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Abstract

We give a geometrical construction of Connes spectral triples or noncommu-
tative Dirac operators Ip starting with a bimodule connection on the proposed
spinor bundle. The theory is applied to the example of M2(C), and also applies
to the standard g-sphere and the g¢-disk with the right classical limit and all
properties holding except for J now being a twisted isometry. We also describe
a noncommutative Chern construction from holomorphic bundles which in the
g-sphere case provides the relevant bimodule connection.

1 Introduction

A main difference between the well-known Connes approach to noncommutative ge-
ometry coming out of cyclic cohomology and the more constructive ‘quantum groups’
approach to noncommutative geometry lies in the attitude towards the Dirac opera-
tor. In Connes’ approach this is defined axiomatically as an operator ) on a Hilbert
space which plays the role of Dirac operator on a spinor bundle and which is the
starting point for Riemannian geometry, while in the quantum groups approach one
builds up the geometry layer by layer starting with the differential algebra structure
and often (but not necessarily) guided by quantum group symmetry, and arrives at Ip
as an endpoint, normally after the Riemannian structure. This approach also should
contain g-deformed and quantum group-related examples but it is known that these
may take us beyond Connes axioms if we want to have the correct classical limit.
For example, for the standard g-sphere where the construction in [17] meets Connes
axioms at some algebraic level but has spectral dimension 0.



The present paper joins up these two approaches, namely we show how within the
constructive approach we can naturally obtain spectral triples, at least up to issues of
functional analysis, from a bimodule connection on a chosen vector bundle (thought
of as ‘spinor bundle’), having fixed a first order differential calculus for our space and
a ‘Clifford action’ > of its 1-forms on the bundle. The latter plays the role of the
Clifford structure. Our construction is still quite general and we don’t assume that
the bundle is associated to a quantum frame bundle and connection induced by a
quantum ‘spin’ connection on it as per the classical case, although that will be the
case in the g-sphere example.

An outline of the paper is as follows. In Section 2.1, we recall Connes’ axioms
[13, 14] for a real spectral triple. Then in Section 2.2 we provide our main result,
Theorem 2.6, which constructs examples of these from bimodule connections at an
algebraic level, i.e. before worrying about adjoints. Section 2.3 establishes further
constraints on the bimodule connection and inner product data to have I hermitian
and J an (antilinear) isometry. Section 2.4 completes the general theory with an
explanation of how varying the bimodule connection amounts to an inner fluctuation
of the spectral triple in the sense of Connes[14].

One of the first ingredients in Section 2.2 is that the ‘commutativity condition’ in
Connes’ axioms (see (4) in our recap below) can be seen as making the Hilbert space
S a bimodule [23], see also [1]. However, our notion of bimodule connection means
a single (say, left) connection V which admits a modified right-connection rule via
a generalised braiding [28, 18, 19, 24, 10, 6, 7, 8, 27]. This allows for connections
on tensor products of bimodules which will be critical for what follows and is very
different from what is meant by ‘bimodule connection’ in [23], which comes from [15]
and uses two unrelated connections, one left and one right, on a bimodule. Classically,
the latter reduces to defining two unrelated connections on the same bundle and is not
what we need. Specifically, the lack of relation between the left and right structures
means that the antilinear J operator for the reality condition for Connes’ definition
of Dirac operator could not be studied. In the context of what we mean by bimodule
connections, another main tool in Section 2.2 is a conjugate bimodule whereby the
antilinear map J : S — S is formulated in terms of a linear map j:S - S. We use
our previous work [6] for the conjugate bimodule connection and related matters.
Although one could view the use of bar categories here as a book-keeping device
to keep explicit track of anti/linearity, it is essential for tensor product operations
like id ® j to make sense. In the context of general monoidal categories, the idea of
bar category can be less trivial [5], but it is very useful even in the present case of
complex vector spaces and some maps antilinear.

Section 3 shows how the theory works on three examples. Section 3.1 covers the finite
geometry of 2 x 2 matrices Ms(C) as ‘coordinate algebra’. This is of course very well
studied and we refer to [1] for a recent treatment of spectral triples here. In our
approach we start with a natural *-differential calculus Q' which is 2-dimensional
over the algebra. As it happens we take the same bimodule for S, i.e. 2-spinors.
We take a natural choice of > in this context and fixing this data we find a unique
bimodule connection that meets our requirements of Section 2. This results in a
single spectral triple which we compute as I) = 292 ® [+, ]- 37" ® [v', ] where



+* =ic® in terms of Pauli matrices. The commutators are inner derivations or ‘vector
fields’ on M5(C) and uniqueness means that fluctuations of this would entail a change
of either the differential structure or the Clifford structure.

Section 3.2 covers the g-sphere Cq[SZ] with the geometrically correct spin bundle
S =8, ®S8_ given by ¢g-monopole sections of charges +1 as used in [26]. This uses the
standard 2D differential calculus coming from the 3D one[31] on C,[SUs], a Clifford
action > given by the holomorphic structure introduced in [26] and a g-monopole
principal connection [11], all of which led to a g-deformed I) in a quantum frame
bundle approach. Our new result is that the relevant covariant derivative on S is
in fact a bimodule connection and we find a J and inner product (given by the
Haar integral) so that all the axioms (1)-(6) of a real spectral triple of dimension
2 are satisfied at the pre-functional analysis level except for one: we find that J is
necessarily not an isometry but some kind of twisted g-isometry in the sense

(T(0), TN =g (W), 8), Vo,0eS,

where the brackets are the Hilbert space inner product and ¢ is the automorphism
that makes the Haar integral a twisted trace in the sense of [22]. We identified S.
with degree ¥1 subspaces of C,[SUz ]| under the U(1) action of the quantum principal
bundle. More precisely, we obtain a l-parameter family of I) where a parameter
extends the Clifford action from the canonical choice 8 =1 in [26]. Our construction
is different from another attempt at the g-sphere Dirac operator with 2D spinor
space [16], where the ‘first order condition’ (see (6) in our recap below) had to be
weakened to hold up to compact operators, which is not our case. Section 3.3 is
our final example, the quantum disk C,[D] as in [20], where we find again that
everything works up to completions to give a dimension 2 spectral triple, for our
choice of bimodule connection, aside from 7 being required to be a twisted isometry.
The Clifford structure is similar the the ¢g-sphere case and we again obtain a moduli
space of examples as we vary a real parameter.

Section 4 returns to the general theory with a noncommutative framework for holo-
morphic bundles and their associated Chern connections along the lines of [12]. At
least in the nice case of the g-sphere this provides a more direct geometric route to
the bimodule connection that we used for the I) operator as well as the Levi-Civita
connection in [26] (i.e. without going through the frame bundle theory). This is
computed along with the other examples in Section 5.

We also note [30] which has a similar starting point of a differential algebra equipped
with a metric and which contains some steps towards a more analytic treatment.

2 Connes spectral triple

This section starts with a short recap of Connes’ axioms of a spectral triple and
then proceeds to our main results about the construction of these from bimodule
connections.



2.1 Real spectral triples at an algebraic level
At the pre-functional analysis level, a real spectral triple in dimension n mod 8
consists of certain data [14] which we list as follows:

(1a) A Hilbert space H, with inner product {( , )) antilinear in the Ist argument. A
faithful representation of the a x-algebra A on H such that for all a € A and ¢,y € H,

{(a”.1, ) = (¢, a.9))
(1b) Operatorb v, Ip (both linear) and J (antilinear) on H obeying {(Jv, o)) =
{(¢,9), v* =~ and )" = Ip. (For odd dimension we may take ~y to be the identity.)
(2) T =€ Ty=€"7T, 7> =1, [1,a] =0
(3) Py=(-)" .
(4) [a, TbT ] =0 for all a,be A
(5) TP =0T
(6) [[,a], TbT '] =0 for all a,be A

The signs €,€¢,¢” in {+1,-1} are taken from a table according to n mod 8:

n 0] 1 2 3 4 ) 6 |7
e (1] 1 |-1|-1|-1|-1

e l1l-1]1 1 1 (-171 |1
11 -1 1 -1

We have grouped the axioms here into (1) that relate to the Hilbert space structure
and ultimately to functional analysis, and the remainder which are more algebraic.

2.2 Construction of spectral triples from connections

Take a star algebra A with a star differential calculus (€,d, A), and a left A-module
S. The first proposition is also the starting point of [23].

Proposition 2.1 Suppose we are given an antilinear map J : S — S and a linear
map v: 8 — S satisfying properties (2) and (4). Then there is a bimodule structure
on S, with right action, for v €S and ae A

va=Ja T,

and vy is a bimodule map.



Proof: Property (4) states that the left and right actions commute. The condition
[v,a] = 0 shows that « is a left module map. Then

'yja*J_l — 6” J’ya*j_l _ e"Ja* ’}/j_l _ ja*j—l,y ,
so [, Ja*J 1] =0, so 7 is a right module map. []J

Now we assume the conditions for Proposition 2.1, and examine some of the other
conditions, given a particular construction for Ip. However first, we need to define a
bimodule connection.

Definition 2.2 A left connection Vs : S - Q' ®4 S on S is a linear map obeying
the left Leibniz rule

Vs(a.¢) =da® ¢ +a.Vs(e) ,

forae A and ¢ €S. A left bimodule connection is a pair (Vs,0s) where Vs is a left
connection and 05 :S®4 N - QL ®4 S is a bimodule map obeying

os(¢p®da) = Vs(d.a) - Vs(¢).a .

Note that we have a single connection, with a left Leibniz rule and a modified right
Leibniz rule. This is the definition of bimodule connection used in [28, 18, 19, 24, 10,
6, 7, 8, 27] among others, and is defined in that manner so as to enable the tensor
product of connections.

Proposition 2.3 Suppose that (Vs,o0s) is a left bimodule connection on S, and that
D: Q' ®4S - S is a left module map. If we define Ip = >oVs then [ID,al¢ = da>¢.
Then (6) is equivalent to > being a bimodule map, and (5) is equivalent to

¢ I[P.a*1T "¢ = p(os(p®da)) .

Proof: The first statement is given by
>oVs(a.¢)=1>(da®¢p+a.Vsp) =dabo+a.(>)(Vse) ,

as Vg is a connection, and the comment on bimodule maps is then immediate. If Vg
is a bimodule connection we have I)(¢.a) = >(0s(¢ ® da) + (IP¢).a. On the other
hand, using (5) for the 2nd equality,

D(¢.a)=D(Ta* T ¢)=€ TPa*T ' ¢=€ T[h,a*]T "¢+ Ta* PT "¢
= JP,a* | T o+ Ta* T D= T(P,a*1T o+ (D¢)a. O

so the condition stated follows from (5). The argument is clearly reversible and (5)
holds if the condition stated holds for all a, ¢.

Now we examine how to satisfy the conditions on v in terms of the connection and
the ‘Clifford action’ D:



Proposition 2.4 If there is a bimodule map v : S - S with v = id, which inter-
twines the connection Vs (i.e. Vsy=(1d®7)Vs), and has

yop=-Do(id®y): A es8->8, Joy=€"70T:S-S,

then (ID,J,7) satisfies all the conditions which include v in (2-6) for an even di-
mensional spectral triple.

Proof: There is only one nontrivial thing to check,

YIP(P) =70 (>)Vsp=—(>)o(id®y)Vsp=—(>)oVsyp=-IP(¢) . O

At first sight it might seem that satisfying the conditions for J would be very similar
to the case for v. However, this is not the case. The problem is that (id® J)Vs is not
even defined. In a tensor product over the complex numbers, we have il ®¢ = {Qi¢ €
2! ®4S. Now applying (id ® J) to this gives i{ ® J¢ = -£ ® 1 T ¢, a contradiction
unless both sides vanish. All this is before we actually look at the ® 4 part, and find
more problems in that elements of A are multiplied on the wrong side. Basically,
tensor products and antilinear maps do not mix. Our problems are resolved if we are
more careful and use the conjugate of a bimodule.

Definition 2.5 [6] The conjugate of an A-bimodule F is written E, and is identical
to E as a set with addition. We denote an element of E by € where e € E, so that
they are not confused. The complex vector space structure, for e,ge E and A € C is

e+g=e+g, Ae=Ae.

The A-bimodule structure is given by a change of side, for a € A,

ae=ea*, ea=a‘.e.

For bimodules E, F, a bimodule map 0 : E — F gives another bimodule map g;ﬁ - E
by 0(e) = 0(e). There is also a well defined bimodule map T : EQA F - F®4 F
flipping the order, defined by, for ee E and f € F, given by

T(m) :?®AE

Note that we do not use bar as a complex conjugation operation, on elements it is
purely a booking notation for the antilinear identity map. In fact, if we want to take
the complex conjugate of A € C, as above, we write it as A* € C to avoid confusion.
The alternative, as stated above, is to be incapable of incorporating antilinear maps
into tensor products. With this notation, an antilinear map can be regarded as a
linear map into the conjugate. The flip map YT simply implements a change of order
implicit in taking conjugates.



To illustrate this, we again consider the antilinear map J, but mapping into the
conjugate S. Define a map j: S — S by j(¢) = J¢, and this is a linear bimodule
map, as we now show, for a€ A and ¢ € S,
ja-¢) =T (a.¢) = TaT ' Td=T(¢).a* =a.J () = a.j(¢) ,
j(¢.a)=j(Ta*T'¢) = T2 T p=ca* T 'p=eT 1pa=Tp.a=j(¢)a.

The other antilinear map we will need is the star operation on (2, extending the star
operation on A. We define the bimodule map » : 2 > Q by » £ = £* for £ € Q.

Recall next that given a left bimodule connection (S, Vs, 0s) where o is invertible,
we have a canonical left bimodule connection Vg on S given by [6]

Vs(9) = ("' ®id)Tos Vs . (2.1)
The condition for j to intertwine the left connections is (id ® j)Vs = Vgj, or

(id®j)Vsé = V5i(¢) = Vs(T9) = (7' ®id)Tos7'Vs(T9) - (2.2)

The difference (id ® j)Vs — Vgj is a left module map, so to check the difference
is zero, it is enough to do so on a set of left generators for S. Using (2.2) we can
calculate

DIp=1>Vs(T¢)=BosY (x®j)Vss ,
TPo=jo=35(>)Vso .

To satisfy property (5), we need j () = € D osY *(* ® j), which we can restate,
using £ € Q! as

T(E>o) =€ (P)os(To L") . (2.3)

The reader may complain that we have used antilinear maps in the tensor product in
(2.3), but we have used them in both positions with a swap, which is legal. As long
as we keep up the bookkeeping, all conjugates and antilinear maps stay legal.

We summarise the above results in the following theorem, stated in bimodule lan-
guage. Note that we have not yet discussed the Hilbert space structure, we only
refer to conditions (2)-(6). We denote by bb the canonical identification s — 5 of a
bimodule § with its double conjugate.

Theorem 2.6 Suppose that S is an A-bimodule and j : S - S a bimodule map
obeying jj = ebb: S — S. Suppose that (S,Vs,0s) is a left bimodule connection,
where os is invertible, and that (id®j)Vs = Vg j for Vg the canonical left connection
on S. Suppose that I>: Q' ®4S — S is a bimodule map obeying j (>) = € >os T H(x®
§). ThenP=p>ovV:8—>S8 and J:S — S defined by j(¢) = m satisfy conditions
(2)-(6) for an odd spectral triple.



If there is a bimodule map v:S - S with 2 = id, which intertwines the connection
Vs, and has

yop=-Do(id®y): e S-S, joy=€¢'F0j: 8>S,

then (ID,J,v) satisfies the conditions (2)-(6) for an even spectral triple.

2.3 The complex valued inner product

A hermitian inner product is antilinear in one position (in this case the first) and
linear in the other, so it may be guessed that it appears rather more natural when
we use conjugates. If we take a linear map (( , )) : S®4 S — C then we have the
right antilinearity properties, and explicitly writing the antilinear identity we have,
for a e A and ¢,9 € S,

(¥, a.0)) = (W.a,0)) = (a*0,0) ,

which is the equation in property (1a), with explicit conjugates added. We have used
the standard comma for inner product, but with the conjugate modules notation we
could equally consistently have written {(1) ® ¢)) instead of ({1, ¢)).

As we have an antilinear map 7, we can define a bilinear inner product, rather than
a hermitian inner product, by ((,)) = {(,)) o (j ®id) : S®4 S - C. This is now
complex linear on both sides while the property of {( , )} under complex conjugation
of the output appears now as (¢, 9))* = e(J ¢, Tv)). Then the isometry condition

(T, TN = (&, 9) for T is now equivalent to (¢, T¢)) = (T ¢,¢)), and this
reduces to, for all ¢, € S,

(¥, 0) = (&, 9)) - (2.4)

Meanwhile, (v, ) = e(T P, ) and (©, P) = e((Tt, P$)), so assuming (5)

and relabelling 1, we see that I) being hermitian is equivalent to showing that

(D, 0) = (¢, D). (2.5)

In the examples we shall deal directly with the definition of I being hermitian, but
it is interesting to note some conditions on the bilinear inner product which would
imply that I) is hermitian. Note that bimodule connections extend canonically to
tensor products.

Proposition 2.7 For I) constructed as in Theorem 2.6, suppose
0=()e(>®id)Vses: S®18>C,
and also that
(No((P)os®id) =€ ((,)o(ido®>):S®s1Q' 84S ~>C .

Then Ip is hermitian.



Proof: By definition of the connection on tensor products, the first equation is
explicitly
0=()e@eid)+((,))o((>)os®id)(id®Vs) ,

and application of the second displayed equation gives (2.5). O

Note that we do not require that {( , )} is the composition of a positive linear functional
with an A-valued hermitian inner product and Vg hermitian metric compatible (but
both of these further features will apply in the g-sphere example).

2.4 Inner fluctuations

Given a bimodule L, there is a functor G, from the category 4M4 of A-bimodules to
itself given by G (FE) = L®s F®4 L, sglding a bimodule map 6: E — F to id®f ®id.
If we have a given isomorphism L ®4 L = A of A-bimodules, then

QL(E)®AQL(F) :Z®AE®AL®AZ®AF®AL = gL(E®AF) s
so the functor preserves the tensor product.

The description of Morita contexts can be found in [2] (and a C*-algebra description
in [29]), and involves a bimodule L so that the tensor product of L with its dual, both
ways round, is isomorphic to A, and the two isomorphisms obey associativity condi-
tions. The special case we have is where the dual of the bimodule is its conjugate,
and we get a non-degenerate inner product. In [3] this case is shown to give rise to an
integer graded star algebra which is L® 4...® 4 L in positive degrees and L®4... Q4L
in negative degrees. This star algebra can be thought of as the algebra of functions
on a principal circle bundle on the noncommutative space, an idea defined formally
in terms of a quantum principal bundle or Hopf-Galois extension [11].

Take ¢ € L and x € L which are inverses under the product, i.e. ¢ ® z corresponds
to 1 € A. It will be convenient to write this identification as an inner product
(,); : L®a L - A. Then there is a linear map ¢® - ® x : £ —» G1(E) given by
e ~» ¢® e ® x, which is not necessarily a bimodule map. However it does have the
tensorial property

(c®-®z)R(c®-®x)

Eos F QL(E)®AQL(F)
W‘ ~
gL(E®A F)

Now suppose we have a left bimodule connection Vy : L - Q! ® 4 L and invertible
or:Los Q' - Q' @4 L. If the connection preserves the inner product we get

Vi ®id+ (op®id)(id®Vvy)=do(,): Le®s L Q"
and from this, remembering that the inner product is invertible,

o 'v(@)®r=-c0VL(7) .



As z is invertible, we can write V() = k ® x for some « € Q' and then we deduce
o 'V (6) =-Cc®k.

Now return to the assumptions and notations on the left bimodule connection (S, Vs,os)
and the action D : Q: ®4S — S which earlier we related to the Dirac operator. Define
an action of Q' on L®4 S®4 L by

(reoer)=(1de >eid) (o (E0Y) ® e )

and the Dirac operator ]DgL( s) is the composition of this with the standard tensor
product covariant derivative,

V®ideid+ (or®id®id)((id® Vs ®id) + (id® 0s ®id)(id®id® V) .
On taking the composition we get some simplification, giving
Dg,(s)= (o 'Vp)pid@id+id® Ps@id + (id® (>)os ®id)(id®id® Vy) .

Now consider the commutative diagram,
S 2L GL(S)
S——=Gr(S)

where the bottom line is

pr—TR®Ps(d)®r-Cc®KD>P®T+c® (>)os(p®K)® T .

This can be rewritten as
cR-Qx

S Z260(S)
Ds+i Lﬂ)gu&
S GL(S)
where #: S > & for k € Q! is given by
i) = (D)os(p®K) — kDG .
Rewriting (2.3) gives J(k* >J '¢) = € (>)os(¢ ® k), s0
#(9) =€ T(K DT '0) - kDo .

If we follow [14] and specialise to the case where L is A, then we can choose z to be
a unitary, in which case k* = -k, and we have

B(@)=- T(kDT ) -KkDo,

in agreement with the usual formula for inner fluctuations. In [14] it is explained
that the inner fluctuations of the standard model of particle physics correspond to
the gauge bosons other than the graviton, and arise via the mechanism of Morita
equivalences.
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3 Examples of bimodule connections and Dirac op-
erators

Now we shall give three examples of our geometrical construction of Dirac operators
from bimodule connections, on a matrix algebra, a quantum sphere, and a quantum
disk.

3.1 A Dirac operator on M;(C)

Take the algebra A = My(C), with calculus
Q=000 =Me M, ,

which we also write as QY% = My s and Q0 = Myt, where s= L @0 and t =0 I,
are central elements (including st = ¢s), and to have a two dimensional calculus we
impose s% = t? = 0. The differential d is the graded commutator [Ej2s + Eat, -} (i.e.
the commutator when applied to even forms, and the anticommutator on odd forms).
This is a star calculus, where we use the usual star on matrices and s* = —t.

Take an ansatz for a particular Dirac operator on the left module S = M (C)® M, (C),
with the action of matrix product on each summand. The Hilbert space inner product
is (z@u,y ®v)) = Tr(z*y + u*v). Define I) by the following formula,

D(reu) = (diu+ucy) ® (dox + 2C2) |

for matrices ¢;,d;. Now

(D(xou),yev) = {((du+uc) ® (dox +xC2), Yy ®V))
= Tr(u*djy + cfu'y + 2*dsv + cyx*v) |
(zeu,D(yev)) = (z@u,(dv+ver) ® (doy + ye2)))

= Tr(u*doy + u*yco + x*d1v + 2 vey) .

To have I) hermitian we need dy = d} and ¢z = ¢;. Define J:S8 - S by J(z@®u) =
(—u*) ®z*, so € = —1. Now we have JbJ *(z ®u) = xb* ® ub*. Next

TIP(z@u) = (-(djz+xc})*) @ (diu+ucy)* ,
DI(x@u) = (dix* +z*cy) ® (=dju* —u*cy)

s0 ¢1 = —d; gives € = 1. Now the grading operator v(x ® u) = (-x) ® u completes the
set of operators for dimension n = 2 with ¢’ = —-1. We calculate

[D,a](z®u) =[d,a]u®[d},a]x .

To fit with the differential structure we set dy = E12, and seek > so that da>(z@®u) =

[D,a](z ®wu) or
([Er2,a] ® [Eo1,a]) >(x @ u) = [Er2,a]ud® [Ea,alx

11



which we solve by defining the action of Q' as (p® ¢)>(z ® u) = pu® qz. The
required connection Vg is then

Vs(zou)=dze(1e0)+dus (0&1),
and a little calculation gives, for £ € Q' = My @ My,
ocs((zou)®é) =z (1a0)+ule (0al).
With these choices we then verify the condition in Proposition 2.3,
T[] (@ u) = u[Erz,b"] ® 2[E21,b"] = bo((z @u) ® ([Erz,b"] @ [E21,b7])) -
so this proposition applies. Similarly, we can check directly that
(T@eu).T(yov)=((-v*) ey, (~u") @) = Tr(vu’ +yz*) = (T&u,y & v)

so J is an isometry. We can also recover this and that ) is hermitian from our
deduced data and application of Section 2.3.

To compare this with the known classification of spectral triples on matrix algebras,
we refer to [1]. We write S = C? ® My(C) by writing o ® u as a vector, where z,u €
M5(C). We take the signature (0,2) Clifford algebra with {y%,77} = —=24;; given by
7" =i0® in terms of Pauli matrices, i = 1,2. We set 7 = i3y*¢? = —03 which agrees with
the one above. We also need an antilinear C' such that C? = € = -1, (Cv,Cw) = (w,v)
for the standard left-antilinear inner product on C2?, and C~' = €4°C = 4*C. The

operation
¢ (vl) ) (_02)
(%) U1

does the job and J = C' ® ( )* then gives the same J as above. Finally, our Dirac
operator can now be written as

D:—%(vl o', 1-7*e [ ])

which is a specific member of the general class of spectral triple here (where commu-
tators in general are by arbitrary antihermitian matrices). We have seen how this
arises naturally from an action > and a bimodule connection.

3.2 A Dirac operator on the noncommutative Hopf fibration

We follow the construction of the ¢-Dirac operator on the standard g-sphere as a
framed quantum homogeneous space in [26] but with a couple of constant parameters
(which can be seen as normalisations) and now with consideration of *, J and an
inner product which we not covered there. We recall that the algebra C,[SUs] has
generators a,b, c,d, which are assigned grades |a| = |¢|] = 1 and |b| = |d| = -1 and we
use the conventions where ba = gab etc. The standard g-sphere A = C,[S?] is the
subalgebra of grade zero elements in C,[SUz]. The usual 3D calculus for C,[SUs] in
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[31] has basis 1-forms €%, e* of grades |€°| = 0 and |e*| = +2 and bimodule commutation

relations ez = q2|””|xeo central and e*x = q|””|xe*. For a calculus on the sphere, we
take the horizontal forms (with basis e* of degree |e*| = £2), and then the grade zero
submodule. This means that Q' and Q% for the cotangent bundle on the g-sphere
can be identified with the degree ¥2 subspaces of C,[SUs] respectively. Note also in
this construction that both Q' and the horizontal forms Q} = on C,[SUs] are free
modules (with basis e*,e’ and e* respectively) so we have a canonical projection
QY - Q) of free left C,[SU>] which will be useful in computations, given by
e? — 0. This is the set-up for the quantum Riemannian geometry of the standard
g-sphere as a quantum homogeneous space from the quantum Hopf fibration [26]; the
g-monopole connection on the quantum principal bundle induces a canonical choice
of ‘quantum Levi-Civita’ connection on Q! = Q10 @ Q01

For the spin bundle we similarly set generators f* with grades |f*| = +1, and S,
to be the grade zero elements in C,[SUs].f*, with S = S, ® S_. Suppose that the
generators commute with all grade zero algebra elements. In other words, S, can be
identified with the degree 1 subspace of C,[SUs] and as a (bi)-module over C,[S?]
(which means that f* commute with elements of A). This is again the set-up used in
[26] for the spin bundle as charge +1 g-monopole sections and again the g-monopole
induces a covariant derivative Vg : S - Q' ®4 S. This is well-known and given
explicitly by

Vs(zfr+yf)=ndz.a®dft—¢ ndz.cobf +ndydea.f —qndybec.f
One can check that this is a bimodule connection with
os((zfr+yf)® fe*)=zfe*(a®d-qlcob)ff +yfer(doa—-gb®c)f”
for f of degree ¥2.
For the action > of Q! on the spinors which preserves grades, we follow [26] and set
fersyf =afyft, fepaft=pfef, >:0"eS. -8, >:0%eS, -S

and other degree combinations zero, where we have explicitly inserted two constant
complex parameters a, 3 (one could absorb one of these in the normalisation of the
f*). Apart from the constant parameters, this is just the product of the appropriate
degree subspaces inside C,[SU;] as in [26].

If we write 7dx = d,xe* + O_z e, the Dirac operator I) = (> ®id)Vs comes out for
|z| = -1 and |y| =1 as

D f +yf)=aq 'Oy f"+Bqo-zf”

which apart from the «, 3 weightings completes our recap of the Dirac operator
introduced in [26]. The grading bimodule map is given by ~ = +id on S;.

The new ingredient we need beyond [26] is J. We set J(zf*) = +§*! 2* f¥ for §
real, giving € = —1 and €’ = —1. The connection preserves j since it vanishes on the
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generators, while using e** = —¢™'e™ we get
(P)os(T(@fr)e(ye))=-dq(>)os(z"f @ y")
= = dg (Pos(a* [Ty e ) =-d¢7 (D) (=" y e (d@a-gb®@c)f7)
= -0 3(>)(a*y (det ®a—-qbe" ®@c)f ) =—adq 2z y* fT,
(P)os(T(zf)e(ye'))=6"1q " (D)os(a" ffee y)
=67l (D)os(z* fTey e) =5 ()" y e (a®d—g 'c®b)f7)
=0 ' (p) 2"y (ae” ®@d—q 'ce” @) fF)=B5 P ay .
Referring back to (2.3) with ¢’ = 1, we need to compare these results with
Jye paf)=TByzf)=-"5" (ya)" [,
J(ye paf)=T(ayz f)=da"(yz)" .
In the case ¢’ = 1, (2.3) becomes the condition
2ot = B¢ (3.1)

for g real, which requires that 8/a* is real. Assuming the latter, we therefore define
§ as the (say, positive) square root of 3¢%/a* and have now satisfied all the algebraic
axioms (2)-(6) of a spectral with dimension n =2, by Theorem 2.6.

Next we define a positive hermitian inner product (,):S®4 S — A by the following,
for some p > 0,
(e frro ooy ffry- ) =2y v pay-

So far we have a A valued inner product, but we really need an honest C valued inner
product for a Dirac operator. We define

f{,)e" ne”
fet ne

)=

where [ is the de Rham cohomology class in H, 22(C,4[S?]) = C. This gives a hermitian
inner product {(,)) : S®4 S — C. (This is just the Haar integral of the A-valued inner
product.)

Proposition 3.1 For {( , )) defined by the Haar integral and jn = q6=2, I is hermi-
tian.

Proof: We have, using our notations,

(D@ f*)yf)=p"q(0-xfyf)= B qu(0-2)y,
(x [Py f7))=aqg (e [0y f*) =aq 2" Oy
for all z f* and y f~ of grade zero. So if 8% qu = a we have

(@ D)= (D fH)yfy=aq (z* 0y -q(0-2)"y) .
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Using |z| = -1 and |y| = 1, with 7dz = 0,z e™ + _xe” ete, we also have

md(z*y) = (z*0:y - q(0-x)"y) e* + (270-y - ¢* (Dr2) y) e,
rd(z*ye”) = rd(x*y) Ae” = (2*0y —q(O_z) y)e" ne™

which gives

( f Dy N = (P )y ),

on applying the cohomology class given by the Haar integral. Taking the complex
conjugate provides the other equation needed to show that IP is hermitian. The
condition on the parameters here is equivalent to the one stated given that we already
assumed (3.1). O

Proceeding with I hermitian by the above proposition, it remains to look at the
isometry property of J. For this we note that the underlying Haar integral on
functions, [ : C,[SU:] — C, is well-known to be a twisted trace in that there is an
algebra automorphism ¢ such that [ zy = [ ¢(y)z for all z,y in C,[SUs]. Explicitly,

g(aibjckdl) _ q2(l7i)aibjckdl

on monomials from which one can see that ¢ preserves degree and skew-commutes
with * in the sense ¢(z*) = (¢7*(x))* for all z € C,[SU,].

Proposition 3.2 For {( , )) defined by the Haar integral and q¢ + 1, J is not an
isometry but obeys

(T (@-f5), T (N = (@)= ), Vel lyl =71

where ¢ is an algebra automorphism whereby the Haar integral is a twisted trace.

Proof: Consider, for |z| = |y| = 1,

- S — 82 pxy* upper sign
: £)) = £1 o £F £l % ) _ pry upp &

(T (2. f*), T(y.[*)) = (£6* a* f7, 6% y" f >_{62xy* lower sign

and compare this to

y* = upper sign

1y* x lower sign

G ) = {

Given than 62y = ¢ and integrating, the twisted trace property tells us that J is
some kind of twisted g-isometry in the manner stated. It is clear when ¢ # 1 that we
can fun instances proving that J is not a usual isometry. O

Note that the Haar integral is not the only choice. If we take an ordinary trace in the
form of a linear map 7: A — C such that 7(xy) = 7(yx), we can define (( , ) =7(, )
in the same way, the above proof shows that we do then have J an isometry when
p =672, but we would then lose that I) is hermitian as this depended on translation
invariance in the form of vanishing on a total differential.
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To summarise, to finish off the algebraic conditions (2)-(6) we needed o = 5% ¢ 672
and for I) to be hermitian we need o = * ¢ which, given the first condition is
equivalent to u = g6~ 2. However we cannot in general make J an isometry when ¢ # 1.
Finally, by rescaling of the f* while preserving the form of our other constructions
(this requires f* to change by at most a phase), we can without loss of generality
set a = 1 and then have only one free parameter 8 > 0 in our above construction,
with § = v/Bq and = B71¢"! uniquely determined up to the sign of 6. Thus we have
a l-parameter moduli of Dirac operators under the above construction, with 5 =1
recovering the Ip introduced in [26].

Considering the results on Dirac operators on the non commutative sphere in [16],
this should not come as a surprise that we cannot obey all the conditions. There
the conclusion was to sacrifice the bimodule condition, which is (4) on our list, and
replace it by the commutator being a compact operator. However we have kept all
the algebraic conditions including the bimodule condition and Vs preserving j, kept
I) being hermitian and dropped only that J is an isometry in favour of some twisted
g-version of that.

3.3 A Dirac operator on the quantum disk

There is an algebra of functions on a ‘deformed disk’ A = C,[D], generated by z and
Z with commutation relation 2z = ¢ 2zZz—¢ 2 +1 and involution z* = Z with ¢ real and
nonzero (see [20]). The algebra C,[D] is Z graded, by |z| =1 and |z| = —-1. Putting
w=1- 2z, we have 2w = ¢~ 2wz and zw = ¢*>wZ, so for any polynomial p(w)

zp(w) =p(¢*w).z,  zp(w) =p(¢*w).z .

There is a differential calculus given by

dzndz=—-¢%dzadz ,2dz=q¢%dz.z, zdz=q¢%dzz,
dzndz=dzadz=0,zdz=¢*dz.z, zdz=q¢*dz.%.

A proof by induction on powers of w gives, for any polynomial p(w),

2p(q*w) - p(w) & +p(q2w)—p(w)2dz

wl-¢2) w(l-q?) 32

dp(w) = ¢

Recall that the *-Hopf algebra U,(sui,1) is defined by generators X,, X_ and an
invertible grouplike generator qg with

n ¢ -q7 "

vl

:qﬂXia [X:, X ]= ) AX:!::Xi®q%+q_ ® X,

q-q!

and s-structure X* = -X_, (¢%)* = ¢* (we follow the conventions of [25]). There is
a left action of Uy(suq,1) on C4[D] (similar to that given by [20], but adjusted to be
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unitary in the sense of [25], i.e. (h>a)* = S(h*)>a*) given by

H " 1 v
X:D>1=0,qg2>l=1,q¢2>bz=q 2,q2D>Z=qZ,
X, [>,z:(fl/2 , X4 DZ:—q71/222 , X_ DZ:ql/2 , X [>z:—q1/222.

This action extends to the calculus by

¢Tpdz=qldz, q? pdz=qdz, X,pdz=0, X_>dz=0,
X, pdz=-¢Y?*(dzz+2d2) , X_pz=-¢"*(zdz+dz2) .

Now we consider integration on the deformed disk. In [20] an integral is given which
has classical limit the Lebesgue integral on the unit disk, and is subsequently used
to examine noncommutative function theory on the disk. However we use another
integral with U,(suy 1) invariance. A partially defined map [ : C,[D] — C, invariant
for the Uy (suq,1) action, is defined by

fw"“: 1 , n>1,
[n]qu

and [ applied to any monomial of nonzero grade gives zero. (We shall not go into
detail over the domain of this integral.) To spell the invariance out explicitly, we
require that the following diagram commutes:

Uy(su1,1) ® Cy[ D] —— C,[D]

.

Uq(SULl) ®C L C

We take care that there are two conflicting views of what is going on with the quantum
disk. As a unital C* algebra, C,[D] corresponds to a deformation of a compact
topological space, the closed unit disk. Classically this is not a manifold, but it is a
manifold with boundary. However the U, (sl2) action is taking us in quite a different
direction - classically it corresponds to the Mobius action on the open disk, and as
such its invariants are really related to hyperbolic space, rather than the closed unit
disk. The problem with the integral is simply that the classical volume of hyperbolic
space, under its usual invariant measure, is infinite. Recalling that w = 1 - Zz, we
have

q1/2X+ bw=q 'Z22-q¢lz2=-¢ 2w,
q_l/QX_ Dw= - q_lz + q_1222 = —q_lwz ,
bed o, H
g2 pw=1-(q2>2)(¢> bz)=w .

and induction gives,

X, pw” = -¢ '2Z[n]2w™, n20.
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Then

¢"PX, > (z0") = w" - 27[n] 2 w"
= - ¢ ?[n-1]2w™ + ¢ % [n]2w™ " .

By invariance, the integral applied to this should give zero, so we get

[ -1t = [ In]eut

which, on choosing a normalisation, gives the formula we gave for the integral.

We next show that the integral is a twisted trace, in the sense
fab: fg(b)a , Va,beCy[D]

for the degree algebra automorphism ¢(b) = ¢**'b on homogeneous elements. This
can be shown for b =z by [ az =0 unless a has degree -1, and in the -1 case writing
a = zZp(w) for a polynomial p. The result is then checked by explicit calculation. A
straightforward inductive argument then extends this result to b = z” and similarly
for negative degrees.

Next we take generators {s, 5} of a spinor bimodule S, with relations for homogenous
aeCy[D],

|al |al

s.a=q¢""'a.s, Sa=q"'a.s

where the power of ¢ in the commutation relations is half that for the relations with
dz,dz. Suppose that Vs(s) =0 and Vs(5) =0, then define

dzp>sS=aws, dzpbs=pfws, dz>s=0, dzp>5=0
for two parameters «, 5. We have
os(s®da) = Vs(s.a) - Vs(s).a = ¢¥Vs(a.s) - Vs(s).a=qda®s,
os(5@da) = ¢da®s .
Then the Dirac operator is, writing da = %dz + %di,
D(a.s) = (%dz + %di) >s=p (%) ws,
P(a.3) = (%dz + %di) >DS=a (%) ws .
We set y(s) = s and y(3) = -5.

Next we set J(s) = 65 and J(5) = -6 s for some real parameter §, giving € = -1 and
€’ = -1. Since Vg on the generators is zero, it is clear that the connection preserves
j. We compute using the definitions and commutation rules above that

(>)os(T (as) ®dz) =6(>)os(5a* @ dz) = 6qq 1 (>)(a*dz ® §) = 6¢¢!* la* aws
J(dz>as) =24 T (adz>s) = 2 T (Baws) = B* T (was) = B* (-6~ s(wa)*

- _ ﬁ*d—lqla*lax—ws
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for all a of homogeneous degree. Similarly for the other cases. Hence (2.3) holds
with ¢’ = 1 provided
82qa = -5, (3.3)

We assume this and Theorem 2.6 then tells us that (2)-(6) hold with dimension n = 2.

Finally, we define a positive hermitian inner product (, ) : S® 4S — A by the following,
for some p > 0,
(say +5a_,8by +5b_)=a, " wby + pa_"wb_

for all a,,b, € A. Now we have,
_ da
(]Z)(a 5),b.s) = (@ g2 ws,b.s) = a*q_‘b‘_‘azl( g“ w, s.b)

= a*qflb‘flg‘w gerwh= a*qlb‘flg‘w 2 pw

(a3, B%ws) B qlel-15 (5a, s%w)

= pBglaH g g 20

(a.5,1(b.5))

w=pBqi 152l o %w.

If we define the complex valued inner product ((,)) by the integral of {, ), then as the
integral vanishes unless the grade is zero we find

{(1p(a.5),b.s)) fwa’”bw,
(@5, P(b5)) w[wa* G

Now
d(a*b) = (%2 dz+ 22 d2)*b+a* (2L dz+ 22 dz) = (dzaaudzaa*)bm(’;dz+%dz),

so we get (using the previous notation) ag—;b 2(ol- |8z D aa*b +a* 5z, s0if uf =
which, given (3.3) is equivalent to

p=q 9, (3.4)
we get -
{((a.5),b.s) - {(a.5, D(b.5))) f w 220 8a b

With this choice, to show that ) is hermitian all we need to show is that for all a
with |a| = -1 we have

dz, so 2¢ =

We set a = zw™ for some m > 1, and then %di = dzuw™ + Za(g;)

w™+ 222 Now from (3.2),

52
% = w™ - ¢* zz[m] 2 w™
= w™+ q2 w [m]qz wm—l _ (]2 [m]q2 wm—l
= [m+1],w™ - ¢* [m]pw™ ",
_Zm% = [m+1]2w™ - [m]g2w™ "
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Now the formula for the integral shows that ) is hermitian (The use of the hermi-
tian property for the inner product means that we have checked this for all cases.).
However note that if we were to set a = Z, then the condition would not be satisfied.
There is a condition on the domain of I) which would classically include functions
vanishing on the boundary of the disk — we shall not pursue this matter further here.

The condition that J is an isometry would require equality under the integral of
(T (as), T (bs)) = pd2awb* = ¢ tawdb*, (bs,as) = ¢4 Pl wa

on homogeneous elements. The second expression integrates to zero unless |a| = |b]
so gives ¢(b*)wa. From this and the above twisted trace property of the integral, we
can conclude that

(T (as), T (bs))) = ¢" (<7 (b)s,as)),  Va,beCy[D]

much as in the spirit of the g-sphere example. The same applies with s replaced by §
and ¢! by ¢. Finally, we have some freedom to rescale the generators s, and using
this we can without loss of generality assume a = 1 and § < 0 say when ¢ > 0. In
that case we have a 1-parameter family of Dirac operators by our construction with

6=+/—q7'B,n=-p"".

4 Holomorphic bimodules and Chern connections

An integrable almost complex structure (see [9]) on a star algebra A with star dif-
ferential calculus (£2,d,A) is a bimodule map J : Q! - Q! with J? = —id obeying
certain conditions. This basically is a decomposition of bimodules 2" = @, 4=, 2*?
with d = 9 + 0 where 0 : Q"4 » QP14 and 9 : QP9 - QP9+ with 9% = 9 = 0 and
Qra A Qpa c Qprrard | The direct sum gives projection maps 7?9 : QP*? —» QP9

We can then define the notion of a holomorphic bundle E but note that in [9] the
basic definition of this is given in terms of a left holomorphic section. This awkwardly
lends itself to looking at hermitian inner products with the antilinear side on the right,
which is opposite to the usual convention for the Dirac operator. However, in the
spinor bundle case we can use the antilinear isomorphism j: S - S to swap the side
of the antilinear part by commutativity of the following diagram:

§®ASL>A (4.1)
j@j‘lT 0
S®y 3

In general there is no necessity for a holomorphic bundle to have any obvious anti-
linear isomorphism.
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4.1 Holomorphic bimodules

A left §-connection g : E — Q' A® 4 E on a left module E is a linear map satisfying
the left 0-Liebniz rule, for e€ F and a € A

Op(a.e)=0a®e+a.dp(e) .

Definition 4.1 [9] A holomorphic structure on a left A-module E is is a left O-
connection 0 : E - QUL A® 4 E with vanishing holomorphic curvature, i.e. (0 ®id -
idA0g)0g : E - Q°2A®, E vanishes. Then we call (E,0g) a left holomorphic
module. If in addition there is a bimodule map og : E®4 Q"4 - Q% A4 E so
that Og(e.a) = Op(e).a+or(e®da) for allac A and e € E, we say that (E,0p,0F)
18 a left holomorphic bimodule.

Now suppose that we have a hermitian inner product on a holomorphic left module.
Classically the d-connection given by the holomorphic structure can be extended to
a unique connection Vg : E - Q! ® 4 F preserving the hermitian inner product and
with curvature only mapping to Q%! ® 4 E, the Chern connection. We shall show
that this is also the case in noncommutative geometry. We give two constructions of
the same connection, as both has its advantages. For one we require some material
on duals and coevaluations, and for the other we consider Christoffel symbols.

We begin with a hermitian inner product on E, (,): E®4 E — A, and we say that
the left connection Vg : E - Q' A ®4 E preserves the metric if

d(,)=(de {,))(Vpeid)+({,)®id)(ildeV): E® E - Q'A , (4.2)

where V: E - E® 40! A is the right connection constructed from Vg by V(€) = for*,
where Vg(e) =k ® f.

4.2 Duals and coevaluations

For an A-bimodule E we use the notation E° = 4Hom(F, A), and there is an eval-
uation bimodule map evg : E®4 E° — A. If E is finitely generated projective (fgp
for short) as a left module, then there is a coevaluation map coevg : A > E°®4 FE
(written items of a ‘dual basis’) so that

(ideevg)(coevg ®id) =id: E° - E° |, (evg®id)(id®coevg)=id: E—> F .

Choosing a side, we suppose that (,) : E®4 E - A is a hermitian inner product
on E (and therefore that it is a bimodule map). This hermitian inner product is
called non-degenerate if there is a bimodule isomorphism G : E - E° so that (,) =
evo(id®@G). In this case we can define an ‘inverse inner product’ (,)" : A > E®4 E
by (.} = (G ®@id)coevg.
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Proposition 4.2 Suppose that (E,0g) is a holomorphic left module, where E is
finitely generated projective as a left A-module and (,) : EQ E — A is a non-degenerate
hermitian inner product on E. Then there is a unique left connection Vg : B —
Ol ®4 E, preserving the hermitian metric and obeying (7! ®id)Vg = 0.

The (7*°®id)V g = O part is given by the following diagram, where 9:E —LE@AQLO
is the right 0-covariant derivative defined by 0(e) = f ® k*, where k® f = 0g(e):

- ()"

9% BT \E il
\r{> \/I
0
Ql,O E |
Proof: Note that the RHS of the diagram only depends on the value {, )71 ceE®,F

(with the emphasis on ®4). It is reasonably easy to see that this defines a left 0-
connection. Then applying id ® (—,¢) to this shows that

e, e) = (id® (,))(ge®?) + ((,) ®id) (e ® IT) .

We now need to check applying the 0 derivative, which means checking the equation

L) el o
\r/<,:>:: v ) ))

3 SN N’

"T 0) )

where §: E — E @4 Q%! is the right d-covariant derivative defined by 9(¢) = g ® £*,
where £ ® g = Op(c), as defined in the previous picture. We have

(9(e.e)" = 0(c.e) = (id@ (,))(Orc@e) + ({,) ®id)(c® (€)= £ (g,2) + (. f) w*
so on taking star again,

5(6,6) = <g,€>* 5* + K(Q?Y = (6,?) g* + R(fré)
= ((,)®id)(e®d(@) +((,) ®id)(r(e) ®2) . [

Proposition 4.3 Suppose that the conditions for Proposition 4.2 hold, and that E is
a bimodule with (E,EE7 og) aleft bimodule 0-connection on E forop: E® Q%1 A -
ON91A®4 E. Then the connection Vg in Proposition 4.2 is a bimodule connection,
where 0 : E®4 QYA - QYA ® 4 E is defined by, for ne Q10A

op(e®n) = ({,)®ideid)(ide (ide+ ) Tos T (x®id) ®id)(c®@n®(,) ")
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or maybe more obviously as, for {, )71 =¢®g, and where EQk =op(c®n*)

op(e®n) = (e,k) ®g.

Proof: From the diagram in Proposition 4.2, where (,) (1) =¢®g,
dp(e.a) = dea®c)®g-({,)®id®id)(ea® d() ® g)
=de®ac)®g-((,)®id®id)(e®ad(?) ® g)
=0e®at)®g-((,)®ideid)(e®d(at)®g)
+((,)®ideid)(e®d(ad) ®g) - ((,)®id®id)(e®ad() ®g) .
Now a.c®g=¢®g.a € E®4 E, so we have
dp(e.a) = e®@t)®ga-({,)®id®id)(e®d(C) ® ga)
+((,)®ideid)(e®d(at) ®g) - ({,)®id®id)(e®ad(?)®g) ,
so we have
dp(e.a) - dp(e).a= ({,)®id)(e® (I(c.a*) -ad(c))) ® g .
Now 9g(c.a*) = Op(c).a* + o(c® da*), and if we put k® f = Op(c) and @k =
op(c®da*) then
Aca*)-ad(@) = fa" @K +k®E —af@K =k®E",
giving
Op(e.a) -0g(e).a=(ek). @9 .
Finally we use
(ido«")Yer Y ' (»®id)(da®?) =k ® £,

which gives the result.

4.3 Christoffel symbol approach

We shall use the matrix formalism for finitely generated projective modules and
results given in [6]. Of course the use of projection matrices for finitely generated
projective modules is long established, but the use of matrices for inner products and
Christoffel symbols in noncommutative geometry is more recent.

Suppose that E is a left finitely generated projective module, and fix a dual basis e’ €
E and e; € E° for 1 <i<n, where E° = 4Hom(FE, A). Then Pj; = e;(e?) =ev(e ® ¢;)
is a matrix with entries in A, and P? = P. We can describe a left covariant derivative
Vg by Christoffel symbols, defined by

Ii=-(ideev)(Vee' ®ep) e Q (4.3)
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so we have
vge' = -Ti@eh . (4.4)
Fit the Christoffel symbols into matrix notation by setting
(D)ij =T - (4.5)

Then a necessary and sufficient condition that I" € M,, (2}) is the Christoffel symbols
for a left connection on F is that

rp=r, I'=PI'-dP.P.
The curvature of the connection is given by

Rp(e’) =—((dI' +T' AT).P)y ®e" .

Suppose that we set ¢ = (ei,g), so the hermitian condition gives ¢** = ¢7*. This
corresponds to the invertible bimodule map G : E - E° being G(Q) = ej.gji, and we
write the inverse as G~ (e;) = g;;.¢/, where without loss of generality we can assume
that g;j.ev(e’ ® ex) = gix. It is convenient to define matrices ¢°, go € M,,(A) by

(9e)ij =9i5» (9%)i=9" . (4.6)
and then we have

L 2 L]

" =9", 9:=9e, 9°9e=P, gP=g., Pg*=g". (4.7)

Proposition 4.4 Given a fgp holomorphic left A-module E with a hermitian metric
(,): E®E — A, there is a unique connection Vg: E - Q'A®4 E, called the Chern
connection, which preserves the hermitian metric and for which (7% ®1d)Vg = 0,
the canonical d-operator for E. If we write T =T, +T_, with T, € M, (Q°) and
I_ e M,(Q%Y), then T_ is determined by Op and

Ty =9¢"ge+9g° (T-)" g .
Proof: Take a dual basis (e',e;) for E, and set Vg(e') = - ® e, using the

definition of the Christoffel symbols in (4.3). Then the equation (4.2) for preserving
the metric evaluated at e’ ® e/ becomes

dg=~(ide () @c"®c) - ((,) @id)(c' @ 7 @ (I)")
=-I% g% -g" (I9)" .

Applying 710 to this gives

w1 0(dg ) = = () g - g 7 O(19)7)
=0T, g - g (x" (1))

which is rearranged to give the answer. |
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Proposition 4.5 The Q%2 and Q*° components of the curvature of the Chern con-
nection in Proposition 4.4 vanish.

Proof: First
Rp(e') = (d®idg —idAVE)Ve(e') = —dIM, @ e® + T, A Ve

= —dlM, @ T AT @’ = — (AT, + T AT, )Py e’ .

The Q%2 component of the curvature vanishes because 0p has zero holomorphic
curvature. From Proposition 4.4,

Oy = 09° ANDge —0g* AT _* g —g° O(T-")ge +g° T_* ADg, ,
Ly ATy =09°.ge AOG®.ge + 09" AT " ge+ 9" T ge n0g°.ge +g* T " AT " g, ,

and then

Ol +T, AT, = (09°+9°T-") A (Oge + ge.09°.gs) —9° O(L-")ga +g* T_* AT_* g4
= (09" +9°T-*) A (09 +90.09°.90) =g* (AT-+T_AT_)"go ,

and the last bracket vanishes as it is just the holomorphic curvature of the holomor-
phic connection. Then

(0ge + go-09°.ge).P = O(P).ge
and
(9g° +g"T_*).P* =9g* +¢"T_" |
SO
(0T +T, AT,).P= (09" +¢°T_").P* AO(P").ge

where Q = P* = g.g* obeys Q? = Q. Differentiating this gives 9Q.Q = (1 - Q).0Q, so
Q.90Q.Q = 0.

5 Examples of Chern connections

5.1 The Chern connection on Q'Y for M,(C)

For the algebra A = M5(C), the decomposition Q' = Q10 @ Q%! of the differential
calculus gives an integrable almost complex structure. The complex differentials
are given by the graded commutators d = [Ej2s,—} and 0 = [Eait,~}. There is a
Riemannian structure

(uov,TdyY)=uz" +vy* €A,

and this can be converted to a Hilbert space inner product by taking the trace.
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Now put a holomorphic structure on the bimodule E = Q9. For the holomorphic
connection g use

5 -1
Ql,O Ql,l QO,I ®I\/[2((C) Ql,O ,

where we have used the fact that A : Q%! ® 1, (C) Q9 - Qb is a bimodule isomor-
phism. To check that this is a left O-connection, for ¢ € Q9

0p(a.6) =AY (DanE+a.08)=0a®E+a.0p(f) .

The curvature of this d-connection maps to Q%2 ® 1, (C) Q4% and thus must be zero
as we set s2 = t? = 0, thus we have exhibited a holomorphic structure on E = Q'°.

We take the single basis element s on E = Q9. As 0p(s) = 2F2t ® s we get the
Christoffel symbol I'_; ; = -2 Fy;t. We take the metric

(bs,as)=ba" ,
so ¢* is a 1 by 1 matrix with the single element ¢"' = 1. Then by Proposition 4.4
F+171 = - (—2 Eglt)* =-2 Elgs .

so we have
VE(S)=2FE155sQ@s+2Ft®s .

We get a bimodule covariant derivative, as
Ve(s.a)-Vg(s).a=Vg(a.s)-Ve(s).a=da®s+[a,Ve(s)]=-da®s,
which extends to the map
op(a.s®f)=-al®s .

This gives a natural bimodule connection on Q1'° which classically on a Kahler man-
ifold would be part of the Levi-Civita connection for the hermitian metric. Note that
in Section 3.1 we have coincidentally taken S = Q1'% ® Q%! as a bundle but in this
example the Chern connection is not the one used there to construct the I) operator.

5.2 Chern connection on the standard quantum sphere

On A = C,[5?] take the holomorphic connection on S, (generated by f* as given
earlier) given by 0s, : S, - Q%! ®4 S,, where

53+ (1’ er) = gxkl ® kz.f+ R

where ﬁ: =a®d-q ' c®b = k1 ®ks in a compact notation with summation understood.
(Note dx denotes taking the e~ component of wd.) This has zero curvature as Q%2 = 0
and we are in the case where the grading operator « splits the spinor bundle into
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two parts, one of which is holomorphic. Now we use (4.1) to switch the side of the
antilinearity on the inner product in Section 3.2 as follows:

(. f "y f7) = (T (@ f*), T Ny fH) = (6= f,0y".f) = nzy” .

For I) to be hermitian, Proposition 3.1 gives 6%y = ¢, but as in fact we will only
be interested in the inner product on S,, we are free to absorb this g factor in the
normalisation of the inner product and hence we omit it in what follows. Then we
can write {, )71(1) =k}.f* ®ko.f*. Then the formula in Proposition 4.2 gives

s, (¢ [*) = da f* k] [ @ ko f* = ((,) @id @id)(z f* ® D(K}.[T) ® ko f )
Now, where k] ® k5 is an independent copy of k,
D, (ki f*) = Ok} Ky © Ky f*
S0

Os.( f*) = 0z f* @ FFJ7) @ ko f* — (z £+, K5 %) (Fk: &))" @ ko f
= 3({E kl) ® k'2.f+ - (ké)* (ki)* k1 ® kg.f+ =0zx.k1 ® kg.f+ .

Thus the Chern connection is just
Vs, (JJ f+) =ndx.k1 ® k‘g.f+ R

which is just the connection on S, given in Section 3.2.

We also compute the example E = Q9. We have d(ze*) = 0z A e*, and using the
isomorphism A : Q%' @4 Q1% - Q! we write a holomorphic connection on E as,
where k] ® k% is another copy of ki ® ko (similarly for further primes)

Op(xze’) = 0r.kik} ® khkoe' .
We take the inner product L
(wetye)p=ay”,
and then (| );31 = k*kY et @ khka . Now using
Op (k' kT et) = 0(ky ky).kV kY @ kYKL e* .
we get
(D®id)(,)y = kS'k et ® (DK k}).ET k") ® kykge® .

We use the diagram formula in Proposition 4.2 to write
Op(xet) = dwe Kk et )y ® kbkoe™ —(ze® kiKY e*) (O(k(*ky).Kk")* ® khko e

= O(xkik]) ® kyko e —a (kY EY) (KK (0K E))* ® kbkae®

= 8(1‘ klki) ® kék‘g et - l‘a(klk‘i) ® k‘ékjg et = 8(1‘)]61]%‘1 ® kék‘g et .
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Putting these parts together, we get
Ve(ze) =ndr.kik] ® khkoe™ |

which, given that the relevant component of the metric in [26] can be written as
g+ = e kikh ® kbkoe™, is the same as the Q0 part of the quantum Levi-Civita
connection on the ¢-sphere found there. Thus, both the connection for the Dirac
operator and the Levi-Civita connection for the g-sphere are obtained from the Chern
construction.

5.3 A Chern connection on the quantum open disk

The calculus on the quantum disk in Section 3.3 was constructed to be U, (sl2)
invariant, and also carries a hint of the hyperbolic structure. If we look for a central
quantum symmetric metric, we are naturally led to

g=w?(dzedz+¢?dzedz)

Of course, this cannot be regarded as being a Riemannian structure for the closed
disk, but rather it lives on the open disk, in fact if we let ¢ — 1 we get the classical
hyperbolic metric. The inverse of w appearing here indicates that we are dealing
with unbounded functions on the disk. Now for n > 1,

X (" w™) =0

SO

¢PX >(w™) = g tw Tz [n] e = ¢* 2] ew”

n

[

Now we check that the metric is invariant to the Uy(slz) action. This is easy for g2
while for X, (X_ is similar),

¢PX (w2 (dzedz+ ¢ 2dzedz))
= (¢"*X, > (w?)) (¢% p(dz e dz+ ¢ 2dz® dz))
+ (¢ p(w?) (X, >(dz@dz+q 2dzedz))
= ¢*z[2] 2w (dz @ dz + ¢ 2 dZ @ d2)
+ w2 (q% pdz® X, >dz+q 2 X, pdz@q? >dz))
= ¢*z[2] 2w (dz @ dz + ¢ 2 dZ @ d2)
—w?(1+q¢?) (¢dz®@z.dz+¢ % 2.dz®dz))
=¢*zw?([2]2-1-¢ ) (dz@dz+¢?dz@dz) =0 .
An integrable almost complex structure is given by J(dz) =idz and J(dz) = -idz.
Now we examine the Chern connection for the holomorphic bundle E = Q'Y (we

use E as Q'Y is a rather cumbersome subscript) on the unit disk C,[D]. For the
holomorphic connection O (and thus the holomorphic structure) on E = Q10 use

El ATt
Ql,O Ql,l Qo,l ®(Cq[D] Ql,O ,
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where we have used the fact that A : Q%! ®c,[D] Ob0 - Qb1 is a bimodule isomor-
phism. To check that this is a left O-connection, for & € Q9

0p(a.6) =" (DanE+a.08)=0a®E+a.0p(f) .
The curvature of this d-connection maps to Q%2 ®c,[D] QN9 and thus must be zero.

We take the single basis element dz on E = Q0. As dg(dz) = 0 we get ['_ = 0.
Taking the invariant metric, ¢* is a 1 by 1 matrix with the single element

bt = (dz,dz) = w? .

Then
Tiig=-0(w?)w?=z2dz[2],2w ™",

so we have the Chern connection
Vp(dz) =-2dz[2],2w ' ®dz

associated to the above hermitian metric.

Now we shall consider the different bimodule, the sub-bimodule S, of the spinor
bundle from Section 3.3 generated by s. We define Js, (s) =0 (i.e. T_1 1 = 0), giving
this sub-bimodule a holomorphic structure. We use (4.1) to switch the sides of the
previous spinor inner product:

(as,bs)=(T(as), T (bs))=6*(5a",5b") = 6° pawb* .

Following the previous method, we have (s,5) = 6% pw, so g'* = 62 pw. Then the
Chern connection has its other Christoffel symbol

Tyq=-0(w)w™ =zdzw™ .

This is the natural Chern connection here but note that it is not the bimodule
connection used for the construction of the Dirac operator.
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