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Abstract

The diversity in observed planets and planetary systems has raised the question of
whether they can be explained by a single model of planet formation or whether
multiple models are required. The work presented in this thesis aims to examine the
oligarchic growth scenario, to determine whether the core accretion model, where
planets form bottom-up, can recreate the observed diversity. I begin by exploring
how changing model parameters such as disc mass and metallicity influence the
types of planetary systems that emerge. I show that rapid inward migration leads
to very few planets with masses mp > 10M⊕ surviving, with surviving planetary
systems typically containing numerous low-mass planets. I examine what conditions
are required for giant planets to form and survive migration, finding that for a planet
similar to Jupiter to form and survive, it must form at an orbital radius rp > 10 au.
In the second project in this thesis, I update the physical models before examining

whether a broader range of parameters can produce planetary systems similar to
those observed. I find that compact systems of low-mass planets form in simulations
if there is sufficient solid material in the disc or if planetesimals are small, thus
having increased mobility. I also find that giant planets can form when the solid
abundance and mobility of planetesimals are high, however they all undergo large-
scale migration into the magnetospheric cavity located close to the star.
For the final project of this thesis, I examined the effects that disc radial structur-

ing has on the formation of giant planets. I find that by including radial structures,
numerous giant planets are able to form at large orbital radii and survive migra-
tion. The observed period valley between 10–100 days is also recreated, of which I
attribute to disc dispersal late in the disc’s lifetime.
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1 Introduction

1.1 Known Planets

In recent years the number of extrasolar planets, planets that orbit stars other than

the Sun, has increased dramatically. The first of these extrasolar planets, or exoplan-

ets for short, were PSR B1257+12 b and c (recently named Draugr and Poltergeist

by the IAU (2015)), confirmed in 1992 through observing timing variations in the

signals received from the central pulsar (Wolszczan & Frail, 1992). Three years

later, the first exoplanet orbiting a main-sequence star was discovered by Mayor

& Queloz (1995). This planet, 51 Pegasi b (also known as Dimidium) discovered

using the radial velocity technique described below, has a mass of approximately

half that of Jupiter, but orbits its parent star with a period of only 4.23 days. The

discovery of this planet established a new class of exoplanets, hot Jupiters. Over

the next 10 years, a further 150 exoplanets were discovered, with the majority of

these being giant planets either orbiting as hot Jupiters (Butler et al., 1997), or as

long-period Jupiters (exoplanets of mass comparable to Jupiter orbiting with pe-

riods greater than 100 days) (Mayor et al., 2004). The discovery of mainly giant

planets, showing little diversity in the types of planets dissimilar to that seen in the

Solar System, inspired numerous missions and instruments, such as; Corot, Kepler,

HARPS, with the aim of improving the diversity of exoplanets discovered, allowing

the Solar Systems’ place in the Galaxy to be put into perspective. Over the past

10 years, these missions have dramatically increased the number of exoplanets con-

firmed to 1629 (Han et al., 2014). Kepler alone has discovered 942 of these to date,

thanks in part to its continued observation of a region in the constellations Cygnus

and Lyra for over 3 years. A wide diversity in the properties (both orbital and

physical) of these newly discovered exoplanets is now apparent, as well as a wide

diversity in planetary system architectures. Diversity in exoplanet properties ranges

from short period super-Earths such as Corot-7b (4.8 Earth masses with period 0.85

days) (Léger et al., 2009) and Kepler-10 b (4.55 Earth masses with period 0.84 days)

(Batalha et al., 2011) to the very long period massive planets detected via direct

13
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imaging such as Beta Pic b (8 Jupiter masses with semi-major axis 9 au)(Lagrange

et al., 2009) and HR 8799 b (7 Jupiter masses with semimajor axis 67 au)(Marois

et al., 2008).

1.1.1 Planetary System Architectures

It is not only important to discuss the diversity amongst exoplanets, but also the

types of planetary systems they reside in. Over 63% of exoplanets discovered are

found in multi-planet systems (Han et al., 2014), with KIC 11442793 containing

seven planets, the most populated planetary system known apart from the Solar

System (Cabrera et al., 2014). KIC 11442793 has been likened to a compact Solar

System, with two giant planets orbiting on long periods, exterior to an inner system

of five smaller planets. Not every planetary system is similar to the Solar System.

Thus observing the diversity in planetary system architectures, and their respective

occurrence rates is of great importance in understanding how common the Solar

System is in the Galaxy. As mentioned, there is a compact analogue to the Solar

System (KIC 11442793 ), but as yet, no other planetary systems hold any significant

common properties to the Solar System.

Planetary systems containing hot Jupiters (51 Pegasi for example) were among

the first to be discovered since they contain large signals for multiple detection

techniques. More recently, further searches have been performed attempting to

discover how lonely hot Jupiters are. Many hot Jupiter systems have been found to

contain giant planets on longer periods, (e.g. HD 187123, Butler et al., 1998; Wright

et al., 2009). However it is currently difficult to discover low-mass companions to

hot Jupiters, mainly due to their signals being significantly weaker and harder to

detect. Recent work however has been able to discover super-Earth and Neptune

mass companions to a hot Jupiter. Wasp-47 was originally known to contain a hot

Jupiter with a 4.2 day period (Hellier et al., 2012), but more recent analysis using

HARPS and K2 (the successor to the Kepler mission (Howell et al., 2014)) has since

discovered a super-Earth orbiting interior, and a hot Neptune orbiting just exterior

(Becker et al., 2015), whilst a cold Jupiter in the same system was also recently

discovered (Neveu-VanMalle et al., 2016).

Numerous Systems of cold Jupiters have also been discovered, again due to the

strong signals they impart on observed stellar radial velocities. Systems with cold

Jupiters range from containing a single cold Jupiter (e.g. 16 Cygni B, Cochran

et al., 1997), to also containing low-mass companions (e.g. Kepler-68, Gilliland

et al., 2013), or in many cases, multiple cold Jupiters (e.g. HR 8799, Marois et al.,
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2008). Again the planetary systems found here are by no means complete, as more

planets could be found in the future when these systems are analysed with greater

precision.

Another type of planetary system recently discovered by Kepler are low-mass

compact planetary systems. Kepler-11 is the best known of these systems where

six planets, all smaller in size than Neptune, orbit their parent star with periods

less than 120 days, with five of the planets having periods less than 50 days (Lis-

sauer et al., 2011). Though the planets in these systems appear to be compact,

a paucity of first order mean-motion resonances has been observed, with very few

systems being in strict mean-motion resonance (Fabrycky et al., 2014). The period

ratio distribution shows features in the vicinity of 2:1 and 3:2 resonances, suggest-

ing that they have been dynamically important in the past, but some systems have

been found to be in strict mean motion resonances, Kepler-60 for example (Steffen

et al., 2012). Another characteristic of some of these systems is the diversity in

densities, especially those of neighbouring planets thought to have similar formation

histories (Jontof-Hutter et al., 2015; Marcy et al., 2014; Wu & Lithwick, 2013), of

which Kepler-36 provides a good example where two planets orbiting close to the

7:6 resonance have dramatically different densities (Carter et al., 2012). It has also

been questioned whether giant planets and compact systems are mutually exclusive

or whether they can both form in tandem. Recent work has shown that long period

giant planets may be present around stars with low-mass compact systems (Uehara

et al., 2016).

The observed exoplanet diversity raises the question as to whether a single model

of planet formation can explain the origins of these systems or whether multiple

models that operate under different conditions are required. For example a model

of core accretion close to the central star operating on long time-scales could ex-

plain the planets at short periods (Hubickyj et al., 2005; Pollack et al., 1996), while

gravitational collapse of fragments at large orbital radii on short time-scales might

explain the formation of long-period giant planets (Boss, 1997; Forgan & Rice, 2013;

Stamatellos & Whitworth, 2008). Another complication for these models, is the ne-

cessity for them to explain the diversity in planetary system architectures as well as

that amongst the internal composition of the planets.

A large body of related work that has used n-body simulations to examine planet

formation, in the presence of a gas disc, has been published in recent years. For

example, Papaloizou & Larwood (2000) examined planetary growth through planet-

planet collisions using n-body simulations combined with models for migration and
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eccentricity/ inclination damping. McNeil et al. (2005) and Daisaka et al. (2006)

examined the effects of type I migration on terrestrial planet formation. Fogg &

Nelson (2007, 2009) examined the influence of type I migration on the formation

of terrestrial planets in the presence of migrating Jovian-mass planets. Terquem &

Papaloizou (2007) examined the formation of hot super-Earths and Neptunes using

n-body simulations combined with a prescription for type I migration, and a disc

model that included an inner cavity created by the stellar magnetosphere. McNeil

& Nelson (2009, 2010) performed large-scale simulations of oligarchic growth to ex-

amine the formation of systems containing multiple super-Earths and Neptune-mass

planets, such as Gliese 581 and HD 69830. More recently, Hellary & Nelson (2012)

examined the influence of disc-induced corotation torques experienced by low mass

planets on the formation of planetary systems, using simple disc models with power-

law surface density and temperature profiles. Cossou et al. (2013) have examined

how planet convergence zones, generated by the combined action of outwardly di-

rected corotation torques and inwardly directed Lindblad torques, are shifted in

multiple planet systems by the influence of orbital eccentricity on the strength of

the corotation torque. In follow-on work, Pierens et al. (2013) have examined how

corotation torques can assist in the formation of giant planet cores.

An alternative approach to simulating planet formation using n-body simulations

has been planetary population synthesis modelling, as exemplified by Ida & Lin

(2010); Ida et al. (2013); Miguel et al. (2011a,b); Mordasini et al. (2009, 2012).

These Monte-Carlo approaches have the advantage of computational speed over n-

body simulations, enabling coverage of large areas of parameter space, hence allowing

statistical comparisons to be made with observations. Computational efficiency also

allows sophisticated models of gaseous envelope accretion to be incorporated (e.g.

Mordasini et al., 2009). One significant disadvantage associated with these Monte-

Carlo approaches is that planet-planet interactions are generally neglected, although

recent work has started to address this issue (Alibert et al., 2013; Ida & Lin, 2010).

The medium-term trajectory of this subject area is clearly towards convergence be-

tween the population synthesis and full n-body approaches.

To begin answering the question of how observed planetary systems form, global

models of planet formation that allow the formation and evolution of these sys-

tems over a large range of orbital length scales need to be constructed. In this

thesis, I present the results of simulations of oligarchic growth, performed using

the Mercury-6 symplectic integrator (Chambers, 1999) that compute the dynamical

evolution and collisional accretion of a system of planetary embryos and planetes-
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imals. This is combined with a 1-D viscous disc model that incorporates thermal

evolution through stellar irradiation, viscous dissipation and blackbody cooling. The

migration of low mass planets is modelled through implementation of the torque pre-

scriptions given by Paardekooper et al. (2011), including the effects of corotation

torque saturation. Gap formation and type II migration of gap forming planets

is modelled self-consistently using the impulse-approximation approach first intro-

duced by Lin & Papaloizou (1986). The simulations also incorporate models for

gas-envelope accretion, enhanced planetesimal capture by planetary atmospheres,

and gas disc dispersal through photoevaporation over Myr time-scales. In chapter

3, I explore the range of model parameters including disc mass, metallicity and

planetesimal radii to examine their influence on the types of planetary systems that

emerge. I update the physical models and use this updated version in chapter 4 to

examine whether or not the models can produce planetary systems that are similar

to those that have been observed, and if so under which set of conditions (e.g. disc

mass, metallicity, planetesimal/boulder sizes) do these systems form. For my third

and final project presented in chapter 5, I address the question of whether or not ra-

dial structuring of a protoplanetary disc, because of spatial and temporal variations

in the viscous stress, can prevent accreting giant planet cores from rapidly migrat-

ing inwards because of the ‘planet traps’ created by the surface density variations

(Masset et al., 2006).

1.2 Detection Methods for Extrasolar planets

Before I can begin to examine the formation of planetary systems, it is important

to understand the techniques, and their associated biases, that have been used in

discovering the current exoplanet population. Currently there are six known meth-

ods that are used for detecting exoplanets. This section contains a short overview

of these techniques, whilst a more thorough review has been published by Wright

& Gaudi (2013). Figure 1.1 shows the masses and periods of currently confirmed

exoplanets, where colour-coding denotes the method of discovery, whilst table 1.1

shows a quantitative comparison of the number of exoplanets discovered by each

method.

1.2.1 Transit Method

If an exoplanet’s orbital plane appears edge on to an observer, i.e. its inclination

(the angle of the orbital plane relative to an observer), is ∼ 90o, then it will pass in
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Figure 1.1: Mass versus period plot for observed planets, with different colours de-
noting different detection techniques. This plot was produced by the
author on 21st March 2016 using data from the exoplanets.org website
(Han et al., 2014)

front of its parent star causing a reduction in observed stellar flux. The likelihood of

an exoplanet having an orbit that crosses the line of sight between the observer and

parent star is proportional to the ratio of a star’s radius and the semi-major axis

of the exoplanet. Thus the probability of detection decreases the further away an

exoplanet orbits its parent star, making the transit method most effective for planets

orbiting close to their parent star. The reduction in observed stellar flux that an

exoplanet induces is directly proportional to the ratio of cross-sectional areas from

the planet to the star, given as:

∆F∗

F∗

=

(

Rp

R∗

)2

(1.1)

Since small planets have small cross-sectional areas compared to their parent stars,

they induce extremely small dips in observed fluxes. For example, a planet the size

of Jupiter will cause a drop of just 1 % in the flux of a solar type star, whilst an Earth

sized planet would only give rise to a 0.01% drop. The small reduction in flux caused

by a transiting Earth sized planet is comparable to the cumulation of numerous

systematics, such as stellar jitter. It is necessary to observe the star for multiple
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Method Planets confirmed
Transit 1124
Radial Velocity 470
Direct Imaging 8
Microlensing 16
Timing 10
Transit Timing Variations 1
Total 1629

Table 1.1: A comparison of the number of exoplanets detected by different detection
methods. This table was produced by the author on 21st March 2016
using data from the exoplanets.org website (Han et al., 2014)

orbital periods of the transiting planet, as this gives a sufficient signal to noise,

allowing the systematic effects to be modelled and discounted in an accurate fashion.

It is also necessary to have multiple observations of the same transit signature, i.e. at

different epochs, so that the orbital period of the transit signature can be interpreted

accurately. Typically 3 or more transits are required for confirmation of a planet

causing a reduction of ∼ 1% of the stars flux, whilst even more are required when

the reduction in flux caused by a transiting planet is comparable to the systematic

effects. Other tests are also required to discount false positive signatures, such as

eclipsing binaries or blended objects, as without the exclusion of these ”detections”,

planetary distributions and occurrence rates would be inaccurate, affecting theories

of planet formation, migration and evolution which rely on observations to test their

conclusions.

Due to these reasons of probability of detection and false positive likelihood, it is

necessary to continuously monitor a large number of stars for a long period of time

in order to build sufficient statistics to detect potential exoplanets. For example the

Kepler mission performed a transit survey of approximately 150,000 stars for 3.5

years in the constellations Cygnus and Lyra. With the requirement for 3 transits

per signature, the exoplanet with the longest orbital period detected by Kepler is

KIC 11442793 h with an orbital period of 331.6 days (Cabrera et al., 2014), though

Kepler-421 b with an orbital period of 704.2 days has been confirmed with only 2

observed transits through statistical validation (Kipping et al., 2014). Figure 1.2

shows an example light curve from the Kepler mission, showing the transits for six

planets orbiting Kepler-11 (Lissauer et al., 2011), whilst transit timing variations

have been analysed to obtain mass estimates for these planets.

Additional information such as the orbital eccentricity of the planet can be de-

termined from the shape of the transit (Seager & Mallén-Ornelas, 2003), though
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Figure 1.2: The light curve for Kepler-11 showing 6 transiting planets (Lissauer
et al., 2011).

additional effects such as limb darkening need to be taken into account (Csizmadia

et al., 2013). The properties of an exoplanet’s atmosphere can also be extracted

when an exoplanet passes in front of its parent star, as well as when it passes behind

the star, the latter known as a secondary eclipse. Firstly, as the exoplanet passes in

front of the star, light from the star must pass through the exoplanet’s atmosphere,

where high-resolution spectroscopy can determine elements or compounds that are

present in the atmosphere causing absorption lines in the stellar spectrum. Further

analysis of transit ingresses/egresses can yield information about the atmosphere’s

structure, whilst an exoplanet’s orbital inclination relative to the parent star’s rota-

tional axis can be determined through the Rossiter-McLaughlin effect (McLaughlin,

1924; Rossiter, 1924). Recently, atmospheric wind speeds have been extracted on

a handful of hot Jupiters through further investigation into Rossiter-McLaughlin

observations (Louden & Wheatley, 2015).

1.2.1.1 Transit Timing Variations

As the number of transiting exoplanets has dramatically increased, especially those

in planetary systems containing multiple planets, it has become fruitful to analyse

and determine the effect that each planet has on its neighbours. Transit timing

variations are observables that show the variations in observed transit times, as well

as transit durations. As planets orbit their parent star, they perturb the orbits of

nearby planets, affecting their orbital periods, and thus their transit times. Analysis

of these variations can yield planet masses, e.g. Kepler-11 (Lissauer et al., 2011), or

can also discover non-transiting planets such as Kepler-419c (Dawson et al., 2014).
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Figure 1.3: Top panel: Phase-folded radial velocity measurements centered around
the expected orbital period of Proxima b. Bottom panel: Radial velocity
measurements from the recent Pale Red Dot campaign Anglada-Escudé
et al. (2016)

1.2.2 Radial Velocity Surveys

When planets orbit their parent star, they exert their own gravitational influence

on the star, causing both the star and the planet to orbit the centre of mass of

the combined system. If the orbital plane of the planet is not perfectly aligned with

that of the sky, then an observer would note periodic Doppler shifting of the spectral

lines in the light of the parent star due to its motion along the line of sight. This

radial velocity is dependant on a number of factors in the planetary system as shown

below,

vradial =
mp

M∗

√

GM∗

r
sin i (1.2)

where mp is the mass of the planet, M∗ is the stellar mass, and r is the radial
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distance between the planet and star. As can be seen the magnitude of the radial

velocity signal depends on the mass ratio between the planet and star, and their

radial separation. This results in the radial velocity method being effective at finding

planets that either have large masses, or are orbiting close to their parent star. Since

the radial velocity measured is only a line of sight measurement, the estimated mass

of the planet is only a minimum mass. The orbital period of the planet can be

determined from the periodicity of the signal, since the contribution to the line of

sight velocity from the planet will oscillate between positive and negative values

as the star orbits the centre of mass of the system. Figure 1.3 shows the radial

velocity signal from a planet (Proxima b) with mass mpsini ∼ 1.3M⊕ and a period

of ∼ 11 days orbiting Proxima Centauri (Anglada-Escudé et al., 2016). When there

are multiple planets in a system, each periodic signal can be decomposed from the

radial velocity measurements, assuming that there is high enough signal to noise.

Within the Solar system for example, Jupiter is responsible for Solar motion about

the barycentre of 12 m/s whilst the Earth induces a reflex motion of only 0.1m/s.

There are a number of factors that affect radial velocity observations, making

it more difficult to confirm a planetary signal. These include: long term stellar

variability, granulation of the stellar surface, stellar flaring events, instrumentation

noise, atmospheric seeing and telluric contamination. The culmination of these

different factors generally result in a typical noise level of ∼ 1 − 2m/s, making

it difficult to detect Earth-like planets. Only when an extremely large number of

observations are made, such that there is high signal to noise, is it possible to average

out the noise and detect low-mass exoplanets.

This technique resulted in the first exoplanet discovery around a solar type star,

Pegasus 51 b (Mayor & Queloz, 1995). Since that discovery 470 exoplanets have

been discovered using this technique, allowing statistically significant occurrence

rates to be formulated (Cumming et al., 2008; Santos et al., 2004).

Since radial velocity data only gives the line of sight radial velocity, the mass

determination of a perturbing exoplanet depends on its orbital inclination relative

to the line of sight measured from the plane of the sky. If the radial velocity data is

coupled with transit detections of the same exoplanet then this degeneracy breaks,

since i ∼ 90o for a transiting exoplanet. Combination of the mass from radial

velocity measurements and radius from transit measurements, yields the density of

the planet, enabling conclusions about the bulk composition to be made.
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Figure 1.4: The microlensing event for planet OGLE-05-390L b (Beaulieu et al.,
2006).

1.2.3 Microlensing

If a foreground star passes through the line of sight between an observer and a

background object, the curvature of space-time due to the mass of the foreground

star can create a lensing effect, distorting the image of the background object. This

distortion more precisely causes the background to appear as a ring with a radius

equal to the Einstein ring radius of the foreground star. As it is generally not possible

to resolve the lensing event, this appears simply as an increase, then decrease, in

brightness of the background object as it passes through the “lens”. If a planet is

orbiting the foreground lens star, and its projected separation is comparable to the

Einstein ring radius, then the planet will also act as a lens, increasing the brightness

of the background. An example of a microlensing event is shown in figure 1.4, where

the brightness of the background object increases to a peak, determined by the mass

of the foreground star and the geometry of the system, before decreasing back to its

nominal brightness. The sharp spike observed ∼ 10 days after the peak increase in

brightness is the effect of the orbiting planet OGLE-05-390L b, a ∼ 5.5M⊕ super-

Earth with an orbital period of ∼ 3500 days (Beaulieu et al., 2006).

The downside to these microlensing events is that the probability of such an event

occurring is extremely small, so for proper detection and statistics, large areas of the



1.2: Detection Methods for Extrasolar planets 24

sky have to be continuously observed. Furthermore, microlensing events only occur

once between distinct foreground and background stars, meaning no direct follow-up

observations can be undertaken. However the large advantage of microlensing is the

area of parameter space it is sensitive to on a mass versus period diagram. Whilst

transit and radial velocity surveys are sensitive to either planets with short periods

or large mass planets with long periods, microlensing can be sensitive to low mass

planets on long periods, as it is only the mass of the planet and the geometry of

the lens system that affects possible detection. To date, 16 exoplanets have been

discovered using this technique, with these planets denoted by blue dots in figure

1.1. These discoveries are due to numerous large sky surveys such as OGLE or

MOA.

1.2.4 Pulsar Timing

This method is credited as making the first exoplanet discovery in 1992, that of the

planets orbiting the pulsar PSR B1257+12 (Wolszczan & Frail, 1992). Pulsars are

rapidly rotating neutron stars that emit beams of electromagnetic radiation from

their magnetic poles. If the stars rotational axis is not aligned with its magnetic

axis, the beams’ orientation also rotates, appearing as a regular pulsating signal to

a distant observer. Since the rotation rates of these stars are extremely regular,

any deviation in the timings observed can be used to measure the pulsar’s motion.

These variations can be used to detect orbiting exoplanets similar to that described

in section 1.2.2, but with extreme accuracy that even small planets of fractions of

an Earth mass can be detected. To date, 10 exoplanets have been discovered using

this method.

1.2.5 Astrometry

As discussed in section 1.2.2, an orbiting exoplanet will cause its parent star to or-

bit the centre of mass between the two objects. Whilst the radial velocity method

detects this orbital signature through spectroscopy, it is also possible to detect the

physical movement of the star in the sky. The detection of this astrometric wob-

ble is possible when comparing the star’s relative position compared to a stable

background of fixed stars. When combined with parallax measurements that obtain

the distance to the star, it is then possible to model the periodic oscillations in

the star’s movement, yielding masses and periods of orbiting exoplanets. Though

no such detection via this method has happened yet, it is expected that Gaia will
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Figure 1.5: The directly imaged planets orbiting HR 8799 (Marois et al., 2008).

detect thousands of exoplanets around Sun-like stars within 200 parsecs in the next

few years (Anglada-Escudé et al., 2012; Casertano et al., 2008; Perryman et al.,

2014).

1.2.6 Direct Imaging

While all other methods indirectly detect exoplanets by observing their effects on

stellar fluxes, spectra or motions through the sky, direct imaging directly images

the light emitted from an exoplanet. Directly imaging an exoplanet is extremely

difficult however due to the overwhelming brightness of the parent star compared

to that of the exoplanet, typically many orders of magnitude difference. Detection

of an exoplanet is therefore easiest when the exoplanet and the star are widely

separated, and when observations are performed in the infrared. This allows the

brightness ratio between the star and planet to be at its smallest since exoplanets’

peak thermal emission lies within the infrared. Use of a coronagraph, blocking the

glare of the parent star, as well as adaptive optics also aids in detections. Currently

this technique has detected 8 exoplanets with masses ranging between 0.5 and 9.5

Jupiter masses, and with periods between 20 and 1000 years. The most notable

directly imaged exoplanets are those orbiting HR 8799 (see figure 1.5), 4 exoplanets

with masses between 4 and 10 Jupiter masses, and periods between 45 and 450 years

(Marois et al., 2008).



1.3: Protoplantetary Discs 26

1.3 Protoplantetary Discs

Before it is possible to discuss the formation and evolution of planetary systems, it

is necessary to describe the formation and properties of the protoplanetary disc that

planetary systems are thought to form out of.

1.3.1 Protoplanetarty Disc Formation

As a molecular cloud core collapses under its own gravity, the majority of the mass

falls onto a point source forming a protostar, but a protoplanetary disc quickly

forms as more distant material with higher angular momentum falls inward. As the

core collapses, the disc cools down and its mass decreases as it accretes on to the

star. The collapses of the core on to the disc opens a roughly spherical cavity in

the surrounding envelope, evidenced by lower extinction in the mid-IR emissions

than might be expected from a more centrally peaked core (Enoch et al., 2009).

The system now contains a protostar surrounded by a protoplanetary disc and a

surrounding envelope, and we begin to think of it as a star with a disc, a young

stellar object, instead of a molecular cloud.

Young stellar objects (YSOs) fall into different classes, as described by Williams &

Cieza (2011), separated by the gradient of the spectral energy distribution between

about 2 and 25 µm. Class 0 YSOs are still embedded amongst a more massive enve-

lope, and as such exhibit no optical or near-IR emission. Class I YSOs correspond

to a star with a massive disc, roughly the same mass as the remaining envelope.

Once the majority of the envelope has collapsed on to the star and disc, such the

envelope can be thought to be virtually depleted, the star and disc are considered to

be a class II YSO. The embedded class 0 and I phases last on average for ∼ 0.5 Myr

(Evans et al., 2009). The remaining disc in the class II stage typically has a mass

equal to ∼ 1%M∗, and is typically understood to be when planet formation occurs

(though there is evidence that class I YSOs have planet formation processes in their

discs). Finally class III YSOs have been observed to have negligible envelopes and

low-mass, passive discs with little or no accretion on to the central protostar. The

disc lifetime after the embedded phase is believed to be between 1–10 Myr (Wyatt,

2008).

From early observations of protoplanetary discs (those in the class I-III YSO stage

where the envelope mass was either small or negligible), it was thought that the sur-

face density and temperature radial profiles were smooth and could be approximated

with a power law expression (Williams & Cieza, 2011). However as observing tech-
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Figure 1.6: Left Panel: an image taken by the Hubble Space Telescope showing a
young star surrounded by its disc (estimated to be 7.5 times the di-
ameter of the Solar System) silhouetted against the background of the
Orion Nebula (image credit: C.R. O’Dell/Rice University; NASA, news
release STScI-1994-24c), Right Panel: HL TAU (estimated have a 100
AU radius) with radial structures observed by ALMA in 2014 (ALMA
Partnership et al., 2015).

niques improved through the development of more sophisticated instruments and

telescope arrays such as the Atacama Large Millimeter Array (ALMA), it was found

that protoplanetary discs are not as smooth as was initially thought. Instead, sig-

nificant structuring has been observed in the form of axisymmetric rings (ALMA

Partnership et al., 2015; Zhang et al., 2016). These features have been observed in

both young massive protoplanetary discs (Andrews et al., 2016), and old depleted

discs (ALMA Partnership et al., 2015). The right panel of figure 1.6 shows the

radially structured protoplanetary disc HL Tau, and in chapter 5 I will explore the

possible causes for this structuring before attempting to determine how they affect

the types of planetary systems that form.

1.3.2 Minimum-mass Solar Nebula

In terms of the Solar system, the most recognised model of the protoplanetary disc is

the Minimum Mass Solar Nebular model, or MMSN for short (Hayashi, 1981). The

MMSN model estimates the original mass distribution of the protoplanetary disc

that is thought to have formed the planets within the Solar System at or near their

current locations. In order to construct the model, the total observed mass of heavy
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elements within the Solar System was determined, along with their distributions.

This determination included estimated heavy element masses for the giant and ice

planets, calculated masses for the terrestrial planets, asteroids and comets, and

a further estimate for the amount of dust in the Solar System. Once the total

mass of heavy elements was determined, estimated as 15M⊕, the total mass of the

protoplanetary disc was then derived by assuming that its gas-to-solid ratio was

equal to that found in the Sun. This yielded a total mass approximately 1.5% of a

solar mass, spread out over a disc of radius rd ∼ 40 au with the following surface

density profile:

Σ = 1731
( r

1 au

)−3/2

g/cm2 (1.3)

The associated volume density of the gas is equal to,

ρ(r, z) =
Σg(r)√
2πH

exp(−z2/H2) (1.4)

where H is the local disc scale height. To determine the heavy element profile, it

is only necessary to multiply equation 1.3 by the solid-to-gas ratio, more commonly

known as metallicity.

More recently work has been carried out to attempt to construct a model for

extra-solar protoplanetary discs (Chiang & Laughlin, 2013). These models have

been constructed in an attempt to explain the formation of super-Earths with small

orbital periods, since the traditional MMSN model contains limited heavy element

material close to the central star, insufficient to form super-Earths. However the

necessity and validity of a universal minimum mass nebula is debated, since the

expected mass distributions in observed multiple planet systems produce a diversity

of mass profiles (Raymond & Cossou, 2014).

1.3.3 Snowline

The MMSN model outlines the protoplanetary disc’s surface density profile. The

model by Hayashi (1981) also includes a power law for the temperature of the gas

disc:

T = 280
( r

1 au

)−1/2

K. (1.5)

As can be seen, this equation allows the temperature to vary from 885 K at a dis-

tance of 0.1 au from the star, to 44 K at a much larger distance of 40 au. Within this

range in temperatures, molecules and compounds are able to take different forms,

depending on the local disc conditions. Generally considered to be the most impor-



1.4: Planet Formation Models 29

tant of these compounds is water, where in the inner regions of the protoplanetary

disc it is in gaseous form, whilst at larger orbital radii it is in solid form. Due to the

low density and pressure within the protoplanetary disc, the liquid phase of water is

not possible as there is insufficient force to contain the water molecules in a liquid

form. The lack of a liquid phase results in there being only a single transition region

for water molecules, known as the snowline or ice-line. At the snowline, water ice

crossing into the disc interior to the snowline would sublimate into water vapour,

whilst conversely water vapour crossing into the outer disc would undergo deposi-

tion, transforming directly from a gaseous to a solid phase. The various phases of

water has important implications, especially in the outer regions of the protoplane-

tary disc where water ice is abundant. Here, as neighbouring water ice compounds

coalesce they trap dust as well as other volatile compounds and gases, decreasing

their overall bulk density. This freezing in of dust and volatiles into the ice enhances

the surface density of solids from the nominal value of 7.1g/cm2 interior to the snow-

line to 30g/cm2 exterior, though recent results by Lodders (2003), have suggested

that the ratio should instead be ∼ 2 : 1 instead of ∼ 4 : 1 as in the Hayashi (1981)

model. Obviously there is not such a sudden switch at the snowline from one solid

surface density to the another. Such a discontinuity is non-physical in nature, and

as such is more likely to extend over a region surrounding the snowline, yielding a

much smoother transition. It is worth noting that the fallout of this effect is ob-

served today in asteroid belt compositions, where those in the inner asteroid belt,

thought to have originated interior to the snowline, are volatile poor, whilst those

that originated exterior to the snowline, now orbiting in the outer part of the belt

are volatile rich (Gradie & Tedesco, 1982). It is within the protoplanetary disc,

that planetesimals and protoplanets are thought to form. I will now discuss the two

main avenues of planet formation: the gravitational instability model, and the core

accretion model.

1.4 Planet Formation Models

1.4.1 Gravitational Instability

When protoplanetary discs are sufficiently massive, they can fragment and collapse

under their own self gravity. This mechanism is thought to be the formation scenario

for Brown Dwarfs and massive giant planets (Boss, 1997; Stamatellos & Whitworth,

2008). The gravitational collapse of these fragments is related to its cooling time
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and the Toomre instability parameter,

Q =
csΩ

πGΣ
, (1.6)

where cs is the sound speed of the gas, Ω is the local disc angular velocity and Σ

is the gas surface density. Gravitational collapse of the disc occurs when Q ≤ 1

and the cooling time, the time taken for a fragment that is hotter/cooler than its

surroundings to return to equilibrium with its surroundings, τc ≤ 3Ω−1 (Gammie,

2001). In typical protoplanetary discs, the outer cooler regions are more susceptible

to collapse than the inner warmer regions. Since collapse is also dependant on Σ−1,

it is more likely to occur in more massive discs.

Typically the gravitational instability model has been used to explain the forma-

tion of massive giant planets at large distances from their parent stars (e.g. the HR

8799 system) (Matsuo et al., 2007), but has been unable to explain the formation

of planets in the inner regions of the disc, where the fragments are unable to form

due to long cooling time-scales. More recently a modified version of gravitational

instability has been proposed, where tidal downsizing of inwardly migrating giant

planets can reproduce the observed exoplanet statistics to some extent (Nayakshin,

2015).

1.4.2 Core Accretion

The other main branch of planet formation is the core accretion model where planets

build from the bottom-up (i.e. from small dust grains into large planets).

Dust and volatile materials that have condensed out of the protoplanetary disc

settle into the disc mid-plane. The settling time-scale is dependant on local disc

density and temperature, the dust grain density, and the local angular velocity

given as;

τs =
3ρcs

4RgrΩ2ρgr
(1.7)

where ρ is the disc density, cs is the sound speed of the gas, and Rgr and ρgr are

the radius and density of the dust grain respectively. Typical dust settling times in

typical protoplanetary discs range from ∼ 104 years at 1 au, to ∼ 106 years at 10

au. As these dust grains settle in the disc mid-plane, they clump together and grow

through collisions (Helled et al., 2014). This continues until they become cm-sized,

where coagulation of dust grains becomes inefficient since grains of this size either

bounce off each other when collisional velocities are low, or fragment when collisions

velocities are high. This is known as the ‘bouncing barrier’ (Blum & Wurm, 2008;
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Kelling et al., 2014; Zsom et al., 2010) which limits the growth of grains beyond cm

scales.

Once grains become large enough, they become uncoupled from the gas disc and

experience aerodynamic drag, beginning to drift in towards the central star. For

example, the drift of cm and m sized pebbles over the whole disc occurs on time-

scales of order ∼ 105 years. This fast drift coupled with the inefficient growth due to

the bouncing barrier makes it extremely difficult for bodies greater than 1 m to form

before reaching the star at the centre of the disc. Recent studies have examined how

to converge drifting pebbles and boulders in common locations. One such theory is

known as the ‘streaming instability’ where pebbles that clump together into a dense

layer accelerate the surrounding gas toward the Keplerian velocity, reducing their

drift rate, since the relative velocity between the gas and pebbles becomes negligible

(Johansen et al., 2007). The concentrations of these pebbles can continue to increase

until they become gravitationally unstable, collapsing into larger kilometer-sized

planetesimals. Collisions, mainly driven by the dispersion in radial velocities could

also occur in the dense layer of pebbles, allowing the pebbles to collide and grow into

larger boulders, which then undergo further collisional growth forming kilometer-

sized planetesimals (Weidenschilling, 2000). As more planetesimals form in the disc,

collisions between them occur, resulting in more massive planetesimals. As these

collisions continue, the most massive planetesimals grow significantly faster due to

gravitational focusing as their collisional cross-sections are increased by a factor of
√

1 + v2esc/v
2
rel, where vesc is the escape velocity from the more massive body, and vrel

is the relative velocity of the less massive body being accreted. Once a small number

of bodies become considerably more massive than the rest, such that their escape

velocities dominate the average velocity in the disc, they undergo runaway growth

quickly doubling their mass. Within the runaway growth regime, the doubling time

is proportional to M−1/3, and continues until the more massive planetesimals begin

to stir the velocity dispersion of the remaining planetesimals in the disc, such that

vesc ≈ v. This regime is known as ‘oligarchic growth’ (Kokubo & Ida, 1998).

When large planetesimals become oligarchs, they no longer undergo runaway

growth since the gravitational focusing effect is less efficient (Kokubo & Ida, 1998).

In this regime the mass doubling time is proportional to M1/3, slower than the run-

away growth phase for the more massive bodies. In this regime, planetary embryos

grow by accreting material in their feeding zones until they reach their isolation
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masses, i.e. the feeding zones become empty. The isolation mass is given by,

Miso =
(4πba2Σs)

3/2

√
3M∗

(1.8)

where a is the embryos location in the disc, Σs is the local solids surface density,

and b is a constant defining the size of the feeding zone, typically equal to 2
√
3.

Multiple oligarchs are typically able to form in the disc, separated by a number of

mutual Hill radii, typically 10.

Since the isolation mass scales as Miso ∼ a3, forming oligarchs have different

masses. In regions close to the star, their masses are small, typically between a

Mars and an Earth mass within the terrestrial zone. This low mass matches well

with expected isolation masses that formed the precursors to the terrestrial planets

in the Solar System (Chambers & Wetherill, 1998). At larger radii, this isolation

mass is on the order of a few Earth masses, consistent with the expected core masses

of the giant planets. Furthermore, the timescale for the formation of these oligarchs

is on the order of a few million years, similar to the disc lifetime. Since these cores

are able to easily form before the end of the disc lifetime, they can begin accreting

gaseous envelopes. If they form early enough in the disc lifetime, they can accrete

significant amounts of gas from the local disc and can undergo runaway gas accretion

to become gas giants. The low hydrogen and helium content in the ice giants, Uranus

and Neptune, compared to gas giants, Jupiter and Saturn, suggests that their core

growth was much slower and that the gas disc had fully dissipated before they could

undergo runaway gas accretion (Lissauer, 1995; Thommes et al., 2003).

The accretion of gaseous envelopes occurs once the escape velocity from the planet

is greater than the sound speed of the local gas disc. Once the accreted gaseous

envelope has a mass comparable to the core mass then the planet can undergo

runaway gas accretion, becoming a gas giant. For low-mass planets this is a very

slow process, since they have low escape velocities, resulting in negligible gaseous

envelopes settling on to them over the disc lifetime. More massive cores will be able

to accrete significant gaseous envelopes and undergo runaway gas accretion before

the end of the disc lifetime. Pollack et al. (1996) found that a 10 Earth mass core

was required for this to occur, but more recent work has found that cores with

masses as low as 3 Earth masses are capable of becoming gas giants before the end

of the disc lifetime if there are reductions in envelope opacity which can arise from

grain growth and settling (Movshovitz et al., 2010).

The core accretion model is typically used to explain the formation of planets

orbiting close to their central stars, including the terrestrial planets in the Solar
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System (Chambers & Wetherill, 1998). However, it is unable to form long period

giant planets (e.g. HR 8799 b-d) except in massive protoplanetary discs where the

gravitational instability model is relevant and more effective. More recently, the

accretion of pebbles on to small cores has been proposed as a formation mechanism

for giant and terrestrial planets irrespective of radial location, both in the Solar

System (Lambrechts et al., 2014; Levison et al., 2015a,b), and other planetary sys-

tems (Bitsch et al., 2015b; Chambers, 2014). Models of in situ formation have also

been proposed for giant and terrestrial planets in the inner regions of the disc. In

these models, planetary migration through interactions with the disc are neglected,

and planets form through the accretion of material in their local vicinity arising

from massively enhanced solid surface densities compared to those found in typical

models of protoplanetary discs (Chatterjee & Tan, 2014, 2015; Chiang & Laughlin,

2013)



2 The Physical Model

In this section I will describe the basic physical model that was used for the simula-

tions presented in this thesis. In the latter chapters, I include updates and additions

to the physical model presented in this chapter. Those additions and updates will

therefore be described in the appropriate chapter.

2.1 Disc Evolution

2.1.1 Initial Disc Profile

I initialise the gas surface density using the same power law profile expected in the

MMSN model (Hayashi, 1981),

Σg(r) = Σg(1 au)
( r

1 au

)−1.5

, (2.1)

where r is the radial distance from the central star and Σg(1 au) is used to normalise

the total disc mass. The temperature profile is initialised in a similar manner to the

gas surface density, again using according to the MMSN model but with a power-law

index of -0.5.

2.1.1.1 Snowline Enhancement

I enhance the surface density of solids beyond the snow line, taken as the radial

location, rsnow, where the disc temperature falls below 170 K, that being the tem-

perature that water ice sublimates directly to water vapour, bypassing the liquid

phase (Hayashi, 1981). To avoid sharp discontinuities, I transition the solids surface

density to the enhanced values over a radial range of ∼ 1 au,

Σs(r) =

{

Σ1 + (Σ2 − Σ1)

[

1

2

(

r − rsnow
0.5 au

)

+
1

2

]}

( r

1 au

)−1.5

(2.2)

I take a surface density enhancement due to the snowline as (Σ2/Σ1) = 30/7.1 as in

Thommes et al. (2003).

34
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2.1.2 Viscous Evolution

Whilst other models use an exponential decay to evolve the gas surface density over

time (Cossou et al., 2014; Hellary & Nelson, 2012), I have adopted a 1-D viscous

disc model for which the equilibrium temperature at each time step is calculated

by balancing irradiation heating by the central star, viscous heating, and blackbody

cooling. The disc surface density, Σ, is evolved by solving the standard diffusion

equation
dΣ

dt
=

1

r

d

dr

[

3r1/2
d

dr
(νΣr1/2)− 2ΛΣr3/2

GM∗

]

− dΣw

dt
, (2.3)

where ν is the disc viscosity, dΣw/dt is the rate of change in surface density due to a

photoevaporative wind, and Λ is the disc-planet torque that operates when a planet

becomes massive enough to open a gap in the disc. The first term on the right-hand

side of equation 2.3 represents the viscous diffusion of material throughout the disc.

The second term represents the exchange of angular momentum between a planet

that has opened a gap in the disc, and the disc material itself. The third term shows

the loss of disc material due to a photoevaporative wind, where gas in the surface

layers of the disc is heated to T> 10, 000 K, giving it a thermal velocity greater than

the escape velocity from the central star. The disc-planet torque per unit mass that

applies for planets whose masses are large enough to open gaps is given by

Λ = sign(r − rp)q
2GM∗

2r

(

r

|∆p|

)4

, (2.4)

where q is the planet/star mass ratio, rp is the planet orbital radius, and |∆p| =
max(H , |r− rp|), where H is the local disc scale height. I use the standard α model

for the disc viscosity (Shakura & Sunyaev, 1973)

ν = αc2s/Ω, (2.5)

where cs is the local sound speed, Ω is the angular velocity, and α is the viscos-

ity parameter, taken to be α = 2 × 10−3 in this thesis unless otherwise stated. I

set a surface density floor of Σmin = 10−5g/cm2, for computational efficiency. Pro-

toplanetary discs generally have surface densities greater than 1g/cm2, unless gap

formation is occurring, leaving six orders of magnitude between normal disc sur-

face densities and the minimum surface density, thus creating negligible effects on

numerical simulations.
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2.1.2.1 Finite Differencing Scheme

In order to computationally solve equation 2.3, I split the disc into a number of

concentric rings, where I then used a finite differencing method to find new Σ values

for all cells. Generally these schemes use cells of equal width, however my setup

uses varied cell sizes to improve accuracy in certain regions of the protoplanetary

disc, mainly the inner regions. The radial setup of my grid follows

r(i) = rin + (rout − rin + 1)





i− 1

N − 1





− 1 (2.6)

where, rin and rout are the inner and outer boundaries respectively, and N is the

total number of cells. This method gives a higher accuracy closer to rin and lower

accuracy near rout.

Rewriting equation 2.3 by expanding the differential and using A = νΣr1/2, and

B = ΛΣr3/2, I get

dΣ

dt
=

3

2r3/2
dA

dr
+

3

r1/2
d2A

dr2
− 2

rGM∗

dB

dr
− dΣw

dt
(2.7)

If I now approximate the left-hand-side of this equation so that it uses finite differ-

ences instead of derivatives, it gives

Σt+1 = Σt +∆t

(

3

2r3/2
dA

dr
+

3

r1/2
d2A

dr2
− 2

rGM∗

dB

dr
− dΣw

dt

)

(2.8)

where Σt+1 is the surface density at a very short time ∆t after Σt. By using central

differencing on the first two derivative terms of equation 2.8, the first derivative of

A is given by
dA

dr
=

Ai+1 − Ai−1

dri−1 + dri
(2.9)

where i is the grid number. The second differential of A is given as

d2A

dr2
=

1

dri−1

(

dAi

dri
− dAi−1

dri−1

)

(2.10)

where the first derivative in this case is given as

dAi

dr
=

Ai+1 − Ai

dri
(2.11)
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By expanding the second differential to include the new first derivative, yields

d2A

dr2
=

Ai+1 − Ai

dri−1dri
− Ai − Ai−1

dr2i−1

(2.12)

The two derivatives described above are the effects of viscous diffusion in the disc.

The third derivative gives the effects of planet-disc interactions when planets are

massive enough to exert a torque on the disc. The torque exerted on the disc

is given by equation 2.4. For this derivative, upwind differencing is used instead

of central differencing, where the sign of the radial velocity in the cell determines

whether the differencing is upwind/downwind. The third derivative then becomes

dB

dr
=

Bi+1 − Bi

dri
(2.13)

or
dB

dr
=

Bi − Bi−1

dri−1

(2.14)

for downwind/upwind differencing respectively.

2.1.2.2 Time step size calculation

The time step for each grid cell is calculated as the minimum between the n-body

timestep (taken as ∼ 1/20th of the innermost orbital period allowed), the timestep

for a steady state disc,

∆tsteadystate,i =
1

10

∆r2i
3ν

(2.15)

and that due to equation 2.3

∆tdiffusion,i =
∆ri
vr,i

=
1

10

∆ri

2Λ

√

ri
GM∗

− 3
dA

dr
(riΣi)

−1/2
(2.16)

Cell time steps are calculated across the whole grid to give the final minimum

timestep. The factor of a tenth in equations 2.15 and 2.16 is used to maximise the

distance that gas can flow across a cell, so as to reduce numerical inaccuracies.

2.1.2.3 Boundary Conditions

The finite differencing scheme described above is sufficient for solving equation 2.3 in

the central cells, however by design it will not work at the boundary cells. Therefore

the change in surface density in the boundary cells has to be calculated in a different
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manner. To calculate the change in the inner boundary cell, I have assumed that

the flow of disc material is inwards towards the star (i.e. no disc mass can be added

originating interior to the inner cell). Using this assumption the change in surface

density at the inner boundary cell is equal to:

Σt+1,1 = Σt,1 +
∆t

dr1

(

vr,1Σt,1 − vr,2Σt,2
r2
r1

)

(2.17)

where the first part of the brackets in right hand side of the equation is equal to

the movement of material out of the inner cell onto the central star, and the second

part is equal to the movement of material coming into the boundary cell from its

neighbouring cell. Since it is not possible to use the diffusion equation to calculate

the radial velocity of the inner cell, I calculate vr,1 by

vr,1 = vr,2 − (vr,3 − vr,2). (2.18)

I limit the radial velocity of the first cell to

vr,1 = min(vr,1, 3πν1Σ1). (2.19)

To calculate the outer boundary, I assume that the radial velocity of the outer

cell is equal to 0. This leads to the calculation of the outer boundary to equal

ΣN = ΣN−1

νN−1

νN

(

rN−1

rN

)1/2

. (2.20)

These boundary conditions were chosen to ensure the greatest numerical accuracy,

ensuring that no excess mass is added into the simulation. Figure 2.1 shows the

change in disc mass for a simulation using a typical 1×MMSN protoplanetary disc

evolving for 10 Myr. The solid line, shows the actual change in disc mass in the

calculation, and the dashed line shows the calculated change arising form material

flowing out of the simulation domain at the inner and outer boundaries. As can be

seen, there is a difference between the two lines, accumulating to ∼ 13M⊕ after 10

Myr, where the actual change in mass is greater than the calculated change. This

means that more mass is lost from the disc than should be expected. By decreasing

the timestep used, for example using a factor of a hundredth or a thousandth instead

of a tenth in equations 2.15 and 2.16, the error is greatly reduced, however this

greatly increases the computation time. However since the error calculated amounts

to less than 0.25% over the course of the simulation, and is mostly concentrated
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Figure 2.1: The change in disc mass of a typical simulation. The solid blue line
shows the actual disc mass evolution, and the dashed green line shows
the expected disc mass evolution.

near the disc boundaries, it should have negligible effects on the evolution and final

outcomes of the simulations.

2.1.3 Temperature Determination

Protoplanetary discs are expected to remain in thermodynamic equilibrium, since

any material that is not in equilibrium quickly returns to equilibrium due to short

cooling times, typically less than a local orbital period. The temperature of the

gas in the disc can therefore be determined by solving the equation for thermal

equilibrium (D’Angelo & Marzari, 2012)

Qirr +Qν −Qcool = 0, (2.21)

where Qν is the viscous heating rate per unit area of the disc, Qirr is the radiative

heating rate due to the central star, and Qcool is the radiative cooling rate. In the

case of a Keplerian disc, the energy flux due to dissipation is given by Mihalas &

Mihalas (1984) as

Qν =
9

4
νΣΩ2. (2.22)

The heating rate due to stellar irradiation is given by Menou & Goodman (2004),

Qirr = 2σT 4
irr

(

3

8
τR +

1

2
+

1

4τp

)−1

(2.23)
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where σ is the Stefan-Boltzmann constant and Tirr is given by

T 4
irr = (T 4

S + T 4
acc)(1− ǫ)

(

RS

r

)2

WG. (2.24)

Here, ǫ is the disc albedo (taken to be 0.5), τR and τp are the optical depths due to

the Rosseland and Planck mean opacities, respectively (assumed to be equivalent in

this thesis), Tacc is the contribution made to the irradiation temperature by accretion

of gas onto the star,

T 4
acc =

GMSṀs

8πσR3
S

(2.25)

and WG is a geometrical factor that determines the flux of radiation that is inter-

cepted by the disc surface. This approximates to

WG = 0.4

(

RS

r

)

+
2

7

H

r
(2.26)

as given by D’Angelo & Marzari (2012), where H is the local disc scale height.

Quantities with a subscript ‘S’ are the values for the central star. For disc cooling

I adopt the equation given by Hubeny (1990)

Qcool = 2σT 4

(

3

8
τR +

1

2
+

1

4τp

)−1

(2.27)

where T is the temperature of the disc midplane. To solve equation 2.21, I use

Brent’s method to find T, which utilises the fast-converging secant method, but

reverts to the more robust bisection method when necessary (Press et al., 2007).

2.1.4 Opacities

I take the opacity, κ to be equal to the Rosseland mean opacity, with the temperature

and density dependencies calculated using the formulae in Bell et al. (1997) for
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temperatures below ∼3730 K, and by Bell & Lin (1994) above ∼3730 K1:

κ[cm2/g] =


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











10−4T2.1 T < 132K

3T−0.01 132 ≤ T < 170K

T−1.1 170 ≤ T < 375K

5x104T−1.5 375 ≤ T < 390K

0.1T0.7 390 ≤ T < 580K

2x1015T−5.2 580 ≤ T < 680K

0.02T0.8 680 ≤ T < 9601K

2x1081ρT−24 960 ≤ T < 15701K

10−8ρ2/3T3 1570 ≤ T < 37301K

10−36ρ1/3T10 3730 ≤ T < 100001K

(2.28)

To account for changes in the disc metallicity, I multiply the opacity by the metal-

licity relative to solar, since the opacity formulae in Bell & Lin (1994) and Bell et al.

(1997) are for gas-to-dust ratios equal to Solar. I assume that the metallicity, dust

size and solid/gas ratio remain constant throughout all simulations.

2.1.5 Photoevaporation

The absorption of UV radiation from the star by the disc can heat the disc above

the local escape velocity, and hence drive a photoevaporative wind. Ultimately this

photoevaporative wind is responsible for removing the final remnants of the gaseous

protoplanetary disc. I adopt the formula provided by Dullemond et al. (2007) to

calculate the rate at which the surface density decreases due to this wind

dΣw

dt
= 1.16× 10−11Gfact

√

f41

(

1

r − rg

)3/2( M⊙

au2 yr

)

(2.29)

where Gfact is a scaling factor defined as

Gfact =























(rg
r

)2

e
1

2

(

1−
rg
r

)

r ≤ rg,

(rg
r

)5/2

r > rg.

(2.30)

1Where the opacity is dependant on the local gas density, a density of 10−9g/cm3 is used to
calculate the temperature ranges where that opacity law is appropriate.
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Here, rg is the characteristic radius beyond which gas becomes unbound from the

system, which is set to 10 au in the simulations, and f41 is the rate at which extreme

UV ionising photons are emitted by the central star in units of 1041 s−1.

2.2 Accretion of Gaseous Envelopes

Once a protoplanet grows through mutual collisions and planetesimal accretion, it

is able to accrete a gaseous envelope from the surrounding disc. To model envelope

accretion, I have implemented an approximate scheme by calculating analytical fits

to the results of the 1-D giant planet formation calculations presented in Movshovitz

et al. (2010). Because Movshovitz et al. (2010) include the effects of grain growth

and settling in their calculations, the opacity in the surface radiative zone of the at-

mosphere model falls well below the value appropriate to pristine interstellar grains.

As a consequence, cores with masses as low as 3 Earth masses are able to accrete

massive gaseous envelopes within reasonable protoplanetary disc life times (e.g. 2.7

Myr). I allow gas accretion to occur onto cores once their masses exceed 3 Earth

masses in the simulations. The quality of the mass growth fits, compared to the

calculations presented by Movshovitz et al. (2010), are demonstrated by figure 2 in

Hellary & Nelson (2012). In units of Earth masses and Myr, this scheme gives a gas

accretion rate of
dmge

dt
=

5.5

9.665
m1.2

core exp
(mge

5.5

)

(2.31)

This scheme allows the planet’s core to continue to grow due to planetesimal accre-

tion after a gaseous envelope has been acquired, while allowing the rate of envelope

accretion to adapt to the varying core mass. This is in agreement with other stud-

ies, such as Pollack et al. (1996), that show that the rate of gas envelope accretion

increases with the core mass. Furthermore, it is noted that these models also agree

that gas accretion onto a planet transitions from slow settling to runaway accretion

at a planet mass between 35–40 M⊕. I emphasise this latter point simply because

the models that I present later in Chapter 3 have difficulty in forming significant

numbers of planets that reach this runaway gas accretion mass due to the influence

of migration.

Ideally, I would like to incorporate full 1-D models of gaseous envelopes in the

simulations, but at present I have not developed a module for this in the code. While

my adoption of fits to the Movshovitz et al. (2010) models allows gas accretion to

occur at the rates prescribed in that paper, these fits do not change according to the

local conditions in the disc, or according to the time varying planetesimal accretion
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rate. This is something that will be addressed in future work.

The gas accretion rate given by equation 2.31 applies until the planet satisfies the

gap formation criterion in section 2.3.3 (equation 2.68), after which the gas accretion

rate switches to the minimum value of that obtained in equation 2.31 or the viscous

supply rate
dmge

dt
= 3πνΣg, (2.32)

where Σg and ν are the gas surface density and viscosity at the disc location that

is 5 planet Hill radii exterior to the planet’s location. This prescription is chosen

because the planet sits in a deep gap at this stage of evolution, and so the viscous

supply rate of gas must be evaluated at a location in the disc that sits outside of the

fully evacuated gap region. I note that the gas accretion routine is mass conservative

as gas that is accreted onto the planet is removed from the disc.

2.3 Migration of Solids

Dust in protoplanetary discs is coupled to the gas. When dust grows into bodies

that become weakly coupled to the gas, they begin to interact with it by exchanging

angular momentum, and consequently altering their orbits. Below I discuss the

different interactions that solids of different mass and size have with protoplanetary

discs.

2.3.1 Aerodynamic Drag

Pebbles/boulders/planetesimals that are weakly coupled to the gas disc experience

aerodynamic drag. This frictional drag force causes the objects to drift inwards

toward the star as they experience a headwind from the surrounding sub-Keplerian

disc. Gas drag also an efficient source of eccentricity and inclination damping, since

it acts on all dimensions where there is a relative velocity between the gas and the

object. In this thesis aerodynamic drag is applied to planetesimals initially through

the use of Stokes’ drag law (Adachi et al., 1976)

Fst = mpl

(−3ρgCD

8ρplRpl

)

vrelvrel. (2.33)

Here a subscript ‘pl’ corresponds to planetesimals, ρpl is the internal density of

planetesimals, Rpl is the planetesimal radius, CD is the dimensionless drag coefficient
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(here taken as unity2), and vrel is the relative velocity between the local gas disc and

planetesimals, defined as:

vrel = vpl − vK(1− η) (2.34)

where vpl is the planetesimal velocity, vK is the local Keplerian velocity given as

vK =

√

GM∗

r
(2.35)

and η is the fractional difference between the gas velocity and the local Keplerian

velocity due to pressure support of the gas disc,

η =
π

16
(α + β)

(

cs
vK

)2

. (2.36)

Here cs is the local gas sound speed, whilst α and β are the exponents for power laws

that can be applied to the local gas surface density and temperature respectively.

Over the lifetime of the disc, planetesimals of size ∼ 1− 10km, located at 10 au will

migrate inwards by less than 1 au. In chapter 4 I include an addition to the model

where Epstein drag is considered for boulders/planetesimals that have Rpl < 9λ/4,

where λ is the local gas mean free path.

2.3.1.1 Atmospheric-drag-enhanced Capture Radius

Low mass protoplanets have an escape velocity that exceeds the speed of sound in

the gas disc, allowing tenuous atmospheres to settle. Although these atmospheres

are gravitationally negligible, they can have the important effect of increasing the

planetesimal capture radius for the protoplanet through gas drag acting on bodies

that have close encounters with it. This effect is modelled in this thesis by using the

prescription described in section 2.5 of Inaba & Ikoma (2003). This model provides

an estimate of atmospheric density as a function of radius, ρ(R). A planetesimal that

passes through a protoplanet’s Hill sphere at a distance RC from the protoplanet will

be captured if its physical radius is less than Rcrit given by the following expression,

Rcrit =
3

2

v2rel + 2Gmp/RC

v2rel + 2Gmp/rH

ρ(RC)

ρpl
. (2.37)

Here ρ(RC) is the local density of the protoplanet atmosphere, ρpl is the planetesimal

internal density, rH is the protoplanet’s Hill radius, and vrel is the relative velocity

between the protoplanet and planetesimal.

2In chapter 4, CD is not taken as unity, but instead as a function of the Reynolds number.
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The atmosphere model in Inaba & Ikoma (2003) requires calculation of the proto-

planet’s luminosity. I assume that this is equal to the gravitational energy released

by accreted solid material through planetesimal or protoplanet collisions

Lp =
Gmp

Rp

dmp

dt
, (2.38)

where Rp is the radius of the protoplanet’s core. The accretion rate of solids onto

protoplanets is monitored to determine this accretion luminosity. Since this accre-

tion is stochastic in nature, the accretion rate is smoothed by calculating and using

the average luminosity over temporal windows of 200 local orbits, or 4000 years,

whichever is smaller. Protoplanet luminosities are limited to lie in the range 10−9

to 10−4L⊙.

The effective capture radius of a protoplanet is limited to a maximum of 1/20

of the protoplanet’s Hill radius. This avoids overestimating the capture radius for

larger protoplanets, as the Inaba & Ikoma (2003) model assumes the solid core is the

main contributor to the gravitating mass. The transition to this limit is smoothed

using the expression,

Rcapture =

[

0.5− 0.5 tanh

(

mp − 30M⊕

5M⊕

)]

Ratmos+

[

0.5 + 0.5 tanh

(

mp − 30M⊕

5M⊕

)]

0.05rH

(2.39)

Here Rcapture is the effective capture radius and Ratmos is the atmosphere enhanced

capture radius. The atmosphere enhanced capture radius is calculated by assuming

that the outer edge of the atmosphere has the same properties as the surrounding disc

material (i.e. same temperature and pressure), and by assuming that the atmosphere

is of constant density and pressure. This last assumption is required to calculate

Rcrit as described in Inaba & Ikoma (2003), and should be valid for embedded planets

as only very close to the planet’s rocky surface does the atmosphere and pressure

greatly increase. Ideally a full 1-D atmospheric model would be included to more

accurately calculate a planetesimals trajectory as it passes through different layers

of a planet’s atmosphere, but this model can be computationally expensive and will

be examined in future work.
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Figure 2.2: A 5M⊕ planet embedded in a gas disc. Note spiral density wave pattern
(driving Lindblad torques) and the density perturbation in the corotation
region (driving corotation torques) (Baruteau et al., 2014).

2.3.2 Type I Migration

Planets that are greater than a Lunar mass begin to perturb the local gas disc. These

perturbations (seen in figure 2.2 by the spiral density waves and increases/decreases

in the corotation region of the planet) lead to exchanges in angular momentum

between the disc and the planet, generally resulting in a net torque acting on the

planet, causing it to radially migrate. The mass of the planet, along with the local

disc conditions dictates the strength and direction of the net torque. Under certain

conditions, such as for high-mass planets, the time-scale for the migration can be

as little as 104 yr, but for low-mass planets, typical type I migration time-scales are

105−6 yr. Below, I will describe the components that contribute to type I migration.
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2.3.2.1 Lindblad Torque

When planets become massive enough, their gravity begins to exert a torque on the

surrounding gas forming density waves. These density waves, shown in figure 2.2

are launched at the Lindblad resonances, both interior and exterior to the planet.

This results in an exchange in angular momentum between the planet and the gas

disc, exerting a torque on the planet. Torques exerted at the interior Lindblad res-

onances are positive due to the density wave being ahead of the planet azimuthally,

pulling the planet forward in its orbit. However, torques from the exterior Lind-

blad resonances exert negative torques as the density wave lags behind the planet

azimuthally, pulling the planet back. Generally the negative torques arising from

the exterior density waves are stronger than those arising from the interior density

waves, resulting in net negative torques, driving inward migration. The disparity of

the interior and exterior torque strengths is due the disc being slightly sub-Keplerian

which shifts the location of the Lindblad resonances so that the outer resonances lie

closer to the planet.

Originally, linear analysis and perturbation theory were applied when considering

the effects of Lindblad torques (Goldreich & Tremaine, 1979). In applying these

equations, it was possible for migration time-scales for planets undergoing type I

migration to be determined (Daisaka et al., 2006):

τmig = 0.23

(

mp

M⊙

)−1(
Σgr

2

M⊙

)−1(
cs
rΩp

)2

Ω−1
p . (2.40)

Without applying this equation to planet formation models, its effects can be

quantitatively determined and compared to other time-scales, such as the disc life-

time. For example, if a Mars mass planet (0.1M⊕) was embedded in a protoplan-

etary disc at 5 au, it would take approximately 5 million years to migrate to the

central star, comparable to the lifetime of the disc. On the other hand, a 10M⊕

planet would only take 50,000 years to migrate that distance, considerably shorter

than the disc lifetime. The latter example here has serious consequences for planet

formation models. Planets of this mass are typically thought to be the cores of the

giant planets, and if they migrate into the central star this quickly, then there is

little time for them to accrete significant gaseous envelopes and become gas giants.

Only by applying a reduction factor, on the order of 10-1000, was it possible for

planet formation and population synthesis models to adequately recreate the ob-

served distributions of exoplanets (Ida & Lin, 2008; Mordasini et al., 2009). The

need for artificial reduction factors implied that improvements to the model were
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required.

One such improvement to type I migration models was to consider that discs are

non-isothermal, i.e. not a constant temperature. In considering protoplanetary discs

as non-isothermal, the treatment of energy balance and transfer is more realistic,

and has been shown to dramatically impact not only the net strength of type I

migration, but also the net direction (Paardekooper & Mellema, 2006). This was

found to be due to gradients in the local disc entropy, along with the corotation

torque, discussed in section 2.3.2.2. In using non-isothermal 2-D discs Paardekooper

et al. (2010) found that when applying power laws to the local disc surface density

and temperature, e.g. Σg ∝ r−α and T ∝ r−β, the Lindblad torques departed from

the linear equations previously used. This departure led to the following expression

for the Lindblad torque

γ
ΓLB

Γ0

= −2.5 − 1.7β + 0.1α (2.41)

where γ is the disc adiabatic exponent, and Γ0 represents the normalisation of the

torque,

Γ0 =
q2

h2
Σpr

4
pΩ

2
p (2.42)

where q is the ratio of the planet’s mass to that of the central star, h is the aspect

ratio of the disc, and the subscript ‘p’ represents that the quantity is evaluated at

the planet’s location.

2.3.2.2 Corotation Torque

Disc material that has a similar orbital radius to a planet will librate along horseshoe

orbits relative to the planet. Goldreich & Tremaine (1979) also used linear analysis

and perturbation theory to derive expressions for this so called ‘linear corotation

torque’, showing that the torque exerted on to the planet scaled with the local

vortensity gradients. It was shown, however, that for typical disc surface density

profiles, the linear corotation torque is dominated by the Lindblad torque (Tanaka

et al., 2002). More recently, (Paardekooper et al., 2010) derived an expression for

the linear corotation torque;

γ
Γc,lin

Γ0

= 0.7

(

3

2
− α− 2ξ

γ

)

+ 2.2ξ, (2.43)

where ξ = β − α(γ − 1) is the exponent of the local entropy gradient.

An alternative approach in considering material in the corotation region was de-
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Figure 2.3: An example protoplanetary disc showing the orbit of material located
in the corotation region of a planet. When material ahead of the planet
undergoes a horseshoe turn, it moves from a slower-rotating cold outer
disc into a faster-rotating hot inner disc, and vice versa for material
behind the planet.

veloped by Ward (1991). They considered that disc material that is co-orbital with

a planet will librate along horseshoe trajectories, moving from the inner to the outer

disc, and vice versa, when encountering the planet, such as those shown in figure

2.3. These orbits are missing in linear theory where horseshoe turns do not ex-

ist. When there is an asymmetry between the exchanges of disc material from the

outer to the inner disc on one side and from the inner to the outer disc on the

other, there is a resultant torque acting on to the planet. This torque is known

as the ‘vortensity-related horseshoe drag’, as local vortensity gradients create the

asymmetries required. Since this torque has the same physical effect as the linear

corotation torque, it was long unclear which expressions should be used. The rela-

tionship between the linear theory and horseshoe drag was shown by Paardekooper

& Papaloizou (2009a,b) that whenever horseshoe turns occur, the linear corotation

torque is replaced by the horseshoe drag, except when significant viscosities were

present.

Another contribution to the non-linear corotation torque exists in adiabatic discs

where entropy is conserved. This ‘entropy-related corotation torque’ causes an in-
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crease in density of disc material that moves from a cool exterior disc to a warmer

interior disc, and a decrease in density conversely.

These changes in local disc density maintain hydrostatic equilibrium in the disc

(Baruteau & Masset, 2008; Paardekooper & Mellema, 2006; Paardekooper & Pa-

paloizou, 2008). The localised regions of high density ahead of the planet, where

cold disc material moves into a warmer environment as it encounters the planet,

causes the planet to experience a positive torque, enabling the planet to migrate

outwards.

Paardekooper et al. (2010) determined the following expressions for the full, non-

linear horseshoe drag acting on a planet in a disc with surface density and temper-

ature profiles, Σg ∝ r−α and T ∝ r−β;

γ
Γc,VHS

Γ0

= 1.1

(

3

2
− α

)

, (2.44)

and

γ
Γc,EHS

Γ0

= 7.9
ξ

γ
, (2.45)

where ξ is the entropy exponent given above, and the equation 2.44 represents the

vortensity–related corotation torque and the equation 2.45 represents the entropy–

related corotation torque.

The expressions for the corotation torque described above only apply for inviscid

discs. However, in an inviscid disc, the corotation region only has a finite reservoir

of angular momentum that will eventually become depleted when exchanged with

the planet on the horseshoe turns, flattening the vortensity and entropy gradients.

When this occurs the corotation torque saturates, and is no longer applicable. In

a viscous disc, the disc is continually evolving, maintaining vortensity and entropy

gradients in the horseshoe region through the viscous and thermal diffusion of the

disc. Paardekooper et al. (2011) examined the corotation torque in viscous discs,

finding that a number of factors should be applied to the different components of

the inviscid corotation torque to account for the viscous and thermal diffusion of

the disc. They found that the corotation torque is strongest when the viscous and

thermal diffusion time-scales of material crossing the horseshoe region, are roughly

equal to half the horseshoe libration time, where

τlib =
8π

3Ωpxs

, (2.46)
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is the horseshoe libration time,

τν =
x2
sa

2
p

ν
, (2.47)

is the viscous diffusion time-scale, and

τd =
x2
sa

2
p

D
, (2.48)

is the thermal diffusion time-scale. The horseshoe width is given by xs in the above

equations, ν and D are the viscous and thermal diffusion coefficients, and any vari-

able with subscript ‘p’ is calculated at the planet’s radial location.

In following Paardekooper et al. (2011) I define two parameters that calculate

the ratios between the viscous and thermal diffusion time-scales and the horseshoe

libration time-scale:

pν =
2

3

√

a2pΩx
3
s

2πν
, (2.49)

being the viscous diffusion parameter, and

pd =
2

3

√

a2pΩx
3
s

2πD
, (2.50)

being the thermal diffusion parameter. These parameters are then used to define

the following factors that are applied to the components of the corotation torque

(Paardekooper et al., 2011). The factors relating to the viscous diffusion parameter

are as follows:

Fν =
1

1 + (pν/1.3)2
, (2.51)

Gν =


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√
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45π
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, (2.52)

Kν =










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





16

25

(

45π

28

)3/4
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√

28/45π)
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25

(

28

45π

)4/3

p
−8/3
ν if pν ≥

√

28/45π)

, (2.53)

whilst the factors relating to the thermal diffusion parameter are:

Fd =
1

1 + (pd/1.3)2
, (2.54)
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Gd =












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16

25

(

45π
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45π
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√
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, (2.55)

Kd =


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


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45π
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45π
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p
−8/3
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√

28/45π)

. (2.56)

In following Paardekooper et al. (2011) and combining these factors, with equa-

tions 2.43, 2.44, 2.45 and the equation for the Lindblad torque, equation 2.41, I

obtain an expression for the total type I migration torque acting on a planet,

ΓI,total = ΓLB + ΓVHSFνGν + ΓEHS + FνFd

√

GνGd+

Γv−lin(1−Kν) + Γe−lin

√

(1−Kν)(1−Kd),
(2.57)

where Γv−lin = 0.7(3/2 − α), the first two terms of equation 2.43, and Γe−lin =

1.4ξ/γ + 2.2ξ, the last two terms of equation 2.43.

2.3.2.3 Eccentricity and inclination attenuation

The total type I migration torque described in equation 2.57 is valid for planets

with zero eccentricities, i.e. on circular orbits. However, planets embedded in pro-

toplanetary discs are rarely on circular orbits. Interactions with over-dense regions

of disc material, planet-planet interactions, are but a few sources that can excite

planetary eccentricities. To this effect, it is necessary when calculating the torque

exerted on a planet, to take into account the planet’s eccentricity since the planet

can undergo significant radial excursions, interacting more significantly with disc

material contributing to either the Lindblad or the corotation torques. Bitsch &

Kley (2010) examined the effect that a planet’s eccentricity had on it’s evolution,

finding that depending on the planet’s mass and eccentricity, the corotation torque

can be heavily attenuated. More recently Fendyke & Nelson (2014) conducted 2-D

hydrodynamical simulations of embedded eccentric low-mass planets, finding that

the ratio between the planet’s eccentricity ‘e’ and the local disc aspect ratio ‘h’

determined the reduction of the corotation torque.

A similar reduction in the total torque is found for inclined planets, since these

planets spend significant portions of their orbit above/below the disc midplane,

where the largest gas densities are found. In doing so, not only will they experi-

ence significantly reduced torques, but their horseshoe regions are likely to become
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deformed.

To account for these reductions in the total type I migration torque, equation 2.57

becomes

ΓI,total = FLBΓLB +
{

ΓVHSFνGν + ΓEHS + FνFd

√

GνGd+

Γv−lin(1−Kν) + Γe−lin

√

(1−Kν)(1−Kd)
}

FeFi,
(2.58)

where FLB is the reduction factor for the Lindblad torque given by Cresswell &

Nelson (2008)

FLB =

[

Pe +

(

Pe

|Pe|

)

×
{

0.07

(
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)

+ 0.085

(
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)4
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( e
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)

(

i

h

)2
}]−1

(2.59)

where Pe is defined as

Pe =
1 +

( e

2.25h

)1/2

+
( e

2.84h

)6

1−
( e

2.02h

)4
. (2.60)

Fe is the eccentricity reduction given by Fendyke & Nelson (2014)

Fe = exp

(

− e

ef

)

, (2.61)

where e is the planet’s eccentricity, and ef is defined as

ef = h/2 + 0.01. (2.62)

The final reduction factor, Fi accounts for the effect of inclined planets on the

corotation torque, and I define as

Fi = 1− tanh(i/h), (2.63)

where i is the inclination of the planet.

2.3.2.4 Eccentricity and inclination damping

In addition to experiencing migration through interactions with components of the

gas disc, planets also undergo eccentricity and inclination damping. To damp ec-
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centricities I use a simple time-scale damping formula, given as

Fedamp,r = − vr
tedamp

, Fedamp,θ = −−0.5(vθ − vK)

tedamp

(2.64)

where

tedamp =
twave
0.78

×
[

1− 0.14
( e
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)2

+ 0.06
( e

h

)3
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( e
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)2
]

, (2.65)

where twave is specified as

twave =

(

mp

M⊙

)−1(
apΩp
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)−4(Σpa
2
p

M⊙

)−1

Ω−1
p . (2.66)

I damp planet inclinations by using the prescription given in Daisaka et al. (2006),

as adapted by Cresswell & Nelson (2008):

Fidamp,z =
0.544

twave
(2Aczvz+AszzΩp)×

[

1− 0.3

(
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h

)2

+ 0.24

(
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h

)3

+ 0.14

(

i

h

)

( e

h

)2

]−1

(2.67)

where Acz = −1.088 and Asz = −0.871.

2.3.3 Type II Migration

Where section 2.3.2 described the migration of embedded low-mass planets that

have little influence on the structure of the disc, they do not apply when the disc

is significantly altered by planetary torques. Torques exerted on the disc from low-

mass planets are transported away from the planet along linear density waves, and as

such do not significantly affect the structure of the disc. However for more massive

planets, the density wave acts as a shock wave that deposits its angular momentum

in the disc locally, altering the disc structure (Lin & Papaloizou, 1986) The planet

begins to carve an annular gap centered on its orbital radius, until such a point that

the viscous forces balance planetary torques, resulting in edges to the newly formed

gap (see figure 2.4). More recent work by Crida et al. (2006), showed that not

only viscous forces worked to balance planetary torques, but pressure forces arising

from density waves launched by the planet assisted by transporting some of the

gravitational torque away from the planet. In balancing viscous and pressure forces

with gravitational torques, Crida et al. (2006) showed that a gap can be opened in
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Figure 2.4: A giant planet opening a gap in a protoplanetary disc and undergoing
type II migration (Armitage & Rice, 2005).

the disc when the following condition is satisfied

3

4

H

rH
+

50

qR
≤ 1, (2.68)

where rH = rp(q/3)
1/3 is the planet’s Hill radius, q is the planet/star mass ratio, and

R = r2pΩp/ν is the Reynolds number of the disc at the planet’s location. Since I use

a standard alpha model for disc viscosity where ν = αH2Ω (Shakura & Sunyaev,

1973, equation 2.5), the gap-opening criterion reduces to

1.08h

q1/3
+

50αh2

q
≤ 1 (2.69)

where h is equal to H/r. In typical scenarios of protoplanetary discs, the planet

mass required to satisfy this criterion is on the order mp ∼ 100M⊕, but in regions of

the disc close to the star, where the disc aspect ratio is small, Neptune mass planets

(mp ∼ 20M⊕) are capable of opening a gap.

Since the planet exchanges angular momentum with the disc to open a gap, it

receives torques from the disc forcing it to migrate when the interior and exterior

torques are unbalanced. The total torque per unit mass acting on the planet is equal
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to

ΓII = − 2π

mp

∫ rout

rin

rΛΣgdr, (2.70)

where Λ represents the disc-planet torques at individual locations:

Λ = sign(r − rp)q
2GM∗

2r

(

r

|∆p|

)4

, (2.71)

where rp is the planet orbital radius, and |∆p| = max(H , |r− rp|). The direction of

the planet’s migration depends on the imbalance in torques acting from the interior

and exterior gas discs. If greater torques originate from the gas disc interior to

the planet, then the direction will be outwards, and naturally vice-versa when the

torques from the exterior gas disc are stronger. Generally, type II migration acts

to migrate the planet inwards towards the star, since viscous evolution of the disc

tends to drive gas inwards, resulting in a depleting inner gas disc through accretion

on to the central star, and a gas pile up in the outer disc at the outer gap edge. The

typical time-scales for type II migration are therefore similar to the disc’s viscous

time-scale, τν = r2p/3ν. For example, a Jupiter mass planet orbiting at 5 au in a

typical protoplanetary disc, has a migration time of ∼500,000 years.

To damp eccentricities and inclinations of planets undergoing type II migration,

I implement the radial component of equation 2.64, and use a similar expression for

inclination damping, where vr is replaced by vinc. I use a damping time-scale of 10

local orbital periods.

2.3.3.1 Transition between type I and type II Migration

I transition smoothly between type I and type II migration by using the expression

Γeff = ΓIIftrans + ΓI(1− ftrans) (2.72)

where Γeff is the torque applied during the transition, ΓI is the type I torque and

ΓII is the type II torque. The transition function, ftrans, is given by

ftrans = 0.5 + 0.5 tanh

(

mp −mswitch

1.5M⊕

)

(2.73)

where mswitch is the planet mass that corresponds to the gap opening criterion (equa-

tion 2.68).



3 Formation of Planetary Systems

via Oligarchic Growth

In this chapter I will present work that was published in the Monthly Notices of the

Royal Astronomical Society (Coleman & Nelson, 2014), and as such this chapter

closely follows that paper.

As discussed in chapter 1, the formation of planetary systems remains uncertain.

A vast diversity in planets and planetary system architectures has led to the ques-

tion of whether these diversities can be fully explained by a particular model of

planet formation, or whether different models are required to explain the different

architectures. The aim of the work presented in this chapter is to examine the types

of planetary systems that emerge from the oligarchic growth of planetary embryos

embedded in a gaseous protoplanetary disc, using the most up-to-date descriptions

of migration and other processes such as gas accretion onto planetary cores. To

begin answering this question, global models of planet formation that allows the

formation and evolution of these systems over a large range of orbital-scales need to

be constructed. I present here the results of simulations of oligarchic growth using

the Mercury-6 symplectic integrator (Chambers, 1999) that compute the dynamical

evolution and collisional accretion of a system of planetary embryos and planetes-

imals. This is combined with a 1-D viscous disc model that incorporates thermal

evolution through stellar irradiation, viscous heating and blackbody cooling. The

simulations also incorporate models for planet migration, gas-envelope accretion,

enhanced planetesimal capture by planetary atmospheres, and gas disc dispersal

through photoevaporation over Myr time-scales. I explore a range of model pa-

rameters including disc mass, metallicity, and planetesimal radii to examine their

influence on the types of planetary systems that emerge.

The work presented in this chapter uses the physical models described in chapter

2 and is presented as follows. I present the initial conditions for the simulations

in section 3.1 and simulation results in section 3.2. The results are compared with

observations in section 3.3. In section 3.4, I present an analysis of the conditions

required for giant planet survival, and in section 3.5 I conclude the chapter.

57
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Parameter Value
Disc inner boundary 0.1 au
Planet inner boundary 0.1 au
Disc outer boundary 40 au
Number of cells 1000
Σg(1 au) 1731 g cm−2

Stellar Mass 1M⊙

RS 2R⊙

TS 4280 K
f41 10

Table 3.1: Disc and stellar model parameters

3.1 Initial Simulation Conditions

The simulations were performed using the Mercury-6 symplectic integrator (Cham-

bers, 1999), adapted to include the physics discussed in chapter 2. In order to

account for the total disc life time in all runs, the simulations were run until no

protoplanets remained, or for 10 Myr.

All simulations were initiated with 36 planetary embryos, each of mass 0.3M⊕,

separated by 10 mutual Hill radii, and with semi-major axes lying between 1 – 20 au.

These were augmented by thousands of planetesimals, that were distributed in the

same semi-major axis interval, with masses equal to 0.03M⊕ and physical radii equal

to either 1 or 10 km (ensuring that they experience appropriate accelerations due

to the gas drag forces).

Eccentricities and inclinations for protoplanets and planetesimals were randomised

according to a Rayleigh distribution, with scale parameters e0 = 0.01 and i0 = 0.25◦,

respectively. I ignore the effects of turbulent density fluctuations in the disc on the

orbital evolution of embedded bodies, as I anticipate that the region of the disc that

I simulate will sustain a significant dead zone, with only the innermost ∼ 0.1 au of

the disc supporting fully developed turbulence (Desch & Turner, 2015; Umebayashi

& Nakano, 1988). The initial surface density of solids follows the same profile as the

gas, but with an enhancement at and beyond the snowline, similar to the approach

used in Hellary & Nelson (2012).

Collisions between protoplanets and other protoplanets or planetesimals were

treated as being completely inelastic. A collision results in a single body containing

all of the colliding mass. Planetesimal-planetesimal interactions and collisions were

not considered in the simulations for reasons of computational speed, and this is one

omission from the model that may have a significant influence on the simulation re-
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Simulation Disc mass Metallicity Planetesimal Formation modes
(MMSN) (solar value) radius (km) (A/B)

S111 A/B 1 1 1 LPG / LPG
S1110 A/B 1 1 10 LPG / LPG
S121 A/B 1 2 1 KN / KN
S1210 A/B 1 2 10 KN / KN,LFS
S211 A/B 2 1 1 KN,LFS / KN
S2110 A/B 2 1 10 KN / KN
S221 A/B 2 2 1 KN,KG / KN,KG
S2210 A/B 2 2 10 KN / KN
S311 A/B 3 1 1 KN / KN
S3110 A/B 3 1 10 KN / KN,LFS
S321 A/B 3 2 1 KN,KG / KN,KG
S3210 A/B 3 2 10 KN,KG / KN,KG
S411 A/B 4 1 1 KN / KN
S4110 A/B 4 1 10 KN / KN,KG
S421 A/B 4 2 1 KN,KG / KN,KG
S4210 A/B 4 2 10 KN,KG / KN,KG
S511 A/B 5 1 1 KN,KG / KN,KG
S5110 A/B 5 1 10 KN / KN,KG
S521 A/B 5 2 1 KN,KG,LFS / KN,KG
S5210 A/B 5 2 10 KN,KG / KN,KG

Table 3.2: Simulation parameters and planet formation modes displayed by the
runs: LPG - Limited Planetary Growth, KN - Kamikaze Neptunes, KG -
Kamikaze Giants, and LFS - Late Forming Survivors.

sults in regions of high planetesimal density where collisions may become disruptive.

The simulations used a minimum time-step of 1 day, corresponding to a minimum

semi-major axis of 0.15 AU. Bodies with semi-major axes less than this value are

removed from the simulation and considered to have impacted onto the central star.

Stellar and disc domain parameters can be found in table 3.1.

I ran simulations for disc masses lying in the range 1–5 times the mass of the

Minimum Mass Solar Nebula (MMSN) (Hayashi, 1981), and I also vary the metal-

licity of the disc so that the initial ratio of solids to gas mass is either 240 or 120

interior to the snow line, the former value being the one expected for the MMSN

with a metallicity equal to the solar value. I increase the mass of solids exterior to

the snowline smoothly by a factor of 4, as described in Hellary & Nelson (2012). I

track the changing compositions of planets during the simulations, as they accrete

material that originates either interior or exterior to the snow line.

For each set of physical parameters, I ran two simulations which differed only in

the random number seed used to generate the initial particle positions. The full set
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Classification Mass Rock % Ice % Gas %
Rocky Terrestrial mp < 3M⊕ > 95% < 5% 0%
Water-rich Terrestrial mp < 3M⊕ < 95% > 5% 0%
Rocky super-Earth 3M⊕ ≤ mp < 10M⊕ > 85% < 5% < 10%
Water-rich super-Earth 3M⊕ ≤ mp < 10M⊕ N/A > 5% < 10%
Mini-Neptune 3M⊕ ≤ mp < 10M⊕ N/A N/A > 10%
Gas-rich Neptune 10M⊕ ≤ mp < 30M⊕ N/A N/A > 10%
Gas-poor Neptune 10M⊕ ≤ mp < 30M⊕ N/A N/A < 10%
Gas-dominated Giant mp ≥ 30M⊕ N/A N/A > 50%
Core-dominated Giant mp ≥ 30M⊕ N/A N/A < 50%

Table 3.3: Planetary classification parameters based on their composition and the
mass fraction of their gaseous envelope. Note that water-rich planets are
so-called because they accrete water ice in solid form that originates from
beyond the snow-line.

of simulation parameters are detailed in table 3.2.

3.2 Results

In this section I will begin by discussing the common behaviour associated with the

disc evolution and planet migration observed in the simulations. I will then present

results of the full n-body simulations, where I divide the observed evolution into four

distinct modes: limited planetary growth; kamikaze neptunes ; kamikaze giants ; late

forming survivors. For each mode, I present the detailed results of one representative

run. The modes displayed by each run are listed in table 3.2. As the names suggest,

the behaviour associated with these different formation modes includes moderate

mass growth of planets during the gas disc lifetime, formation of planetary cores

that undergo large scale inward type I migration, formation of giant planets with

masses > 30M⊕ that undergo type II migration into the star (or at least through the

inner boundary of the disc model), and formation of super-Earths and Neptune-mass

planets late in the disc lifetime that avoid catastrophic migration because of disc

dispersal. Not surprisingly, these different formation behaviours correlate with the

initial disc mass, metallicity and planetesimal size, and I discuss how these influence

the formation and evolution of planetary systems in the simulations. To assist in

describing the outcomes of the simulations, I have developed a classification system

for the different bodies that are formed, based on their masses and compositions.

The classifications and associated parameters used in the definitions are described

in table 3.3.
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Figure 3.1: Gas surface densities, temperatures and aspect ratios for 5, 20, 40, 60, 80,
95% (top-bottom lines) of the disc lifetime in 1 × MMSN (top panels,
life time: 4.8 Myr), 3 × MMSN (middle panels, lifetime: 8 Myr) and
5×MMSN (bottom panels, lifetime: 9.5 Myr) discs.

3.2.1 Common behaviour

3.2.1.1 Gas disc evolution

The viscous and thermal evolution of three disc models are shown in figure 3.1. The

top row shows the evolution of the surface density, temperature and H/r profiles

for a disc with initial mass equal to 1 × MMSN. The middle and bottom rows

show models with initial masses equal to 3 ×MMSN and 5 ×MMSN, respectively.

The times corresponding to each profile displayed in the figures are indicated in the

legend contained in the second panel on the top row, expressed as a percentage of

the disc total lifetime. These lifetimes are 4.8 Myr for the 1 ×MMSN disc, 8 Myr

for the 3×MMSN disc, and 9.5 Myr for the 5×MMSN disc.
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Figure 3.1 shows that the discs all evolve similarly, with the more massive discs

maintaining higher temperatures and H/r values. As the discs evolve viscously, the

surface density, temperature and H/r values decrease with time. The decreases in

temperature andH/r arise because of the reductions in the viscous heating rates and

opacities as Σ decreases. One effect of the decreasing values of H/r with both time

and decreasing orbital radius is to allow gap formation to arise for planet masses

significantly less than the Jovian mass, and this is one feature that is observed

frequently in the n-body simulations: planets of moderate mass (e.g. mp & 10M⊕)

migrating inward at late times and transitioning from type I to type II migration at

disc radii < 1 au.

The final stages of disc evolution are characterised by the formation of an inner

cavity, caused by the inner disc accreting viscously onto the central star while being

starved of inflow from further out when the photoevaporative mass loss exceeds the

viscous inflow rate (Clarke et al., 2001).

3.2.1.2 Migration behaviour driven by corotation torques

Hellary & Nelson (2012) performed simulations similar to those being presented

in this chapter, but with simpler power-law disc models, where disc dispersal was

modelled through an imposed self-similar exponential decay of the surface density.

These models gave rise to a particular expectation for the influence of corotation

torques on the migration of low mass planets, and Hellary & Nelson (2012) explored

this behaviour through contour plots that displayed the strength of migration as

a function of planet mass and orbital radius. Here, I also consider the expected

migration behaviour in the disc models as a function of disc evolution time, planet

mass and orbital radius, through the presentation of migration contour plots (or

‘migration maps’).

I begin by noting that the torque experienced by a low mass planet embedded in

a disc arises because of two components: the Lindblad torque and the corotation

torque. The Lindblad torque arises because of spiral density waves that are excited at

Lindblad resonances in the disc, and it almost always drives rapid inwards migration

of planets whose masses exceed an Earth mass. The corotation torque is a non-

linear phenomena that is related to the horseshoe orbits followed by fluid elements

located in the vicinity of the planet orbital radius. It originates from the entropy

and vortensity gradients that exist in protoplanetary discs, and is usually positive,

such that it tries to drive outward migration. If the viscous or radiative diffusion

time scales across the horseshoe region are too long, then phase mixing of fluid
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Figure 3.2: Upper panels: Contour plots showing regions of outward (blue) and
inward (red) migration for a single planet in a 1×MMSN disc at t = 0.1
Myr (top left), t = 0.4 Myr (top right), t = 0.6 Myr (bottom left) and
t = 0.8 Myr (bottom right). Lower panels: same as upper panels but
for a 5 ×MMSN disc at times, 0.1, 0.4, 1 and 1.2 Myr. The black dots
represents a single planet’s mass and semi-major axis
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elements in this region erases these gradients, and the corotation torque saturates

(i.e. switches off). Corotation torques are maintained at their maximum values when

the viscous/radiative diffusion time scale is approximately equal to the libration

period associated with the horseshoe orbits, and can equal or exceed the Lindblad

torque, leading to outward migration. When the viscous/radiative diffusion time

scales are too short, then the corotation torque is reduced considerably in magnitude,

and tends towards the value obtained in a linear perturbation analysis. This value is

generally too small to counteract the inwards migration due to the Lindblad torque.

Considering the torques experienced by a planet with a low initial mass which

grows over time, I note that a very low mass protoplanet will have a narrow horseshoe

region, xs, and the libration period associated with the horseshoe orbits will be very

long relative to the viscous/radiative time scales. I therefore expect a low mass

planet to experience a weak corotation torque that is equal to the linear value, and

its orbital evolution to be dominated by Lindblad torques. As the planet mass grows,

the horseshoe orbit times decrease and eventually equals the viscous and radiative

diffusion time scales. The corotation torque will then be maximised, and the planet

may migrate outward. Further increases in the planet mass cause the horseshoe

orbit period to decrease below the viscous and thermal time scales. A sufficiently

massive planet will lose its corotation torque due to saturation, and will migrate

inwards rapidly due to the Lindblad torque.

I performed two separate ‘single-planet-in-a-disc’ simulations, where a 3M⊕ planet

is placed in a disc at ap = 5 au with a prescribed mass growth rate, and its orbital

evolution, due to the migration torques described in section 2.3.2, is followed and

shown in figure 3.2. The upper panels in figure 3.2 show the migration behaviour

for a planet embedded in a disc with mass equal to 1×MMSN as a function of time.

Note that red contours correspond to rapid inwards migration due to the dominance

of Lindblad torques, and blue contours correspond to strong outward migration.

White contours correspond to ‘zero-migration zones’, where corotation and Lindblad

torques balance each other. The structure of the migration contours depend on

local disc conditions, and sharp changes in the opacity behaviour can cause sharp

transitions in the expected migration behaviour, as shown by the migration maps in

figure 3.2. At early times a planet with mass ≤ 1M⊕, located at orbital distances

in the range 0.3 ≤ r ≤ 5 au, will experience strong inwards migration. A planet in

the same range of orbital distance with a mass in the interval 1 ≤ mp ≤ 10M⊕ will

experience strong outward migration, and a planet with mp > 10M⊕ will migrate

inwards rapidly.

The location of the planet during the single planet simulations is denoted by the
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black dot in figure 3.2.

After 0.1 Myr I see that it has migrated out to the zero-migration zone located

at ∼ 5 au. As the disc evolves, the migration contours evolve such that the outward

migration region moves down in mass and in towards the central star. A planet

sitting in a zero-migration zone will move inwards because of the disc evolution,

even in the absence of further mass growth. In the single planet simulation, I see

that further mass growth causes the planet to follow the outline of the zero-migration

contour, and once its mass approaches mp = 10M⊕ after 0.8 Myr, it is destined to

migrate inwards due to the Lindblad torque.

The lower panels in figure 3.2 show a similar scenario, except for a model with

disc mass equal to 5 ×MMSN. Here I see that the outward migration contours lie

at higher masses and at further distance from the central star, but otherwise shows

similar behaviour to the 1 × MMSN case. The implications for planet formation

arising from this mass dependency is simply that a planetary core which forms at

early times may be driven outward to the zero-migration zone located at r ∼ 10 au,

where in principle it can sit and grow through mutual collisions with additional

embryos and planetesimals. This core can grow to a larger mass in the heavier disc

prior to saturation of the corotation torque, and may therefore avoid rapid inwards

migration due to Lindblad torques for a longer period of time. This may not happen

in practice, however, because being located in a heavier disc may allow the mass

of the planetary core to grow rapidly to a mass at which the corotation torque

saturates. Finally, I note that the transition from the red to the white contour at

high masses in figure 3.2 corresponds to the planet reaching the local gap forming

mass, at which point the planet will undergo type II migration. The contours show

that for a more massive disc the transition to gap formation occurs for a higher

planet mass, because of the previously mentioned higher temperatures and H/r

values.

3.2.2 Limited planetary growth

In the oligarchic growth scenario, the collisional growth of planets within a disc

containing a modest mass in solids is expected to proceed slowly. In the limit of a

small enough disc mass, no planets will be able to form with masses that are large

enough to accrete gaseous envelopes, even if the spatial density of protoplanets is

increased by convergence in zero-migration zones. Planet formation in the lowest

mass discs that I have considered, with standard solar metallicities, displays this
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Figure 3.3: Contour plots showing regions of outward (blue) and inward (red) mi-
gration along with all protoplanets for simulation S111B at t = 0 yr
(top left), t = 1 Myr (top right), t = 2 Myr (bottom left) and t = 4 Myr
(bottom right).

behaviour, resulting in final systems of planets that are devoid of gaseous envelopes.3

The simulations labelled as S111A, S111B, S1110A and S1110B displayed this mode

of behaviour, and below I describe the results of run S111B in detail.

3.2.2.1 Run S111B

Run S111B had an initial disc mass equal to 1 × MMSN, solar metallicity, and

planetesimal radii Rpl = 1 km. The initial combined mass in protoplanets and

planetesimals was equal to 42.5M⊕, distributed between disc radii 1 ≤ r ≤ 20 au,

with the mass in protoplanets being initially equal to 11M⊕.

The evolution of the protoplanets in the mass-radius plane is shown in figure

3.3, along with the evolution of the migration torques. The first panel shows that

significant planetary growth must occur in order for planets to experience strong

corotation torques. The evolution of the protoplanet masses, semimajor axes and

eccentricities are shown in figure 3.4. Accretion of planetesimals by protoplanets,

3I note that planetary atmospheres may form via outgassing, but this effect goes beyond the range
of physical processes considered in the models. Furthermore, H/He rich envelopes can settle
onto relatively low mass planets (Lammer et al., 2014), and although I consider the effect of
this on planetesimal accretion, I do not report gas envelope masses for planets with mp < 3M⊕.
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Figure 3.4: Evolution of masses, semi-major axes and eccentricities of all protoplan-
ets in simulation S111B.

and their mutual collisions, quickly leads to the formation of protoplanets with

massesmp ≃ 1M⊕. These bodies experience strong corotation torques, and converge

toward the zero-migration zone located at ∼ 3 au after 1 Myr. The population of

planetary cores located initially beyond 10 au grow slowly, and remain in the outer

disc throughout the simulation. These are the planets seen to remain at large

distance in the middle panel of figure 3.4. The swarm of planets lying interior to

this region are drifting in towards the central star slowly because they are being

driven largely by the more massive planets that are sitting in the zero-migration

zone, and as the gas disc evolves this zero-migration zone drifts toward the star

on a time scale of ∼ 4.8 Myr, the gas disc lifetime. In spite of the convergence

of protoplanets in the zero-migration zone, figure 3.4 shows that planetary growth

leads to the formation of planets with maximum masses mp ≃ 2M⊕ prior to the gas

disc dispersing. Given that the model allows gas accretion to switch on only when

the mass of a planet exceeds 3M⊕, this simulation does not result in the formation

of any planets that reached the threshold for initiation of gas accretion.

As the gas disc begins to disperse after ∼ 4 Myr, I see that the planetary eccen-

tricities grow dramatically due to the damping provided by the gas being removed.

The planetary orbits begin to cross due to mutual gravitational interactions, and
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mutual collisions lead to the formation of three super-Earths. The simulation ends

at 10 Myr, and at this stage the chaotic orbital evolution and mutual collisions are

on-going, such that I have not reached the point of having a final, stable plane-

tary system. At 10 Myr, the three super-Earths have masses 5.5M⊕, 6.25M⊕ and

5.1M⊕, and orbit with semimajor axes 0.31 au, 0.64 au and 1.39 au, respectively.

In addition, there is a collection of lower mass planets with masses in the range

0.7 ≤ mp ≤ 1.5M⊕ orbiting with semimajor axes between 1.5 and 10 au. All surviv-

ing planets are classified as being water-rich due to the accretion of material that

originated beyond the snowline.

Considering the simulations that I have classed as displaying limited planetary

growth as a whole (see table 3.2), the main difference was observed between runs

with 1 km-sized planetesimals and those where planetesimal radii are 10 km. Due

to the increased influence of gas drag in damping planetesimal random velocities,

and in increasing the effective accretion cross-section of planetary embryos, I find

that planet masses are generally larger in the runs with 1 km-sized planetesimals,

and correspondingly migration plays a more important role in shaping the resulting

planetary systems. Migration plays an important role in determining the overall

architecture of all systems that display limited planetary growth, but is sufficiently

modest that no planets are lost into the star. The final systems are distributed at

large orbital distances compared to some of the highly compact systems that have

been discovered in recent years, such as Kepler-11, GJ 581 and HD 69830. In part,

this result arises because I initiated the n-body simulations with the inner-most

planetary embryos at 1 au, and a more realistic set-up would have embryos and

planetesimals extending down to the sublimation radius at ∼ 0.1 au. Including this

interior population of embryos, however, would only add an additional ∼ 1M⊕ of

solid mass to the system, such that its inclusion would not lead to the formation of

compact systems of super-Earths containing up to ∼ 30M⊕ of solids as have been

observed.

This somewhat crude approach to modelling the accretion of gaseous atmospheres

prevents me from commenting in detail on the mass-radius relation displayed by this

population, but I note that the four limited planetary growth simulations resulted in

the following surviving planets: 47 terrestrials (semimajor axes in the range 0.3-18

au), of which 45 are classified as water-rich (the remaining 2 bodies being rocky); 7

water-rich super-Earths (semimajor axes in the range 0.3-1.4 au).
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3.2.3 Kamikaze Neptunes

Increasing the initial mass in planetary embryos and planetesimals in the disc, either

by increasing the mass of the disc as a whole, or by increasing the metallicity, should

allow more massive planets to grow. At some point, such an enhancement of disc

solids will enable the formation of planetary cores with masses > 3M⊕, leading to

the accretion of gaseous envelopes. Continued mass growth of these planets will

eventually lead to saturation of their corotation torques, as described in section

3.2.1, causing rapid inward migration to arise because of Lindblad torques if this

phase of evolution occurs in the presence of a substantial gas disc.

It was noted in section 3.2.1 that the decrease in H/r at smaller stellocentric

distances allows planets of Neptune mass that orbit there to form gaps in the disc. I

should then anticipate that the rapid inward migration of intermediate mass planets

into this region will lead to a transition from type I to type II migration. The

type II migration time scale for planets located at 1 au in the disc is τ ≃ 1 × 105

yr, so these planets are likely to migrate into the central star in the absence of a

migration stopping mechanism, such as an interior magnetospheric cavity, or unless

their inward migration is timed to coincide fortuitously with the final stages of disc

dispersal through photoevaporation.

In this section I describe the results of simulations in which super-Earth and

Neptune mass planets form relatively early in the disc life time, so that photoe-

vaporation of the disc cannot halt their migration. These planets migrate through

the whole system of embryos and planetesimals, and through the inner edge of the

computational domain. This mode of evolution was observed in 18 of the 40 runs

performed, as listed in table 3.2.

3.2.3.1 Run S211A

Simulation S211A has an initial disc mass equal to 2 × MMSN, solar metallicity,

planetesimal radii equal to 1 km, and an approximate gas disc lifetime of 6.7 Myr.

The total initial mass in solids is equal to 84M⊕.

The full time evolution of the planet semimajor axes, eccentricities and masses

are shown in figure 3.5. Snapshots showing the mass, orbital radii and migration

behaviour of planets at key points during the of evolution, are shown in figure 3.6.

During the first 0.5 Myr, planets with semimajor axes < 2 au migrate inwards slowly

without accreting many planetesimals or experiencing mutual collisions, so their

masses remain < 0.5M⊕ during this time. Protoplanets with semimajor axes > 2 au

accrete planetesimals and undergo mutual collisions, with three planets accreting



3.2: Results 70

10
−1

10
0

10
1

M
P
 (

M
⊕

)

10
0

10
1

a 
(A

U
)

0 1 2 3 4 5 6 7 8 9 10

x 10
6

0

0.1

0.2

0.3

0.4

Time (Years)

e

Figure 3.5: Evolution of masses, semi-major axes and eccentricities of all protoplan-
ets in simulation S211A.

Figure 3.6: Contour plots showing regions of outward (blue) and inward (red) mi-
gration along with all protoplanets for simulation S211A at t = 0.1 Myr
(top left), t = 1.5 Myr (top right), t = 1.9 Myr (bottom left) and t = 4
Myr (bottom right).
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enough mass to initiate gas accretion. The most rapidly growing of these reaches

mass mp = 10M⊕ after 0.5 Myr, while orbiting at 5 au.

Over the next 0.25 Myr, the 10M⊕ planet continues to accrete gas and planetes-

imals, while migrating outward towards the zero-migration zone located at ∼ 6 au.

It grows massive enough for the corotation torque to saturate, leading to a period

of rapid inwards migration. At 0.78 Myr, the now Neptune-mass planet opens a

gap when it reaches semimajor axis 0.5 au, and transitions to type II migration.

After a further 5 × 104 yr, this planet migrates through the inner boundary of the

computational domain, taking two lower mass planets with it that are trapped in an

interior resonant chain. During the large scale inwards migration, a large group of

low mass planets is scattered to larger radii, instead of migrating in resonance with

the migrating group, due to mutual gravitational interactions that cause them to

leave the mean motion resonances and scatter off the Neptune-mass planet. This is a

similar scenario, albeit with a lower mass primary migrator, to that of Jupiter-mass

planets scattering terrestrial planets while migrating inward as described in Fogg &

Nelson (2009).

Planetary accretion and migration continues among the exterior population of

embryos during the migration and loss of the Neptune-mass planet. Looking at the

top and middle panels of figure 3.5, I can see that three planets continue to grow

slowly through planetesimal and gas accretion between 0.3 - 1.6 Myr. These planets

drift inward slowly because they sit in a zero-migration zone that moves toward the

central star as the disc evolves, as shown in the top right panel of figure 3.6. When

the planets reach masses ∼ 8M⊕ the corotation torques saturate, and these planets

migrate inward rapidly, catching a resonant chain of seven planets. The three most

massive planets form gaps in the disc after 1.9 Myr when they reach semimajor axes

∼ 0.5 au, before they all migrate past the inner boundary at 2.1 Myr. Low mass

planets within the resonant chain either collided with the more massive planets, or

were swept through the inner boundary. The most massive planet to pass through

the inner boundary in this chain was 10M⊕, with a gaseous envelope that contained

68% of its total mass.

After 2.1 Myr, four planets remain in a resonant chain, orbiting at a few au, with

masses < 3M⊕. Slow inward migration continued for the next 2 Myr, at which

point the innermost planet accreted a large number of planetesimals from a cluster

that it encountered, increasing its mass above 3M⊕ and initiating gas accretion. 4

Myr after the start of the simulation, the corotation torque for this planet saturates,

and it undergoes faster inward migration, before opening a gap at 0.5 au and type

II migrating through the inner boundary at 4.5 Myr with a mass of 7M⊕. The
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three remaining planets continue to drift in slowly due to the inward drift of the

zero-migration zone, and for two of these three planets gas accretion was initiated

after they accreted planetesimals so that their masses exceeded 3M⊕. These planets

underwent a period of more rapid migration, but because this last phase of evolution

occurred as the gas disc was being dispersed, they accreted only limited amounts of

gas and halted their migration without passing through the inner boundary. The

final configuration of the system consisted of three surviving planets orbiting with

semimajor axes 0.22 au, 0.33 au and 1.1 au, with masses 5.1M⊕, 7.2M⊕ and 2M⊕.

The innermost two planets have gas envelope fractions of 13% and 53% respectively,

meaning they are classified as mini-Neptunes. The final low mass terrestrial planet

is classified as water-rich owing to its initial location beyond the snowline.

A total of 18 other simulations showed similar evolution histories to that just

described. These had disc masses varying between 1–5×MMSN. In each simulation,

sub-Neptune and Neptune mass planets migrated inwards rapidly through type I

migration, after saturation of their corotation torques, before entering a phase of

type II migration when at orbital radii equal to a few tenths of an au. During

the large scale migration, terrestrial-mass planets were scattered to larger radii, and

some were forced to migrate inward in resonant chains. Surviving planets in these

systems had a maximum mass of 7.2M⊕ (from the run S211A described above), and

the majority had masses between 1− 5M⊕.

It is worth noting that an individual run can display more than one mode of planet

formation defined in the classification system. According to this nomenclature, run

S211A displays the formation modes dubbed as kamikaze neptunes and late forming

survivors.

3.2.4 Kamikaze Giants

For a disc with a significant mass in solids, either because it has a large overall

mass, or because the disc has an enhanced metallicity, I might expect massive cores

to form that are capable of accreting significant gaseous envelopes, leading to the

formation of giant planets with masses mp ≥ 30M⊕ (as per the definition of a giant

planet given in table 3.3). As discussed in section 3.2.1, having a larger gas disc mass

leads to higher temperatures and H/r values, and this pushes the zero-migration

zones to larger radii and allows corotation torque saturation to occur only for higher

mass planets, as demonstrated by figures 3.1 and 3.2. Higher mass planets are also

likely to transition to slower type II migration at larger radii, and this combination

of factors favours the growth of more massive planets by allowing them to remain
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Figure 3.7: Evolution of masses, semi-major axes and eccentricities of all protoplan-
ets for the initial 500,000 years in simulation S421A

in the disc for longer periods of time.

The following simulation provides a specific example of giant planets being able

to form in more massive discs through the combination of the effects just discussed.

As discussed later in section 3.4, the survival against migration of an isolated 30M⊕

giant planet, that forms through gas accretion onto a 15M⊕ core, can only occur if

the planet opens a gap and starts type II migrating inward from an orbital radius

& 6 au. The formation and survival of a jovian mass planet requires gap opening

and the initiation of type II migration at orbital radii & 20 au. This sequence of

events is not observed to occur in any of the simulations, such that all giant planets

formed during the runs are lost via migration into the central star.

3.2.4.1 Run S421A

Run S421A has an initial disc mass equal to 4 × MMSN, and has twice the solar

metallicity. Planetesimal radii are 1 km, and the approximate gas disc lifetime

equals 8.8 Myr. The total mass of solids is equal to 337M⊕, providing a substantial

feedstock that enhances the likelihood of forming massive planetary cores.

The first 0.5 Myr of the evolution of planet semi-major axes, masses and eccen-

tricities are shown in figure 3.7, and the full time evolution is shown in figure 3.8. A
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mass-radius plot of the planets and their migration behaviour at specific moments

during the evolution are shown in figure 3.9. Close inspection of the top two pan-

els of figure 3.7 show that during the first 0.15 Myr, numerous embryos grow in

mass, largely through the accretion of planetesimals, and start to accrete gas as

their masses exceed 3M⊕. These planets experience strong, unsaturated corotation

torques, and migrate out towards their zero-migration zones that are located at be-

tween 4 and 8 au. Continued mass growth above ∼ 30M⊕ for the outermost of these

planets leads to saturation of the corotation torque, and a period of rapid inward mi-

gration. As this dominant planet migrates inward, it captures the two other massive

planets in mean motion resonance, one of which tries to migrate outward because it

experiences a strong, positive corotation torque from the disc, but is forced to move

in with the dominant migrator because of the resonance. Some of the interior lower

mass protoplanets are also captured into the resonant chain, whereas other bodies

escape long term resonant capture, and are scattered outward through interaction

with the three most massive planets. These scattering events lead to the bursts of

eccentricity observed in the bottom panels of figures 3.7 and 3.8. The three massive

planets start to form gaps in the disc when they reach semimajor axes ∼ 0.8 au, and

at this point their gas accretion rate is limited by the rate that gas can be supplied

viscously, and their migration transitions from type I to type II. The planets then

type II migrate into the central star on a time scale of 5×104 yr, with masses 45M⊕,

30M⊕ and 25M⊕. I classify the first two of these planets as core dominated giants,

because their early formation in the presence of a massive disc of solids leads to

> 85% of their mass being in solids. The least massive planet of the three is classed

as a gas-poor Neptune.

During the next 0.3 Myr, two massive, gas accreting planets form, causing two

more periods of rapid inward migration that involve giant planets with masses 33M⊕

and 31M⊕, respectively. As with the initial large-scale migration episode described

above, some small protoplanets were forced to migrate in resonance with the more

massive planets, whilst other protoplanets were scattered outwards. As these planets

accreted planetesimals at a slower rate, due to the planetesimal depletion caused by

the earlier generation of planet formation and migration, the ratio of gas to solids

in these planets was higher. As a result, the two core-dominated giants accreted

gaseous envelopes that accounted for 30% and 37% of the total mass respectively.

After 0.5 Myr has elapsed, 33% of the original protoplanets remain in the simulation.

Throughout the remainder of the simulation, three more massive planets form and

undergo rapid inward type I migration before opening gaps at semimajor axes be-

tween 0.5 and 0.8 AU, and undergoing type II migration through the inner boundary
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Figure 3.8: Evolution of masses, semi-major axes and eccentricities of all protoplan-
ets in simulation S421A

Figure 3.9: Contour plots showing regions of outward (blue) and inward (red) mi-
gration along with all protoplanets for simulation S421A at t = 0.2 Myr
(top left), t = 0.4 Myr (top right), t = 1 Myr (bottom left) and t = 2.5
Myr (bottom right).
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at times 0.9, 1.1 and 2.7 Myr, respectively, as illustrated by figure 3.8. The masses

of these planets at this point are 47M⊕, 32M⊕ and 22M⊕, with gas envelopes con-

taining 71%, 67% and 53% of the total mass, respectively. The two most massive of

these planets are therefore classified as gas-dominated giants, and the third planet is

classified as a gas-rich Neptune. In comparing gas envelope percentages of late form-

ing giant planets with those that formed earlier, it is observed that early forming

giants are very heavy-element rich with modest H/He envelopes, while late forming

giants are more abundant in H/He because of the depletion of planetesimals and

embryos by the earlier generations of planet formation and migration. After the

final rapid migration event, no protoplanets remained in the simulation, resulting in

the end of the run before the disc had fully dispersed.

The general behaviour described above for run S421A is exhibited by a number

of the runs whose evolution is classified as Kamikaze Giants, although some of the

runs do retain a population of remnant low mass planets at the end, and some late

forming survivors. Two runs that produced giant planets with significantly larger

masses were S511A and S511B. In each of these runs, collisions involving already

massive bodies, orbiting at between 2–2.5 au, resulted in the formation of a planet

with a mass that was greater than the runaway gas accretion mass. Each of these

planets opened gaps in the disc and type II migrated inward, reaching final masses of

∼ 90M⊕ before migrating through the inner boundary of the disc. Simulations that

formed giant planets, but which did not produce collisions involving already massive

bodies, generally formed giant planets with masses in the range 30 ≤ mp ≤ 45M⊕.

This is because rapid inward type I migration led these planets to open gaps in the

disc at small orbital radii ≤ 1 au before runaway gas accretion could occur, leaving

minimal time to accrete gas while undergoing the final stages of type II migration.

From a total of 18 simulations with comparable results, 57 giant planets were formed

and migrated through the inner boundary, with a range of masses between 30M⊕

and 92M⊕.

3.2.5 Late forming survivors

As has been shown in sections 3.2.3 and 3.2.4, early forming Neptunes and giant

planets are unable to survive in the disc if they form when the remaining disc life

times exceed the migration time scales. If planets grow slowly, and survive early

generations of giant planet formation and avoid large scale inward migration in

resonant convoys, and begin accreting gas during the latter stages of the disc life

time, then planets with significant gaseous envelopes can survive.
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Figure 3.10: Evolution of masses, semi-major axes and eccentricities of all proto-
planets for the initial 700,000 years in simulation S521A

In the following subsection I discuss one specific example of a simulation where

the late formation and survival of gaseous planets occurs after earlier generations of

Neptune-mass and giant planets have migrated through the system.

3.2.5.1 Run S521A

Simulation S521A had an initial disc mass equal to 5 × MMSN, twice the solar

metallicity, 1 km-sized planetesimals, and an approximate disc life time of 9.5 Myr.

The total mass of solids was equal to 421M⊕.

The initial 0.7 Myr of evolution of the semimajor axes, eccentricities and masses

are shown in figure 3.10, and the total time evolution is shown in figure 3.11. Mi-

gration maps are shown for the epochs 0.1, 0.3, 0.5 and 5 Myr in figure 3.12, with

black dots denoting protoplanet positions in the mass-radius plane. As shown in

figure 3.10, five massive planets form with masses between 12 − 42M⊕ during the

first 0.1 Myr. Rapid growth of solid cores and gas accretion cause the corotation

torques for these bodies to saturate, and they undergo inward type I migration.

Gap formation ensues for all these planets as they migrate interior to 1 au, and

between the times 0.12 − 0.18 Myr they migrate through the inner boundary with

final masses between 32− 47M⊕. These planets had gas envelope fractions between
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Figure 3.11: Evolution of masses, semi-major axes and eccentricities of all proto-
planets in simulation S521A

Figure 3.12: Contour plots showing regions of outward (blue) and inward (red) mi-
gration along with all protoplanets for simulation S521A at t = 0.1 Myr
(top left), t = 0.3 Myr (top right), t = 0.5 Myr (bottom left) and t = 5
Myr (bottom right).
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8% and 13%, so are all classed as core-dominated giants. After a further 5 × 104

yr, another core-dominated giant migrates through the inner boundary with a mass

mp = 39M⊕, and an envelope fraction of 16%. The large scale migration of these

giant planets caused three low mass planets to migrate through the inner boundary,

and inspection of figure 3.10 shows that numerous interior planets were scattered to

larger orbital radii during this period of evolution.

Over the next 0.5 Myr, three additional giant planets accrete gas, before migrating

through the inner boundary at times 0.36, 0.67 and 0.68 Myr respectively. These

giant planets leave the simulation with masses mp = 36M⊕, 34M⊕ and 30M⊕,

with gas envelope fractions 34%, 54% and 35%, respectively. Two low mass planets

resonantly migrate with the latter two giant planets, while six other low mass planets

are scattered to larger radii. Figure 3.12 shows three of these migration events

occurring, along with a snapshot of the system after 5 Myr showing the 6 remaining

low mass planets. These six planets then drift inward while sitting in zero-migration

zones for the next 6 Myr, while accreting planetesimals at a slow rate, and without

accreting gas from the disc due to their masses being < 3M⊕.

After 7.2 Myr, two planets accrete a swarm of planetesimals, allowing them to

begin gas accretion. These planets then proceed to migrate inwards while accreting

gas, and forming gaps within the disc, until the combined action of photoevaporation

and viscous evolution begins to remove the inner disc after 7.9 Myr, leaving the

planets stranded at small orbital radii. Complete disc dispersal occurs after 9.5

Myr, leaving a total of five planets: a 13M⊕ gas-rich Neptune with an 8M⊕ solid

core and a 5M⊕ envelope orbiting at 1.3 au (not too different from interior models

for Neptune and Uranus (Podolak et al., 2000)), an 8.6M⊕ mini-Neptune with gas

envelope mass fraction equal to 41% orbiting at 0.27 au, and a 6M⊕ mini-Neptune

orbiting at 0.77 au with gas envelope mass fraction equal to 31%. The two remaining

planets were a 3.8M⊕ water-rich super-Earth orbiting at 0.16 au and a 2M⊕ water-

rich terrestrial planet with semimajor axis ∼ 1 au.

The late formation of these super-Earths/mini-Neptunes and gas-rich Neptune

allowed them to survive migration into the star, while simultaneously limiting the

amount of mass available to be accreted due to the earlier generations of planets

that were lost from the system.

In section 3.4 I examine the conditions under which gas accreting planets can sur-

vive type II migration within the disc models that I present here, and the maximum

masses that they can reach through gas accretion prior to removal of the disc by

photoevaporation.
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3.2.6 Summary of all runs

A suite of 40 simulations has been performed, with disc masses between 1 − 5 ×
MMSN, metallicity being either solar or 2× solar, and planetesimal radii being

either 1 or 10 km. For each permutation of this parameter set, I ran two realisations

by changing the random number seed used to set the initial particle positions and

velocities. The final outcomes of all simulations, after 10 Myr of evolution, are

shown in figure 3.13.

I now comment on how the different initial conditions in the simulations influ-

enced their final outcomes by discussing briefly each of the panels in figure 3.13. I

remind the reader that the labelling convention for the simulations is such that a

run labelled SN1N2N3 has disc mass N1 ×MMSN, metallicity enhancement factor

N2, and planetesimal radii N3 km, where N3 is either 1 or 10. Each panel contains

both the set A simulation results (blue symbols) and those from set B (red symbols).

3.2.6.1 S111 and S1110

These models have the lowest disc masses and metallicites. The growth of planets

occurred relatively slowly in all four runs, and the low mass of the gaseous disc

resulted in only modest migration. No material was lost through the inner bound-

ary of the computational domain in these runs. Systems of planets were formed

consisting of more massive super-Earths orbiting with semimajor axes in the range

0.3 ≤ ap ≤ 1.4 au, and less massive terrestrials orbiting at larger semimajor axes

0.3 ≤ ap ≤ 18 au. The planetary systems continue to evolve through mutual inter-

actions and collisions up to and beyond the end of the simulations.

3.2.6.2 S121 and S1210

These models initially have twice the mass in solids compared to the previous set.

I see that doubling the mass in solids has the tendency of increasing the mass

growth of planets, particularly those that are orbiting at greater distances from the

central star. Planets were lost from the system by migrating into the central star in

both of these run sets. I see that run S1210B results in a 9M⊕ planet orbiting at

ap ≃ 0.2 au, and all runs result in systems of terrestrial and super-Earths orbiting

between 0.6 ≤ ap ≤ 12 au.
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Figure 3.13: Final masses versus semimajor axes for all planets formed in all sim-
ulations. The blue symbols represent the set A simulations, and red
symbols represent set B. The inner edge of the computational domain
is shown by the vertical dashed line in each panel. For comparison, a
selection of observed systems are also shown. Simulations that resulted
in all planets migrating through the inner edge of the computational
domain are not shown.

3.2.6.3 S211 and S2110

These models have double the disc mass in both solids and gas compared to runs

S111 and S1110. I see that this enhances both the growth in mass of the final

planets, and also increases the degree to which they have migrated. I note that these

simulations result in substantial loss of solid material onto the central star through

the formation and migration of super-Earth and Neptune-mass planets early during

the disc life time.

3.2.6.4 S221 and S2210

Doubling the metallicity leads to a dramatic change in the results compared to runs

S211 and S2110. I see that out of the four runs in the sets S221 and S2210, only
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S221B and S2210A resulted in any surviving planets, and these are each ∼ 1M⊕

bodies orbiting at ap ∼ 1 au. Planetary mass growth in these runs in the presence

of a substantial gas disc results in almost all planets migrating into the central star.

3.2.6.5 S311, S3110, S321 and S3210

These runs continue the trend of almost all solid mass being evacuated from the

disc through the formation of rapidly migrating giant planets (mp > 30M⊕), or

Neptunes and super-Earths, in the presence of a substantial gas disc.

3.2.6.6 S411, S4110, S421 and S4210

Of these runs, only S411A resulted in any planets surviving to the end of the simu-

lations. S411A is an example of a run in which there is sufficient disc mass to allow

multiple generations of planets to grow and migrate into the star, while leaving suf-

ficient mass remaining in the disc near the end of the gas disc life time to allow a

collection of terrestrial planets and super-Earths to form and survive.

3.2.6.7 S511, S5110, S521 and S5210

These runs follow the now familiar pattern of early formation of super-Earths, Nep-

tunes and giant planets, resulting in them migrating into the central star. In all

but run S521A, almost all of the solid mass is lost from the system prior to disper-

sal of the gas disc. S521A is another example of a simulation that resulted in late

forming surviving planets, resulting in a system of 2 mini-Neptunes, a gas-rich Nep-

tune, a water-rich super-Earth, and a water-rich terrestrial, with masses between

2 ≤ mp ≤ 13M⊕ and semimajor axes ap ≤ 1.3 au.

Considering the simulations collectively, I note that the final outcomes mirror

the three essentially different modes of behaviour that were described in sections

3.2.2, 3.2.3, 3.2.4, and 3.2.5: (i) moderate growth and migration, resulting in closely

packed systems of low mass super-Earths and terrestrials, but no neptunes or giant

planets; (ii) growth of super-Earths, neptunes and giant planets early in the gas disc

life time, resulting in catastrophic migration into the central star of all, or almost

all, of the initial mass in solids; (iii) late formation of terrestrials, super-Earths and

Neptunes from the material left over after previous generations of planet formation

and catastrophic migration in high mass discs.

Across all simulations, 57 giant planets were formed, with none surviving mi-

gration. The largest planet formed was 92M⊕ (two such planets formed in the
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Figure 3.14: Mass vs period plot, comparing observed exoplanets (red squares) and
Kepler candidates (green triangles) with simulation results (blue cir-
cles) and the Solar System (black diamonds). The dashed line indi-
cates the 0.15 au cutoff point in our simulations, whilst the grey zone
indicates the habitable zone (Kasting et al., 1993).

simulation suite), but due to its formation early in the disc life time it migrated

through the inner boundary. Several Neptune-mass planets also followed this course

of growth and migration, generally doing so in lower mass discs.

3.3 Comparison with observations

Although the simulation set does not constitute a population synthesis model, be-

cause I have not used a Monte Carlo approach to selecting initial conditions from

a distribution of possibilities based on observational constraints, it is interesting

nonetheless to compare the results with the observational data, so that I can see

where model improvements are required. Figure 3.14 is a mass versus period diagram

for the surviving planets from the simulations, along with all confirmed exoplanets

and Kepler candidates (sourced from www.exoplanets.eu). The vertical dashed line

located at ∼ 20 days shows the position of the inner edge of the computational do-

main, so the simulation results cannot be compared with observed exoplanets with

orbital periods less than this value.

The shorter period terrestrial-mass planets, super-Earths and Neptune-like plan-

ets from the simulations lie in the parameter space occupied by the confirmed ex-
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Figure 3.15: Mass vs period plot for the simulation results where symbol colour
indicates planet classification. (Red: Rocky terrestrial. Blue: Water-
rich terrestrial. Green: Mini Neptune. Brown: Water-rich super-Earth.
Cyan: Gas-rich Neptune). The dashed line and grey zone are identical
to that in figure 3.14.

oplanets and Kepler candidates. The longer period terrestrial-mass planets and

super-Earths from the simulations, however, lie in an area that is sparsely popu-

lated by observed exoplanets because of observational biases in the radial velocity

and transit techniques. These planets are best observed by the microlensing tech-

nique, but so far the yield from microlensing surveys is insufficient to provide strong

constraints on models. In the future, the PLATO mission (Rauer et al., 2014)

will provide information on this population of low-mass exoplanets on orbits with

intermediate periods.

A clear failing in the simulation results is the lack of surviving giant planets at

any orbital period. I explore this issue in greater depth in section 3.4 below, but the

primary reason for this is that planets in the simulations rarely undergo runaway

gas accretion because inward type I migration transports intermediate mass planets

to small orbital radii, where gap formation and type II migration follow. The type

II migration time scale for planets orbiting at orbital radii < 1 au is short, leading to

the planets quickly migrating through the inner boundary of the simulation domain.

Figure 3.15 shows a mass versus period diagram for the surviving planets from

the simulations, where the planets are colour-coded according to the classification

scheme described in table 3.3. There is an abundance of water-rich terrestrials at



3.4: Conditions for giant planet formation and survival 85

all semi-major axes due to large scale migration from beyond the ice-line bringing

volatile-rich material into the inner regions. For planets with masses > 3M⊕, Mini-

Neptunes are the dominant population, where planets have > 10% of their mass

in gas. Gas-poor super-Earths typically formed at small semi-major axes, closer to

the central star than the habitable zone. The largest surviving planet formed in

the simulations is a gas rich Neptune located in the habitable zone, as discussed in

section 3.2.5.

3.4 Conditions for giant planet formation and

survival

As has been shown in sections 3.2 and 3.3, although the simulations managed to form

giant planets with substantial gaseous envelopes, none of them managed to survive

against migration into the star. I did not include the effects of an inner disc cavity in

this chapter, which would stop migration and the loss of these giants, but inclusion

of such a cavity would lead to a model prediction that essentially all stars have

close-orbiting planets, contradicting the observational data. Furthermore, a central

cavity cannot explain the longer period giant planet systems that are observed to

exist in abundance, as illustrated by figure 3.14.

I now investigate the conditions required for a giant planet to form and survive

within the context of the model. I present two suites of calculations below. The first

adopts the standard model for gas accretion used in the simulations presented in

previous sections. The second uses a model for accretion that is calibrated against a

2-D hydrodynamic simulation of an accreting and migrating planet that is embedded

in a gaseous disc, following a similar approach to the runs presented in Nelson et al.

(2000).

3.4.1 Standard accretion prescription

I ran a suite of single-planet simulations where a 15M⊕ planetary core is embedded

at various locations (1, 2, 3, ..., 20 au) in discs with masses that range between 0.2-

0.8×MMSN, in an attempt to find out what final planet masses and orbital radii are

achieved. The initial conditions are such that I allow the 15M⊕ core to accrete gas

as described in section 2.2. This prescription uses analytical fits to the Movshovitz

et al. (2010) gas envelope accretion calculations, and when the planet reaches the

gap opening mass gas accretion changes to the rate at which gas can be supplied
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viscously ṁ = 3πνΣ, where this quantity is calculated in the disc at a distance from

the planet equal to r − rp = 5rH, to ensure that the location in the disc that the

viscous supply rate of gas is evaluated, sits outside of the fully evacuated gap region.

Type II migration is switched on when the gap opening mass is reached. Type I

migration is neglected for these simulations so that the effects of type II migration

can be analysed. To examine the potential effects of increasing the photoevaporation

rate of the disc, I adapt the standard photoevaporation routine to account for an

enhanced rate of dispersal when the disc interior to the planet’s orbit has been

cleared due to tidal truncation by the planet, allowing ionising photons to illuminate

the inner edge of the disc directly. The direct photoevaporation prescription that

I adopt is taken from Alexander & Armitage (2007) and Alexander & Armitage

(2009), where the photoevaporative mass loss rate is given by

dΣdirect

dt
= 2C2µmHcs

(

f41
4παBhr3in

)1/2(
r

rin

)−2.42

. (3.1)

Here, C2 = 0.235, αB is the Case B recombination coefficient for atomic hydrogen

at 104K, having a value of αB = 2.6× 10−19m3s−1 (Cox, 2000), and rin is the radial

location of the inner disc edge.

For the standard photoevaporation routine, I observe that in simulations starting

with disc masses equal to 0.2 × MMSN, the starting semi-major axis for a 15M⊕

core that accretes gas, reaches the gap opening mass, and survives type II migration

is 3 au, indicating that any planet that forms and opens a gap interior to 3 au will

migrate into the star. Planets forming exterior to this radius will survive migration

due to disc dispersal, and their final masses and stopping locations will depend on

their initial formation semimajor axes. For higher mass discs, the formation zone

that guarantees survival lies at increasing distance from the star, with the survival

radii for 0.4, 0.6 and 0.8 × MMSN disc being 9, 14 and 18 au, respectively. The

masses of these survivors are 126, 224 and 298M⊕, respectively. The top panel of

figure 3.16 shows the starting and final semi-major axes, and the final planet masses,

for all survivors as a function of disc mass and starting position. The final planet

mass increases as the initial semi-major axis increases, as expected, since the planet

has an increased local disc mass throughout its migration, along with an increased

time to accrete. Figure 3.17 shows the evolution of the semi-major axes for the full

set of 0.6×MMSN simulations. Migration slows as planets reach the inner regions of

the disc, where the amount of remaining disc mass determines if survival is possible.

Planets forming exterior to 14 au were found to survive, where the disc life time for
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Figure 3.16: Final versus initial semimajor axes of planets in discs undergoing stan-
dard (top panel) and direct (bottom panel) photoevaporation that start
with masses: 0.2 × MMSN (blue), 0.4 × MMSN (red), 0.6 × MMSN
(green) and 0.8MMSN (black).
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Figure 3.17: Semimajor axis evolution of 15M⊕ gas accreting cores in discs with
initial masses of 0.6×MMSN.

this model is 2.9 Myr.

Results for the simulations that adopt the direct photoevaporation routine de-

scribed above are shown in the bottom panel of figure 3.16. Planets forming be-

tween 1-20 au in discs with 0.2, 0.4 and 0.6 × MMSN discs all survive migration.

The formation of a gap by a planet allows the inner disc to accrete onto the star

within the time taken for the planet to migrate all the way to the inner bound-

ary of the simulation domain. Consequently, as the planet migrates inward, the

inner disc disappears, allowing rapid photoevaporation of the exterior disc through

direct illumination. This planet-induced disc removal is rapid enough to ensure sur-

vival for all planets that form in the models described above. Simulations with disc

mass 0.8 × MMSN result in planets migrating into the star unless they form with

semi-major axes ≥ 12 au.

Planets with large initial semi-major axes in both sets of simulations behaved

similarly, especially for larger disc masses. In both sets of simulations, a Jupiter

mass planet formed by gas accretion onto the 15M⊕ core only if the core started

accreting gas beyond 20 au, and the initial disc mass was at least 0.8 times MMSN.

This shows that Jupiters can form in the simulations, but only if the core starts to

accrete gas at large distance from the central star, giving it sufficient time to accrete
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a massive gaseous envelope prior to halting its migration due to disc dispersal.

Higher mass discs will allow Jovian mass planets to form and survive, but as the

disc mass increases, migration into the central star becomes more likely, so the initial

formation radius must increase correspondingly.

In summary, in order for the standard model to form surviving Jupiters, it is

necessary for planetary cores to accrete gas and open gaps at large semi-major

axes. They must do this at a sufficiently late epoch, so that viscous evolution and

photoevaporation have depleted the disc sufficiently that it will disperse before the

planet migrates into the star. For the particular parameters adopted in the models,

Jovian mass planets must initiate their formation through gas accretion onto solid

cores out beyond 20 au. As described in previous sections, in almost all of the

simulations in which a gas accreting core forms, it migrates inward to rp ≃ 0.8 au

before forming a gap and type II migrating into the star, preventing a massive

gas giant planet from forming. In none of the simulations does a core form at, or

experience disc-driven migration out to, the distance required for a gas giant planet

to form and survive against type II migration. Furthermore, I do not observe any

planet-planet scattering that results in planetary cores being flung out to these outer

disc regions.

3.4.2 Alternative gas accretion prescription

In order to examine how well the results for gas accretion and migration agree

with hydrodynamic models of planets embedded in discs, three 2-D simulations of

migrating and accreting planets embedded in gaseous discs were performed4. In the

fiducial hydrodynamic simulation, the parameters adopted were α = 2×10−3, H/r =

0.05 and initial planet massmp = 50M⊕. The surface density profile Σ(r) = Σ0r
−1/2,

and the disc mass was normalised so that the characteristic mass within the planet

orbit πr2pΣ(rp) = 264M⊕. The inner and outer boundaries of the computational

domain were located at 0.1rp and 2.5rp, respectively, where rp denotes the initial

orbital radius of the planet, here assumed to be rp = 5 au. The second simulation

adopted identical parameters, except that H/r = 0.0245. The third simulation was

the same as the first, except the initial disc mass was increased by a factor of 3. The

simulations were performed using the NIRVANA code (Nelson et al., 2000; Ziegler

& Yorke, 1997), with resolution Nr = 800 and Nφ = 400, and adopted the accretion

routine described in Kley (1999) that removes gas from within the planet Hill sphere

42-D hydrodynamic simulations were set-up, run and completed by Richard Nelson. Analyses
and comparison to 1-D models were performed by the author of this thesis.
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on the dynamical time scale. The choice of initial planet mass mp = 50M⊕ means

that the planet should be in the runaway gas accretion regime from the beginning

of the simulation (Movshovitz et al., 2010; Pollack et al., 1996).

In general, there is good agreement between the numerous hydrodynamic sim-

ulations that have been published concerning the gas accretion rate onto a giant

planet (Bate et al., 2003; Bryden et al., 1999; D’Angelo et al., 2003; Gressel et al.,

2013; Kley, 1999; Lubow et al., 1999; Nelson et al., 2000). It should be noted that

these simulations do not resolve the gas flow all the way onto the surface of the

planet, in general, and normally adopt a simple equation of state, and so essentially

assume that gas accretion onto the planet itself occurs at the same rate that the

surrounding protoplanetary disc supplies gas to the planet Hill sphere. In order

to reach the planet, this gas must lose its angular momentum, and at the present

time it is not known what mechanism is responsible for this angular momentum

exchange, or how quickly it operates (Szulágyi et al., 2014). Putting these compli-

cations to one side, I simply note that the fiducial hydrodynamic simulation predicts

that the planet accretes essentially all of the gas in its feeding zone (defined to be

miso = 2πrpΣg(rp)∆r, where I set ∆r = 4
√
3rH) during the gap formation process,

and once this ‘gas isolation mass’, miso, has been been reached, the planet continues

to accrete at close to the viscous supply rate through the gap while undergoing type

II migration. The second hydrodynamic simulation with h = 0.0245 was designed

to test what happens when the planet is very close to, or equal to, the gap forming

mass when it starts to undergo runaway gas accretion. In this case I find that only

a fraction of the gas in the feeding zone is accreted because the planet efficiently

opens a gap as it starts to accrete. The third simulation was designed to examine

what happens when the planet is too low in mass to open a gap when it first enters

the runaway gas accretion phase, but the feeding zone contains significantly more

mass than is necessary for the planet to reach the local gap formation mass. In this

case I find that the planet is able to efficiently accrete a large fraction of the mass in

the feeding zone before transitioning to accretion at the viscous supply rate, because

gas accretion occurs more rapidly than gap formation in this case.

Given the results of these hydrodynamic simulations, I have implemented a new

model of gas accretion into the n-body plus 1-D disc code that matches the results of

the hydrodynamic calculations. For a planet that reaches the runaway gas accretion

phase prior to reaching the gap forming mass, I apply the following steps:

(i) Noting that a partial gap is formed even by a planet that is below the formal gap

opening mass, I calculate the surface density fraction that is available for accretion

as given by Crida & Morbidelli (2007)
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FΣ(PΣ) =















PΣ − 0.541

4
if PΣ < 2.4646

1− exp

(

P
3/4
Σ

−3

)

if PΣ ≥ 2.4646
(3.2)

where

PΣ =
3H

4rp
3

√

q/3
+

50ν

qr2pΩp

(3.3)

(ii) Calculate the gas isolation mass, miso, given above using Σg = ΣgFΣ.

(iii) Allow the planet to grow rapidly to miso by removing gas from the disc around

the planet and adding it to the planet. Once the planet reaches this mass it transi-

tions to type II migration and accretes at the viscous supply rate.

When implementing the above prescription, I define the moment when runaway ac-

cretion occurs as being when dm
dt

≥ 2M⊕ per 1000 years. This value is chosen as I

find that runaway gas accretion occurs shortly after the time that the gas accretion

rate reaches this value. I note that a planet that does not reach the runaway gas

accretion mass prior to reaching the local gap forming mass will instead transition

directly to gas accretion at the viscous supply rate, and will undergo type II migra-

tion, without accreting the mass in its feeding zone. The gap formation criterion

used in the calculations presented in this section is 3H/(4rH) + 50ν/(qr2pΩp) < 1.

In figure 3.18 I plot the semimajor axis versus time, the mass versus time, and the

mass versus semimajor axis for the fiducial 2-D hydrodynamic simulation, and a set

of 1-D single-planet-in-a-disc runs where the viscous supply rate of gas is calculated

at different locations in the disc that lie at different distances from the planet. Also

plotted in this figure are the results obtained using the standard gas accretion routine

used in the full n-body simulations presented in section 3.4.1. Close inspection of

this figure shows that the new accretion routine is a dramatic improvement over

the standard gas accretion prescription, with best agreement between 1-D models

and the 2-D hydrodynamic simulation occurring when the viscous supply rate is

calculated at 10 Hill radii exterior to the planet in the 1-D simulations. The standard

accretion routine adopted for the n-body simulations presented earlier predicts too

low an accretion rate compared to the 2-D hydrodynamic simulations, but it should

be noted that this makes essentially no difference to the results of the full n-body

simulations, as only 2 out of 40 runs resulted in a planet undergoing runaway gas

accretion at an orbital radius > 0.8 au. Those simulations simply did not produce

planets with properties that would allow the new accretion routine to significantly

change the outcome of the simulations.
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Figure 3.18: Upper panel: Semimajor axis versus time. Middle panel: Mass versus
time. Lower panel: Mass versus semimajor axes. Each panel shows
results for 50M⊕ gas accreting cores in a 1×MMSN disc with different
accretion routines: standard accretion prescription (blue), alternative
accretion prescription evaluated at distances 5, 10, 15 RH from the
planet (green, red, cyan), results from 2-D hydro simulation (yellow),
and results from Mordasini et al prescription (purple).
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One issue of particular interest is why the n-body simulations presented in this

chapter produce no surviving giant planets, whereas the population synthesis models

of Mordasini et al. (2009), for example, are successful in forming large numbers of

surviving gas giants. I have implemented the migration and gas accretion prescrip-

tions for gap opening planets from Mordasini et al. (2009), and the results are shown

by the purple curves in figure 3.18. I note that the gradient of the curve shown in

the mass versus semimajor axis plot equals −π, in agreement with Mordasini et al.

(2009). It is clear that there is strong disagreement between the results obtained

using the Mordasini et al. prescriptions and the hydrodynamic simulation and best

fit 1-D model presented in this chapter. The problem lies in their inclusion of the

factor 2Σgr
2
p/mp in the migration torque when migration enters the so-called planet

dominated regime with mp > 2Σgr
2
p, as this factor causes the migration to slow

down too much while gas accretion continues to occur at the viscous supply rate.

I note that fiducial hydrodynamic simulation was set up with 2Σgr
2
p = 168M⊕, so

that migration quickly enters the planet dominated regime when the planet reaches

the jovian mass, which it does once reaching an orbital radius rp ∼ 4 au. Towards

the end of the simulation the planet mass reaches 550M⊕ while at an orbital radius

ap ∼ 1 au, such that the above migration slowing factor predicts that the migration

speed will reduce by a factor of ∼ 30. The hydrodynamic simulation does not re-

produce this strong slowing of migration. The gradient observed in the mass versus

semimajor axis plot for the hydrodynamic run approaches the value −0.1 rather

than −π, because of the faster migration. This result suggests that the population

synthesis calculations over estimate the number of gas giant planets that are able

to form and survive in the models.

I have re-run the 1-D single planet simulations presented in section 3.4.1 to exam-

ine how the predictions of giant planet survival change with the new gas accretion

prescription, and the results are shown in the top and bottom panels of figure 3.19

for the standard and direct photoevaporation prescriptions, respectively. I see that

the conditions required for the survival of gas giants are now quite different from

those obtained using the standard accretion routine, and suggest that surviving gi-

ant planets can form closer to the star. Nonetheless, I also see that giant planets

must still start to undergo runaway gas accretion at orbital radii rp & 10 au in

order for massive gas giant planets to survive. As such, this shows that inclusion

of the new gas accretion prescription will not change the results of the simulations

dramatically, because of the fact that type I migration of planetary cores to orbital

radii rp ∼ 0.8 au almost always occurs prior to runaway gas accretion switching on.

It therefore remains a significant challenge for the simulations to form cores that
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Figure 3.19: Plot of final semimajor axis versus initial semimajor axis of planets
in discs undergoing rapid accretion and, standard (top panel), and
direct (bottom panel) photoevaporation, starting with disc masses
0.2 × MMSN (blue), 0.4 × MMSN (red), 0.6 × MMSN (green) and
0.8×MMSN (black).
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undergo runaway gas accretion at large enough radii that they can survive as giant

planets, even when a more efficient gas accretion prescription is adopted.

3.5 Discussion and Conclusions

I have presented the results of n-body simulations of planet formation in thermally

evolving viscous disc models. The main results to come out of this study may be

summarised as follows:

(i) Planetary growth in low mass discs (e.g. ∼ 1×MMSN) occurs relatively slowly,

leading to the formation of closely-packed systems of terrestrial-mass and super-

Earth planets that orbit with semimajor axes in the range 0.3 ≤ ap ≤ 20 au. The

close-packed nature of these systems means that they continue to evolve over time

scales that are longer than the 10 Myr run times of the simulations. I anticipate these

systems will achieve final stable architectures after a period of collisional accretion

lasting & 100 Myr.

(ii) Increases in the masses of solids available for planet building, either by increasing

the solids-to-gas ratio in a disc, or by increasing the total disc mass (solids and

gas), leads to multiple generations of Neptune-mass (∼ 15M⊕) and giant planets

(≥ 30M⊕) forming and migrating into the star. This arises because the growth

of planets to masses mp & 10M⊕ causes corotation torques to saturate, allowing

rapid inward type I migration to occur. Once planets reach the inner disc regions

where H/r ∼ 0.02, these planets may form gaps and type II migrate into the central

star. This process of formation and catastrophic migration of planets occurred in

the majority of the simulations, resulting in either only low and intermediate mass

planets surviving, or in extreme cases no planets surviving at all.

(iii) In a few cases, a final generation of super-Earths and Neptune-mass planets

forms and migrates while the gas disc is undergoing its final stage of dispersal,

allowing these final planets to survive.

(iv) The most massive planet to form in the simulations had mp = 92M⊕, but

was lost from the system due to type II migration. This planet formed through a

collision between two already massive planets, leading to the formation of a body

that was able to undergo runaway gas accretion while orbiting at ∼ 2.3 au. Two out

of forty simulations displayed this behaviour. More typically, giant planets in my

simulations achieved final masses in the range 30 ≤ mp ≤ 45M⊕ before migrating

into the star. The most massive surviving planet from all simulations was a gas-rich

Neptune with mp = 13M⊕.



3.5: Discussion and Conclusions 96

(v) I have examined in detail the conditions required for gas giant planets to form

and survive within the context of the model. I find that a planet must accrete gas,

form a gap and initiate inward type II migration at an orbital radius & 20 au in order

to form a surviving jovian mass planet. In my simulations, essentially all planets

migrate into the inner disc regions, and reach the local gap forming mass prior to

undergoing runaway gas accretion, explaining why the runs never form jovian mass

planets.

(vi) Comparing 2-D hydrodynamic simulations of accreting and migrating planets

with single planet calculations performed using the n-body code coupled to the

1-D disc model yields interesting results. First, this comparison has allowed me

to develop a more accurate mass accretion prescription for planets that enter the

runaway gas accretion phase prior to reaching the local gap forming mass. When

applying this prescription to the question of when jovian mass planets can form and

survive, I find that a planet must initiate runaway gas accretion at an orbital radius

& 10 au. Second, I find that planets migrate inward at a rate that is substantially

faster than has been assumed in some population synthesis models (e.g. Mordasini

et al., 2009), particularly when in the so-called ‘planet dominated regime’, explaining

why these statistical models are more successful at forming giant planets that survive

migration and grow to large masses than the models presented here. I suggest that

the type II migration prescription being used in these population synthesis models

causes planet migration to slow down too much, while allowing planets to accrete

at the viscous rate. This suggests that the population synthesis models over-predict

the numbers of gas giant planets that form and survive.

The conclusions that I have drawn about the formation and survival of gas giant

planets imply that jovian mass exoplanets, and the gas giants in the Solar System,

initiated formation much further out in the disc than their currently observed lo-

cations. The current understanding of disc driven migration makes it difficult to

understand how this can happen for an isolated planet, as the 20–30M⊕ precursors

to gas giant planets migrate inwards rapidly. If this conclusion is taken at face value,

then one possible explanation for formation at large radius is that some cores are

gravitationally scattered out to large radii through dynamical interactions between

massive cores closer to the star, and these cores accrete gas as they type II migrate

back into the inner disc regions. I note, however, that this mode of behaviour has

not been observed in any of the simulations. A previously suggested explanation for

the fact that the giant planets in our Solar System did not migrate over large dis-

tances is that Jupiter and Saturn entered into 3:2 mean motion resonance with each

other, with Uranus and Neptune entering mean motion resonance with Saturn and
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each other (Masset & Snellgrove, 2001; Morbidelli et al., 2007). This configuration

can cause the sum of the migration torques to cancel, preventing migration of all

the planets. This scenario, however, cannot be used to explain how the giant plan-

ets managed to form in the first place, as the cancellation of torques only operates

once massive gap forming planets have formed. The most likely explanation of why

the models fail to form surviving gas giant planets is that our current knowledge of

planet migration and/or basic disc physics remains incomplete, and that some key

ingredient is missing from the models that I have presented.



4 Low-mass Compact Planetary

Systems

In this chapter I will present work that was published in the Monthly Notices of the

Royal Astronomical Society (Coleman & Nelson, 2016a), and as such this chapter

closely follows that paper.

Both radial velocity (Mayor et al., 2011) and transit surveys have shown conclu-

sively that systems of low mass planets are common around main sequence stars,

with the Kepler mission in particular providing some striking examples of short

period compact multi-planet systems (Fabrycky et al., 2014; Lissauer et al., 2011).

The most recent release of Kepler data contains over 4700 planet candidates, and

more than 700 multi-planet systems (Mullally et al., 2015). Approximately 3000

systems show just a single transiting planet candidate, with orbital periods in the

range 0.5 ≤ P ≤ 500 days.

Analysis of the systems properties provides useful insight for understanding how

these planets formed and evolved. One noticeable feature of the multi-systems is

the paucity of first order mean motion resonances. The period ratio distribution

shows features in the vicinity of the 2:1 and 3:2 resonances, suggesting that they

have been dynamically important in the past, but relatively few systems are actually

in a strict mean motion resonance (Fabrycky et al., 2014). Examples of systems of

small planets that are in or very close to resonance, including 3 body resonances

or resonant chains, include Kepler-50 (6:5), Kepler-60 (5:4, 4:3) (Steffen et al.,

2012), Kepler-221 (displays a 3 body resonance) (Fabrycky et al., 2014). In general

the compact multi-planet systems appear to be composed of terrestrial planets,

super-Earths and Neptune-like bodies. Mass estimates based on both radial velocity

and transit timing variations suggest that there is a strong diversity in the mean

densities of these objects, with some being rocky, some appearing to have a mixture

of rock and water, and others being of very low density indicating the presence of

significant fractions of H/He (Jontof-Hutter et al., 2015; Lissauer et al., 2011; Marcy

et al., 2014; Wu & Lithwick, 2013). Kepler-36 provides an example where a pair of

neighbouring planets orbiting close to the 7:6 resonance have dramatically different

98
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densities, characteristic of a rocky terrestrial inner body and an outer mini-Neptune

(Carter et al., 2012). One of the most interesting facts to emerge from the data

is the presence of low mass planetary systems around stars with a broad range of

metallicities, including stars whose iron contents are factors of ∼ 3 smaller than

the solar abundance (Buchhave et al., 2014), a result that is supported by radial

velocity discoveries of planets around metal-poor M dwarfs, such as Kapteyn’s star

(Anglada-Escudé et al., 2014).

A number of ideas have been put forward to explain the formation and early

evolution of the compact Kepler and radial velocity systems, which in cases such

as Gliese 581 and HD 69830 appear to contain in excess of ∼ 30M⊕ of solid ma-

terial within a few tenths of an au (Lovis et al., 2006; Udry et al., 2007). This

concentration of solids close to the star led to classical core accretion models com-

bined with disc driven migration being developed using population synthesis codes

(Alibert et al., 2006). More recent population synthesis calculations that also in-

clude prescriptions for planet-planet interactions have also been presented (Ida &

Lin, 2010). N-body simulations, combined with either hydrodynamic simulations or

analytic prescriptions for migration and eccentricity/inclination damping of plane-

tary growth, have also been used to examine the origins of such systems (Coleman

& Nelson, 2014; Cossou et al., 2013; Cresswell & Nelson, 2006, 2008; Hands et al.,

2014; Hellary & Nelson, 2012; McNeil & Nelson, 2009, 2010; Terquem & Papaloizou,

2007). A common outcome of these n-body simulations is the formation of resonant

convoys of planets in the presence of convergent migration, an outcome that is not

reflected in the Kepler systems. Various ideas have been put forward to explain why

the resonances may be unstable, including tidal eccentricity damping followed by

separation of the resonance for short period systems (Terquem & Papaloizou, 2007),

stochastic migration due to local turbulence (Adams et al., 2008; Rein, 2012; Rein &

Papaloizou, 2009) - a process that is likely to only operate close to the star where the

disc can be thermally ionised (Desch & Turner, 2015; Umebayashi & Nakano, 1988),

resonance breaking due to overstable librations (Goldreich & Schlichting, 2014), or-

bital repulsion due to non-linear spiral wave damping in planet co-orbital regions

(Baruteau & Papaloizou, 2013; Podlewska-Gaca et al., 2012).

The paucity of mean motion resonances in the Kepler data has led to suggestions

that the compact systems formed in situ through giant impacts, akin to the final

stages of accumulating the terrestrial planets Chambers & Wetherill (1998), after

the concentration of small planetesimals in the inner disc followed by their growth

into planetary embryos (Hansen & Murray, 2012). Although this model has some

success in generating non resonant multiple planet systems with inclinations that are
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in good agreement with Kepler systems, there are difficulties in explaining how such

large amounts of solids become concentrated in the inner disc, and the model fails

to reproduce the numbers of single transiting planets detected by Kepler (Hansen

& Murray, 2012). An alternative in situ model has been proposed by Chatterjee &

Tan (2014) where pebbles/boulders concentrate and form a planet at the pressure

maximum generated at the interface between the inner turbulent region of the disc

and the dead zone, and exterior planets are spawned in succession by the disc being

eroded outwards when the planets reach gap forming masses. While this model may

be able to explain some systems, it is not clear that such a model can work for

systems such as Kepler-444 and Kepler-186 where the planet masses are likely to

be too small to form gaps, or for planetary systems in which the innermost planets

orbit further from their stars than the fully active regions are expected to extend.

In this chapter I present the results from a suite of n-body simulations using an

updated version of the planet formation and protoplanetary disc model presented

in chapter 3. The main updates on chapter 3 include placing the inner boundary

of the computational domain close to the star so that it is possible to simulate

planets that can migrate to regions with orbital periods down to 1 day, addition of

an active turbulent region (mimicked as a simple increase in viscosity) where disc

temperatures exceed 1000 K, and a magnetospheric cavity close to the star into

which planets can migrate. The aim of the work presented in this chapter is simply

to examine whether or not such a comprehensive model of planet formation is able

to produce planetary systems that are similar to those that have been observed,

and if so under which set of conditions (disc mass, metallicity, planetesimal/boulder

sizes) do these systems form.

The chapter is organised as follows. I present the physical model and numerical

methods in section 4.1, and the simulation results in section 4.2. I compare the

results with observations in section 4.3, and draw conclusions in section 4.4.

4.1 Physical model and numerical methods

The n-body simulations presented here were performed using the Mercury-6 sym-

plectic integrator (Chambers, 1999), adapted to include the disc models and physical

processes described below. I use an updated version of the physical model described

in chapter 3. The main elements of this model are described there, and the imple-

mented updates are outlined in the following subsections. The basic model consists

of 52 protoplanets, orbiting within a swarm of thousands of boulders or planetesi-
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mals, embedded in a gaseous protoplanetary disc, all orbiting around a solar mass

star. For each simulation, a single size for the boulders or planetesimals is adopted.

Objects of radius Rpl = 10 m are defined to be boulders and objects of radius

Rpl ≥ 100 m to be planetesimals. These various sized objects differ from each other

and from protoplanets or planetary embryos because they experience gas drag forces

that vary with the size.

4.1.1 Model improvements and additions

4.1.1.1 Active turbulent region

Fully developed magnetohydrodynamic (MHD) turbulence is expected to arise in

regions of the disc where the temperature exceeds 1000 K (Desch & Turner, 2015;

Umebayashi & Nakano, 1988). To account for the increased turbulent stress, the

viscous α parameter is increased when the temperature rises above 1000 K using

the prescription

α(r) =



















2× 10−3 r > rs,

2× 10−3 + 4× 10−3

×
(

tanh

(

3(rs − r − 5H(r))

5H(r)

)

+ 1

)

r ≤ rs,

(4.1)

where rs represents the outermost radius with temperature greater than 1000 K, and

H(r) is the local disc scale height. This transition leads to a maximum α = 10−2 in

the hottest parts of the disc sitting within ∼ 0.5 au from the star at the beginning

of the simulations.

4.1.1.2 Magnetospheric cavity and inner boundary

A rotating star with a strong dipole magnetic field may create an inner disc cavity

through magnetic torques repelling the disc, and this can provide an effective mech-

anism for preventing planets migrating into their host stars (e.g. Lin et al., 1996).

I include a cavity in the simulations by assuming that the outer edge of the cavity

is truncated at 0.05 au, corresponding to an orbital period of ∼ 4 d, in agreement

with the spin periods of numerous T Tauri stars (Herbst & Mundt, 2005). Planets

are able to migrate into this region through either type I or type II migration. A

planet that has not reached the local gap opening mass halts its migration once it

reaches the cavity edge (the assumption here is that strong corotation torques will

stop its migration, as shown for migrating circumbinary planets (Pierens & Nelson,
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Parameter Value
Disc inner boundary 0.02 au
Cavity outer boundary 0.05 au
Disc outer boundary 40 au
Number of cells 1000

Σg(1 au) 1731 g /cm2

Stellar Mass 1M⊙

RS 2R⊙

TS 4280 K

Table 4.1: Disc and stellar model parameters

2007), and those migrating in towards a single central star (Beńıtez-Llambay et al.,

2011)). A gap forming planet continues to migrate into the cavity until it reaches

the 2:1 orbital resonance with the cavity outer edge, at which point disc torques are

switched off. This resonance is located at ∼ 0.0315 au from the star. It should be

noted that a second planet entering the cavity can nudge a planet sitting at the 2:1

resonance location on to a shorter period orbit. The inner boundary of the com-

putational domain is located just inside 0.02 au (corresponding to an ∼ 1 d orbit

period). Any planets whose semimajor axes are smaller than the boundary radius

are removed from the simulation and are assumed to have hit the star. I note that

the inner boundary adopted in chapter 3 corresponded to an orbital period of 20 d.

A summary of the disc and stellar parameters adopted in all simulations is given

in table 4.1.

4.1.1.3 Opacity

I make a small change to the opacity prescription used in chapter 3 by assuming that

half of the disc solids are in submicron sized dust particles, with the remainder being

in planetary embryos and planetesimals/boulders. The opacity used to calculate the

thermal diffusion time-scale in the disc is thus multiplied by the factor Fopacity =

1/2×Mratio where Mratio is the ratio of the disc metallicity to the solar metallicity.

Fopacity = 1/2 for a disc with solar metallicity, 1/4 for a disc with half the solar

metallicity, and 1 for a disc with twice solar metallicity. This modification of the

opacity affects both the equilibrium disc temperature and estimates for when the

corotation torques acting on planets saturate.
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4.1.1.4 Gas envelope accretion

Once a protoplanet grows to a mass that exceeds 3 M⊕ it starts to accrete a gaseous

envelope. I have improved on the fits to the 1-D giant planet formation models of

Movshovitz et al. (2010) used in chapter 3. In units of Earth masses and Myr, the

improved scheme gives a gas accretion rate of:

dmge

dt
=

4.5

96.65
exp

(mge

22

)

m2.4
core exp

(

mge

mcore

)

. (4.2)

This scheme allows for the continuation of core growth after a gaseous envelope has

been acquired, while allowing the rate of envelope accretion to adapt to the varying

core and envelope mass. Figure 4.1 shows gas accretion on to 3, 10 and 30 M⊕

cores without the influence of migration or core growth. These are similar to the

models in Hellary & Nelson (2012) and chapter 3, but are in better agreement with

the models presented by Movshovitz et al. (2010). Ideally, I would incorporate self-

consistent models of gas envelope accretion in the simulations, but unfortunately

this is too expensive computationally to run within the current model. While the

fits to the Movshovitz et al. (2010) models allows gas accretion to occur at the rates

prescribed in that work, these fits do not change according to the local conditions

in the disc, or to a time varying planetesimal accretion rate. This is something that

will be addressed in future work.

The gas accretion rate given by equation 4.2 is valid until the planet forms a

gap within the disc, after which the gas accretion rate switches to either the value

obtained from equation 4.2 or the viscous supply rate given

dmge

dt
= 3πνΣg, (4.3)

whichever is smaller. Here Σg and ν are the surface density and viscosity of the

gas that sits at a distance of 10 Hill radii exterior to the planet’s location. This

prescription is chosen because the planet sits in a deep gap and so the supply rate of

gas must be evaluated at a location in the disc that sits outside the fully evacuated

gap region. The precise value that is quoted here was determined in section 3.4.2

where different evaluation distances were tested against 2-D hydrodynamic simula-

tions, and 10 Hill radii showed the best agreement. The gas accretion routine used

here conserves mass by removing gas, that is accreted on to the planet, from the

surrounding disc.
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Figure 4.1: Gas accretion on to 3, 10, and 30 M⊕ cores versus time at 5 au. Solid
lines denote total mass, whilst dotted lines denote the envelope mass.

4.1.1.5 Aerodynamic drag

Solid bodies experience aerodynamic drag, reducing semimajor axes whilst simulta-

neously damping eccentricities and inclinations. Stoke’s drag is applied to planetes-

imals/boulders (Adachi et al., 1976) when the size of the body is greater than twice

the molecular mean free path (λ). This switches to Epstein drag when the mean

free path exceeds roughly half the planetesimal size (Weidenschilling, 1977). Here

λ is given by

λ =
µmH

σρg
, (4.4)

where σ is the collision cross-section, µ is the gas mean molecular weight, and ρg is

the local gas density. When the planetesimal size is greater than 9
4
λ, I use Stokes’

drag law as (Adachi et al., 1976):

Fst = mpl

(−3ρgCD

8ρplRpl

)

vrelvrel (4.5)

Here, a subscript ‘pl’ corresponds to planetesimals, ρpl is the internal density of

planetesimals, Rpl is the planetesimal radius and vrel is the relative velocity between

the gas and planetesimals. CD is the dimensionless drag coefficient, taken as a
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function of the Reynolds number (Re) given below

CD =











24R−1
e Re < 1

24R−0.6
e 1 ≤ Re < 800

0.44 Re ≥ 800

(4.6)

When the planetesimal size is equal to 9λ/4, both drag regimes are equal, thus a

transition to the Epstein drag law given as (Weidenschilling, 1977)

Fep = mpl

(

ρ

ρplRpl

)

vrelcs (4.7)

When the planetesimal size is smaller than 9λ/4 I only use the Epstein drag law.

4.1.2 Initial conditions

All simulations were run for 10 Myr, allowing the systems of formed planets to

continue evolving through scattering and collisions after the dispersal of the proto-

planetary discs. A run time of 10 Myr is insufficient for accretion between embryos

orbiting at large distances to reach completion, and some of the simulations were

halted when systems of planets on longer period orbits were still evolving. This

is unavoidable for systems in which large-scale migration leads to the formation of

short-period planets, with longer period planets remaining at larger semimajor axes,

since the time steps become prohibitively short for Gyr run times to be achieved.

For this reason, most of the discussion will focus on the short-period systems that

arise in the simulations as these are dynamically much more mature than the longer

period planets.

The runs were all initiated with 52 planetary embryos, of mass 0.1M⊕, separated

by 10 mutual Hill radii, and with semimajor axes between 1 and 20 au. These were

embedded in a swarm of thousands of planetesimals/boulders, that were distributed

with semimajor axes between 0.5 and 20 au, and with masses either 10, 20 or 50

times smaller than the embryos, depending on the metallicity of the system. (This

varying mass ratio between embryos and planetesimals was implemented to keep the

numbers of planetesimals at a number that allowed the simulations to run on reason-

able time-scales. Between 3000 and 8000 planetesimals/boulders were used and run

times for the individual simulations varied between 3 and 9 months.) The effective

physical radii of planetesimals were set to either 10 m, 100 m, 1 km and 10 km, such

that the primary feedstock of the accreting protoplanets ranged from being boul-
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Simulation Disc mass Metallicity Planetesimal Formation mode
(MMSN) (solar value) radius (km) (A+B)

K10.50.01 A/B 1 0.5 0.01 LPG
K10.50.1 A/B 1 0.5 0.1 LPG
K10.51 A/B 1 0.5 1 LPG
K10.510 A/B 1 0.5 10 LPG
K110.01 A/B 1 1 0.01 MGM
K110.1 A/B 1 1 0.1 LPG
K111 A/B 1 1 1 LPG
K1110 A/B 1 1 10 LPG
K120.01 A/B 1 2 0.01 GFSM
K120.1 A/B 1 2 0.1 MGM
K121 A/B 1 2 1 LPG
K1210 A/B 1 2 10 LPG
K1.50.50.01 A/B 1.5 0.5 0.01 MGM
K1.50.50.1 A/B 1.5 0.5 0.1 LPG
K1.50.51 A/B 1.5 0.5 1 LPG
K1.50.510 A/B 1.5 0.5 10 LPG
K1.510.01 A/B 1.5 1 0.01 GFSM
K1.510.1 A/B 1.5 1 0.1 MGM
K1.511 A/B 1.5 1 1 LPG
K1.5110 A/B 1.5 1 10 LPG
K1.520.01 A/B 1.5 2 0.01 GFSM
K1.520.1 A/B 1.5 2 0.1 GFSM
K1.521 A/B 1.5 2 1 LPG
K1.5210 A/B 1.5 2 10 LPG
K20.50.01 A/B 2 0.5 0.01 MGM
K20.50.1 A/B 2 0.5 0.1 MGM
K20.51 A/B 2 0.5 1 LPG
K20.510 A/B 2 0.5 10 LPG
K210.01 A/B 2 1 0.01 GFSM
K210.1 A/B 2 1 0.1 MGM
K211 A/B 2 1 1 LPG
K2110 A/B 2 1 10 LPG
K220.01 A/B 2 2 0.01 GFSM
K220.1 A/B 2 2 0.1 GFSM
K221 A/B 2 2 1 MGM
K2210 A/B 2 2 10 LPG

Table 4.2: Simulation parameters with formation behaviours as follows: LPG - lim-
ited planetary growth, MGM - moderate growth and migration, GFSM -
giant formation and significant migration.
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Classification Mass Rock % Ice % Gas %
Rocky terrestrial mp < 3M⊕ > 70% < 30% 0%
Water-rich terrestrial mp < 3M⊕ < 70% > 30% 0%
Rocky super-Earth 3M⊕ ≤ mp < 10M⊕ > 60% < 30% < 10%
Water-rich super-Earth 3M⊕ ≤ mp < 10M⊕ N/A > 30% < 10%
Mini-Neptune 3M⊕ ≤ mp < 10M⊕ N/A N/A > 10%
Gas-rich Neptune 10M⊕ ≤ mp < 35M⊕ N/A N/A > 10%
Gas-poor Neptune 10M⊕ ≤ mp < 35M⊕ N/A N/A < 10%
Gas-dominated giant mp ≥ 35M⊕ N/A N/A > 50%
Core-dominated giant mp ≥ 35M⊕ N/A N/A < 50%

Table 4.3: Planetary classification parameters based on their composition and the
mass fraction of their gaseous envelope. Note that water-rich planets are
so-called because they accrete water ice in solid form that originates from
beyond the snow line.

ders to being large planetesimals whose evolution differed principally because of the

strengths of the gas drag forces that they experienced. Planetesimals/boulders in

the simulations represent a larger group of particles, with realistic masses depend-

ing on their physical radii, whose averaged orbits allow them to be approximated

as a single massive superparticle with an effective physical radius. Eccentricities

and inclinations for protoplanets and planetesimals/boulders were randomized ac-

cording to a Rayleigh distribution, with scale parameters e0 = 0.01 and i0 = 0.◦25,

respectively.

Collisions between protoplanets and other protoplanets or planetesimals resulted

in perfect sticking. I neglect planetesimal-planetesimal interactions and collisions in

the simulations as their inclusion would greatly increase computation time.

The gas disc masses simulated were 1, 1.5 and 2 times the mass of the minimum

mass solar nebula (Hayashi, 1981, MMSN). I also vary the disc metallicity so that

the initial solids-to-gas mass ratios are equal to 0.5, 1 and 2 times the solar value

for the different models. I smoothly increase the mass of solids exterior to the snow

line by a factor of 4, as described in Hellary & Nelson (2012). I track the changes in

planetary compositions throughout the simulations, as planets can accrete material

originating either interior or exterior to the snow line.

Combining the three different gas disc masses, the three values of metallicity/solids-

to-gas mass ratio, and the four different planetesimal/boulder sizes gives a total of

36 parameter variations. Two instances of each parameter set were run, where

only the random number seed to generate initial particle positions and velocities

was changed, giving a total of 72 simulations. The full set of run parameters are

detailed in table 4.2.
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4.2 Results

In order to provide context for the n-body simulations, I begin the discussion of

the results by describing the general evolution of the disc models, and the orbital

evolution of the protoplanets and planetesimals. I then describe the results of the

new simulations. The simulation results are divided into three distinct categories:

limited planetary growth (LPG); moderate growth and migration (MGM); giant for-

mation and significant migration (GFSM). For each category, I present the details

of one or two representative runs, with table 4.2 listing the category for each run.

Runs that displayed LPG resulted in no planet masses growing above 3M⊕ during

the gas disc lifetime (and hence the amount of type I migration was also modest),

although further growth beyond 3M⊕ could occur after dispersal of the gas disc.

Runs showing MGM formed planets in the mass range 3 < mp < 35M⊕ during

the gas disc lifetime. Simulations categorised as GFSM formed planets with masses

≥ 35M⊕ during the gas disc lifetime, and generally displayed multiple bursts of

planetary accretion accompanied by large scale migration that ended up with one

or more planets migrating into the central star. The planets that are formed in the

simulations have different compositions in terms of rocky, icy and gaseous material.

I use a classification system for the planets based on their compositions, and these

are defined in table 4.3.

4.2.1 Typical behaviour

4.2.1.1 Disc evolution with an active inner turbulent region

Figure 4.2 shows the evolution of a 1 × MMSN disc model. Disc surface density

profiles are shown in the left-panel, temperature profiles are shown in the middle

panel, and H/r profiles are shown in the right-panel. The times corresponding to

each profile are indicated in the middle panel, expressed as a percentage of the

disc lifetime. For a 1 × MMSN disc this is equal to 4.6 Myr. For a 1.5 × MMSN

disc the lifetime is 5.5 Myr, and a 2 × MMSN disc disperses completely after 6.5

Myr. The inclusion of a turbulent inner region where T > 1000 K causes a dip in

surface density due to the higher viscosity there, and it can be seen that as time

progresses the location of the transition to the turbulent region moves in towards the

star because the reduction in surface density reduces the viscous heating rate and

the opacity. The turbulent region disappears when the disc temperature no longer

exceeds 1000 K anywhere in the disc, as shown by the yellow line in figure 4.2. This

happens in all of the disc models when the disc mass falls to approximately 10% of
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Figure 4.2: Gas surface densities, temperatures and aspect ratios for 5, 20, 40, 60,
80 and 95 per cent (top-bottom lines) of the disc lifetime in a 1×MMSN
disc (lifetime: 4.6 Myr)
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the MMSN, which occurs 0.5 Myr before complete dispersal of the gas disc.

The drop in local surface density caused by the active turbulent region creates a

planet trap for low-mass planets (Masset et al., 2006). The trap moves in with the

active region until it reaches the inner disc edge located at 0.05 au (assumed in the

model to be outer edge of the magnetospheric cavity). Once at the disc inner edge,

the trap created from the active turbulent region disappears due to the temperature

in the disc falling below 1000 K. However the outer edge of the magnetospheric cavity

acts as a planet trap for low-mass planets, until they can open a gap in the disc and

undergo type II migration into the cavity as discussed in section 4.1.1.2. It should

be noted that the reduction of the temperature below 1000 K at all disc locations

arises because of the adoption of a 1-D disc model which neglects irradiation heating

of the disc along radial lines of sight.

On longer time-scales the removal of gas by the photoevaporative wind causes the

disc to disperse. The loss of mass at large radius results in the inner disc emptying

viscously on to the star, followed by removal of the remnant outer disc by the wind

(Clarke et al., 2001).

4.2.1.2 Protoplanet migration

Type I migration of planets is controlled by both Lindblad and corotation torques.

In the disc models Lindblad torques are negative and corotation torques are generally

positive. Strong, positive corotation torques arise in regions where the radial entropy

gradient is negative, and this is usually the case in the inner disc regions where

viscous heating dominates over stellar irradiation. Corotation torques may saturate

when either the viscous or thermal time-scale differs significantly from the periods of

horseshoe orbits executed by gas in the corotation region. Figure 4.3 shows contours

that illustrate the migration behaviour of planets as a function of their masses and

semimajor axes in a 1 × MMSN disc with solar metallicity where half of the solid

material is assumed to be in large bodies that do not provide any opacity. Dark

blue regions correspond to strong outward migration, red regions correspond to

strong inward migration, and white contours represent regions of parameter space

where the corotation and Lindblad torques balance each other. These are referred

to as zero-migration zones. The planet trap created by the inner turbulent region is

shown by the innermost blue contour in the first three panels in figure 4.3. Planets

in blue regions migrate outwards until they come to white regions where they stop

migrating. These can and do act as planet convergence zones. Planets in red regions

migrate inwards, and if their masses are in the appropriate range they stop when
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Figure 4.3: Contour plots showing regions of inwards (red) and outwards (blue) mi-
gration) in a 1×MMSN disc at t = 0.1 Myr (top left), 1 Myr (top right),
2 Myr (bottom left) and 3 Myr (bottom right).

they arrive at zero-migration zones. Over time the migration contours evolve as the

disc surface density and thermal time-scale decrease, and planets sitting in zero-

migration zones slowly drift in towards the star on the disc evolution time-scale. A

planet that grows in mass so that it exceeds ∼ 10M⊕ will be too massive to sit

in a zero-migration zone in the main body of the disc, and will migrate inwards

rapidly before being trapped at the transition to the inner turbulent region. As this

disappears the planet will drift into the magnetospheric cavity interior to 0.05 au

where it will stop if it is below the local gap forming mass. If it exceeds the gap

forming mass then it will migrate to the 2:1 resonance location with the cavity outer

edge before halting its migration. If another planet enters the cavity then it may

push the previous one through the inner boundary of the computational domain

interior to 0.02 au. The decrease in H/r values in the inner disc regions (and with

time) means that it becomes possible for quite low-mass planets to open gaps in

the disc and enter type II migration. Similarly, planets that accrete significant gas

envelopes can become giant planets and open gaps. The transition to gap formation

and type II migration is shown by the boundary between the red and white contours

in the top regions of the panels in figure 4.3.

Each panel in figure 4.4 shows the migration histories of individual planets of
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Figure 4.4: Semimajor axis evolution for planets with different masses in 1, 3 and
5×MMSN discs: 1M⊕ (top left), 3M⊕ (top right), 5M⊕ (bottom left)
and 10M⊕ (bottom right). The dotted line represents the disc inner
edge.

mass 1M⊕ (top left), 3M⊕ (top right), 5M⊕ (bottom left) and 10M⊕ (bottom

right) embedded in discs with masses 1, 3 and 5 × MMSN. In each panel, I plot

the migration tracks of planets that have initial semimajor axes 1, 2, 5, 10 and

20 au. Note that I only consider disc masses in the range 1 - 2 × MMSN in

the full n-body simulations described below, but larger disc masses are included

in this discussion to illustrate how migration changes in significantly heavier discs.

Looking at the 1M⊕ migration trajectories, it is clear that planets starting with

ap ≥ 1 au in a 1 × MMSN disc cannot migrate interior to 0.7 au because of the

corotation torques. Even in heavier discs 1M⊕ planets cannot migrate very close to

the star and become stranded outside the magnetospheric cavity at ∼ 0.07 au. The

implications of this are clear. The origin of compact, short-period low-mass planet

systems such as Kepler-444 (Campante et al., 2015) or Kepler-42 (Muirhead et al.,

2012) cannot be explained by formation at significantly larger radii than where they

are observed today, followed by large-scale inward migration. An in situ formation
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model, perhaps aided by the inward drift of solids in the form of pebbles, boulders

or small planetesimals would seem to be more plausible. More generally, in situ

models of planet building cannot rely on the delivery of large numbers of low-mass

protoplanets to inner disc regions through type I migration because they are not

able to migrate across the required distances during gas disc lifetimes. Looking at

the 3M⊕ migration trajectories, I see that these planets are also unable to reach the

inner magnetospheric cavity unless orbiting in heavier discs. Guaranteed arrival of

planets to the very innermost regions of the disc only occurs when planet masses

reach mp ≥ 5M⊕. Periods of rapid migration observed in the lower left and right-

panels of figure 4.4 arise when the planets saturate their corotation torques. Slow

drift arises when the planets are sitting in zero-migration zones.

4.2.1.3 Planetesimal orbital evolution

Aerodynamic drag causes planetesimal eccentricities and inclinations to be damped

and their semimajor axes to decrease. The 10 m boulders in the simulations experi-

ence rapid migration such that a body located initially at 1 au migrates to the inner

turbulent region of the disc within approximately 103 yr, and a 10 m boulder located

at 20 au reaches there in just over 106 years. A 100 m body located initially at 1 au

reaches the inner turbulent region within ∼ 0.5 Myr, and one located initially at

10 au will reach ∼ 6 au within the disc lifetime. The larger 1 and 10 km bodies show

very little drag-induced migration during disc lifetimes.

The levels of planetesimal/boulder eccentricity excitation due to gravitational

stirring by protoplanets at the beginning of the simulations depends strongly on

their sizes. I find that the mean eccentricity for the 10 m bodies is epl ∼ 3 - 5

×10−4, for the 100 m bodies epl ∼ 3 - 4 ×10−3, for the 1 km bodies epl ∼ 10−2

and for the 10 km planetesimals epl ∼ 2 - 3 ×10−2. Given the importance of

gravitational focusing in determining planetary growth rates, it is clear that I should

expect smaller boulders/planetesimals to accrete much more efficiently on to the

protoplanets. The mobility of the boulders also means that planetary embryos can

grow beyond their nominal isolation masses on short time-scales before they start to

undergo significant type I migration. For protoplanets whose masses are too small

for type I migration, it is the mobility of boulders and small planetesimals in the

models that enables growth to occur above the isolation mass.
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4.2.2 Limited Planetary Growth (LPG)

The mass growth of planets is expected to be slow when either the abundance of

solids in the disc is small, and/or when the main feedstock for planet building is

in the form of large planetesimals whose velocity dispersion is damped weakly by

the gas disc. Consequently, in the limit of slow growth, no gas accreting cores with

masses mp ≥ 3M⊕ will be able to form before dispersal of the gas disc, and planet

migration will be modest. This outcome was obtained for all but one disc model that

I considered with planetesimal sizes being either 1 or 10 km (the exception being the

heaviest disc with mass 2 × MMSN, 2× solar metallicity and 1 km planetesimals).

At the other end of the boulder/planetesimal size scale when 10 m boulders were

included in the runs, this outcome was obtained only for the disc model with the

lowest mass and metallicity. Overall, these results are in agreement with the low

solid abundance models presented in chapter 3.

The simulations labelled as LPG in table 4.2 all displayed this mode of behaviour,

and below I describe in detail the results of runs K10.50.01B and K2210B as they

have very different disc properties, but result in similar outcomes.

4.2.2.1 Run K10.50.01B

Run K10.50.01B had a disc mass of 1×MMSN, 0.5× solar metallicity, and boulder

radii Rpl = 10 m. The combined mass in protoplanets and boulders was equal to

11M⊕, distributed between 0.5 ≤ r ≤ 20 au, with the mass in protoplanets being

initially 5.2M⊕ (52 protoplanets each of mass 0.1M⊕).

The evolution of the protoplanet masses, semimajor axes and eccentricities are

shown in figure 4.5 (note that boulders/planetesimals are not represented in this

and similar plots). Accretion of boulders by embryos, and mutual collisions, led

to the growth of protoplanets to masses in the range 0.6 ≤ mp ≤ 0.8M⊕ during

the first 1 Myr. These embryos migrated towards the zero-migration zone located

at ∼ 3 au and drifted in towards the star on the disc evolution time. Embryos

located beyond 10 au grew more slowly, and remained near their initial locations

throughout the simulation. I note that a couple of embryos at the inner edge of the

solids disc experienced a short lived burst of migration by being shepherded inwards

by a swarm of migrating boulders at the beginning of the simulation.

Despite the convergence of planets in the zero-migration zone, the frequency of

collisions was limited by bodies entering mean motion resonances. Boulder collisions

with embryos were scarce after 1 Myr, due to the drag-induced migration of boulders

into the inner disc occurring on this time-scale. With the maximum mass of a
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Figure 4.5: Evolution of masses, semimajor axes and eccentricities of all protoplanets
in simulation K10.50.01B.

planetary embryo in the system being 0.8M⊕ throughout the lifetime of the gas

disc, migration remained limited to a slow inwards drift. No planets accreted gaseous

envelopes.

The disc photoevaporated after 4.6 Myr, allowing embryo eccentricities to grow

dramatically through mutual encounters because gas disc damping had been re-

moved. Collisions among the inner group of protoplanets led eventually to the for-

mation of a system of four inner bodies with masses in the range 1.1 ≤ mp ≤ 3.4M⊕

after 10 Myr when the simulation ended. These bodies all accreted significant

amounts of material from beyond the snowline, and I class them as either water-rich

terrestrials or water-rich super-Earths, orbiting with periods 60 ≤ P ≤ 700 d. There

were a significant number of protoplanets orbiting exterior to 5 au still undergoing

collisional evolution at 10 Myr when the simulation ended, and these would have

continued accreting if the run had been extended.

4.2.2.2 Run K2210B

I turn now to run K2210B, for which the disc mass was 2×MMSN, the metallicity

was 2× solar, planetesimal radii were 10 km, and the disc lifetime was 6.6 Myr. The



4.2: Results 116

10
−1

10
0

M
P
 (

M
⊕

)

10
−1

10
0

10
1

a 
(A

U
)

0 1 2 3 4 5 6 7 8 9 10

x 10
6

0

0.2

0.4

0.6

0.8

Time (Years)

e

Figure 4.6: Evolution of masses, semimajor axes and eccentricities of all protoplanets
in simulation K2210B.

initial mass in embryos and planetesimals was 87M⊕, this being the most solids-rich

disc considered in this suite of simulations. In spite of this, planetary growth was

very limited because of the weakly-damped planetesimals.

The evolution of protoplanet masses, semimajor axes and eccentricities are shown

in figure 4.6. Protoplanets grew to masses 0.7M⊕ after 1 Myr, and when the disc

dispersed the maximum embryo mass was approximately 2.5M⊕, there having been

a couple of planets that accreted rapidly just prior to the final remnants of the gas

being removed. Migration was limited, with the innermost body orbiting at 0.4 au at

the point of gas disc dispersal. After removal of the gas the system entered a stage

of chaotic evolution, with on-going collisions occurring within the embryo swarm

when the run ended at 10 Myr. Approximately 20 planets remained at this stage,

the most massive being mp = 5.3M⊕. No planets accreted gaseous envelopes.

4.2.3 Moderate growth and migration (MGM)

Table 4.2 shows that a total of 16 out of 72 simulations exhibited moderate growth

and migration. MGM runs are characterised by the formation of planets with masses

3 ≤ mp < 35M⊕ before the end of the gas disc lifetime, with little or no loss of
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Figure 4.7: Evolution of masses, semimajor axes and eccentricities of all protoplanets
in simulation K120.1B.

planets through the inner boundary of the computational domain. These simulations

can result in two distinct planetary system architectures. One in which a dominant

Neptune-mass body forms and migrates all the way into the magnetospheric cavity,

and another where growth and migration of planets is more moderate, resulting

in super-Earths and Neptunes orbiting at greater distances from the central star.

Giants do not form because the growth of planets is slow enough that gas envelope

accretion starts late during the disc lifetime, such that only moderate envelope

masses have time to accrete. I discuss one representative example of an MGM run

that led to the formation of a compact system of super-Earths and Neptunes on

short-period orbits, but no planet orbiting within the magnetospheric cavity.

4.2.3.1 Run K120.1B

Run K120.1B had a disc mass of 1 × MMSN, 2× solar metallicity, and 100 m

planetesimals. The total amount of mass in embryos and planetesimals was 43.5M⊕.

The evolution of embryo masses, semimajor axes and eccentricities are shown in

figure 4.7. Several planets grew to masses mp ∼ 2M⊕ during the first 0.5 Myr.

A common phenomenon during the simulations involving 10 m boulders or 100 m
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planetesimals was the formation of shepherded rings of boulders/planetesimals while

the gas disc was present, similar to those observed in Biller et al. (2015) but formed

through interactions with terrestrial mass instead of Jovian mass planets. From

time to time rapid growth of a planet was observed if it crossed one of these rings

through embryo-embryo scattering. At 2 Myr an embryo of mass 0.43M⊕ located

at 5.8 au grew to 3.8M⊕ by accreting planetesimals from a shepherded ring, and

hence started to accrete a gas envelope. The increase in mass eventually caused the

corotation torques to saturate and the planet migrated in towards the star before

forming a gap and transitioning to slower type II migration at ∼ 4 Myr. Figure

4.7 shows that the inward migration of this planet created an inward-migrating

resonant convoy, with collisions between embryos and with planetesimals leading

to embryos growing within the convoy. Initially consisting of 12 protoplanets, the

arrival of the convoy to the inner disc was followed by dynamical instability and

collisions that left four short-period planets remaining at the end of the simulation.

These consisted of (moving out from the star) a 2.9M⊕ rocky terrestrial planet, an

11.6M⊕ gas-poor Neptune, a 7.2M⊕ mini-Neptune, and a 21.4M⊕ gas-rich Neptune,

with orbital periods of 4.7, 8.3, 12.4 and 19.5 d, respectively. As all of the orbital

periods are less than 100 d, this inner group constitutes a compact system, within

which only one resonant pair exists, that being a 3:2 resonance between the gas-

poor Neptune, and its neighbouring mini-Neptune. Other resonances existed in this

group of planets and their progenitors, but were broken when strong interactions

and collisions occurred. This run provides a clear example of how a short-period

compact system can form through concurrent growth and migration of planets.

In the outer disc regions beyond 2 au, the dispersal of the gas disc after 4.6 Myr

led to dynamical excitation of the embryos orbiting there. Planetesimals rings that

had been shepherded by the planets were disrupted, and a number of planets grew in

mass by accreting these planetesimals. At the end of the simulation the outer region

was still undergoing active accretion, and would have led eventually to the formation

of long period water-rich terrestrial and super-Earth planets orbiting between 1.85 ≤
rp ≤ 15.2 au if the run had been continued.

4.2.4 Giant formation and significant migration (GFSM)

Table 4.2 shows that only simulations with either 10 m boulders or 100 m planetes-

imals formed giant planets with masses mp > 35M⊕. Out of 72 runs, 14 resulted in

the formation of giants.

Gas giant planet formation ensues because a core with mp > 3M⊕ forms early
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Figure 4.8: Evolution of masses, semimajor axes and eccentricities of all protoplanets
in simulation K1.520.1A.

enough that a substantial gas envelope can accrete either before the disc disperses or

before the planet migrates into the inner magnetospheric cavity. In agreement with

the results of chapter 3, I find that discs capable of forming giant planets undergo

multiple bursts of planet formation and migration, with the first generation of giants

being lost through the inner boundary. Unlike chapter 3, however, the new model

allows for the survival of migrating giants because they can become stranded within

the magnetospheric cavity. Indeed, I formed a total of five surviving giants in

the simulations, the most massive of which had mp = 70M⊕. The most massive

planet formed in any simulation had mp = 160M⊕ (in model K220.01A), but was

lost through the inner boundary because a second generation of planets arrived

in the magnetospheric cavity and pushed it through the inner boundary interior

to 0.02 au. I discuss one run below that formed giant planets that experienced

significant migration.

4.2.4.1 Run K1.520.1A

Simulation K1.520.1A had an initial disc mass of 1.5 ×MMSN, a solid abundance

equal to 2 × solar and planetesimal radii 100 m. The mass in embryos and plan-
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etesimals was 65M⊕.

The evolution of protoplanet semimajor axes, masses and eccentricities are shown

in figure 4.8. Two planets grew above 3M⊕ and started accreting gas envelopes

within the first Myr. The saturation of corotation torques for the most rapidly

growing protoplanet caused it to migrate inwards, creating a resonant convoy of

comigrating interior embryos, one of which also accreted gas. The largest mass

body that drove the migration of the chain reached mp = 40M⊕ (with an envelope

fraction of 87%) before the convoy entered the magnetospheric cavity. Gap formation

prevented the 40M⊕ planet from halting at the transition to the turbulent inner disc.

The interior members of the group were pushed through the inner cavity and out

of the computational domain, and the outermost planet stopped accreting gas and

parked at the location of the 2:1 orbital commensurability with the outer edge of

the cavity.

Shortly after 1 Myr another pair of planets exceeded 3M⊕, accreted gas envelopes

and started to migrate rapidly when their corotation torques saturated, driving

another resonant convoy inwards. These planets halted when they arrived at the

transition to the active turbulent region at approximately 3.4 Myr. The outer planet

in the convoy grew to 24M⊕, formed a gap and underwent type II migration into the

magnetospheric cavity, pushing the resonant convoy and the earlier formed 40M⊕

giant planet ahead of it. All the interior planets apart from an adjacent 10.5M⊕

(formed by a collision within the cavity) were pushed through the inner boundary,

leaving the 24M⊕ and 10.5M⊕ gas-rich Neptunes orbiting at 0.035 and 0.021 au at

the end of the simulation, with gas envelope fractions of 77 and 32%, respectively.

In the interval between 2 and 4 Myr a group of ∼ Earth-mass protoplanets drifted

in towards the star while sitting in a zero-migration zone, and halted their migration

when the gas disc dispersed. Subsequent collisions resulted in the formation of two

water-rich super-Earths, a mini-Neptune and a water-rich terrestrial planet orbiting

between 0.09 and 0.24 au with masses in the range 2.3 ≤ mp ≤ 8M⊕. At large

radii (2 and 3 au, respectively) two water-rich terrestrial planets are formed by the

accretion of planetesimals after gas disc dispersal, reaching masses ∼ 2.5M⊕ at the

end of the simulation at 10 Myr.

4.2.5 Summary of LPG, MGM and GFSM results

I now summarise the results obtained in the simulations according to which class of

outcome they fall into.
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Figure 4.9: Final masses versus orbital period for all planets formed in all simulations
displaying limited planetary growth (top panel), moderate growth and
migration (middle panel) and giant formation and significant migration
(right-hand panel). Note that the runs are colour coded according to
the planetesimal/boulder size adopted, as indicated in the legend in each
panel.
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4.2.5.1 LPG

Simulations classified as showing LPG led to similar outcomes despite diverse ini-

tial conditions: (i) discs with low solids abundances containing boulders and small

planetesimals; (ii) discs with relatively high abundances of solids in the form of

large planetesimals. The final outcomes of these simulations are summarised in the

mass versus period diagram shown in the top panel of figure 4.9. I see that no very

short period planets were formed, and final masses are all below 10M⊕. The inverse

correlation between mass and semimajor axis arises because of modest disc-driven

migration that caused the most massive bodies to drift in. The colour coding of the

symbols shows that the final outcomes are similar for all boulder and planetesimal

sizes.

4.2.5.2 MGM

The final states of all runs that exhibited MGM are shown in the middle panel

of figure 4.9. Super-Earths and Neptune-mass planets on short period orbits are

formed, and these occur almost always in compact systems (see the lower panels in

figure 4.16 which shows the final outcomes of all individual runs that were classified

as MGM). I note a strong inverse correlation between mass and orbital period in

figure 4.9 caused by migration. Low-mass planets on short-period orbits were shep-

herded in as members of resonant convoys driven by more massive planets. Within

individual systems this often led to a direct correlation between mass and orbital

period because migration was driven by more massive bodies at the outer edge of

migrating resonant chains.

Figure 4.9 shows that the most massive survivors have migrated into the magne-

tospheric cavity. Their migration was rapid enough to send them in this far, and

they are often accompanied by short-period planets that are surviving members of

a resonant convoy that avoided being pushed through the inner boundary. As men-

tioned briefly above, runs classified as MGM can be divided into two sub-classes:

those that produce objects that migrate quickly enough to reach the magnetospheric

cavity, and those which do not, with faster planet growth in more solids-rich discs

and/or containing smaller planetesimals/boulders leading to the first sub-class.

4.2.5.3 GFSM

The final outcomes of runs classified as showing GFSM are presented in the bottom

panel of figure 4.9. It is clear that all of the surviving gas giant planets have migrated
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Figure 4.10: Evolution of planet mass versus orbital period for disc with mass 1 ×
MMSN and metallicity 2 × solar. Top left-hand panel: 10 m boulders.
Top right-hand panel: 100 m planetesimals. Bottom left-hand panel:
1 km planetesimals. Bottom right-hand panel: 10 km planetesimals.

into the magnetospheric cavity, and some of them are accompanied by interior lower

mass planetary companions.

Only models with 10 m boulders and 100 m planetesimals formed giant planets

with masses ≥ 35M⊕. All of these planets except for two were gas-dominated giants

- the two exceptions being core-dominated giants (see table 4.3 for definitions). For

10 m boulders the abundance of solids required to build a gas giant is equivalent

to an MMSN disc with metallicity 1.5× the solar value. For 100 m planetesimals a

solids abundance equivalent to an MMSN disc with metallicity 3× the solar value

is required. Simulations with 1 km and 10 km planetesimals presented in chapter

3 show that giants would have formed in the runs if disc models with a total solids

abundance equivalent to an MMSN disc with 8× solar metallicity (e.g. a 4×MMSN

disc with 2× solar metallicity/solids-to-gas ratio) were considered.

It is noteworthy that the most massive surviving (and non-surviving) planets all
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formed in models with 10 m boulders. Fewer low-mass planets are left at large radii

in the 100 m planetesimal runs because planet growth at these radii continues to

larger masses in these runs as the planetesimals do not migrate inwards too rapidly.

This allows the more massive planets formed there to also migrate inwards during

the gas disc lifetime.

4.2.6 Evolution as a function of planetesimal radius

The simulation results show a very strong dependence on the planetesimal size

adopted, and to highlight this point I have plotted planet evolution tracks in the

mass–period plane in figure 4.10 for simulations with fixed disc properties (disc mass

1 × MMSN, metallicity 2× solar) and varying planetesimal/boulder sizes: 10 m -

top left-hand panel; 100 m - top right-hand panel; 1 km - bottom left-hand panel;

10 km - bottom right-hand panel. Lines ending in a black filled circle represent the

formation of a surviving planet. The top left-hand panel shows the formation and

rapid inward migration of gas giant planets. The top right-hand panel shows the

formation and inward migration of super-Earths and Neptune-mass planets. The

bottom panels shows much slower growth of planets up to approximately one Earth

mass and very little migration.

4.2.7 Evolution as a function of solid abundance

The simulation outcomes show strong dependence on the total mass in solids for a

fixed planetesimal size. This is illustrated in figure 4.11, which shows mass-period

evolution tracks for planets in discs of varying mass and metallicity for 100 m plan-

etesimals. The upper panel shows results obtained from an anaemic disc with a

mass 1×MMSN and metallicity 0.5× solar. MGM is observed in the middle panel

for a disc mass of 1.5 × MMSN and metallicity 1× solar. The lower panel shows

the dramatic change in evolution when the solids abundance is raised, leading to

the formation of numerous Neptune-mass and gas giant planets in successive bursts,

with a 20M⊕ gas-rich Neptune remaining in the magnetospheric cavity at the end

of the simulation.

4.3 Comparison with observations

It is important to re-emphasise that the simulation set does not constitute an at-

tempt at population synthesis. The aim is much simpler: to examine whether or
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Figure 4.11: Evolution of planet mass versus orbital period for models with plan-
etesimals sizes of 100 m. Upper panel: disc with low solid abundance
- run K10.50.1A with disc mass 1 × MMSN, metallicity 0.5 × solar.
Middle panel: disc with medium-level solid abundance - run K1.510.1A
with disc mass 1.5 × MMSN, metallicity 1 × solar. Lower panel: disc
with large solid abundance - run K220.1B with disc mass 2 × MMSN,
metallicity 2 × solar.
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not the model of planet formation and migration presented here is able to form

planetary systems similar to those that have been observed within the context of

plausible disc models. I have not used a Monte Carlo approach to select initial

conditions from observationally derived distribution functions, and so the frequency

with which different types of systems arise in the simulations is not relevant when

judging whether or not the planet formation model is successful. Comparing with

observations allows us to determine whether or not the model is capable of produc-

ing planets with properties that match those of the observed population (or at least

a sub-set of it), and provides a guide for understanding where model improvements

are needed.

4.3.1 Mass versus period

Figure 4.12 is a mass versus period diagram for the surviving planets from all simu-

lations, along with all confirmed exoplanets (Han et al., 2014). The vertical dashed

line located at ∼ 4 d shows the position of the disc inner edge in the simulations

(i.e. the location of the magnetospheric cavity).

The large number of long-period (> 365 d) low mass planets (mp . 5M⊕) pro-

duced by the simulations arises because of the large number of runs that displayed

limited growth (21 out of 36 disc models). These are located in a part of the mass-

period diagram that is poorly sampled by radial velocity and transit surveys which

are biased towards finding massive planets on short-period orbits. Microlensing sur-

veys sample this region of parameter space and although relatively few planets have

been discovered, constraints obtained from statistical analysis of the data suggest

that planets should be common in this region of the diagram (Gould et al., 2010).

There is good overlap between the simulation outcomes and the large numbers of

observed short period terrestrial/super-Earth/Neptune-mass planets. In the simu-

lations these planets tend to form in compact multiplanet systems, similar to those

discovered by Kepler (Fabrycky et al., 2014) and radial velocity surveys (Mayor

et al., 2011), as discussed in more detail below. The observational data also indi-

cate that there are numerous systems containing a single planet or which have low

multiplicity. The most recent release of Kepler data, for example, contains more

than 3000 single transiting planet candidates (Mullally et al., 2015). In general,

the simulations only produce systems with a short-period planet and few objects

(if any) orbiting significantly further out when a dominant object (Neptune or gas

giant) forms and migrates through the system to the inner cavity. This scenario can

clear other planets from the system, leading to low levels of multiplicity. Examples
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Figure 4.12: Mass versus period plot, comparing observed exoplanets (red squares)
with simulation results (blue circles) and the Solar system (black dia-
monds). The dashed line indicates the disc inner edge of 0.05 au in the
simulations, whilst the grey zone indicates the habitable zone (Kasting
et al., 1993).

of where this occurred can be seen in figure 4.16, which shows the final outcomes

from all runs with short-period planets. Forming single planets or low multiplicity

systems without a close orbiting dominant body would seem to be difficult in the

planet formation scenario presented here, and this may indicate that the choice of

inserting 52 planetary embryos at the beginning of the simulations does not match

the mode of planet formation occurring most commonly in nature. The prevalence

of single or low multiplicity systems may be an indication that planet formation

often proceeds by only forming relatively few embryos, in contrast to traditional

scenarios of oligarchic and giant impact growth (Chambers & Wetherill, 1998; Ida

& Makino, 1993).

The collection of very short period planets (P < 2 d) with masses in the range

2 ≤ mp ≤ 10M⊕ from the simulations all arose because they migrated into the

magnetospheric cavity and were pushed closer to the star by an exterior body that

was driving a resonant convoy. These outer planets, that stall finally near the 2:1

resonance with the cavity edge, are also apparent in figure 4.12 and sit in a region

of parameter space where there are very few observed planets. I can ascribe these

distinct orbital period features in the simulated planet population as being due
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to adopting a single location for the cavity edge, whereas in reality it will vary

from system to system (and with time) due to differences in stellar magnetic field

strengths and accretion rates through protoplanetary discs. This will have the effect

of blurring the locations of the planets at the 2:1 resonance location and the interior

planets that have been pushed inwards. The group of more massive planets at 2 d

have masses that are not commonly observed, and this may be an indication that the

model fails because these bodies should have accreted more gas to become part of

the hot-Jupiter population (represented by observed planets with masses & 100M⊕),

or should experience substantial evaporation of their atmospheres by stellar X-ray

irradiation on Gyr time-scales (Owen & Jackson, 2012), leaving planets with smaller

masses in better agreement with observations. Erosion of the atmosphere through

an evaporative wind can also exert a torque on the planet allowing the planet to

migrate a few percent of its semimajor axis, if the wind is anisotropic (Teyssandier

et al., 2015).

One clear failing in the simulation results is the lack of surviving giant planets

with masses ≥ 100M⊕. As mentioned earlier, the most massive planet to form

in the simulations had mp = 160M⊕, but migrated into the star. The formation

of giant planets within the simulation occurred in the inner regions of the disc

(orbital radii ≤ 1 au), and during times when there were significant amounts of gas

remaining. These giants always migrated into the magnetospheric cavity, before

getting trapped at the 2:1 resonance with the disc inner edge. Generally, the last

planet that migrated into this region survived, along with a less massive companion

if the companion migrated in convoy. Earlier arriving planets are pushed through

the inner boundary of the disc by these late arrivers. The later formation time of

these surviving planets causes their masses to be smaller, as the amount of material

available for accretion was reduced, explaining why there are not any genuine hot

Jupiters or hot Saturns remaining at the ends of the simulations. Once again,

the high multiplicity of the simulated planetary systems may be causing short-

period giant planets to be removed from the simulations, thus reducing the level

of agreement between the models and the observations. In other words, the choice

of initial conditions where embryos are equitably distributed throughout the disc

may lead to too many planets forming, preventing the survival of early-forming gas

giants.

Finally, I note that the models do not even come close to explaining the long-

period cold-Jupiter population. This is a feature of the simulations that was dis-

cussed at length in chapter 3, where it was shown that for giant planets to have

formed and survived type II migration in the simulations, they would have had to
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have initiated runaway gas accretion at large orbital radii (typically > 8 au) and dur-

ing sufficiently late periods of the disc lifetime when the total disc mass remaining

was less than a few tenths of a minimum mass disc. Forming under these conditions

would allow planets to undergo only a moderate amount of type II migration, al-

lowing them to survive at large orbital radii. Trapping giant planet cores at large

orbital radii until late times is difficult in the model, however, because the saturation

of entropy-related corotation torques leads to rapid inwards type I migration. This

point is illustrated by the migration contours shown in figure 4.3.

4.3.2 Comparison with Kepler-like systems

Figure 4.13 shows a comparison between a selection of compact Kepler systems,

Gliese 581 and Wasp 47 and a selection of the simulated systems. Figure 4.16

shows all the simulated planetary systems that arose from runs resulting in either

MGM or GFSM.

Inspection of the simulated planetary systems in figure 4.13 (and figure 4.16)

shows that I obtain two basic architectures, one where either a gas-rich Neptune

or a gas giant planet has migrated through the system into the inner cavity, and

another where the migration has been more modest as planet masses have not grown

so massive. The runs K221B, K20.50.01B, K120.1B and K1.50.50.01B displayed

the latter type of behaviour, whereas runs K220.01B, K20.50.01A and K110.01A

displayed the former type. I obtain outcomes in which the planets are well separated

and not in resonance, such as K221B (for which there was a lot of scattering and

growth after the gas disc dispersed) and outcomes such as K1.50.50.01B where the

planets are in a chain of resonances at the end of the simulation. Note that figure

4.16 shows which pairs of planets in the final systems are in mean motion resonances.

I also find a small number of co-orbital planets at the end of the runs (three trojan

systems and one horseshoe system were found orbiting within 200 d across all runs.

These systems are shown as being in 1:1 resonance in figure 4.16). All co-orbital

planets were found in systems where at least one planet underwent rapid and large

scale migration, causing bodies to be scattered on to eccentric orbits that quickly

damped once the rapid migrator had passed through the system. This concurs

with previous studies of co-orbital planet formation which showed that these bodies

are a direct consequence of violent relaxation in a highly dissipative environment

(Cresswell & Nelson, 2006).

While it is difficult to perform a quantitative comparison between the simulated

and the observed planets, certain similarities can be noted. For example, Kepler-444
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Figure 4.13: Plot comparing observed compact multiplanet systems (upper panels)
with simulated systems (lower panels). Orbital period is indicated on
the x-axis and planet masses are indicated by the symbol size (radius
scales with the square-root of the planet mass) with reference sizes
shown in the legend. Masses for observed systems are either measured
masses, or where these are not available they are calculated using the
formulae described in Han et al. (2014). The symbol colours in the
lower panels indicate the classification of each planet: red = rocky
terrestrial; blue = water-rich terrestrial; yellow = rocky super-Earth;
green = water-rich super-Earth; magenta = mini-Neptune; cyan = gas-
poor Neptune; black = gas-rich Neptune; brown = gas-dominated giant.
See table 4.3 for definitions of planet types.
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Figure 4.14: Cumulative distribution functions of period ratios between neighbour-
ing planets with periods less than 100 d in the observations (red line)
and simulations (blue line).

looks similar to the inner four planets of K1.50.50.01B. These four rocky-terrestrial

planets were shepherded in by the exterior more massive water-rich terrestrials, and

hence formed a resonant convoy. This is one way in which the Kepler-444 planets

could have arrived at their observed locations and provides an alternative to in situ

formation (but relies on there being a more massive, undetected planet orbiting

further from the star). Kepler-169, 186 and 80 look similar to K20.50.01B, and

Kepler-11 and 33 have broad similarities with K120.1B. Although the Kepler sample

does not contain examples of compact multi-systems with massive, short-period

planets (perhaps because these are more dynamically disturbed and therefore not

transiting or close to resonances such that they are detectable through transit timing

variations), Gliese 581 and Wasp 47 provide two examples that have architectures

similar to K210.1B and K220.01B.

4.3.3 Period ratios and orbital spacings

Figure 4.14 compares the cumulative distributions of period ratios between neigh-

bouring planets with masses ≥ 1M⊕ and orbital periods less than 100 d obtained

from the simulations (upper blue curve) and the Kepler systems (lower red curve).
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The sample of Kepler planets was defined by choosing bodies with orbital periods

≤ 100 d and radii ≥ 1R⊕. This lower radius limit was adopted to account for pos-

sible incompleteness in the Kepler sample for planets with small radii. It is clear

that the simulated systems are generally more closely packed after run times of 10

Myr, and the structure observed in the distribution shows that this is due in part

to there being a number of planet pairs in resonance. The step-like features in the

plot show that the 7:6, 6:5, 5:4, 4:3, 3:2 and 2:1 resonances are occupied. Whereas

just an isolated pair of migrating planets are likely to be trapped in either the 2:1 or

3:2 resonances if they undergo smooth migration (Paardekooper et al., 2013), I find

that migration in a crowded system allows diffusion through successive resonances

to occur such that high degree resonances can be occupied, in agreement with earlier

studies by Cresswell & Nelson (2006, 2008). Although resonant systems are rela-

tively rare in the Kepler data, it is worth noting that Kepler-36 has two planets very

close to the 7:6 resonance (Carter et al., 2012; Paardekooper et al., 2013), and some

of the planet pairs in Kepler-444 are reported to be in 5:4 (Campante et al., 2015).

Other examples of systems in resonance or near resonance, including three body

resonances and resonant chains, are Kepler-50 (6:5), Kepler-60 (5:4, 4:3) (Steffen

et al., 2012), Kepler-221 (three body resonance where the mean motion combina-

tion 2nin−5nmid+3nout has been found to librate around 180 deg) (Fabrycky et al.,

2014).

Furthermore, it has been noted in numerous studies (e.g. Fabrycky et al., 2014)

that the distribution of planet period ratios contains an excess of planets just outside

of 3:2 and 2:1, suggesting that the resonances have been dynamically important dur-

ing the evolution but may have been broken by stochastic migration in a turbulent

disc (Adams et al., 2008; Rein & Papaloizou, 2009), by tidal interaction with the

central star (Terquem & Papaloizou, 2007), by orbital repulsion due to damping of

non-linear spiral waves (Baruteau & Papaloizou, 2013), by overstability in librations

about resonant centres (Goldreich & Schlichting, 2014), or because of scattering due

to interactions with or accretion of residual planetesimals (Chatterjee & Ford, 2015).

I observe that in a handful of simulations, planetesimal scattering after full gas disc

dispersal does occur, breaking mean-motion resonances between neighbouring plan-

ets, in agreement with Chatterjee & Ford (2015). It is noteworthy that a number of

the compact systems are orbiting in regions where their nascent protoplanetary discs

are expected to have sustained MRI (Magnetorotational instability) turbulence due

to the local temperature being in excess of 1000 K (Umebayashi & Nakano, 1988),

and so may have been subjected to stochastic forcing of their orbits while the gas

disc was present. To seek evidence for this transition to turbulence I have examined
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Figure 4.15: Histogram showing the distribution of separations between neighbour-
ing planets with masses ≥ 1M⊕, measured in units of the mutual Hill
radius.

the minimum periods of planets in the compact Kepler multi-systems to see if they

correlate with the effective temperature of the host star, but there is no evidence of a

correlation. At present there is no clear evidence that the transition to turbulence in

the inner regions of the protoplanetary discs that formed the Kepler systems played

a decisive role in dynamically shaping these systems.

It is possible that a number of the simulated systems may be dynamically unstable

on time-scales much longer than the 10 Myr run times, such that subsequent mutual

collisions increase separations between adjacent planets. In a recent study, Pu &

Wu (2015) used n-body simulations to show that compact Kepler -like multiplanet

systems tend to remain stable for Gyr time-scales only if the typical mutual sepa-

ration between neighbouring planets is approximately 12 mutual Hill radii. Figure

4.15 shows the distribution of separations between neighbouring planets present at

the end of the simulations, and while many planet pairs are well separated there are

a significant number whose orbital spacings may be too small for long-term stabil-

ity. Running the simulations for long enough to test this goes beyond the scope of

this thesis, but will be studied in future work as it may be the case that the mean

motion resonances discussed above provide protection against instability. Note that
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the objects with period ratios of unity shown in figure 4.15 are the co-orbital planets

mentioned previously.

4.4 Discussion and conclusion

I have implemented a model of planet formation based on a scenario in which nu-

merous planetary embryos are distributed across a wide range of semimajor axes,

embedded in a sea of boulders or planetesimals that act as the primary feedstock

for planetary growth. The model has a comprehensive list of ingredients: planetary

embryo growth through boulder/planetesimal accretion and mutual collisions; a 1-D

viscous gas disc model, subject to irradiation from the central star and a photoevap-

orative wind; type I migration using the most up-to-date prescriptions for Lindblad

and corotation torques; a transition to gap formation and type II migration when

gap formation criteria are satisfied; gas accretion on to solid cores. The disc has an

increase in viscosity where the temperature T > 1000 K, to mimic unquenched MHD

turbulence developing in the inner disc, and a magnetospheric cavity that creates

an inner edge in the gas disc at an orbital period of 4 d. The aim of this study is to

determine which types of planetary systems emerge from the planet formation model

as a function of disc parameters (mass and metallicity) and planetesimal/boulder

sizes. The main results from the simulations can be summarised as follows.

(1) System evolution can be categorised into three distinct modes that depend on

the total amount of solids present in the disc and the sizes of the boulders/planetesimals.

(i) - When planetesimal/boulder radii are small (≤ 100 m) limited planetary growth

arises when the inventory of solids is small. When planetesimal radii are large

(≥ 1 km), limited growth arises for all discs models considered, except the one that

is the most massive and solids-rich. Planets with maximum masses ∼ 3M⊕ form

during the gas disc lifetimes, and show only very modest migration.

(ii) - Moderate growth and migration arises in only the most solids-rich disc con-

sidered when planetesimal sizes are 1 km, and for disc models with intermediate

abundances of solids when the planetesimal/boulder sizes ≤ 100 m. Planets are

able to grow to super-Earth or Neptune masses during the disc lifetime, and may

undergo large-scale migration.

(iii) - Giant formation and significant migration is observed in the most solids-

abundant discs when boulder/planetesimal sizes were ≤ 100 m, but did not arise

in any of the runs with larger planetesimals. Generally, multiple episodes of planet

formation occur, and gas giant planets with masses ≥ 35M⊕ form and undergo



4.4: Discussion and conclusion 135

  1  10 100

K110.01A

K110.01B

K120.1A

K120.1B

K1.50.50.01A

K1.50.50.01B

K1.510.1A

K1.510.1B

K20.50.01A

K20.50.01B

K20.50.1A

K20.50.1B

K210.1A

K210.1B

K221A

K221B

K120.01A

K120.01B

K1.510.01A

K1.510.01B

K1.520.01A

K1.520.01B

K1.520.1A

K1.520.1B

K210.01A

K210.01B

K220.01A

K220.01B

K220.1A

K220.1B

7:6 6:5 7:6 7:6 6:5

3:2

4:3 5:4 4:3 6:5 2:1 3:2

2:1

5:4 5:4
1:1

4:3

3:2 4:3

2:1 3:2

6:5

5:2 3:2 4:3 5:4 6:5 4:3 7:6

6:5 5:4 7:6 8:7 5:4 6:5

9:8 6:5 9:8 9:8

3:2 1:1

3:2

3:2 4:3 2:1

4:3 5:4 4:3 7:6 6:5 3:2 2:1 5:4

2:1 3:2 3:2

1:1

1:1

Period (days)

Figure 4.16: Plot showing all compact multiplanet systems formed in the simula-
tions. The upper panels represent planets formed in runs classified as
giant formation and significant migration, the low panels show out-
comes from moderate growth and migration runs. Orbital periods are
indicated on the x-axis and planet masses are indicated by the symbol
size, as in figure 4.13. The symbol colours indicate the classification
of each planet: red = rocky terrestrial; blue = water-rich terrestrial;
yellow = rocky super-Earth; green = water-rich super-Earth; magenta
= mini-Neptune; cyan = gas-poor Neptune; black = gas-rich Neptune;
brown = gas-dominated giant. See table 4.3 for definitions of planet
types.
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large-scale migration before stalling in the magnetospheric cavity. The final surviv-

ing short period planets are normally the last ones to arrive in the magnetospheric

cavity, with the earlier arrivals being pushed through the inner boundary by the

planets that arrive there later.

(2) Considering systems of short-period planets, I can identify two basic architec-

tures that emerge from the simulations. The first normally consists of a combination

of terrestrial planets, super-Earths and low mass Neptunes, where no planet man-

aged to migrate into the magnetospheric cavity. The shortest period orbits in these

systems are normally 4-5 d. The second architecture consists of at least one domi-

nant planet (a gas giant or a relatively massive Neptune) that migrated and stalled

in the magnetospheric cavity with a period of ∼ 2 d. In approximately 50% of cases,

this planet has an interior companion (terrestrial planet, super-Earth or Neptune)

which is almost never in resonance because of dynamical interactions and collisions

with other planets during the evolution. In most cases where a dominant short-

period planet formed, there are a number of exterior planets orbiting with periods

in the range 5 . P . 80 d.

(3) The planetary systems display a range of heterogeneity in composition versus

orbital period. Systems that formed under relatively quiescent conditions, without

a rapidly migrating gas giant or Neptune, have rocky bodies orbiting interior to

volatile rich bodies. Systems that contained rapidly migrating giants or Neptunes,

that end up in 2 d orbits, often experienced significant scattering, and these systems

can have rocky bodies in exterior orbits in close proximity to volatile-rich bodies.

(4) The planetary systems that emerge from the simulations tend to be closer

packed than the observed Kepler systems. The most common spacing between

neighbouring planets is 10 - 12 mutual Hill radii, and Pu & Wu (2015) have shown

that such systems are likely stable over Gyr time-scales. There are, however, numer-

ous simulated planet pairs where the ratio of spacing to mutual Hill radius < 10, and

these might cause the systems to evolve and change their spacing through collisions

if evolved beyond the 10 Myr that I have considered, improving the agreement with

observations. I note, however, that mean motion resonances may help stabilise the

simulated systems compared with those considered by Pu & Wu (2015).

(5) One reason for the difference in the distributions of observed versus simulated

period ratios is that mean motion resonances are common among the final planetary

systems. I find examples of 7:6, 6:5, 5:4, 4:3, 3:2 and 2:1, with the latter three

resonances being rather common. It is well known that most of the compact Kepler

systems do not display mean motion resonances, even though there is evidence for

the 2:1 and 3:2 resonances having been dynamically important in the past, and a few
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individual systems appear to host resonant pairs or triples. One possible explanation

for the greater numbers of resonant systems arising in the simulations is the neglect

of stochastic forces in the inner disc regions due to MHD turbulence (Nelson, 2005;

Nelson & Papaloizou, 2004) which can cause planets to diffuse out of resonance

(Adams et al., 2008; Rein & Papaloizou, 2009). It remains to be seen whether or

not inclusion of this effect can increase the agreement between observations and

theory on the frequency of mean motion resonances. One further point worthy of

note is that the frequency of resonances arising in the simulations is higher for those

architectures that contain a dominant planet orbiting with a 2 d period. Systems

without a dominant short period planet underwent more quiescent evolution during

the gas disc lifetime, but also experienced more scattering after removal of the disc

and this leads to systems that contain few resonances (see figure 4.16). Thus, it is

important to note that there is a mode of planet formation that includes large scale

migration but which does not result in systems that are members of resonant chains.

(6) A number of co-orbital planets were formed in the simulations (three trojan

systems, and one undergoing mutual horseshoe orbits, were found to orbit with pe-

riods < 200 d). These all formed in systems where at least one dominant planet

underwent migration through the planetary swarm, causing large amounts of scat-

tering. In earlier work Cresswell & Nelson (2006, 2008) have shown that co-orbital

planets arise as a consequence of violent relaxation in crowded planetary systems

with strong eccentricity damping, and the results are in agreement with these earlier

findings.

(7) Numerous gas giant planets were formed in the simulations, and some survived

after migrating into the magnetospheric cavity. The most massive planet to form

was a 160M⊕ gas giant, but this was pushed through the inner boundary of the

computational domain by a planet that arrived in the magnetospheric cavity at a

later time. The most massive surviving planet was a 70M⊕ “hot Saturn” on a 2 d

orbit. In chapter 3 I undertook a detailed examination of the conditions required for

the formation and survival of longer period giant planets against type II migration,

and showed that a Jovian mass planet halting its migration at 5 au needs to start

runaway gas accretion and type II migration at a distance of∼ 15 au from the central

star. This has not occurred in any of the simulations (this chapter, or chapter 3, or

in the many low-resolution test simulations that have been run but are not included

in this thesis), because of the difficulty of forming a core and keeping it at such

large orbital radius. I have concluded that forming and retaining long-period giant

planets requires a set of disc conditions that are quite different from those that have

been considered thus far. A potential solution to the problem will be presented in
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chapter 5.

4.4.1 Formation of Kepler-444 and 42

The Kepler-444 and Kepler-42 systems are examples of short period compact low

mass planetary systems. All have radii substantially smaller than the Earth’s.

Kepler-444 is a five-planet system orbiting a 0.76 M⊙ K0V star with [Fe/H] ∼ −0.55,

where the innermost orbital period is 3.6 d and the outer planets are close to the

5:4, 4:3, 5:4 and 5:4 mean motion resonances (Campante et al., 2015). Kepler-42 is

a three-planet system orbiting a 0.13 M⊙ M3V star with [Fe/H] ∼ −0.3. Orbital

periods are 0.453, 1.214 and 1.865 d (Muirhead et al., 2012), so there are no first-

order mean motion resonances. I showed in section 4.2 that planet masses need to

be in excess of ∼ 3M⊕ for migration over large distances to be effective, and given

the low metallicities of these systems they are most likely explained by in situ for-

mation after delivery of solids through drag-induced drift into the disc inner regions.

Although large-scale migration of these planets is implausible, the resonant or near-

resonant configuration of the Kepler-444 planets suggests that modest migration

may have occurred. The outermost planet being the largest (and presumably most

massive) would lead to the necessary convergent migration.

4.4.2 Formation of short-period super-Earths in

low-metallicity discs

The simulations demonstrate how difficult it is to grow planets that are massive

enough to undergo significant type I migration during the gas disc lifetime when

growth is dominated by the accretion of large (≥ 1 km) planetesimals in discs with

a moderate inventory of solids. This is because growth time-scales are slow for

large planetesimals. In addition, if a planet approaches its local isolation mass it

will not be massive enough to migrate such that it can accrete from undepleted

sources of planetesimals. The situation becomes more difficult in a low metallic-

ity environment, and the existence of short-period super-Earths around stars such

as Kapteyn’s star (Anglada-Escudé et al., 2014), Gliese 581 (Udry et al., 2007),

HD 175607 (Mortier et al., 2016) and the numerous low-metallicity hosts of Ke-

pler systems (Buchhave et al., 2014) suggests that these planets did not form via

the classical oligarchic growth picture of widely distributed embryos accreting from

a swarm of large planetesimals. These systems instead point towards planetary

embryos growing into type I migrating super-Earths by accreting from a supply of
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highly mobile small planetesimals, boulders or pebbles (e.g. Lambrechts & Johansen,

2012; Ormel & Klahr, 2010), as this is the only means available of exceeding local

isolation masses. On the other hand, the requirement for the local solids-to-gas ratio

to be approximately twice solar in order for the streaming instability to operate and

generate large planetesimals that can acts as the seeds of growing planets (Johansen

et al., 2009b) suggests that small particles must first concentrate in specific disc re-

gions due to the existence of zonal flows (Bai & Stone, 2014; Johansen et al., 2009a),

vortices (Fromang & Nelson, 2005) or dead zone interfaces (Lyra et al., 2009) in or-

der to create local enhancements of solids. Such a collect-and-grow scenario would

appear to offer the best hope for explaining the existence of planets in the lowest

metallicity environments.



5 Planet Formation in Radially

Structured Protoplanetary Discs

In this chapter I will present work that has been accepted for publication in the

Monthly Notices of the Royal Astronomical Society (Coleman & Nelson, 2016b),

and as such this chapter closely follows that paper.

Ever since the discovery of the first extrasolar giant planet around a main sequence

star (Mayor & Queloz, 1995), questions have been asked as to the formation and evo-

lution of giant exoplanets. To date over 1600 confirmed extrasolar planets have been

discovered, displaying a broad range of orbital and physical properties, and approx-

imately 600 of these are believed to be gas giants (Han et al., 2014). Explaining the

origins of the broad diversity of exoplanets remains a formidable challenge to planet

formation theory, and even the more restricted challenge of explaining the orbital

period distribution of giant exoplanets has not yet been addressed satisfactorily.

Observational biases, in particular the fact that ground based transit surveys are

only sensitive to detecting giant planets with orbital periods . 10 days, and that ra-

dial velocity searches have surveyed stars that are more metal-rich than the average,

give the impression that hot Jupiters are common. Recent studies that have exam-

ined data from the Kepler spacecraft and follow-up radial velocity measurements

(Fressin et al., 2013; Santerne et al., 2016) find that hot Jupiters are expected to

orbit only 1% of main sequence stars, while cold Jupiters have a higher occurrence

rate of 17% (Cassan et al., 2012). The occurrence rate between the two populations

does not increase linearly, however, as a ‘period valley’ exists between 10–85 days

where there is a dearth of giant planet detections when accounting for observational

biases. This period valley was first observed in radial velocity surveys (Cumming

et al., 2008; Jones et al., 2003; Udry et al., 2003), and its existence has been sup-

ported by the aforementioned recent analysis of combined Kepler and radial velocity

observations (Santerne et al., 2016). Individual theories have been put forward to

explain this period valley (Alexander & Pascucci, 2012; Ercolano & Rosotti, 2015;

Hasegawa & Pudritz, 2011), but none have been incorporated into ab initio models

of planet formation to examine whether or not it is possible to explain this, and

140
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other features in the giant planet distribution, from first principles.

Competing theories of giant planet formation, including the core-accretion and

pebble-accretion models (e.g. Alibert et al., 2006; Bitsch et al., 2015b; Ida & Lin,

2004; Mordasini et al., 2009), and the tidal-downsizing model (e.g. Nayakshin, 2015),

have been used to make predictions about the giant planet population for compar-

ison with observations, and to examine the formation of giant planets in our Solar

System (Levison et al., 2015a). The fact that many multiplanet systems have been

discovered, containing various combinations of super-Earths, Neptunes and Jovian

mass bodies (Becker et al., 2015; Muirhead et al., 2012; Neveu-VanMalle et al.,

2016), often in compact systems (e.g. Becker et al., 2015; Lissauer et al., 2011),

suggests that gravitational interactions, and perhaps competitive accretion, are es-

sential components of the planet formation process. Furthermore, the fact that many

giant planets appear to be on eccentric orbits suggests that dynamical instabilities

involving initially compact giant planet systems, either during or after formation,

are common and important for shaping planetary system architectures (e.g. Rasio &

Ford, 1996). Chapters 3 and 4 examined the formation of planets in irradiated, vis-

cous disc models that adopted the standard α prescription (Lynden-Bell & Pringle,

1974; Shakura & Sunyaev, 1973). Except for a small region close to the star where

the temperature exceeds 1000 K, α was assumed to be constant, leading to smooth

temperature and surface density profiles in the discs. The models have been success-

ful in forming systems containing hot Jupiters, multiple super-Earths and Neptunes

in compact configurations, and numerous terrestrial planets with a variety of com-

positions, but the models fail completely to form any surviving cold Jupiters. The

main reason for this is that giant planet cores undergo rapid inward migration as

they accrete gas, because the corotation torques that are needed to counteract the

Lindblad torques become saturated (e.g. Paardekooper et al., 2011). These planets

then end up as hot planets orbiting close to the star. In chapter 3 I undertook a

detailed examination of the conditions required for giant planet formation and sur-

vival, and showed that a Jovian mass planet that settles into a final orbit at 5 au

must have initiated runaway gas accretion and type II migration when at an orbital

radius ∼ 15 au, and this should have occurred late in the disc lifetime so that the

gas disc disperses before the planet type II migrates all the way to the central star

(or into the magnetospheric cavity if one is present). In this chapter, I address the

question of whether or not radial structuring of a protoplanetary disc, because of

spatial and temporal variations in the viscous stress, can prevent accreting giant

planet cores from migrating inwards rapidly because of the ‘planet traps’ created

by the surface density variations (Masset et al., 2006). Although I adopt a simple,
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proof-of-concept ‘toy model’ for the generation of radial structuring of the disc, the

results suggest that this may provide an effective means of allowing the formation

of surviving cold Jupiters, and point the way to an avenue of potentially fruitful

future research.

The chapter is organised as follows. I describe the updates to the physical model

and numerical methods in section 5.1. I present the results in section 5.2, and draw

conclusions in section 5.3.

5.1 Physical model and numerical methods

The n-body simulations presented here were performed using the Mercury-6 sym-

plectic integrator (Chambers, 1999), adapted to include the additional physical pro-

cesses described below. Some of these are updated versions of those described in

chapters 3 and 4, and some of the processes are new to this chapter.

5.1.1 Model improvements

5.1.1.1 Gas envelope accretion

A planet undergoes runaway gas accretion once the envelope and core are of compa-

rable mass, and during this phase the planet rapidly accretes the material occupying

its feeding zone, until it reaches its ‘gas isolation mass’, where the feeding zone is

now empty and a gap has formed in the disc. In chapter 3 I obtained fits to the

runaway gas accretion rates from 2-D hydrodynamic simulations, but those fits only

considered the migration of the rapidly accreting planet after it had reached its ‘gas

isolation mass’. I have improved on the fits in chapter 3 by allowing the planet to

migrate while undergoing runaway gas accretion. Including migration in the deter-

mination of the fits makes them more consistent with the hydrodynamic models.

Once a planet enters the runaway gas accretion phase prior to reaching the gap

forming mass, the following steps are applied:

(i) Calculate the gas isolation mass, miso, according to:

miso = 2πrpΣg(rp)∆r (5.1)

where Σg(rp) is the gas surface density taken at the planet’s location, and ∆r is

given by

∆r = 6
√
3rH (5.2)
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where rH is the planet’s Hill radius.

(ii) Recalculate miso at each time step to account for the drop in Σg as the material

in the planet’s feeding zone diminishes.

(iii) Allow the planet to grow rapidly to miso by removing gas from the disc around

the planet and adding it to the planet, using gas accretion rates obtained from

the fits to the Movshovitz et al. (2010) models. Once the planet reaches miso, it

transitions to type II migration and begins accreting at the viscous rate.

When implementing the above prescription, I define the point at which the planet

enters runaway gas accretion to be when dm
dt

≥ 2M⊕ per 1000 yr. When the gas

isolation mass is calculated I assume a maximum gas isolation mass of 400M⊕, which

accounts for when a planet enters the runaway gas accretion phase in a massive

disc, where tidal torques from the planet would evacuate the feeding zone before

the gas isolation mass was reached. I note that a planet that does not reach the

runaway gas accretion mass prior to reaching the local gap forming mass would

instead transition directly to type II migration without accreting the material within

its feeding zone, and will begin accreting at the smaller of the rate obtained from

the fits to Movshovitz et al. (2010), or the viscous supply rate. I note that all of

the values displayed above have been determined to give the best agreement with

2D hydrodynamic simulations similar to those presented in section 3.4.

5.1.1.2 Migration during runaway gas accretion

Until the planet reaches the mass required for runaway gas accretion, it undergoes

type I migration using the torque formulae of Paardekooper et al. (2010, 2011).

Once it undergoes runaway gas accretion, the planet begins to carve a gap in the

disc by rapidly accreting the surrounding material. To account for this change in

conditions, the planet stops undergoing type I migration and begins to migrate at

a rate with a timescale equal to the local viscous evolution time:

τν =
2rp
3ν

. (5.3)

Migration at this rate continues until the planet reaches the gas isolation mass, where

it transitions to self-consistent type II migration driven by the coupling to the viscous

evolution of the disc via the impulse approximation (Lin & Papaloizou, 1986). I

note that recent hydrodynamic simulations have indicated that the migration of

gap forming planets does not necessarily occur at exactly the viscous flow rate of

the gas in the disc (Duffell et al., 2014; Dürmann & Kley, 2015), due to residual
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gas in the gap adding to the migration torque. For the disc and planet masses that

are considered in this chapter, however, the migration rates provided by the impulse

approximation are in reasonable agreement with those obtained in hydrodynamic

calculations presented in section 3.4.2.

5.1.2 Disc radial structures

Simulations performed in chapters 3 and 4 failed to form any surviving gas giant

planets, other than hot Jupiters that are only prevented from migrating into their

host stars by the presence of a central magnetospheric cavity. An analysis of the

conditions required for gas giants to form and survive outside of the central cavity

presented in chapter 3 demonstrated that runaway gas accretion and the transition

to type II migration needs to occur when the planets are distant from their stars.

For example, for a Jovian mass planet to form and settle into a final orbit at ∼ 1 au,

requires type II migration to be initiated at ∼ 6 au. A Jovian planet orbiting at

∼ 5 au needs to initiate runaway gas accretion and type II migration at ∼ 15 au.

The time of formation also provides a constraint: form too early in the disc life

time and a planet migrates all the way into the central cavity; form too late and

there is insufficient gas available to build a gas giant. It is noteworthy that popula-

tion synthesis simulations produce a large number of surviving cold gas giants (e.g.

Mordasini et al., 2009). Chapter 3 examined the planet mass and orbital evolution

obtained using the following three approaches: 1-D disc models similar to those

presented in this paper; 2-D hydrodynamic simulations that were designed to match

the conditions in the 1-D models; the prescriptions for mass growth and migra-

tion used in population synthesis models. I showed that the discrepancy obtained

in giant planet survival rates between the modelling approaches arises because a

migration-slowing factor is included in the population synthesis models when in the

so-called planet-dominated regime, and this results in too much slowing of type II

migration compared to that observed in the 2-D hydrodynamic simulations or in the

1-D viscous disc models.

Retaining the cores of gas giants at large orbital radii is difficult, especially late in

the disc life time. The corotation and Lindblad torques need to balance, such that

the core orbits in a “zero-migration zone” (Bitsch & Kley, 2011; Cossou et al., 2013;

Hellary & Nelson, 2012). The corotation torque has entropy-related and vortensity-

related components, and it is the entropy-part that is normally strongest and able

to balance the Lindblad torque when the temperature profile decreases outwards

steeply. In a viscous, irradiated disc, the inner regions of the disc, where the viscous
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dissipation dominates the heating, have steep temperature gradients, and early in

the disc life time the zero-migration zone can extend out to ∼ 10 au for planet

masses & 10M⊕ (Bitsch et al., 2015a; Bitsch & Kley, 2011; Coleman & Nelson,

2014; Cossou et al., 2013; Hellary & Nelson, 2012). As the disc evolves, however,

the viscous heating rate decreases and the zero-migration zone moves into the inner

1–2 au and only prevents the migration of lower mass planets. Although the details of

the evolution depend on input parameters such as the viscous stress and the opacity,

it would seem to be difficult to maintain strong entropy-related corotation torques

in the outer disc regions during the later phases of disc evolution. One alternative

for maintaining cores at large radii might be for the vortensity-part of the corotation

torque to be strengthened in regions where the surface density increases with radius,

such as may occur if the disc surface density contains undulations . These regions

might act as planet traps (Masset et al., 2006), as well as being regions where

small sized bodies such as dust, pebbles, boulders and small planetesimals could

concentrate (e.g. Pinilla et al., 2012). The main focus of this chapter is to examine

the consequences of allowing protoplanetary discs to be radially structured because

of radial variations in the viscous stress. My approach is to employ a very simple “toy

model” for simulating these radial structures, but I derive motivation from recent

observations of protoplanetary discs, and from the long history of MHD simulations

showing that discs which support magnetorotational turbulence (Balbus & Hawley,

1991) often demonstrate radial structuring in the form of zonal flows.

5.1.2.1 Observed structures

Recent observations of the young class I T Tauri star, HL Tau, have shown the

presence of a number of quasi-axisymmetric rings, corresponding to maxima and

minima in the emitted intensity as a function of radius. The system of rings extends

between 13–100 au (ALMA Partnership et al., 2015). A number of suggestions

have been put forward to explain the rings, included embedded planets (Dipierro

et al., 2015; Picogna & Kley, 2015), pressure bumps that trap dust (Flock et al.,

2015), enhanced dust growth near ice lines (Zhang et al., 2015), and sintering of

dust aggregates (Okuzumi et al., 2016). Even more recent ALMA observations of

the disc around TW Hydra have also uncovered a series of rings (Andrews et al.,

2016), suggesting that these really are common phenomena that arise during the

evolution of protoplanetary discs. The closer proximity of TW Hydra to the Solar

System allows regions of the disc that lie closer to the central star to be probed by

the ALMA observations, and these have uncovered rings between orbital radii 1 –
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40 au. Furthermore, although high resolution ALMA images of other protoplanetary

discs have not yet been released, existing ALMA data for a number of other discs

indicate that ring structures are present in the disc outer regions (Zhang et al.,

2016), suggesting that these features are common phenomena that arise during the

evolution of protoplanetary discs. Although I do not attempt to fit the simulations

to these observations, I simply note that a plausible scenario for the origin of these

rings is radial variation in the effective viscous/turbulent stresses that give rise to

variations in the surface density.

5.1.2.2 Zonal flows in MHD simulations

Over a number of years, both global (Fromang & Nelson, 2006; Papaloizou & Nelson,

2003; Steinacker & Papaloizou, 2002) and local (Johansen et al., 2009b) simulations

of magnetised discs have demonstrated the occurrence of persistent density/pressure

maxima and minima as a function of radius, arising from localised magnetic flux

concentration and associated enhancement of magnetic stresses. More recent sim-

ulations incorporating non-ideal MHD effects have also reported the existence of

these features in local (Bai & Stone, 2014) and global (Béthune et al., 2016; Zhu

et al., 2014) simulations. Density variations with amplitudes up to ∼ 50% of the

background have been reported (Bai & Stone, 2014). Being in geostrophic balance,

these pressure bumps are often referred to as zonal flows (Johansen et al., 2009b).

Simon et al. (2012) have recently observed long-lived zonal flows in simulations with

radial domains up to 16 scale heights, and in these large shearing boxes they find

that the outer radial scale of the zonal flows is ∼ 6H , although they stress that sim-

ulations in larger domains are required to demonstrate convergence. Dittrich et al.

(2013) ran shearing box simulations with radial domains up to 21H and also found

the radial sizes of the axisymmetric zonal flows to be between 5 and 7H . The study

by (Bai & Stone, 2014) noted that zonal flows in radially-narrow shearing boxes

tended to be intermittent, but runs in large shearing boxes of width 16H persisted

for the full duration of the simulations, which had total run times of 400 orbits.

Zonal flows are clearly able to live for long times, but at present it is not clear what

their characteristic life times are.

Although I do not try to fit a model to these MHD simulations, and instead take

the approach of employing a simple prescription to demonstrate “proof of concept”,

I note that global MHD simulations which display dust concentration in pressure

bumps have been used to compare theoretical calculations with the observed struc-

tures in protoplanetary discs (Flock et al., 2015). Density and pressure bumps
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Structure rmin rmax Lifetimes
label (au) (au) (×103 local orbits)
1 4.25 5.75 10, 50, 100
2 9.25 10.75 10, 50, 100
3 14.25 15.75 10, 50, 100
4 19.25 20.75 10, 50, 100

Table 5.1: Radial structure parameters

arising from variations in magnetic or turbulent stresses may be a common feature

of planet forming discs. In addition to the zonal flows described above, similar fea-

tures may also arise in regions where there is a transition from one non-ideal MHD

process being dominant to another becoming dominant (i.e. a transition between

Hall and ambipolar dominated regimes (Flock et al., 2015)), or at the interface be-

tween magnetically active and dead zones. In the presence of these transitions, the

disc may not be able to maintain a constant mass flux through all radii at all times,

and radial structuring may occur. For simplicity, in this chapter I just consider a

rather crude model for disc structuring that is intended to mimic the growth and

decay of zonal flows, but I note that radial structuring may also occur because of

other physical processes that influence the local rate of mass flow through the disc.

5.1.2.3 A simple model for radial structuring

I incorporate radial structuring in the models by introducing a spatially and tem-

porally varying viscous stress. At any one time, four structures are present in the

simulations. While this number is arbitrary, it is similar to the number of rings

observed in HL Tau and TW Hydra. Each one exists between specific, predefined

radii (rmin, rmax), where the values are given in table 5.1. Each structure has a finite

life time (see the final column of table 5.1), and as it decays a new structure grows

within the same range of radii rmin < r < rmax. I initiate the structures 50,000 years

after the start of the simulations, once the disc has reached a quasi-steady state,

by increasing the viscosity parameter α up to a maximum strength of 1.5× that of

the background value. This value was chosen to approximately match the ∼ 50%

variation in the surface density due to the zonal flows obtained in the MHD simula-

tions of Bai & Stone (2014). For each structure, the maximum value of α is located

at the centre of that structure, whilst I transition α to its background value over a

distance of 3.5 local scale heights using a Gaussian kernel, giving each structure a

width of 7 local scale heights. Once each of the structures begins to form, it does so

over 100 local orbital periods by increasing α from the background value up to the



5.1: Physical model and numerical methods 148

−4 −3 −2 −1 0 1 2 3 4
2

2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

2.9

3
x 10

−3

al
ph

a

(R−R
struc

) / H

 

 

0 orbits
25 orbits
50 orbits
75 orbits
100 orbits

Figure 5.1: Plot showing the time variation of the viscous α associated with the
formation of a radial structure over a time of 100 local orbits.

required value, as described below:

α(r, t) = αb +
αb

2
rnewtnew (5.4)

where αb is the background value, and rnew and tnew are the radial and time factors

defined by

rnew = exp

(−(r − rstruc)
2

2H2
struc

)

(5.5)

tnew = 0.5×
(

tanh

(

6(t− tstart − 0.5(t100 − tstart))

t100 − tstart

)

+ 1

)

(5.6)

where the subscript ‘struc’ denotes the radial location of the centre of the structure,

tstart is the structure formation time, t100 − tstart represents the time interval of 100

orbital periods after the structure begins to form, evaluated at the structure’s centre,

and H is the local disc scale height. A formation time of 100 local orbital periods is

chosen to allow a smooth transition between an unstructured and a structured disc.

The shape and time evolution of the locally varying viscous α parameter associated

with an individual structure as it forms is shown in figure 5.1, where the α parameter

gradually increases to the required value, while maintaining a smooth profile.

The radial structures have specific lifetimes, and this is a parameter that I vary in

the simulations described below. When a structure comes to the end of its lifetime
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it quickly disappears over 100 local orbital periods. As one structure disappears,

another one forms at a randomly chosen location within the range of allowed radii

given in table 5.1. When the structure starts to disappear, α evolves according to:

α(r) = αb +
αb

2
rold(1− told), (5.7)

where told is given by

told = 0.5×
(

tanh

(

6(t− tend − 0.5(t100 − tend))

t100 − tend

)

+ 1

)

. (5.8)

Here, tend is the time at which the structure begins to dissipate and t100 represents

100 orbital periods after this time. rold is equal to equation 5.5 but with values

taken for the old structure instead of a new one, as shown by this expression

rold = exp

(−(r − roldstruc)
2

2H2
oldstruc

)

. (5.9)

To account for a new structure being influenced by a dissipating older structure,

equation 5.4 becomes

α(r, t) = αb +
αb

2
(rnewtnew + rold(1− told)) (5.10)

This allows a smooth transition between two adjacent forming/dissipating struc-

tures.

Below I discuss the main effects of radial structures on the disc profile and migra-

tion of embedded low mass planets.

5.1.2.4 Effects on disc and planet evolution

Figure 5.2 shows the surface density evolution for a 1×MMSN disc in simulations

without (top panel) and with (bottom panel) radial structuring. The drop in surface

density in the inner regions of the discs arises because both models include an

increase in α by a factor of 5 from the background values of either 2 × 10−3 or

6 × 10−3 where the disc temperature exceeds 1000 K (Coleman & Nelson, 2016a).

The presence of the radial structures arising from the variations in α in the outer disc

are evident in the right panel. While these surface density dips have little influence

on the global disc evolution, they have a dramatic effect on planet migration.

Figure 5.3 shows contours that illustrate the direction and speed of type I planet

migration as a function of planet mass and semimajor axis at different times in a
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Figure 5.2: Surface density profiles at t = 0.1, 1, 2, 3 Myr for a 1×MMSN disc (total
lifetime ∼ 5.5 Myr) without (top panel) and with (bottom panel) radial
structuring.
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1 × MMSN disc with solar metallicity. The left panel shows a simulation without

radial structuring, and the right panel is for a run with structuring switched on. Red

regions correspond to rapid inward migration, blue regions correspond to rapid out-

ward migration, and white contours interspersed between the red and blue contours

represent zero-migration zones where Lindblad and corotation torques cancel. The

white contours at the top of the panels correspond to planets reaching the gap open-

ing mass and undergoing type II migration. The planet trap arising from the inner

fully-developed turbulent region is represented by the innermost blue contour, ap-

parent in the first three frames of each simulation. As the surface density decreases,

the zero-migration zones and extended regions of outward migration associated with

strong entropy-related corotation torques slowly move in towards the star on the disc

evolution time scale in both runs, but the run with radial structures maintains four

zero-migration zones in the outer disc for the duration of the simulation, leading to

the possibility of long-term trapping of planetary cores with masses up to ∼ 30M⊕.

If a planet core was to migrate to the edge of one of the four structures, then

it would be trapped for the lifetime of the structure. The core is released from

the structure when it comes to the end of its life, and the planet starts to migrate

inwards. A new structure is formed locally to replace the old one, and this has

some probability of being located inside the old one (that depends on the location

of the old structure within its allowed range of radii). If the new structure sits

inside the old one then the planet core can be trapped by it, but if it sits outside

the planet location then the planet migrates inwards, either into one of the other

three structures, or in towards the star if it has just escaped from the innermost

structure. Furthermore, a rapidly migrating planet core can escape from a structure

while it is decaying and before the next structure has developed fully. This shows

that the long term orbital evolution of a planetary core has a stochastic element

that depends on the detailed evolutionary histories of the radial structures in the

disc. Some cores remain trapped at large radius over the disc lifetime, whereas other

cores escape from the planet traps and migrate into the disc inner regions.

Gas accretion can occur onto a core that is trapped if its mass exceeds mp ≥ 3M⊕,

and if it remains in the outer disc for an extended period of time then runaway gas

accretion can occur and a giant planet can form. The planet would then open a

gap in the disc, and begin to undergo type II migration as the planet traps are not

effective for gap forming planets. The process of building planets at the planet traps

is enhanced by the concentration of boulders and planetesimals at these locations,

which can then be accreted efficiently by the growing planets. In general, I find

that accretion of solids by planetary embryos occurs during an early burst, prior to
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Figure 5.3: Contour plots showing regions of inwards (red) and outwards (blue) mi-
gration) in a 1×MMSN disc at t = 0.1 (top left), 1 (top right), 2 (bottom
left) and 3 Myr (bottom right) for discs without (left panel) and with
radial structuring (right panel). The white contours at the top of each
panel corresponds to the planet reaching the local gap forming mass, at
which point the planet will undergo type II migration. The contours
represent values of γΓ/Γ0, where γ is the ratio of specific heats, Γ is the
torque experienced by a planet and Γ0 is a normalisation factor defined
in Paardekooper et al. (2010).
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Parameter Values/Ranges
Disc mass 1, 2 ×MMSN

Disc metallicity 0.5, 1, 2 × Solar
Total solids mass 12.5–109 M⊕

Background viscous α 2× 10−3, 6× 10−3

Planetesimal radii 10m, 100m, 1 km, 10 km
Planetesimal mass 0.004, 0.01, 0.02 M⊕

Planetesimal number 1000 – 5000
Gas disc lifetimes 3.5 – 8.4 Myr

Table 5.2: Values, and the ranges of values, adopted for various simulation parame-
ters.

the onset of the main gas accretion phase. Gas accretion is then accompanied by

modest planetesimal accretion at rates that are similar to or below those prescribed

in the Movshovitz et al. (2010) models that determine gas accretion rates in the

simulations. Approximately 20% of the giant planets in the runs experience an

episode of rapid and short-lived solids accretion, normally during the runaway gas

accretion phase when the growth of the giant acts to destabilise the system. This

burst of accretion can either arise from an impact with a low mass protoplanet, or

through accretion of a local swarm of planetesimals over a time period that is less

than ∼10,000 years. The fits to the Movshovitz et al. (2010) models do not allow

the gas accretion rate to respond to this time-varying planetesimal accretion, and

this is one area for future improvement of the model.

In summary, I have introduced a simple model for the radial structuring of pro-

toplanetary discs that includes assumptions about the number of surface density

features (planet traps) that are formed and their lifetimes. I present this model as a

simple proof-of-concept, and do not include an extensive analysis of what happens

when the model parameters are modified. It is reasonable to suppose, however, that

reducing the number of planet traps and their lifetimes will result in less efficient

trapping of planet cores, and hence less efficacious giant planet formation. Precisely

how the formation of giant planets is affected by variation of model parameters will

be examined in future work.

5.1.3 Initial conditions

Table 5.2 gives an overview of the parameters used in the simulations. All simu-

lations were initiated with 44 planetary embryos, of mass 0.2M⊕, with semimajor

axes between 1 and 20 au and separated by 10 mutual Hill radii. These were em-
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bedded in a swarm of thousands of planetesimals/boulders, that were distributed

with semimajor axes between 0.5 and 25 au, with masses either 10, 20 or 50 times

smaller than the embryos, depending on the metallicity of the system. (This vary-

ing mass ratio between embryos and planetesimals was implemented to obtain a

planetesimal number that allowed the simulations to run on reasonable time scales.

Between 1000 and 5000 planetesimals/boulders were used and run times for indi-

vidual simulations varied between 2 and 6 months.) The total mass of solids ranges

between 12.5–109M⊕ depending on the disc mass and metallicity. The effective

physical radii of planetesimals were set to 10 m, 100 m, 1 km or 10 km, such that

the primary feedstock of the accreting protoplanets ranged from being boulders to

large planetesimals whose evolution differed principally because of the strengths of

the gas drag forces that they experienced. Initial eccentricities and inclinations for

protoplanets and planetesimals/boulders were randomized according to a Rayleigh

distribution, with scale parameters e0 = 0.01 and i0 = 0.25◦, respectively.

Collisions between protoplanets and other protoplanets or planetesimals resulted

in perfect sticking, which probably results in a slight overestimate of accretion rates

in the simulations. I neglect planetesimal-planetesimal interactions and collisions in

the simulations for reasons of computational speed.

The gas disc masses simulated were 1 and 2 times the mass of the minimum

mass solar nebula (MMSN Hayashi, 1981). I also vary the metallicity so that the

initial solids-to-gas mass ratios in the discs are equal to 0.5, 1 and 2 times the solar

value for the different models. I define the solar metallicity to be equivalent to

the solids-to-gas ratio introduced by Hayashi (1981). I smoothly increase the mass

of solids exterior to the snow line by a factor of 4 by increasing the numbers of

planetesimals, and the initial surface density of solids follows the initial gas surface

density power law, as described in Hellary & Nelson (2012). I track the changes in

planetary compositions throughout the simulations, as planets can accrete material

originating either interior or exterior to the snow line.

I use two different values for the background α value, α = 2× 10−3 and 6× 10−3.

These values of α correspond to disc lifetimes of 5.5 and 3.5 Myr respectively for a

disc with mass equal to 1×MMSN. I examine the effect of varying the lifetimes of

the radial structures in the disc, with the three values assumed being 104, 5 × 104

and 105 local orbital periods. I ran two instances of each parameter set, where only

the random number seed used to generate initial particle positions and velocities was

changed, meaning that a total of 288 simulations have been run. The simulations

were run for 10 Myr, or until no protoplanets remained.

I adopt an inner boundary to the simulation domain at 0.04 au, which is assumed



5.1: Physical model and numerical methods 155

Classification Mass Rock Ice Gas Final
M⊕ % % % Number

Earth
Rocky mp < 3 > 70 < 30 0 1563
Water-rich mp < 3 < 70 > 30 0 4625
super-Earth
Rocky 3 ≤ mp < 10 > 60 < 30 < 10 12
Water-rich 3 ≤ mp < 10 N/A > 30 < 10 83
Gas-rich 3 ≤ mp < 10 N/A N/A > 10 69
Neptune
Gas-poor 10 ≤ mp < 35 N/A N/A < 10 5
Gas-rich 10 ≤ mp < 35 N/A N/A > 10 79
super-Neptune
Gas-poor 35 ≤ mp < 100 N/A N/A < 50 29
Gas-rich 35 ≤ mp < 100 N/A N/A > 50 147
Giant Planets
Jupiter 100 ≤ mp < 1000 N/A N/A > 50 120
Super-Jupiter mp ≥ 1000 N/A N/A > 50 12

Table 5.3: Planetary classification parameters based on their mass and composition.
Note that water-rich planets are so-called because they accrete water ice
in solid form that originates from beyond the snow-line. Characteristics
that play no role in the classification of a planet are denoted by “N/A”
in the relevant columns. Note all Jupiters and Super-Jupiters formed in
the simulations had gas mass fractions ≥ 50%.

to represent the outer edge of an inner magnetospheric cavity. Any planet that enters

this region no longer evolves, unless another planet enters the cavity, in which case

the latter body is retained and the former one is assumed to have been pushed into

the star. This is repeated for all subsequent planets that pass through the inner

boundary (note that no sub-Neptune mass planets entered the cavity and pushed

any giants into the star). When presenting the results in figures 5.6, 5.8, 5.9 and

5.10, the final semimajor axes of these inner planets are reassigned to straddle the

stopping radius at 0.04 au, in order to mimic the expectation that the inner cavities

will have a range of radii. This reassignment assumes that the distribution of cavity

edges is Gaussian with standard deviation of 0.01 au.

5.1.4 Planet classification scheme

To assist in the discussion of simulation outcomes, I have developed a new classifi-

cation system for the different bodies that are formed. As there are no formal IAU

definitions for exoplanet classes relating to their masses and compositions, there
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is freedom of choice in how planets should be classified. I have chosen a scheme

that uses mass as the primary discriminant and composition as a secondary one. I

use the labels “Earth”, “Neptune” and “Jupiter”, along with the prefix “super” to

define six mass-based classes, and subclasses are defined according to the volatiles

content, either in the form of ice or gas, of the planets. Definitions of the different

planet classes are given in table 5.3. Note that when I use the term “gas giant” I

am referring to Jupiters or super-Jupiters.

5.2 Results

I now present the results for the simulations. I begin by discussing a representative

run in which multiple giant planets were able to form and survive. I then present an

overview of all the simulation outcomes, before examining how modifying parameters

such as the disc mass, metallicity, photoevaporation model etc. changes the results.

5.2.1 Run CJ120.1210A

Run CJ120.1210A had a disc mass of 1×MMSN, 2× solar metallicity, and contained

planetesimals with radii Rp = 100 m. The total mass in planetesimals was 43.2M⊕

and that in protoplanets was 8.8M⊕. The background α = 2 × 10−3, and radial

structures had a lifetime of 10,000 local orbits. The direct photoevaporation model

was used.

The evolution of protoplanet masses, semimajor axes and eccentricities are shown

in figure 5.4, and the final state of the system is also represented in figure 5.10

(the case with the label CJ120.1210A). I also show the mass versus orbital period

evolution of all protoplanets in figure 5.5, where filled black circles represent sur-

viving planets, and the evolution of the labelled planets is described below. The

end state after 10 Myr consists of: an inner compact system comprising 3 super-

Earths/Neptunes; a cool Neptune and Earth-mass planet orbiting between 2.5–

3.4 au; two cold Jupiters orbiting between 6–12 au; a collection of low mass planets

(‘debris’), that failed to grow during the simulation, orbiting out beyond 20-30 au. I

ignore the long period ‘debris’ in the discussion below, and just concentrate on the

other planets that form.

5.2.1.1 Cold Jupiters

The cores of the two Jupiters (see planet labels 1 and 2 in figures 5.4 and 5.5) begin

to form at orbital radii 15-25 au within the first 0.5 Myr of the simulation, through
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Figure 5.4: Evolution of masses, semimajor axes and eccentricities of all protoplanets
in simulation CJ120.1210A. Note that formation histories of selected
surviving planets are indicated by the labels on the right side of the
mass and semi-major axis subplots.

a combination of planetesimal accretion and mutual collisions between embryos.

Migration and trapping of planetesimals in the radial structures helps concentrate

material which is then accreted by the embryos, stimulating rapid growth above 3M⊕

such that gas accretion onto the growing cores can start. These proto-giant planets

remain trapped at large radii by the radial structures, and continue to accrete gas

steadily until runaway gas accretion is initiated at times just before and after 3 Myr,

respectively (see the top panel of figure 5.4). The rapid burst of gas accretion takes

the planet masses up to ∼ 100M⊕, after which gap opening ensues. Initially both

planets accrete at the viscous supply rate, but ‘planet 1’ truncates the disc exterior

to it and prevents further gas accretion on to ‘planet 2’, which lies interior to ‘planet

1’. The onset of gap formation allows the planets to type II migrate inwards until the

gas disc is completely removed after ∼ 4.5 Myr, although I note that the migration

of ‘planet 2’ is slowed by the truncation of the disc by ‘planet 1’. The gas giants

have masses 306M⊕ and 222M⊕, gas mass fractions of 98%, semimajor axes 6.3 au

and 11.4 au, orbital periods 15.8 yr and 38.5 yr and eccentricities ∼ 0, respectively.

While this pair of planets are far from being a perfect analogue to the Jupiter-Saturn

system, there is an obvious similarity in terms of gross characteristics that is worthy
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Figure 5.5: Evolution of planet mass versus orbital period for all protoplanets in
simulation CJ120.1210A. Filled black circles represent final masses and
orbital periods for surviving planets. Note that formation histories of
selected surviving planets are indicated by the labels adjacent to the
filled black circles. The dotted black line at ∼ 4d represents the inner
edge of the simulated protoplanetary disc. The arrows above the x-axis
indicate the average positions of the four radial structures.

of note (i.e. mass of inner planet > mass of outer planet and semimajor axis ratio

∼ 1.8).

5.2.1.2 Cool Neptune and Earth

These planets are labelled as 3 and 4 in figures 5.4 and 5.5. The cool Neptune

begins its formation out beyond 10 au at the same time as the giant planet cores

are forming, but interior to these two proto-giants. It also begins to accrete gas

within the first 0.5 Myr, but at a slightly slower rate than the two proto-giants, and

remains trapped by the radial structures during the first 3 Myr. The cool Neptune is

nudged inwards when the innermost gas giant undergoes runaway gas accretion and

starts type II migrating, and this allows the Neptune to escape the radial structures

and migrate in towards the central star. Gas accretion onto the Neptune and its

migration halt when the gas disc disperses after 3.5 Myr, leaving it with a mass of

28.6M⊕, gas mass fraction of 86%, semimajor axis ∼ 3.5 au, orbital period 6.5 yr,

and eccentricity ∼ 0. As this gas-rich Neptune escaped the radial structures and
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migrated inwards it shepherded a 1M⊕ water-rich terrestrial planet ahead of it,

which had a final semimajor axis ∼ 2.7 au and orbital period ∼ 4.4 yr.

5.2.1.3 Compact inner system of super-Earths/Neptunes

The planets I discuss here have labels 5-7 in figures 5.4 and 5.5. This compact

system forms from a combination of bodies that are initially orbiting interior to the

radial structures and one dominant body that originates from larger radii. This more

massive body grows through planetesimal accretion and collisions with neighbouring

embryos out beyond 10 au, where it starts to accrete gas and remains trapped by

the radial structures until 2 Myr. At this point its mass is 5M⊕, and it is able

to escape from the radial structures by migrating through them as they switch on

and off, after which it undergoes rapid inward type I migration while continuing to

accrete gas (becoming a gas-rich Neptune in the process). The gas-rich Neptune

shepherds a large number of interior embryos in a resonant convoy as it migrates,

and when the gas disc starts to disperse after ∼ 3.5 Myr this convoy breaks up and

mutual collisions between the numerous embryos lead eventually to the formation

of a compact inner system comprised of 3 planets: a gas-poor Neptune with mass

11.6M⊕, gas mass fraction 7%, semimajor axis ∼ 0.07 au, orbital period 6 days

and eccentricity 0.11; an icy super-Earth with mass 8.4M⊕, gas mass fraction 6.5%,

semimajor axis ∼ 0.15 au, orbital period 16.2 days and eccentricity 0.2; a gas-rich

Neptune with mass 27.6M⊕, gas mass fraction 56%, semimajor axis ∼ 0.2 au, orbital

period 33.2 days and eccentricity 0.07. I note that the eccentricities of the these

planets were pumped up to the values shown in the bottom panel of figure 5.4 during

a late scattering event at 5.2 Myr.

5.2.2 Ensemble results

I now discuss the results of the simulations as a whole, focusing first on the masses

and periods of the planets that form, and then on the eccentricity distribution.

5.2.2.1 Masses and periods

Considering the results of the simulations as a whole, 132 surviving giant planets are

formed with masses ranging from 0.3MJupiter to 4MJupiter, with periods from 5 days

up to 24000 days (the smaller period being determined by the boundary conditions).

The majority of these giant planets formed at the outer edges of radial structures,

whilst a handful of less massive giant planets accreted the majority of their gas
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Figure 5.6: Upper panel: Mass vs period plot, comparing observed exoplanets (red
squares) with the simulation results (blue circles) and the Solar Sys-
tem planets (black diamonds). Lower panel: Same as top panel but
data taken from figure 4.12. The grey zones indicate the habitable zone
(Kasting et al., 1993). The arrows at the bottom of the upper panel
indicate the average positions of the four radial structures.
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envelopes after escaping from the radial structures and type I migrating towards the

central star. Figure 5.6 shows a mass versus period diagram for all of the surviving

planets from the simulations, along with all confirmed exoplanets (Han et al., 2014).

The known exoplanets form three apparently distinct groups in the mass-period

diagram: cold Jupiters with orbital periods & 100 days; hot Jupiters with orbital

periods . 10 days; super-Earths/Neptunes with periods between 2 . P . 100

days. These features are affected by a number of observational biases, including the

fact that ground based transit surveys are only sensitive to Jupiters with periods

. 10 days. Nonetheless, analysis of the period distribution of planets detected only

by radial velocities seems to confirm that there is a real valley in the distribution

between 10–100 days (Cumming et al., 2008; Udry et al., 2003). More recently,

Santerne et al. (2016) have presented an analysis of giant planets discovered by the

Kepler spacecraft that were followed-up using radial velocity measurements over

6 years, and they confirm that the period-valley also exists within this data set.

One of the most striking features when comparing the results of the simulations

with the observational data in figure 5.6 is the fact that the giant planets formed

in the simulations are almost all hot Jupiters (periods < 10 days) and cold Jupiters

(periods > 100 days), with only a few massive bodies being located in the region that

corresponds to the observed period valley. Furthermore, the simulations produce

numerous planets with masses in the range 0.5M⊕ . mp . 30M⊕ and periods

between 2 . P . 100 days, that correspond to the observed super-Earths and

Neptunes. Some of these lower mass planets are in systems that contain giant

planets, as described in the previous section for run CJ120.1210A, and some are

devoid of any giants. Comparing the top panel of figure 5.6 with the bottom panel

(a reproduction of figure 4.12), where similar n-body simulations, but without the

inclusion of disc radial structures, were presented, I see that the agreement between

the observed and simulated planet distributions is much improved in this chapter.

In the simulations, the origin of the two distinct populations of hot and cold

Jupiters, and the period valley between them, can be explained as follows. Giant

planets that form early in the disc lifetime migrate all the way into the magneto-

spheric cavity, and become hot Jupiters. Giant planets that are destined to not

become hot Jupiters must form near the end of the disc lifetime, when photoevap-

oration plays an important role in the disc evolution. Photoevaporation, combined

with viscous evolution, causes the disc to disperse from the inside out. There is a

high probability that a giant forming towards the end of the disc lifetime will migrate

towards the star when the disc interior to the critical radius for photoevaporation

has been fully or partially evacuated, preventing it from migrating close to the star,
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and ensuring that it remains as a cold Jupiter. Hence, the observed giant planet

period distribution may arise as a combination of forming giant planets at large

radius, having a stopping mechanism for migration at the inner edge of the disc

(i.e. a magnetospheric cavity) and the inclusion of photoevaporation, which occurs

outside a well-defined radius corresponding roughly to where a thermal wind can

be launched. The influence of different models of photoevaporation on the results

are discussed in more detail below, but I note that Alexander & Pascucci (2012)

have suggested that disc clearing due to photoevaporation can be responsible for a

pile-up of giant planets at 1 au, as planet migration is slowed when photoevapora-

tion begins to dominate disc evolution. More recently Ercolano & Rosotti (2015)

showed that different models of photoevaporation influence the pile-up location,

with a thermal-wind launching inner radius of 1–2 au being preferred.

Low mass, compact systems that formed and migrated to the inner regions of the

disc are seen in a number of simulations. The formation of these compact systems

occurs similarly to those described in chapter 4, but some compact systems within

this chapter contained giant planets with large orbital periods, as shown in section

5.2.1. The co-existence of long period giant planets and low mass compact systems

in the simulation results seems to be in accord with the recent analysis of Kepler

data indicating the presence of long period giant planets around stars known to host

compact multi-systems (Kipping et al., 2016; Uehara et al., 2016).

5.2.2.2 Eccentricities of giant planets

The eccentricity distribution of observed giant (mp sin i ≥ 100M⊕) exoplanets is

shown in figure 5.7 for bodies with orbital periods > 10 days, along with the eccen-

tricity distribution for planets in the same mass and period range that form in the

simulations. It is clear that the eccentricity distribution associated with observed

exoplanets is much broader than that generated in the simulations. The maximum

eccentricity for a giant planet obtained in the simulations was ep = 0.13, whereas

significant numbers of exoplanets are observed to have eccentricities > 0.3. I note

that those simulated systems that resulted in modestly eccentric giants did so be-

cause the giant planets underwent strong gravitational scattering with other planets

in the system, where the scattered bodies typically had masses ≃ 20M⊕. Scattering

between more massive bodies is required to obtain the larger eccentricities observed

in the exoplanet data (e.g. Rasio & Ford, 1996).

Given that the simulations end after 10 Myr, it is possible that dynamical in-

stabilities could occur on longer time scales in systems containing multiple giant
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Figure 5.7: Distribution of observed giant exoplanet eccentricities (red) and the dis-
tribution arising from the simulations (blue).

planets, changing the statistics shown in figure 5.7. I have examined the distribu-

tion of mutual semimajor axis separations, expressed as a function of mutual Hill

radii, to determine whether or not this is possible. I note that Marzari & Weiden-

schilling (2002) examined the dynamical stability of three Jovian-mass planets on

initially circular orbits, and demonstrated that the instability time scale for such a

system scales with the mutual Hill radius separation, with systems separated by ∼ 6

mutual Hill radii having instability times of ∼ 109 yr. All of the systems are at least

as separated as this, with approximately half of the systems having semimajor axis

separations between 6 and 12 mutual Hill radii, and the other half being more sep-

arated. This suggests that some of the simulated systems may undergo dynamical

instabilities on time scales longer than 10 Myr, but it seems highly unlikely that run-

ning the simulations for Gyr time scales would result in an eccentricity distribution

that matches the observed one.

Assuming that the observed eccentricity distribution of giant exoplanets arises

primarily because of dynamical instabilities in multiplanet systems, and using the

observed distribution as a constraint on viable formation scenarios, the data sug-

gest that giant planets must often form in compact configurations, and do so more
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frequently than occurs in the simulations.

Finally, I note that the simulations adopt a highly simplified prescription for the

eccentricity damping experienced by gap forming planets, namely that the eccentric-

ity is damped on a time scale of ∼ 10 planet orbits. This is applied independently

of the mass remaining in the gas disc, and so acts to bias the final systems towards

having low eccentricities by reducing the likelihood of instabilities occurring while

the gas disc is present. It is clear that a more sophisticated model will need to

be adopted in future simulations if a more realistic assessment of the ability of the

models to generate high eccentricity systems is to be undertaken.

5.2.3 Different photoevaporation models

5.2.3.1 Direct photoevaporation

Simulation CJ120.1210A, presented in section 5.2.1, was one of a group of simu-

lations that allowed direct photoevaporation to impact the disc when the gas disc

interior to the critical radius had accreted onto the central star. This can occur

when a gap forming planet forms exterior to the critical photoevaporation radius,

and the inner disc drains onto the star. In this scenario, the giant planet assists its

own survival against migration by stimulating the onset of direct photoevaporation

and reducing the disc lifetime. Figure 5.8 compares the cumulative distributions of

giant planet periods from simulations with different photoevaporation models (col-

ored lines) and observations (black lines). When comparing the observations, it is

evident that for giant planets observed by Kepler, the ratio of hot Jupiters to cold

Jupiters is lower than that found by radial velocity surveys. One possible reason

for this is that the average of the metallicities of the Kepler stars is -0.18 dex (Hu-

ber et al., 2014), and this is lower than for stars in the solar neighbourhood where

the average is -0.08 dex (Sousa et al., 2008). Comparing the observations with the

simulations, it is clear that the blue line, representing simulations with direct pho-

toevaporation, compares very reasonably with the observations, albeit with a higher

fraction of hot Jupiters. Given that the simulations shown here have an average

metallicity of 0.3 dex, the increased ratio is perhaps unsurprising, given that the

boost in solid material can allow more rapid planet formation and therefore more

time for migration. The period valley discussed above is also evident here, as is the

good agreement between the simulated and observed cold Jupiter distributions.

Having observed the effect that direct photoevaporation has on the survival of gi-

ant planets with long orbital periods, I ran a further two sets of simulations with the

same parameters as described in section 5.1.3, but with different photoevaporation
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Figure 5.8: Normalised cumulative distribution functions of giant planet periods for
radial velocity (black dashed line) and Kepler observed giant planets
(black dot-dash line), and simulations with different photoevaporation
regimes; direct (blue line), standard (green line), and none (red line). I
define a giant planet in both simulations and observations as a planet
with mass mp ≥ 100M⊕.

models, the standard one (obtained by just switching off direct photoevaporation)

and no photoevaporation, in order to examine their effects on giant planet forma-

tion. The results of all simulations with disc mass 1× MMSN, metallicity 2× solar

and α = 2×10−3 are shown by the red (no photoevaporation) and green (standard)

lines in figure 5.8 and are discussed in the following sections.

5.2.3.2 Standard photoevaporation

Given that only a modest number of the simulations containing large & 1 km plan-

etesimals formed giant planets, I only ran simulations with 10 m boulders or 100 m

planetesimals to examine the influence of switching off direct photoevaporation and

retaining the standard photoevaporation model. I note that when comparing the

results of simulations that employed standard and direct photoevaporation models,

evolution of the disc and planets are identical until the time that direct photoe-
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vaporation is activated. This means that the formation pathways of giant planets

is similar, and significant differences only arise for those cases where giant planet

formation and migration occurs near to the end of the disc lifetime, when photoevap-

oration is strongly influencing the disc evolution. Direct photoevaporation causes

the disc to be removed more rapidly, and so is more effective at stranding migrating

planets at larger orbital radii. Planets that form and migrate in discs with stan-

dard photoevaporation are therefore more likely to form hot Jupiters, as indicated

in figure 5.8.

5.2.3.3 No photoevaporation

In this set of simulations, I neglect photoevaporation entirely, such that the only pro-

cesses that can deplete the gas disc are viscous evolution and accretion onto planets,

significantly increasing disc lifetimes and the time periods over which migration can

occur. I consider only models containing 10 m boulders and 100 m planetesimals.

The early formation and evolution of giant planets is similar to that seen in

simulations with photoevaporation. Once a giant planet forms, however, the lack

of an effective disc removal mechanism means that it will almost always migrate all

the way to becoming a hot Jupiter, as shown by the red line in figure 5.8, where

95% of the giant planets formed are hot Jupiters. The giant planets that remain as

cold Jupiters only did so because they formed late in the disc lifetime, where they

survived migration by accreting the majority of the remaining gas disc. This ratio

of hot Jupiters to cold Jupiters is not consistent with observations, and shows that

recreating the observed distributions of giant planets is extremely difficult without

a mechanism for disc dispersal.

5.2.4 Evolution as a function of model parameters

I now discuss the effects that varying the model parameters have on the formation

and evolution of giant planets in the simulations. Since these effects are consistent

across all photoevaporation models employed, I will only discuss the simulations

that include direct photoevaporation. Figure 5.9 shows the cumulative distributions

for simulated planets as a function of the different parameters considered.

5.2.4.1 Disc mass and metallicity

The simulation results show a strong dependence on the initial mass and metallicity

of the disc. Simulations with small disc masses and sub-solar metallicities (e.g. 1×
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MMSN and 0.5× solar metallicity) are unable to form any giant planets, due to the

quantity of solid material in the disc being insufficient to form a massive planet core

capable of accreting a massive gas envelope during the disc life time. Increasing the

inventory of solids by increasing the total disc mass, or by increasing the metallicity,

leads to the formation of giants. I see from figure 5.9 that the 1× MMSN, 2×
solar metallicity runs form moderate numbers of hot Jupiters, with 90% of the giant

planets having periods > 100 days. This is for the following reasons: the planet

cores form quite late in the disc lifetime; the disc lifetime is shorter than for heavier

discs; the low disc mass leads to slower type I migration. Increasing the disc mass

and metallicity can be seen to dramatically increase the numbers of hot Jupiters, as

planet cores form earlier, type I migration is faster and the disc lifetime is longer.

Models with disc mass 2× MMSN and metallicity 2× solar form numerous giant

planets, and 80% of these are hot Jupiters.

5.2.4.2 Planetesimal radii

The cumulative distributions for the giant planet orbital periods formed in simula-

tions with different planetesimal radii are shown in the top-right panel of figure 5.9.

No giant planets formed in simulations where the planetesimal size was 10 km, in

agreement with the very anaemic growth found in chapter 4 for models with 10 km

planetesimals. Large planetesimals do not migrate very far through the disc dur-

ing its lifetime, and the relatively weak damping means that their accretion rate

onto planetary embryos remains small because of their large velocity dispersion.

Accretion rates are slightly higher for 1 km planetesimals, leading to 12 giant plan-

ets forming in these runs. Overall, only ∼ 5% of all giant planets formed do so

in simulations with 1 or 10 km sized planetesimals (half of all runs). When the

planetesimal radius is decreased to 100 m, or 10 m boulders are considered, then

giant planets form easily. In chapter 4 I found that planetary growth is efficient in

the presence of small bodies that experience strong gas drag, since they can migrate

over large distances (helping growing embryos to exceed their local isolation masses),

and maintain a relative modest velocity dispersion due to strong eccentricity and

inclination damping. The inclusion of radial structures allows small planetesimals

and boulders to concentrate, and growing embryos to avoid rapid inward migration.

Hence, the simulations form surviving giant planets with a broad range of orbital pe-

riods. Similar numbers of giant planets formed in simulations with 10 m and 100 m

small bodies, while their orbital period distribution (i.e. number of hot Jupiters

versus cold Jupiters) was also similar, as is shown by the cumulative distributions
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Figure 5.9: Normalised cumulative distributions of simulated giant planets as a func-
tion of different parameters. Top-left panel: Disc mass and metallicity.
Top-right panel: Planetesimal radii. Bottom-left panel: α parameter.
Bottom-right panel: Radial structure lifetimes. Bracketed values rep-
resent the number of giant planets in those cumulative distributions. I
define a giant planet in both simulations and observations as a planet
with mass mp ≥ 100M⊕.

in the top-right panel of figure 5.9.

5.2.4.3 α viscosity

The bottom-left panel of figure 5.9 shows that a lower viscosity (i.e. mass accretion

rate through the disc for a given disc mass) gives rise to a larger ratio of hot to cold

Jupiters. This is an effect of the shorter disc lifetimes associated with more viscous

discs, by approximately 2 Myr in the simulations. A closely related effect is that the

numbers of giant planets that form in higher viscosity discs is lower than in lower

viscosity discs: 88 formed in the α = 6 × 10−3 runs versus 106 in the α = 2× 10−3

simulations.
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5.2.4.4 Radial structure lifetime

The cumulative distributions of orbital period for runs with different assumed life-

times for the disc radial structures are shown in the bottom-right panel of figure

5.9. It is clear that varying these lifetimes between 104 and 105 local orbit periods

has very little influence on the results, though the simulations with shorter lifetimes

(104 orbital periods) did produce fewer giant planets. I therefore expect that shorter

lifetimes than those considered in the runs would reduce the numbers of giant plan-

ets that form, since more growing cores could escape from the outer disc regions

and migrate rapidly into the inner magnetospheric cavity before becoming giants.

It is also likely that the mass distribution of the giants would be skewed towards

lower masses, and the ratio of hot to cold Jupiters would increase. By decreasing

the lifetimes of the radial structures to very short values the results presented in

this chapter would eventually converge towards the results presented in chapter 4,

where all surviving giant planets were hot Jupiters and had sub-Jovian masses.

5.2.5 Planetary system architectures

I find a diversity in the planetary system architectures arising from the simulations.

An ensemble of simulated planetary systems displaying different architectures are

shown in figure 5.10, where the different architectures are represented by different

simulation label prefixes. Below I describe the different architectures, and the gen-

eral physical conditions and modes of evolution associated with each of them:

(i) Low-mass planetary systems – These form in simulations where protoplanet

growth rates are insufficient to form giant planets. In some cases these are compact

planetary systems, with similar formation histories to those discussed in chapter 4.

The systems with the prefix ‘CS’ (compact system) in figure 5.10 show the final

configurations from these runs, where the lack of massive planets is evident along

with their compactness. Generally, these systems arose in metal-poor low-mass discs

with small planetesimals/boulders, or in more massive discs with large planetesimals

(e.g. Rpl ≥ 1 km).

(ii) Lonely hot Jupiters – Systems containing only hot Jupiters formed in massive

metal-rich discs. Typically multiple giant planets form in the outer regions of the

disc and migrate to become hot Jupiters, where only the last hot Jupiter survives.

Often accompanying these hot Jupiters are low-mass planets on long period orbits

(Pp ≥ 100d), as shown by systems with prefixes ‘HJ’ (hot Jupiters) in figure 5.10.

From an observational perspective, the low mass and long orbital periods of these

companions would make the hot Jupiters appear singular.
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Figure 5.10: Plot comparing different architectures arising from the simulations,
with the Solar System and Kepler-167 included for comparison. Orbital
period is indicated on the x-axis and planet masses are indicated by the
symbol size (radius scales with the square-root of the planet mass). The
symbol colours indicate the classification of each planet: red = Earths
(mp < 3M⊕); green = super-Earths (3M⊕ ≤ mp < 10M⊕); blue =
Neptunes (10M⊕ ≤ mp < 35M⊕); orange = super-Neptunes (35M⊕ ≤
mp < 100M⊕); black = Jupiters and super-Jupiters (mp > 100M⊕).
See table 5.3 for definitions of planet types.
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(iii) Hot Jupiters with cold Jupiter companions – Similar to the lonely hot Jupiters,

planetary systems that contain both hot and cold Jupiters tend to arise from solids-

rich discs. Hot Jupiters form early in the disc lifetime and migrate close to the

central star, whilst late forming giant planets have insufficient time to migrate into

the inner system, retaining long orbital periods as cold Jupiters. Typically, lower

mass planets are found to occupy the space between the hot and cold Jupiters.

Examples of these systems are shown in figure 5.10 by the prefix ‘MJ’ (multiple

Jupiters), showing the diversity in planetary compositions in these systems.

(iv) Cold Jupiters with low-mass companions – When there is sufficient solid mate-

rial in the disc, I find that giant planets can form simultaneously with inner systems

of low mass planets. The late formation of giant planets enables them to remain

as cold Jupiters at the end of the disc lifetime, whilst interior low-mass planets

slowly accrete and migrate into the inner disc regions, becoming an inner system

of low-mass planets, occasionally in a compact configuration. This architecture is

similar to that found in the Solar System, and I note that recent analysis of Kepler

light-curves indicates the existence of long period giant planets orbiting stars with

known compact low mass systems, similar to the simulated cold Jupiters with short

period low mass companions presented in this chapter (Kipping et al., 2016; Uehara

et al., 2016). This planetary system architecture is shown by systems with the prefix

‘CJ’ (cold Jupiters) in figure 5.10.

5.3 Discussion and conclusions

I have presented the results of n-body simulations coupled with prescriptions for

planetary migration, accretion of gaseous envelopes, self-consistent evolution of a

viscous disc with an inner magnetospheric cavity and disc removal by a photoevap-

orative wind on multi-Myr time scales. A new addition, not considered in chapters

3 and 4, is radial structuring of the disc due to variations in the viscous stresses,

leading to the formation of persistent planet traps at large orbital radii from the

star. The main results from this chapter can be summarised as follows:

(i) Radial structuring of the disc allows gas giant planets to form. Protoplanets

and planetesimals become trapped at the outer edges of the radial structures, due

to strong corotation torques and positive pressure gradients, respectively. Giant

planet cores capable of accreting gaseous envelopes are able to form due to efficient

accretion of planetesimals/boulders by planetary embryos. Out of 288 simulations,
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132 surviving giant planets were formed by having their cores trapped by radial

structures. The final periods depend on the time and location of formation, as dis-

cussed in section 3.4, where early forming giant planets became hot Jupiters, and

late forming giant planets remain as cold Jupiters.

(ii) When analysing the effects of changing specific parameters, the following trends

are identified:

– In solid-poor simulations (low disc mass and metallicity) no giant planets are

formed, as there is insufficient solid material to form giant planet cores. This is

in agreement with the observations of Fischer & Valenti (2005) and Santos et al.

(2004), where giant planets are preferentially found around metal-rich stars.

– When the planetesimal radii are large (≥ 1km), giant planets are unable to form

except in the most solids-rich environments. Giant planet formation is strongly

favoured in models where the primary feedstock of planetary growth is in the form

of small 100 m sized planetesimals or 10 m sized boulders. 95% of the giant planets

that formed did so in simulations with small boulders/planetesimals. None were

formed in models with 10 km planetesimals.

– I find that discs with higher viscosity form fewer giant planets than low viscosity

discs, and the ratio of hot to cold Jupiters in higher viscosity discs is smaller than

in lower viscosity discs. These effects are entirely due to the shorter disc lifetimes

associated with higher viscosity.

(iii) Multiple giant planets are able to form when there is sufficient solid material.

This occurred in numerous simulations with high disc masses and metallicities, re-

sulting in systems with multiple cold Jupiters, or a hot Jupiter with cold Jupiter

companions. The survival rate of warm Jupiters (those with periods between 10–

100 d) also depends on the presence of outer giant companions. Outer giant planet

companions can stem the flow of gas into the inner system, reducing the migration

rate of planets in the inner system and allowing them to survive at longer periods

than if there were no exterior giant planets.

(iv) The simulations reproduce the giant planet period valley between 10 and 100

days that is seen in the observed period distribution of giant planets. Analysis shows

that this arises because of the inclusion of disc removal by photoevaporation in the

simulations. The launching of a photoevaporative wind causes the disc to empty

from the inside out at the end of its lifetime, causing the migration of planets to stall

at periods > 100 days, an effect that has been discussed previously by Alexander &

Pascucci (2012) and Ercolano & Rosotti (2015).

(v) Simulations do not reproduce the broad eccentricity distribution of the observed

giant exoplanets, and this is apparently because the multiple giant planet systems
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are too well separated to undergo dynamical instabilities that lead to the formation

of eccentric orbits. It is noted, however, that the use of a simple model for damping

the eccentricity of gap forming planets in the presence of the gas disc may also bias

the simulations towards producing low eccentricity systems. A definitive conclusion

about the ability of the models to form a population of eccentric giants can only be

made once an improved prescription for this has been implemented. A further point

that is worth making is that systems of multiple giant planets form in the simula-

tions when the system metallicity is high (as described above). Assuming that the

primary mechanism leading to the observed giant exoplanets attaining their eccen-

tric orbits was dynamical instability in multiplanet systems (possibly on time scales

much longer than the formation time scales that I have considered), I note that

this (not unexpected) correlation between metallicity and the multiplicity of giant

planets that form in the simulations may also explain the positive correlation that

exists between eccentricity and stellar metallicity for giant exoplanets discovered by

radial velocity surveys5. I note that this correlation has also been pointed out by

Dawson & Murray-Clay (2013).

(vi) Numerous compact systems of super-Earths and Neptunes were formed in the

simulations, with formation histories similar to those discussed in chapter 4. If

there was sufficient solid material, long period giant planets also formed in the same

simulations as the compact systems of super-Earths/Neptunes.

The simulations presented here show that giant planets can form in discs con-

taining radial structures that act as planet traps, while the combination of mag-

netospheric cavities and photoevaporative winds creates two populations of giant

planets: hot Jupiters and cold Jupiters. It is likely that in more realistic discs, the

location, size and evolution of radial structures will be quite different from what

has been examined in this chapter. Running a full parameter study on the effects

of radial structures in protoplanetary discs, however, goes beyond the scope of this

study, which is intended to be a proof of concept rather than an exhaustive survey

of parameter space.

5This correlation may be seen by plotting eccentricity versus stellar metallicity using the data on
radial velocity planets available at exoplanets.org



6 Conclusions and Further Work

The diversity in exoplanets and exoplanetary systems has raised the question of

whether a single model of planet formation can explain the diversity, or whether

multiple models that operate under different conditions are required. In this thesis

I have developed a model of planet formation to investigate what types of planetary

systems can emerge from oligarchic growth, and what factors (such as disc mass,

metallicity, planetesimal size, disc structuring) these outcomes depend on. The

physical model has a comprehensive list of ingredients: planetary embryo growth

through boulder/planetesimal accretion and mutual collisions; a 1-D viscous gas

model, subject to irradiation from the central star and a photoevaporative wind;

type I migration using the most up-to-date prescriptions for Lindblad and corotation

torques, including eccentricity and saturation effects; a transition to gap formation

and type II migration when gap formation criteria are satisfied; accretion of gaseous

envelopes onto solid cores. In chapters 4 and 5, I include further physical prescrip-

tions; an increase in viscosity when the the disc temperature exceed 1000 K, to

mimic unquenched MHD turbulence developing in the inner disc; a magnetospheric

cavity that creates an inner edge in the gas disc at an orbital period of 4 days; radial

structuring of the disc due to variations in the viscous stresses.

The models of planet formation contained in this thesis demonstrate that the

traditional understanding of oligarchic growth involving large kilometer sized plan-

etesimals fails to reproduce observed planetary system architectures, unless large

disc masses and metallicities are considered. Further research demonstrated that

growth with boulders or small planetesimals (≤ 100 m) on intermediate time-scales,

comparable to the disc lifetime can lead to the formation of planetary systems simi-

lar to those observed. I will now discuss the main results that have arisen from each

project undertaken, whilst more complete discussions can be found in the respective

chapters of this thesis.

In chapter 3 I explored a range of model parameters including disc mass, metal-

licity and planetesimal radii to examine their influence on the types of planetary

systems that emerge. The results of that study showed that limited planetary

growth occurred in low-mas discs (e.g. ∼ 1 ×MMSN), whilst multiple generations

174
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of Neptune-mass and giant planets formed and migrated into the central star when

the amount of mass in solids was substantially increased (i.e. large disc masses or

solids-to-gas-ratios). Few giant planets were able to form in these simulations, since

their cores migrated rapidly into the inner disc and on to the central star before they

could undergo runaway gas accretion. In some cases, a final generation of super-

Earths and Neptune-mass planets were able to form and migrate while the gas disc

underwent its final stage of dispersal, allowing these planets to survive. The most

massive planet to form in these simulations was 92M⊕, but migrated into the central

star, whilst the most massive surviving planet was a 13M⊕ gas-rich Neptune. In

observing that few giant planets formed in these simulations and that none survived

migration, I conducted further research in determining the location that giant plan-

ets need to form in order to survive type II migration. I compared 1-D simulations

to 2-D hydrodynamic simulations, which allowed me to improve the prescription for

runaway gas accretion in the model. When applying this prescription, I found that

a planet must initiate runaway gas accretion at an orbital radius ≥ 10 au in order

to survive with characteristics similar to Jupiter. I also found that planets migrate

inwards at a faster rate than has been assumed in some population synthesis models

(e.g. Mordasini et al., 2009), particularly when in the so-called planet-dominated

regime, which explains why these statistical models are more successful at forming

giant planets that survive migration and grow to large masses than the models pre-

sented in chapter 3. These results showed that improvements were required to the

model either through additional physics or improved prescriptions, in order to exam-

ine to whether the oligarchic growth picture of planet formation, combined with our

best understanding of migration and disc evolution, can generate planetary systems

that match those observed.

A number of additions and improvements were included in the physical model

in chapter 4. These included: an active turbulent region when disc temperatures

exceeded 1000 K; a magnetospheric cavity; and pushing the inner edge of the simu-

lation domain to a period of 1 day. The aim of this project was again to determine

the types of planetary systems that emerged from a broader range of parameters to

that studied in chapter 3. The results of this study showed three evolution modes of

planetary systems. Limited planetary growth occurred when either there was a lack

of solid material in the disc, or when planetesimals were large. The lack of planetary

growth in these simulations resulted in no planet being more massive than ∼ 3M⊕

during the gas disc lifetime, whilst only very modest migration occurred. However,

with moderate growth rates, through either more massive discs or smaller boul-

ders/planetesimals, multiple planets with super-Earth to Neptune masses were able
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to form and undergo large scale migration, typically forming a compact planetary

system close to the central star. When the abundance of solids was high and more

mobile boulders were used, multiple giant planets with masses ≥ 35M⊕ were able

to form and undergo large scale migration into the magnetospheric cavity, where

the last one to arrive pushed the earlier arrivals on to the central star, before re-

siding within the cavity. In considering planetary systems of short-period planets, I

identify two distinct architectures arising from these simulations: a combination of

terrestrials, super-Earths and low-mass Neptunes, with no planets having migrated

into the magnetospheric cavity; a system containing a gas giant or massive Neptune

sitting within the magnetospheric cavity, along with an interior terrestrial or super-

Earth in some cases, and a number of exterior planets with periods up to 80 days.

I find good agreement when comparing simulated planetary system architectures

with observed planetary systems, but simulated planets tend to be more closely

packed that the observed Kepler systems. Mean-motion resonances are common

in simulated systems, whilst compact Kepler systems do not display mean motion

resonances, even though there is evidence for the 2:1 and 3:2 resonances having been

dynamically important in the past. These results showed that the model is effective

at forming compact systems of planets, as well as planet formation in low-metallicity

discs where the lack of giant planets is expected. They do however fail to reproduce

the observed giant planet populations, since the cores of the giant planets migrate

into the inner regions of the disc before they can undergo runaway gas accretion.

This results in only hot Jupiters being able to form, and only in discs with significant

solid abundances

In chapter 5, I studied the effects that disc radial structuring had on planet for-

mation, with a specific focus on giant planet formation. I incorporated four radial

structures into the protoplanetary disc due to variations in the viscous stresses, lead-

ing to the formation of long-lived planet traps at large orbital radii. The results of

this project showed that disc radial structuring allows gas giant planets to form and

migrate, through having their cores trapped at the outer edges of the radial struc-

tures, allowing them to accrete significant gaseous envelopes and undergo runaway

gas accretion at large orbital radii. This effect only occurred in discs that had sig-

nificant planetary growth rates, where either planetesimals were small (≤ 100m), or

solid abundances were large. No giant planets were able to form in simulations that

used 10km planetesimals, whilst only few formed in simulations with 1km planetes-

imals. The final masses and orbital periods of the giant planets depended on where

and when they formed. Giant planets that formed early in the disc lifetime had

sufficient time to migrate close to the central star becoming a hot Jupiter, whilst
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those that formed near the end of the disc lifetime, had insufficient time to signif-

icantly migrate, and so became cold Jupiters. When looking at the giant planets

that formed as a whole, I found two distinct populations, hot Jupiters and cold

Jupiters with a dearth of giant planets in between. This bimodal distribution and

period valley between 10–100 days is consistent with observed giant planet statistics.

I show that the period valley is due to planet migration stalling at periods ≥ 100

days, as photoevaporative winds cause the disc to empty from the inside out at the

end of the disc lifetime.

Whilst other theories of planet formation attempt to recreate the observed distri-

butions of planets (Bitsch et al., 2015b; Ida et al., 2013; Mordasini et al., 2012), the

work presented in this thesis attempted to recreate the observed diversities in plan-

etary system architectures. Observed planetary system architectures ranging from

lonely hot Jupiters to low mass compact systems were able to form in simulations un-

der a range of different conditions. The conditions that led to the formation of these

systems can lead to important insights in to how observed planetary systems formed

and evolved, as well as indicating whether the observed systems can be considered

“complete”, such that their main bulk properties have been determined (i.e. the

number of giant planets, terrestrial planets, etc). Though the work presented here

goes a way to explain the observed diversity in planetary system architectures, it is

by no means complete. Further improvements to the model are required to enhance

the accuracy and realism currently provided by simple assumptions. Only when the

model becomes more sophisticated will it be capable of reproducing all observed

planetary system architectures as well as the observed exoplanet distributions and

occurrence rates.

In future work I will aim to include the following improvements to the model to

improve its realism and accuracy:

(1) Incorporate a more realistic migration model that takes into account 3-D ef-

fects (Fung et al., 2015), the influence of planet luminosity (Beńıtez-Llambay et al.,

2015) and dynamical torques arising from the planet’s migration (Paardekooper,

2014; Pierens, 2015).

(2) Calculation of a gas envelope accretion using self-consistent calculations that

include the effects of changing local disc conditions (Papaloizou & Nelson, 2005),

rather than using fits to the Movshovitz et al. (2010) models.

(3) A full collisions and fragmentation model, so that the outcomes of planet-planet

and planet-planetesimal collisions can be accurately modelled, instead of the current

simple assumption of perfect mergers.

(4) Incorporating fits to MHD simulations so that disc radial structures arising from
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zonal flows and transitions between magnetically active and dead zones can be in-

cluded in a more realistic fashion.

(5) Include sublimation of planetesimals and boulders as they migrate inwards from

beyond the snowline.

(6) Include a realistic model for pebble accretion so that the effects of multiple em-

bryos undergoing competitive pebble accretion can be studied.

Other areas of future work that I will focus on will be to examine plant formation

around stars of different type. Currently most observations and research into planet

formation, including the work in this thesis, have been biased towards solar type

stars. However solar type stars only contribute to a small fraction of the total stars

in the universe, and as such limiting planet formation theories to only them means

that the study is incomplete. Future missions such as PLATO (Rauer et al., 2014)

and TESS (Ricker et al., 2015) will increase the number of observed exoplanets

around M dwarfs, which will ultimately require their formation and evolution to be

explained. It is only by improving the physical model so that it can apply to stars

and planets of all types, will it be possible to explain the formation and evolution

of exoplanets already discovered and also those lying in wait.
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G. A. L., de La Cueva I., Dreizler S., Endl M., Giesers B., Jeffers S. V., Jenkins
J. S., Jones H. R. A., Kiraga M., Kürster M., López-González M. J., Marvin
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Anglada-Escudé G., Arriagada P., Tuomi M., Zechmeister M., Jenkins J. S., Ofir
A., Dreizler S., Gerlach E., Marvin C. J., Reiners A., Jeffers S. V., Butler R. P.,
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in Class 0 Protostars. I. The Resolved Massive Disk in Serpens Firs 1 // ApJ.
XII 2009. 707. 103–113. 26



References 186

Ercolano B., Rosotti G. The link between disc dispersal by photoevaporation and the
semimajor axis distribution of exoplanets // MNRAS. VII 2015. 450. 3008–3014.
140, 162, 172

Evans N. J. II, Dunham M. M., Jørgensen J. K., Enoch M. L., Meŕın B., van
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