent of N. In lowest order we neglect all terms of order

O(1/v/N) and higher in the integrand,

(bull) _ ~ (s + ;) s
6172 —Cm exp _Q_ﬂ(QWF - (U)Bl + (JJBQ))

x /_Zdn exp {—1 (% . ) 772} (4.42)

d& d£2|51 52|Hexp S L) @ere).
7t @y
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The n-integration can now be performed easily as it is a simple Gaussian integral
—1/2

which yields the factor v/27 (% + q%) , whereas the integration over & and & can

be performed by doing the transformation (&; +&2)/2 = R, §& — & = r. The Jacobian

of this is unity and

o & 2 2 & 2 o0 a2 2
/ d& / dg,y em@E1FE) | — & = / dRe 2R / dre 2"r =12 21 (4.43)
- 0

00 —00 —00 a a

To calculate the g;-dependent prefactor (which could depend on F) we make use of
its definition ¢, = 3(iE — sA), with A = v/4J2 — E2. This implies 4(3 + 532) 7' =
%(A +isE)~" and hence 47 (55 + (q;)Q)—1/2(% + é)_m = 4nJ3/A. Moreover,
: * s+qr)? —4s5Re? ¢ 2
with ¢*qs = J?, one gets 1(1%(122‘) = 4J§qs & — JQ(ZA_isE).
factors together finally yields the term 647 J%(A + isE) ™' (A —isE)~! = 167J which

is independent of E and moreover yields unity when multiplied with C.

Multiplying all three

The final result for the large-N limit of the correlation function

. det(F + %2 — [
CESQ lk) ~ <d t E w1 _<H 1/2 dzvt E >in2 H 1/2> (444)
e 5 — H)VRAet (B 58 = )Y [ o, e
in the case sgnwpg; = sgnwpgs is thus given by
Cﬁ)zulk, Sgnwp1=sgnwpgs) (wFl; Wp1, sz) ~
(4.45)

Qo — _
exp { el Zﬁl 52 (1F +sgnwpVv4J? — Ez)} .

Note that the prefactor of the exponential being unity is actually necessary due to
normalisation. We can see this by taking the limit wp, wp1,wps — 0 in (4.44). In this
limit the correlation function itself becomes unity. Equation is the first major
result of this section. The case of different signs, sgnwpg; # sgnwpgs remains to be

done.

Large-N limit for the different-sign case

We go back to Eq. (4.31)) and assume for definiteness Im pp; > 0 and Im pupgs < 0.
Then the matrix QL can be parametrised by (4.32]) with py, ps > 0and 0 € (—o0, ).
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The measure of such parametrisation is given by dQB = (p1 + p2)dp1 dpo df. Note
that the absolute value in the measure, which was necessary in the previous case, can
be dropped here since p; + p > 0.

The next step is to express the Q gL dependent terms in by these new vari-
ables. All but the term Tr[QpL diag(pup1, pt2)] (which is again of the IZHC-type, this
time for the group of matrices 7") depend only on the eigenvalues p;, p; and are hence
similar to the previous case with ps — —py. The term depending on the matrix T,

parametrised by the variable 0 as in (4.32]), becomes

%[(um + tp2)(p1r — p2) + (1B1 — tB2)(p1 + pa) cosh(20)]. (4.46)

Comparing this with the corresponding term from the integration over the orthogonal
group, Eq. , we see that it is similar with the replacements ps — —ps and
cos(2¢) — cosh(260). The correlation function is then given by Eq. with the
aforementioned replacements (and s = 1 since we fixed the sign of the imaginary part
of upy to be positive). The rescaled version is accordingly given by Eq. with
the replacements p, — —po, Iy — Ky and s = 1, where Kj is the modified Bessel
function of second kind (MacDonald function). This factor comes from integration

over 6, for the rescaled version given by

/_OO 6 exp {_ (1p1 — pp2)(p1 + p2) cosh(?@)} ~ K, [(MBl — pp2)(P1 + P2) . (4.47)

4.J? 4.J?

o0

So far the two cases are quite similar. The main difference comes from the saddle-point
structure.
The saddle points are now given by (we already restrict to the case of positive real
part for the p; and ps saddle points as discussed in the previous case)
sp IE+VAIEP—E? , —iE++4J2 - E?
pr = 9 » Po = 9 )
sp EEXVA?—FE?

q+ 9

(4.48)

The difference to the previous case ([4.37)) is that pi” and p5T are not equal, but

complex conjugates of each other. We deform the contours of integration as before, i.e.
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for ¢ a parallel to the real axis through ¢F and for p; and ps along the imaginary axis
from 0 to +iE and —iE, respectively (which are sub-dominant and can be neglected)
and a parallel to the real axis from +iF to oo £iFE. Again, both saddle points of ¢ lie
on the chosen contour. In the same-sign case, a term of the integrand vanished at one
of these saddle points, but not at the other, making one saddle point contribution sub-
dominant. In the different-sign case, however, the corresponding term (q — p;)(q+ p2)
vanishes for both since qup = pyT and ¢°F = —p5¥. This suggests that both saddle
points yield a contribution to the lowest order approximation. The result will hence
be the sum of both contributions, C%mk) =C+C_.

To perform the saddle-point approximation we shift the variables by their respective
saddle points (and for brevity drop the “SP” superscript), ¢ = ¢+ + 1, p1 = ¢+ + &
and py = —q_ + &. Then we expand the N-dependent exponent to third order (it
will turn out that the second order is not sufficient to get all relevant contributions).

The expansion for 7 is given by

N wp 2 N¢2 w
exp {—2—J2 <—qu +n+ WF> + Nln(g+ + 77)] = ¢} exp {— 2;]3[ quF]
(4.49)
N (1 1 s N 4 B 1
—— | =+ = —n° = NO O —
XeXp{ 2(J2+Qi)n+36ﬁ’:n )+ (N)l
where we used gy — iE' = —¢x. The expansion for &; evaluates to
N INE N
exp {—4—J2(Q+ + 51)2 + 22 (¢+ + &)+ 5 In(g+ + 51)} = qf/z
(4.50)
Nqi iINEq, N [ 1 1 s N 4 '
Xexp{—4J2+ 92 exXp 4 ﬁ+£ §1+@§1_N0(51> )
and analogously for & one gets
N iNE N
exp [~ (o = G (a4 )+ g+ )] = (g
. (4.51)
N , iNE N /1 1 s N 4
X exp {—4—J2q_ T 57 Q] exp {—Z <ﬁ + q_3> & — @52 —NO(&)| -

The factors in these expansions which do not depend on the integration variables

can be multiplied together and, using the definition of ¢, yield J¥¢Y exp(—N +
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Q’;;E V4J? — E? + wrq+/J?). Analogously to the previous case we use the above ex-

pansions in the integrand, change variables n — n/\/N, § — fj/\/N, 7 = 1,2 and

extend the lower limits of the £-integrations to negative infinity. This yields

< dy 1/1 1 |
Cmte [ e ( i > " +o( )
U e (e + R p[ 2 ! 3\/_Q:I:n N
g 1 ( 1 ) 1,
X —————— €X
[ g [ 7t ) s

> dé 1/ 1 1 (4.52)
s S ]

+ - &1+ ¢
X exp {_%(& —52)} Ky [Q)BZ—J;JBQ <Q+ —q-+ lﬁzﬂ

x (q+—q+£l\/+ﬁ§2) (q q++77\/ﬁ£1> <qi—q+"\jﬁ§2),

where

N_—N ~ ~
Ay = %qﬁ exp <j:];il]§m+ w;# — if? (wp1 + wBQ)) . (4.53)
The above equations combine expansions around both saddle points ¢, and ¢q_. As
discussed above both of them contribute and the correlation function itself is given
by the sum C(blﬂk) C.+C_.

In the previous case we could neglect all terms of order 1/ VN or higher. However
the second bracket in the last line of Eq. vanishes for C, if the N-dependent
term is neglected. Likewise the last bracket vanishes for C_. Hence we cannot neglect
those terms and all other terms of the same order. This is another major difference
to the case of same signs.

To simplify the large- N analysis, we expand the last two brackets of Eq. and

rewrite it to

R b —ban? - —b4£3/2 ~ —b_¢g2/2 U & & )
Cim As /Oodne K /Oodfle /Ood&e f (\/N’ NV
(n—=&)n+ 52)} )

(4.54)

=~

y L/_lﬁaqi )M+ &) + (s — ) — &) +
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where we used (¢g+ — ¢+)(q+ — ¢—) = 0. The new introduced variables by and the
function f can be read off comparing Eq. (4.54) with Eq. (4.52)). If we neglect the

term proportional to 1/N in and replace f <\/iﬁ, j—}v, j—%) with f(0,0,0), the
resulting integrals all vanish since ffooodn ffooodf exp(—an® — b&*)(n £ &) = 0. In
conclusion we have to go one order higher, i.e. to the term oc N~1. This order is the
sum of two terms: The first term in the second line of times the term in the

~1/2 5n the one hand and the second

series expansion of f which is proportional to N
term in the second line of (4.54]) times the zero-th order term of f on the other hand.

Let us start with the latter contribution: The zero-th order term of f is given by

q+ — q— Wp1 — WpR2
0,0,0) = K —q_)|. 4.55
f( » Yy ) Qi(_q+q7>3/2 0 |: 4.]2 <Q+ q ) ( )

Noting that (n — &) (n + &) = 1 + n(& — &) — & the integration reduces to

/ Ty et / T dey et / Tdgendro T TP
. . . B2 (bpb )2 bRy

where we used that the integration over odd powers in 1 or ;o vanishes. Hence the

contribution is given by

3/2A _ _
& + 4+ —4q- K, [wm Wp2 (g — )] . (4.57)

N3 A/bx G (—qrq-)3? 4.2

Obtaining the other contribution is more difficult since one needs to expand f to order
N~12_ Now it also becomes evident why we had to expand the terms in the expo-
nentials to third order, because the terms proportional to 1 (and &}, respectively)

contribute to this as well. The expansions of the various functions contained in f are

given by
exp (%) =1+ %,, +O(NY), (4.58)
= i = aim (1 - &%2) +ONTY), (4.59)
Ky (a b+ %)) — Ko(ab) — \j—%[(l(ab) FONTY. (4.60)
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With these formulas we are able to determine the term proportional to N~'/2 in the
expansion of f itself. We refrain from presenting it here. It needs to be multiplied
with (n — &) and (n + &) respectively (the first term of the second line in (4.54))).
The result is a polynomial in the integration variables, where in the different terms
each of the variables appears as a power between zero and four. Integration over odd

powers vanishes and for even powers we may use

/Oodx exp(—az?)r?*" = %\/g. (4.61)

[e.9]

The result after integration is given by

+73/2(qr — ) Ay { G =0 ) {w(% B q_)]

NbE/b3qi (—qrq-)% 2.J2 4.2
1 1 WpF  WR1 + Wp2
2 ) (= P T YR 4.62
- {jF e g )(Qi 2¢3by  J? MEYE )} (4.62)

W1 — W
x Ko [%((H - Q—)} }

Using by = 3 (% + ﬁ) the term (g, —q_)(2 ') in the second line of Eq. (4.62)

ax  2¢3bs
simplifies to positive or negative unity,

(C]+ _Q—) ( 1 . 1 ) _ (qu _qf>Q:|: — 41 (463)

@ 2¢3bs A+ J?

This, together with the contribution (4.57)), which we need to add to (4.62)), cancels
the F2 in the second line of Eq. (4.62). The term (7q+1 = (2=L)2 in front of (4.62)

q-) brqt

simplifies to a similar expression,

1 ¢ —aq-\ e \’
(—CI+Q—)3/2( b+ ) J(QiJﬁ]Q) / ( 6)

Furthermore we simplify ¢, — ¢_ = v/4J2 — E? = 2r.J?p, where p is the mean eigen-
value density of large GOE matrices in the bulk of the spectrum, see Eq. (1.9)). Then
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the lowest order approximation of Eq. (4.54)) is finally given by

2182 A —
Ci T :I: { wp — WBZ)KI (Mﬂ’p)

‘NJ /b 2
(4.65)
+ (CL)Bl + wpo — 2CL)F) K() (—WBI 2 WBQWp) },
and the correlation function cg’““‘) is given by the sum
2732 [ [ A - —
Ci+C =~ - { (\/+— \/—> wp1 — wp2) K (%Wﬂ)
(4.66)
A B _
Vo \/b+ 2
Finally we use the definition of Ay, Eq. (4.53)), and b_l/2 (d;q; )2 = ﬁ@ﬂﬂp =+

iE)'/? and take into account that the solution should be invariant under the exchange
wp1 <> wps (i.e. choosing wp; < 0 and wps > 0) to obtain the final result for the

correlation function (4.44)) and different signs sgnwp; # sgn wps,

-\ N )
(_Z) —%(UJB1+UJ32—2WF1)

WF1 Wp, Wp2) A 2N p(2])NH

X {[Ae_ﬂpwm — ()N A* T (wpt + wpa — 2wr1) Ko (L|wpr —wre|)  (4.67)

bulk, sgnwpi=—sgnwpgs)
C( ) (
1,2

+ [Aefﬂ'prl 4 (_1)NA*€+7TPWF1”wBl _ wB2’K1 (%B‘WBl _ WB2’) }

with

7,71'N E

A(E,N) = 2nJ?p+iE)N"Y2 ¢ (4.68)

Note that this asymptotic expression shows an interesting “parity effect”: it behaves

differently depending on whether N is even or odd for arbitrary large values of N.
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4.3.2. “Method without Grassmannians”

In this section we want to demonstrate that the same result can be obtained
following a different route which is inspired by the insightful work of Schomerus,
Frahm, Patra and Beenakker [97], who have used a similar approach to obtain the
probability distribution of the so-called Petermann factor, a quantity that measures
the non-orthogonality of the resonance eigenfunctions of a scattering system. This
approach avoids introducing anticommuting variables altogether, hence we will call it
the “method without Grassmannians” to distinguish it from the other methods used
in this chapter. This section shall also serve as a case study for Section 4.5 where
this approach will be the only feasible method.

We start again with the correlation function . Already employing the bulk

scaling u = F + iw/N for all p’s, we note that the denominator can be rewritten as

1/2
5 WBIWB2 . Wp1 + Wp2
det |(E— H)" — e +Z(E—H)T

(4.69)

However, in general this is only valid for wgiwgs < 0. Writing the determinants as
products over the eigenvalues A\; of H, we see that equality of the two expressions
translates into validity of the relation |/zyj\/Z2; = /Z1;22; for all j, with z;; =
E—\j+iwp1 /N and 25 j = E—\;+iwpy/N. As discussed in Appendix, for complex
values 21 j and zs ; this relation is only correct for | arg(z; ;) +arg(z2,;)| < 7. To ensure
this one has to choose wp, and wpy with different signs, such that arg(z; ;) € [0, 7]
and arg(z ;) € [—m,0] (or vice versa). For same signs the inequality is not necessarily
fulfilled depending on the particular value of A;. Hence the method presented in this
approach is only suited for the case wgiwgs < 0.

We represent by a Gaussian integral over a real N-component vector & and

hence get

CS)Qulk) = /da: exp (Wg.lii}u;ﬁ w2> O(x, wp, wp +wp2, £), (4.70)

where de = dx; ... dxy, 2; being the j-th component of @, and

det(&r — H 1
q>:< e ((QJ;)N/2 E) exp {_§wT (H%—iHE%) m}> . (47

GOE, N—oo
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Here we abbreviated Hp = H — Ely. Note that also the above integral is well-
defined only for wp; and wpy having different signs, otherwise the term wpywps/N? >
0 would render the integral divergent. Furthermore it is not possible to fix this
problem for wp; and wps having same sign (e.g. by representing the determinant
as [daxexpliz?(...)x)]) as always one of the three terms wpiwp2, H or Hp(wpr +
wp2)/N will render the integral divergent (unless H is positive ore negative definite
which cannot be assumed here), making the choice wpjwps < 0 necessary on this level
as well.

Next we parametrize the vector x of integration variables as * = |x|Oe;, where
e; = [1,0,...,0] is an N-dimensional unit vector and O is an orthogonal matrix:
O~! = OT. Since both the determinant factor and the GOE probability density P(H)
in are invariant under orthogonal transformations H — OT HO the matrices
O, OT can be omitted. The result is then Eq. with «, 7 being replaced by ey,
el and with factor |x|? in the exponential. The term el H%e; then suggests that it

is advantageous to decompose H as

T
N : (4.72)
h Hy.,

where h is a real N — 1-component vector, Hy_; is the (N — 1) x (N — 1) sub-block

of H and Hy; is the first element of H. Such decomposition implies

H? h'h ~
g2 — | e , n (4.73)
~ HNfl,E +h®h
det(£ — Hp) = (% — Hyyp— h' (%2 — Hy_15) 'h)det(%E — Hy_1p), (4.74)
el {H?; - zHE%] e = H? p+h"h — W}hw, (4.75)
P(H)AH = Cope 12 " AH = Chop ez 2P AT HR 0 q AR dHy_,,
(4.76)

where Cgog is the normalisation constant ensuring that f dH P(H) = 1, given by
Caop = 27V (R5)NINHD/A (see Eq. (L.4)). The off-diagonal blocks of H} are not

needed and thus not shown. Taking all the above identities into account, we observe
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that ® splits conveniently up into ® = Cgor(®; — ®;7), where

Ay, | Ny st ws)
(b[ — \/_( WE Hll E) exp |i 2 H121,E 4—ﬁHfl 2N |£C|2H11,E
| dh exp |23 (af? + 5)]
X (det(TF — Hy_15))Hy / (2m)(N-D)/2
(4.77)
and
dH x|? N 1(wp1 +w
;= \/2_11 exp {_%Hfl,E 4—(]2H121 + ( 312N 32)|w|2H11,E}
T

T
w dh oXp [_%pr T %> T (iw —1
der(5 = Hyrp) | st (W~ o)) ).

where the angular bracket now stands for the ensemble average over the (N — 1) x
(N — 1) GOE matrix Hy_1, ()gy_, = [dHy_1(-)exp(—5 Tr H3_;). Note that
there is no normalisation factor in this definition. In both terms, integrations over
Hy; and over h factorise and can be performed (for details of the h-integration in ®;;

see Eq. (A.75)) in the appendix). After integrating them out one gets, together with

Eq. (70).

NE?|x|? + iE|z|?(wp1+wp2) + (wp1+wp2)?|z|*
i3 = Ceor / da exp | ——L L 200

4|z + 552)
EN _ilwpitwps)lx|? (479)
ZLUF _|_ 2J2 213] [1
N ||+ ﬁ o ‘2 [wBle2| |2]
(J]2 + 25)"5 (]2 + 25)1/2 2N* 7
where the two short-hand notations I; = (det(F + MTF — Hy-1))my_, as well as

L = (det(E + % — Hy-1) To(E+ %F — Hy-1)™"),,  have been introduced.
Setting the problem of calculating those two quantities aside for the moment, it
remains to perform the x-integration for which it is advantageous to introduce rescaled

polar coordinates, such that |x|> = N2R. The problem then reduces to performing a
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single integral
/dch(|a;y2) S]; 1NN/ dRR2 ' f(N2R), (4.80)
0

where Sy_ is the surface area of the N-sphere, Sy_1 =

identity to (4.79) yields

. NE2+iE(wpi1+wp2) (wp1+wp2)?R
C bulk CN / dR [_ 4J231 B2 ‘I’ Bl 832 ]
0

N /2) Applying the above

— exp

R 1+2N32R
; + 2J€R_i(WB1;—WB2) I 1 T (481)
wWr 1+2N32R ! NR(1+N<JI2R) ? |:CUB1(UB2 Ri|

15 o) (LT b > 1

where the constant is given by Cy = ﬁS v-1Ccox.
So far the computation was exact. The next step is to take the limit N — oo, such
that 1/(NJ?R) < 1 and (1 + 515) "1/ — exp(1/(2J2R)). Note further that

NE? 2 2
NEZ NE E 1
42 o(—). 4.82

T4, 42 SPR (N) (4.82)

Then the leading contribution to the integral can be written as

u NE? +iF *“dR - R 7w?p?
Cﬂaz ™)~ Cy exp {— + By + ng)} / [— m ~wm) B _ 70
0

12 R P 8 2R
. E i(wp1 + wp2) 1
8 ((ZWF+2J2R_ 2 h=xg")

(4.83)

where the result was simplified by introducing the GOE level density p = —W,

see Eq. (1.9). Using Stirling’s formula to approximate the Gamma-function, the

)N(N+1)/4‘

proportionality factor simplifies to Oy ~ -—= (”e)N/ 2 In order to

2N\ N 2mJ?
evaluate the remaining integral we use the identity (see e.g. 3.471.12 in [59)])

/OOO dr z" " exp (—% — B:zc) =2 (%)m K,(2VAB), (4.84)
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where K, denotes the modified Bessel function of second kind (MacDonald function).
We apply the above identity with parameters v = 0 and v = —1 to Eq. (4.83) and
use K_1(z) = K;(z) to finally obtain

NE? +iF
e Oy exp [_ + iE(wp1 + wsz)]

4J2?
lwpr —wps| [ E 1 mplwpr — wps|
I ——0L | K 4.85
8 { p o2t T V)M 2 (4.85)
L (W + wirs — 2wp) Ko (7r0|wB12— CUB2|> }

The last step is to determine the quantities I; = (det(E+“E — Hy_1))y,_, and I, =
<det(E + MTF — HN—l) TI'(E + MTF — HN_1)71>HN
calculate the first quantity, because of the following identity (let A;, 7 =1,...,N —1

- However, it actually suffices to

be the eigenvalues of Hy_1):

dl d N-1 d N-1
1 W W
H H

J=1 J=1

N-1 N-1

i N-1 1 N-1 ' ;
—<szﬂ (E"‘MTF_)‘J‘)> =51 (4.86)
H

Jj=1 Jj=1 N1

By integrating out the first row and column of H, we have reduced the problem of
finding Cﬂ’;lk) to the much simpler problem of calculating the ensemble average of the
reduced matrix Hy_; of the characteristic polynomial det(E + iwgr/N — Hy_1). Here
we will calculate it using the supersymmetry method established in Section 2.2 but
note that one could calculate it as well by different means and avoid supersymmetry
altogether.

First we replace the determinant by an integral over an N — 1 component vector x

of Grassmann variables,

w
I, = /dxde exp [(E + TF) XTX} <exp [—XTHN_lxDHN_l . (4.87)
The ensemble average (), , = [dHy_1(-)exp(—55 TrH}_;) can now easily be
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performed and yields (mind that it was defined without a normalisation constant)

N(N-1)

exp [—%(x*xﬂ sy

N1 (272
<eXP [_XTHN—IX}>HN71 — 9% ( I )

This exponential can now be replaced by a Gaussian integral (see Eq. (2.88)) which
yields

© g 2 7
I = BN/ V% /ddeT exp {—% +ixtx (\/—% _iE+ %)} L (4.89)

where By is the constant defined via Eq. (4.88). After performing Grassmann inte-

gration and shifting ¢ — ‘/—JN(ZE — %) + q we are hence left with

. N—1 _ ) 2
* dggN! 1 VNE — vV IN
I, = (i> BN/ 74 exp | —= <q+ ! wr/ )

VN o V2T 2 J
(N+1D) 1
- <2J2> R (x/NE + z'wp/\/N>
=7 4 — Hy_q )

7 y (4.90)

where Hy_1(z) denotes a Hermite polynomial, see Eq. (2.19) (which should not to
be confused with the reduced matrix Hy_1). While this result is exact, it is for our

purpose advantageous to express [; in its large-N limit since the overall result (4.85))

for Cgﬂk) is already an approximation. To that end we can use the approximate result

[2.22) for Hy_(v/Nz) derived in Section with £ =1 and z = w,

2 4.J? 2J?

x {401, N, By ()N A N, B L

Ny 2NN (zwﬂ)N(N‘”/“ { N NE? iEwF}
I ~ exp

(472 = B2V N 2 " (4.91)

where we neglected the term of order O(1/N) in (4J? — E?)Y/* and in the expo-
nential. A(1,N,z) = (V4 — 22 +i2)N "2 exp(iNzv/4 — 22/4) is as defined in ([2.23),
but has also to be understood with all sub-leading orders being neglected. This
needs some further consideration. We expand +/4J2 — (E +iwr/N)? = 2nJ%p F
2;5:}% + O(1/N?), where we identified v/4J2 — E2 = 27.J%p. Furthermore for the
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term (v4 — 22 +i2)V V2 we use (a + b/N)N 12 — aN"2exp(ba!) for N — oc.
This yields

A(1, N, BEee Ny o 122N (97072 p i BYN V2 exp(Frpwr + iENwp/2),  (4.92)

and hence [; is given asymptotically by

N(N—1)
1

2 J? (=)~ N NE? (Euwp
_(T> el P IV RN VE (4.93)
x (A(E, N)exp [-mpwp] — (—=1)NA*(E, N) exp [+7pwr]),

Q

I

where we defined A(E, N) = JV"V2A(1, N, £) = (27 Jp+iE)N =2 exp ["E]™2] as in
the previous approach, Eq. (4.68). From this, /5 follows immediately via the derivative
of the above equation w.r.t. wr, Eq. (4.86]), and is hence given by

N(N-1)
N (2mJ?\ 7 N NE? E
i\ N 273" J 2 42 22 (4.94)
NE
x (A(E, N)exp [-mpwp] + (=1)N A*(E, N) exp [+7pwr]) + Z—ph

Now we insert these asymptotic results for /; and I into Eq. and observe

some cancellations: The term Y27, featured in the expression for 12, cancels in the

272
-+ ]2) Moreover the term exp[2%

term ( ] featured in I; and I, cancels with

2J2 472
exp[ 1 J2 | from - Inserting the remaining terms one gets

_ (—i)N iE
C(bulk, sgnwp1=—Ssgnwpa2) e 12 (WB1twpa—2wp1)

1,2 (wFl;wBl7w32) ~ 7_(_\/m(2t])]\[+1

X {[Ae_”pw“ — (=D)N A*et™Pr ) (wpy + wps — 2w Ko (¥|WBI — szD (4.95)

4 [Ae7™r1 4 (—1)N A* e |wp — wpe | Ky (%|W31 — WB2|) }

This is the exact same result as which was obtained following a supersymmetric
approach. One advantage of the present approach is that the large-N limit can be
taken easily, in contrast to the previous approach where one of the main difficulties
was performing a quite cumbersome saddle-point analysis. Note, however, that the

second approach is not suitable for the case sgnwpg; = sgnwps.
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4.4. Calculation of Correlation Function C, >

In this section we want to calculate the correlation function

det(pup; — H) det(pupy — H)
) . 4.96
Gz <det(,uB1 — H)2det(pups — H)Y? [ qop 80

First we choose the same approach as in Section [4.3.1} As a second approach we want
to show that also the Hubbard-Stratonovich method described in Section yields

the same answer.

4.4.1. Hybrid Method

The model is in complete analogy to (4.23) but with two integrals over Grassmann

vectors ; and (,, and after performing the ensemble average given by

Co OC/dﬂh /dwz /dC1dd /dCQdCE eXp [i(slﬂBliL’{% + S2M3233§$2)]
(4.97)

2

X exp [_i(MFICICl) + MFQCECz)} exp [_Z_N Tr(A + AT)Q] :

where now A =512 @] + s @2 + ¢ @ CJ{ +(® C; and the proportionality

factor is given by (—i)™(s152)™/2. Introducing the matrices

O = [dQ d@] Op = [wiwl wiwzl L= [Sl O] ’ (4.98)

C;Q C;CQ Ly Ty T2 0 s9

and abbreviating
B = S1x1 X a:f + Soxo &® azQT (499)

we can rewrite the trace to

A+AT2_ 2 2 T o ot v ot gt
Tr 5 =4Tr(QpL)” — 2Tr Qp + 4¢; €5¢5¢T — 8¢1 B¢ — 8¢5 B¢,. (4.100)

Note that if we set ¢, = 0 we recover the corresponding expression (4.25)) for C; o

(such that @ becomes scalar).
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In this previous case we bilinearised the terms involving Grassmann variables by
introducing a Gaussian integral. In analogy to this we perform here a Hubbard-
Stratonovich transformation as described in ([2.90)),

J? N? o N . i
exp (WQ%) = 5 /dQF exp <_2_J2 Tr Q% + Tr QFQF> , (4.101)

where (Qr is a Hermitian 2 x 2 matrix whose entries are commuting variables, and

furthermore we can rewrite

T QrQr= ¢ ¢}] (Qr®1y)

¢
CJ . (4.102)

The term 4¢T¢,¢1¢T is a new feature which was not present to the previous case,

however, we can bilinearise it as well using the identity

1
exp(—vivy) = - /dQu exp(—u*u — i(uvy + u'vy)), (4.103)

where d*u = d(Reu) d(Imu). This yields in our case (rescaling u — ‘/—Jﬁu)

J? N N
exp (—ch gcéc;) — — [ duexp [—ﬁu*u —i(ugl¢s +urch cn} - (4104)

Introduce now the vector ¢¥ = [CI ¢T Cg CQT}, then we may rewrite and perform

the integral over the Grassmann variables,

g] —i(u¢i¢s +u¢l cn}

2

/ d¢,d¢] / d¢,d¢} exp { ¢ ¢ @rety

2 (4.105)
exp [Z G5B - WFﬂN)Cj] = /dC exp(3¢TMC) = Vdet M,
j=1

where we used identity (2.55) and the fact that M is skew-symmetric (M = —M).
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It is explicitly given by

0 +A; —iuly g1y
—A 0 —q121 +2u*1
M = ‘ 1 qi2ly U LN ’ (4.106)
+ZU]1N —|—Q121N 0 —|—A2
—qiln —utly —As 0

where the ¢;; are the entries of the matrix Qr and

, 2.J2
Aj = q]'j]lN — ZLLFj]lN + WB (4107)

Recall that B, defined in (4.99), is real symmetric and has only two non-vanishing
eigenvalues which are equal to the eigenvalues of Qg L. Hence we can diagonalise B =
ot diag()\g), )\532), 0,...,0)O, and furthermore det M is independent of the orthogonal

matrix O and splits into the product
det M = det MY 2 det M;(AY) det My (AD). (4.108)

My is a 4 x 4 matrix given by Eq. (4.106) with B = 0 and 1y = 1. Its structure

suggests that its determinant is given by

det Mo = [(qu1 — iir1) (g2 — iftra) — Gaquo — u*ul’
. 2 (4.109)
= [det(Qr — i diag(urs, pr2)) — u'u

Ml()\g’Q)) is of the same structure as My with ¢;; = ¢;; + %)\gz) and hence

. o . 4J4
det Ml()\g’2)) = [det(QF —idiag(pp1, pra)) — u'u + el AS’Q)
(4.110)
207 oy A ’
+ 28" Tr(QF —idiag(ury, pr2))| -

These results conclude the integration over the Grassmann variables.
For the integration over the commuting vectors x; and x; we can proceed as we
did for the previous correlation function, using the integration theorem (2.103)), i.e.

replacing integration over the vectors with an integral over a positive definite real
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symmetric 2 X 2 matrix QB. After shifting QF — QF + i diag(pp1, ir2) and rescaling

Qp — %Q p the correlation function is then given by

Coa o [dQi (det Q)" exp{ N Te(@pLy? +ﬂTr@BLdiag<uBl,uBz>}

4.2 J?
N

/dQF /d2u exp {—2—{]2 Tr(QF —idiag(pp1, pra))* — ﬁu u}

ST R N 2 1 \O) e 6
x |det Qp — u*u I |det @ — wu+ (X)) + 2\ Tr Q| .
j=1

(4.111)

where )\(1’2) are now to be understood as the eigenvalues of Q pL. The proportionality
(=) (s182)N/2 ¢ N \N+3

&m3/2I(N—1) (m)
We managed to reduce the model to an integral over the positive definite real sym-

factor is

metric 2 X 2 matrix Q p (three independent variables), the Hermitian 2 x 2 matrix Q F
(four independent variables) and the complex variable u (two independent variables),
i.e. we are left with a total of nine integrations. Compare this to the corresponding
equation for the previous correlation function, Eq. , where in addition to the
same matrix Qp only one more integration was present. Hence including one more
determinant in the numerator accounts for five more integrations at this point. We

proceed to integrate out as many of these variables as possible.

Integration over Qr

We start by diagonalising QF = U diag(qr1, qr2)UT, where U is unitary since QF is
Hermitian. The measure changes accordingly to d@ r = (qr1 — qpo)?dqpy dgps du(U).
Almost all terms in are invariant under such transformation, the only exception
being the term Tr(QF —idiag(pp1, r2)?) in the second line of which becomes

Tr Q% —2i Tr U diag(qp1, (IFQ)UT diag(pr1, pre) — Tr diag(u%l, M%@)- (4.112)
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However, the integral over the unitary group is now of the Ityzkson-Zuber-Harish-

Chandra type [80-82] and can be performed exactly (see Eq. (3.25))),

iN . .
/d/i(U) eXp {— Tr U diag(qr1, QF2)UT diag(ptr1, ,UF2)}

J2
) iN iN (4.113)
_ J7exp [ﬁ(QF1MF1 + QFQ,UFZ)} — €xXp [ﬁ(QFlﬂm + QleﬁFl)}
iIN (gr1 — qr2)(tr1 — 1ip2) '
Next let us introduce the matrix
R= " " (4.114)
U qr2

The advantage is that we can identify det QF —u*u =det R, Tr QF =TrR, Tr Q% +
2u*u = Tr R?. In terms of R (we identify further ¢py = Ry and gpo = Ry) the
correlation function (4.111)) becomes

N-3 A

. . N A 1N .
6272 XX /dQB (det QB) 2 exp |:—4—JQ TI(QBL)Q + Q_JQ Tl" QBL dlag(ugl,uBg)]
N
X / dR (Ry; — Ryy) det RN exp {—Q—ﬂ(Tr R — gy — ufwg)]

2
<1 [det R+ A\ TR+ (Ag?)?]
j=1

o SXP [%(Rnum + R22,MF2)] — exp [%(Rllﬂm + R22MF1)]
(Lr1 = pr2) '
(4.115)
Now R is Hermitian as well and thus we can diagonalise it via R = U, " UJ. The

T2
measure becomes accordingly dR = (r; — ry)2dr; dry du(Us). However, the integrand
is no longer of a form where one can apply the IZHC formula, instead we parametrise

U,, being unitary, as

2T 0 e~ /2| | —sinf cosb

[e+z’¢/2 0 ] [ cos 6 sin9] 60,21, 0€0,7/2]. (4.116)
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This implies
dp(Uz) = sin(20) d0dp, Rj; = 5(r1 +712) & 5(r1 — ra) cos(26), (4.117)

where the plus-sign is chosen for j = 1 and the minus-sign for j = 2. Furthermore

iN iN
exp [7(R11MF1 + R22/~LF2>:| — exp [ﬁ(Rnqu + R22,UF1)}
_ (4.118)
. IN . N
= 2i exp [2—ﬂ(r1 + 7o) (pr1 + /,LFQ):| sin [2—ﬂ(r1 —719)(pr1 — pr2) COS(Q@):| )

All other terms in the integrand are traces or determinants of R and thus independent
of U,. Furthermore the whole integrand is independent of ¢ and thus integration over

¢ just yields a constant factor. The #-integration amounts to perform the integral

2/0ﬂ/2d9 sin(20) cos(26) sin (N(rl — TQQSL;FI — 1) 005(29)) : (4.119)

We change cos(26) = z, and hence dz = 2sin(20)df. Then the integral simplifies to

/Oldmsm (N(rl —73)(pr1 — um)x> . (4.120)

2J?
This can be solved using integration by parts and yields the result

B [ 2.J? cos (N(h — 7o) (1 — ,LLF2))
N(ry —ra)(up — pr2) 2.J2
B 4.J4 . N(ry —ra)(ur1 — pir2)
N2(ry —12)2(1r1 — fir2)? . 2J2 .

(4.121)
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Taking all the above equations into account, the correlation function simplifies to

R A N N -
62’2 ZON /dQB (det QB)Tg exp |:—4—J2 TI"(QBL)2 +

1N

57 Tr QpL diag(pp1, /132)}

X / dry / dry exp {—2—J2(rf + r% —i(ry + 7o) (pp + ,upg))]

x (r1r2)N "2 (ry — o) (1 4+ A (g + A (1 + A2 (g + A2

X 1 |: N ( 2 + 2 >:|
exp
(hp1 — pr2)? o2 \Hr1 T Hra
N(ri—r _
[(NFI — pip2)(ry — 72) cos < (r1 2;(]/;1”1 MF2))
_2J2 i N(ry — o) (e — pr2)
N 2.J2 )
(4.122)
where Cy = % (_wiﬂ)NH We managed to perform four more integrals,

leaving us with integration over the two variables r; and r, and the three independent
variables of Q. Since Qp did not change from the previous case in Section we
can use the same method to perform the remaining integrations. As we have already
seen it is of crucial difference if the imaginary parts of ug; and pps have same or

different signs.

Large-IN limit for the same-sign case

We use the same parametrisation for Q B as in Section m (see the paragraph above
(4.33)). The eigenvalues of QBL in the new coordinates are )\g) = sp1, )\532) = sp9,
where s = sgnlm pup; = sgnlm pupgs. After performing the ¢-integration, which is

the same as in Section and hence yields again a Bessel function, the correlation
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function is then given by

7Cy exp 3 —|—,u N-3
Cop =—2 o2 Ut + 1) / dp, / dps [p1 — pa|(pip2) =
2 (,MF1 MF2

N
(p} +p3) +

4.J?

4J2 (,UBl + tp2)(P1 +p2)}

X exp [—

></ d7‘1/ dry exp [—Q—ﬂ(rf-i‘?"%—l(ﬁ+7°2)(MF1+MF2))}

x (r1ire)N "2 (ry — ro)(ry + sp1)(r2 + sp1)(r1 + spe) (e + sps)
{(Mm — pup2)(r1 — 72) COS (N(rl — ri(};m - MF2))

_2]{[2 N (N(rl _ 7“2;(]/;}?1 - m))} . [ i_ﬁ (s — 110 (p1 — pg)] |

(4.123)

So far this is exact. Now we employ again the bulk scaling u = E + iw/N for all u’s
and do a saddle-point analysis. The saddle points are given by
71,2

SP
= = = = ) 4.124
Py D2 9 ) T+ 9 ( )

The saddle points for the p’s are the same as for C; o and we already restricted to
those with positive real part. We deform the contour through them in the same way
as before, see the paragraph below . For r; we deform the contour to a parallel
to the real axis through —iF /2. Note that two saddle points are on that line. For
r9 we choose the same contour. This means we get four contributions in total, from
each possible combination of r-saddle-points. However, the term (r; — r3), evaluated
at the saddle points, vanishes if one chooses r¥¥ = 757, This means two out of the
four contributions are sub-dominant and hence negligible. Moreover notice that the
integrand is invariant under the exchange r; <> r5. This suggests that the remaining
two contributions are identical and hence it suffices to consider just one of them.
Thus we shift 7, = 7y + 7 /VN, 1o = 7_ +m/V'N, p1a = ps + &12/V'N, where we
abbreviated p, = p; = p5¥. The next steps are analogous to those in Section [4.3.1]
i.,e. we expand the terms in the exponentials of the integrand to second order in

the n’s and ¢’s, extend the lower limits of the £-integrations to negative infinity and
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neglect all terms of order O(N~'/2) and higher. This procedure yields

u S 1
CébQ ) o exp [—%(wm + ng)} exp s (ry + 72 )(wr1 + wre)
’ 2J 2J
(ry —r_)(wr — Wr2)
— —r_ h
X [(wpl wro)(ry —r_) cos < 572
—97%sinh ((T+ - T—)(WzFl - sz))] eXp [%(WFI + WSFQ)}
2.J (Wr1 — wra) (4.125)
< [Caa [Cagew |5 (5 ) €@+ @)
1 1/1 1
< [Lam [ amew |5 (5 —2) i3 ()
X |& = &l (2,1 + s61) (2,1 + $&2),
where in the last line 7, is chosen for s = 1 and 7; for s = —1. This comes from
the fact that ps—y = —r_ and ps—_; = r, and hence in the case s = 1 the saddle
points add up to zero in the terms ro + p; and 79 + po, while in the case s = —1 this

happens for the terms r; — p; and r; — py. Note that for simplicity we also neglected
any terms which depend only on £ but not the w’s, hence the overall proportionality
factor depends on N, J and E. The remaining integrations are all convergent and
yield a factor which does not depend on the w’s either and hence we absorb it into

the factor as well. We simplify the remaining expression using ry +r_ = —iF,
ri—r_ = VA2 = E2 = 21J%p and sp, = EEVILEE — B 4 or 72 and get

2J2 2J2<
(wWr1 — wpe)wp cosh [mp(wp1 — wre)] — sinh [Tp(wWrp — W)
(wF1 - WF2)3 .

u 1 1B )
C§b2 k) f(N E) exp [—§(w31 +w32) ( + 87Tp):| exp [ Wi —|—wF2)]

(4.126)

Since we did not track the factor when performing the saddle-point analysis, we still
need to determine the function f(N, E). We consider the limit where all w are 0. The

above expression becomes

mpw cosh (mpw) — sinh (7pw)

lim C5"™ = f(N, E) lim

w’s—0 w3

_ (”g)gf(N, E). (4.127)
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The correlation function

£ (b det(E — %1 — H)det(E — “£2 — H) (4.128)
2207 \det(E — B — H)'V2det(E— g —H)'2 [ '

on the other hand becomes in this limit

lim 35" = (det(E — H))gop, nosoe - (4.129)

w’s—0

The factor is hence given by the large-N limit of the ensemble averaged characteris-
tic polynomial, f(N, E) = ﬁ (det(E — H))
quantity in Section [.3.2] where we have shown that its exact solution is a Hermite

We have already computed this

N—oo*

polynomial, Eq. (4.90). However, this was for the reduced matrix Hy_; and with
a different prefactor. Adjusting for these facts the ensemble averaged characteristic

polynomial is given by the Hermite polynomial

(det(E — H))gop x = (%) Hy (@E) | (4.130)

Then the final result for the large-/N limit of the correlation function (4.128) with

same signs sgn wp, = SgNwpgs 18

(bulk, sgnwpi=sgnwpgs) . ~
C2,2 (wFl,wm,wBl;WBQ) ~
N VvVNE
( J ) BHN ( ) 1E(“’F1+‘”F2) lE(WBﬁwBQ) _relwpiltiwpal (4 131)
e 22 e 4J2 e~ 2 :
vV N [Tp(wpr — w23

X [rp(wp1 — wr) cosh (mp(wry — wre)) — sinh (Tp(wr; — wWE2))],

where Hy <@> = W2 N2 o5 P {A*(O,N,%)—|—(—1)NA(O,N,§)} is the

VN3
appropriate large—N asymptotic of the N-th Hermite polynomial, as calculated in
Section 2l Eq. -, with A ) = ﬁ(gﬂﬁp + Z'E)N+1/2 exp [iE];fﬂp] as

given in Eq. -
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Large-IN limit in the different-sign case

For sgn(Im ip1) # sgn(Imips) the matrix QpL has hyperbolic symmetry and we
parametrise it as in Section (for definiteness we choose again sgn(Impup;) = 1
and sgn(Im pps) = —1). In complete analogy to this previous case the correlation
function is then given by the corresponding expression for same signs, Eq. ,
with s = 1 and the replacements (after employing the bulk scaling) ps — —py and
Iy — Ky. We proceed from there performing the saddle-point analysis, where the
saddle points, restricting the ones for p; o to positive real part, are now given by

jor _IBEVAE =B o B+ VAT E?

1 2 =
2 2
4.132
—iFE ++v4J? — E? ( )
5 .

SP __ _

The saddle points for the p’s are the same as for C; » and we deform the contours in
the same way, as described in the paragraph below (4.48)). The saddle points for the
r’s, on the other hand, are the same as for the same-sign case of Cs 5. Moreover we can
apply the same argumentation why only one of the possible four contributions needs
to be considered, see the paragraph below Eq. . Note that this is different from
the calculation of C; 2, where two saddle points where contributing to the lowest order
approximation.

We proceed as usual shifting the integration variables by the saddle points and
rescaling them with 1/ V/N. However, as in the different-sign case for Ci,2, it does
not suffice to expand the exponentials to second order and neglect all terms of order
O(N~'2) and higher. This is because the integrand features the term (ry + py)(r1 —
p2) where the saddle points cancel each other out, i.e. this term becomes (7e +
&1)(m — &) in the new variables. The only other dependence of the integrand on the
integration variables would be the Gaussian factors exp(—an?) etc. However, these
integrals vanish, [dny [d&; exp(—an3 — b&7)(n2 + &) = 0 and likewise for the ;- and
&o-integration. Hence we expand the exponentials to third order in the integration

variables, and then every term to order O(N~%/2). The integrand then takes the form
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(M2 + &) (m — &) (c1&r + oo + cam + cam + ¢sE + c6€ + comi + csm)

) ) ) ) (4.133)
X eXp(—aml —agny — 0i&y — 5252),

where the ¢; are independent of the integration variables. The presence of the first two
factors is explained above. The cubic part in the third factor comes from expanding
the terms ev¥S! etc. to first order. The linear terms come from expanding all other
parts of the integrand to first order. Integration over this again vanishes, because
when expanding it, each term contains odd powers of at least one of the integration
variables. Thus we have to go even one order higher, which means proportional to
1/N. Such terms can arise through two different means: Either by multiplication of
two terms proportional to 1/v/N, or through the next higher expansion terms of the
factors in the integrand. However, most of the latter case yields again only terms
where odd powers are present (replace in the last bracket of the above equation ¢&;
by &2, & by &} and the same for the 7’s). Only the second-order terms of the Bessel
function Ky and of the hyperbolic functions give rise to even powers in the integration
variables and thus contribute.

All other relevant contributions come from multiplying two terms proportional to
1/ VN, thus we do not need to expand the other functions further. This especially
means that the exponentials do not have to be expanded to fourth order in the inte-
gration variables. Moreover, only multiplication of two terms which yield only even
powers in all integration variables are relevant. Collecting all those contributing terms
is quite tedious, but manageable. When one is done with this all that remains is per-

forming the integrals

0 2n — 1)
/ T T C i) Lo L S (4.134)
o (2a)" V a
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The final result of this procedure is

CS,Dzuu{’ w1 == 8gnwE) (WFb Wpr2; WRI, WB2) ~
/2N JN =N/ N 2 iE(wp +wr2) 1B (w1 + wps)
™ (OJFl — wF2)3 P 4.J2 2.J2 4.J2
{[(WFl + wr2)(wp1 + wp2) — 2wpiwps — 2wpiwpe Ko (%\wm — WB2’) (4.135)

X [mp(wp1 — wpe) cosh (Tp(wpy — wre)) — sinh (Tp(wpp — wpe))]

+ mp(wpr — wra)?|wp1 — wpe| sinh (Tp(wpr — wia)) K1 (L |wpr — wasl) }

where we also took into account that the result should remain invariant under ex-
changing wp; and wps. In contrast to the result for Cgum’ senwsi=—senwsa) po ([1.67),

the parity of NV plays no role for the large-N behaviour of this correlation function.

4.4.2. Hubbard-Stratonovich Method

We want to illustrate how the same results and can be computed using
the Hubbard-Stratonovich method. The first steps, introducing Gaussian integrals
and performing the ensemble average is the very same as in the previous approach,
the result given in (4.97)). However, instead of calculating the trace we make now use
of the duality relation between ordinary space and superspace [64] as explained in
Section and replace the trace over the N x N matrix A + AT by the supertrace
of a 6 x 6 supermatrix (). For maximal symmetry it is advantageous to rescale the
Grassmann vectors ¢; — v/2¢; and ¢, — v/2¢,. In the first approach there is no
advantage because the Grassmann variables are integrated out at an early stage of the
calculation. Then for our case the duality relation becomes Tr (AJFT“‘T)Q = Str(QL)?
with the metric

L = diag(sy, s2,1,1,1,1). (4.136)

Q can be explicitly constructed via Q = B'B, with B = [azl s ¢ ¢ ¢, C;]
Recall the definition of the complex conjugate of B, where the last 4N rows (i.e.

the rows containing the Grassmann variables) get an extra minus sign to ensure that
(BN = B.
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The next step is to perform the Hubbard-Stratonovich transformation, Eq. (2.74)),

and replace

exp (—JWQ Str (QL)Q) o /da exp (—% Stro? + i¢T(LJ ® ]1N)1p) , (4.137)

where 1) is the supervector comprising the vectors @y, xs, ¢;, {7, ¢, and (5, in this
order. For simplicity we do not track the proportionality factor. o is explicitly given
by ) )
ar b omom M,

b ax ms Mz ma M
-n; —n; tx; 0O 1z 1w

*

o= ‘ ‘ _ i (4.138)
™ ns 0 1, —w 1z
-5 =y 12F —wwt dxy 0
2 Ny W 12 0 1T9

ai, as, b, r1 and o are real commuting variables, w and z are complex commuting
variables and all n’s are complex anticommuting variables. This means o comprises
9 independent commuting variables (3 from the Boson-Boson (upper left) and 6 from
the Fermion-Fermion (lower right) block) and 8 independent Grassmann variables. do
is the flat measure on all these variables, i.e. the product of their differentials. ¢ has
the same structure as @), with its lower right block multiplied by i (due to convergence
requirements, see the paragraph below ([2.74))). The remaining term in the exponential
(coming from the H-independent part of Cy ) is given by i(s;pup1@! 1+ sapipa®d 22+
2,uF1CJ{C1 + 2,LLF2C£C2). We use ¢'¢ = ¢7¢* to symmetrize this expression and rewrite
it to ’i"/)T(LM ® 1y)p, where M = diag(up1, B2, ftr1, F1, F2, ir2). Integration
over the supervector can now be performed and yields

/d'c,/) exp{itp'[L(c + M) @ 1x]Y} = (s5159)V?sdet (0 + M) N2, (4.139)
where we used sdet L = %ﬁij’”) = 5189. The correlation function itself becomes
N 2 —N/2
Cyo x [ do exp ~in Stro” ) sdet (o + M)/~ (4.140)
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We thus expressed the correlation function by a supersymmetric model which involves
integration over the (2+44) x (2+4) supermatrix o having 9+ 8 independent variables.
In principle one could try to integrate out some of these Variableﬂ however, it is
much more advantageous to make use of the symmetry of Eq. by performing
the saddle-point analysis at the next step.

Saddle-point analysis

Let us for simplicity consider the case £ = pup; = ppe = 0. Defining the matrix
Q) = diag(wpi,wp2,0,0,0,0), M is then given by M = %Q The first step is to
determine the N-dependence of the integrand. First we rewrite the superdeterminant

using sdet o = exp(Str Ino),

sdet (O' + ﬁQ) —N/2

=exp{—% [Str Ino + Str In(1s + 50 'Q)] }. (4.141)
The second term can now be expanded in 1/N, which yields for the correlation func-

tion

Cé]’o;lk) x /da exp {—g [2—;2 Stro? + Str Ino| — %Str (071Q) + O(l/N)} ,
(4.142)
where we neglect all terms of order O(1/N) or higher. The integral is now of a
form where we can apply the saddle-point method as described in the Hubbard-
Stratonovich subsection of Section [2.2.4] Hence we require the matrix differential
d(ﬁ(ﬂ + In 0) = (%0 + 0*1) do to vanish, which gives the saddle-point condition

1 _

Ho+o '=o. (4.143)
First we look for a diagonal solution. Then the saddle-point condition applies to
each individual entry on the diagonal with solutions +iJ. To determine which of

these saddle points we have to choose recall that for a diagonal solution op one has

i o\_1 _ det(op+EQpp
sdet (70 + §07 = GaGorimas

fermion-fermion block of the supermatrix, respectively. This implies the integrand in

, where the subscripts denote the boson-boson and

30E.g. integrating out all the Grassmann variables should yield an expression which is equivalent to
Eq. (4.111)), however, this is by no means obvious.
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has poles at oby = —+Qpp. We need to deform the contours of integration
in such a way that we reach the saddle points without crossing any of these poles. The
first entry of 6% lies in the lower half-plane if wg; > 0 (i.e. 5, = 1). Correspondingly
we choose the saddle point +i.J which lies in the upper half-plane. If wg; < 0 (i.e.
s; = —1), the pole is in the upper half-plane, and we choose the saddle point —i.J.
The same argument applies to the second entry. For the entries in the fermionic block,
we are free to choose any of the two saddle points.

The saddle-point condition (4.143)) is not only fulfilled for op, but in principle for
any transformation og = T 'opT, which obeys the symmetries of o and yields con-
vergent integrals. Now the form of op becomes important. In the cases sgnwpg, =
sgnwpsy, one can choose the entries for the fermionic block that op becomes pro-
portional to the unit matrix, op = sgnwpgitJlg. For this case one hence gets
oq = T7lopT = op and thus op will be the only saddle point. For sgnwp; #
sgnwpy, we cannot make this choice. Instead we choose op such that it becomes
proportional to the metric L, Eq. , such that op = sgnwpgtJL with L =
diag(+1, —1,4+1,+1,4+1,+1). This implies there will be a continuous manifold of so-
lutions o = T 'opT to the saddle-point condition (4.143)). These two very different
cases reflect our earlier findings that the signs of wp; and wps play an important role.

We start with the easier case sgnwpg, = sgnwpgs = s, let 0 = op + do = iJslg +
0o and shift the contours of integration accordingly. As usual we evaluate the N-
independent part of the integrand at the saddle point and expand the N-dependent

part in the exponent to second order in do. This yields

Cz(gulk) X exp (% Strilg — % Str Q) sdet (Z'JS]IG)’N/2 /d((50) exp {—%]2 Str (50)2}
(4.144)
The supertrace of a matrix proportional to the unit matrix vanishes and the su-
perdeterminant becomes unity (compare with the definitions and (2.38)). The
remaining do-integral gives a factor independent of wp; and wpgs. Hence the final

result is given as

u S 1
02(})2 ™) o exp <_§ Str Q) X exp {—§(|w31| + wp2) | - (4.145)

Compare this result with Eq. (4.131)), which was the corresponding result for same
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signs from the previous approach. For E = 0, its dependence on wpg; and wpgs is
exactly the same as in , and hence both approaches yield the same resulﬂ for
same signs of wgy, wps and E = wp = wpe = 0.

The case sgnwp; = —sgnwpgy = s is much more involved. Owing to symmetry and
convergence arguments it can be shown [8] that the solution to is the manifold
given by all rotations T' of op which obey the rule TTLT = L. At this point it is
convenient to go from bf-notation to pg-notation as explained in Section [2.2.2] such
that L,, = diag(1s, k) with & = (—1,41,+1). For the notational convenience we
drop any subscript indicating the chosen notation, as for the remainder of this section
we adopt this pg-notation for all supermatrices such as o, T, etc. In particular (2
becomes Q = diag(wpi,0,0,wps,0,0). T can be decomposed [§] into T'= RTj, where
R = diag(Ry, Ry) is block-diagonal and commutes with L. Then the saddle-point
manifold becomes independent of R, o = isJ To_lLT 0, and is hence not determined
by the full group of rotations 7" but merely a subgroup.

To perform the saddle-point method, we expand ¢ around the saddle-point man-
ifold, 0 = og + 0o, where do are small deviations from this manifold having same
properties as o, in particular they can be written as do = T~ PyT where P, is diago-
nal. In the literature, the variables o4 are referred to as Goldstone modes, whereas the
variables of do are referred to as massive modes [103]. Evaluating the N-dependent
part in the exponent for this choice of o one gets

—g 2%]2 Stroz + Str lnog + 2%]2 Str (60)? — %Str (05190)?] . (4.146)
With o¢ = isJ1}, LTy, the first two terms in the square bracket become independent
of Ty. The first term vanishes and the second amounts to sdet (isJL)™ /2 = JV. To
simplify the last two terms, we use the decomposition o = T, ' R~ Py RTy, and since

R is block-diagonal and § P, is diagonal, the expression R~'§PyR is block-diagonal as

31Strictly speaking Eq. is not the full result since one is free to choose the sign in the last
four entries of op and also other choices need to be taken into account. In our case these other
choices will only adjust the proportionality factor. However, it is of crucial importance if wpy
and wpo are not zero. The op chosen above would only yield an exponential dependence on
wr1 +wge, but would not give the hyperbolic functions from . They are only obtained for
the choice op = iJ diag(1,1,1,1,—1,—1), and it turns out that the contribution from op = iJ1g
is sub-leading.
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well and we define P = diag(6P;,0P,) = R™'0PyR. Then the remaining two terms
in the square bracket become Str(6P)* + 55 Str(6P)?, where for the second term
we used that L and 6P commute. This shows that the N-dependent part of the
integrand, in the limit N — oo, does not depend on the Goldstone modes o4 at
all. On the other hand, it suffices to evaluate the N-independent part at the saddle
points, which consequently does not depend on the massive modes. Hence Goldstone
and massive modes are completely decoupled. Moreover integration over the massive
modes yields a constanﬁ. The correlation function is hence given by an integral over

the saddle-point manifold,
Cégulk) o /d,u(TO) exp {—% Str (TO—ILTOQ)} . (4.147)

This is the so called zero-dimensional non-linear o model [26,27]. Before we did the
saddle point approximation, we had to deal with an integral over the 9 commuting
and 8 anticommuting independent variables of . After mapping it onto the nonlinear
o model, almost half of the variables (the massive modes) are integrated out and we
are just left with an integral over the 5 commuting and 4 anticommuting independent
variables of Ty, that is the Goldstone modes.

The main problem is now to find a proper parametrisation of the matrix Tg, or
equivalently for the supermatrix Q which we define as Q = —iT}, ' LT;. This is done in
Appendix , and explicitly given by Eqgs. (A.42al)—(A.42f). In this parametrisation,
the supertrace featured in becomes

1 Str QQ = (wBl — (,L)B2>/\1 + 2()\0 - )\1)(&)310[{0[1 + CUBQO[;OéQ), (4148)

which can be shown by explicit calculation. \; € (1,00) and \g € (—1,1) are real
commuting variables and aj, as are complex anticommuting variables. The next
difficulty is to compute the Jacobian of the chosen parametrisation, which is performed
in Appendix[A.4.2] It turns out that the Jacobian differs significantly from the usual

32This is a general feature of the method. If the number of independent commuting and Grassmanlz}
variables is the same, which is usually the case for §P, an integral of the form [d(§P)e (")
will be independent of r.
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standard expressions as it still depends on the Grassmann variables, and is given by

(1+ afaq)(1 — adas) 1— X3

24(1 +m2 +T2 +82)2 /)\%__ 1()\0 _ )\1)2.

The only dependence on the three real parameters m,r, s € R comes from the Jaco-

J =

(4.149)

bian, and integrating them out just yields a constant. The Grassmann integration is

hence given by the term proportional to ajojajas in
(1= 5o — Mwprajar)(1 = 5(Ao — M)wpeaza0) (1 + afor)(1 — azaz),  (4.150)

where the first two factors come from expanding the exponentials involving Grass-
mann variables and the last two from the Jacobian. After Grassmann integration the

correlation function thus takes the form

C(bull) oc/ood)\l /1d)\0 1— M\ exp (_ lwp1 — wp2| )\1)
22 . VA1 — A2 2J (4.151)

x [1 = Swpi(Ao — M) [1 + Swpa(Ao — A1)] +boundary terms.

At this point a caveat is necessary. As explained in Section [2.2.3] one can get addi-
tional boundary terms called Efetov-Wegner terms when changing variables in super-
space, which we have done by introducing the chosen parametrisation for Q. More
specifically, these terms only occur, when the term which contains no Grassmann

variables diverges. In our case this term is given by

& 1 1 —)\2 ‘(JJBl —w32|
d\ / d\ 0 ex (——A ) . 4.152
/1 L N T - 27 .

The integrand clearly diverges when A\; — 1. However, it is a priori not clear if the

integral itself diverges. To investigate this, we note that the Ag-integration can be

performed explicitly and yields

& 1 lwp1 — wps|
4 E—— h "\ |- 4.1
1 d\; e 1( + Aj arcoth A\y) exp ( 57 /\1> (4.153)

The integral splits into two terms, the first of the form [dA; exp(—aX;)//Af — 1
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yields the Bessel function Kg(a)ﬁ. For the second one we change \; = 1 + z, such
that one gets

lwp1 — waa| /OO (14 x)arcoth(1 + x) lwp1 — was|
—A4AKy | ————— 4 d ———(1
’ ( 2J T Vv O 27 (At
(4.154)

Now the integrand diverges for + — 0. For small x, we can approximate it, using
arcoth(l+z) = $(In2—Inz)+0O(z), to 2\ﬁ(an Inz)exp(— M) This suggests

blnz

that the integrand diverges as \% + for x — 0, where a and b are constants. Such

a divergence is still integrable which implies that the integral converges and
hence there are no Efetov-Wegner terms in Eq. .

The last step is to evaluate the remaining integrals in (4.151)). Expanding the
brackets in the second line, the integral splits into three terms. In one of these
terms the expression (Ao — A;)? vanishes, and the two integrals separate and can be

performed,

> d\, |w31 - sz| /1 2 4 |wBl - w32|
_— ——= dXo (1 — A Ko | ———— ).
/1 /—A%—lexp( 57 1) » 0( ) 3 0 57
(4.155)

In the other two terms, Agp-integration can be done as well, and one gets

_ \wm - w32|>\1)

e (-

x4 | =14 el o (el ), Mw) arcoth |

bulk dwpiwps lwp1 — wps| >
6572 ) X _TKQ T + d)\l

(4.156)

The first term in the second line yields upon integration again the Bessel function K,

whereas the second term yields K7, such that

u — + wps| lwp1 — wps|
C(b k) (wBleQ 1) K |wBl w32| |wBl K
22 & 52 )N 27 Y ! 27
n Ood)\l arcoth )\1 (_ |UJBl - WB2|)\1> <|w312}w32\ + )\ \wB1 wsz |)\2)

\/7 2J

(4.157)

33Substitute e.g. A; = cosh @ to bring the integral to the form in (4.47).
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There does not seem to be a simple way to evaluate the remaining integration. How-
ever, compare this result with the one from the previous approach, Eq. (£.135). For
E = wp1 = wpy = 0, the expression in (4.135)) will be proportional to the first line
of apart from the “4+1” in the bracket. This suggests that the remaining

integration should cancel with this term and hence we claim

Ood)\ arcoth A\;
1 ' VAI—1

If this claim is true, the results we obtained from the previous approach and from the
Hubbard-Stratonovich method will coincide. We prove the claim in Appendix [A.5]

The calculations of this section show that it is possible to obtain the same results as

exp (—aX1) (a+ M\ — aA}) = Ko(a). (4.158)

in the previous approaches. However, the main complexity of the previous approach,
which was the saddle-point analysis due to its vanishing integrand, is here shifted to
finding a parametrisation of the saddle-point manifold and evaluating the remaining
integrals over \g and \;. Eq. shows that this approach leads indeed to some
integrals which are hard to evaluate. In fact the choice wp; = wpe = 0 made the
Ao-integration in the above calculation trivial. For non-vanishing wg; and wgsy, also
the \o-integration becomes more difficult and the equivalence of the integral represen-
tation obtained from this approach and the result from the previous approach
is not obvious at all. Therefore the previous approach seems to be more suitable for

this kind of problem.

4.5. Calculation of Correlation Function C, 4

The last correlation function we want to compute is Ca4, i.e. a correlation function
with a product of two characteristic polynomials in the numerator and four square
roots of characteristic polynomials in the denominator. Following a supersymmetric
approach like in Sections and one runs into problems preventing us from
finding a solution. Nevertheless the approach will be discussed here to show how
these problems arise. Confronted with these difficulties we then follow the method
described in Section which will yield an answer for a special case.
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4.5.1. Hybrid Method

We start again as usual by representing the correlation function by Gaussian integrals,
this time two integrals over complex anticommuting vectors and four integrals over
real commuting vectors. This allows us then to perform the ensemble average and
we end up with a representation similar to that from the case Cy4, Eq. , only
that we have two additional integrations and exponentials f dxs f day exp(issppsxs—+
iS4ptpaxy) and in the definition of A we have accordingly the two additional terms
+s323 0Tt + 5424 @], where s3 = sgnIm(pups) and s4 = sgn Im(up,). This suggests

2
that Tr <A+A ) can be written in the same form as before,

A+ AT 2_ 2 2 T o ot px oot ot
Tr 9 =4Tr(QpL)” — 2Tr Qp + 4¢; (,€3¢T — 8¢1 B¢, — 8¢5 B¢, (4.159)

but now with ()5 being a real symmetric 4 x 4 matrix having entries (Qg)x = wT:nk,
L = diag(sy, S2, s3,54) and B = Zj $;T; @ m . Qp is the same 2 x 2 matrix as
before. In particular the whole integrand has the same dependence on the Grassmann
variables as for Cy 2 and we can use its result for the Grassmann integration, given as

the square root of the product

4
det MY~ T det My (AF), (4.160)

j=1

where My and M (A J)) are given in Egs. (4.109) and ( , respectively. )\
j = 1...4 are the eigenvalues of QpL. Notice the dlfference from Eq. ([4.108) due

to the fact that QgL is now a 4 x 4 matrix. For (Jp we use again formula (2.103])
and thus replace integration over the four real vectors ; by an integral over a 4 x 4

positive definite real symmetric matrix Q5. The result looks similar to Eq. (4.111]),

N IN
Coa OC/dQB (det Qp) 7" exp {—4—J2 Tr(QpL)? + 32 Tr QBLMB]

N
/dQF /d U €xXp {—Q_JQTT(QF - idiag(ﬂFhMFz)) - ﬁu U} (4.161)
[detQF—u u]N ! H [detQF —utu+ (/\ )) +)\(J TrQF] ,

J=1
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where we abbreviated Mp = diag(up1, B3, 4B3, tB4). Simplifying the Qp—integration
is in complete analogy to the previous case and the result is given by Eq. ,
where we have to replace (det QB) by (det QB)%5 and diag(up1, pp2) by Mp in
the first line as well as the entire third line by (rire)V =4 H?Zl(rl + )\g))(rg + )\g)).
In contrast to the calculation of C; » and C; » we have now in principle three different
cases to consider: All the signs of the imaginary parts of the ug’s are equal, three
signs are equal and one sign is different and two at a time have same signs. Here we
will only consider the latter case, i.e. we will choose L, which is the diagonal matrix
having the signs as entries, to be of the form L = diag(+1,+1, —1,—1). Then we can
block diagonalise
P 0

T, (4.162)
_P2

Qp="T

where P is a 2 X 2 real symmetric matrix with eigenvalues p; = )\g) >0, p2 = )\g) >0
and P, is a 2 X 2 real symmetric matrix with eigenvalues p3 = —)\g’) >0,py = —)\g) >
0. We can diagonalise P, = O; diag(p;, p2)OT and P, = O, diag(ps, p4)OZ and absorb
the diagonalising matrices into 7" and 7! thus defining new matrices 7, T-*. The
measure is given by dQp = (p1+ps) (p1+pa) (P2 +p3) (2 +pa) dpy dpz dps dps dT'. Next
we employ the bulk scaling p = E + iw/N and for simplicity furthermore restrict to
the case £ = wp; = wpg = 0 as their presence is not important for the following
discussion. For notational convenience we also change variables p; — —p1, ps — —p2

and relabel 1y = ps5, 72 = pg. Then the correlation function simplifies to

u N
blk /dpl/ dpg/ dpg/ dp4HeXp( IWELL S — lnpj)

/ dp5/ dpg exp( 2J2(p5 +p6)+N(1np5+lnp6))

(p5 - p6)
X 1 5/2 H(p
i<j

(4.163)

(p1 — p2)(p3 — pa)(Psp6)* (P1P2D3PaDs5)
. 1 o
X /dT exp (Q—JQTITPT LQ) ,

with = diag(wp1, wps, wps, wps) and P = diag(p1, p2, p3, p4). An explicit parametri-
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sation of the matrix T is given by

- |O] 0| |cosh /2 sinhg/2| (O, 0| |01 0 (4.164)
| 0 O%| |sinhep/2 coshep/2| | 0 Og| |0 Oy '
dT = | coshep — cosh | dey dips dO; dOR dO, dOs, (4.165)

where 1& = diag(¢1,v5) and Op, Og are 2 x 2 orthogonal matrices. In the previous
cases we were always able to compute the ensuing group integral over the diagonalising
matrices (which in the hyperbolic case were parametrised by a single variable 6 and
yielded the Bessel function K, see Eq. ) Here, however, we need six variables
to parametrise the diagonalising matrices (11, 1o and one variable for each of the four
2 x 2 orthogonal matrices Op, Og, O; and Os. It does not seem possible to integrate
out those variables®.

Instead we could try to perform a direct saddle-point analysis for large N along
the same lines as before with the group integral unevaluated. Determining the saddle
points is straightforward and all of them are given by pr ==xJ,j=1...6. They lie
on the real axis so we do not need to shift the contour and furthermore we can restrict
to the saddle point with negative sign for p; and p, and with positive sign for p3 and py4
because of the integration range. Due to the factor (ps — pg)* the contribution of the
case pf¥’ = pSF is sub-dominant and can be neglected, and because the integrand is
invariant under the exchange of p5 and pg we can restrict here to the saddle point with
positive sign for ps and negative sign for pg. In summary we have the saddle-point
structure pi¥ = —J and all other saddle points pfp =+J,7=1,...,5.

Now one could in principle proceed as before, i.e. expand all functions contained
in the integrand around the saddle up to a certain order, only collect terms where all
integration variables appear as even powers and then perform the integrals of the type
f_t: e—a’ g2n., However, it turns out that not only the zero-th and first, but also the
second order of the integrand expansion in fluctuations around the above discussed
saddle points are vanishing at the saddle points. Expanding to an even higher order

and collecting all relevant terms with the group integrals still present is extremely

34Compare to the same-sign case, where the corresponding integral is an IZHC-integral over the
group of orthogonal 4 x 4 matrices, which cannot be evaluated either due to the lack of a general
formula (as opposed to the unitary group, Eq. (3.25))
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tedious and does not seem like a viable option. Hence Eq. can be seen as
the final solution for arbitrary N following this approach, but however impractical for
determining large- N asymptotics. Note that other supersymmetric methods like the
Hubbard-Stratonovich transformation method or Superbosonization would run into
similar problems. These methods would yield a model involving integration over a
16 x 16 supermatrix () which after diagonalisation would yield similar group integrals

which cannot be evaluated.

4.5.2. “Method without Grassmannians”

At the moment, the only viable option to proceed for the correlation function Cs 4
seems to be the approach used in Section and inspired by the work of Schomerus,
Frahm, Patra and Beenakker [97]. We want to focus on the main difficulties which
come from the denominator as seen in the previous approach. Hence for simplicity
we only discuss the case F = wp; = wpe = 0. Then, with the bulk-scaling, we can

write the denominator of the correlation function Céiulk) as

det | H? — “B19B3 Z'Hw v det [ g2 — WB2YBL _  yWBS + wn4 1/2
N2 N N2 N .
(4.166)

As discussed in Section[4.3.2)this replacement is only valid if we restrict to wpjwps < 0
and wpowpys < 0. Hence this approach is only applicable to the case where two of the
parameters have positive sign and two of them have negative sign. We go one step fur-
ther and choose wps = —wp1 and wpy = —wps. The advantage of such choice is that
the terms linear in H vanish, which makes the calculation considerably easier (note
however that this is no requirement to make the approach functional). We will now
replace these two determinants by Gaussian integrals over two N-component real vec-

tors @1 and x,, such that the correlation function Céiuu() (0,0; wp1, —wp1,wn2, —WpB2)

can be represented by (for brevity we omit the arguments of this special case of Céi‘ﬂk)

in all following equations)

bulk 1 1
C§’4 ) — oL /dml /dazg exp [—W(wélmfml + whors o) | U(xy, o), (4.167)
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where
1
U(xy, x2) = <det H?exp (—5 TrHQQ)> , Q=x, 0 +xy@ T, (4.168)
GOE

In contrast to a single vector @ in the previous case we now have to deal with two
real vectors x; and x5, which we can conveniently combine into the matrix ). Such
a rank-two N x N matrix has two non-zero eigenvalues which we call ¢; and ¢,
all other N — 2 eigenvalues being identically zero. Being real symmetric () can be
diagonalised by an orthogonal transformation: @ = O diag(qy, ¢2,0,...,0)0T and the
orthogonal matrices can be omitted from the integrand since det H? and the joint
probability P(H) are invariant under such transformation. Owing to this structure
we can conveniently decompose H into its upper left 2 x 2 block, its lower right
(N —2) x (N —2) block Hy_5 and the two ensuing off-diagonal blocks. One of these
off-diagonal blocks will be of dimension (N —2) x 2 and we can express it in terms of
two NV —2 dimensional vectors hy and hy as [hy, hs]. The other off-diagonal block will
be its transpose. Note that this decomposition is slightly different from the previous
case, Eq. , due to @) having two non-zero eigenvalues instead of just one. In this

decomposition we get,

\P:/deué“%+?mﬁ/mdﬂma+&+?Wé/mdﬂuau%ﬂﬁ%wa
/dhle (25 + )R T hy /dh o~ (S +B)hT ho /dHN Le - X T HR_, (4.169)
2
X [(Hi — y11)(Hao — y22) — (Hiz — y12)] " det HY, _,,

where we abbreviated yy; = h}fH;,l_2hl. Integration over the three entries Hyy, His

and Hao of the upper left 2 x 2 block of H can be performed and yields

lI1 q2
kIf:/dhle Grt+% hlhl/dhge (G +% h2h2/dHN e~ 1 THY 2

% (2m)3 2+1 2+1 +9 2+1
P, Yoo\ Y2t Yuyz2 \ Yiz s (4.170)

612 3
+@ﬁy”+ NM%w

aq + a9 (CLl + a2)2
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where we introduced a; = % + ¢ and ay = % + ¢o. The next step is to perform

integration over h; and hs. This is worked out in Appendix and the final result

is
3/2 2\ N/2-1
P CL) (4” ) detHY 4 1%
ajas(ay + ag) \C1C2 aras (a1 + az)

2

cico(ar + as)

+ (% + %) [2Tr A% + (Tr A)°] + [3Tr A* — (Tr A)’]

+ %[(TM)4 —8Tr ATr A% + 7(Tr A%)?* + 2(Tr A)* Tr A — 2TrA4]}> :
Hy_2

C1Cs

where we used the notations

A=HyL,, aa=qa+ %]2, Ci2 = qi2+ % (4.172)
The result now reduces to performing ensemble averages over expressions det Hy_,
multiplied with various powers of traces of the inverse matrices H;,’i , for a few in-
stances of positive integers k. In the previous case the only expression of this kind
was of the form Tr(x1 — H) ' det(z1 — H) which we could replace by the derivative
of det(z1 — H) w.r.t. x, see Eq. ({.86). Here we can do the same but with derivatives
of correlation functions of two characteristic polynomials. To that end we use the two
identities

2

det Hy_, [(Tr Hy',)? = Tr Hy?,] = lim 8—2[det(HN_2 — &) det(Hy_o — &),
&1,62—0 O&7
(4.173)

2
det H ,(Tr Hy',)2 = i
et Hy o(Tr Hy_,) gl,gioﬁfla&

[det(HN_2 — fl) det(HN_2 — 62)] N (4174)

which follow immediately from & det(H —z) = Tr(H —z) " det(H — ) and L Tr(H —
x)™* = kTr(H — 2)~**+Y. They allow us to express any linear combination of the
two terms det H3,_,(Tr Hy',)? and det H%_, Tr Hy?, as derivatives of a correlation
function, in particular the two terms in the second line of Eq. . For the third
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line, which contains powers of fourth order, we use instead the identities (with A as
defined in (4.172)),

84
1i det(Hy_1 — &) det(Hy_1 — det H?
& ggo 351 € ( N-1 51) € ( N-1 52) € N—2 (4‘175)

x [(Tr A*) — 6 Tr A* + 3(Tr A%)* +- 8 Tr ATr A® — 6(Tr A)* Tr A%,
4

9
I det(Hy_1 — &) det(Hy_, —
(I, ggaE, 1t N1 — &) ety = &) (4.176)

=det Hy , Tr A((Tr A)* +2Tr A* + 3Tr A Tr A?),
4

lim det(Hy_1 — &) det(Hy_y —
e Fezpgg det(Hn-1 = &) det(Hy-1 — &) (4.177)

= det Hy_,((Tr A)* — Tr A*)((Tr A)* — Tr A?).

We have only three identities which comprise five different terms Tr A%, Tr A3 Tr A,
(Tr A%)2, Tr A%(Tr A)? and (Tr A)*. This means we cannot express any possible linear
combinations of those five terms by derivatives. Nevertheless it turns out that the
combination in question, given by the third line in Eq. , can in fact be expressed
by the left-hand sides of the three identities above via

i (L 46016 0 N Gy — &) det(Hy s — &)] . (4178)
im —— - — 11— 11— . (4.
.60 [\ 30¢E T T 02082 3 98304, Not st Nor s

As a result for the object featuring in (4.168)) we have:

U(q1,q2) = fllggo D, &,(q1, qo){det(Hy 2 — &) det(Hy_2 — &2))coE, N2,  (4.179)

where we interchanged the differentiation with the ensemble averaging. The differen-

tial operator Dg, ¢,(q1, ¢2) is explicitly given by

(2m)3/2 (47r2)3‘v‘1 ( 1 1 ) ( 52 82)
Dy, ¢,(q1, = + 3 —
(1, 02) ajas(ay + ag) \C1C2 ax?  aic} 351352 0&3
2 (2 > _38_2)+(1 P )
0162(<l1 + as) 061085 35% a1az (a1 + a2)2

L 8_4+18 o — 16 o
3cic \ O&f 0E70€3 96308 ) |
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The problem of calculating the ensemble average in W(qy, o) reduced to calculate
the correlation function Cog = (det(Hy—o — &) det(Hy—2 —&2))cor, n—2. The large-N
asymptotics of this correlation function are known (see e.g. [104]), but for completeness
we will re-derive them here.

The easiest way is to utilize our results from Section The correlation function
considered there also had two characteristic polynomials in the numerator. Hence
we can take the result for exact N, Eq. and delete all terms which were due
to the characteristic polynomials in the denominator, i.e. QB—integration and all
terms of the integrand involving Qp. Furthermore we need to adjust for the fact
that the ensemble average is over the reduced matrix Hy_o with joint probability
P(Hy_2) o exp(—4J Tr Hy_,). This means the factor (r175)" has to be replaced by

(ri7r2)N 2. We further rescale &, » = £wp and finally get

. N 1
b 1k) / dry / dry exp { J2( r3) — 57 —(ry + 7o) (wp + wpg)}
T17”2) (Tl — 7”2) 1 2
((A)Fl _ WF2)3 €xp |: 2NJ2 (wFl + c")F2)
(WFl - wFQ)(ﬁ - 7’2) (7”1 - 7“2)(WF1 - wF2)
X { NE cosh 57

_sinh {(7‘1 - 7"2);?;1 - sz)} } ‘

(4.181)

The saddle points are given by 777 = £J and 57 = iJ For the same reasons as
in the Cya-calculation we can restrict to the choice r{¥ = +J, r§¥ = —J, because
the contribution where both saddle points are equal is negligible due to the factor
ry — r9 and the case with reversed signs yields the same contribution. In contrast
to the previous cases the integrand does not vanish at these saddle points, making
the saddle-point analysis considerably easier, such that the lowest order solution is
given by the integrand evaluated at the saddle points (the Gaussian integrals over the

fluctuations around the saddle points yield only a constant)

CELZCE2 cosh (—“FI}“FQ) — sinh (—WF1;”F2)

(bulk)
C ( (wFl - wF2)3

Wr1, W) O (4.182)

This result is in complete agreement with [104], where it has been shown that the
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4. Random Matrix Averages Involving Half-Integer Powers

correlation function Cé%ulk) for large N is given asymptotically by the above equation
not only for the GOE, but any real symmetric Wigner matrix (i.e. a random matrix
where the entries are identically independently distributed).

The asymptotic result for Célf)omk) (wp1, wre) only depends on the difference r = wpy —
wpo. This means we can express the partial derivatives featured in by this

difference as N288—:2 = % = —%?—252 and N4§—:4 = g—; = %;52 = —%{;&, and the
1 1 1 2 1
differential operator simplifies to
N
27)3/2 Ar2\ 271 1 3

D’!‘(Ql? q2) = ( ) + 2

ajas(a; + az) \C1C2 ajay  (ay + as)
(4.183)

+5N2<

_|._ JE— -
asc?  aicd  cies(ag +as) ) Or2 - 3c3c3 ort

1 1 9 ) 92 35N* H }
+ .

Calculating the remaining two derivatives and taking the limit r — 0 is straightfor-

ward and W is finally given by

N1
1 1 2 1 3
W (q, x +
(@, @) aras(ay + as) <0102> { (am (a1 + a2)2>

+N2 1 n 1 n 2 n N4
J? \ax a3 crea(ar + ag) Jidk |-

We do not longer keep track of the overall proportionality factor (which can depend

(4.184)

on N and J) as it can easily be restored at the end of the calculation.
It remains to perform the integrals over x; and x5 in Eq. (4.167)). The quantity
U (g1, g2) depends only on the two non-vanishing eigenvalues of Q = ¢, @z +x, Q1.

2 T
‘wl, L1 2 . Hence

However, this are also the eigenvalues of the 2 x 2 matrix Q) = T )
Ty T2 o]

we introduce new integration variables ¢; and ¢, by first using the integration theorem
(2.103]) and thus replacing integration over the vectors by an integral over a positive

definite real symmetric 2 x 2 matrix () and then diagonalising Q=0 diag(qy, ¢2)O™.
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Then the correlation function becomes

" o0 ) o0 R L N_3 R
et / dg; / ddz (G1G) 2
0 0

1
X /du(O) exp [ Nz Tr dlag(wBl,sz)O diag(qi, G2)O"

- qA2|\Il(é17 QQ)

(4.185)

The integral over the orthogonal group in the second line is again of the Itzykson-
Zuber-Harish-Chandra type with similar solution as in (4.35)), i.e. an exponential
times a Bessel function.

The above result is exact for arbitrary N. The next step is to perform the large- /N
limit. First we rescale ¢; — Jy—fdl and ¢y — 1{\]/_2242‘ The parameters contained in
U, Eq. (4.184)), and defined in Eq. (4.172)) change accordingly to a;» = ]}f—j(dm +
) Cl2 = ]}[_;<qu,2 + +). The term (cico)™™/? contained in (4.184) then becomes
in the large-N limit (c1cp)™V/?2 & (£)2V (¢ q )~N/2 exp(—zé1 2q2) In all other terms
we can neglect the terms proportional to —, i.e. we replace a; ~ ?ql, s & ?q%
=~ ?ql and ¢y & ?qg. Thus, in the large-N limit we get the result (for brevity we

omit the hats on ¢; and ¢y),

u — CL)2 —(JJ2 —
blk ~ / dQ1/ dq2 "h G| I [( Bl B2) (@ CD)}

(1@)Va + ¢ 4.J?

1 (“Bl “B2>(Q1 92)
4.186
X exp { ( ) + ; + Ve ( )

X{(1+QI)<1+Q2)+ 3 2 }

aiqgs (1 +@)?  aela+q)

with some proportionality factor C'. This can be seen as the final result of this

approach, i.e. we were able to represent the correlation function

det H?

<det<m AT Moy > .
(4.187)
by the above two-fold integral. To determine C notice that in the limit wp; — 0 and

(bulk) . ~
C (07 0;wp1, —wB1,wn2, —WB2) ~

wpa — 0 the correlation function (4.187]) becomes unity. Also the integral represen-
tation (4.186]) does not depend on N or J in this limit, and hence the proportionality
factor is just a real number given by the integral (4.186|) where wp; = wps = 0. The
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4. Random Matrix Averages Involving Half-Integer Powers

calculations performed in Appendix |A.7| show that C' = 12\1/5.

Due to insights from Section in the next chapter, where it is shown that the
probability distribution of an off-diagonal matrix element of the K-matrix is related
to lim._g Céiulk)(o, 0;¢,—€,z, —x) (see Eq. (5.30)), it turns out that the rather com-

plicated looking integral (4.186), for the case wpy = 0, is actually given by

2] >

o ouk) o 2 (7]
i 70,056, —2) = 2 (Bt ) + [

7 o dy Ko(y)> . (4.188)

A proof of this can be found in Appendix [A.7]

4.6. Discussion of the Results

Let us now discuss a few special cases of the correlation functions, motivated by

applications mentioned in Section [4.1}

Probability distribution of “level curvatures”. The characteristic function of the
“level curvatures”, Eq. can be represented as a special limit of Cg)zlﬂk). To that
end we represent |det(E — H)|det(E — H)Y? = lim._,odet(E + i¢/N — H)det(E —
ie/N — H)"/? using Eq. (£.4), and then multiply the numerator and denominator by
det(E —ie/N — H)Y? to get rid of the remaining square root in the numerator. This

procedure yields

< |det(E — H)|det(E — H)1/2>
det(E +iw/N — H)'/? GOE, Neroo

. bulk 1E —
~ iy {36 —e) x oxp (— 155 ) ol i ()

(4.189)

The Fourier transform of this result (for brevity we choose E = 0, J = 1) yields the

curvature distribution,

P(c) = yy /OO dw|w| Ky (3|w|) expliwe) = (1 + 4¢%) 732, (4.190)

—0o0

which coincides with the expression found in earlier works by alternative methods
[90,91]. The validity of (4.189)) was tested by direct numerical simulations of GOE
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matrices of a moderate size, see Figure [4.1]

1 ‘ ‘ ‘ ‘ ‘

— analytical result

¢ numerical simulation
0.8 —

0.6 — —

)(e, —€;—€,w)

0.4 —

(bulk
2,2

lim C
e—0

0 ‘ ! ‘ I ‘ I ‘ | ‘
0 2 4 6 8 10

w
Figure 4.1.: The function wK 1(%w) from Eq. (4.189)) against numerical results of the corre-
sponding correlation function, obtained from a sample of 40000 GOE-matrices
of size 80 x 80.

Statistics of S-matrix poles. The two averages featuring in Eq. (4.7) can be recov-

ered as special cases from Cég‘ﬂk) and are for the choice J =1 given by

det2 H bulk
<d 1/2 2 2 > = Cé,Z )<O7 07 w, —CU)
et (H? + W) GOE, N—soo

(4.191)
2N w?
~ 2 e V2 {—Ko (|w|) + |W|K1 (|W|)} )
T 3
2 bulk
<det(H2 + W)I/Q>GOE,N—>OO - Cé’z o, 0, )
(4.192)

~ @em[ (cosh(2) = =520 ) ool + sinh2lel) Kol

The above formulas have been already presented in [96,98], with derivation relegated
to [14], which is the paper this chapter is based on. A comparison of these results

with numerical simulations of the correlation functions is shown in Figure |4.2
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Figure 4.2.: Analytic results for the correlation functions Cg)QUIk)(O,O;w,—w) (left) from

Eq. (E101) and 55" (w, ~w;w, —w) (right) from Eq. {192) (with J = 1)
against numerical results obtained from a sample of 40000 GOE-matrices of
size 80 x 80.

Statistics of Wigner K-matrix. The M = 2 case of Eq. (3.7) for § = 1 features

the correlation function

(4.193)

det(E — H)sgndet(F — H)®(-*122)
fﬁ:wm:< (E — H) sgndet(E — H) H> |
)/ i

detl/g(E + —”}fl —H) det1/2(E + % —

Assume that zyzs > 0 so that ©(—z125) = 0 and the sign-factor is immaterial. Then
we can use formula (4.45) and the correlation function for H belonging to the GOE
and in the limit N — oo takes the form of

1o (05711, 70m0) & e i i tsenany 4J2_E2), (4.194)

. L. |2y ||z .
which simplifies even further to e~ 27 - for the “perfect coupling” case E = 0,

v1 = v2 = 1. In the opposite case x1x5 < 0 on the other hand the correlation function

takes the form

det(EF — H
<d 2B i%xJ e]E] . t1/3|E - > : (4.195)
et 7(E + 2 — H)det /(B + 252 — H) [
which is a special case of Céimk). To see this one can shift the absolute value to the

denominator using | det(E — H)| = det(E — H)?/| det(E — H)| and then represent the
absolute value as product of two square roots of characteristic polynomials using (4.4)),
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such that (4.195]) is given by lim,_,q (32]04lllk (0,0; €, —€,v11, Y222). In the particular case
V1T = —Y2Te = yx, the above expression assumes the form (4.186)) with solution
given in . While a full proof that K is distributed according to the Cauchy
distribution, Eq. , requires the knowledge of the above expression for arbitrary
values of z; and zo, one can show that our partial results for vi21 = —yxy = Y2
are indeed consistent with Eq. . This is shown in Appendix where we also
utilise results from Chapter

In the same chapter we also discuss the implications of our result for C2b4ulk on the

probability distribution of an off-diagonal matrix element of the K-matrix (see e.g.

Figure .

Absolute value of the GOE characteristic polynomial. One can obtain the abso-
lute value |det(E — H)| as special case from C(blﬂk). If we choose wp1 = —wpy = ¢,
the denominator becomes |det(E — H)| in the limit e — 0 according to Eq. (4.4),
and combined with the numerator (with wp; = wre = 0) yields |det(E — H)|. With

Eq. (4.135)) we then get asymptotically

u 2N N
(| det(E—H)|)con, N0 = lim C5" (e, 6 €, =€) & 20y | ==V +1e N 2ear ™ (4.196)
T
This is in complete agreement with [92], where the result has been found using a
different representation of (|det(E — H)|)cor, N—oo In terms of just a ratio of two
characteristic polynomials and employing the supersymmetry method. Note, however,
that a derivation along the lines we computed this quantity is suggested in [92] as

well.

Sign of the GOE characteristic polynomial. Finally we notice that an interesting

C<buu{ is the average of the sign of the GOE characteristic polynomial.

This follows from the same arguments that lead to the absolute value from CQbQulk).

With Eq. (4.67) this quantity is given asymptotically by

special case of

(sgndet(E — H))Gor, Nosoo = thleulk (0; ¢, —e€)

o 22(=i/2)N N g (4.197)
T VAN (42 — E2)3/4 A, N) + (=D)7A(E, N
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where A(E, N) is defined in Eq. . Due to the “parity effect” of Eq. , the
average of the sign of the GOE characteristic polynomial is an even or odd function
in £ if N is even or odd, respectively. In particular this average vanishes for £ = 0
if N is odd and for even N one gets (sgndet H)GOE, N even, N—soo = (—=1)N2/zN. A
comparison of the asymptotic result with numerical simulations for E in the bulk of

the spectrum is shown in Figure 4.3

’ — analytical result R : — analytical result
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.
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Figure 4.3.: Analytic res]{:ﬂt for the average of the sign of the GOE chargcteristic polynomial
(with J = 1) against numerical results obtained from a sample of 40000 GOE-
matrices of size 80 x 80 (left) and 81 x 81 (right). Notice that the analytic result
is not valid close to the edge of the spectrum E = 2.

For a single realisation of H, the graph of sgndet(E — H) will be jumping between
+1 and —1, where each jump occurs when E equals an eigenvalue of H. Hence such
jumps will happen more often where the level density is high. Therefore the ensemble
averaged sign of the characteristic polynomial directly reflects local fluctuations of the
density of states. Surprisingly, the absolute value of the determinant does not reveal
such a structure, but rather an exponential dependence on E, see Eq. . This
means for the absolute value other characteristics than just its zeros play a role for
the ensemble averaged quantity. This can be explained as follows: For fixed F, the
quantity sgndet(E£ — H) will be +1 or —1 if the number of eigenvalues \; > E is
even or odd, respectively. Hence for large N, the ensemble average (sgndet(E — H))
will be completely determined by the local eigenvalue fluctuations around E. For
|det(E — H)|, on the other hand, the distance of the eigenvalues from E becomes
important. Consequently the ensemble average (sgndet(F — H)) will also depend on

higher k-point correlation functions.
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5. Characteristics of the K-Matrix

In this chapter we want to collect some more K-matrix characteristics, e.g. the
probability distribution of a single K-matrix element K,,. These characteristics can
usually be obtained in two ways, following either a Hamiltonian description or starting
from the claim that the K-matrix as a whole is distributed according to the matrix-
Cauchy distribution . For the most parts of the present chapter we illustrate
how to get the K-matrix characteristics within both approaches.

In Chapter[3]it was proved that these two approaches are equivalent for a broad class
of unitarily invariant matrices. Consequently one would expect them to yield the same
answers for the K-matrix characteristics calculated in the following sections. This is
indeed the case which can be seen as further verification of the proof in Chapter[3] For
the orthogonal case f = 1 no proof of similar generality exists. In [13] it was shown
that a Hamiltonian description with H belonging to an orthogonal matrix-Cauchy
ensemble can be used to derive the Poisson kernel distribution for the S-matrix
which in turn implies the Cauchy distribution for the K-matrix. Furthermore
we derived partial results for the two-channel case M = 2 and H belonging to the
GOE in Chapter [d see in particular Section The fact that both approaches
always yield the same results for the GOE in the following sections further suggests
their equivalence is true beyond the case of Cauchy-distributed H.

When following the Hamiltonian approach one needs to specify how the coupling
matrix W is chosen. In the present chapter we only consider the random amplitude
model (L.27][1.28). Howewever, as discussed in the introduction, another model fre-
quently used is the one of fixed amplitudes . For the § = 2 case it was shown in
Section that both models yield the same characteristic function for the distribu-
tion of the K-matrix as long as M stays finite for N — oco. In the same sense all the
K-matrix characteristics derived in this chapter are also valid for the fixed amplitude
model. While for the statistics of the K-matrix for a GOE Hamiltonian H no such
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proof is present, the two choices of the coupling W are nevertheless expected to yield
the same answers for N > M. This is e.g. justified by [53], where such an equivalence
has been explicitly verified for some specific S-matrix characteristics.

The probability distribution of a single K-matrix element K, is of direct experi-
mental relevance and can be measured in microwave experiments as these elements
are related to the real part of the electromagnetic impedance [99,(100]. It turns out
that entries on the diagonal are distributed differently than off-diagonal ones. For
real F in the bulk of the spectrum the statistics of the diagonal entries K, is long
known to be given by the same Cauchy distribution for all 5 = 1,2, 4, see e.g. [6,105]
and was recently shown to hold for a broad class of Wigner matrices in [106]. We
will rederive this result for g = 1,2 in Section The probability density P (K )
for a # b will be found in Section |5.2| for both the unitary and (Gaussian) orthogonal
case. The GOE case was also presented in [14] [

The distribution of Tr K, i.e. of the sum of all diagonal entries, is calculated in
Section [5.3] It turns out that it behaves as if the diagonal entries are independent of
each other, i.e. their sum is again Cauchy-distributed and independent of 5. However,
one would expect the diagonal entries to be highly correlated, and in Section it is
shown that this is indeed the case by explicitly calculating the correlation function of
two diagonal entries of the K-matrix.

The last problem we consider is specific to the choice of the Gaussian ensemble
whose level density in the limit N — oo is given by the semicircular law ((1.9)), i.e.
has compact support with square root singularity at the spectral edge. As described
in Section [1.1.2] spectral properties in the vicinity of this edge behave differently
than their counterparts in the bulk of the spectrum. Hence one would expect the
distribution of a diagonal entry of the K-matrix to differ from a Cauchy distribution.
This is shown in Section [5.5] where such a distribution is explicitly calculated. For
technical reason we restrict to the GUE case. On the other hand one should retrieve
back the Cauchy distribution in the bulk limit, i.e. taking E from the edge back into
the bulk. Appendix shows that this is indeed the case.

35These findings are related to the distribution of the off-diagonal entries S, of the scattering
matrix S which is also experimentally relevant |[10J107] and has been calculated in [9,11]. However,
for =1 it remains a challenge to extract the statistics of K, from it in a manageable form.
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5.1. Distribution of Diagonal Entries in the Bulk

The first K-matrix characteristic we consider is the distribution of a single entry on
its diagonal, which will be calculated utilising results from the previous chapters.

A single diagonal element of the K-matrix is given by
Koy = w!(E — H) w,, (5.1)

where w, is the a-th column of the coupling matrix W. Consequently its distribution
is given by P(K, <5 e — WH(E— H)~ 'wa)>, and the characteristic function
by the Fourier transform R(z) = (exp(—ipfzw|(E — H) 'w,)), where the angular
brackets stand for the average over all random variables and the limit N — oo is
implied. This is the same expression as in Eq. for the choice M =1, i.e. a diag-
onal element K, of the K-matrix for arbitrary M is distributed like the K-“matrix”
(which is then a scalar) for the single channel case M = 1. In Chapter |3| we have
shown that in the unitary case for any M < N the K-matrix is Cauchy-distributed
according to . In particular for M = 1 this implies that the distribution of a

diagonal element of the K-matrix for g = 2 is given by

P(K,.) = AJm _ P(E)/Va | 5:2)
N+ (Ko =€) mp(E)? + (Kaa/7a — V'(E)/2)?
where we used the known dependence of A and € on the coupling coefficient ,, po-
tential V' of the joint probability density P(H) o exp(—32 TrV(H)) and the mean
eigenvalue density p(E) (see the paragraph above Eq. (3.65)).
For the GOE case, § = 1, the characteristic function R(z) is given by with

M =1,
det (E — H)Y?sgndet(E — H)®
R(z) = ( QLB sendet(E 1) | (5.3)
det(E + iy,2/N — H)
GOE, N—o

The next step is to rewrite this expression such that one of the formulas calculated
in Chapter (4] is applicable. To that end we introduce an imaginary increment in the

numerator and rewrite

det (E 4 ie/N — H) sgndet(E — H)®-»)0()
R(m):<dt Ftic/N — INV2det(E + iv2/N — H)/2 , (5.4)
et (B +ie/N — H)"" det(E + ivax/N = H)Y2 [ o
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where the limit € — 0 is implied and the extra factor ©(e) (which is unity for ¢ > 0
and zero otherwise) comes from careful consideration of the square-root discontinu-
ity at the branch cut, in analogy to Appendix [A.2] Choosing € to be of the same
sign as z, the product ©(—z)0O(€) vanishes and the problem reduces to the special
case Cgﬂk’ SEnE=SEn T (¢ ) (compare with Eq. ([£.44)), with the result given in
Eq. (£.45)). Taking the limit € — 0, the characteristic function is hence given by

R _ Z.’YaE Ya 4<]2_E2 . Z./yavl(E) fYaWp(E)
() = exp (= = A fal ) = exp (= e = PR ).

(5.5)
where in the second step we used that for the GOE the mean level density is given
by the semicircular law, Eq. (1.9), and the potential is V(H) = H?/(2J?) (compare
with Eq. (1.2))). The probability distribution P(K,,) is obtained by taking the inverse
Fourier transform of Eq. , which yields the exact same Cauchy distribution as
in (5.2). Notice, however, that we have shown validity of for 3 = 1 only in the
Gaussian case, but for § = 2 for any even polynomial V (H).

Starting from the claim of the Cauchy distribution for K yields the same
distribution for =1 and M = 1. Hence we have also proved the equivalence
of both approaches for M = 1 and H belonging to the GOE.

5.2. Distribution of Off-Diagonal Entries in the Bulk

In order to complete the picture we now want to calculate the distribution of an off-
diagonal K-matrix entry in the bulk of the spectrum. For § = 1, K is real symmetric
and hence K, is real. For f = 2, however, K is complex Hermitian and thus K, is in
general complex. Hence for this case we will derive the joint-probability density of the
real and imaginary part of K,,. The distributions will be calculated following both
the Poisson kernel and Hamiltonian approach. The § = 1 case was also presented
in [14].

5.2.1. Poisson Kernel Approach

In this approach we start with the distribution of the K-matrix, i.e. the joint prob-
ability density of all independent matrix elements, given by the Cauchy distribution
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(1.31) which follows from the Poisson kernel . To obtain the distribution of
an off-diagonal K-matrix element one then needs to integrate out all other matrix
elements. However, any subblock of the K-matrix will be distributed by the same
distribution (|1.31)), with M being replaced by the size of the subblock. This means
to compute the distribution of the element Ki,, one does not need to consider the
full distribution but merely the one for its 2 x 2 subblock. Furthermore the rota-
tional invariance of P(K) ensures that any off-diagonal element K, will have the
same distribution as Ki5. Hence, without loss of generality, we may choose M = 2 in
such that we only need to integrate out the two diagonal elements of the 2 x 2

K-matrix, viz.,
Pa(Kap) o / dK g / ARy, det[A? + (K — €)%~ 0F58/2), (5.6)

For g = 1 this yields the distribution of an off-diagonal K-matrix element, for g =
2 the joint distribution of its real and imaginary parts. The first step is to shift
K,, — € = K,, and similar for Kj,. This shows that the solution will be independent

of e. Furthermore rescaling K,, — AK,, and similar for Ky, yields

—(1+8/2)

Koo Ko/ A] (5.7)

Pﬁ(Kab) X / dKaa / deb det ]12 —+
% —oo Ka/N Ky

This shows that it suffices to consider the case of perfect coupling, A = 1, € = 0, since
the more general case can be obtained easily by replacing K,, — K,/ and adjusting
the normalisation constant accordingly.

For this perfect coupling case, the Cauchy distribution evaluates to

P(K) o< [(1 4+ K2)(1+ K2) + 2| Ku|*(1 — KuoKpp) 4 | K| 707/2). (5.8)

We observe that it only depends on the modulus |K,|. To obtain its distribution we

start with integrating out the variable Kp,. The integrand is of the form

(5.9)

2 —(148/2)
2u? ]

2
(ukG, + v, +w) ") = {u <Kbb + L) - tw
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with u = 1+ K?

aa’

v=—2K,|Kap|?, w =1+ K2 +2|Ku|*+|Ku|*. Now we change
variables \/%(Kbb + 525) — Ky, where we denoted D = w — g = % >0

such that the joint probability of K,, and |K,| evaluates to

1 > dK, 14 K2)8/2
Po(Koas [ Kt} o / % (1t Kua)

TG0 2 5.10
VuDBD/2 | (1 + KE)1HA/2 x (14 K2, + | Kg?)8+1 ( )

where we used the definitions of u, D, and that the integral over Kj, yields now a

factor independent of K,, and |K ).

Unitary Symmetry The last step is to integrate out K,, in (5.10). For g = 2
the integrand is a ratio of polynomials and can be solved using standard techniques

(partial fraction decomposition) with the result

A4 + | Kw)?)
Am (N2 + |K[2)572

Po=a(|Kal) = (5.11)
where K, was replaced by K,/ to obtain the result for arbitrary A as discussed above
and the proportionality constant was chosen such that normalisation is guaranteed,
21 [ d| Kap| [ Kap|Ps=2(] Ka|) = 1. The joint probability of the real and the imaginary
part of an off-diagonal K-matrix element K, is at the same time the probability of
its modulus. This implies that the phase of K, is uniformly distributed and that real
and imaginary part have the same distribution. It can be obtained from integrating

out the imaginary (or equivalently real) part of K, in (5.11)). In order to do this we

/ 2
do the substitution Im K, = %\/%Kw and use that the integrand is even to cast

the distribution into the form

A
27(A2 + Re? K )2

1
Pa—z(Re Kop) = / dz (4\? + Re? Ky — 3\%2?). (5.12)
0

This can be integrated trivially and yields the solution

A(3N% 4 Re? K,p)

Ps—a(Re Kp) = 2m (A2 + Re? Kab)z'

(5.13)

As discussed above, the imaginary part of K, has the same distribution ([5.13)).
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Orthogonal Symmetry To integrate out K,, we change variables K,, = £, /W,

K
Kap

with kK = oo As the integrand is even the integral then transforms to

o V1+ K2, 1 "ood
Po—1(Kap) x / dK,. o EE /0 ( L (5.14)

(1+ K2, +K2)?  Ka(l+ K2 1 —y?)?

The integration on the right-hand side can easily be performed as (1 — y?)™2 =

zll <(1+1y)2 + (l—ly)2 + 1—2y2> such that

"o dy 1 [/ dy 1 [ dy 1 K
—_— = - =—-| ——7 tanh . 5.15
/0 (1—9?)? 4/_,@(1*“3/)2—’_2/0 1—y? 2<1—ﬁ2+aran K) (519

In this way we arrive at the probability density for K, in the form

1 K(Kab)
Pp1(Kap) o Kol 1 K5)7 (1 2 (K) + artanh k(K )) . (5.16)

Kab
VI+KZ
and change K,, — K,/ which gives us the distribution of an off-diagonal K-matrix

€T

employ the identity artanh (\/TT) = arsinh x,

Finally we reinsert x(K,) =

element for arbitrary A as

Py (Kop) = 2\ (1 N A2 arsinh(Kab/)\)> 7 (5.17)

(X2 + K2,) Kun/ 2 + I,

where the proportionality constant was chosen such that ffooodKab Ps_1(Kaup) = 1.

5.2.2. Hamiltonian Approach

In terms of the channel vectors w,, w;, and the resolvent I' = (E — H)™', an off-

diagonal element of the K-matrix is given by

K =wilTwy, a#b. (5.18)
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For g = 2, this quantity is complex in general with real and imaginary part given by

Ko+ K} 1
Re K, = % =3 (ngwb + wZFwa> , (5.19)
Ky — K 1
Im Ky, = Tb =5 (wleb - wZFwa> : (5.20)
where we used the Hermiticity I'" = I'. The characteristic function of the joint-

probability density is thus

R5:2<x7 y) = <eXp (—’L.f Re Kab - Zy Im Kab)> = <6Xp |:_%(Z*Kab + ZK;b):| >
= <exp {—%z*'wgf'wb + szFwa] > : (5.21)

where we introduced the complex Fourier-variable z = x +iy. As usual, the ensemble
average is over all random variables, i.e. over H and, employing the random amplitude
model , over the complex vectors w, and w;, with implied limit N — oo.

For 8 = 1, those vectors can be chosen as real and I' is real symmetric, such that
3 (w:fll“wb + w,T,Fwa). Then the characteristic function Rg—(z) =
(exp(—2 K,p)), where now z is real, takes the same form as the second line of

with factor % instead of % and z = z*.

Kab = wILwa =

In order to perform the average over the vectors w, and w;, with probability density

P(W) o exp (—%wlwc) we rewrite the exponent such that

ﬂ]l iz*
e =e{ [ feremes (<4 ot ] [ 5] [2]))
2 TB]IN wy o

(5.22)

BN/2
with d?w,. = vazl dw, jdw ; and normalisation constant C' = (%) . In the

2N x 2N matrix, the diagonal blocks come from the Gaussian probability density of

w, and wy, whereas the off-diagonal blocks come from the expression for K, and

K, respectively. Performing the integrals over the channel vectors then yields

N 3z* —6/2 —B/2
~ly Yool 2]
_ BN . 2 _ a 2
Rp(z,y) = C(2) <det IVEF Vﬁ]lzv] >H = <det (]IN + e r
B

2

(5.23)
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where we used the identity for block matrices det(A;;); =12 = det Ajy det(Ag —

A21Af11A12). Rewriting the determinantal expression one finally gets

Rs(z) = < |det(E — H)|” > . (5.24)
det[ 055 + (B~ H)P1 [

We now proceed to calculate this correlation function separately for the unitary and

orthogonal case.

Unitary Symmetry

In the unitary case, we rewrite the denominator det[%]\,lf|2 + (E — H)? = det(E +
@Jw — H)det(E — @Xf'z‘ — H). This shows that for § = 2 takes a form
similar to the characteristic function for the whole K-matrix, Eq. , with M =2
and the replacements yxy — /YaW|2|/2 and yxo — —/747|2|/2. The large-N limit
of this correlation function was calculated in Section and is given by Egs.
and . For M = 2 the ensuing 2 x 2 determinant can be performed easily and

the result reads
71-p\/ Ya Vb .
Rp=2(2) = exp(=mp\/1aml2() (1 + T|Z|> . z=x+iy. (5.25)

Note that the characteristic function of the distribution of the real or imaginary part
alone can be obtained by setting y = 0 or x = 0, respectively (compare with (5.21])),
which yields the same characteristic function in both cases in agreement with the
solution from the Poisson kernel approach in the previous section.

The joint probability is obtained by inverse Fourier transform with respect to both

variables x and y, viz.,
1 [o.¢] o
Ps—2(Re Kpp, Im Kyp) = F/ dz / dy exp(i Re(2" Kup))Rp=2(]2]). (5.26)
™ —00 —00

Since Rp—2(2) depends only on the modulus |z|, it is advantageous to go to polar
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coordinates, z = rexp ¢ such that

o) 2w
Pps—2(Re Kup, Im Kpp) = L/ dr 7’725:2(7’)/ d¢ explir Re(exp(—ip) Kup)]
0 0

472
1 o0
oo | drrRa—s(r)Jo(r|Ka), (5.27)

T or 0
where in the second line we performed the ¢-integration using f027rd¢ exp(1A cos ¢ +
iBsin ¢) = 2w Jy(vV A% + B?). The last step is the r-integration. To perform it we
abbreviate u = mp\/7.7, introduce a differential operator and use 6.623.2 in [59] to

perform the remaining integral,

1 u d

Pp=2(Re Kap, Im Kp) = 7 (1 - 5@) / drrexp(—ur)Jo(|Ka|r)
0

(A u/en
- (- 5a) e 52

Applying the differential operator and replacing u yields the final solution

P(E)Aae(Am2 p(E)*vave) + [ K|

Ps—o(Re Ky, Im Kyp) =
B 2( b b) 4(7T2p(E)2'ya%—l— |Kab|2)5/2

(5.29)

Compare this solution with the one obtained from the Poisson kernel approach,
Eq. (5.11). Both are identical if we identify A = mp(E),/7,7 in agreement with
the findings of Chapter |3| where we showed that both approaches are equivalent in
general with A\ = myp(E) (for equivalent channels 7, = 7, = 7). Note that this
approach allows for two different ways to obtain the distribution of just Re K, or
Im K. In addition to integrating out one variable from the joint distribution as was
done for the Poisson kernel approach we could also set y = 0 in the formula for
the characteristic function and perform the inverse Fourier transform with respect to

x. This also yields the distribution given in ([5.13)).
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Orthogonal Symmetry

For simplicity, we only consider £ = 0 in the 8 = 1 case. Then we shift the absolute
value featured in the numerator of (5.24)) to the denominator using (4.4]), such that

det H?
Rjoa(w) = lim ¢ . (5.30)
det(H? + )12 det(H? + 5)1/2
GOE, N—oo

We see that this is precisely the special case CQb4ulk (0,05 €, =€, \/YaWT/2, —/Va 16T /2),
compare with Eq. (4.187] m, which was calculated for Gaussian probability density in
the limit N — oo in Section|4.5.2, For arbitrary e it is given by the rather complicated
two-fold integral , however, in the limit e — 0 it simplifies to the expression
(4.188)), which is shown in Appendix m Hence for the GOE, the characteristic

function is given by

2 R _ oo
Roca(o) = 2 (JalKa(la) + [ Ko). (531)
with Z = /Ya7x/(2J). We compare this function for |/7,7,/(2J) = 1 with a numer-
ical simulation of the characteristic function (exp(—%2Kg)) in Figure .

To obtain the probability distribution we take the inverse Fourier transform

1 o0 ] B N oo
Ps1(Kuwp) = ﬁ/ dz exp (ix Kgp) (]:c\Ko(\xD —|—/ dy Ko(y)) : (5.32)
—0 ||
To perform the z-integration we use the integral representation of the Bessel function
Ko(x fo d¢ exp(—x cosh ¢), which further implies the y-integral can be written as

I dgb exp(—|Z| cosh ¢)/ cosh ¢, and thus

P(Kaw) = P d¢ / dz (|$| + h¢) exp (ixKqp — || cosh ¢)
1 & 1 d 00
T 0 d¢ (COShqb ~ d(cosh q§)> /_Oodx exp (iwKa — |Z[ cosh ). (5.33)

36When first confronted with this problem it was not clear if the complicated expression
could be simplified. The form (4.188)) was obtained by computing the Fourier transform of the
distribution P(K,p) obtained by the Poisson kernel approach given in . The claim that this
approach is equivalent to the Hamiltonian approach gave then the idea for Appendix E
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The z-integration can now be identified with the Fourier transform of the function
exp(—ulx|) with solution # where u = Y22 cosh ¢. After applying the differen-
ab

tial operator we are hence left with

3/2 h2
(vaw)?? cosh” ¢
Ps— 5.34
s=1 (K om2 g3 / dé (K2, + 2% cosh? ¢)2 (5:34)

Next we substitute sinh ¢ = y, such that

V1ty” (5.35)

P: KCL :—/ dy .
51 (FKab) WQ\/W 0 (jjij3b+1+y2)2

For 7,7, = 4J? this is the same integration as we had to perform in the previous
section, compare with Eq. . This implies we get the same solution as via the
Poisson kernel approach, Eq. (5.17)), with A = /7,7/(2J) which again suggests that
both approaches are also equivalent in the g = 1 case. Figure shows a comparison

of our result for A = 1 with a numerical simulation.

R e T I— ‘ ‘ ———

04+ — analytical result - r — analytical result

® numerical simulation 08l ® numerical simulation | _|

02—

et ‘ ‘ ‘ ‘ ‘ ‘ : 0 P B ‘
S5 4 3 2 1 0 1 2 3 4 5 -6 4 2 0 2 4 6

b

Figure 5.1.: Distribution of an off-diagonal K-matrix element K (left) and its characteristic
function (right). The numerical results were obtained from samples of 40000
GOE-matrices of size 80 x 80.
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5.3. Distribution of Tr K
The distribution of the trace of K can be written as
Pk) = (0(k — Tr K)Ywr = (6(k — Te WHE — H)7'W))w.a, (5.36)

Its characteristic function Fz(z) = (exp(—%x Tr K))w,n is a special case of the char-
acteristic function (3.2)) for the K-matrix itself with X = x1,;,. This means after
performing the W-average it is given by Eq. (3.7)) where all z. are the same, viz.,

(5.37)

(o) <det(E — H)MB/2 sgn det(E — H)ME-H)O(=)
e = 0T [r\Mpg/2 :
det(E + ZF — H)Mb/ N

For § = 2 this is the average of a ratio of two characteristic polynomials raised
to the power M. Also for § = 1 and even M the sign-factor vanishes and one is
left with a similar average with integer-power M /2. These cases are treated in [77],
where the authors noticed that for a ratio with same number of determinants in the
numerator and denominator, where all signs of the imaginary part of the arguments
in the denominator are the same, the limit N — oo will be the same for the GOE,
GUE and GSE, given by

/& det(a./N — H) i
e <H1 det(B./N — H) R Z(O‘C —A) (538
c= GOE, GUE, GSE c=1

where the plus-sign or minus-sign are assumed if all imaginary parts in the denomi-
nator are negative or positive, respectively. In our case all a. = 0 and all g, = 1yx

which yields
M
Fs(x) = exp <—B;—J|x|) , B=2or=1and M even. (5.39)
This implies also the trace of K is Cauchy distributed. Notice that one can easily
extend the result to non-equivalent channels by choosing . = iv.x.

The remaining case for 5 = 1 and odd M, which involves square-roots of character-

istic polynomials, will be treated using supersymmetry. In the first step we introduce
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an imaginary increment €, rewrite the correlation function similar to Eq. (5.4) (notice
that this implies we can get rid of the sign-factor by choosing the sign of € to be same

as the sign of x) and replace the characteristic polynomials by Gaussian integrals,

M
Fi H /dz1ch2c eiszJ{c(E’Jri'ym/NfH)z1c+isz£c(E+ie/NfH)zgc /dCchi eQisCZ(EJriE/N*H)Cc’
c=1

(5.40)
where z1. and z9., ¢ = 1,..., M are real commuting vectors and ¢, are complex
anticommuting vectors. s = sgnx = sgne ensures convergence of the integration,
the limit ¢ — 0 is implied. The factor 2¢s in the integral over the anticommuting

variables was introduced for symmetry reasons. As usual the ensemble average can

2
now be performed easily with the result exp {—JWQ Tr <A+2AT) } , where

A+ AT
2

M
—sgnz Yy (z1c® 2], + 22 © 25, — , @ LT+ (@ CT). (5.41)

c=1
From here we proceed with the Hubbard-Stratonovich method, i.e. we replace

J2 A+ AT\?
i
V()

N
= /dU exp {—m Stro? +dipl (o @ 1x)p|, (5.42)

where 7 = [27,,.. ., 20, 20, 20, ¢ ¢ ¢t ¢ ] and o s a AM x AM
supermatrix of appropriate symmetry.
The H independent part in the exponential of Eq. (5.40)) is given by
vaT (SE]14M + %Px,s) X ]1N¢7 Px,e - dlag(|x|]lM7 |€|]13M) (543)

Hence, after 1p-integration, we are left with

N . —N/2
Fp—1(x) o /da exp (_4_J? Str a2> sdet <U + sEl + %Pm) . (5.44)

Next we rewrite the superdeterminant using sdet A = exp(Str In A) and approximate

182



5. Characteristics of the K-Matrix

the ensuing logarithm to lowest order,

Fp—1(x) /da exp (—4—{\][2 Stro? — gStr Inop — g Strog' Py + (’)(1/]\7)) ,
(5.45)
where o = o + sElyy,. This implies the saddle-point equation o/J? + 051 =0
with diagonal solution op = (—sE/2 + iv/4J? — E2/2)14y,. Here we used that the
superdeterminant in has a pole at opp = —sElyy — 2 diag(|z|Lar, |e|1ar), ie.
the imaginary part of this pole is negative. To perform the saddle-point approximation
we need to deform the contour such that no singularities are crossed, and hence
we have to choose the boson-boson part of op with positive imaginary part. For
the fermion-fermion part one could in principle choose any metric, however, in the
limit ¢ — 0 only the case where all imaginary parts are positive will contribute to
the solution. The argument is similar to the one given in Section [2.2.4] where we
encountered a very similar supermatrix integral, compare with Eq. and the
subsequent discussion. In contrast to Section we do not encounter a saddle-
point manifold here. Instead op is the only contributing solution. This is because it
is proportional to the unit matrix. Hence we substitute ¢ = op + do in Eq.
and expand to second order in do,
Fp—1(x) xexp (—— Stro? — gStr In(op g) + 22—}2 Str JDP,;,D)
N N (5.46)
X /d&a exp (_4_J? Strdo? + T Str (UD}E(SO')Q) .

The first two terms vanish due to the definition of the supertrace (2.36) and the
integral yields unity such that the final solution is given by

' M
Fp—1(x) = exp (22—;2 Str UDP%O) = exp (—Z—J?(ZEJ? +V4J? — E2|x|)> . (5.47)

where we determined the constant to be unity due to the requirement Fz_;(0) =

1 which follows from normalisation of the corresponding probability distribution
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Ps—1(k). It is given by the inverse Fourier transform of Fs_;(z)

p(E)?/(yM)

Pﬁ:1<k) = B 2\ 2
(W - m) +m2p(E)?

, (5.48)

with level density p(E) = v4J2 — E2?/(2nJ?). Notice that the derivation is indepen-
dent of the parity of M and thus also generalises the earlier findings, Eq. , for
E # 0. The unitary case can be treated along similar lines and yields the same expres-
sion . This shows that for both the unitary and orthogonal case the trace of the
K-matrix is distributed according to the same Cauchy distribution, where for equiv-
alent channels, their number M determines the width of the distribution (otherwise

replace yM by the sum over all coupling amplitudes ~..).

5.4. Correlation of Diagonal Entries in the Bulk

The diagonal entries of the K-matrix show an interesting property: They are Cauchy-
distributed, see Section [5.1], but also their sum (the trace of K) is Cauchy-distributed
as shown in the last section. This is usually a property shown by independent vari-
ables, a linear combination of independently Cauchy-distributed random variables has
also a Cauchy distribution; this is called stability (other examples for stable distri-
butions are the Gaussian and Lévy distribution). However, with the K-matrix itself
being distributed according to the matrix-Cauchy distribution (1.31]), one would ex-
pect the diagonal entries to be highly correlated. That this is indeed the case will be
shown in this section by explicitly calculating the correlation function of two diagonal
entries. For the unitary case this will be done following both the Poisson kernel and
the Hamiltonian approach. In the orthogonal case, we only get results via the Poisson
kernel approach and briefly discuss the difficulties encountered in the Hamiltonian

approach.

5.4.1. Poisson Kernel Approach

Our starting point is again the Cauchy distribution ([1.31]) for the K-matrix, which

follows from the claim that the scattering matrix is distributed according to the
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Poisson kernel (1.30). As discussed in Section [5.2.] it suffices to consider the two-
channel case M = 2. First we introduce a shifted and rescaled matrix K = (K —€)/\
such that P(f( ) is given by Eq. . Then the correlation function of the two diagonal
entries can be obtained by integrating out the off-diagonal element K,,. Rescaling
this integration variable K,, — MK, shows that we may omit the tilde for K, in
P(IN( ). For brevity we also omit it for K,, and Kj,, which corresponds to perfect

coupling.

Unitary Symmetry Since for § = 2 the off-diagonal element K, is complex, we in-
troduce new coordinates K, = /7 exp(i¢). Since P(K) depends only on the modulus
| K| (see Eq. (5.8])) it will be independent of ¢ such that

Poo(Kaa, Kip) X / dr[(14 K2)(1 4+ K2) +2r(1 — K.oKy) + 7272 (5.49)
0

This integral is of the form [ °dr (r* 4+ 2ur +v)~2. Since the integrand is a ratio of

polynomials the integration can be performed easily with solution

1 uw = 2arctan( =)
P Kags Kpy) X —— | —— =i 5.50
=2l bb)ocv—zﬂ [ 2 " 4o —u? (5:50)

where u = (1 — Ko Kw), v = (1+ K2,)(14+ K3) and hence v — u? = (K, + Kip)? > 0.
l1—ay
|z+y]

We further simplify this result using arctan ( = m/2 — sgn(x + y)(arctanx +

arctan y) and obtain

Ppo(Kaa, Kpp)

1 l KooK — 1 arctan K, + arctan Ky,
( .

+
(Koo + Kw)? [ (1+ K2,)(14+ K3) K, + Ky
(5.51)

This is the final result for the perfect coupling case. The previous discussion implies

that the more general case can be obtained by replacing K,, — (K., — €)/A and
Kbb — (Kbb — 6)/)\

Orthogonal Symmetry For g = 1, the correlation function of two diagonal elements

is given by integrating (/5.8]) over the real variable K,;, where we can restrict to positive
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K, since the integrand is even, viz.,

* dKap dK
—1(Kaa, K = )
Pﬁ—l( bb) X \/0 <u4 + 2U2K2b + K;lb)?)/Q 2U3 dU// \/U4 + 2U2K2b + K;Lb
(5.52)
with u? = (1 + K2))(1 + K3) and v* = K,, Ky, — 1. The solution of this integral can

be expressed in terms of an elliptic integral, see e.g. formula 3.165.2 in [59],

d 1 2 _ g2 2 _ 2
’ = —F(a,r), «=arccos %, r= u, (5.53)
Vul 4 20222 + 21 2u Y2 +u uv2

with u? > v? > —o0, u?> > 0, y > 0. In our case we have y = 0, which implies that
a = arccos(—1) = 7. Furthermore we have u? = \/1+ K2,\/1+ K2 > 1> 0. To

check the last condition u? > v? let us assume v? > 0 (otherwise u? > v? is trivially

fulfilled). Then we may square the inequality and check if u* > v*. This is indeed the
case since u? — v! = (Kyq + Ky)? > 0 for all K,, # — K. Note that for K,, = — Ky
we necessarily have v? < 0 and also in that case the condition is fulfilled.

F(a,r) is the incomplete elliptic integral of the first kind, defined as F(«a,r) =
Jy dp(1 —r?sin® ¢)~/2. Note that in our case we can rewrite F/(m,7) = 2F(r/2,r) =
2K (r), where K (r) is the more fundamental complete elliptic integral of the first kind.

Thus we get the correlation function in terms of K (r) and its derivative,

1 dJ1 1 1 ' (u)

Po=1 (Kaas Kin) o = {—K(T(U))] =- [—@K(’f’) + K] (5:54)
where r’(u) denotes the derivative of r = VZQ\/%”Q w.r.t. u, given as r'(u) = % For
the derivative of the elliptic integral we use the formula (see e.g. 8.123.2 in [59])

E(r) K@)
K'(r)= — 5.55
1) = e — (5.55)

where E(r) = Tr/ 2 dp(1 — r?sin? $)/? is the complete elliptic integral of the second

kind. Hence we get the final result in terms of these two elliptic integrals,

U2

2
K(r)— —
2u2r2> (r) 2ur2(1 — r?)

1
7) (KaaaKbb) X —— |:<1 +
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u2 — 2

uv2
w/2 d¢ w/2 .
K(r)= /0 Tt E(r)= /0 dpy/1 — r2sin? ¢. (5.56¢)

As for the unitary case one obtains the case of non-perfect coupling by the replacement
K, — (Kaa — 6)/)\ and Ky — (Kbb — E)//\

ut = (1+ K2)(1+ K2), v*=K.Kp—1, (5.56b)

T =

5.4.2. Hamiltonian Approach

As usual we calculate the correlation of two diagonal entries K,, and K, via its

characteristic function,

Rp(xa, zp) = <exp <—§xawl(E — H) 'w, — gxbe(E — H)_lwb>> . (5.57)

which after doing the average over w, and w;, becomes

Rp(2a, x6) = <

sgndet(E — H)2-A9wem) det(E — H)P
det(E — H + iz, /N)P/2 det(E — H + ixyy /N )P/ H,N—oo

(5.58)
Note that the sign of the determinant only plays a role in the § = 1 case when the

signs of x, and x; are different.

Unitary Symmetry

For the f = 2 case this characteristic function reads

det(E — H + ioYa/N) det(E — H +ixyw/N) [ g yns”

Rpo(Ta, 23) = <

which is equivalent to the characteristic function of the whole K-matrix in the two
channel case M = 2, compare with Eq. (with ~ replaced by 7, for arbitrary
coupling constants). A solution of the ensemble average in the limit N — oo for joint
probability density P(H) o exp(—N Tr V(H)) has been calculated in Section [3.2.1]
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which in this case evaluates to

R5=2(xa> xb) = R(QJQ)R(xb) (1 _ ﬂ-p(E)|xa|th — ZL’a‘CL’b|)

l‘a/% - xb/%
— R{za)R(m) (1 - @(—xamw) . (5.60)

Ta/ Vo — Tv/Va
where R(z,) = exp|—v,(iV'(E)z./2+7p(E)|x,|)] is the characteristic function of the
probability distribution of the diagonal entry z, and similar for x;. This means for
xqxp > 0 the characteristic function factorises (this would indicate independence of
K,, and Ky, if it was also true for all x,x, < 0) whereas for x,x;, < 0 there is an
additional correlation term.
Consequently the correlation of the diagonal entries is of a similar form as its

characteristic function,
PBZQ(Kam Kbb) - P(Kaa)P(Kbb) + Pc(Kaau Kbb)7 (561)

where P(K,,) and P(Ky,) are the probability distributions of K,, and Ky, respec-
tively, which have been calculated in Section [5.1| and are given by the Cauchy distri-
bution ([5.2)). The correlation term is given by

> > O(—zoxp)|Talzp i
Pe(Kaa, Kip) = —%/ diva/ dxy R(za)R(zp) x( Iz _b!b/L b giraKaatizy Ky,
(5.62)

The term O(—xix9) ensures that the integration only involves the region where z,
and x; have different signs. Thus we may split the integral into a sum of two integrals,
where we integrate x, over the positive real numbers and x;, over the negative real

numbers and vice versa,

Pol(K oy i) = ( / dz, / dzy — / dz, / dxb>

R(xe)R(xp)T0n
xa/’Yb - $b/%

(5.63)

exp(ix, Kyq + 12, Kpp).

Now we change variables v,x, — x4, V32, — —xp in the first term and v,z, — —x,,

YpTp — Ty, in the second term. Then both terms will be the complex conjugate of each
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other such that we can combine them to

0o 0 ToT
Po(Koa, Kp) = p / dz, / dxp b exp|—mp(zq + )]
Ya VBT Jo 0 Lq + Ty (564)

X c08[TaKaa/Va — T K/ — V' (E) (x4 — x3)/2].

To make further progress we introduce new variables p = mp(z,+x3) and ¢ = wp(x, —
xp) with p € (0,00) and g € (—p, p). The Jacobian of this transformation is 1/(27p).

Then the correlation term simplifies to

1 *dp P 2 2
Pc(Kam Kbb) = W ?exp(—p) dg (p —dq ) ( )
a 0 —p 5.65

X COS (g(Kaa — Ky) + g(f(aa + f(bb)) ;

where we introduced the shifted and rescaled variables f(aa = %{;‘///2 and f(bb =

Ky /v6—V"/2
mp
This can be easily integrated using integration by parts twice, yielding the result

Z[sin(p(u + v)) + sin(p(u — v))] — Zplcos(p(u + v)) + cos(p(u — v))]. Now with
U= (f(aa + f(bb)/Z and v = (f(,m — f(bb)/Q we get therefore

. The integral over ¢ is now of the simple form fjpp dq (p* — ¢?) cos(uq+vp).

2 " 4 2 ood
PuKon, Kbb)zw / dp
0

(5.66)

B ZE)(f(aa + f(bb) [COS(pf(aa) T COS(prb)] }

The remaining integrals are now either of the form I; = [dpe ? cos(up) or of the
form I, = fooo %e*p sin(up). The first is given by I; = Re fooodp e~ (I — Re(1 +
iu)™' = (1 +u?)~'. For I, note that 22 = J; and [,(0) = 0, and hence I, =
Jdu (1 + u?)~! = arctanu. Collecting these results we finally end up with

PBZQ(KGW Kbb) = P(Kaa)P(Kbb) + Pc(Kaaa Kbb)> (5673)
with
1 ~ 1 K, "E
P(ch) = —, K.= ( < — V< )) , c=a,b, (567]3)
p(B) (11 K2) B\ 2
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2/ (Voo ip(E)? ~ .
Po(Kaa, Kpp) = /(:y w p(E) ){arctan K,, + arctan Ky,

(Kaa + Kbb)S
- - (5.67c)
Koo + Ky 1 N 1 }
2 1+K2, 1+K3))

To compare this result with the one obtain via the Poisson kernel approach, Eq. ,
we can combine the term P(K,,)P(Ky) with the term in the second line of (5.67d).
This yields precisely the first term of (with prefactor 2/(v,v7?p?)) which shows
that both approaches yield the same result as expected.

Orthogonal Symmetry

For § =1 and x,x;, > 0, the characteristic function (5.58)) simplifies to

det(E — H)
R (o | . . (5.68
p=1{Ta, T0) <det(E — H +izaa/N)V2 det(E — H + ixyy, /N)'/? >H o

In the limit N — oo for the GOE, this is Cﬂ}ulk)’ SERTATSERE (0: 20Ya, TyYp) In the
notation from Chapter [4] with the solution (see Eq. (4.45]))

s iE 12— E?

R(gz1b>0) (Tas ) = exp |:_?(7axa + Yp) — YN

= R(x4)R(wp), (5.69)

(alal %mw]

where R(z) is the characteristic function of the distribution (5.5)) of a diagonal entry
as calculated in Section [5.1] Similar to the unitary case, the characteristic function
factorises for z,z, > 0, compare with Eq. (5.60)).

However, for z,x, < 0 we have to calculate instead

| det(E — H)|
Ry (20, 23) = . : , (570
p=1(Ta, @) <det(E — H + i, /N)V2det(E — H + ixyy, /N)Y2 [ (5.70)

i.e. the correlation function lim. o Cs4(0,0; €, —€, 2474, TpYp) in the notation of Chap-

ter 4 So far we have only been able to calculate this correlation function in the case
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E =0 and ~v,z, = —7xp see Section [£.5.2] This partial result is not sufficient here,
as we need the function for arbitrary z, and z; of different sign to finally perform the
inverse Fourier transform. Hence at the moment the Poisson kernel approach seems
to be the only viable option. However, the result for x, = —x;, = x at least shows

that the diagonal entries are correlated (which is not clear from the case z,z, > 0),
since Rp—1(z, —z) # R(z)R(—=x).

5.5. Distribution of Diagonal Entries at the Edge of
the GUE Spectrum

So far we have only considered results for £ being in the bulk of the spectrum.
However, for the Gaussian ensembles we know that the picture gets different if we come
close to the spectral edge at £ = 2J (or equivalently F = —2J) of the semicircular
level density, see Section [1.1.2] in particular Eq. for the level density around
the edge for § = 2. Hence it is an interesting question how the bulk result for the
distribution of a diagonal entry of the K-matrix, given by the Cauchy distribution
, changes at this edge. For technical reasons we restrict here to the unitary case.

Our starting point is again the characteristic function for the distribution of a
diagonal entry given by Eq. with M = 1. In [76] the authors show this quantity
can be expressed in terms of monic orthogonal polynomials 7y (x) and their Cauchy
transforms hy(z) = 5= [dy exp(=NV(y)) 7n(y)/(y — z) as

det(u — H) 2mi
F =(—) =- h _ —hn_ 5.71
0.0 = (=) =~ Invlmva) = hoa@mGal. (571)
where in our case p = F and € = E + iyxz/N. The polynomials are orthogonal with
respect to the weight exp(—NV(z)), which means [dzm(2)my,(x) = cx¢i0km; this
also defines the constant in (5.71). The potential V(z) is the same as in the joint
probability density for the random matrix H, i.e. for the GUE the weight is Gaussian

and the orthogonal polynomials are Hermite polynomialsf]

3TIn [76] it is shown that the large-N limit of expression (5.71)) is universal if E belongs to the bulk
of the spectrum. This, together with the fact that for arbitrary M the correlation function has
determinantal structure with (5.71)) as kernel, yields the universal limit (3.9) used in Chapter
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The N — oo limit is obtained by replacing the quantites in (5.71]) with their ap-
propriate large-N asymptotics. For E in the bulk of the spectrum this will recover
the results from Section [5.1. However, as we are interested in the behaviour at the
edge of the GUE spectrum, we employ the edge scaling E = 2+ ¢N~%/3 where € is of
order unity (for simplicity we consider the case J = 1). The easiest way to compute
the large- N asymptotics is to express the Hermite polynomial by its integral represen-
tation ([2.19) and perform a saddle-point analysis, similar for its Cauchy transform.

Such a procedure was done in Appendix B of [108] with the result

F (24 w55.2 + $52) ~ —iem ™" sgn wlAi(€) of (€, w) — AT (€) a(E,w)],  (5.72a)

alé,w) = /oodT exp (z sgnw(ré +71%/3) — |w|T)

0 N (5.72b)

+ isgnw/ dr exp (7€ — 7°/3 +iwT) |
0

where Ai(¢) is the Airy function and the dash denotes the derivative w.r.t. . In our
case we have w = N~'/3yz. Notice that this result can be used to compute the level
density at the edge of the GUE spectrum. This is done in Appendix and can be
seen as further verification of Egs. .

The form of F' makes it clear that P¢(K,,) cannot have an N-independent limiting
distribution. Hence we introduce a new random variable k, related to K,, via Kk =

NY3(1 — Kgq/7). Its limiting distribution will be N-independent and is given by

1 & .
Pe(r) / dw expliz(w) Kon(W)]F (24 5,2 + €5) . (5.73)

T or

—0o0

with (w) = NY3w/vy and K,q(k) = v(1 — kN~/3). We can split the above integral

into a sum of two integrals, Pe(r) = I + I, where

1 [~ s [
L= / dr [Ai(&)T — AT'(€)]e™8 /3 / dw e (7=R), (5.74)
T Jo —

o0

1 o) 0o . .
Bege [ ar [ dw i+ isgw Av@]e e e, (5.75)

The first integral I; is easy to perform since the w-integration yields a delta-function
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such that

dT [Ai(6)T — AV ()] exp(TE — 7°/3)0(T — K)

Q) [Ai(€)s — AT(E)] exp (ns - %) | (5.76)

where O(k) is the Heaviside-Theta function which had to be introduced because of
the integration range of 7. To perform I we split the w-integration into the sum of
two integrals, one over positive w-values and one over negative w-values. Due to the
sgn w terms featured in the integrand these two integrals are then complex conjugates

of each other which implies

1 & & o
I, = —Re {/ A7 [Ai(€)T + i Ai'(€)] /T6+7°/3) / dw e“’(”“)}
0 0

m
= %Re { /0 dr [Ai(6)T +i AT (€)] e Tﬁw/zﬂﬁ} , (5.77)

where in the second line the w-integration was performed. Combining the results for
I; and I, the probability distribution of x, which is related to a diagonal K-matrix
element for the GUE at the edge of the spectrum via k = N'/3(1 — K,,/7) is hence

P(s) = Re { [Cirew [ (Tg 4T )] AE)T + ji'@}

+ (k) [Ai(E)r — AT (€)] exp {Hg _ %ﬁ] |

given by

(5.78)

This is our final result. As expected, the distribution at the edge is not Cauchy, but
a more complicated expression. Figure shows it examplary for & = —1. Notice,
however, that we expect to retain the Cauchy distribution in the bulk limit £ — —oo
of . This is indeed the case as is shown in Appendix .

We restricted here to the unitary case, however, similar to the level density, which
is the same in the bulk but differs at the edge for the GOE and GUE, one can expect
the GOE result to be different from , although both have the same Cauchy
distribution in the bulk of the spectrum.
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0.4 ‘ ‘ ‘ ‘
— analytical result i
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Figure 5.2.: Distribution of k = N¥/3(1 — K,4/7) close to the spectral edge E = 2+ &N ~2/3
for ¢ = —1. The numerical results were obtained from samples of 10000 GUE-

matrices of size 2000 x 2000.
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Conclusion

In Chapter 3| of this thesis we proved that the distribution of the K-matrix, which is
closely related to an M x M diagonal block of the resolvent (E—H)™! (see Eq. (1.20)),
is given by the Cauchy distribution in the limit of large, complex Hermitian
random matrix H with joint probability density . It hence applies to a broad class
of unitarily invariant matrix ensembles and is in this sense universal. This further
proves that the two different RMT approaches to quantum chaotic scattering, which
rely on either representing the underlying Hamiltonian H (Heidelberg approach, see
Section or the scattering matrix itself (Mexico approach, see Section as
a random matrix are equivalent when H belongs to an ensemble where the proof is
applicable.

The main observation in the proof is that the characteristic function of the K-matrix
distribution can be expressed as a very general spectral object, the ensemble averaged
product of the ratios of powers of characteristic polynomials det(u — H) of random
matrices H, see Eq. . For the case of random coupling amplitudes, this follows
immediately from performing the ensemble average over those amplitudes. For fixed
coupling amplitudes it follows from performing the ensemble average over the eigen-
vectors of H in the limit N — oo. Universality of the K-matrix distribution is then a
direct consequence of the universal limit of these spectral objects, which are explicitly
given by a determinantal structure . The same determinantal expression can
be obtained for the characteristic function of a generic matrix-Cauchy distribution.
Equality of the characteristic functions then implies the universal distribution of the
K-matrix is given by the matrix-Cauchy distribution.

For the case of H belonging to an orthogonal ensemble, the characteristic func-

tion of the K-matrix distribution takes a very similar form as for the unitary case,
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but with square-roots of characteristic polynomials in the denominator. This lead us
to start the program of systematic evaluation of correlation functions involv-
ing half-integer powers of the characteristic polynomials of N x N GOE matrices in
Chapter [d Motivated further by diverse other applications outlined in the introduc-
tory Section [4.1] we mainly concentrated on extracting the asymptotic behaviour of
several objects of that type as N — oo. Our calculations were based on variants of
the supersymmetry method or related techniques. The method in a nutshell amounts
to replacing the initial average involving the product of k£ characteristic polynomials
divided by [ square roots of characteristic polynomials of N x N GOE matrices H
with an average over the sets of k x k matrices Qr and [ x [ matrices Qg > 0 with
Gaussian weights augmented essentially with the factors det Q)p and det Q) raised to
powers of order N, see e.g. . As we are eventually mostly interested in k[
fixed but N — oo this replacement is very helpful as it allows to employ saddle-point
approximations.

Although it is reasonable to expect that these correlation functions can be expressed
via determinantal or Pfaffian structures, even for finite NV, we were only able to show
such structure for the simplest case k,l = 1, given in Eq. . The results for
correlation functions with £ = 1,2 and [ = 2 in the large- N limit are obtained as closed
expressions and summarised in the Eqs. (4.45), for k = 1 and Eqs. (4.131]),
for k£ = 2. Validity of the formulas was tested by considering various special
cases for which the answers were already known in the literature and by comparison
with direct numerical simulations of GOE matrices of moderate size. This is shown
in the Figures and [£.3] For k = 2, I = 4 only a special case was considered
which is related to the probability distribution of an off-diagonal K-matrix element.
Its result is given in Eq. and compared with numerics in Figure .

In Chapter 5| we finally computed several K-matrix characteristics. Where possible
we computed the results following both a Hamiltonian approach and starting from
the claim that K is matrix-Cauchy distributed. For the unitary case these approaches
have to yield the same result due to the proof given in Chapter [3], for the same broad
class of unitarily invariant matrix ensembles. For 5 = 1 we had to restrict to the case
of the Gaussian Orthogonal Ensemble for technical reasons. However, also here the
results turn out to be identical to those obtained starting from the matrix-Cauchy

distribution. While not a proof, this strongly suggests the claim that K is matrix-
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Cauchy distributed if H belongs to the GOE is true, or equivalently the claim of
the Poisson kernel for the S-matrix. The fact that P. Brouwer derived the same
distribution assuming H itself is matrix-Cauchy distributed leads to believe that it is
furthermore true for a broader class of orthogonally invariant random matrices.

The individual results of Chapter [5| are as follows: The distribution of a diagonal
element of the K-matrix as well as the sum of all of them (i.e. the trace of K) are
Cauchy distributed and independent of 5. The correlation of two entries, however,
takes a very different form for 5 = 1 and § = 2 and is summarised in Egs. and
(5.56)). Results on the distribution of an off-diagonal K-matrix element are given in
Eq. for § = 2 (in this case K, is complex with both real and imaginary part
having the same distribution) and Eq. for § = 1. Figure illustrates the
analytic result for orthogonal symmetry and compares it with numerical simulations.
Finally we analysed how the Cauchy distribution changes to a more complicated

distribution if one considers an energy close to the edge of the GUE spectrum. The

result is given in Eq. (5.78]).

Outlook

In this thesis we managed to perform all steps of the calculation of correlation func-
tions involving half-integer powers of the characteristic polynomials successfully
only for relatively small values of k and [, the case of correlation functions with higher
k and [ remaining an outstanding problem. However, it might be possible that the
general case can eventually be treated along similar lines. One reason and guiding
principle for a moderate optimism is as follows. An inspection of a somewhat simpler
example of f = 2 shows, see in particular [71], that the success of the method used
in this thesis is deeply connected to the existence of the so-called duality relations for
Gaussian ensembles, see [109] for a better understanding of such dualities. In partic-
ular, the Proposition 7 of the latter paper shows that one of such duality relations
exists for general Gaussian [-ensembles with 5 > 0 for an object involving the en-
semble average of the product of the corresponding characteristic polynomials raised
to the power —f3/2. For the GOE with 5 = 1 that object (see Proposition 2 in [109])
is exactly the particular case of with k£ = 0 and arbitrary integer [ which makes

a contact to the present context, e.g. one can employ such a duality to reproduce the
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relation in an alternative way. A deeper understanding of connections between
the supersymmetric approach and the duality relations for Gaussian ensembles will
certainly be helpful in dealing efficiently with asymptotics of for arbitrary inte-
ger values k and [. The problem of revealing possible Pfaffian-determinant structures
behind for finite matrix size N remains at the moment completely outstanding.
It may well be that the methods of [78,87] or relations to generalized hypergeometric
functions noticed for some particular instances in [102] could be useful for clarifying
that issue.

While partial results on the M = 2 case and several calculations of the K-matrix
characteristics in Chapter [5[seem to support the claim of the K-matrix being Cauchy-
distributed when H belongs to the GOE, a general proof for arbitrary M is outstand-
ing. This is closely related with the open problems discussed above as a proof along
the same lines as for the unitary case would require evaluation of correlation functions
Corranm (compare with Eq. ) Further complication is given by the fact that the
computation of the characteristic function of a matrix-Cauchy distribution (which
eventually would have to be shown to be equal with the characteristic function of
the K-matrix) relied on integration over the eigenvectors which could be performed
employing the Itzykson-Zuber-Harish-Chandra formula. In addition for the case of
fixed coupling amplitudes it was necessary to employ such formula at an earlier stage,
as the ensemble average over H is then performed in two steps, the first being the
average over its eigenvectors. Such a formula is at present not available for the cases
B = 1,4. For these reasons it seems a proof along the same lines as for g = 2 is
unfeasible. Another open problem is the § = 4 case which was not considered in this
thesis. For the random amplitude model, evaluation of the characteristic function
should be straightforward as it would amount to an ensemble average of ratios of
characteristic polynomials with integer powers which are known to exhibit Pfaffian
structures. However, the lack of an [ZHC-type formula prevents to compare these
structures with the characteristic function of a Cauchy distribution as was done in
the 8 = 2 case. For the same reason, also the case of fixed amplitudes has to be
treated in a different way.

While we computed most of the K-matrix characteristics in Chapter [5| for both
B8 =1 and g = 2, the distribution of a diagonal K-matrix element at the edge of

the GOE spectrum remains an outstanding problem. The calculation for the unitary

198



6. Conclusion and Outlook

case relied on known results for the ensemble average of the ratio of two characteristic
polynomials at the spectrum edge. For the GOE one would correspondingly need
to know this expression with the characteristic polynomials raised to the power 1/2
instead, which is not yet available. However, there is good reason to believe that
it is possible to derive a solution with the help of the supersymmetry approach.
In fact the expression one needs to calculate, in the notation of Chapter [4, is the
correlation function Cfgge)(();x%e) with sgne = sgnz, in the limit ¢ — 0 (this is
necessary to reproduce the square-rooted characteristic polynomial in the numerator).
In Chapter {4 we derived an expression for the correlation function C; o for arbitrary
spectral parameters in terms of a three-fold integral, see Eq. . We then employed
the bulk-scaling and performed a saddle-point analysis for large N. In the same
fashion one could try to employ the edge-scaling and proceed with a saddle-point
analysis. However, so far complexity of the ensuing saddle-point structure prevented
a successful calculation. The K-matrix characteristics for the symplectic case § = 4,
which was not considered in Chapter [5 remain an outstanding problem. However, it
should be possible to treat this case along the same lines as was done for the cases
g=1,2.

A major simplification we assumed throughout the thesis is the absence of absorp-
tion, i.e. that there are no internal losses. This, however, is almost never given in
an experimental set-up where absorption is always present to some extend. This is
especially important if one wants to test the theoretical predictions, e.g. the dis-
tribution of an off-diagonal K-matrix element, with data obtained from scattering
experiments. A slight modification of the scattering model presented in Section [1.3.2
allows to incorporate such absorption: In addition to the M real scattering channels
one introduces M, fictitious channels, each having transmission coefficient T}, and
considers the limit My — oo and Ty — 0 in such a way that the product vans = MyTy
is kept fixed [110-112]. ~apbs is the (dimensionless) absorption rate. From the repre-
sentation of the S-matrix one can work out that this model is equivalent to an
imaginary shift of the energy F — E+iA~.s/(47), A being the mean level spacing of
the closed system [111]. Choosing v,,s negative, this model also accounts for the case
of amplification, e.g. in a laser cavity [97]. It is easy to see that this modification ren-
ders S non-unitary (and K non-Hermitian) such that its distribution will no longer be

given by the Poisson kernel. This also means K will no longer be Cauchy-distributed.
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On the other hand it is — at least formally — easy to incorporate the changes due
to absorption into the Hamiltonian approach and such prepared one might be able
to compute the K-matrix characteristics of Chapter [5| for arbitrary absorption (or
amplification) rate. This can actually done in the two above described ways, either
by shifting £ into the complex plane or by considering M, fictitious channels and
taking the appropriate limit. E.g. for the distribution of an off-diagonal K-matrix
element it should be possible to follow an approach along the lines of |11] where the
distribution of an off-diagonal S-matrix element was expressed as a supersymmetric
model for arbitrary coupling amplitudes and arbitrary M, N. This makes it possible
to add absorbtion into the model at this point by shifting M — M + M, taking the

above described limit and then proceeding with the large-N asymptotics.
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A.1. Deriving P(K) from the Poisson Kernel

In this appendix we want to show that the Poisson kernel distribution P(S) for the
scattering matrix S implies that the K-matrix is distributed according to a Cauchy
distribution. For brevity we restrict here to the case § = 2, however, similar calcula-
tions can be performed for § = 1,4 without further complications.

We start by calculating the integration measure induced by the transformation
S = (1y —iK)(1y +iK)~t The first step is to diagonalise K = UkUT where k is
a diagonal matrix and U is unitary since K is Hermitian, and hence S = U(1,; —
ik) (15 + ik)~1UT. The measure dS is then given by

Ty — i 2 Ty — i
AUl G S5

Utduut, Al
1o + ik —i+ k2 1y + ik (A1)

dS =dU

In the last term we used d(UT) = UTdUUT which can be verified by taking the differ-
ential of the identity UTU = 1, which yields d(UT)U +UTdU = 0. Next we introduce

dU = U'dU and abbreviate %%;Zi = a, _ii’ikg =b. Then
dS = U(sUa + bdk — asU)U". (A.2)

The length element is accordingly given by

(ds)? = Tr(dSdS") = Tr[bdk b*dk + 2aa*SU? — 246U a*0U

(A.3)
+ (0Ua — adU)b*dk + (a™6U — 6Ua™)bdk],

where we used that §UT = (UTdU)" = dU'U = —6U. Now notice that a and a*

are diagonal, and hence the diagonal entries of the commutators (JUa — ad6U) and
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(a*0U — 6Ua*) are zero. This means the last two terms in Eq. (A.3]) vanish. On the

other hand, two of the remaining terms can be combined to
Tr(2aa*0U? — 2a 06U a*0U) = 2 Z(a;‘nam —ar ) 0U 0 Up,

= Z(am —ay)(ar, — a’)0UpmnOUpm, (A.4)
and thus the length element simplifies to
Z b |*(di)* = > |t = an[*6U7,6Upin, (A.5)
m<n

where we used again the Anti-Hermicity 6U,,,, = —dU}},,. This length element defines
a Riemannian metric g,,, via (ds)? = Zn]\fn Jmnd@mdg,, and this metric on the other

hand induces the corresponding integration measure with the volume element given

by dp = y/det(gmn)m n—1dq1 . .. dgas. Hence in our case the measure is given by
M
dp(S(K)) = [T 1omldkm [T lam — anl?du(U), (A.6)
m=1 m<n

where du(U) is the part of the measure which depends only on the U variables (which
in fact turns out to be the invariant Haar measure on the group U(N)). The factors

are given by

4

2
bml” = ‘( R B A (A7)
1— ik, 1—ik, Ak — k)2 (AS)
1+ 1+ ik, (1+k:,2n)(1+kg)' '
The second line implies
4(km B kn)Q M(M—1) A2 1
= IAH{k
g(1+k;)(1+kg) { }ng (14 k2)(1+k2)
1
__ oM(M-—
— QMM=1 A2 H AT (A.9)
m=1 m
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where A{k} =[]

hence given by

menkm — k) is the Vandermonde determinant. The measure is

oM? oM?

_ 2 _
= Tot(yy s W dkdull) = o

dp(S(K)) _dK.  (A.10)

In the last step we used the well known fact [15] that the induced measure when
diagonalising K = UkUT is given by A%(k)dkdu(U). This can easily be verified by
mimicking the above calculation. In fact the only difference is that now a = k£ and
b = 1, and together with this yields the correct measure.

The probability distribution of K is now given by

P(K)dK = P(S(K))du(S(K))

Ay —iK
det (1, — oM "%
e(M 51M+¢K)

—2M

det(1, + K*)"MdK. (A.11)

X

For the special case ST = 0 (perfect coupling) it follows immediately that K is Cauchy
distributed, P(K) o< det(1,; + K2)~. Now let us assume ST # 0 and for simplicity
we furthermore just consider the case of equivalent channels, hence ST = R* 1,;, where
the complex parameter R characterises the channel reflection (|R|? is the reflection
coefficient). Note that P(K) given in (A.11)) remains independent under unitary
transformation, hence we can replace K by the diagonal matrix k containing its

eigenvalues. Then the first determinant simplifies to

o ]l . —M
[det (]lM - R*M) det (]lM - RM)]

1y + ik 1y — ik
Ty —ik)? (Ly +ik)2 1™
=det |1 Rty — - R : A12
G{MH s Ty + K2 T + K2 (A.12)
Multiplying with the second determinant yields
P(k) o det [(1+ |RI) (M + k%) — R*(1yy — ik)? — R(1y +ik)?] ", (A.13)
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which, after rearranging terms, can be written as a shifted Cauchy distribution,

2
P(k) o det {\2—32—(5531@) +(k+|2,§f1’|§)1 . (A.14)

This proves for the unitary case that the Poisson kernel distribution P(S) implies
that K is Cauchy distributed,

P(K) o< det[\? + (K — €)*] ™™, (A.15)

where the dependence of A and € on the reflection coefficient can be read off from
Eq. (A.14). This implies on the other hand that the reflection coeffient can be ex-

pressed as

1—X\—ie
- - - A.16
14+ X+ie ( )

Notice that this is in agreement with the solution obtained in [§] for the Gaussian case

using the Hamiltonian approach, Eq. (1.23), if one chooses A = yv/4J? — E2/(2J?)
and € = yE/(2J?). In Chapter 3| we show that this can be generalised to A = 7yp(FE)

and € = yV'(E)/2 for joint probability density P(H) x exp(—NV (H)).

A.2. Calculation of Formula (3.7)

For 8 = 2, the equality

. -1
Ve, vt B det (E — H)
N (E - H) > ~ det(E +iyx./N — H)

det <]1N + (A17)

is evident, as one just needs to multiply both numerator and denominator by det(E —
H). For = 1, however, the formula (3.7 features also a dependence on the sign of
the determinant. In this appendix we discuss how this factor comes about.

We can define the (principal) square-root of a complex number z = re® via

Vz=+re?? —g<¢<m. (A.18)

Note that this definition introduces a branch cut at the non-positive real axis, the
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square-root is discontinuous on this cut. The product of two square-roots is then
given by
V2N Za = JTiree2 192 _or < by + ¢y < 27 (A.19)

However, for the square-root of a product we might get an additional phase shift,

N \/T1T2€%(¢1+¢2+2ﬂ—n) = \/2_1\/2_26””, (A.20)

where n has to be chosen such that ¢, + ¢ remains in the interval (—m, 7, according
to the the definition (A.18]), viz,

0 if —7m<¢+¢ <,
n=1q+1 if =27 < ¢+ ¢y < —, (A.21)
—1 if T < P14+ ¢o < 2m.

This implies we have the rule \/z122 = /z1,/22 only for |¢; + ¢o| < m, whereas for
the case m < |1 + ¢o| < 21 we get an additional minus sign, \/z122 = —V/Z1/ 72
When performing the W integration in (3.6]), the integrals decouple into N - M

Gaussian integrals for each element of W, yielding

—-1/2

ﬁ ﬂ (1 + ﬁ) o = f[ldet [M + iﬁc(ﬁj — H)™! , (A.22)

c=1n=1

where ;... Ay are the eigenvalues of H. Thus here and henceforth, the notation
det A2 has to be understood as det(AY2) = [] \/a,, rather than (det A)Y/2? =
V11, @, If the a, are complex, the two expressions are not necessarily the same as

seen above.

Let us look at a single factor of (A.22)),

. ~1/2

1T E -
1 < :\/—n A2
( +E—)\n> E— )\, +iz.’ (A.23)

where for brevity we introduced Z. = yx./N. Since the argument of this square root

is complex, we have to investigate the expression |argz; + arg 2o|, with 2y = £ — \,

and 2y = (£ — A\, + iZ.)"!. Only 2, is complex, whereas z; is real. Let us suppose
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z1 > 0. Then its argument is 0, and |argz; + argz;| = |argzs| < m, and thus
VZ1%2 = \/z14/72. For z; <0, on the other hand, its argument is 7 and it is a priori
not clear if | arg z; + arg 25| is bigger or smaller than 7. This, in fact, depends on the
sign of the imaginary part of zy, i.e. the sign of of the eigenvalue z. of the matrix
X. If its sign is positive, 2o lies in the lower half-plane and hence its argument lies
between —7 and 0 and consequently |arg z; +arg z;| < 7. For negative sign, however,
21 is in the upper half-plane with argument between 0 and 7, and | arg z; +arg zo| > 7.
Hence in this case, and this case only, we get /2120 = —/21y/z2. Combining this into

a formula one gets,

E -\, B vVE -\, y 1 for . > 0,
E—-X\+iZ. E—-M\+i2, sgn(E — \,) for z. < 0.

(A.24)

Performing the product over n in the above formula then yields the result

E—\, det(E — H)'/? 1 for z, > 0,
H \/ © ) X (A.25)
E = A +1iZe det E—H+iz.)! sgndet(E — H) for z, < 0.

This shows that for § = 1, in the presence of negative eigenvalues of X, one has to

take into account extra sgn det factors.

A.3. Proof of Eq. (3.39)

We want to prove that the m-th derivative of the function gy;(z) defined in Eq. (3.33))

is given by
(m) [m/2] |( 1)m l o

where |-] denotes the floor-function. We prove that equation by induction. It
was already shown in the main body that the first derivative is given by ¢},(z) =
—A?2gy_1(7) hence verifying the m = 1 case (note that the case m = 0 is fulfilled

trivially as well). Now assuming that the relation is true for the first m derivatives,
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the m + 1 derivative is given by

[m/2] m—I1
i)y 4oy ym d mi(=1)" o mea
gM (‘r) dmgM (x) dx pn l'(m—2l)'2l( .T) gM*TYH’l(‘r)
[m/2]
= S AT E (= M) gay (&) — ()2 gar et (2]

=0

(A.27)

where we abbreviated the prefactors with a,,; and used the formula for g}, (z). Next

we change [ — [ — 1 in the first term which gives

[m/2]+1
Z am,l—1>\2m_2l+2$m_2l+1 (m — 9+ 2)9M—m+l—1($)
=1
Lm/2]
_ Z am,l)\2m72l+2xm72l+1gM7m+lfl<x>-

=0

(A.28)

Next we split the [ = |m/2] + 1 term from the first sum, the | = 0 term from the

second sum and combine both sums, which leaves us with

m/2)
Am+1{ S )™ g1 (@)1 (= 20+ 2) — a ]
=1

o o2 N2 (i — 202 ] Vgt o () (4.29)
gl A) ) .
Now the term in square brackets in the first line is given by
1(—1 m—I—1 (=1 m—I D=1 m~+1—1
ml(~1) =)t (w1 A0

(- Dlim—20+ D21 UU(m—20)20  12(m+1—20) e

Furthermore in the third line we can replace —a,, o = am+1,0 Which simply follows
ml(=1)""t
N(m—20)12 -

then (m — 2|m/2|) = 0. For odd m on the other hand we have |m/2] = (m —1)/2

and the second line simplifies to a,, mo1gy mit (x). Now in this expression we may

from the definition of a,,; = If m is even, the second line vanishes since
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replace a,, mo1 = Oy

|.m+1, because
’2

m!(=1) 2 2(m 4+ D=1V (4 1)1(=1) D2
amva_l:(mT—l)!Q(m—l)ﬂ_(m ) (=DyigmeD2 — () jgmi/z (A.31)

where we used (n+1)(25%)! = 2(2)! for odd n. Combining all these results we thus

get
L(m+1)/2]

91(\74n+1)(x> = A" Z am+1,l(Ax)mH_ngM—(mH)Jrl(x)a (A.32)
1=0

and by induction Eq. (3.39)) is true.

A.4. Parametrisation of Q and its Jacobian

In Section the supermatrix Q = —iTO_lLTO was introduced, with the metric
L = diag(+13,k) in pg-notation (see Section and k = diag(—1,+1,+1). Ty
is completely defined by symmetry and convergence requirements as described in
Section “ especially it obeys the relation TTLT o = L. In this appendix we want
to give a proper parametrisation of Q@ and calculate the Jacobian (or Berezinian) of
this parametrisation. In large parts we follow the steps suggested in the paper [8] of

Verbaarschot, Weidenmiiller and Zirnbauer.

A.4.1. Parametrisation

A standard parametrisation of the matrix 7Tj is given by [§]

1 t1ot x4
T, = V13 + t12t01 112 (A.33)

—itg VI;+ ot
where in our case t5 is explicitly given by

a iUy
o= 1| —n5 iz w* |. (A.34)

N —lw 12
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ts1 can be obtained from t;, via the relation tJ{Q = —kto,. Here a is a real commuting
variable, z and w are complex commuting variables and 7, 7o are complex Grassmann
variables. Thus the number of independent variables in T (and hence also in Q) is
five commuting and four anticommuting variables as required (see the paragraph after
Eq. ) Moreover it is easy to check that such parametrisation obeys the required
rules. However, this parametrisation is not very practical for further calculations and
hence we seek a different parametrisation for the supermatrices t15 and t9;. In the
paper of Verbaarschot, Weidenmiiller and Zirnbauer, a similar parametrisation was
derived for the case of 4 x 4 supermatrices t15 and t9; of similar type as in our case
(deleting the second row and second column from t;5yvwy yields our t15 in (A.34)),
and Lywz = diag(+14, —14).

The first step is to quasi-diagonalise those two matrices via t15 = ul’lMlqu, to; =
Uy "Moyuy. The dependence on the Grassmann variables is completely shifted into the

matrices u; and us and the quasi-diagonal matrices M5 and My, are given by
My, = diag(p,ipolU), Moy = diag(mn, ipoU7), (A.35)

where p1 > 0, pp € (0,1) are real variables and U is a member of the special unitary

group SU(2) which can be explicitly parametrised as [§]

1
VI +m2 2+ s

1+im —(r+is)

r—18 1—1m

, (A.36)

m,r,s € R. This is in analogy to the 4 x 4 case from [8], where the boson-boson block
being 2 x 2 made it necessary to introduce another variable 1o such that M vwz =

diag(p1, p2, ippU). Substituting for t1 and t9; in the upper left block of Tj one gets

Vs +tiata = \/]13 + Uf1M12M21U1 = Ul_l\/ 15 + Mo Mouy

= Ufl\/ﬂza + diag(pf, —pgUU N uy = up ' Miuy, (A.37)

where in the last step we used UU' = 13 and defined

M, = diag (\/Hui\/l—u%,\/l—u%)- (A.38)
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Analogously one can show for the lower right block of Ty that \/13 + t91t12 = u51M1u2.
Hence with Eq. (A.33) one gets

(751 0

0 U9

where we defined the 6 x 6 matrices M and U. The inverses of u; and uy can be

Ty = =U"'MU, (A.39)

ur' 0 My My
Y| —iMy o My

0 uy

related to their complex conjugates. To that end we look at tIQ = ugi\/[fz(u_l)T =
—ubk Moy (u™1)t, where in the last step we used that MJ, = —kM,; which can be
seen from the definition . On the other hand this expression has to be equal
to —kty = —ku;lMglul. Comparing the two expressions yields (u‘l)Jr = u; and
ugk = kuy ', which implies that u; is unitary, u;' = u];, and uy obeys uy ' = kugk
The inverse of Ty can now easily be computed via its conjugate transpose, T, ' =
LTJ L, which follows from rearranging the group property TOT LTy = L. Using further

tig = kt9, one gets

1 t1ot —it N M — M o N N
Tglz vV 3‘+ 12821 (250 _pt | 1 1Mo =000
1l91 Vs +tartie My My
(A.40)

This enables us to express Q = —iTy LTy = —iU " 'M'ULU"MU, and using that
U and L commute this simplifies to Q = —iU'M~'LMU. In terms of the blocks of

M this becomes (we use that the blocks commute with each other)

- —i(M? + M, M. 2M M -
0=t i(M7 + My Moy ) o 1Vi12 U, (A.41a)
2M1M21 Z(Ml + M12M21)
with the blocks explicitly given by
Ti( M} + MiaMyy) = Fidiag(1 4 2uf, (1 — 248) 1), (A.41b)

2M My, = diag (2,u“/1 + 12, 2ipor/ 1 — u%U) ; (Adlc)
2M, My, = diag (2/,“\/1 + 12, 2ipor/ 1 — ugUT) : (A.414d)
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The form of these blocks suggests to introduce new variables A\; = 14+2u? € (1,00) and
Mo =1-—2u2 € (—1,1), such that the diagonal blocks of Q become Fi diag(A1, Ao, Ao)
and the off-diagonal blocks of Q become accordingly diag(\/ A2 —1, z\/ 1—MU) and
diag(1/A? — 1,4i4/1 — N2 UT), respectively.

The remaining question is how to parametrise the matrix U = diag(uq, ug) which

contains the anticommuting variables. In [§] it was shown that for the case where u,
and uy are 4 x 4 matrices, this can be done via w,vwz = Opvp, p = 1,2, where O, is
in O(2) and v, and its inverse can be expressed as vi! = 14 +#71Y, + 120~ Dy2 +
0 & o)

€p and &, vwz = f BZ
S 0 o, B

matrices O; and Oy stem from diagonalisation of the boson-boson block of the (real

130=VY3 4 3y where Y, =

p T glp> . The orthogonal

symmetric) 2 X 2 matrices tiot; and to1t12. In our case, however, the corresponding
blocks are just scalar, and hence we do not need to introduce any orthogonal matrices.
Furthermore the matrices &, will reduce in our case to vectors &, = [ay,, o]". This
furthermore implies that Y, only comprises two independent Grassmann variables,
and hence Y and Y}! featured in the formula for v, vanish.

Summarising the results from this section, a parametrisation of Q is given by

. —iDy D - - 0

Q — U*l 8! ' 12 U’ U = th , (A42&)
D21 ’LDl 0 U9

D, = diag(/\h /\07 /\0)7 (A42b)

D1y = diag (\/Af —1Liy/1- N U) , (A.42¢)
Day = diag (\/)\% ~ i1 X UT) , (A.42d)

1
VI mE s

L+im —(r+is)

‘ ‘ (A.42e)
r—18 1—wm

38Notice that we use different variables as Verbaarschot et al. where ApVWZ = ug, p=0,1,2.
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. 0 —ap o
u;tl =15+ Z'pfly;) + §Z’2(P*1)Y;D2’ Y;) = |, 0 0|, p=1,2, (A42f)
a, 0 0

where A\; € (1,00), \g € (—1,1), m,7, s € R are commuting variables and ay, of, as

and o; are Grassmann variables.

A.4.2. Jacobian

To calculate the Jacobian (or Berezinian) of the parametrisation (A.42), we follow
closely the route described in Appendix K of [8]. The authors have shown that the
parametrisation of Ty in terms of t15 and o1 in (A.33]) induces the measure

d,u = |sdet [((dT())To_l)lg/dtlg] |dt12. (A43)

However, for computational convenience they introduce new supermatrices 715 and

To1 via t1p = 2(1 — T19791) 712 and ta; = 2(1 — 791712) 179 which implies
d,u = |sdet [((dTo)TO_l)lg/dTlg]||Sdet [dTlg/dtlg]ldtlg. (A44)

Furthermore the authors show that the first term can be expressed by the common
“eigenvalues” (modulo the special unitary matrix U) of 715 and 79, which are com-
bined in the matrix Oywz = diag(6y, 0,6y, 0) as |sdet [dX/dt]|, where

X =2i(1— 0% (1 — 6%)7F = 2i(1 — %) 0ty (1 — 6%) 710, (A.45)

with 12 and t9; being two supermatrices having same structure as t15 and t91, respec-
tively. We may compute this term in our case in the exact same fashion, but with
0 = diag(6,,i6y,160y) instead. t;5 has the same structure as t;5 given in Eq. ,
and 1y, follows from the relation £, = —kiy with k = diag(—1, 41, 41) (see previous
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section). X is then explicitly given as

_ia_ __m—mbobs  _ _ni—m36001
o AR L)
_ s m5+n70001 _ z+z*68 _w*(1-62
X =2 Z(1+98)(170%) (1462)2 (1+_93)22 s (A46)
om0t w00 PR
(1+9(2))(1*9%) (1+98)2 (1+98)2

where a, z, 2%, w, w* Ny, N}, N2 and 1} are the entries of £, as in . We now need to
construct the Jacobian supermatrix of X with respect to all these variables, dX/d#;,,
and then take its superdeterminant. However, note that both the boson-boson block
and the fermion-fermion block of X are composed of only ordinary variables (i.e. it
does not contain any commuting terms composed of Grassmann variables like njm;
etc.), whereas the boson-fermion and fermion boson block do not depend on any
ordinary variable of £5. This suggests that the off-diagonal blocks in d X /d#;, are zero
and hence sdet d.X/ dts = %. Due to the structure of X: calculating the
determinants of the boson-boson and fermion-fermion blocks of d X /dt;, is particularly

easy as they are given by

- 0X11 0Xo5 0X 39 9% Xz 32|11 — 623
det(dX/dt = det | 92 9" || = 0 A4
|det(dX/db2)os] = | 50 Bur Bw 0y 0Xa || (14 62)7]1 — 63 (A.47)

and
X132  9Xio 0X13  9Xyg 2022
| det(dX/diy)pp| = |det | 21 ggzl] det [;’g; ;;g] ‘ = vy
87]? 8?7?; on; on; (1 + 90) (1 - 91)4
(A.48)
Hence the first term of Eq. (A.44) is finally given by
(AT) Ty 2| |det(dX/dfin)ps]| 2 (1-62)(1—62)
sdet = = = 20212 2
dTlQ det(dX/dtlg)FF (1 + 9001) 1+ 00
(A.49)

Notice that this result looks quite different from the one obtained by Verbaarschot et
al. for the 4 x 4 case.

Next we need to calculate dti5. To that end we recall that t,5 was quasi-diagonalised
by tio = U1_1M12'LL2, where Mo = diag(u1,iuolU). For notational convenience we
introduce the matrices U = diag(1,U) and My = diag(py,ipels) such that My, =
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UM 12. Then we can write the differential as

dtyy = u ' U[U g d(uy U Myy + U1dU Myy 4+ dMys + Miadugug Mus
= uiU[—(S?ﬂ]\%g + 5UM12 + dMu + M126u2]u2 (ABO)

with duy = U~ 'dugui U (we used wyd(uit) = —duguit), duy = duguyt and 6U =
U'dU. Since |sdet U| = [sdetui!| = |sdet us| = 1P| it suffices to concentrate on the
bracket in ({A.50)).

dM;, is given by dM;s = diag(dpy,idpolsy), and with the explicit formulas for U
(recall that U = diag(1,U), hence 6U = diag(0,0U)) and ur! given in (A.42), it is
straightforward to calculate 6U and du,, p = 1,2 and one gets

- dm+sdr—rds i(r+is)dm+(1—im)dr+i(1—im)ds

_ Zl m2+4r24s2 14+m24r24s2
oU = —i(r—is)dm—t(1+i+m)(§rr—i(l+im)ds — (;rer;rjrftds ’ (A51)
1+m2+r2+s2 1+m2 472452
0 flapas)das flapas)day,
0ty = | flapap)da, 3(—)P(ajdoy, + apdas) (—)Pta,da, . (A.52)
f(ozpoz;)doz; (—)poz;doz; %(—)p_l(a;dap + ozpdoz;)

where f(ayas) = 711+ 3(—)P " ayar), 6wy = U166, U and Sup = Siip. In order to
evaluate the Jacobian, we first use the elements of 6U, du; and dus as independent
variables and then compute the Jacobians J(6U/dU), J(éuy/duy) and J(dus/dus).

The form of the matrices in the above equations suggests that one can parametrise

dm’  —dm/, 0 —day / da;,
5U/ — y . 1/ , (SU;) — 'l.p_l dOé; ~ ~ . (A53)
dmi" —idm .
dap ~ ~

Notice that the fermion-fermion block of duj, is not vanishing, however it will not

play a role in the computation of the Jacobian as we will see. Using further dM;y =

39For U and u; this follows because they are unitary. For ug, recall that it obeys uy 1= kugk and
hence 1 = sdet (uguy ') = sdet (uskudk) = sdet (ugubk?) = (sdet ug)?.
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diag(dpg, idpo, idpo), the term in brackets in (A.50)) is hence given by

dpy ipodas” —ippdad’  —ipedaly + ipydad
—pdady — podady,  idpy — podm’ + ... —ipgdmi + ... |, (A.54)
—prda’ — podad’ ipodmy’ + ... idpg + podm’ + . ..

where the dots indicate additional terms coming from the fermion-fermion blocks of
duy and du,. Only the boson-boson block depends on dyi;, whereas only the fermion-
fermion block depends on dyug and the variables of éU’. This implies like in the
previous calculation that the superdeterminant of the Jacobian supermatrix reduces
to the ratio of boson-boson and fermion-fermion block, and moreover the various

dotted terms are not needed. We get for the Jacobian the ratio

. . =
(ip0) (—ipo) det L 20] o
0 H
. , : : = (M2+22)27 (A.55)
— — 0 1
det |0 | i i
—H1  —lo —H1  —Ho

where the numerator is the part coming from the boson-boson block of the Jacobian
supermatrix and the denominator coming from its fermion-fermion part.

In order to get the full Jacobian of d¢;» we need to multiply this result with the
Jacobians J (0U/dU), J (0w /duy) and J (dug/dus). To compute J(duy/duy) we note
that the matrix U in the definition of du; yields a factor of unity, sdetU = 1 and
hence J(duy/duy) = J (011 /duy). Calculating the remaining three Jacobians can be
done easily now by simply comparing the expressions for 0U, dt,, Eqgs. , 7
with their dashed counterparts 6U’ and du/, given in Eq. (A.53). For J(6U/dU) one
gets

1 5 —r
1
J(6U/dU) = det [ ir—s 1—im i+m
14+ m? +7r? 4 s2)3
( ) —ir—s l4+im —i+m (A.56)

2
(L4+m? + 72 4 s2)2

This is the same result as in [8]. For J(d%,/du,) it suffices to compare the entries
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in the first column of (A.52) and (A.53|) with each other. This yields immediately
dal, = (1 + 3(—)P'apag)da, and daj' = (1 + 5(—)P'apa)da;. The Jacobian is

hence given by
T (Gip/duy) = (1+ 2(=)lapal)’ =14 (=) lapal, p=1,2. (A.57)
Collecting the results from (A.55)), (A.56]) and (A.57) we hence finally get

dtio =

A1 —awed)(1 +ag03) g1
2

(T+m?2+1r2452)% (g +p )de drdsdpo dpy day daj dag daz. (A.58)
0 1

Notice that the Jacobian depends on the Grassmann variables. This is a new fea-
ture which was not present in the work of Verbaarschot et al. where the analogous
expression for J(d1,/du,) evaluated to unity.

Since we evaluated the first term in in terms of the eigenvalues 6y and 6, of
the supermatrix 71, it is advantageous to express the result in terms of d7y5 instead of
dty5. It is given by the same equation with o replaced with 6y and 1 replaced

with 6; and accordingly for the differentials. The full measure is then given by
3

863

(1+0561)%(05 + 01)°

dmdrdsdfydf; day daj das dos.

(1-65)(1 —67)
1+ 62

|sdet [((ATy) Ty ) 12/dmis]|dmis =

(1 —aqaf)(1 4+ agad) (A.59)

(14 m? +1r? 4 52)2

The last step is to rewrite this measure in terms of the variables \g and A; from the
parametrisation instead of 0y and ;. The definitions of of 715 and 75; (see the
paragraph below Eq. (A.43)) imply p1 = 2(1 —6%)7'6; and po = 2(1 + 62)~'6,, where
o and gy are the “eigenvalues” (modulo the special unitary matrix U) of t1o and to;.
They are furthermore related to the A’s via Ay = 1+ 2u? and A\g = 1 — 22 (see the

paragraph below Eq. (A.41d))). This suggests the relations

802 166,(1 + 62)
M=1+——L d\=——r2dl A.
T aewr T e (Ao
862 16 6,(1 — 62)
M=1-—"2 d\g= — > db. A.60b
T 7 egE (A0
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With these relations at hand we can express the measure (A.59)) in terms of \; and
Ao and finally get

1— A2 (1 —a1a7)(1 + agad)
24/ N — 1A — No)? (L +m? 4724 5%)2 (A.61)
x dmdrdsdigdA; dag daj das das.

du(Q) =

Notice that this result differs significantly from the standard expressions one gets for
models where the dimensions of the boson-boson block and fermion-fermion block are
equal (e.g. in the case of the the two-point correlation function) which do not show a

dependence on the Grassmann variables.

A.5. Proof of Eq. (4.158)

We show the validity of the claim

e arcoth A\

i

The first step is to take the Laplace transform on both sides. For the right-hand side
one gets (see e.g. 6.611.9 in [59)])

exp (—aX;) (a+ M\ — a)}) = Ko(a). (A.62)

arcosh a

/ da Ko(a) exp(—aa) = ———. (A.63)
0 a2 -1
Taking the Laplace transform on the left-hand side is trivial since it amounts to

perform integrals of the form [; a™ exp[—a(a + Ay)] = % and the result is

(a+>\1

e arcoth /\1 1+ oz)\l

w/)\Q (o + \)?

By definition, the hyperbolic area cotangent can be expressed as a logarithm via
arcoth \; = %lnM for A\;y > 1. This Suggests the substitution % = t2, which
implies t € (1,00), \j = 53 and d\; = t2 1

—+t—dt. The choice of t? instead of just ¢ in
. . 2 o
the substitution is such that VAL — 1 t rational. The integral is then

L(a) = (A.64)
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given by

00 _ 2
E(a)zQ/ dt =1 @F D
1

(a—1—(a+1)t2)* (4.65)

To make further progress we use that the rational part of the integrand can be repre-

sented as a derivative,

a—14(+1)* d "
(@—1—(a+ 122 dt (a_l_(aJrl)tz)- (A.66)

This enables us to simplify the integral performing integration by parts. Note that

the boundary term vanishes since lim;_,q % =0 and In(t = 1) = 0. Hence

we are left with

> dt 2 o0 dt
=2 =—— = A,
,C(O{) [ a_l_(a+1)t2 (;‘[2—1 \/Zil_tz’ ( 67)

where we rescaled t — z—jr}t. The above integral can be performed easily and the

Laplace transform is given by

La) = % arcoth (g / Z t 1) : (A.68)

The last step is to realise that one can rewrite the hyperbolic area cotangent, using

its definition in terms of a logarithm, in the following way,

a+1
ar1\ 1. (ViEtL 1 /Vaxit+Ja—1
arcoth :iln = —1In

a—1 [atl _ 4 ) Va+1l—+ya—-1
a—1

1 Va+1++Va—-12\ 1 5
—§ln( i) (a1 )—ﬁln(a—l—\/a —1). (A.69)

The logarithm in the last expression is nothing else than the definition of the hyper-

bolic area cosine, and hence we have shown

£(a) = deosha (A.70)

a? -1
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This is precisely the Laplace transform of the Bessel function Ky(a), Eq. (A.63). We
have hence shown that the left-hand side and right-hand side of our claim (4.158))
share the same Laplace transform. Taking the inverse Laplace transform on both

sides completes the proof.

A.6. Integration Over the Vectors h; and hs in
Eq. (4.170)

In this appendix we perform integration over the N — 2 component vectors h; and

hy in (4.170)), thus deriving the result (4.171)). Note that y11, y22 and ¥y in (4.170)) is

a short-hand notation with y;, = h]THg,l_Qhk. This suggests we need to perform the

following integrals

L = /dh e M MRTAR)", m=0,1,2, (A.71)
Ly = / dh, / dhy e Fhm=Fhiha (T A ™ =2, 4, (A.72)
Iy = / dhydhy e~ TRm=Fhhe (BT A B ) (RT A hy)(RT A hy)?, (A.73)

where we abbreviated A = Hy',. Note that this matrix is real symmetric. The

simplest integral is I; o which is Gaussian with the solution

(N—2)/2
2
[1,0 - <?ﬂ-) . (A74)

I1 1 can be calculated by diagonalising A = OT diag(a; .. .a,)O and absorbing O into
h by changing Oh — h. The Jacobian of this transformation is unity and h’h

remains invariant. The resulting integral reads

n n (N—2)/2 (N—2)/2
epT 2 1 2 Tr A
[1,1 — g a; /dhe 2h hh? = E a; (7) E = (7) c . (A75)
Jj=1

J=1
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In the same fashion we calculate I; o and after diagonalising we get

ho= 30 [ahe 5w Yo, fane g
J

i#k
(N—2)/2
2T 1 9
= (7> g 326% +ZCL¢CLJ‘>
i i#j
-2z o [ 2
2T 1 9
(e ()
o\ (N-2)/2 ) ) )

where we used that (3, x;)* = > . 27 + > iz LTk Next we also need the integrals
which feature two vectors h; and hy. We start with /59, and after diagonalising and

using the same identities as above we get
ho=Ya? [ahy e Hm ) [ang e 2y
J

f2 / dhy e MM i n} / dhy e~ FhEhe i
JFk

4 2\ (N—-2)/2 1 4 2 (N—Q)/2T AQ
Sy (L) L (L) rA (A.77)
; C1Co C1Co C1C2 C1Co

Note that the integrands in the second line feature odd powers of Al and hj, such

that those integrals vanish completely. This fact also helps in calculating the next
integral, I 4, which is a bit more complicated because of the 4th power, which gives
(hT Ahy)* = D ik azajapahi AR Ry R hERL. However, we only need to keep the
terms with even powers, i.e. for ¢ = j = k = [ and if two indices coincide pairwise,
viz,i=j#k=1,i=k+#j=1and i =1+ j =k, such that the integration reduces
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to

+3§:aak/ﬁh“’?”“%Mfuﬁf/ﬁhﬂf?@magmeQ

i#k
47T2)(N2)/
= — 3 CL + CL
<0102 32 z]: ;
A (N-2)/2
= — — [2Tr A* + (Tr A*)?] . A.T8
(01C2) C%C% [ : +( ' ) } ( )

Last we need to calculate I5, and the term in the integrand written in index-notation
reads (hl Ahy)(hl Ahy)(hT Ahy)? = Zijkl(hﬁ)%{hﬁ(h’;)%%hé. Again, only terms
with even powers contribute, and hence we can restrict to terms with j = [, such that

the summation reduces to

> wdiag (k) (h])*(h5)* (h3)?

i3,k
- Z () (R3)* + > ada;(hy)* (hy)* (h)” (A.79)
i#]
+ Zaz DA+ D aiafar(hy)*(h])?(hy)? (3)*.
i#] i#5k#]

Integration of this then yields
A2\ N=2)/2
3_(5) 0%2 92@ +6Zaaj—|- Z azaak
i i#£] i#£5,k#j

4x?\ VA2
— (—) - [Tr AH(Tr A +4Tr A°Tr A +4Tr Aﬂ ) (A.80)
CiC3

C1C2

With these six identities for 119, 111, 11,2, 122, I24 and I3 we have now all ingredients
at hand to perform the h; and hy integration in (4.170f), which leads to the solution
(4.171]).
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A.7. Simplification of Eq. (4.186

The correlation function

H
R(z) = | det ‘ , (A.81)
det(H? + £3)1/2
GOE, N>

which can be interpreted as the characteristic function of the probability distribution

of a single off-diagonal element K, of the K-matrix (see Section [5.2.2)), is a special

case of the correlation function 0;0,wp1, —wp1, Wpe, —wpy) calculated in Sec-

tion[4.5.2f with wg; = x and wpe = 0. In this appendix we show that its representation
as two-fold integral, Eq. (4.186)), can be simplified to

rea) = 2 (Elsatoln + [~ aysat). (2.8

||/

First note that the integrand is a function of z%/J%. Hence for simplicity we choose
J = 1 and restrict to the case of x > 0. The result for arbitrary J and x can be

recovered by replacing x with |z|/J.
While R(x) in (A.82)) cannot be expressed by elementary functions, its first deriva-

tive takes the particularly easy form

R(z) = 22Ky (z). (A.83)

™

Taking the derivative of the two-fold integral representation on the other hand gives

_Cz o=@l [ 1 ( 11 22 )}
R'( d / d e — +—+ —(q +
/ o e G T B QR + ¢ 172 @ G 2 (@1 + )
{(ql — )1y { 1 (1 — Qz)] (1 + q2) 1o { (1 — g2 } }

1+ q)(1+ 3 2
% ( %2(2 Q2) X g i .
05 (1 +a)?  ae(a+q)

(A.84)
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To prove the above statement we hence need to show

0 [on [t (2o o)
{(Q1 — @)1y [ e cn)] (¢1 +a2)1o {%2((11 - %)} }
X{<1+ql><1+q2>+ 3,2 }

aiqs (1 +@)?  aela+e)

(A.85)

with some constant C' independent of = (the same C' as in (4.186))). The first step is
to replace = by /z (this is valid because > 0) and to take the Laplace transform
on both sides of Eq. (A.85)). For the left-hand side we use formula 6.614.5 from [59],

/Ooodx Ky (V) exp(—ax) = é\/g exp (%) [Kl (i) —ho (é)} . (89)

where « is the Laplace variable. On the right-hand side we use 6.611.4 from [59] (valid
for Re(8) > |Re(7)| and Re(v) > —1)

/Ooodx I,(yz) exp(—fz) =" (5 _\/67‘262_;:2)”. (A.87)

Here 8 =a+ 1(q1 + @), v=0o0r v =1 and 7 = {(q1 — ¢2). After some cancellation,

this allows us to write the right-hand side of the Laplace transform as

— 1/1 1
—WC/ dgq / dgo |Q1 ¢| exp [—— (— + —)}
AT 2\ @

(A.88)
1) U(q1,q2),

(\/204+Q1\/2&+Q2

where we abbreviated the last line in Eq. (A.85)) with ¥(¢, g2). The above equation

223



A. Appendix

consists of two terms, where one is independent of «, viz.,

— 1/1 1
L(a) = +277004/ dQ1/ dgg ——F—— 60— | eXp [—— (——i——)}
Q@G + ¢ 2\qg1 @ (A.89)
Q1,Q2)
V2a+ qiv2a+qp
where

|Q1 - Q2| [ 1 ( 1 1 )}
= —nC d / d eX — | —+— )| Y(q1,q). (A.90
/ N & QRVG + ¢ P12 @ G (41:42)- )

If our assumption (A is correct, one should expect £(0) = [;"dz K1(y/x ) .
Next we substitute ¢; — «/¢; and ¢ — a/go, which 1mphes dg1dgs — q2q2 dq1dgs.
142
This gives

2rC [ > g — gl exp [—5= (a1 + ¢2)] U(qr, g, )
L(a) = L(0 +—/ d / d 20 , (A9l
(@) © a’l? J o 0 & V@ + V14201 + 2 (A.91)

209192 302 q1q2

. A .92
a+q¢ (+¢)? ( )

Vg 02,0) = (@ +@)(a+a) +

Now we change variables again with the transformation v = a(q1 + ¢2), v = ¢1 — ¢o.
Since ¢; and g9 are positive, and the integrand is invariant under exchanging ¢; and

(2, the integration range is given by v € (0,u) and u € (0, 00), and

vexp [—3ul T (u, v, )
La) = 2@3/ du/ dv NN GETTEE (A.93)

where

. 2 3
U(u,v,a) = a*(u? + 6u+7) —v° (1 et @) : (A.94)

The v-integration thus takes the particularly simple form

“a?A(u)v — B(u)v?
/0 dv NG (A.95)
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which can be done in closed form using the identities

dvw dv v? Va2 —v?
V& =2,

Vi -t V- 3

Then, with A(u) = u? + 6u + 7 and B(u) = 1+ 2 + 5 the Laplace transform of the
right-hand side is given by

(2a* + v?). (A.96)

7C [—%u

L(a) = L(0) + 6 /Ooodu %{3&2/1@)(1 + au) — 2B(u)(1 + au)?

— V14 2au[3a*A(u) — B(u)(2 + dau + 3a2u2)]}.

(A.97)

Note that A(u) and B(u) are related, A(u)

the Laplace transform in terms of just B(u) as

4(u + 1) +u*B(u). Hence we express

L(a)=L(0) + %53 /Ooodu #{(1 + au)[1202(u + 1) + B(u)(o*u* — 4au — 2)]

— VI 20u[1202(u + 1) — 2B(u)(1 + 2au)]}.
(A.98)

We can calculate £(0) following the exact steps as before, which gives the result

£(0) = —% OmduW(mu(u—i—l)%—tﬁB(u)) — —120v27C,  (A.99)

where the integral was calculated using (see e.g. formula 3.381.4 in [59)])
/ dovz" e = uI'(v), Re(u),Re(r)> 0. (A.100)
0

As mentioned above one should actually expect £(0) = m which suggest that one has

to choose C' = — 12\1/5. Note that the integral representation of £(0) appears also in

(A.98)), but with a different sign, such that those terms cancel and

L(a) = ng; /Ooodu W{[moﬂ(u + 1) — B(u)(3a*u® + 6au + 2)]

— VT 20u[1262(u + 1) — 2B(u)(1 + Qau)]}.

(A.101)
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Next we pick the polynomial term of the integrand, given by 12a?(u+1)—3c?u?B(u) =
3a?(—u?+2u+1). With (A.100)), integration over these terms vanishes since one gets
a term proportional to I'(1/2) 4+ 4I'(3/2) — 4I'(5/2) = 0, and the Laplace transform

simplifies to
wC (< ew[hl
L(a) = 307 ), du T{Ga (u+1)vV1+20u

(A.102)
+ (1 + % + %) Bau+1—(1+ 2au)3/2]}.

The integrand is now in a form which makes it amenable to series expansion. To that

end we use the Taylor expansion of the square root,

V14 2au = jzo b;(2au), b = (1(:;;J)ii{;;4j (A.103)

The square-bracket in the second line of Eq. (A.102) can then be written as

3au + 1 — (14 20u)*? = 3au + 1 — V1 + 2au — 20u/1 + au

=3au+1—by— Y (b +bj-1)(2au) = =Y (bjga + bjg1)(2au) ™, (A.104)
j=1 Jj=0

where in the second line we used by = 1 and b; = 1/2, such that the zeroth and first
order terms cancel. Eq. (A.102)) can hence be written as

——% N u—exp(—%) 3 au) {3(u j
L(o) = ——— 0 d NG ;0(2 )7 {3(u + 1)b; 105)

—2(u® + 2u + 3)(bj12 + bj11) } -
Next we interchange summation and integration and use

V2 (25)!

j12i

exp(=5) i iviep
————22y] = 2D (j 4+ 1/2) =
0 Vu

where we used that the Gamma function for integer j can be expressed via the given

(A.106)
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factorial ratio. This allows us to obtain the solution in terms of a series,

2O & N 27 +2)! @)Y,
La)=-—5, ; {3 (2(]_+1)!+ 7! )b] (A.107)
27 +4)!  (25+2)! (29
9 (4(j—|—2)!+ G +3 i )(bj+2+bj+1)}~

Using the definition of the b;, Eq. , one notices that all terms in the curly
bracket have the common factor (—4)77[(25)!]?/(5!)3. Writing this factor in front of
the bracket it is then easy to verify that the remaining terms in the bracket simplify
to the term 18;5/(1 — 2j). This implies that the term for j = 0 in the sum vanishes,

and combining the results one finally gets

120270 KT (29)1° (—a)
Hla == Zl } (-1

o i W1 —2j)40° (A-108)

J=1

We compare this result to the series expansion of the Laplace transform of Kj(y/x),
Eq. (A.86). To that end we use the following formula for the asymptotic expansion
of K,(1/2) (see e.g. 8.451.6 in [59])

o () B ey

For v = 1 we use the recurrence relation zI'(z) = I'(z 4+ 1) to express the ratio of

1425 I(1/2+5)
1—2j T(1/2—5)"

the two Gamma-functions as Furthermore one can express this ratio

: 12
via factorials since j is an integer, Eéigfég = [%} (221])]. Hence Eq. (A.86]) can be

represented by the series

e (w) 9 () - (%) .

o] e [ 5] oo v

J= 1

This is precisely the series expansion of L(«) in Eq. (A.108) for the choice C' =

— 12\1/5. This shows that the Laplace transform of the right-hand side of Eq. (A.85)
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(with # — /x) is equal to the Laplace transform of K;(y/x). Taking the inverse
Laplace transform of both sides finally proves that the statement (A.85) is true which
furthermore implies that the correlation function R(x), Eq. -, for J =1 and
x > 0 is proportional to xKy(z) + fw dy Ko(y). The result for arbitrary x and J can
be obtained by replacing  — |z|/J as discussed in the paragraph after Eq. (A.82),
and the proportionality constant can be obtained by considering the limit x — 0. In
this limit Eq. becomes unity and

tim 22 e, (@) +/|°O dy Ko(y) = /OoodyKo(y) -7 (A111)

z|/J

such that the proportionality constant is 2/7 and the final solution of the correlation
function is given by Eq. (A.82).

A.8. Consistency Between (4.195) and Brouwer’s

Conjecture

This appendix is taken from [14]. We show that the characteristic function of the
probability density P(K) in the case M = 2 given in Eq. is fully consistent with
the claim that P(K) oc det[1 4 K?2]7%/2. For the particular choice y,z; = —ypxy = Y
the expression Eq. is equivalent to Eq. (for brevity we choose v = 1).

Our task then amounts to demonstrating that
/dK exp <% Tr KX) det[1 4+ K273/ o 2Ky () +/ dy Ko(y), (A.112)

where X can be chosen diagonal, X = diag(z,—z). Since K is symmetric we can
diagonalise it by an orthogonal transformation, K = O diag(ki, k2)OT. Choosing for
O the standard parametrization of a 2 x 2 orthogonal matrix, the left-hand side of
Eq. then simplifies to

|k1 | " La(k1—ka) cos(2¢
/ dk:l/ ke 7 3/2(1+k2)3/2/ dgp ez F1k) cos20), (A.113)
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The integral over the angle yields the Bessel function JO(M), which can also be
written in the form [ d¢es**1=*2)5n(20) Now note that 1(ky — ko) sin(2¢) = — K,
which allows to present Eq. (A.113]) in the form

/ dK exp(—izK ) det[l + K273/, (A.114)

This is precisely the Fourier transform of P(K3), and in Section we show that it
is proportional to z Ky(x)+ fxoo dyKo(y). This shows the validity of the claim (A.112)).

A.9. Derivation of the Level Density at the Edge for
the GUE

In this appendix we derive the level density at the spectral edge for the GUE. At the
same time this can be seen as a verification of the characteristic function of the GUE
edge distribution for a diagonal K-matrix element.

As explained in Section the level density p(E) can be obtained from a gener-
ating function, see Eq. , which we write in the form

1 d 7 N det(E~ — H)
E)= ——=Re | —Z(F Z(E =
pLE) = iz Re [dx (E”,2) ;p:o} , Z(Ea) <det(E— +ixN-2/3 — M) >H
(A.115)
where £~ = E — ie has a small negative imaginary part, the limit e — 0 is implied.

2/3

Compared to ([2.67]) we changed s = —ixz N~*/°. Since the whole imaginary part of the

denominator should be negative (to ensure the correct sign of p) we require x < 0.

Now notice that the form of the generating function is the same as the characteristic
function of a diagonal entry of the K-matrix, compare e.g. with (3.7) or (5.71]). This

suggests one can compute the level density at the edge from the result we obtained
for the characteristic function at the edge, given in Eqgs. (5.72al5.72b)), i.e.

Z(24 EN72B 2 < 0) ~ie NV TALE) o (€, 2) — AV() al, 2)], (A.116a)

alé, ) :/ dr e~ iTEtT?/3)rar —i/ dTeTg_Tg/?’H”, (A.116D)
0 0

where the limit e — 0 has already been performed. The dashes denote the derivative
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with respect to £. To obtain the level density we need to take the derivative of Z with
respect to x at = 0 and take the real part of the result. This yields

p(2+ EN%) = — Z[AI(€) Re/(€,0) — AV(€) Rea(¢, 0)]

Ai(§) Tm 0/ (&, ) |o=o — AV'(§) Tm La (€, 7)[a=o)-
(A.117)

B 7TN1/3[

Next we need to compute the a-related terms in the above equation. We start with

Re[a(¢,0)] = Re {/ dr ei(Te+T/3) +i/ dr 675—73/3]
0 0

= /OOOdT cos(7€ + 7°/3) = 7 Ai(€), (A.118)

where we used that the integral in the second line is an integral representation of the
Airy function Ai(§). This result further implies Re[a/(€,0)] = m Ai'(€). On the other

hand one has

Im[%&(g)x)’xzo] — Im |:—/0‘ dT Tei(T£+T3/3) _/O dT 7_67'57'3/3:|

_ / Cdrrsin(re + 73) — w AV (©), (A.119)
0

which further implies Im[-La/(&, x)|,—0] = mAi”(€). Substituting these expressions
back into Eq. (A.117)) we observe that its first line vanishes, and the second line yields
the desired result

1

p(2 + éN_2/3) - N1/3

[AT'()* — Ai(g) AI"(€)]. (A.120)

This is precisely the level density at the edge of the GUE-spectrum as given in
Eq. (1.11)).
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A.10. Limit of the Edge Distribution

In Section the probability distribution of a diagonal K-matrix element at the edge
E =24 ¢N72/3 of the GUE-spectrum was calculated, see Eq. (5.78)). In this appendix
it is shown that in the bulk limit £ — —oo the Cauchy distribution is recovered.

The distribution (5.78) comprises two terms, Pe(k) = Pe1(k) + Peo(k), we start
with

3 T+ 1K

Pea(k) = %Re {/OoodT exp {z (57 + 13)] AT + I AT() } : (A.121)

We rewrite this term in the following way: First introduce the integral

1(¢) = /0 gy SR L+ T3] (A.122)

T+ 1K

Then the term (A.121)) can be written in terms of I as

Pea(s) = = Im [AIE)I'(6) ~ AT(ET(E)] (A123)

This means we need to determine the limit of large negative ¢ for Ai(¢) and Im ()
and their derivatives with respect to &.

We start the analysis with the Airy function. We use its integral representation

1 o 1 . & . 1
Ai(=¢) / dte‘st?’*’ft:;/—f dt e G0, (A.124)

27T —0o0 —00

where we substituted t — /&t. The exponent is purely imaginary and its derivative
vanishes at +1. This makes the large-{ analysis particularly easy since there is no
need to deform any contours and one can follow the standard procedure expanding the
exponent to second order around +1 and —1, respectively, performing the Gaussian
integrals and adding both contributions together. As they are complex conjugates of

each other we may combine them to a trigonometric function and the final result is

1

AI(_€> ~ ﬁ€1/4

2.5 T
Ccos (553 2 — Z) , (£ — o). (A.125)
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The derivative of Ai(—¢) can now be obtained in the same manner, or simply by
taking the derivative of (A.125) w.r.t. —¢& (only keeping the highest order term).
Either way yields

AV(—€) ~ S <2§3/2 - f) (€= ). (A.126)

Next we need to perform the integral I(—¢) given in Eq. , in the limit of
large £. Substituting 7 — /€7 we can compute its large-N limit in the same fashion
as for the Airy function. The saddle points are again given by £1, but only the point
at +1 contributes due to the integration range. The imaginary part of the solution
then takes the form

—6)] ~ —1/4 exp (—Z¢3/? i)
= Im{ VE+ik

L (oD et (fen D)

&+ K2 4 4

The derivative of the above equation with respect to —¢&, keeping only the highest

order term, is consequently given by

Im(I'(~¢)] & —v/7 /4 Im {eXP (=56 + %) }

K — /&

= _—f ﬂ2 [551/4 sin (;53/2 — %) — &3/ cos (%53/2 — %)1 : (A.128)

After substituting our findings into Eq. (A.123) and simplifying the expression, all

the sines and cosines vanish and we are left with

Pe(k) ~ Q/E/; (A.129)

The second term in (5.78) is given by

Peo(k) = O(k) [Al(§)r — AT'(€)] exp (/{f — %/{3> . (A.130)
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We now replace the Airy function and its derivative by their appropriate asymptotics.
This yields

P_ealr) # 0 exp (‘“g B é“?’)
y [ﬁ o (ggs/z B %) K — /% gin (253/2 _ %)] , (£ — o0).
(A.131)

For k < 0 this term vanishes due to the Heaviside-Theta function. For x > 0, on the
other hand, the term is exponentially small in £. Hence Pe (k) is always negligible

compared to Pe;(k) for large negative &, and the final result is already given by
(A.129) which is a Cauchy distribution as expected.
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