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Abstract
We review recent developments in duality symmetric string theory. We begin with the worldsheet doubled formalism which describes strings in an extended spacetime with extra coordinates conjugate to winding modes. This formalism is T-duality symmetric and can accommodate non-geometric T-fold backgrounds which are beyond the scope of Riemannian geometry.
Vanishing of the conformal anomaly of this theory can be interpreted as a set of spacetime
equations for the background fields. These equations follow from an action principle that
has been dubbed Double Field Theory (DFT). We review the aspects of generalised geometry relevant for DFT. We outline recent extensions of DFT and explain how, by relaxing the
so-called strong constraint with a Scherk-Schwarz ansatz, one can obtain backgrounds that
simultaneously depend on both the regular and T-dual coordinates. This provides a purely
geometric higher dimensional origin to gauged supergravities that arise from non-geometric
compactification. We then turn to M-theory and describe recent progress in formulating an
En(n) U-duality covariant description of the dynamics. We describe how spacetime may be
extended to accommodate coordinates conjugate to brane wrapping modes and the construction of generalised metrics in this extended space that unite the bosonic fields of supergravity
into a single object. We review the action principles for these theories and their novel gauge
symmetries. We also describe how a Scherk-Schwarz reduction can be applied in the M-theory
context and the resulting relationship to the embedding tensor formulation of maximal gauged
supergravities.
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1 Introduction
One of the great successes of string theory is that its low energy effective description produces
a gravitational theory. As such one is tempted to think that at low energies supergravity and
string theory are one and the same. However, this is not quite right. String theory possesses
duality symmetries which equate seemingly different supergravity backgrounds. This duality,
known as T-duality, has its origin in the extended nature of the string world-sheet and the possibility that closed strings have to wrap around nontrivial one cycles in spacetime. The string
spectrum contains winding modes which “see” spacetime in a different way to the momentum
modes of the string. T-duality is a symmetry built on the exchange of the winding and momentum modes whilst changing the gravity background to render the physics invariant.
2

T-duality tells us that strings experience geometry in a rather different way to point particles and teases the question of whether there is a more appropriate geometrical language with
which to understand string theory. More precisely, we may consider keeping both the winding
and momentum modes of the closed string. It is then sensible to seek a unified description of
spacetime incorporating both the winding mode and the momentum mode perspectives on an
equal footing. In such a formulation T-duality would be a manifest symmetry. A number of
related formulations [1, 2, 3, 4, 5, 6, 7] of this duality symmetric string have been constructed as
a string σ-model in a spacetime with double the number of dimensions. The extended nature
of this target space allows for a symmetric inclusion of both a geometry and its T-dual.
What then is the geometry of this doubled target space? The description of the background
equations of motion for the doubled target space goes by the name of Double Field Theory
(DFT). It realises T-duality as a manifest symmetry and incorporates the momentum modes
and windings modes on the same footing. Recently, using string field theory techniques, Hull
and Zwiebach proposed such a spacetime duality symmetric theory [8] which is related to earlier pioneering works of Siegel [9, 10] and Tseytlin [3]. This theory has a tangent space which
is closely related to the generalised geometry developed by Hitchin [11]. The dynamical field
content of this theory is encoded in a generalised metric on the doubled space. This generalised
metric has the advantage that it elegantly combines both the regular spacetime metric and the
NS-NS two-form potential into a single object. The Double Field Theory action is then written in terms of this generalised metric and a single (shifted) dilaton. Thus not only does this
approach promote T-duality to the level of a manifest symmetry, it can be said to geometrise
the NS-NS two-form by combining it with a metric into a single quantity. This is much more
in the spirit of world-sheet string theory where both these fields come from the level 2 mode
of the closed string as opposed to the traditional supergravity description where the two-form
field is viewed as living in a spacetime background given by the metric.
At this point let us examine the energy scales of the different modes. To this end we introduce the string tension:
T=

1
2πα′

(1.1)

and consider a spacetime which has a circle of length, R. The energy of the string winding
around the circle will be simply the length times tension:
Ewinding ≈

R
.
α′

(1.2)

On the other hand, because we consider a compact space, the energies associated to momen-
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tum modes are quantised in units of inverse length and are independent of the string tension
i.e.
Emomentum≈

1
.
R

(1.3)

It is convenient for the purposes of considering limits to work with dimensionless quantities
and so we look at the ratio of the winding mode energy to the momentum mode energy
Ewinding /Emomentum ≈

R2
.
α′

(1.4)

For R2 ≪ α′ the winding modes are light and should dominate but for the converse, R2 ≫ α′
the momentum mode are lighter and dominate the low energy physics. The energy of the
oscillator modes of the string are proportional to the tension, T but independent of R. So let us
√
see which modes are light in various regimes. For R ≫ α′ , the momentum modes are lighter
than both winding and oscillator modes and supergravity is a consistent low energy effective
√
theory. For R ≪ α′ the winding modes are lighter than the other modes and these modes
again give supergravity description albeit in T-dual variables. At around the string scale where
√
R ≈ α′ we must keep all modes (oscillators, winding and momentum modes) and at other
scales there is a hierarchy with a low energy effective action (a supergravity action) for the
lightest modes. Thus we see that there is not a regime where one should keep both winding
and momentum modes but throw away the oscillators of the string.
So Double Field Theory is not a low energy effective action. It is perhaps best thought
of as a truncation of the string spectrum whose post-hoc justification will be that it does not
exhibit any pathologies. Formulating the string σ-model in this doubled background and
demonstrating all the usual quantum tests such as modular invariance and the vanishing of
the β-function are passed is a crucial consistency check that we must make. The theory can
also be made supersymmetric (with the maximal number of supercharges) which is also an
indicator that the theory is more consistent than it has a right to be. That DFT has passed these
checks supports the view that it is a consistent theory even though it is not a true low energy
effective description.
In DFT T-duality is promoted from a hidden symmetry to a global symmetry of the action.
When the background possesses d commuting isometries the T-duality group is described by
O(d, d) and is realised linearly in the doubled spacetime. There are several local symmetries
of DFT. There is a local O(d) × O(d) symmetry which becomes the equivalent of the Lorentz
group for the doubled space1 . In addition, there are the diffeomorphisms from general coor1 In

DFT one may formally double all directions, including the time direction, in which case the local symmetry

4

dinate transformations and the gauge transformations of the NS-NS two-form which are described locally by a one-form. These local symmetries do not commute and together they form
a Courant algebra. In DFT the diffeomorphisms and gauge transformations are combined into
a single geometric local symmetry whose infinitesimal action is generated by a generalised Lie
derivative.
Throughout there will be a tightly constraining interplay between manifesting all these
symmetries: the global O(d, d) symmetry of T-duality; the local tangent space group O(d) ×
O(d); and the local symmetry combining diffeomorphisms and p-form gauge transformations.
A key property of string theory is that T-duality is a perturbative symmetry present and
visible from the perturbative world-sheet description. However, string theory also possesses
other nonperturbative symmetries which are not accessible from string perturbation theory. In
particular, the type IIB string has S-duality which changes the NS-NS sector into the RR sector
and inverts the string coupling. This symmetry is very much like the S-duality of N = 4 YangMills theory in that it exchanges perturbative and nonperturbative states and relates strong
to weak coupling. S-duality does not commute with T-duality so composing them provides a
new symmetry group for the string.
This combination of T and S-duality goes by the name of U-duality. It was the presence of
U-duality that gave rise to the idea of M-theory where different perturbative string theories
were realised as different backgrounds of a single underlying theory [12, 13]. One may say
that U-duality is the T-duality of M-theory. It is the symmetry that relates naively different
M-theory backgrounds.
The winding/momentum mode analysis of T-duality then becomes much more complicated as one now has windings of branes of differing world-volume dimensions. All the possible brane windings become important and the resulting symmetry group becomes highly
dimensionally dependent.
The U-duality group G, associated with reduction on a d dimensional torus is given by the
exceptional group Ed (with the cases for d < 6 given by the obvious identifications of the corresponding Dynkin diagrams). There is a local Lorentz group H, just as before which is the maximal compact subgroup of Ed , and also the local symmetries combining diffeomorphisms and
p-form gauge transformations. The appearance of these symmetries was noted many years
before M-theory when [14] observed that eleven-dimensional supergravity dimensionally reduced on a torus has scalar fields that inhabit the G/H coset. This is essentially a consequence
group will be O(d − 1, 1) × O(1, d − 1) reflecting the Lorentzian signature.

5

of eleven-dimensional supergravity being the low energy effective description of M-theory.2
Again, as with the doubled formalism of the string, one would wish for a formalism where
all these symmetries are manifest. Now we see that in order for the global symmetry to be
manifest requires much more than just doubling the space. To realise the Ed linearly we need
a space with the same dimension as the relevant representation of Ed and this is always bigger
than 2d for d > 3. The M-theory version of Double Field Theory calls for an exceptional generalised geometry which extends the space to linearly realise the exceptional algebra [15, 16].
One can, as in Double Field Theory, then form an action entirely from a (generalised) metric on
this extended space [17, 18, 19]. The realisation of the local gauge symmetries becomes more
involved in the M-theory version since they must contain not just the two-form gauge symmetries of string theory but simultaneously the three-form and six-form gauge symmetries
of eleven-dimensional supergravity. Again, there is a generalised Lie derivative that generates these local transformations as a single entity. The closure of the gauge algebra will place
constraints on the theory. It is remarkable that the structure of Double Field Theory could be
repeated for the U-duality groups of M-theory.
Given that the theory is now defined in an extended spacetime one finds the need to restrict
the dynamics to end up with the correct physical degrees of freedom and a consistent theory.
This is achieved with a physical section condition specifying locally a subspace of the extended
space which is to be viewed, in a given duality frame, as physical. For DFT this amounts
to picking a maximal isotropic subspace (a d-dimensional subspace that is null with respect
to the invariant inner product of the T-duality group O(d, d)). In the M-theory scenario the
physical section condition must become more complicated in that its solutions should project
onto a comparatively smaller subspace.
One way to satisfy the section condition is to enforce from the very outset that fields and
gauge parameters only ever depend on the regular spacetime coordinates (that is they have
no dependence on the extra coordinates of the extended space conjugate to winding charges).
At this point in the discussion we must take care to specify the difference in DFT between the
so called weak and strong constraints. What is being described here is known in DFT as the
2 At

this stage we would like to warn the reader of a potentially confusing usage of language that we make in
this report. Strictly speaking the term “U-duality” should refer to the discrete M-theory duality group denoted
En( n) (Z ) formed by intertwining S and T dualities that was conjectured by Hull and Townsend [12] to remain
an exact quantum symmetry of M-theory. This is a subgroup of the continuous group En( n) (R ) which are the
“hidden” symmetries displayed by eleven-dimension supergravity reduced on a torus. In this report, in chapter 5
especially, we will be abusive in our use of the term U-duality; we shall frequently use it to mean the continuous
supergravity symmetry group. Since we are working entirely in the supergravity limit in chapter 5 the intended
meaning will be clear from the context.
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strong constraint. It is essentially,
η MN ∂ M φ1 ∂ N φ2 = 0 ,

(1.5)

for any fields φ1 , φ2 where η is the invariant inner product of T-duality group. This is solved
this by demanding fields be independent of either a coordinate or the conjugate dual coordinate. The so called weak constraint,
η MN ∂ M ∂ N φ = 0 ,

(1.6)

comes directly in string field theory from the level matching condition and one imagines DFT
can be formulated with only the weak constraint being required. These issues are discussed in
more detail later in the review.
Demanding that fields are independent of dual coordinates means that one arrives in a
formulation [20, 21, 22] where tangent space is extended but the underlying space itself is not.
One ends up with a theory whose structure is precisely the generalised geometry of Hitchin for
the case of strings and its exceptional counterpart for M-theory. Obeying the section condition
globally in this fashion ultimately means that there is no new physical content in the theory
beyond supergravity although it does provide an extremely elegant and potentially powerful
reformulation making the duality symmetry manifest.
One of the key developments has been to determine the ways in which one could consider
relaxing the physical section condition. Of course, having a completely unconstrained theory
seems incorrect. However some relaxations of the section conditions do seem possible. We
will see how a generalised version of the Scherk-Schwarz ansatz allows explicit dependence
on all coordinates of the extended spacetime. The extra dimensions of the extended spacetime augment M-theory in that previously isolated gauged supergravities now appear from
geometric compactifications of a single theory.
In all of this, global questions will be crucial with so called nongeometric backgrounds appearing from allowing holonomies in the global group G. There is then a subtle interplay
between the patching together of p-form potentials with gauge transformations on overlapping patches and the holonomy of the space under G or H. This type of holonomy allows
the construction of so called exotic branes and T-folds. Thus, string and M-theory have backgrounds that are described by more than just supergravity because their symmetries allow
novel solutions relying on the additional duality structures in the theory.

7

1.1 Outline
The outline of the main body of this review is as follows. In section 2 we begin by introducing
T-duality. We first consider it in the simplest context of the S1 radial inversion duality and then
introduce the extension to toriodal backgrounds and the corresponding O(d, d, Z ) T-duality
group. Also in section 2 we introduce the concepts of non-geometric backgrounds, T-folds
and exotic branes.
In section 3 we introduce the string world-sheet doubled formalism. We explain the basic
features of this T-duality symmetric approach and discuss some of its quantum mechanical
properties. In particular we discuss the conditions for conformal invariance of the doubled
string; these give rise to a set of background field equations that the doubled spacetime geometry should obey. Understanding these equations from a spacetime perspective becomes the
focus of the second half of this report.
In section 4 we turn our attention to the spacetime T-duality symmetric theory that has
been dubbed Double Field Theory (DFT). We first show how the symmetries of the NS sector
of supergravity naturally motivate an algebra built around a Courant bracket rather than a
Lie bracket. This hints at the rather central role that generalised geometry plays in DFT. We
provide a review of the essential details of generalised geometry required to understand DFT
and its M-theory analogue. After this somewhat mathematical interlude we introduce DFT
itself. We spend some time discussing the gauge symmetries of DFT and the emerging new
geometrical concepts that it invokes. We close section 4 with a presentation of some of the
extensions of DFT including the inclusion of RR fields, fermions, heterotic constructions and
its relationship with gauged supergravities.
Section 5 concerns the M-theory extension of these ideas. We begin by providing an overview
of M-theory, its low energy limit of eleven-dimensional supergravity and its hidden symmetries. We proceed by reviewing the construction of exceptional generalised geometries, that
is the extended tangent bundle that supports a natural action of the U-duality groups. We
discuss the construction of the U-duality symmetric M-theory extensions of DFT and illustrate
this with the specific example of the SL(5) U-duality group. We discuss the section condition
required to reduce the theory to a physical subspace and the gauge structure paying careful
attention to the ghost structure of gauge transformations. We also outline how group theoretic
techniques allow for the constructions of generalised metrics that encode the field content of
these theories.
We close section 5 by considering the dimensional reduction of the U-duality invariant
8

theory. First we show how it can be reduced on an appropriate torus in the extended spacetime
to give rise to DFT. Then we go on to detail the linkage between the Scherk-Schwarz reduction
of the U-duality invariant theory and maximal gauged supergravities in lower dimensions
and how this allows for a consistent relaxation of the section condition.
We conclude the report in section 6 where we give our own, subjective, outlook of this
subject. In the appendix we provide the reader with a short tool-kit to understand some of the
features of chiral bosons in two dimensions which underpin much of the construction of the
world-sheet doubled theory of section 3.
This report comes complete with a lengthy bibliography however now is an opportune
moment to extend an inevitable apology to the authors of works that through oversight or
ignorance we have unintentionally failed to refer.

2 Dualities and Symmetries
2.1 Path Integral (Buscher) Approach to T-duality
The history of T-duality is long and can be traced back to observations made in [23, 24] and a
review of early developments and perspectives can be found in [25]. Here we present the path
integral perspective of T-duality which originates from the work of Buscher [26, 27].
We consider bosonic string theory whose target space admits a U (1) isometry generated
by a Killing vector K acting by the Lie derivative such that
LK G = LK H = LK Φ = 0 ,

(2.1)

where G is the metric of the target spacetime, H = dB is the field strength of the NS two-form
and Φ the dilaton. We work with coordinates adapted to this isometry, {X I } = {θ, xi }, such
that the Killing vector becomes K = ∂θ . In the interests of pedagogy, we shall begin with a
stronger assumption than eq. (2.1); we impose that LK B = 0 (this is not needed for the σmodel to be invariant and in general, such a choice of potential may not be globally possible
– we shall revisit this shortly). We choose to work with dimensionless radii and coordinates

9

such that θ ∼ θ + 2π and Gθθ = R2 . In conformal gauge the string σ-model is3
S0 =

1
4π

Z

d2 σ ( G + B)ij ∂+ X i ∂− X j

=

1
4π

Z

d2 σ R2 ∂+ θ∂− θ + Eiθ ∂+ xi ∂− θ + Eθi ∂+ θ∂− xi + Eij ∂+ xi ∂− x j ,

(2.2)

where we have defined E = G + B. The isometric condition implies that the background fields
do not depend on θ but may have some dependence on the xi spectator fields. In particular,
let us emphasise that the radius R need not be constant but can be a function of the spectator
coordinates i.e. R = R( x).
A powerful approach to T-duality is the Buscher procedure [26, 27]. This is a three step
recipe for obtaining dual σ-models:
1. Gauge the isometry.
2. Invoke a flat connection for this gauge field with a Lagrange multiplier.
3. Integrate by parts and solve for the non-propagating gauge field.
This approach may be readily generalised, for instance one can consider applying it to nonAbelian isometry groups [28] or even to isometries in fermionic directions [29]. Both of these
generalisation have been studied in recent years and have led to some surprising insights especially within the context of the AdS/CFT correspondence; non-Abelian T-dualities have been
used to generate interesting new supergravity backgrounds [30, 31, 32, 33, 34, 35, 36] and selfduality of the AdS5 × S5 background under a combination of bosonic and fermionic T-dualities
[37, 29] has been used to give an explanation of the Wilson loop/scattering amplitude duality
and associated dual superconformal symmetry at strong coupling in N = 4 SYM. Reviews of
recent developments in fermionic T-duality can be found in [38, 39]. One caveat with these
generalisations is that they are not expected to hold to all orders in string genus perturbation
theory for reasons that we shall return to shortly. Nonetheless they are interesting spin-offs
of this basic approach and can certainly be employed as solution generating symmetries of
supergravity.
We now apply this recipe to the case at hand. We gauge the global U (1) symmetry which
acts as δθ = ω by introducing a U (1) valued gauge field A = A+ dσ+ + A− dσ− which has
a gauge transformation rule δA = −dω and invariant field strength F = dA. The covariant
work with lightcone coordinates σ± = 21 (τ ± σ) such that ∂± = ∂τ ± ∂σ . Here we work in Lorentzian
signature but when we discuss string perturbation theory effects a Euclidean worldsheet should be understood.
3 We
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derivative is
Dθ = dθ + A .

(2.3)

Additionally we constrain the gauge connection to be flat using a Lagrange multiplier. The
gauged σ-model is given by
1
4π

Sgauged =

Z

d2 σ R2 D+ θD− θ + Eiθ ∂+ xi D− θ + Eθi D+ θ∂− xi + Eij ∂+ xi ∂− x j + λF+− . (2.4)

Integrating out the Lagrange multipliers invokes the constraint F+− = 0 which can be solved
locally by A± = ∂± φ. Substituting this pure gauge connection back into eq. (2.4) one finds an
action equivalent to eq. (2.2) after a trivial field redefinition. There are, of course, some global
concerns that we must treat carefully when considering string perturbation theory defined on
Euclidean world-sheets of arbitrary genus – we will return to this point shortly.
We continue by integrating-by-parts the Lagrange multiplier term to obtain
1
Sgauged =
4π

Z

d2 σ R2 D+ θD− θ + Eiθ ∂+ xi D− θ + Eθi D+ θ∂− xi + ∂− λA+ − ∂+ λA− + Eij ∂+ xi ∂− x j .
(2.5)

In this form the gauge fields are auxiliary; they have an algebraic equation of motion and can
be eliminated. This procedure is made simplest by fixing the gauge in which θ = 0 where the
relevant equations of motion become
0 = R2 A+ + Eiθ ∂+ xi − ∂+ λ ,

0 = R2 A− + Eθi ∂− xi + ∂− λ .

(2.6)

Replacing A± by these expressions results in an action given by
Sdual =

1
4π

Z

d2 σ



Eiθ Eθj
1
1
1
i
i
∂
λ∂
λ
−
E
∂
x
∂
λ
+
E
∂
λ∂
x
+
E
−
∂+ x i ∂− x j .
+
−
−
−
iθ +
θi +
ij
R2
R2
R2
R2
(2.7)

This dual action is of the same form as the initial σ-model eq. (2.2) but with the following
redefinitions
Gθθ →

1
,
Gθθ

Eθi →

1
Eθi ,
Gθθ

Eiθ → − Eiθ

1
,
Gθθ

Eij → Eij − Eiθ

1
Eθj .
Gθθ

(2.8)

When the procedure is done in a path integral with the inclusion of a Fradkin-Tseytlin dilaton
coupling [40, 41] one obtains, in addition to the above transformation rules, a shift in the
dilaton given by [26, 27]
Φ → Φ−

1
ln Gθθ .
2

(2.9)

This derivation is, in essence, due to Buscher [26, 27] and the above transformations and
11

their generalisations are known as the Buscher rules. Since the actions S0 and Sdual are both
equivalent to a common action Sgauged we say that these are dual descriptions of the same
physics. It is from this perspective that we can consider this a non-perturbative duality on
the world-sheet by regarding R as the coupling constant. In fact, this derivation is somewhat
similar to that used in showing S-duality in the Lagrangian of N = 2 gauge theories in four
dimensions wherein a Lagrange multiplier is used to enforce the Bianchi identity for the field
strength; if instead of integrating out the Lagrange multiplier one integrates out the gauge
field itself one finds the S-dual action [42, 43]. Another rewarding pay-off from this Buscher
procedure is to provide a constructive derivation of bosonisation as duality (both Abelian and
non-Abelian) [44, 45].
As is well known, and we shall come back to this essential point later, the string theory
defined by the σ-model in eq. (2.2) is conformal when, to first loop order in α′ , the background
fields obey the equations of motion of the common NS sector of type II supergravity. When
the background fields entering eq. (2.2) do obey these conditions, then it can be explicitly
shown that so too will the T-dual geometry defined by the Buscher rules eqs. (2.8) and (2.9).
It is believed, and arguments have been proposed dating back to Sen [46] and Meissner and
Veneziano [47, 48] that T-duality is present to all orders in α′ and the T-duality map can be
expanded as a perturbative series in the inverse string tension. It is of course an extremely
difficult task to explicitly calculate the α′ corrections to the T-duality map but this has been
done at two-loops in [49]. Whilst this represents conventional wisdom, a recent proposal [50]
has been made in which, in the context of Double Field Theory, T-duality remains uncorrected
in α′ however the price to pay is that the gauge structure of the theory receives corrections.
A further useful observation on T-duality comes from looking at how world-sheet derivatives transform. Making use of eq. (2.6) together with the pure gauge condition on the gauge
field one finds that
∂+ θ = R−2 (∂+ λ − Eiθ ∂+ xi ) ,

∂− θ = − R−2 (∂− λ + Eθi ∂− xi ) .

(2.10)

The implication of this is rather profound; under T-duality left and right movers have different
transformation properties. This can be seen very clearly when the spectator fields are ignored
by setting Eiθ = Eθi = 0 in eq. (2.10) and for simplicity setting Eij = δij . In that case the
T-duality simply acts by
∂ + θ = R −2 ∂ + λ ,

∂ − θ = − R −2 ∂ − λ ,
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(2.11)

i.e. as a reflection on the right movers. A nice property is that the relations in eq. (2.10) define
a canonical transformation in phase space between the original and dual σ-models [51].
The knowledge of how world-sheet derivatives transform in eq. (2.10) also allows one to
determine the action of T-duality on the RR sector. Let us again take the case where we ignore
spectator fields. In that case, after T-dualisation the right movers define the pull-back of a set
of frame fields for the target space geometry,
êλ(+) = R−1 dλ ,

êi(+) = dxi ,

(2.12)

and left movers define a different set of pulled back frame fields
êλ(−) = − R−1 dλ ,

êi(−) = dxi .

(2.13)

The left and right moving frames define the same geometry and are thus related by a Lorentz
rotation
ê(+) = Λê(−) ,

(2.14)

which for the simple case at hand is given by
Λ = diag(−1, 1, . . . 1) .

(2.15)

This is evidently not a proper Lorentz rotation; it has det Λ = −1. This induces an action on
spinors under T-duality given by a matrix Ω obtained through the invariance properties of the
gamma matrices,
Ω −1 Γ i Ω = Λ i j Γ j .

(2.16)

For the case at hand Ω = Γ11 Γλ – notice the presence of a chirality changing Γ11 , this is because
a single T-duality takes one from type IIA to type IIB string theory and vice-versa.
The spinorial counterpart of this Lorentz rotation generates transformations of RR flux
fields in the following way. In the democratic formalism the RR field strengths are combined
into a sum of p-forms F = ∑5n=0 F2n for (massive) IIA and F = ∑4n=0 F2n+1 in IIB. This sum
of forms is known is the literature as a polyform. It is a somewhat formal object since one
is adding objects with different tensor properties. The polyforms F obey the Bianchi identity

(d − H ∧) F = 0 and can be expressed in terms of potentials as F = (d − H ∧)C + F0 eB where
the last term should be included only for massive IIA. The RR fields are combined with their
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Hodge duals to form a bispinor defined as
IIB : P =

where /
Fp =

eΦ
2

4

∑ /F2n+1 ,

eΦ̂
2

IIA : P̂ =

n =0

5

∑ /̂F2n ,

(2.17)

n =0

1 µ1 ...µ p
Γ
Fµ1 µ2 ...µ p . The higher p-forms are related to the lower ones by
p!
p

Fp = (−1)int[ 2 ] ⋆ F10− p .

(2.18)

The T-dual RR fluxes are simply obtained by multiplication with Ω−1 . If, for instance, the
duality maps from type-IIB to type-IIA the transformation rules for the RR-fluxes are given by
comparing the two sides of
P̂ = P · Ω−1 .

(2.19)

For the case of a single T-duality in the simplified scenario this corresponds to the intuitive rule
of thumb that the effect of dualisation is to delete legs of flux in the direction of the isometry
and add them where they were not present before i.e. we have
F p = F p−1 ∧ eθ + F p −→ F p−1 = F p−1 ,

F p +1 = F p ∧ e λ .

(2.20)

The transformations rules for RR fields were derived in [52] by comparing the dimensionally reduced supergravities but the above explanation originates from the work of Hassan [53]
(see also [54] for a world-sheet derivation in the Green-Schwarz approach and [55] for one in
the pure spinor approach). An alternative approach to the transformation of RR fields as a
Fourier-Mukai transformation was proposed by Hori in [56].
2.1.1

Some Comments on Global Issues

There are a number of subtle global issues that we now give some further details on.
In the preceding discussion we made a rather strong assumption that the NS two-form
was invariant under the isometry used to T-dualise. This is not necessary, and in general it
may be not possible to define such a potential globally. We begin with a global and covariant
treatment of T-duality for the case of a single isometry which was first given by [57].
As a potential for H, the NS two-form B need only be locally defined, that is to say H must
be closed but not necessarily exact. We choose a suitable open covering {U α } of the target

space where each patch U α is isomorphic to Rn and each two fold intersection of patches,
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U α ∩ U β is also isomorphic to Rn . In each patch U α one has a choice of potential
H = dBα ,

(2.21)

which differ only by a gauge transformation on overlaps i.e. Bα − B β = dΛαβ on U α ∩ U β and
obey the cocycle condition on triple overlaps. The contribution to the string σ-model of H can
be given by a Wess-Zumino term
1
8π

SWZ =

Z

V

H,

(2.22)

in which H should be understood to have been pulled-back to V, a three-dimensional manifold
whose boundary is the world-sheet Σ of the string.4 Although SWZ depends on a choice of V,
the difference between actions defined with different choices of V is a topological number
giving rise to only a phase in the (Euclidean) path integral. This ambiguity will not effect the
quantum theory providing this phase is unity – this is the case when H is a representative of
an appropriately quantised cohomology class.
It is clear that under the action of the Killing vector K the WZ term varies as
δSWZ

1
=
8π

Z

1
dι K H =
8π
V

Z

Σ

ιK H .

(2.23)

Hence invariance then requires only that
ι K H = −dv ,

(2.24)

for a globally defined one-from v. Thus it is sufficient that the potential is only invariant up to
a gauge transformation; on a patch U α one requires
LK Bα = dω α ,

ω α = ιK Bα − v .

(2.25)

The dualisation procedure in this more general context was performed in [57] and gives rise
to a modification of the Buscher rules eq. (2.8)
G̃θθ =

1
,
K2

G̃θi =

vi
,
K2

B̃θi =

Ki
,
K2

G̃ij = Gij −

K i K j − vi v j
,
K2

B̃ij = Bij −

K i v j − vi K j
.
K2
(2.26)

Here the gauge symmetry of the σ-model has been fixed by using local adapted coordinates.
When ω = 0, vi = Bθi and using that Ki = Gθi and K 2 = Gθθ one recovers the earlier results
eq. (2.8).
4 In this discussion we are making heavy use of form notation, pull-backs are implicit and we use frequently the
Cartan identity L K = dι K + ι K d.
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In [57] it was also suggested, again for the case of a single isometry, that one can perform
the T-duality locally on patches and then glue together to reconstruct globally the T-dual background. This may be unavoidable when adapted coordinates do not globally exist. An explicit
example is given by performing a T-duality on S3 . Locally S3 looks like S2 × S1 but this is of

course not true globally. For instance, on the round S3 , Euler angles provide a local adapted
coordinate system in which a U (1) isometry is realised by shifts of one of the angles χ → χ + ǫ.

However since Euler angles are not global coordinates for S3 one can not determine the full

global properties of the T-dual geometry. Instead, by considering the T-duality patchwise in
the northern and southern hemispheres and carefully patching together the result, one can rebuild a global picture of the T-dual and conclude it has topology S2 × S1 . This is a nice example
of topology change from T-duality. In [57] it was further argued that this patchwise approach
can be used when H is not exact.
When there are several commuting isometries these global issues become even more delicate. For a start, the gauging of a σ-model used in the dualisation procedure can become
subtle and afflicted by topological obstructions [58, 59]. However, the conditions for T-duality
are weaker than those for gauging; this was examined for principle circle bundles in [60] and
more generality in [61]. An important perspective of [61] is that most of the topological obstructions to gauging can be eliminated by extended the sigma model with additional coordinates representing the T-dual torus – because of this the doubled σ-model is apt to describing
T-folds [7]. However, there remains one topological obstruction for a conventional T-duality;
given d Killing vectors K (i) generating a free U (1)d action, conventional T-duality requires that
ι i ι j ι k H = 0 (i.e. the contraction of the three-form with any three of the Killing vectors should
vanish). Nonetheless it has been suggested in [62] that even this condition may be relaxed
and T-duality be possible though the result is not expected to be described by conventional
geometry even locally.
A second class of global issues concerns the periodicities of T-dual coordinates. In the
Polyakov path integral one is instructed to sum over all genera of (Euclidean) world-sheets.
One is thus led to ask whether the gauged σ-model is equivalent to the ungauged σ-model
for any genus and, in particular, what happens to the topological information contained in the
gauge field? The winding modes of the Lagrange multiplier λ serve as Lagrange multipliers
for the holonomies of the gauge field. It was outlined first for the case of a single radial inversion duality in [63] and then in more generality in [64], that by appropriately tuning the
periodicity of λ – i.e. the periodicity of the T-dual coordinates – these holonomies can be constrained to be the identity element of U (1) and the duality related models become completely
16

equivalent. A further discussion of these global concerns can be found in [57, 65]. Let us
illustrate this more explicitly.
On a world-sheet Riemann surface of genus g there are a set of 2g canonical homology
one-cycles labelled ( Ai , Bi ) and one must therefore keep track of the information contained in
the holonomies of the connection around these cycle given by the path ordered exponential
H
P exp i γ A. For the two σ-models (2.4) and (2.2) to be truly equivalent as conformal field
theories we require that such holonomies are trivial. To see how this works we look at the
torus world-sheet and use the Lagrange multiplier term given by
Sλ =

1
2π

Z

Σ

dλ ∧ A .

(2.27)

In the path integral we should sum over all configurations for λ including topological sectors.
We therefore write
p, q ∈ Z

dλ = dλ̂ + 2πLpα + 2πLqβ ,

(2.28)

where λ̂ is single valued, and where (α, β) are the Poincaré dual one-forms to the cycles ( A, B)
H
H
H
H
obeying A α = B β = 1 and A β = B α = 0. L is an, as yet undetermined, periodicity for

the Lagrange multiplier. In the winding sector of the path integral we have, making use of
Riemann’s bilinear identity (see e.g. [66]),

∑e
p,q

i2πL
2π

R

( pα+ qβ)∧ A

=

∑e

i2πL
2π

p,q

(p

H



B

A−q

L
= ∑δ m−
2π
m,n

H

I

A

A)

 

I
L
A δ n−
A .
2π B
A

(2.29)

Then when the periodicity of the Lagrange multiplier is tuned such that L = 1 we find that
the holonomies of the gauge field are just the identity element of U (1). Thus, integrating
out the single valued piece of the Lagrange multiplier puts the gauge field in pure gauge as
before and integrating out the winding modes of the gauge field makes the holonomies trivial
[63]. One can readily extend this argument to higher genus by simply adding in a sum over
canonical pairs of homology cycles. In a similar way one can show that the constant mode
H
of the Lagrange multiplier enforces the constraint Σ F = 0 and hence restricts the curvature

to a trivial class. These arguments ensure the full equivalence of the gauged and ungauged
σ-models.
For the generalisation to non-Abelian or fermionic isometries this argument fails to hold5
5 An

immediate obstruction is that in the non-Abelian case the holonomies require path ordering which is not
captured in the above analysis [57, 65].
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and it is for this reason that the generalisations are not thought to be exact symmetries of string
genus perturbation theory but rather as a mapping between related CFTs [57, 65].

2.2 Toroidal Compactification and the O(d, d) Duality Group
A full understanding of toroidal compactification defined by d compact bosonic directions
X i ≃ X i + 2π and the internal metric data Eij = Gij + Bij was first given by Narain et al.

[67, 68].6 By using an ansatz X i = σni + qi (τ ) for the zero modes, one may deduce that the
zero mode momenta must have the following form
p Lī = piL Gij eiī = (ni + Eji m j )eiī ,

pRī = piR Gij eiī = (ni + Eij m j )eiī ,

(2.30)

with ni and mi integer valued and in which we have introduced vielbeins defined such that
¯ j¯

Gij = eii e j δī j¯ .

(2.31)

These momenta ( p L , pR ) define a lattice Γd,d ⊂ R2d , and moreover, since
p2L − p2R = 2mi ni ∈ 2Z

(2.32)

this lattice is said to be even. A more detailed investigation of partition functions shows that
the lattice must also be self dual to ensure modular invariance [67]. The contribution of these
momenta to the Hamiltonian is given by
1
1
H0 = ( p2L + p2R ) =
2
2

mi
nj

!

( G − BG −1 B)ij ( BG −1 )i
G ij
−( G −1 B)i j

j

!



mj nj



.

(2.33)

These last expressions illustrate underlying moduli space structure of toroidal compactification which is [67],

Md = O(d, R ) × O(d, R )/O(d, d, R )\T − dualities ,

(2.34)

where we have indicated a duality group which we will shortly identify. The dimension of
this moduli space is d2 in accordance with the number of parameters in Eij . The fact that
the momenta reside in an even self dual lattice gives rise to the numerator in (2.34) and the
invariance of Hamiltonian under separate O(d, R ) rotations of p L and pR gives rise to the
O(d, R ) × O(d, R ) quotient.
O(d, d, R ) is the group which consists of real matrices O that respect an inner product with
6 For

simplicity we ignore spectator fields in this presentation.
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d positive and d negative eigenvalues given, in a conventional frame, by
!

0 1
1 0

ηI J =

(2.35)

such that

OtηO = η .

(2.36)

Note that the condition that the lattice Γd,d is even is defined with respect to this inner product. In what follows we shall frequently make use of the O(d, d, R )/ (O(d, R ) × O(d, R )) coset

representative which packages the d2 moduli fields :

( G − BG −1 B)ij ( BG −1 )i
G ij
−( G −1 B)i j

HI J =

j

!

.

(2.37)

The action of an O(d, d, R ) element
a b
c d

O=

!

OtηO = η ,

,

(2.38)

is transparent on the coset form

H ′ = O t HO ,

(2.39)

but the equivalent action on E = G + B is more complicated and is given by the fractional
linear transformation
E′ = ( aE + b)(cE + d)−1 .

(2.40)

For an S1 compactification we saw that the moduli space was further acted on by a discrete
duality group (in that case Z2 ). We may ask what is the duality group for toroidal compactification, or what subgroup of O(d, d, R ) transformation leaves the physics completely invariant.
There are essentially three types of contributions, the first are large diffeomorphisms of the
compact torus which preserve periodicities and correspond to the action of a GL(d, Z ) basis
change. We refer to such transformations as being in the geometric subgroup of the duality
group. These correspond to O(d, d) matrices of the form

OA =

AT
0

0
A −1

!

,

A ∈ GL(d, Z ) .

(2.41)

The second transformation arises by considering constant shifts in the B field. Such a shift
in the B field by an antisymmetric matrix with integer components results in a shift in the
action by 2πZ and produces no change in the path integral. For d compact directions this
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allows us to consider the shift Bij → Bij + Ωij where Ω is an antisymmetric matrix with integer
entries. The O(d, d) form of this transformation is

OΩ =

1 Ω
0 1

!

,

Ωij = −Ω ji ∈ Z .

(2.42)

The final set of dualities, sometimes called factorised dualities, consist of things more akin
to the radial inversion and have the form [25]

OT =

1 − ei
ei
ei
1 − ei

!

,

(2.43)

where (ei ) jk = δij δik . All together these three transformations generate the duality group
O(d, d, Z ) which henceforward shall be known as the T-duality group. These results above
were first fully established in [69, 70]. To calculate a T-dual geometry one simply performs
the action (2.39) or (2.40) using an O(d, d, Z ) transformation. The generalisation of the dilaton
transformation for the toroidal case becomes
φ′ = φ +

1 det G ′
ln
.
4
det G

(2.44)

The calculation of this shift is rather subtle involving careful regularisation of determinants
and is detailed in [3, 71, 72].

2.3 Example of O(2, 2, Z )
An illustrative example of this O(d, d, Z ) can be found by considering string theory whose
target is a T 2 and this will be useful for our discussion of T-folds. The duality symmetry is
already sufficiently rich since the theory with a torus target space has four moduli encoded
in the three components of Gij and the single component of Bij . In general we may write the
metric of a torus as
ds2 =

A
|dx + τdy|2 .
τ2

(2.45)

The three metric moduli are neatly encoded in the volume modulus A and the complex structure modulus τ. The volume modulus and integrated B field can be combined to form a complexified Kähler modulus ρ = Bxy + iA.
The geometric subgroup of O(2, 2, Z ) is GL(2, Z ) whose volume preserving subgroup
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SL(2, Z ) acts as H ′ = O t HO with generators




OT = 



1
1
0
0

0
1
0
0


0 0

0 0 
,
1 −1 

0 1





OS = 



0 −1
1 0
0 0
0 0


0 0

0 0 
.
0 −1 

1 0

(2.46)

These act to transform the complex structure τ by the standard modular transformations
1
S:τ→− .
τ

T : τ → τ+1

(2.47)

We denote this subgroup by SL(2, Z )τ and it has a geometric interpretation as large diffeomorphisms of the torus. There is a second subgroup SL(2, Z )ρ which acts in a similar fashion
on the Kähler modulus ρ. Since the SL(2, Z )ρ mixes components of the metric with the B-field
it is a fundamentally stringy feature. A further Z2 subgroup serves to interchange Kähler and
complex structure τ ↔ ρ and is generated by transformations of the following type




OR = 



0
0
1
0

0
1
0
0

1
0
0
0

0
0
0
1





.



(2.48)

For the case where B = 0 and G = diag( R21 , R22 ) this simply acts by inversion of the radius
R1 → 1/R1 . In summary, the duality group O(2, 2, Z ) can be identified with (SL(2, Z )τ ×

SL(2, Z )ρ ) × Z2 .7

2.4 T-folds, U-folds and Non-Geometric Backgrounds
2.4.1

T-folds

The celebrated paper of Scherk and Schwarz [73] presents two different reduction mechanisms
both of which are important because, for instance, they give rise to potentials that may stabilise
moduli fields – a long standing challenge in String compactifications. The first type, a dualitytwisted-reduction (keeping with the naming conventions in [74]), involves the reduction of a
theory on a torus with fields picking up monodromies about each circle valued in the global
duality group of the theory. In the present context we could consider performing a dualitytwisted-reduction with modondromies in the T-duality group as in [75, 74, 6, 76, 77, 78] – the
resultant backgrounds have been coined T-folds by [6]. Though exotic sounding, T-folds are a
7A

further discrete Z2 identification corresponds to world-sheet parity.
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rather inevitable part of any string theory landscape, for instance they may easily be produced
by performing a T-duality on a background supported by NS flux as in [79, 80]. T-folds look
locally like geometric patches but globally they can not be understood as manifolds since Tdualities are used as transition functions. Providing a modified geometrical picture to describe
T-folds was a key rational for Hull’s introduction of the Doubled Formalism [6, 7, 61].
The second sort of reduction, which we continue to call a Scherk-Schwarz reduction, is
when the dependence of all fields on the internal coordinates, yi , is completely specified by
a matrix Wim (y). The dependence on the internal coordinates drops out of the dimensionally
reduced action provided the one-forms Wim dyi obey a structure equation
1 m n
W ∧ Wp
dW m = − f np
2

(2.49)

m are constants and define the structure constants for a Lie group K. In general,
such that the f np

the reduction space can then be identified with a quotient K/Γ where Γ is a discrete subgroup
of K L , the left action of K on itself as explained in [81] (which also discusses the case where K is
non-compact). Such a space is often called a twisted torus. The theory of flux compactification
on twisted tori is by now well developed [82, 79, 83, 84, 85, 86, 81, 87, 88, 89, 90] but lies outside
the main thrust of this report (a helpful introduction can be found in the lectures of Wecht [91]).
The T-dualisation of a compact space with H-flux can result in a twisted torus and subsequent T-dualisation of such a twisted torus can produce a T-fold. These ideas can be well
illustrated using the explicit example of a T 3 which has been studied in some detail in the
literature [75, 79, 77, 92, 93, 76, 62]. We begin with a T 3 equipped with flux described by
ds2 = dx2 + dy2 + dz2 ,

Bxy = Nz , N ∈ Z .

(2.50)

This background may be thought of as a T 2 in the ( x, y) directions fibred over an S1 . After
performing a T-duality in the x direction we find a slight surprise – there is no longer any
B-field and the resultant metric is given as
ds2 = (dx − Nzdy)2 + dy2 + dz2 .

(2.51)

This background is still a torus fibration over the S1 , however, it is non-trivial and topologically
distinct from the starting T 3 since the complex structure given by
τ = − Nz + i,
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(2.52)

has a monodromy under a circulation of the base S1
τ → τ−N.

(2.53)

This geometry is a twisted torus, in fact it is a nilmanifold – the quotient of a nilpotent Lie
group by a discrete subgroup. It can be identified with the Heisenberg group of upper triangular 3 × 3 matrices subject to the action
Γ : ( x, y, z) ∼ ( x + 1, y, z) ∼ ( x, y + 1, z) ∼ ( x + Ny, y, z + 1).

(2.54)

The globally defined frame fields8
ex = dx − Nzdy ,

ey = dy ,

ez = dz ,

(2.56)

obey a structure equation with the only non-trivial structure constant coming from
dex = Ney ∧ ez .

(2.57)

This background (2.51) is sometimes described as having ‘geometric-flux’ in analogy to the Hflux of the background (2.50). This space might technically also be thought of as a T-fold since,
when viewed as a T 2 bundle over S1z the monondromy upon circumnavigating the z direction
is one of the O(2, 2, Z ) transformations. However things are still reasonably geometric; the
element of the duality group corresponding to the transformation (2.53) is contained in the
geometric subgroup (2.47).
Things get even more exciting upon performing a second T-duality along the y direction.9
The Buscher rules give the resultant geometry as
ds2 =
8 If

1
(dx2 + dy2 ) + dz2 ,
1 + N 2 z2

we parameterise a group element by the matrix

1
h= 0
0

Nz
1
0


x
y  ,
1

Bxy =

Nz
.
1 + N 2 z2

(2.58)

(2.55)

the frame fields of (2.56) correspond to the left-invariant one-forms h−1 dh = L i T i where the T i are (suitably normalized) generators of the Heisenberg algebra. This was detailed explicitly in [90].
9 Here we suppress a subtlety: even though the geometry does not depend on the y coordinate, the Killing
vector ∂y is not globally defined. However a T-duality can still be established by working in a covering space (this
is nicely explained in [90]). A treatment of fibrewiseT-duality for non globally defined Killing vector fields can be
found in section 7 of [61].
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In this case it is the Kähler modulus
ρ=

1
Nz
+i
2
2
1+N z
1 + N 2 z2

(2.59)

that has monodromy as z goes from 0 to 1
ρ → ρ−

iN
,
N−i

(2.60)

which can be written more compactly as ρ−1 → ρ−1 + N. This gives us a non-geometric T-fold.
In terms of O(2, 2, Z ), this transformation mixes metric and B-field and hence does not lie in
the geometric subgroup and is generated by the following O(2, 2) matrix




O=



1
0
0
N

0
1
−N
0

0
0
1
0

0
0
0
1





.



(2.61)

This background is locally geometric but clearly no-longer globally geometric. In the terminology of [92, 91] this background possesses non-geometric flux or ‘Q-flux’. It should be pointed
out at this stage that the above example is really only a toy demonstration; it does not represent a complete string background satisfying the conformal invariance criteria of vanishing
β-functionals. It is somewhat tricky to find an explicit full string background with a twisted
torus in its geometry (although see e.g. [75, 94, 89] for explicit realisations).
One may even go a step further and postulate that there should also be a notional third Tdual background obtained by T-dualising the S1 corresponding to the z coordinate. However,
at this point the Buscher procedure ceases to be of use since the background is not isometric in
the z direction. Nonetheless there are reasons to believe that a T-dual should exist. At special
points in moduli space (where the scalar potential is minimised) and for certain duality twists,
the isometry is recovered and then one can construct a corresponding orbifold CFT which can
be T-dualised [74]. We expect then to be able to deform away from these points in moduli space
in both the starting orbifold CFT and its T-dual [74, 62]. The relationship between these sorts
of non-geometric backgrounds and asymmetric orbifolds [95] (in which left and right moving
sectors are subject to different orbifold actions) has been explored in [74, 76, 77, 96, 62, 97] and
more recently in [98, 99].
Furthermore, it is expected that such a background may not even have a locally geometric
interpretation since the description of physics may depend locally on both the physical coordinates and the T-dual coordinates [62, 93]. A schematic argument for this given in [93] is that a
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D3 brane can not be wrapped on the geometry (2.50) since the Bianchi identity for a world volume gauge field would be violated. Performing T-dualities in all three directions one reaches
the conclusions that D0 branes can not be placed in the resultant background and thus it can’t
be probed by point like objects. Such backgrounds are often described as having ‘R-flux’ and
have been explored in [62, 100, 101]. An extension to the doubled formalism that is capable of
describing R-flux backgrounds was discussed in [102] and fully spelt out in [90].
A significant amount of work has been done in understanding the construction of these
non-geometric backgrounds and their implications for string compactifications. One reason
that such backgrounds have seen such interest is because they allow for moduli stablisation
[103, 77, 91]. There has been some suggestion in the literature that these non-geometric backgrounds may be as numerous as conventional backgrounds [104]. The idea of T-folds can
be naturally extended to compactifications with S-duality twists (i.e. twisting by a symmetry of the equations of motion [105] ) or U-duality twists (U-folds) [6, 7, 106] and, given the
understanding of mirror symmetry as T-duality [107], may allow mirror-folds for Calabi-Yau
compactifications as first suggested in [6] (this concept has been studied in the context of K3
target spaces in [108, 109, 110]).
2.4.2

Exotic Branes, U-folds and Non-Geometric Backgrounds

It is well known that string theory includes various extended objects such as D-branes which
are non perturbative in nature: their tension depends on the string coupling as 1/gs meaning
that they become very heavy at weak coupling. There are also solitonic objects, for instance
the NS5 brane, whose tension scales like 1/g2s . T-duality can be used to relate the D-branes
to each other; a Dp brane wrapped around an S1 gets T-dualised to a D( p − 1) brane that is
unwrapped.
Upon dimensional reduction one however encounters states whose higher dimensional
origin is less-clear. Such objects are known as exotic states introduced in [111, 112, 113, 114,
115]. That these exotic states can not be given an interpretation in terms of ordinary branes
is evident from the fact their tensions are typically proportional to 1/g3s or 1/g4s and thus at
weak coupling grow more rapidly than either D-branes or the solitonic branes.
An interesting recent proposal [116, 117] is that such exotic branes, which can be obtained
from performing T-duality transformations on co-dimension two branes in a dimensionally
reduced theory, can be identified with T-folds. One might think that the logarithmic divergences associated to such codimensional two objects means that they should be rendered un-
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physical and ignored. However it was argued in [116, 117] that since ordinary branes may
spontaneously polarise to form exotic branes via a supertube effect they are inevitable and
fundamental in string theory.
Let us give the most famous example of an exotic brane, the 522 brane. This can be obtained
in the context of type II string theory compactified on a T 2 . We let the coordinates x8,9 label
the torus and consider an unwrapped NS5 brane (that is its six world-volume directions are
extended in time together with spatial directions x3...7 ). Performing a T-duality in one of the
directions in the torus gives the KK monopole and a subsequent T-dualisation about the second direction of the torus produces the 522 brane. The name of the brane reflects the fact that
its mass is proportional to the squares of the radii of the two dimensions x8 and x9 , i.e. the T 2
directions, linear in the five radii of the dimensions x3...7 and depends on gs−2 .
One can obtain a supergravity solution that corresponds to this 522 brane. There are various
ways to obtain this, either by performing the above T-dualisation chain to the NS5 brane for
which one needs to smear the KK monopoles in order to perform the second dualisation or
by appropriately dualising a D7 brane background (thus avoiding the smearing). The result is
the following geometry

2 + dx2
ds2 = H (r) dr2 + r2 dθ 2 + K (r, θ )−1 H (r)dx89
034567 ,
e2Φ = HK −1 ,

B = −K −1 θσdx8 ∧ dx9 ,

(2.62)

where the functions H, K are given by
K = H 2 + σ2 θ 2 ,

H = h0 + σ log

µ
r

(2.63)

in which σ = R8 R9 /2πα′ encodes the dependance on the radii of the T 2 and µ enters in regulating and “renormalising” the logarithmic divergences associated to the co-dimension two
object. A careful analysis shows that this background preserves half the super symmetries
which is to be expected since it was obtained from dualisation of a KK monopole with that
amount of supersymmetry.
Notice that in this solution the components of the metric and NS two-form associated to
the T 2 have a dependance on θ. This dependance is rather similar to the T-fold of the previous
section. It is clear that upon performing a circumnavigation the moduli matrix H(θ ) is not
single valued, it obtains a monodromy

H(2π ) = U t H(0)U
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(2.64)

where U is the O(2, 2) matrix which acts to send the Kahler modulus ρ → 1/(−2πσρ + 1). It
is in precisely this sense that exotic branes can be associated to non-geometric backgrounds.
Recently, the paper [118] discusses Q and R branes as the source for the Q and R fluxes of
the T-fold and locally non-geometric background respectively. It was shown that these solutions can be described in the context of double geometry and by considering intersecting Qand R-branes, together with NS 5-branes and KK monopoles, it was possible to construct 6D
supersymmetric geometries with (SU (3) and SU (2) G-structures) giving AdS4 vacua.
Relevant recent work in this area includes the construction in [119] of the gauged linear σmodel which in the IR describes the 522 brane and the consideration in [120] of how world-sheet
instantons correct the geometry in analogue with the known corrections to the KK monopole
[121, 122, 123]. The construction of the NS5 brane and KK monopole in the T-duality symmetric doubled formalism – the topic of the next chapter – was considered in [124].
2.4.3

Non-Geometry and Monodromy

Above we saw two examples of the idea of T-folds. In both cases there was a monodromy
in the spacetime background that takes values in the T-duality or, more generally, U-duality
group. Let us emphasise the subtle difference between them. In the first example, the dualisation of T 3 with flux, the monodromy occurs as one circumnavigates a non-contractible
cycle of a compact spacetime. In the second case, the exotic branes, the U-duality is nontrivially fibered over a contractible circle in the non compact directions. In this latter case one
may think of the monodromy as a generalised charged associated to a point like object in the
non-compact directions. The effect of performing a U-duality is then to take a given charge
(monodromy) and conjugate it with a U-duality element. In this way one can obtain duality
orbits of charges in the same conjugacy class of the U-duality group.
Let us close this section with a short comment on F-theory [125]. The D7 brane of type
IIB is a co-dimensional two solution and can readily be considered as an exotic brane with
some similarities to the 522 brane above. The axio-dilaton combination τ = C0 + ieφ displays
an SL(2, Z ) mondoromy as one encircles the position of the brane in the transverse two space.
A [p,q]-7 brane (the hypersurface on which open (p,q) strings may end) can be obtained by
SL(2, Z ) conjugation of the monodromy associated with the D7. A crucial idea in F-theory
is to geometrise this monodromy. That is one considers the axio-dilation, τ, as a complex
structure of an auxillary elliptic curve fibered over the transverse space. In this sense F-theory
introduces an extended (12 dimensional) spacetime in which the SL(2, Z ) duality of IIB be-
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comes promoted to a geometric symmetry. The basis of this idea is, in spirit at least, extremely
similar to the ideas that follow in the rest of this report. Recasting F-theory in exactly the same
language as used for the duality symmetric M-theory has not yet been carried out in detail,
but it is in principle exactly the same idea. The space is extended to allow a realisation of the
duality group, in F-theory this is just SL(2, Z ), in what follows we will look at the higher rank
duality groups and extend the space further. The equivalent of the F-theory D7 branes will
then produce the exotic branes with monodromies in the U-duality group. As such F-theory
is the precursor to a duality invariant formulation and its exotic objects i.e. D7 branes, are just
the tip of the U-duality group valued exotic objects. Extending F-theory to bigger U-duality
groups was already considered a while ago [126] but here as opposed to F-theory we actually
have a full Lagrangian description of the theory.

3 The Worldsheet Doubled Formalism
The T-fold backgrounds introduced above are examples where string theory disregards familiar notions of geometry. Understanding string theory on such backgrounds is an important
question for two main reasons. Firstly, T-fold compactifications represent an interesting and
novel corner of any string landscape and so should be better understood in their own right.
The second reason is that by considering scenarios where the picture of a string propagating
in a geometric target space no longer makes sense, we may hope to uncover some clues as to
the deeper nature of string theory.
Parallel to the need to understand non-geometric string backgrounds is a long standing
desire to make T-duality a more manifest symmetry of the string σ-model. This idea of a
duality symmetric formulation of string theory for Abelian T-duality has a long history with
previous approaches including the formulation of Tseytlin [3, 2], the work of Schwarz and
Maharana [127, 4] and the earlier work by Duff [1]. In this section we introduce the duality
symmetric theory known as the Doubled Formalism recently championed by Hull in [6, 7, 61,
102, 101] and which has its roots in the early approaches of [1, 4, 127] and the subsequent work
of [5]. (See also [128] for a recent review of a related perspectives from the world-sheet ).
The Doubled Formalism [6, 7] is an alternate description of string theory on target spaces
that are locally T n bundles over a base N. The essence of the Doubled Formalism is to consider
adding an additional n coordinates so that the fibre is doubled to be a T 2n . Because the number
of coordinates have been doubled it is necessary to supplement the σ-model with a constraint
to achieve the correct degree of freedom count. This constraint takes the form of a self duality
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(or chirality) constraint. The final step of the Doubled Formalism is to define a patch-wise
splitting T 2n → T n ⊕ T̃ n which specifics a physical T n subspace and its dual torus T̃ n .
In this doubled fibration the T-duality group O(n, n, Z ) appears naturally as a subgroup
of the GL(2n, Z ) large diffeomorphisms of the doubled torus. Because of this, geometric and
non-geometric backgrounds are given equal footing in the Doubled Formalism. They are distinguished only according to whether the splitting (also known as polarisation) can be globally
extended or not.

3.1 Lagrangian and Constraint
In this section we introduce the σ-model for the Doubled Formalism given by Hull in [6].
To describe the σ-model we first introduce some local coordinates on the T 2n doubled torus
which we denote by X I and coordinates on the base N denoted Y a . The world-sheet of the σmodel is mapped into the doubled torus by X I (σ). This allows us to define a world-sheet
one-form10

P I = dX I .

(3.1)

Additionally we introduce a connection in the bundle given by the one-form

A I = A aI dY a ,

(3.2)

P̂ I = dX I + A I .

(3.3)

and covariant momenta

As before, the n2 moduli fields on the fibre are packaged into the coset form

H I J (Y ) =

( G − BG −1 B)ij ( BG −1 )i
G ij
−( G −1 B)i j

j

!

,

(3.4)

but note the moduli are allowed to depend on the coordinates of the base.
The starting point for the doubled σ-model is the Lagrangian
1
1
L = H I J (Y )P̂ I ∧ ∗P̂ J − η I J P I ∧ A J + Lbase (Y ) + Ltop (X ) ,
4
2

(3.5)

where Lbase (Y ) is a standard σ-model on the base N given (in these conventions) by

Lbase (Y ) =

1
1
gab dY a ∧ ∗dY b + bab dY a ∧ dY b .
2
2

10 Following

(3.6)

[6, 7] we will work with world-sheet forms on a Lorentzian world-sheet and will slightly abuse
notation by not indicating the pull back to the world-sheet explicitly.
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The final term in (3.5) is a topological term which we will examine in a little more detail when
considering the equivalence with the standard formulation of string theory. Note that the
kinetic term of (3.5) is a factor of a half down compared with the Lagrangian on the base
(3.6) and that an overall factor of 2π in the normalisations of these Lagrangians is omitted for
convenience.
This Lagrangian is to be supplemented by the constraint

P̂ I = η IK HK J ∗ P̂ J ,

(3.7)

where η I J is the invariant O(d, d) metric introduced in (2.35). For this constraint to be consistent we must require that
I
η IK HK J η JL H LM = δM

(3.8)

which is indeed true for the O(d, d) coset form of the doubled fibre metric (3.4).
For the remainder, we shall make two simplifying assumptions to aid our presentation,
first that the fibration is trivial in the sense that the connection A I can be set to zero. In terms
of the physical T n fibration over N this assumption corresponds to demanding that the off-

diagonal components of the background metric and two-form field with one index taking
values in the torus and the other in the base are set to zero (i.e. Eai = Eia = 0). The second is
that we shall assume that on the base the two-form bab vanishes. With these assumptions the
Lagrangian is simply
1
L = H I J (Y )dX I ∧ ∗dX J + Lbase (Y ) + Ltop (X ) ,
4

(3.9)

dX I = η I J H JK ∗ dX K .

(3.10)

and the constraint is

To understand this constraint it is helpful to introduce a vielbein to allow a change to a chiral
frame (denoted by over-bars on indices) where:
1 0
0 1

H Ā B̄ (y) =

!

, η Ā B̄ =

1 0
0 −1

!

.

(3.11)

In this frame the constraint (3.10) is a chirality constraint ensuring that half the X Ā are chiral
Bosons and half are anti-chiral Bosons. Such a frame can be reached by introducing a vielbein
for the fibre metric H I J given by (3.4)

H I J = VIÎ δÎ Ĵ VJĴ ,
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(3.12)

with
VAÂ =

et
0
−
1
−
−e B e 1

!

,

(3.13)

jˆ

and Gij = ei î e j δî jˆ. This allows the definition of an intermediate frame in which
0 1
1 0

η Î Ĵ =

!

1 0
0 1

, H Î Î =

!

(3.14)

Supplementing this with a basis transformation defined by
1
O ĀÎ = √
2

1 1
1 −1

!

(3.15)

brings H and η into the required form. In this chiral basis the one-forms P Ā = ( Pī , Qī ) obey
simple chirality constraints
P+ī = 0 , Qī− = 0 .

(3.16)

3.2 Implementing the Constraint
There are, of course, a variety of ways in which this chirality constraint eq. (3.10) can be implemented. The literature on chiral bosons is vast and we don’t intend to survey it here, but even
within the context of the duality symmetric string several approaches have been used: The
constraint has been imposed by gauging a suitable current as suggested in [6] and detailed
in [7]. The constraint can be treated as a second-class constraint and canonical quantisation
can proceed with Dirac brackets as was shown in [97]. The calculation of the partition function of the duality symmetric string in [129] uses the holomorphic factorisation approach of
[130, 131]. In this section we will consider how, at the classical level at least, the constraint can
be implemented at the level of the action using the approach of Pasti, Sorokin and Tonin (PST)
[132, 133, 134].11
To understand the constraint more clearly we consider the simplest example, the onedimensional target space of a circle, with constant radius R. The doubled action on the fibre
is
1
Sd = R2
4

Z

1
dX ∧ ∗dX + R−2
4

Z

dX̃ ∧ ∗dX̃.

(3.17)

11 Although there are some reasons to believe the PST approach is well behaved quantum mechanically [132, 135],

it may not in fact be so straightforward to quantise the PST action using a Faddeev-Popov procedure. One reason
is that PST symmetry is potentially anomalous and a second is the non-polynomial form of the action. These issues
have not yet been completely resolved in the literature, see [136] for a discussion.
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We first change to a basis in which the fields are chiral by defining
X + = RX + R−1 X̃, ∂− X + = 0 ,
X − = RX − R−1 X̃,

∂+ X − = 0 .

(3.18)

1
8

(3.19)

In this basis the action becomes
Sd =

1
8

Z

dX + ∧ ∗dX + +

Z

dX − ∧ ∗dX − .

One may then incorporate the constraints into the action using the method of Pasti, Sorokin
and Tonin (PST) [132, 133, 134]. The first application of the PST formalism in the context of
duality symmetric string theory is by Cherkis and Schwarz in [137] in which the PST approach
was used to covariantise the duality symmetric heterotic string written in Tseytlin form [2, 3].
Here we go the other way round, as was advocated in [88] and carried out in [138], we start
with an unconstrained action and implement a chirality constraint using the PST formalism
and after gauge fixing recover a non-covariant form given by Tseytlin [2, 3].
We define one-forms

P = dX + − ∗dX + , Q = dX − + ∗dX − ,

(3.20)

which vanish on the constraint. These allow us to incorporate the constraint into the action
via the introduction of two auxiliary closed one-forms u and v as follows:
SPST

1
=
8

Z

1
dX + ∧ ∗dX + +
8

Z

1
dX − ∧ ∗dX − −
8

Z

2

d σ



(Pm um )2 (Qm vm )2
+
u2
v2



.

(3.21)

As explained in the appendix, the PST action works by essentially introducing a new gauge
symmetry, the PST symmetry, that allows the gauging away of fields that do not obey the chiral
constraints. Thus only the fields obeying the chiral constraints are physical.
One may now consider gauge fixing the PST-style action. It is possible to choose a physical
gauge that completely fixes this invariance but which breaks manifest Lorentz invariance. An
alternative is to quantise within the PST framework whilst maintaining covariance and introduce ghosts to deal with the PST gauge symmetry. Here we choose the non-covariant option
and immediately gauge fix to give a Floreanini-Jackiw [139] style action. Picking the auxiliary
PST fields (u and v) to be time-like produces two copies of the FJ action (one chiral and one
anti-chiral)
S=

1
4

Z

d2 σ ( ∂ 1 X + ∂ − X + − ∂ 1 X − ∂ + X − ) .
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(3.22)

If we re-expand this in the non-chiral basis we find an action
S=

1
2

Z

h
i
d2 σ −( R∂1 X )2 − ( R−1 ∂1 X̃ )2 + ∂0 X∂1 X̃ + ∂1 X∂0 X̃ ,

(3.23)

which may be recognised as Tseytlin’s duality symmetric formulation [2, 3]. The constraints
∂0 X = R−2 ∂1 X̃ ,

∂0 X̃ = R2 ∂1 X ,

(3.24)

then follow after integrating the equations of motion and the string wave equation for the
physical coordinate X is implied by combining the constraint equations. At first it might seem
that one needs to resort to boundary conditions to remove a function f (τ ) that arises when
integrating up the equations of motion in this way. In fact, this is not quite true, we fix this
arbitrary function of τ by observing that (3.23) has δX = f (τ ) gauge invariance (in the sense
that it is a symmetry with vanishing corresponding Noether charge).
Let us comment briefly on what happens when the PST procedure is used in a more general scenario. When R is not constant but instead varies as a function of the base coordinate
R = R(y) one might be worried that the PST gauge symmetry will no longer leave the action
invariant. This is in fact true, however what saves the day (as is often the case in the Doubled
Formalism) is that the chiral fields enter the action paired with anti-chiral partners. When
R = R(y) one finds that the PST approach can be used but that the auxiliary fields u and v that
enter the action eq. (3.21) can no longer be considered as independent fields and only a single
PST symmetry is preserved. This can be readily extended to a general T 2n doubled torus with
generalised metric H I J (Y ) to give the results found in [137]. Let us now review the covariant
PST approach leading to the results in [137].
The O(d, d) structure of the Doubled Formalism allows us to define some projectors

(P (±) ) I J =


1 I
δ J ± SIJ ,
2

P (±) P (±) = P (±) ,

P (±) P (∓) = 0 ,

(3.25)

where S I J = H IK ηK J . In terms of these the desired chirality constraint eq. (3.10) becomes

(P (+) ) I J ∂− X J = 0,

(P (−) ) I J ∂+ X J = 0 .

(3.26)

The following action
S=

1
2

Z

d2 σ(2H MN (Y )∂+ X N ∂− X M +

∂− A
η MN (P (−) ∂+ X ) M (P (−) ∂+ X ) N
∂+ A
∂+ A
η MN (P (+) ∂− X ) M (P (+) ∂− X ) N + Lbase )
−
∂− A
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(3.27)

has a PST local symmetry that acts as
δX

M

=ζ



1
1
P (−) ∂+ X M +
P (+) ∂− X M
∂+ A
∂− A



,

δA = ζ ,

(3.28)

where ζ = ζ (σ, τ ) is a scalar function on the world-sheet. A second local invariance is given
by
δX M = f M ( A) ,

δA = 0 .

(3.29)

The first gauge symmetry ensures that the degrees of freedom we wish to set to zero via the
constraint eq. (3.26) are rendered pure gauge. Indeed, the equations of motion for X imply the
desired constraint equation. An additional unwanted solution to the equations of motion is
removed by the second local invariance eq. (3.29) [132, 137, 135].
The first gauge freedom can be fixed by choosing A = τ in which the action reduces to the
non-covariant duality symmetric action of Tseytlin
1
S=
2

Z



d2 σ −H I J (y)∂1 X I ∂1 X J + η I J ∂0 X I ∂1 X J + Lbase .

(3.30)

For the fibre coordinates we have the equation of motion
∂1 (H ∂1 X ) = η∂1 ∂0 X,

(3.31)

which integrates – again using what remains after fixing A = τ of the second local invariance
eq. (3.29) – to give the constraint (3.10).
Let us mention, before moving on, that the reinstatement of the connection given in eq. (3.2)
can also be easily done in the PST approach.12

3.3 Action of O(n, n, Z ) and Polarisation
The Lagrangian (3.9) has a global symmetry of GL(2n, R ) acting as

H ′ = O t HO ,

X ′ = O −1 X ,

O ∈ GL(2n, R ) .

(3.32)

However, to preserve the periodicity of the coordinates X this symmetry is broken down to
the discrete subgroup GL(2n, Z ). Under these transformations the constraint (3.10) becomes

O −1 dX = η −1 O t H ∗ dX .
12 We

thank A. Sevrin for discussions on this point.
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(3.33)

Hence, to preserve the constraint we require that

OtηO = η

(3.34)

and therefore that the global symmetry is reduced to O(n, n, Z ) ⊂ GL(2n, R ). It is now clear
that the T-duality group has been promoted to the role of a manifest symmetry.
To complete the description of the Doubled Formalism one needs to specify the physical
subspace which defines a splitting of the coordinates X I = ( X i , X̃i ). Formally this was done in
[6] by introducing projectors Π and Π̃ such that X i = Πi I X I and X̃i = Π̃iI X I . These projectors
are required to pick out subspaces that are maximally isotropic in the sense that Πη −1 Πt = 0
(a more conventional definition of a maximal isotropic can be found in section 4.2.1). These
projectors are sometimes combined into a ‘polarisation vielbein’ given by Θ = (Π, Π̃).
This is a somewhat formal way of saying that we are picking out a preferred basis choice
for the σ-model but has use when describing T-duality. Indeed, the formulas for the coset
matrix H I J and the invariant metric η I J given by (3.4) and (2.35) should be understood to be
in the basis defined by this splitting. The components of H are given by acting with projectors
so that for example
G ij = ΠiI Π jJ H I J ,

(3.35)

in which we have raised the indices on the projectors with the invariant metric η I J .
T-duality can now be viewed in two ways, as either an active or a passive transformation
[6]. In the active viewpoint the polarisation is fixed but the geometry transforms according to
the usual transformation law

H ′ = O t HO .

(3.36)

The second, passive, approach is to consider the geometry as fixed but that the polarisation
vielbein changes according to
Θ′ = ΘO .

(3.37)

In this view T-duality amounts to picking a different choice of polarisation. It is clear that all
T-dual backgrounds may be treated on an equal footing in the doubled formalism.

3.4 Geometric vs. Non-Geometric
To discuss the difference between geometric and non-geometric backgrounds one must examine topological issues and in particular the nature of the transition functions between patches
of the base. That is we need to see how T-duality may be non-trivially fibered. For two patches
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of the base U1 and U2 , on the overlap U1 ∩ U2 the coordinates are related by a transition function
X1 = g21 X2 ,

g21 ∈ O(n, n, Z ) .

(3.38)

In the active view point, where polarisation Θ is fixed but the geometry is transformed, the
condition for this patching to be geometric is that the physical coordinates, obtained from
projecting with the polarisation, are glued only to physical coordinates. More formally we
have
ΘX1 = ( X1 , X̃1 ) ,

ΘX2 = ( X2 , X̃2 ) ,

(3.39)

and therefore
ΘX2 = Θg12 X1 = Θg12 Θ−1 ΘX1 = ĝ12 ΘX1 .

(3.40)

Then the physical coordinates are glued according to
j

X2i = ( ĝ12 )i j X1 + ( ĝ12 )ij X̃1j .

(3.41)

Thus, for the physical coordinates to be glued only to physical coordinates, all transition functions must be of the form
I

( ĝ) J =

gi j

0

gij

gi

j

!

(3.42)

which are the O(n, n, Z ) elements formed by the semi direct product of Gl (n, Z ) large diffeomorphisms of the physical torus and integer shifts in the components of B-field. Otherwise
the background is said to be non-geometric.13

3.5 Recovering the Standard σ-model
The equations of motion arising from the doubled Lagrangian (3.9) are, for the fibre coordinates,
0 = H I J ∂2 X J + ∂ a H I J ∂ α Y a ∂ α X J ,

(3.43)

and for the base coordinates
0=



1
a
∂α Y d ∂α Y e ,
∂c H I J ∂α X I ∂α X J − gac ∂2 Y a + Γ̂de
4

(3.44)

a is the symbol constructed from the base metric.
where Γ̂de
13 One

can tighten the definition of geometric to exclude the B-field shifts. This restriction is equivalent to demanding that the non-physical T-dual coordinates also only get glued amongst themselves.
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After choosing a polarisation, the constraint can be written as
∂α X̃ j = Gjk ǫαβ ∂ β X k + Bjk ∂α X k ,

(3.45)

and that this can be used at the level of equations of motion to replace all occurrences of the
dual coordinates X̃i with the physical coordinates X i . After expanding out in the ( X, X̃ ) basis
one finds that the equation of motion (3.43) can be written as
0 = gij ∂2 X j + ∂a gij ∂α Y a ∂α X j + ∂ a bij ǫαβ ∂α Y a ∂ β X j

(3.46)

and (3.44) as
0=



1
1
a
∂α Y d ∂α Y e .
∂a gij ∂α X i ∂α X j + ∂ a bij ǫαβ ∂α X i ∂ β X j − gac ∂2 Y a + Γ̂de
2
2

(3.47)

The latter two equations correspond to the equations of motion obtained from the standard
σ-model of the form
1
1
1
L = gij (Y )dX i ∧ ∗dX j + bij (Y )dX i ∧ dX j + gab (Y )dY a ∧ ∗dY b .
2
2
2

(3.48)

This demonstrates that the doubled σ-model together with the constraint is equivalent, at the
classical level of equations of motion, to the standard string σ-model.

3.6 Extensions to the Doubled Formalism
We now outline a few advances and extensions to the above formalism.
3.6.1

Dilaton

Alongside the metric and B-field a background in string theory is equipped with a scalar field,
the dilaton. One is forced to ask how should this scalar field be included in the Doubled
Formalism. A first guess is to include a scalar field d with the same Fradkin-Tseytlin coupling
[41, 40] as for the standard string dilaton namely
Sdil =

1
4π

Z

√
d2 σ γd(Y ) R(2)

(3.49)

where R(2) is the scalar curvature of the world-sheet metric γ and, in keeping with the ansatz
for metric and B-field, the scalar only depends on the base coordinates. This ‘doubled dilaton’
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is duality invariant under O(n, n, Z ) and related to the standard dilaton field φ by [7]
d = φ−

1
ln det G
4

(3.50)

so that from the invariance
d′ = d ⇒ φ ′ −

1
1
ln det G ′ = φ − ln det G
4
4

(3.51)

we recover the dilaton transformation rule (2.44). The introduction of this duality invariant
dilaton corresponds to the well know feature that in supergravity the string frame measure
p
|G |e−2Φ is a T-duality invariant.
3.6.2

Branes

In the original work of Hull [6], the extension of the Doubled Formalism to open strings and
their D-branes interpretation was suggested. Since T-duality swaps boundary conditions, of
the X coordinates exactly half should obey Neumann boundary conditions and half Dirichlet. This splitting is, in general, different from the splitting induced by polarisation choice. If,
for a given polarisation, exactly N of the physical coordinates obey Neumann conditions then
there is a Brane wrapping N of the compact dimensions. The dimensionality of the brane then
changes according to the usual T-duality rules under a change in polarisation. The projectors
that specify Neumann and Dirichlet conditions are required to obey some consistency conditions detailed in [140, 141] and extended further in [142]. Further related work on the role of
D-branes in non-geometric backgrounds can be found in [143].
3.6.3

Supersymmetry

A world-sheet N = 1 supersymmetric extension of the formalism has been considered in
[97, 7]. To achieve this one simply promotes coordinates into superfields and world-sheet
derivatives into super-covariant derivatives. The constraint (3.10) then is generalised to a supersymmetric version which includes a chirality constraint on fermions. Preliminary findings
of an N = 2 formulation directly in superspace have been reported in [144].
3.6.4

Interacting Chiral Bosons: Doubled Everything

A slightly displeasing feature of this formalism is the need to, from the outset, seperate the
base of the fibration which remains undoubled with the T d fibre that becomes doubled. A
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natural question to ask is whether there is a more democratic approach in which everything
becomes doubled. Let us consider the most general doubled action, in Tseytlin form,
S=

Z

d2 σ H(X ) I J ∂1 X I ∂1 X J − C(X ) I J ∂0 X I ∂1 X J .

(3.52)

Now all coordinates are doubled and the matrices H and C have arbitrary coordinate dependence and C need not be be symmetric. As it stands this action is too general; one should
implement some constraints such that the theory has: a) first order equations of motion allowing half the degrees of freedom to be eliminated; b) emergent on-shell Lorentz invariance
and c) an off-shell invariance under a set of modified Lorentz transformations. Let us remark
on two ways to solve these constraints, further discussion and derivation can be found in
[145, 146, 147, 148].
• DFT Constraint: Depending on half the coordinates
Setting C(X ) = η, the constant O(d, d) invariant metric, and allowing the matrix H(X ) to
depend on only half of the coordinates provides a consistent model (as noticed long ago by
Tseytlin in [3]). This requirement, which can be thought of as an off-shell requirement, will be
closest to what follows in the DFT approach which introduces the so called strong constraint
that η I J ∂ I ∂ J φ1 and η I J ∂ I φ1 ∂ J φ2 evaluates to zero for all fields φ1 , φ2 . As a consequence of the
strong constraint the fields only depend on half the coordinates as shown explicitly in [149].
• Scherk-Schwarz ansatz
One can in fact allow for further coordinate dependence by assuming the presence of some
underlying group structure and allowing a Scherk-Schwarz [73] ansatz for the background
fields. This allows for geometries that depend simultaneous on the regular and T-dual coordinates. As we shall see in the sequel this has profound implications and paves the way to the
relaxation of the strong constraint in Double Field Theory.
Introducing some left-invariant one-forms for a 2d dimensional group manifold L Ā (X ) =
I
L Ā
I (X ) dX we impose that
B̄
H I J (X ) = L Ā
I (X )H Ā B̄ L J (X ) ,

B̄
C( I J ) (X ) = L Ā
I (X ) η Ā B̄ L J (X ) ,

(3.53)

such that all the coordinate dependence on X is contained in the L Ā
I . The matrix η is a inner
product on the underlying algebra and the matrix H and η must be related by the orthogonal39

ity condition

HT ηH = η .

(3.54)

Finally the anti-symmetric piece of C serves as a potential for a torsion that equals the spin
connection on the group manifold. In summary the result is rather reminiscent of a WZW
model:
1
S=
4

Z

1
d σ H(X ) I J ∂1 X ∂1 X − η (X ) I J ∂0 X ∂1 X +
12
Σ
2

I

J

I

J

Z

B

f Ā B̄C̄ L Ā ∧ L B̄ ∧ LC̄ ,

(3.55)

where f Ā B̄C̄ are the structure constants, the three-manifold is such that ∂B = Σ and pull-backs
are implicit in the final term. When H Ā B̄ = η Ā B̄ = δĀ B̄ then this corresponds to the chiral
WZW described by Sonnenschein in [150]. Such models were also considered in the original
work of Tseytlin [3].
Such an approach was directly taken by Hull and Reid-Edwards [102, 101, 151, 90, 152] in
proposing a doubled σ-model capable of describing locally non-geometric backgrounds (e.g. the
postulated R-flux backgrounds that may be obtained by performing a T-duality when Buscher
rules no longer apply). For the case that the group manifold is a Drinfeld Double then this
form corresponds exactly to the Poisson-Lie duality symmetric action of [153, 154, 155] which
contains as a sub-case non-Abelian T-duality. That is to say that the above σ-model also provides a doubled formalism for non-Abelian T-duality.
A remarkable feature, and a theme that we shall return to, is that by allowing dependance
on both the dual and regular coordinates (albeit in a way constrained by the group structure)
we find a σ-model for non-geometric backgrounds and moreover that this theory will turn out
to provide a world-sheet description of gauged supergravities!

3.7 Quantum Aspects of the Doubled Formalism
Thus far our discussion has been rather classical but there has been progress made on understanding the quantum aspects of the Doubled Formalism which we shall now review. There
is by now good evidence that the doubled formalism is quantum mechanically sound and its
equivalence to the standard formalism extends beyond the classical level.
3.7.1

Canoncial Quantisation

The canonical quantisation of the doubled formalism was performed in [97]. The idea is to
view the theory as constrained system with second class constraints. One may then proceed
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in quantisation via Dirac brackets. In this approach a central role is played by the constraint
eq. (3.10) which in phase space reads
χ I = π I − η I J ∂σ X J ≈ 0 ,

(3.56)

where π I is the momenta conjugate to X I with Poisson bracket {X I (σ), π J (σ′ )} = δ JI δ(σ −

σ′ ). The constraint has a non-vanishing Poisson bracket with itself but generates no extra

constraints since its time evolution vanishes weakly

{χ I (σ), χ J (σ′ )} = −2η I J δ′ (σ − σ′ ) ≡ ∆ I J (σ − σ′ ) ,

{χ I (σ), H } = ∂σ (−H I J χ J ) ≈ 0 . (3.57)

This means the constraint is second class (it is not associated to a gauge symmetry) and that
the dynamics may be restricted to the constraint surface χ I = 0 by introducing Dirac brackets

{ f , g} D = { f , g} −

Z

{ f , χ I (σ)}(∆(σ − σ′ )−1 ) I J {χ J (σ′ ), g} .

(3.58)

The Dirac brackets of the fields are then given by

{X I (σ), X J (σ′ )}D = −


1
θ (σ − σ′ ) − θ (σ′ − σ) ,
4

1
{X I (σ), π I (σ′ )}D = δIJ δ(σ − σ′ ) ,
2
1
{π I (σ), π J (σ′ )}D = η I J δ(σ − σ′ ) .
2

(3.59)

Quantisation may now proceed by hatting i.e. promoting these Dirac brackets to quantum
commutators. One rather nice feature of this approach is that no choice of polarisation is
either assumed or needed. An explicit example was provided in [97] using this approach to
quantise in a T-fold background rather like the one described in 2.4.1. In the non-doubled
language, the background considered was an S1 fibered over a base, also an S1 , such that
upon circumnavigation of the base the radius of the fibre is inverted i.e. it has a T-duality
monodromy. One might think that in the doubled approach this lifts to a simple geometric
configuration and can be quantised without much thought. However it was explained in
[97] that even in the doubled formalism one has an orbifold which requires keeping track
of two different twisted sectors. Nonetheless, it was shown using the results of [156], how
to construct the appropriate Hilbert space for this theory and that it gives rise to a modular
invariant partition function.
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3.7.2

Gauging the Current

An alternative to this above canonical quantisation was proposed by Hull in [7]. In this approach the conserved current associated to shift symmetries in the fibre together with the
trivial Bianchi identity for fibre momenta can be used to form a conserved current
J I = H I J dX J − L I J ∗ dX J .

(3.60)

The constraint equation (3.10) is equivalent to demanding that the polarisation projected component J i = 0. The symmetry giving rise to this current can be consistently gauged by introducing a world-sheet gauge field. However to ensure that the action is completely gauge
invariant, including large gauge transformations, it was found in [7] that a topological term
1
Ltop = dX̃i ∧ dX i
2

(3.61)

must also be included to supplement the minimal coupling. As well as ensuring gauge invariance this topological term also ensures that the winding contributions from the dual coordinate X̃ can be gauged away. This gauged theory can be seen to be equivalent to the standard
σ-model (3.48) and, upon fixing a gauge, equivalent to the Doubled Formalism.
This can be extended to the quantum level using a BRST argument given in [7] and expanded in section 4.6 of [101]. Physical states are cohomology classes of the BRST charge
operator Q of ghost number zero. As a consequence of this one has that on physical states
i
i |ψi
J+
phys = 0 whilst J− = 0 can be imposed by a Lagrange multiplier.

3.7.3

The Doubled Partition Function

Let us first consider the one-loop partition function for a single compact boson of radius R
and mention how T-duality acts. We work on the Euclidean theory on a torus worldsheet Σ
whose modulus we denote by τ. We include both single valued and winding contributions in
H 1 (Σ, Z ) by introducing the field L = dX + nα + mβ where n, m ∈ Z and α, β are the canonical
one-cycles of the torus. The Lagrangian is given by
L = −πR2 L ∧ ∗ L .

(3.62)

The partition function then receives both instanton contributions – meaning sums over n, m,
the integers corresponding to fields valued in the first cohomology and oscillatory contribu-
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tions – meaning integrating over the field, X
Z = Zosc Zinst .

(3.63)

The Gaussian integral giving the oscillator contribution may be evaluated using ζ-function
regularisation to be
R
R
Zosc = √ (det ′ ✷)−1/2 = √
2τ2 |η |2
2

(3.64)

in which the Dedekind η-function appears. (The prime above the det denotes omission of the
zero mode which is accounted for by the τ2 factor.) The instanton contribution can be directly
evaluated as a sum over the two integers labelling the windings. After performing a Poisson
resummation on one of these integers one finds that
Zinst =
where p L/R = Rn ±

ω
R.

√

τ2
R

∑
m,ω

exp



iπ 2 iπ 2
τ p L − τ̄ pR
2
2



,

(3.65)

The full partition function is invariant under the T-duality inversion

R → 1/R.14

Now we consider the doubled string in this context. Since we are considering a theory with
chiral bosons one must exercise care. The strategy followed in [129] is based on the approach
of Witten in dealing with chiral bosons, known as holomorphic factorisation [130, 131]. The
rough idea is that to calculate the partition function of a chiral boson one first calculates that
of a non-chiral theory into which the chiral theory can be embedded. Then one finds that
after a variety of manipulations and resummations, the result may be written as a product of a
holomorphic and an anti-holomorphic piece. One then identifies the holomorphic piece with
the chiral partition function.
The Lagrangian of this theory was given by eq. (3.17) but we now should accommodate
winding modes for the dual coordinate by defining L̃ = dX̃ + ñα + m̃β. In calculating the
partition function it becomes vital to include the topological term which in this case reads
Ltop = πL ∧ L̃ .

(3.66)

Although this is a total derivative and does not effect the classical equations of motion, it
contributes to the instanton sum and is needed to make the quantum theory equivalent to the
14 On

an arbitrary fixed genus the partition function is not invariant under the radial inversion but acquires an
extra factor of R to a power depending on the genus. In the Polyakov sum over genera this is accommodated by
shift in the dilaton under T-duality.
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un-doubled one. A careful calculation reveals that instanton sum factorises as
doubled
Zinst
= Z f × Z̄ f

(3.67)

where Z f is, up to a factor that will cancel with the doubled oscillatory contributions, the instanton part of the partition function for a standard boson given in eq. (3.65). One may now
go-ahead and proceed by taking the holomorphic factor and identifying it with the partition
function of the doubled string once the chirality condition has been imposed. In this way
one demonstrates the equivalence between the doubled approach and the standard. The fact
that the chiral bosons appear in pairs of opposite chiralities in the doubled approach is essential. In the above we have skipped over some of the subtleties, for instance the treatment of
spin structures, and refer the reader to [129] for details. This was generalised to the N = 1
supersymmetric partition function in [157].
We should also state that when embedded into a full critical background this equivalence
shows that the doubled formalism will be modular invariant and thus represents an important
consistency check of the approach.
3.7.4

The Doubled β-functions: Towards a Spacetime Doubled Formalism

To conclude this section we take our first steps to a spacetime interpretation of the duality
invariant framework. We recall a fundamental result in string theory that the low energy
effective dynamics of strings can be described by (super)gravity. We consider a string in a
curved spacetime described by the non-linear σ-model
S=

1
2πα′

Z

dσ+ dσ− Gij ( X )∂+ X i ∂− X j .

(3.68)

This theory is not quantum mechanically conformal, the couplings contained in G run and
have an associated beta-function which at one-loop is given by
βG
ij ∼ µ

∂G
= α′ Rij .
∂µ

(3.69)

One may think of this equation as saying how geometry changes with scale; the metric undergoes Ricci flow. In string theory we require that conformal invariance persists at the quantum
level and therefore that this beta-function vanishes. The target space must then be Ricci flat or
more generally, once the additional massless fields in the string spectrum are incorporated, be
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a solution of (super)gravity whose NS sector is given by
Sgrav

1
= 2
2κ

Z

n

√

d x ge

−2Φ



1
R + 4(∂Φ) − H 2
12
2



,

(3.70)

where n is the appropriate critical dimension of the string theory in question. Classic references explaining this connection include [158, 159]. There are of course other ways to arrive at
the same effective action, for instance by considering graviton scattering, but in what follows
we find this approach most helpful.
What then are the effective actions governing the duality symmetric string? The calculation
of the β-function was performed in [138, 160] working with the Tseytlin action of eq. (3.30).
The calculation is somewhat involved for two main reasons; firstly the lack of manifest worldsheet Lorentz invariance and secondly the lack of an obvious background field expansion that
respects the underlying geometry of the doubled formalism.
The approach is to construct an effective action by considering quantum fluctuations about
a classical background. The one-loop effective action, from which the one-loop β-functions
can be established, is obtained by considering all one-loop diagrams with only classical background fields as external legs. For want of a good covariant approach one may choose to
perform a linear splitting defining the quantum fluctuation about a classical background X I =
X clI + ξ I .15 The complexities caused by the non-Lorentz invariant structure can be readily seen
in the Euclidean two-point functions of the quantum fluctuation which read [3, 138]

hξ I (z)ξ J (0)i ≈ H I J log |z|2 + η I J i arg z .

(3.71)

When z → 0, the term proportional to the generalised metric H in the above gives a familiar
UV divergence which can be evaluated in dimensional regularisation to give a

1
ǫ

pole. The β-

functions for H can be read off as the coefficient of this pole. However, the term proportional
to η shows that the two point function is sensitive to the angle with which we take z → 0.
It is suggested in [3] that any angular dependence in the effective action represents a global
Lorentz anomaly. In principle just as demanding a cancellation of the Weyl anomaly constrains
the background fields, one should demand that the effective action does not suffer from any
angular dependance or global Lorentz anomaly16 .
Despite these added complexities, one can indeed carry out the calculation at one-loop as
15 Although the original paper [138] used a background field method covariant with respect to the metric H , one
may see that it is just as efficient to use this linear splitting. When the classical background is on-shell the one-loop
effective actions obtained will be equivalent in either approach.
16 Anomaly is perhaps an abusive term here since the classical action is non-manifestly Lorentz invariant in any
case. Nonetheless, the point stands that one should like all this angular dependance to cancel.
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was done in [138]. The first result – and an important consistency test of the theory – is that
the effective action does not suffer from any Lorentz anomaly; no additional constraints need
to be placed on the background for this to be true. The second, and somewhat related, result
is that the O(d, d) invariant inner product η I J does not get renormalised.
The β-functions for H, the doubled metric on the fibre, gab , the metric on the base, and ∂
the doubled dilaton can be established to be
1ˆ
1 ˆ2
LM ˆ a
ˆ aHI J ∇
ˆ ad
∇ H MJ + ∇
HI J + ∇
β[H I J ] = − ∇
a H IL H
2
2
1
ˆ a H) + 2∇
ˆ a∇
ˆ bd
ˆ b H −1 ∇
β[ gab ] = R̂ ab + tr(∇
8


1
1
α′ ˆ 2
2
−1 ˆ a
ˆ
ˆ
∇ d − (∇d) + R̂ + tr(∇b H ∇ H)
β[d] = −
2
2
16

(3.72)

ˆ are covariant with respect to the metric on the base whose curvature is R̂. The vanwhere ∇
ishing of these β-functions are the equations of motion of the following gravity theory
S26−d =

vol ( T d )
2κ 2

Z

d26−d y

p




ˆ a Hη ∇
ˆ aH .
ˆ d 2 + 1 tr η ∇
− ge−2d R̂( g) + 4 ∇
8

(3.73)

which may be obtained by dimensional reduction of eq. (3.70). This result makes clear now
the linkage between the doubled formalism and the spacetime theory and helps establish the
full quantum validity of the doubled formalism. However it is still somewhat limited in that
we assumed from the outset no dependence on the internal coordinates (that is H = H(Y )
depends only on the coordinates of the base).
One might wonder what the situation is for the general theories of interacting chiral bosons
described in section 3.6.4 in which all coordinates are doubled. For the case that H obeys the
strong constraint and depends only on half of the coordinates one obtains the following oneloop β-function [161, 162]
β[H] I J = R MN
where R MN =

1
2

(3.74)


K MN − H M P K PQ H Q N and

K MN =

1
1
∂ M H KL ∂ N HKL − (∂ L − 2(∂ L d))(H LK ∂K H MN )
8
4
1
+ 2 ∂ M ∂ N d − ∂( M H KL ∂ L H N )K
2

1
+ (∂ L − 2(∂ L d)) H KL ∂( M H N )K + H K ( M ∂K H L N ) .
2

(3.75)

Understanding the spacetime interpretation of this result will be the topic of the next section
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– but the vanishing of this β-function will be equivalent to the equations of motion of Double
Field Theory.
For the case in which the weak constraint is violated by means of an underlying group
structure as in eq. (3.53)-(3.55) one obtains [147, 146]

β[H] AB =

1
(H AC H BF − η AC ηBF )(H KD H HE − η KD η HE ) f KH C f DE F ,
4

(3.76)

in which the f AB C are the structure constants of the group. This result has two interpretations. On the one hand it shows how Poisson-Lie or non-Abelian T-duality holds at one-loop
(for instance this equation encapsulates the equivalent running of both of the pair of T-dual
σ-models) [147]. A second remarkable interpretation is the following [146]: the vanishing of
this β-function can be understood as the equations of motion for the scalars in electric gaugings of four-dimensional N = 4 supergravities. It is known that not all such supergravities
can be given a conventional geometric higher dimensional origin. However in the doubled
formalism, the Scherk-Schwarz twisted doubled torus provides the relevant group manifold
to support the gauge algebra of all these gauged supergravities. The embedding tensor that
defines the supergravity theories becomes a purely geometric flux in the doubled space [100].
What is perhaps all the more surprising about this result is that, given we started with a purely
bosonic construction, it has anything to do with supersymmetry at all. It appears that secretly
the doubled approach already knows something of supersymmetry.
We shall see more of this deep connection between gauged supergravities and the doubled
formalism in the sequel.

4 The Spacetime T-duality Invariant Theory: Double Field Theory
We have seen that strings on T d toriodal backgrounds exhibit an O(d, d, Z ) T-duality and that
this could be promoted to a manifest symmetry on the worldsheet in the doubled formalism.
This introduced d extra coordinates, extending the fibration to a T 2d . In the case that the metric
on the doubled fibre H only depended on the base coordinates we saw that the vanishing of
the β-functions corresponded to the equations of motion of toriodally compactificed gravity. A
generalisation, that dispenses with the base/fibre distinction, in which everything is doubled
is possible providing that a supplementary constraints on H are imposed. We now describe
the spacetime interpretation of this.
The goal of this section is to present a manifestly O(d, d) invariant theory for the metric
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H I J on an extended spacetime with coordinates X I = ( xi , x̃ j ) that contains as a subcase the
standard NS sector of supergravity. Such a proposal was recently made by Hull and Zwiebach
[8] dubbed "Doubled Field Theory" (DFT) though has older heritage in the pioneering works of
Siegel [9, 10] and Tseytlin before that [3]. The approach of Hull and Zwiebach was motivated
by considering string field theory on a toroidal background [163]. String field theory treats
momenta and winding symmetrically and consequentially the components of the string field
depend on both momenta and winding numbers. Whilst Fourier transforming the momenta
gives components with dependance on regular coordinates (the xi ), Fourier transforming the
winding numbers gives dependance on the x̃i coordinates of an extended spacetime. This
represents an example of geometrising charges, i.e. the replacement of a charge associated to
an extended object, in this case string winding, with extra dimensions of spacetime.
For a generic perturbative string state given by

|Ψi = ∑
I

Z

dk

∑ φI (k, pi , ω i )O I |k, p, ω i

(4.1)

p, ω

the component fields have Fourier transforms φ I (yµ , xi , x̃i ) that depend on the coordinates of
the base (the yµ ) and the coordinates of the doubled torus. Physical states must obey the level
matching condition

( L0 − L̄0 )|Ψi = ( N − N̄ + pi ω i )|Ψi = 0 ,

(4.2)

which for a component field φ I after Fourier transformation to position space reads

( NI − N̄I )φ I = −∂i ∂˜ i φ I .

(4.3)

The free field equation can be set up as a BRST cohomology Q|Ψi = 0 modulo gauge transformations δ|Ψi = Q|Λi. Then just as the string field depends on both x and x̃, the gauge
parameters will depend on the coordinates of the doubled torus.
Of course, the full closed string field theory is a huge challenge and the work of Hull
and Zwiebach focuses on a tractable truncation to the massless sector and in particular to the
N = N̄ = 1 sector. One needs to be rather careful about what ‘massless’ means in this context;
in [8] the action is restricted to the massless fields of the decompactified theory rather than the
compactified theory, which are not the same. Moreover, as explained in the introduction, one
should not think of DFT as an ‘effective theory’. Even this truncation might seem ambitious;
one must still work order by order in fields and it is not at all obvious from the outset how
background independence should arise in this approach.
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Thus in this truncation there are three component fields
hij ( xµ , xi , x̃i ) ,

bij ( xµ , xi , x̃i ) ,

d( xµ , xi , x̃i ) .

(4.4)

By virtue of the level matching condition eq. (4.3) the coordinate dependence of these fields
must be constrained; the Kleinian operator of the doubled torus must annihilate them. This
constraint is known as the weak constraint.
The aim of Double Field Theory is to provide a spacetime action to describe the dynamics
of these fields. Since this action should accommodate dependance of both the regular coordinates and the T-dual coordinates it must necessarily be rather novel. This action must also
possess a rather novel gauge symmetry since the gauge parameters depend on the dual coordinates also. This can already be seen at the linearised level where in addition to the regular
diffeomorphism symmetry
δhij = ∂i ǫj + ∂ j ǫi ,

(4.5)

there are also "dual diffeomorphisms" of the form
δ̃hij = ∂˜ i ǫ̃j + ∂˜ j ǫ̃i .

(4.6)

In order to close the gauge algebra in the correct manner and to ensure that the action is gauge
invariant the weak constraint is not sufficient. Instead the strong constraint (also called, interchangeably, the physical section condition) must be enforced [164]. This says that in addition to
the Kleinian annihilating fields, it must also annihilate products of fields (and gauge parameters).
The first works of Hull and Zwiebach [8, 164] involved a tour-de-force calculation in string
field theory to obtain first quadratic and cubic actions of these field defined in eq. (4.4), and
demonstrated that the resultant action is gauge invariant and also T-duality invariant. Shortly
after the initial work, Hohm, Hull and Zwiebach [149] extended this work to present first a
background independent formalism (i.e. for the full metric and two-form and not just the fluctuation around a given background) and then in [165] a formulation involving the O(d, d) coset
representative H. It is this later formulation that makes the most contact with the world-sheet
approach described previous and we shall focus on this. Rather than replicate the laborious
calculational details of these papers required to arrive at this answer, we shall instead give a
presentation of the results and place more emphasis on the gauge symmetries and the relation
to generalised geometry [11, 166]. We begin with a shorter primer on generalised geometry
that will help inform the remainder of this section.
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4.1 Gauge Symmetry of Strings
To perform a T-duality via the Buscher procedure a requirement is the existence of an isometry
as detailed in the very first equation of the body of this report eq. (2.1). It is important to keep
in mind that it is only the NS three-form H = db that needs to be invariant under the action
of the Killing vector generating the isometry L X H = 0 and in general the two-form potential
b need not be. However locally one can make a gauge transformation b′ = b + dζ ′ such that
L X b′ = 0. Then the condition that one can do a T-dualisation is that
LX g = 0 ,

L X b − dζ = 0 ,

(4.7)

where the one-form ζ can be related to the above gauge transformation by ζ = −ι X dζ ′ + d f .
This highlights that for T-duality one should consider the action of not just a vector but also of
a one-form and indeed these are precisely the parameters that generate diffeomorphisms and
gauge transformations of the NS sector of supergravity
δX + ξ g = L X g ,

δX +ξ b = L X b + dξ .

(4.8)

So we see the gauge parameters are sections of the bundle E = TM ⊕ T ∗ M which will play
a prominent role in what follows. Now let us consider the commutator of two successive
gauge transformations. The action on the metric is trivial, it is just the Lie derivative taken
along the commutator of the two vector fields. Acting on the two-form is less trivial due to the
mixing between the diffeomorphism and the two-form gauge transformations. One finds that
the closure of two gauge variations may be written (up to an overall exact piece that may be
ignored)

[δX +ξ , δY+η ] = δ[X,Y]+ L X η − LY ξ .

(4.9)

One would like to interpret the right hand side of this as the gauge variation along the "bracket"
of the two gauge parameters:

[δX +ξ , δY+η ] = δ[[X +ξ,Y+η ]] .

(4.10)

Of course there is some ambiguity here since one may augment the right hand side of eq. (4.9)
with the action of an arbitrary exact form which generates a trivial (zero) transformation. This
ambiguity allows the choice of bracket
1
[[δX +ξ , δY+η ]] ≡ [X, Y ] + L X η − LY ξ − d ( ι X η − ιY ξ ) .
2
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(4.11)

This bracket is known as the Courant bracket and will play a key role in what follows.
So in summary we see that both the bundle E = TM ⊕ T ∗ M and the Courant bracket arise
naturally and this motivates the consideration of generalised geometry.

4.2 A Generalised Geometry Primer
In the mid 2000’s Hitchin [11] and Gualtieri [166] proposed the study of structures on the
bundle
E = TM ⊕ T ∗ M

(4.12)

whose sections consist of the formal sum of vectors and one-forms on an n-dimensional manifold M. Although the approach we take later is different, since we actually double the dimensionality of the manifold itself by introducing extra coordinates, we shall find generalised
geometry to be a powerful guiding tool. The principal reason why this generalised geometry
construction is relevant is that E comes equipped with a natural O(n, n) product given by
1
h X + ξ, Y + η i = (ι X η + ιY ξ ) .
2

(4.13)

Indeed, things may become even clearer by working in local coordinates such that X = X i ∂i
and ξ = ξ i dxi etc. so that
1
h X + ξ, Y + η i = ( X i ηi + Y i ξ i ) .
2

(4.14)

Or even more suggestively if we combine the components in to X I = ( X i , ξ i ) we have

hX, Y i = η I J X I Y J ,

(4.15)

in which η is the O(n, n) invariant metric introduced earlier.
4.2.1

Inner Product, Dorfman and Courant

We may introduce a derivative on sections of this bundle know as the Dorfman derivative
X • Y ≡ ( X + ξ ) • (Y + η ) = L X (Y + η ) − ιY dξ .

(4.16)

A useful property is that symmetrisation of the Dorfman obeys

((X, Y )) ≡ (( X + ξ, Y + η )) =

1
(( X + ξ ) • (Y + η ) + (Y + η ) • ( X + ξ )) = d(h X + ξ, Y + η i) .
2
(4.17)
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Even more important is the antisymmetrisation
1
(( X + ξ ) • (Y + η ) − (Y + η ) • ( X + ξ ))
2
1
= [X, Y ] + L X η − LY ξ − d(ι X η − ιY ξ ) .
2

[[X, Y ]] ≡ [[X + ξ, Y + η ]] =

(4.18)

This skew product is known as the Courant bracket and plays the role of the Lie bracket in
generalised geometry.
As well as the obvious Di f f ( M ) symmetry the Courant bracket is also preserved by a
further subgroup of O(n, n) isomorphic to closed two-forms Ω2cl ( M ) which acts by

[[Oω X, Oω Y ]] = Oω [[X, Y ]] ,

(4.19)

Oω : X = X + ξ → X + ξ + ι X ω .

(4.20)

where

The full symmetries of the Courant bracket are then Di f f ( M ) ⋉ Ω2cl ( M ) .
However, unlike the Lie bracket, this Courant bracket does not obey the Jacobi identity but
it fails to do so in very particular way
Jac(X, Y, Z ) = d( Nij(X, Y, Z )) ,

(4.21)

where Nij is the Nijenhuis operator
3Nij(X, Y, Z ) = h[[X, Y ]], Z i + cyclic .

(4.22)

Let us introduce some useful concepts at this point: isotropics, involutivity and Dirac structures. A subspace on which the inner product vanishes (i.e. one consisting of mutually orthogonal vectors) is known as an isotropic and if such a space has the maximal dimension, which
is n, then it is said to be a maximal isotropic. A subspace is said to be involutive if it is closed
under the Courant bracket (that is the bracket of any two vectors in the subspace gives rise to
a third vector that is also a member of the subspace). With these definitions it is clear that on a
subspace L of the bundle E = TM ⊕ T ∗ M that is both involutive and isotropic, the anomalous
term in the Jacobi identity in eq. (4.21) vanishes. If such an L has maximal dimension, which
is n, then it is known as a Dirac structure. A rather trivial but important example of a Dirac
structure is just TM ⊂ TM ⊕ T ∗ M.
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4.2.2

Pure Spinors and Maximal Isotropics

From the above consideration it is clearly important to understand how to construct isotropics
and to do so let us first consider spinors in generalised geometry. A spinor in generalised
geometry is associated with a polyform λ ∈ Λ• T ∗ M (where Λ• T ∗ M means

Ln

i=1 Λ

i T∗ M

i.e.

the formal sum of forms of different degrees). This idea has already been introduced when
discussing the action of T-duality on RR fields in section 2.1. Here we develop it a little more
precisely. The action of a generalised vector on a polyform is given by

( X + ξ ) ◦ λ = (ι X + ξ ∧)λ

(4.23)

where ι X denotes the interior product (contraction) of λ with the vector X. This action provides
a representation of the Clifford algebra CL(n, n)

( X + ξ )2 ◦ λ = h X + ξ, X + ξ iλ .

(4.24)

Thus polyforms provide a module for the Clifford algebra and they can then be considered
as equivalent to spinors. The notion of chirality of the spinor is determined by whether the
polyform is the sum of even or of odd rank forms (which we denote as Λ E/O T ∗ respectively).
To be more precise, by considering how spinors transform under the GL(n) subgroup the
detailed isomorphism between spinors and polyforms is defined by
1
S± ∼
= Λ E/O T ∗ M × |detT ∗ M |− 2 ,

(4.25)

where detT ∗ M refers to the line bundle obtained by taking the top exterior product Λn T ∗ M and
its presence reflects that fact that the isomorphism between polyforms and spinors depends
on a choice of volume form.17
To any spinor λ one can associate an annihilator Lλ given by
L λ = {X ∈ E | X ◦ λ = 0} .

(4.26)

One can immediately see, from the definition of the Clifford action eq. (4.23), that this annihilator is an isotropic since
0 = X ◦ (Y ◦ λ) + Y ◦ (X ◦ λ) = hX, Y iλ

(4.27)

17 Another way to understand the need for this factor is that the natural inner product on polyforms, known as
the Mukai pairing, maps two polyforms to a top-form rather than a scalar, further discussion of this point can be
found e.g. in section 3.3 of the review article [167].
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for all X, Y ∈ Lλ . If Lλ has dimension n then it is a maximal isotropic and the corresponding
spinor is said to be pure. This definition corresponds to the pure spinors encountered for
instance in the covariant pure spinor approach to quantisation of the superstring.18 Above
we introduced Dirac structures as maximal isotropics that are involutive under the Courant
bracket. Since for X, Y ∈ Lλ

[[X, Y ]] ◦ λ = X ◦ Y ◦ dλ,

(4.30)

demanding that the annihilator Lλ is inovlutive translates to a constraint on the pure spinor
dλ = X ◦ λ

(4.31)

for some suitable X (a proof can be found in theorem 3.38 of Gualtieri’s thesis [166]).

4.3 T-duality and Generalised Geometry
Let us now comment on how T-duality can be understood more precisely in the language of
generalised geometry following [168]. Generalised geometry is evidently well adapted to Tduality and the O(d, d) coset representative H defined in eq. (2.37) provides a second inner

product (in addition to η) with which one can contract two sections of E = TM ⊕ T ∗ M to
form a scalar H(X, Y ). It is in this sense that we sometimes refer to H as a generalised metric.

One can extend the definition of the Dorfman derivative acting on H in a coordinate free way
according to

(Z • H)(X, Y ) = (Z • H(X, Y )) − H(Z • X, Y ) − H(X, Z • Y )

(4.32)

In this formulation the criteria for a T-duality eq. (4.7) around a vector and one-form X = X + ξ
may be expressed as the vanishing of the Dorfman derivative of the generalised metric
X•H =0.
18 To

(4.33)

a physicist the following definition in 2n dimensions of a pure spinor of Spin (2n ) might be more familiar:
m1 ...m j β

λα γαβ

λ =0,

0≤ j<n.

(4.28)

This implies that
αβ

λα λ β ∝ γm1 ...mn (λγ m1 ...mn λ)

(4.29)

and so λγ m1 ...mn λ defines a n dimensional plane. Here the spinors are chiral (α = 1 . . . 2( n−1) ) and the γ can be
thought of as the off diagonal blocks of Dirac gamma matrices in the Weyl basis. In Euclidean signature these
spinors may be complex however in split signature they are rendered real.
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In this sense the pair X = X + ξ can be thought of as defining a generalised Killing vector for
the generalised metric. From this vector one can build an O(d, d) element [168]

OX = 1 − 2X ⊗ X T η .

(4.34)

T HO . In coordiThen the action of T-duality is simply to conjugate with this element H → OX
X

nates adapted to the isometry and with a judicious choice of basis, one can express X = êi + ei

where êi is the vector dual to the frame field ei and in which case the corresponding OX is of
form given in eq. (2.43) (sometimes called factorised duality).
In fact the connections between generalised geometry and supergravity run far deeper than
this. One important and beautiful line of work led by Waldram and collaborators has been to
harness generalised geometry to reformulate supergravity [21, 169]. In these approaches we
emphasise that spacetime itself remains completely conventional, it is only the tangent bundle
that is extended.

4.4

Extending Spacetime

Now we take a leap of faith; we extend not just the tangent bundle but spacetime itself by
introducing extra coordinates. That is to say all quantities now depend on 2d coordinates
X I = ( xi , x̃i ) of an extended spacetime. We shall equally double the gauge transformations to
include ‘dual’ diffeomorphisms and dual two-form gauge transformations.
Let us consider a generalised gauge parameter and derivatives in the extended spacetime
ξ

M

=

ξi
ξ̃ i

!

∂M =

,

∂i
∂˜ i

!

.

(4.35)

With these we may define a generalised Dorfman derivative, or D-derivative,

Lξ A M = ξ P ∂ P A M + (∂ M ξ P − ∂ P ξ M ) A P .

(4.36)

In this derivative the O(d, d) invariant metric η enters explicitly when indices are raised and
lowered out of their natural positions. We will demand that all fields obey the strong constraint
including the generalised vector field ξ that generates the transformations.
The O(d, d) invariant metric itself is preserved by this derivative (once one uses the strong
constraint)

Lξ η I J = 0 .

55

(4.37)

Because of this structure, the derivative actually is reducible in the sense that for ξ M = ∂ M χ

L∂χ ≡ 0 .

(4.38)

From this D-derivative we may define a generalised Courant bracket, which we shall call
a C-bracket, by

[[ξ 1 , ξ 2 ]]C =


1
Lξ 1 ξ 2 − Lξ 2 ξ 1
2

(4.39)

Let us now investigate the closure of the D-derivative. A short calculation reveals that

[Lξ1 , Lξ2 ]V M = L[[ξ1 ,ξ2 ]]C V M − F M (ξ 1 , ξ 2 , V ) ,

(4.40)

F M = ξ 1Q ∂ P ξ 2Q ∂P V M + 2∂ P ξ 1Q ∂P ξ 2M V Q − ξ 1 ↔ ξ 2 .

(4.41)

where

Notice that the derivatives entering this anomalous contribution F M have their indices contracted together but act on different fields. By demanding that η I J ∂ I • ∂ J • ≡ 0, where the
bullets denote any two fields or gauge parameters of the theory, this term can be made to
vanish. This is the strong constraint. Note that although a priori the dependance on the coordinates is subject only to the weak constraint, when the strong constraint is imposed then the
commutator of D-derivatives closes onto the C-bracket. When the strong constraint is solved
by setting ∂˜ i ≡ 0, then the D-derivative and C-bracket reduce to the Dorfman derivative and
Courant bracket respectively.
4.4.1

Group Structure of the Generalised Derivative

Note that if we define generators of O(d, d) in the fundamental as

( TI J ) PM = δIM η JP − δ JM η IP

(4.42)

then we may recast the derivative as
1
M
L̂ξ V M = ξ P ∂P V M + η IK η JL ( TI J ) Q
( TKL ) PN ∂ N ξ P V Q .
2

(4.43)

Since the Killing form is κ I J,KL ∝ η I [K ηL] J we can view the second term in the above as being
the adjoint projection acting on the indices N, P (see [21]).
With a mind to later M-theory generalisations, let us be even more systematic. We consider
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the most general form of a derivative

LU V M = LU V M + Y MN PQ ∂ N U P V Q

(4.44)

where LU is the standard Lie derivative and Y MN PQ is an invariant tensor of O(d, d). We may
build it out of the projectors (acting on the downstairs indices i.e. acting on the product of two
fundamentals),

( P1 ) MN PQ =

1
ηPQ η MN ,
D

N
( PST ) MN PQ = δ(MP δQ
)−

1
ηPQ η MN ,
D

N
( PA ) MN PQ = δ[MP δQ
] . (4.45)

Then the general choice can be written as
Y MN PQ = a1 ( P1 ) MN PQ + aST ( PST ) MN PQ + a A ( PA ) MN PQ .

(4.46)

Then the algebra closes providing that
Y MN PQ ∂ M ⊗ ∂ N = 0 ,

(4.47)

P
) ∂( N ⊗ ∂ M ) = 0 .
(Y MN TQY TP RS − Y MN RS δQ

(4.48)

Now the strong constraint (or section condition) says that to satisfy the first we must set aST =
a A = 0 and then the second just gives a1 = D. This is the systematic way of establishing the
structure of generalised derivatives.
Instead one could decompose into projectors on the upstairs and downstair pair of indices
(i.e. on the product of a fundamental and anti-fundamental) and one finds
N
Y MN PQ = −2( Padj ) M Q N P + δPM δQ
,

(4.49)

1
M
( Padj ) M Q N P = − η IK η JL ( TI J ) Q
( TKL ) PN .
4

(4.50)

where the adjoint projector is

The second term in eq. (4.49) cancels with the same contribution coming from the standard
Lie derivative in eq. (4.44) leaving the result of eq. (4.36).

4.5 An Action for DFT
Having embraced an extended spacetime and proposed a generalised gauge structure let us
now cut to the chase and present the key result of DFT which is a manifestly O(d, d) invariant
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action for the NS sector fields

H I J (X ) =

( G − BG −1 B)ij ( BG −1 )i
−( G −1 B)i j
G ij

j

!

e−2d(X) =

,

q

|G |e−2φ ,

(4.51)

where all fields are subject to the weak and strong constraints. This action should obey the
gauge symmetry generated by the D-derivative
δξ H = Lξ H ,

1
δξ d = Lξ d = ξ M ∂ M d − ∂ M ξ M .
2

(4.52)

The derivation from first principles of such an action is of course lengthy and here let us just
present the result [165]:
SDFT =

Z

dxd x̃e

−2d



1 MN
1
H ∂ M H KL ∂ N HKL − H MN ∂ M H KL ∂ L HKN − 2∂ M d∂ N H MN + 4H MN ∂ M d∂ N d
8
2
(4.53)

When setting ∂˜ = 0 one finds, after integration by parts, that this action then reduces to the
standard action for the common NS sector of supergravity:
∂˜ =0

SDFT −−→

Z

√

dx Ge

−2Φ



1
R + 4(∂Φ) − H 2
12
2



.

(4.54)

To gain intuition for this action, consider the case that the NS two-form and (standard)
dilaton are turned off one may see that this Double Field Theory action gives
SDFT =

Z

h
i
dxd x̃ R( G, ∂) + R( G −1 , ∂˜ ) ,

(4.55)

˜
which clearly displays an invariance under the T-duality inversion G ↔ G̃ = G −1 , ∂ ↔ ∂.
Indeed exactly this result was obtained in the work of Tseytlin [3]. The introduction of the NS
field will serve to produce terms with mixing x and x̃ derivatives.

4.6 Towards a Geometry for DFT
One should like very much to understand the action for DFT of eq. (4.53) in a more geometric
manner. We may cast the action in an Einstein-Hilbert like form
SDFT =

Z

dxd x̃e−2d R

(4.56)

where R is an O(d, d) scalar and a gauge scalar and so it is natural to view it as curvature scalar.
In a similar fashion, upon variation with respect to H MN one finds a candidate curvature
tensor R MN . One is then prompted to seek a geometrical construction of these objects based
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on the introduction of an appropriate connection à la general relativity. In fact a frame like
formulation with a local GL(d) × GL(d) symmetry dates back to the pioneering work of Siegel
[9, 10]. A number of recent works [170, 171, 172, 173, 174, 175, 176] have further developed the
geometrical concepts predominantly in a Christoffel-like approach.
The basic idea is to introduce an appropriate connection to covariantise all derivatives.
That is to say, for a vector transforming under the gauge symmetry
δξ VM = Lξ VM ,

(4.57)

∇ N VM = ∂ N VM − Γ N M K VK ,

(4.58)

δξ (∇ N VM ) = Lξ (∇ N VM ) .

(4.59)

one introduces the connection

transforming such that

One encounters a departure from conventional GR already at this stage, the connection Γ N M K
cannot be chosen to be symmetric in its lower indices. One can proceed in a conventional way
and try to define a curvature and torsion through the commutator of this connection:

[∇ M ∇ N ]VK = − R MNK L VL − TMN L ∇ L AK .

(4.60)

However neither of these objects are tensorial under the gauge symmetry. One may easily,
albeit in an ad hoc manner, construct a tensorial four index object

R MNKL = R MNKL + RKLMN + Γ QMN Γ Q KL ,

(4.61)

in which indices have been raised an lowered with η. For the torsion, a covariant definition
is obtained by considering the change in the action of the generalised Lie derivative when all
partial derivatives are replaced by covariant derivatives. The resultant covariant generalised
torsion is given by

T MNP = TMNP + Γ MNP .

(4.62)

One would now like to impose some constraints to determine the connection in terms of the
physical fields H and d. The first constraint – which as we shall see shortly need not be enforced – is to impose the covariant torsion T MNP vanishes. A second constraint is to impose
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that the connection is metric compatible with both H and the O(d, d) invariant inner product η

∇ M H NP = 0 ,

∇ M ηNP = 0 .

(4.63)

A final condition is that covariant derivative respects the presence of the dilaton factor in the
integration measure of eq. (4.56) in the sense that
Z

dxd x̃e

−2d

V∇MV

M

=−

Z

dxd x̃e−2d V M ∇ M V .

(4.64)

An immediate puzzle, and one of the most pressing issues of this approach, is that unlike in
GR these constraints do not determine the connection, and consequently curvatures, uniquely
in terms of the physical field data. A careful counting reveals that there are 32 d(d + 2)(d − 2)
undetermined components of connection [172, 21]. The part of the connection that is completely determined is given, upon lowering one index with η by [173, 174]

1
1 P
Γ̂ I JK = HKQ ∂ I H Q J +
δ[ J HK] Q + H[ J P δKQ] ∂P H IQ
2
2



1 PS
2
Q
Q
η δ + H I [ J HK ]
∂Q d + H ∂S H PQ .
+
d − 1 I [ J K]
4

(4.65)

One may continue anyhow and there are two options, the first is to work solely with the
determined connection Γ̂ and accept that derivatives ∇ = ∂ + Γ̂ are no longer completely
covariant and curvatures defined with them are necessarily no longer completely tensorial.
This is the premise of the semi-covariant approach of [173, 174] in which a central role is played
by the covariantly constant projector operators
PM N =


1 N
δM + H M N ,
2

P̄M N =


1 N
δM − H M N .
2

(4.66)

Although the derivatives are not covariant, upon appropriate contraction with these projectors covariant objects can be recovered. The alternative (and probably ultimately physically
equivalent) philosophy is to insist on retaining the undetermined components of connection
but to ensure that they do not enter in the final physical theory. Indeed whilst the four index
Riemann curvature contains undetermined parts of the connection one can form contractions
such as

R = R MNPQ P MP P NQ ,

(4.67)

in which all undetermined components drop out. It is the scalar curvature so defined that
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enters into the action eq. (4.56). Actually, the obvious scalar constructed as

R MNPQ η MP η NQ = 0 .

(4.68)

The problem with this philosophy is that whilst it is evidently fine at leading order one might
well encounter difficulties when attempting to extend the theory to higher derivatives. For
instance, it is well known that the first correction to the bosonic and heterotic string effective
actions consist of Riemann tensor squared. It is currently unclear how to build, covariantly,
such terms using the geometry introduced above. The resolution to this important question
maybe somewhat subtle due to the possibilities of field redefinitions. Hope is given by the
work of Meissner [177] in which the first α′ correction to the NS sector dimensionally reduced
to one temporal dimension (with no dependence on the internal coordinates) are phrased in
terms of H and d. A recent proposal [50] has been made in which, in the context of Double

Field Theory, T-duality remains uncorrected in α′ however the price to pay is that the gauge
structure of the theory receives corrections.
4.6.1

The Torsion Formalism

Of course, the preceding discussion does not absolutely preclude a different approach in which
some extra or different constraints are imposed such that the connection is uniquely determined. In fact such a formulation can be achieved but the price to pay is to accept torsion - see
[176] for a detailed discussion. Dropping the requirement of vanishing torsion, one can find
a natural connection known as the Weitzenböck connection for the generalised vielbein. This
connection is metric compatible and O(d, d) compatible, it is not however invariant under the
local O(d) × O(d) symmetry of Double Field Theory.
Its significant “disadvantage" is that it has vanishing curvature; there is only torsion. Remarkably though one can still write down an action in terms of the torsion whose equations of
motion reproduce the the equations of motion of Double Field Theory. This means the geometry of Double Field Theory can be turned entirely into a flat-torsionful geometry. The action
constructed out of the torsion is then invariant under the local O(d) × O(d) symmetry, even
though the the individual torsion pieces it is constructed from are not. (This is reminiscent of
what occurred with the generalised Lie derivative. The action was invariant even though the
building blocks for the action were not.) We now present some of the details.
First one introduces a generalised vielbein for the generalised metric. We denote this by

E IĀ . In this section, flat indices are barred and I, J are the curved indices. The Weitzenböck
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connection is given by
Γ IJK = E Ā I ∂ J E Ā K .

(4.69)

We want covariant derivatives formed with this connection to be tensorial under the DFT
gauge transformation generated by the generalised Lie derivative. Under a generalised Lie
derivative generated by U I ,


J
V K ) . (4.70)
δU ∇ I V J = LU ∂ I V J + Y KL I M ∂ L U M ∂K V J + Y JL KM ∂ I ∂ L U M − ∂ I ∂K U J V c + δU (Γ IK
Thus the covariant derivative transforms up to section condition as a generalised tensor if
δU Γ IJK ≈ LU Γ IJK + ∂ J ∂K U I − Y IL KM ∂ J ∂ L U M .

(4.71)

One may have wanted to define a connection that gives a covariant derivative without using
the section condition. This is not possible in general: (4.70) will only ever give a transformation
up to section condition because the second term on the right-hand side can only vanish when
the section condition is used.
The Weitzenböck connection obeys the transformation law (4.71) up to section condition
and so defines a suitable connection for Double Field Theory. This connection is compatible
with the generalised metric H I J and the O(d, d) inner product η I J . It has zero curvature but
non-zero torsion. The absence of curvature may be viewed as a problem for describing the
dynamics of the theory: naively, one would expect the action to be constructed from the curvature. In fact, as we show the torsion of this connection alone is sufficient to construct the
DFT action.
Let us now briefly verify the important properties of the Weitzenböck connection. Recalling the definition of the generalised metric in terms of the vielbein, one can easily show that it
is a metric connection,

∇ I H JK = 0 .

(4.72)

We can also ask for the covariant derivative of the vielbein to vanish. This is used to define the
spin connection ω I Ā B̄ . The covariant derivative of the vielbein is, just like in general relativity,
defined by

∇ I E Ā J = ∂ I E Ā J − ΓKIJ E Ā K − ω I Ā B̄ E B̄ J = 0 .

(4.73)

We now see that substituting in the Weitzenböck connection yields a vanishing spin connection.
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The usual Riemann curvature tensor of a connection is defined by
I
M
I
I
ΓKMJ .
− Γ LM
Γ LJ
− ∂ L ΓKI J + ΓKM
R I IKL = ∂K Γ LJ

(4.74)

In generalised geometry, where the transformation property of the connection is (4.71), this
object is not a tensor, having an anomalous transformation [172]
I
∆U R I JKL = 2Y MN P[K ∂ L] ∂ M U P Γ N
J.

(4.75)

Instead one is led to define a generalised curvature tensor
I
R I JKL = R I JKL + Y I M LN R N K J M + Y MN LP Γ PMK Γ N
J.

(4.76)

We note immediately that in generalised geometry the Weitzenböck connection is flat, and
so we cannot describe the dynamics through the curvature. This is the problem in adopting
the Weitzenböck connection. One cannot then form a curvature that will then capture the
dynamics.
The torsion of a connection, defined by
TJK I = Γ IJK − ΓKI J

(4.77)

is not a generalised tensor. There is however a generalised torsion [21], denoted τJK I , defined by


∇
∂
VI ,
τJK I U J V K ≡ LU
− LU

(4.78)

∂ is the generalised Lie derivative as defined in (4.36) and L∇ is the Lie derivative
where LU
U

with all partial derivatives replaced by covariant ones. This gives
M
τJK I = TJK I + Y IL KM Γ LJ

(4.79)

as the generalised torsion of a connection Γ IJK . It is a generalised tensor if the connection
obeys (4.71). However, because the Weitzenböck connection behaves only as a connection up
to section condition, its generalised torsion is only a tensor up to section condition. For any
connection preserving η I J , the generalised torsion will be antisymmetric in its lower indices,
τJK I = τ[ JK] I , which follows as a consequence of the compatibility with η. It is this generalised
torsion that we now use to describe the dynamics by constructing the action.
We know that DFT should be invariant under both global O(d, d) and local H ≡ O(d) ×

63

O(d). The Weitzenböck connection (4.69) is not invariant under these local H-transformations
∆λ Γ IJK = E Ā I E B̄ K ∂ J λ Ā B̄ ,

(4.80)

However, we may construct a Lagrangian L which is invariant under the local H symmetry
and is an O(d, d) scalar. Our DFT action will then be
S=

Z

dxd x̃ e−2d L .

(4.81)

It will be useful to construct a O(d, d) covector using the dilaton d as follows:
1
∇ I d = ∂ I d + ΓKKI .
2

(4.82)

We find that the only H-invariant combination of torsion terms and derivatives of the dilaton is given by
L=−

1
1
τJK I τMN L H IL H J M H KN − τJK I τLI K H JL − 4H I J ∇ I d∇ J d + 4H I J ∇ I ∇ J d .
12
4

(4.83)

Inserting the expressions for the torsion and covariant derivative of d we find that we can
write (4.83) as
L=

1 IJ
1
H ∂ I H KL ∂ J HKL − H I J ∂ I H KL ∂K H JL + 4H I J ∂ I ∂ J d − ∂ I ∂ J H I J
8
2
1
− 4H I J ∂ I d∂ J d + 4∂ I H I J ∂ J d + η I J η KL ∂ I E Ā K ∂ J E ĀL .
2

(4.84)

This agrees with the original formulation [165] up to the final term which vanishes by the
section condition. This final term is only H-invariant up to section condition but as we shall
soon see it is crucial in order to match the Scherk-Schwarz reduced theory with the gauged
supergravity potential [178].

4.7 Extensions to DFT
4.7.1

The RR sector

As we saw in section 4.2 there is an isomorphism between spinors in generalised geometry
and poly forms. This is the clue to how RR fields may be included into the DFT in [179,
180] and also in [21] similar considerations are used in the non-doubled generalised geometry
perspective. To be more concrete one can realise Cl (d, d) in terms of fermionic creation and
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annihilation operators that obey
j

ψi† = ψi ,

{ψi , ψ j } = δi ,

ψi |0i = 0 .

(4.85)

For instance, an element Ri j of the Gl (d) subgroup of O(d, d) generating a basis change lifts to
D ( R) = √
in the spin cover. The factor of

√

1
detR

exp ψi Ri j ψj ,

(4.86)

detR that arises is indicative of the isomorphism described in

eq. (4.25). Since the invariant metric H is also an element of O(d, d) it gives rise to a spinorial
representative we shall denote S (one may think of this as defined through the invariance
properties of the Cl (d, d) gamma matrices).19
The Dirac operator decomposes as
/
∂ = Γ M ∂ M = ψi ∂i + ψi ∂˜ i .

(4.87)

One can see from this that in the case of ∂˜ ≡ 0 this Dirac operator acts simply as the exterior
derivative. Then with this in mind one may write a polyform, in this case of RR potentials, as
Ψ=

1

∑ p! Ci ...i ψi ...i
p

1

1

p

p

| 0i .

(4.88)

Here we are working in the democratic formalism in which, at the level of the action, p-form
potentials and their Hodge duals are included as independent variables but their duality must
be imposed by hand separately. Thus the sum in the above runs over p odd for IIA and even
for IIB. To obtain the correct degrees of freedom one imposes a constraint (relating higher
p-forms to the Hodge dual of the lower ones) which is given by
/
∂ Ψ = − C −1 S /
∂Ψ

(4.89)

where C is the charge conjugation. Consistency requires that C −1 SC −1 S = 1 which restricts
the allowed dimensions of the theory (when d is even the allowed cases are d = 2, 6, 10 which
correspond to the dimensions in which conventional p-form self duality may be imposed). In
the case for which ∂˜ = 0 for which we can identify /
∂ Ψ ∼ ∑ F ( p) with F ( p) = dC p . Since /
∂ is
nilpotent, we have a DFT generalisation of p-form gauge symmetry
δΞ Ψ = /
∂Ξ
19 Because

(4.90)

the time direction is formally doubled in the DFT this causes some subtleties in the definition of S
which are discussed in [180].
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in which Ξ is a spinor of opposite chirality to Ψ.
The DFT gauge symmetry acts on this spinor according to
1
δξ Ψ = Lξ Ψ = ξ M ∂ M Ψ + ∂ M ∂ N Γ M Γ N Ψ ,
2

(4.91)

which can be though of as the spinorial-Lorentz-Lie derivative supplemented by an additional
group theoretic term (obtained upon symmetrising the indices on the gamma matrices). Notice
that the potentials so defined are not invariant under the B-field gauge transformations – this
is similar to difference between the A and C basis in conventional formalisms. It was shown in
[175] that defining F = ed E /
∂ Ψ where E is the spinorial representative of the vielbein results in
field strengths which, when everything is independent of x̃, obey the usual Bianchi identities

(d + H ∧) F = 0.
Equipped with the above one can form the correct kinetic terms for the RR fields, given
simply by
S=

Z

dxd x̃ e−2d R(H, d) + ( /
∂ Ψ) † S /
∂Ψ .

(4.92)

Upon setting ∂˜ = 0 one does indeed find that this gives the correct kinetic terms for the RR
fields. An interesting feature of this approach is that to show gauge invariance of the action
and closure of the algebra one does not appear to invoke the strong constraint in its entirety
on the RR sector. In the frame in which the strong constraint is solved by setting to zero
all dependance x̃ for the gauge parameters and NS fields, it remains consistent that the RR
potential Ψ is modified to depend linearly on the winding coordinates x̃ [181]. In the IIA
context this can be brought into identification with the massive IIA theory. The meaning in IIB
remains somewhat mysterious. To close this section we note that a slightly different approach
to RR fields was presented in [182] in which they are packaged not in a spinor of O(d, d) but
as a bi-spinor of the local SO(1, d − 1) L × SO(d − 1, 1) R symmetry in a frame like formalism,
which can seem rather natural given the considerations of supersymmetry that we turn to in
the next section.
4.7.2

Fermions and Supersymmetry

The inclusion of fermions and supersymmetry in DFT has been recently considered [183, 184,
185, 186] with a precedent going back to the seminal work of Siegel [10, 9] which was formulated directly in superspace. The generalised geometry formulation of [21] (in which we
recall no coordinate doubling takes place) also includes the complete N = 2 supersymmetric
completion which was also achieved for DFT in [185]. In the interests of space, and to avoid
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reproducing technical details, lets only make a brief remark about this.
They key insight, which is valid in both the string and M-theory constructions, is that
whilst scalars take values is a coset G/H the fermions lie in appropriate representations of H
which is a local symmetry of the action. In the case at hand we have then a global O(d, d)
symmetry and a local SO(1, d − 1) L × SO(d − 1, 1) R symmetry. This local symmetry can be
manifested by working in a frame like formalism which is needed to couple to fermions.
For example, the minimally supersymmetric extension to DFT introduces a dilatino ρ
which is a MW+ spinor of SO(1, d − 1) L , a singlet of SO(d − 1, 1) R and a singlet of the global
O(d, d) together with a gravitino ψm which is a MW− spinor of SO(1, d − 1) L , a vector of
SO(d − 1, 1) R and a singlet of the global O(d, d). The supersymmetry parameter in this case is
in the opposite chirality representation to the dilatino. This set up was developed to quadratic
order in fermions as described in [183] with a full action given in [185] (the two approaches
differ in their details). The supersymmetry variations have the following simple schematic
form
δǫ d ∼ ǭρ ,

δǫ E ∼ ǭγψ ,

δǫ ψ ∼ Dǫ ,

/
δǫ ρ ∼ Dǫ

(4.93)

where E represents the a frame fields, and D stands for an appropriate covariant derivative
whose construction and is given in [185] . The supersymmetry algebra so formed closes on
supersymmetries, generalised diffeomorphisms, local SO(1, d − 1) L × SO(d − 1, 1) R Lorentz
rotations and the fermionic equations of motion.
In fact one can make the theory supersymmetric without using the section condition by
again using the Scherk-Schwarz ansatz [187]. Again there is an interplay between consistency
of the theory and supersymmetry. The conditions for making supersymmetry work are the
same as required for consistency of the generalised geometry Courant algebra to close.
4.7.3

Gauge Fields

The extension of the doubled approach to gauge fields was already considered by Siegel in
[9, 10] and has been recently reconsidered in [188] and [189].
The approach of [188] is to introduce a doubled vector field, which combines the regular
gauge field with a set of scalars to form a vector in the doubled space
VI =



φi
Ai + bij φ j



.

(4.94)

Then a field strength can be formed using the semi-covariant derivative (i.e. ∇ = ∂ + Γ̂ where
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the connection is the one in eq. (4.65)) according to
FI J = ∇ I VJ − ∇ J VI − i [VI , VJ ] .

(4.95)

Although not covariant in itself under local gauge transformations upon suitable contraction
with the projectors defined in eq. (4.66) it leads to covariant results. A YM and DFT gauge
invariant action may be obtained as
Z

dxd x̃e−2d Tr( P I J P̄KL FIK FJL ) .

(4.96)

Expanding into components and setting dependance on the x̃ coordinates to zero reveals that
this action contains a Maxwell term in curved space together with kinetic terms and interactions for the extra scalars that completed the T-duality covariant doubled vector eq. (4.94). The
result has some similarity (but not exact equivalence) with a topologically twisted Yang-Mills
theory.
An alternative approach was given in [189]. The inclusion of n Abelian gauge fields may be
achieved by extending the theory to an O(d, d + n) invariant theory where the inner product
becomes


0 1d 0


ηI J =  1d 0 0  .
0 0 1n


(4.97)

The generalised metric H now includes extra components reflecting the dependance on the
gauge field; for instance the top-left-most entry becomes gij − (cg−1 c)ij + Aαi A jα where cij =

bij + 12 Aαi A jα . Rather elegantly, having redefined H and η in this fashion the Lagrangian is

given by exactly the same one as before in eq. (4.53). The local DFT gauge symmetry generated
by the generalised Lie derivative δξ H = Lξ H when expanded into components gives exactly

the correct transformation rule for gauge fields δAαi = Lξ Aαi + ∂i Λα . Upon setting ∂˜ = 0 the
action may be expanded in to components with the result, up to total derivatives as usual,
given by
S=

1
2κ 2

Z

M10

√

ge−2φ



R + 4(∂φ)2 −

1 2 1 α ij
Ĥ − Fij Fα
12
4



,

(4.98)

in which the three-form field strength is modified by a Chern-Simons term Ĥ = H + Aα ∧ F α .
This indeed looks like an Abelian version of the effective action of the heterotic string.
The non-Abelian extension was also considered in [189]. By introducing a structure constant f MN K it was shown how a non-Abelian deformation of the theory could be constructed in
manifestly O(d, d + n) covariant language. This structure constant obeys standard Jacobi iden-
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tities but also consistency of the theory required one additional constraint that f MN K ∂K = 0.
The structure constant can be viewed as a spurionic object; it is written in a covariant way
however making a particular choice for the structure constant breaks the T-duality symmetry
down. The deformation of the theory also deforms the gauge algebra so that the modified
transformation δξ V M = Lξ V M − ξ K f KL M V L leaves the action invariant and closes onto a similarly deformed C-bracket.
A somewhat remarkable feature is the extra terms added to the action in this non-Abelian
deformation include a scalar potential which is precisely of the form seen in N = 4 electrically gauged supergravity. This is further evidence towards a rather intimate relation between
gauged supergravity and the doubled formalism which we shall now explore in more detail.

4.8 Relaxing the Strong Constraint: Scherk-Schwarz Reduction and Gauged Supergravity
So far we have required that all fields and gauge parameter obey the weak constraint coming
from level matching
η MN ∂ M ∂ N Φ = 0 ,

(4.99)

and the strong constraint on products of fields
η MN ∂ M Φ1 ∂ N Φ2 = 0 .

(4.100)

Together these constraints mean that the theory really only depends on half the coordinates
and so, at least locally, the doubling is really a formal trick that makes manifest O(d, d) symmetry.
However, although the weak and strong constraints are sufficient for the theory to be gauge
invariant and the gauge algebra close, they need not be necessary. One of the most pertinent
questions to ask is whether there are consistent ways to relax the strong constraint, that is,
can one define the theory for backgrounds that depend on both the regular coordinates of
spacetime and the additional dual coordinates? Answering this in the affirmative could open
the door to possibilities far beyond the realm of conventional supergravity.
A breakthrough development was to consider compactification of the DFT with a ScherkSchwarz reduction see [190, 178, 191, 192, 193, 175, 187]. In this case one finds that upon
reduction the DFT gives rise to a lower dimensional gauged supergravities. What is somewhat remarkable is that this provides a higher dimensional origin for gauged supergravities
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where the non-geometric fluxes become purely geometric from the point of view of the doubled space.
This subject has recently been beautifully expounded in great detail in the review article
[192] and to avoid duplication we provide here only a short synopsis in the spirit of [178].
To make this dimensional reduction the coordinates of the doubled theory are split into
external ones, which we will call X, and internal ones which we denote as Y. (For concreteness
one may think of the full type II DFT where the 10+10 coordinates of the theory are split into 4
external and 4 dual external coordinates together with 6+6 internal coordinates). The essence
of the approach is to define a duality twist matrix valued in O(d, d) given by
U A M (Y ) ∈ O(d, d) .

(4.101)

The Scherk-Schwarz ansatz is that dependance on the internal coordinates in fields and gauge
parameters is governed by this twist matrix according to
V M N (X, Y ) = (U −1 ) M A (Y )V̌ A B (X )U B N (Y ) .

(4.102)

For the dilaton the appropriate ansatz is
d(X, Y ) = dˇ(X ) + λ(Y ) .

(4.103)

All dependence on the twist matrix will enter in combinations given by
f ABC = 3ηD [ A (U −1 ) M B (U −1 ) N C] ∂ M U D N ,

f A = ∂ M U M A − 2( U − 1 ) M A ∂ M λ .

(4.104)

An immediate requirement is that these be constant. One may notice that, and its no coincidence, these objects correspond to antisymmetrization and trace of the Weitzenböck connection. For this presentation, for simplicity we will set f A to zero. This ansatz should be
supplemented with a constraint that ensures Lorentz invariance of the reduced theory.
Upon invoking this ansatz the action 20
S=

Z

dXdYe−2d R(H, d) ,

(4.105)

one obtains a lower dimensional action
SGDFT ∝
20 The

Z



ˇ
dX e−2d R(Ȟ , dˇ) + R f (Ȟ, dˇ) ,

(4.106)

curvature entering in eq. (4.105) includes a term that vanishes upon the strong constraint which already
entered in the torsion formalism.
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in which the first term is just the regular DFT action for the lower dimensional theory, and the
second term represents corrections due to the ganging. Ignoring the f A gaugings (details of
which can be found in [175]) this correction is of the form
1
1
1 A D
R f = − f A BC Ȟ BD Ȟ CE ∂D Ȟ AE −
f BC f EF Ȟ AD Ȟ BE Ȟ CF − f A BC f B AD Ȟ CD ,
2
12
4

(4.107)

which includes gaugings of the kinetic terms and a scalar potential.
Under this reduction the generalised diffeomorphism symmetry gives rise to a gauged
deformation
δξ̌ V̌ A = Lξ V A − f A BC ξ̌ B V̌ C .

(4.108)

Because of the twisting, the C-bracket which appears in the closure of these symmetries also
receives a deformation (see also [189])
A B C
ξ̌ 1 ξ̌ 2 .
[ξ̌ 1 , ξ̌ 2 ] Af = [ξ̌ 1 , ξ̌ 2 ]CA − f BC

(4.109)

The conditions for this theory to be consistent, i.e. closure of the gauge algebra, Jacobiator
generating a trivial transformation and invariance of the action, were studied in [175, 178, 193].
The conclusion is that although strong and weak constraints on the twist matrix are sufficient
for consistency, they are not necessary and can in principle be relaxed. That this is possible in
practice was explicitly demonstrated in [191] where consistent gaugings from twist matrices
with explicit dependance on both regular and dual internal coordinates were constructed.
The form of the scalar potential in eq. (4.107) corresponds to the scalar potential of half
maximal gauged supergravities. Indeed, upon decomposing H (which we recall is still a
2d × 2d matrix ) into its internal and external components and demanding that the only nonvanishing components of the gaugings are the ones with internal legs, the identification between gauged supergravity and Scherk-Schwarz reduced DFT can be made complete.
One might think that this has been a rather convoluted way to obtain gauged supergravity.
After all one could have performed a twisted reduction of the regular type II supergravity in
ten dimensions and obtained a gauged theory. However there exist lower dimensional gauged
supergravities which can not be obtained in this manner. By allowing for Scherk-Schwarz
twists that depend on both the geometric and dual coordinates, DFT provides a higher dimensional origin for exactly these theories!
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4.9

Related Developments

Space limitations prevent us discussing in any detail a number of developments related to the
contents of this chapter including21 : the structure of large (finite) DFT gauge transformations
[194, 195], the the matrix theory perspective of non-geometric fluxes [196, 197]; further perspectives on non-geometric fluxes [198, 199] and their relationships to non-commutativity and
even non-associativity [200, 201, 202, 203, 204, 205, 206, 98, 207]; T-folds, G-structures and supersymmetry [78, 168, 89]; brane wrapping rules [208, 209, 210] and the E11 [211] derivation of
Double Field Theory [212, 213] (of which we shall return to later); investigation of the relevant
Lie algebroids [214, 215, 216, 207, 217, 218].

5 Duality Symmetric M-theory
5.1 M-theory and Eleven-Dimensional Supergravity
In 1995 it was realised that the strong coupling limit of the IIA string is an eleven-dimensional
theory whose low energy limit is eleven-dimensional supergravity. This unknown mysterious
eleven-dimensional theory has become known as M-theory [12, 13]. Considering that it originates from a string theory at strong coupling, the properties of M-theory are quite surprising:
the critical dimension is eleven rather than ten and the fundamental objects are membranes
and five-branes rather than strings.
M-theory has a remarkable unifying power: by taking different compactification limits
of this single theory one can arrive at all the string theories. The five different versions of
string theory, which at first sight appear disparate, are obtained from M-theory expanded
around different vacua. M-theory provides the overarching umbrella explaining the web of
non-perturbative dualities between string theories. A most elegant realisation of this is that
the IIB SL(2, Z ) strong weak duality can be seen as a simple consequence of M-theory diffeomorphism invariance [219]. Dimensional reduction also gives rise to the rules and dictionary
between the various extended objects of string theory and the membrane and five-brane. For
a review of M-theory and its branes see [220].
Despite these tremendous successes, our understanding of M-theory remains rather incomplete. We lack even a fundamental description that allows us to understand the theory beyond its low energy limit. Although such a formulation of M-theory remains a distant prospect
there has been, in recent years, great progress towards understanding the extended objects of
21 This

list is not intended to be exhaustive but we hope it serves as a useful starting point.
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M-theory. An important breakthrough has been the development of a theory describing the
low energy interactions of multiple M2 branes which began with the pioneering work of Bagger and Lamber [221] and of Gustavasson [222], culminating in celebrated ABJM model [223].
The signature N 3/2 degree of freedom scaling has been rigorously demonstrated for these
Chern-Simons matter type theories [224]. Though the theory of interacting M5 branes (a nonAbelian N = (2, 0) tensor multiplet in six dimensions) remains far from understood, many
of its properties are known and have been beautifully exploited to provide deep new insights
about gauge theories. For instance by considering M5 branes wrapped on a Riemann surfaces
with punctures, Gaiotto [225] constructed a large class of novel four-dimensional N = 2 superconformal field theories. Moreover the Nekarasov partition functions of these have theories
have been conjectured in [226] to be related to correlators in the Liouville theory on the corresponding Riemann surfaces. The six-dimensional M5 theory thus provides a bridge between
quantities in a four-dimensional gauge theory and those of a two-dimensional CFT. Developing the theory of coincident M5 branes remains an important and active avenue of research,
interesting recent work in this direction includes [227].
Nonetheless, for what remains of this report we will concern ourselves with just the low
energy effective dynamics, namely 11-dimensional supergravity discovered by Cremmer, Julia
and Scherk in 1978 [228]. The action in the bosonic sector is given by
S11

1
= 2
2κ

Z

M11

√



1
g R − F42
48



1
− F4 ∧ F4 ∧ C3 ,
6

(5.1)

where the field strength is defined as F4 = dC3 . There are 44 bosonic degrees of freedom in the
graviton and 84 contained in the three-form which are paired off against the 128 (real) degrees
of freedom in a Majorana spin

3
2

gravitino.

In 1980, Julia discovered that 11-dimensional supergravity when compactified on tori of
various dimensions, exhibited a host of symmetries [14]. They are now usually rather plainly
referred to as M-theory dualities (or also sometimes hidden symmetries) and it is well known
that they are controlled by some Lie group in low dimensions. More specifically, compactification on a torus of dimension n results in a D = 11 − n dimensional theory whose symmetry
group G is listed in table 1. For the cases of dimensions smaller than D = 3 some more
complicate objects are involved. It is believed that in the full M-theory and not just its low
energy limit, an appropriate discrete version of these symmetries survive and these form the
U-dualities of M-theory [12]. Let us reiterate a warning given earlier: in the sequel we shall be
working with the low energy limit of M-theory, i.e. supergravity, and we will use the phrase
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U-duality to mean the continuous “hidden” symmetry group of supergravity.
Table 1: The “hidden” symmetry groups G and their maximally compact subgroups H of 11dimensional supergravity compactified on a torus T n
D
10
9
8
7
6
5
4
3

n
1
2
3
4
5
6
7
8

G
SO(1, 1)
SL(2)
SL(3) × SL(2)
SL(5)
SO(5, 5)
E6
E7
E8

H
1
SO(2)
SO(3) × SO(2)
SO(5)
SO(5) × SO(5)
USp(8)
SU (8)
SO(16)

In 1986, de Wit and Nicolai found some tantalizing clues that these duality symmetries had
content beyond what one expects from a theory compactified on a torus. They speculated that
the duality groups somehow controlled the theory in a fundamental way, [229]. The challenge
of finding the true meaning of these groups in M-theory has subsequently fascinated many
authors resulting in copious publications for example amongst others, [230, 231].
This motivates two important questions:
1. How do these symmetries govern the full uncompactified eleven-dimensional theory?
2. Can we make manifest these hidden symmetries?
In the course of this chapter we shall describe progress in answering both of these questions
in the affirmative! Rather remarkably this path will lead us to a further beautiful insight;
the eleven-dimensional supergravity makes a distinction between spacetime (the metric) and
fields living on spacetime (the three-form). Since one expects that both of these fields have
common origin in M-theory this divide seems rather uncalled for. Our approach will lead us
to conclude that the metric and the three-forms should themselves be unified into a generalised
metric on an extended spacetime.
In what follows we shall consider not the full eleven-dimensional theory but rather a 1 + n
dimensional analogue given by the same action as eq. (5.1) but omitting the Chern Simons
term (which can only be defined in eleven dimensions). This is not to say we are performing a
dimensional reduction, quite the contrary: as we include more dimensions we will formulate
the theory in a way that makes larger duality groups manifest. No dimensional reduction has
been imposed and all the fields can depend on the coordinates associated with the directions
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in which the duality group acts.
To reinforce this point, consider the case of n = 4 i.e. the SL(5) duality group. This is the
group that would be obtained upon a T 4 reduction of M-theory. Instead what we shall consider
is a 1 + 4 dimensional theory where the fields do depend on the four spatial coordinates. We
shall show that this proto-M-theory can be reformulated in way that the full SL(5) acts as a
manifest symmetry.

5.2 Generalised Geometry and Extended Spacetime for M-theory
Recall in the case of DFT that we introduced a doubling of the number of coordinates, thereby
giving a geometric realisation of the string winding charges. In constructing such a theory we
found generalised geometry – in which the number of coordinates is kept the same but the
tangent space is doubled to E = TM ⊕ T ∗ M – to be a powerful guiding principle. We then
seek a generalised geometry for M-theory in which En replaces the role played by O(n, n).
These exceptional generalised geometries have been developed in [15] and [16].
For the generalised tangent bundle E = TM ⊕ T ∗ M we recall that sections consist of oneforms and vectors which are exactly the gauge parameters of B-field gauge transformations
and diffeomorphisms. In the M-theory, and we begin with the case of n = 4, we still have
diffeomorphisms but now we expect two-form gauge parameters for the three-form field C3 .
One is then led to consider the bundle22 ,
E = TM ⊕ Λ2 T ∗ M .

(5.2)

U = v+ρ.

(5.3)

with sections

This bundle admits an SL(5) action. There is an obvious SL(4) action under which vectors
and two-forms transform in the usual way (as a 4 and a 6 respectively) – this represents a 15
parameter subgroup of transformations. This is supplemented with the action of a three-form
ω ∈ Λ3 T ∗ M (which has 4 independent components), which acts as
v + ρ → v + (ρ + ι v ω ) ,

(5.4)

and the action of a tri-vector (again with 4 components) β ∈ Λ3 TM,
v + ρ → ( v + ι ρ β) + ρ .
22 In

fact bundles of the form E = TM ⊕ Λ p T ∗ M were also considered in the mathematical literature [166].
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(5.5)

These transformations are all natural analogues of the subgroups of O(d, d) encountered previously. In addition these transformations close on a scaling symmetry giving one extra transformation. In total we have 24 = 15 + 4 + 4 + 1 transformations and indeed this corresponds
exactly to the decomposition of the adjoint of SL(5) under SL(4). Thus we find an enhancement of the symmetry with sections of this generalised bundle transforming in the 10 of SL(5).
We may define a Dorfman derivative on this bundle and a Courant bracket which, for this case,
exactly coincide with those of the T ⊕ T ∗ geometry defined in eqs. (4.16) and (4.18).
When we increase the dimension further the picture must be modified. For n = 5 one must
work with
E = TM ⊕ Λ2 T ∗ M ⊕ Λ5 T ∗ M .

(5.6)

One way of motivating this extension is that we must now have a geometry that will be able
to account for fivebrane modes. Sections of this bundle now transform as a 5 ⊕ 10 ⊕ 1 under
the geometric SL(5) symmetry. Following similar arguments to the n = 4 case one finds that
this symmetry is enhanced to an E5 = SO(5, 5) (or more properly Spin(5, 5)) underwhich the
sections transform as a 16, i.e. a chiral spinor. The situation for n = 6 is the same with the
bundle E = TM ⊕ Λ2 T ∗ M ⊕ Λ5 T ∗ M and sections in the fundamental (27) of E6 . For n = 7

the bundle should be further extended to E = TM ⊕ Λ2 T ∗ M ⊕ Λ5 T ∗ M ⊕ Λ6 TM. This extra
factor corresponds to the introduction of a potential, C6 , dual to the three-form. For n = 8
the situation becomes radically different, it is thought that the dual graviton field plays a vital
role. We shall not discuss this case further in this report though it represents an important area
for future developments.
Table 2: The generalised geometries, the coordinate representation R1 , and the section condition representation R2 .
n
3
4
5
6
7

G
SL(3) × SL(2)
SL(5)
Spin(5, 5)
E6
E7

E
TM ⊕ Λ2 T ∗ M
TM ⊕ Λ2 T ∗ M
TM ⊕ Λ2 T ∗ M ⊕ Λ5 T ∗ M
TM ⊕ Λ2 T ∗ M ⊕ Λ5 T ∗ M
TM ⊕ Λ2 T ∗ M ⊕ Λ5 T ∗ M ⊕ Λ6 TM

R1
(3, 2)
10
16
27
56

R2
(3̄, 1)
5̄
10
2̄7
133

One programme has been the very beautiful reformulation of supergravity, directly in this
generalised geometry language [20, 22]. Here however we shall go one step further, we make
the leap that instead of just extending the tangent bundle we should, just as in the case of
DFT, introduce extra coordinates that extend spacetime itself. This is in alignment with the
idea used in DFT in the preceding section. One way to think about this is that we should
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include an extra coordinate for each point like charge in the reduced theory (although we again
emphasise that no dimensional reduction will actually take place) see e.g. [232]. For instance
consider the n = 4 example, in which one will have 4 regular coordinates (corresponding
to momenta charge) and 6 extra coordinates (which correspond to the ways wrappings of
M2 branes in a four-dimensional space). To be more formal one can directly study the super
algebra of eleven-dimensional supergravity
1 MNPQR
1 MN
M
Z MNPQR .
Z MN + Γαβ
{Qα , Q̄ β } = Γαβ
PM + Γαβ
2
5!

(5.7)

Here P M is the momenta and Z MN and Z MNPQR are central terms corresponding to the presence of M2 and M5 branes. We look at charges that are point like, i.e. they define either
zero-forms or top-forms from the point of view of the external spacetime. This is summarised
in table 3. This is in broad agreement with the construction of the generalised tangent bundle
Table 3: The point like charges in lower dimensions (Roman letters indicate “internal” legs
and Greek “external”)
n
3
4
5
6
7

G
SL(3) × SL(2)
SL(5)
Spin(5, 5)
E6
E7

Point-like charges
Pm + Zmn
Pm + Zmn
Pm + Zmn + Zmnpqr
Pm + Zmn + Zmnpqr + Zmµνρσ
Pm + Zmn + Zmnpqr + Zµνρστ

counting
6= 3+3
10 = 4+ 6
16 = 5 +10 + 1
27 +1 = 6 + 15 + 6 +1
56 = 7 + 21+21+ 7

though we note that in the case of n = 6 we see the appearance of an extra singlet (whose
status in the generalised geometry remains somewhat unclear). One can continue still further
but at E8 one encounters a difference; the number of point like charges is 120 which is not of
course an E8 representation, instead it is the antisymmetric two-index tensor representation
(the 120) of the maximally compact subgroup SO(16). Suggestive as the count of point-like
central charges is, it appears not to be the ultimate guideline for constructing generalised geometries. The story is replicated by looking at string like central charges which again fall into
representations of G but only for n ≤ 6 and for membrane charges for n ≤ 5.
We now turn to the physical fields. In the O(d, d) DFT case we saw that the d2 components
of the metric and NS two-form were combined into a 2d × 2d matrix H. In fact this matrix

H can be understood to be a representative of the coset O(d, d)/O(d) × O(d). The situation
here is similar, the number of components contained in the metric, three-form and six form
potential exactly equal the dimension of the coset G/H where G are the U-duality groups and
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H the maximally compact subgroups, i.e. we have for all n ≤ 7
   
n
n
1
n ( n + 1) +
+
= dim( G(n) /H(n) ) .
3
2
6

(5.8)

The metric, three-form and six form potentials are united in a coset representative which we
shall denote by M MN which will be a dim R1 × dim R1 symmetric matrix where we recall that
dim R1 are the number of coordinates in the extended spacetime.
It has been known since the work of de Wit and Nicolai [229, 233] who studied the E7
and E8 cases, that fermions of eleven-dimensional supergravity lie in representations of H, the
maximally compact subgroup of the U-duality group (more precisely, as recently emphasised
in [20, 22], they actually fall in representations of the appropriately defined double cover H̃).
The appropriate representations are reproduced in table 4. Although the inclusion of fermions
Table 4: The spinor representations for the gravitino and supersymmetries
n
4
5
6
7

G
SL(5)
Spin(5, 5)
E6
E7

H̃
Spin(5)
Spin(5) × Spin(5)
USp(8)
SU (8)

ψ
16
(4, 5) ⊕ (5, 4)
48
56 ⊕ 56

ǫ
4
(4, 1) ⊕ (1, 4)
8
8⊕8

has been achieved [20, 22] in the context of the generalised geometry (in which we remind
readers no doubling of coordinates takes place - only tangent space is extended), a comprehensive treatment, at the time of writing, has not been completely extended to the doubled
setting. Recent progress in this direction has been [234].
We saw that in the case of DFT a key feature of the theory is that there is a constraint
(know as the strong constraint or physical section condition) that reduces the dynamics from the
doubled space to a subspace whose dimensionality matches that of physical spacetime. In
general, the consistency of the theory requires all the dynamical fields of the theory obey the
strong constraint. This in turn means that though the Double Field Theory is a revealing
rewriting of ordinary supergravity in which the O(d, d) symmetry is manifest, it is, at least
locally, completely equivalent to ordinary supergravity. However, we also saw that in certain
instances this section condition could be relaxed without rendering the theory inconsistent.
We will find both of these features are true in the extended spacetime approach to M-theory of
[17]. The section condition can be understood as the vanishing of a certain projection of two
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derivatives into a representation which we denote in short hand by
∂ ⊗ ∂ | R2 = 0 ,

(5.9)

where the representations R2 are given in table 2. We will see later that indeed this strong
constraint can be relaxed in certain circumstances and that this will give the linkage between
the extended spacetime approach to M-theory and gauged supergravities.

5.3 An Overview of the Duality Invariant Construction
Before going into detail with a specific example we take the opportunity to summarise the
construction of the duality invariant theories giving particular attention to the permissible
coordinate dependance.
We begin first with eleven-dimensional supergravity with its bosonic action given by eq. (5.1).
Temporarily, we denote the full set of eleven spacetime coordinates by {~
X }. We now make a
split of coordinates {~
X } → {t, xµ , ~y} which consists of one time coordinate, t, n spatial coordinates, { xµ }, µ = 1 . . . n, and 10 − n remaining spatial coordinates ~y. A conventional di-

mensional reduction on a torus T n would result in an 11 − n dimensional theory obtained by
imposing a reduction ansatz that fields do not depend on the coordinates xµ :
Φ( ~
X ) ≡ Φ(t, ~y ) .

(5.10)

This dimensionally reduced theory exhibits the hidden symmetry group En(n) .
Our ultimate goal would be to reformulate the entire eleven-dimensional supergravity,
without making any dimensional reduction or truncation, in such a way that En(n) is promoted
to a manifest global symmetry.
In a step towards this final goal, let us consider from the outset not the full eleven-dimensional
theory given by eq. (5.1) but rather a n + 1 dimensional toy model
S1 + n

1
= 2
2κ

Z


√ 
1 2
dtd x G R − F4 .
48
n

(5.11)

The field content is a metric and a three-form which can depend on time and the n spatial
coordinates { xµ }. There is, of course, no Chern-Simons term here. We are, in this prototype,
completely ignoring the dimensions and coordinates denoted {~y} above. A dimensional re-
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duction on T n with an ansatz on fields
Φ(t, xµ ) ≡ Φ(t) .

(5.12)

would give rise to a one-dimensional action which exhibits an En(n) hidden symmetry. To
make our toy-model even simpler, we shall assume that the metric and three-form entering
into eq. (5.11) are of the form
G=

0
−1
0 gµν (t, x)

!

,

C3 = Cµνρ (t, x)dxµ ∧ dxν ∧ dxρ ,

(5.13)

that is to say all fields with temporal legs are set to zero (this is less of a restriction than it may
at first seem; for the metric this is equivalent to choosing synchronous gauge in which lapse is
set to unity and the shift vector to zero).
Our more modest immediate goal is the following: to reformulate the 1 + n dimensional protoM-theory of eq. (5.11) in such a way that En(n) becomes a manifest global symmetry without assuming
any dimensional reduction ansatz and with fields depending on all dimensions {t, xµ }.
To make this possible we will extend the spacetime with a certain (n-dependent) number
of additional coordinates that can be thought of, as discussed above and in analogue to the
case of DFT, as conjugate to brane winding modes. This extended space, which will have coordinates {X }, supports a linear action of the duality group En(n) . The metric and three-form
of eq. (5.13) will be combined into a generalised metric on this extended space. Having done
this, we then allow all fields and gauge parameters to depend on not just the physical spacetime coordinates {t, x} but on the full gamut of coordinates on this extended spacetime i.e. on

{t, X }. On this extended spacetime we will find a local symmetry encoded by a generalised
Lie-derivative which encodes both conventional n-dimensional diffeomorphisms and threeform gauge transformations. Finally, to recover the conventional spacetime and to close the
gauge algebra we impose a constraint, the physical section condition, that reduces the theory
back to one equivalent to eq. (5.11).
An evident shortcoming of this proto-M-theory approach is that a number of dimensions
(the {~y } above) are ignored, nonetheless, it is a substantial achievement that the En duality
group can be made manifest without dimensionally reducing on the n-coordinates in which
it acts. The assumptions made in the proto-M-theory approach were designed to simplify the
scenario sufficiently to make explicit progress, they are technical in nature and it seems, at least
in the authors’ opinions, quite possible to relax them. Indeed, since the publication of the first
version of this report on the arXiv there has been some great progress [235, 236] towards doing
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just this and restoring all the dimensions and making the duality manifest in a full n ⊕ 11 − n
splitting of coordinates. We anticipate that in the near future this will be completely achieved
in full detail, at least for case n ≤ 7.
This construction is best illustrated through concrete examples and since the details vary
according to dimension, we focus first on the case of n = 4.

5.4 An Example: SL(5)
Let us turn now to a concrete example, the case of n = 4. That is we consider a proto fivedimensional theory
1
S5 = 2
2κ

Z


√ 
1 2
dtd x G R − F4 .
48
4

(5.14)

The E4 = SL(5) duality group acts along four dimensions which we denote by the coordinates
xµ , µ = 1 . . . 4. In keeping with the work [17], we will adopt a Hamiltonian approach and
after fixing to synchronous gauge as in eq. (5.13) the ten degrees of freedom in the metric are
contained in a 4 × 4 symmetric matrix gµν ( x, t) which can depend on the spatial coordinates x
and time. Similarly the four degrees of freedom in the three-form are contained in Cµνρ ( x, t).
Since we have fixed to synchronous gauge, covariance in only the four spatial x directions will
be maintained.
We now extend the spacetime by introducing an additional six winding coordinates yµν =
y[µν] . Together with the xµ these for a 10 of SL(5) which we can express in a covariant way as23

X M = X [ ab]


µ5
µ

 X =x ,
,
=
X5µ = − xµ ,

 µν
1 µναβ
yαβ .
X = 2η

(5.15)

where ηµναβ is the totally antisymmetric symbol η1234 = 1, η 1234 = 1 and the indices a, b =
1 . . . 5.
The the 14 components contained in the metric and three-form fields may be packaged into
the SL(5)/SO(5) representative
ρσ

M MN =

gµν + 21 Cµ Cνρσ − 2√1 2 Cµ

− 2√1 2 Cν

ρσ

ηρσγδ

ρσ

ηρσαβ

g−1 gγδ,αβ

!

,

(5.16)

will use capital Roman indices, X M , to denote the coordinate representation of the generalised spacetime
(i.e. the 10 of SL (5)), lower case Roman indices X m to denote the fundamental representation of the duality group
(i.e. the 5 of SL (5)) and Greek indices x µ denote the coordinates of physical spacetime. Barred indices denote
flattened/tangent/group indices in the corresponding representation.
23 We
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in which g = det g and gµν,αβ =

1
2 ( gαµ g βν

− gαν gβµ ). We shall demonstrate later a method

to construct these generalised metrics harnessing some more group theoretic power. We now
allow this generalised metric to depend on all the coordinates of the extended spacetime:

M MN = M MN (t, X ) .

(5.17)

We now ask a crucial question - how are gauge symmetries encoded in this extended spacetime? It was shown in [19] that the diffeomorphism and gauge symmetry of the 3-form potential are a result of reparametrisations of the ordinary space coordinates and winding coordinates, respectively. These form a Courant bracket algebra. In the extended spacetime we can
find an SL(5) covariant version of the derivative that generates generalised diffeomorphism
(in much the same way the Dorfman derivative of generalised geometry was promoted to the
D-derivative of DFT). The result is that on a vector we define the generalised derivative
1
1
Lξ V ab = ξ cd ∂cd V ab + V ab ∂cd ξ cd + V ac ∂cd ξ db − V bc ∂cd ξ da .
2
2

(5.18)

Generalised Lie derivative is an apt name since the derivative can be expressed as a group
theoretic modification to the standard Lie derivative

LX V M = X N ∂ N V M − V N ∂ N X M + ǫaPQ ǫaMN ∂ N X P V Q ,

(5.19)

in which the object ǫaMN with mixed indices should be understood as the group invariant
taking two 10’s and projecting to the 5 – it is just the epsilon tensor when we write each of
the capital Roman indices of the 10 as an antisymmetric pair of fundamental 5 indices. When
this derivative acts on the generalised metric, one finds upon expanding out into components
and setting the derivatives in directions of the winding coordinates to zero, that it does indeed
generate diffeomorphism and p-form gauge symmetries.
For the gauge algebra to close we need to invoke the section condition which in this case
is given by the projection of two derivatives to the 5̄ i.e.
ǫaMN ∂ M • ⊗∂ N • ≡

1 abcde
ǫ
∂bc • ⊗∂de • ≡ 0 ,
4

(5.20)

in which the bullets denote any field or gauge parameter. In particular we would require that
ǫaMN ∂ M • ∂ N M PQ (t, X ) = 0 .

(5.21)

One way to satisfy this section condition is by setting all derivatives in the winding directions
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to zero – it is in this conventional frame that one reproduces the standard supergravity.
One now needs to provide an action principle encoding the dynamics of the theory. In this
proto-M-theory all fields can depend on all the internal coordinates of the extended spacetime
(subject to the section condition), as well as time. The dynamics for this generalised metric is
thus given by a Hamiltonian density

H = T+V ,

(5.22)

with the kinetic term (where the dots indicate time derivatives)

√

T=− g



1
1
tr(Ṁ−1 Ṁ) + (tr(M−1 Ṁ))2
12
12



,

(5.23)

and a potential
p

with
V1 =
V3 =

1
V = V1 + V2 + V3 + V4 ,
det g

1
M MN (∂ M MKL )(∂ N MKL ) ,
12

1
M MN (MKL ∂ M MKL )(M RS ∂ N M RS ) ,
12

(5.24)

1
V2 = − M MN (∂ N MKL )(∂ L MKM ) ,
(5.25)
2
1
V4 = M MN M PQ (MKL ∂ P MKL )(∂ M M NQ ) .
4

This density should be integrated over the full extended spacetime to obtain the Hamiltonian,
so formally we may write
H=

Z

dtd4+6 X H .

(5.26)

The powers of square-root of the determinant of the (regular) metric that enter into the above
can be written in terms of the determinant of M by
det g = (det M)−1/2 .

(5.27)

It may also in fact be absorbed into a rescaling of the generalised metric.24
One can show that this system is invariant under the gauge symmetries generated by the
generalised Lie derivative and that upon expansion and setting derivatives in the winding
coordinates to zero it does reproduce exactly the dynamics of the component metric and three24 Upon

rescaling the generalised metric by a power of det g the action takes the same form but the constants
in front of each of the four contractions Vi entering into the potential will be altered. Also with a normalisation
different to that given in eq. 5.16 the derivative defined in eq. 5.19 would also need to be modified to include an
appropriate density weight term.
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form, and after a lengthy exercise one finds that the potential reduces to the expected form of
V=

√



1
g R ( g) + F 2
48



.

(5.28)

In showing such an equivalence one is required to perform certain integrations-by-parts. One
might be tempted to throw away any resultant boundary terms however in standard gravity we know boundary terms, in particular the York-Gibbons-Hawking term are an important
feature in setting up well defined boundary conditions for a variation principle. A nice feature
is that the duality invariant action presented above can be supplemented with a boundary
contribution, again with manifest duality invariance, such that when expanded into components and combined with contributions coming from integrations-by-parts one recovers the
York-Gibbons-Hawking term. This boundary term is given by [237]25
Sbound =

Z

∂M

2M MN ∂ M NN + NN ∂ M M MN ,

(5.29)

where NM is the normal vector to the boundary in the doubled space. In the case where we
solve the section condition by setting the derivatives in directions of the winding coordinates
to zero this is given by
NM =



nµ
1
− √2 Cαβµ nµ



,

(5.30)

where nµ is the normal to the boundary in non-extended space.

5.5 The Gauge Structure
Let us now look beyond the specific SL(5) example presented above. First we shall discuss the
gauge structure which we shall see exhibits a rather intricate ghost structure. In conventional
geometry diffeomorphisms are generated by the Lie derivative
δu vm = Lu vm = [u, v]m = un ∂n vm − (∂n um )vn .

(5.31)

It is useful to view the first term as a transport term and the second as a gl(n) transformation
matrix (∂n um ) acting on an object in the fundamental. In the M-theory context one may look
for a similar structure but with the algebra en (together with a real scaling) playing the role of
gl(n). That is one is led to consider gauge variation and derivative of the form
δU V M = LU V M = U M ∂ M V N − α( Padj ) M N P Q ∂P U Q V N + β∂ N U N V M ,
25 A

similar result holds for the DFT case.

84

(5.32)

where α and β are constants to be determined and Padj denotes the projection of the tensor
product R1 ⊗ R̄1 to the adjoint representation (R1 is the coordinate representation as given in
table 2). We may refer to this object as a generalised Lie-derivative or in keeping with the
terminology introduced previously a D-derivative. An alternative view is to just consider
adding to the conventional Lie derivative a group theoretic contribution given by the ansatz

LU V M = LU V M + Y MN PQ ∂ N U P V Q ,

(5.33)

where Y MN PQ is to be determined and built from the invariant tensors of the U-duality group.
Just as with DFT, we introduce the C-bracket given by the antisymmetrisation of the D-derivative
1
[[U, V ]] = (LU V − LV U ) .
2

(5.34)

The tensor Y can be completely determined by requiring that the D-derivatives close on an
algebra given by

[LU , LV ] = L[[U,V ]] .

(5.35)

By performing the commutators one immediately encounters a constraint of the form
Y MN PQ ∂ M ⊗ ∂ N = 0 .

(5.36)

This equation is roughly speaking the section condition. There are some further conditions on
Y detailed in [238] that completely determine the full form of these tensors to be26
SL(5) :
SO(5, 5) :

Y MN PQ = ǫiMN ǫiPQ ,
Y MN PQ =

1 i MN
(γ ) (γi ) PQ ,
2

E6(6) :

Y MN PQ = 10d MNR d¯PQR ,

E7(7) :

1
(M N)
Y MN PQ = 12c MN PQ + δP δQ + ǫ MN ǫPQ .
2

The same structure is present in the O(d, d) DFT case for which the tensor takes the form
Y MN PQ = η MN ηPQ . In all cases there is a rearrangement that allows one to cast the derivative
exactly in the form of eq. (5.32) with a projector to the adjoint. These results were found for
the case of SL(5) in [239] with the general case given by [20] and further developed in [238].
We require also that the Jacobi identity still holds in a suitable sense. To see that this is
= ǫimn,pq is the SL (5) alternating tensor; (γ i ) MN are 16 × 16 MW representation of the SO(5, 5) Clifford
algebra (they are symmetric and (γ i ) MN is the inverse of (γ i ) MN ); d MNR is a symmetric invariant tensor of E6
normalized such that d MNP d¯MNP = 27; c MNPQ is a symmetric tensor of E7 and ǫ MN is the symplectic invariant
tensor of its 56 representation. In all cases except E7(7) , the tensor Y is symmetric in both upper and lower indices.
26 ǫ

iMN
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indeed the case one notes that the symmetric part of LU V,
1
((U, V )) = (LU V + LV U ) .
2

(5.37)

generates a trivial (zero) transformation L((U,V )) = 0. The Jacobiator can be expressed as
Jac(U, V, W ) =

1
(([[U, V ]], W )) + cyclic .
3

(5.38)

Then although the Jacobi identity does not hold in itself, when viewed as a gauge transformation the Jacobiator generates zero transformations.
We must now ask how these derivatives account for the gauge parameters of the underlying supergravity. Diffeomorophisms of the metric account for n parameters, the gauge pa1
n −1
rameters associated to C3 provide (n−
2 ) and for C6 we have ( 5 ). The counting of gauge

parameters for p-forms is slightly subtle because of reducibility; one would at first say that
δC3 = dΛ2 accounts for (n2 ) parameters however this over counts since n parameters of the
form Λ2 = dΛ1 need to be subtracted, but this in turn now under counts and we need to
add back a single parameter of the form Λ1 = dΛ0 . In total the gauge transformations of C3
1
n
contribute (n−
2 ) = ( 2 ) − n + 1 parameters.

A novel feature of the generalised D-derivatives introduced above is that they actually
display infinite reducibility or ghosts and ghosts for ghosts. Lets give an example to see this
more clearly and, for the sake of variety, we choose n = 5 where the group is G = Spin(5, 5)
and the coordinates are in the 16. The derivative is given by (contracted spinor indices implicit)
1
1
LU V = (U∂)V β + (∂γ ab U )(γab V )α + (∂U )V α
8
4

(5.39)
αβ

One finds that by virtue of the section condition, transformations of the form U α = γa ∂ β ξ (a1)
automatically vanish. This gives rise to a first order reducibility in the 10. However for ξ (α1) =
αβ

(∂γ a ξ (2) ) , one finds that using an appropriate Fierz identity that U α = γa ∂ β ξ (a1) = 0 which
gives a second order reducibility in the 16. This continues with a third order reducibility in
the 45 and so on. One can derive a partition function for this reducibility
Z5 (t) = (1 − t)−16 (1 − t2 )10 (1 − t3 )−16 (1 − t4 )45 × . . .

(5.40)

which is of the form Z = ∏ k (1 − tk ) Ak where Ak is (−1)k times the dimension of the kth order
reducibility. Then the total number of gauge parameters is given by the regulated alternating
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sum ∑k Ak . One can show that the full partition function in this case can be expressed as
Z5 (t) = (1 − t)−11 (1 + t)(1 + 4t + t2 ) ,

(5.41)

and from which one can extract ∑k Ak as the exponent of the term that becomes singular at
t = 1. In this case there are 11 gauge parameters exactly in accord with the conventional
counting 11 = 5 + (42) described above. The same approach yields partition functions for
n ≤ 7 which all give the correct counting of gauge parameters. Intriguingly, this counting of
gauge parameters works even for n = 8 even though the algebra does not close correctly.

5.6 The Section Condition Revisited
The coordinates of extended spacetime live in a representation R1 of the U-duality group and
the section condition is given by projecting out a certain representation R̄2 :

(∂ ⊗ ∂)|R̄2 = 0 .

(5.42)

The section condition reduces the dynamics of the theory to take place on a subspace whose
dimension is that of physical spacetime. Different solutions to the section condition thus relate
theories in different duality frames. We saw above that the section condition was required also
to close the gauge algebra.
However as formulated above the section condition is a rather unwieldy mathematical
object. It would be desirable to have a linear constraint that defines the same subspace. We
are reminded of how a pure-spinor in generalised geometry does exactly this by defining its
maximal isotropic annihilator. We seek a generalisation of this concept for the U-duality case.
We introduce an auxiliary object Λ in some representation R̄3 that is constrained (much as a
pure spinor is constrained) by a relation of the form
Λ2 | P = 0

(5.43)

for some representation P with which a linear section condition can be formed by
Λ ⊗ ∂| R̄4 = 0 ,

(5.44)

where the representation R4 is to be determined. Let us give two explicit examples of this
construction and for details of other cases we refer the reader to [238].
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5.6.1

n=4

In this case G = SL(5) and we have R1 = 10 and R2 = 5 and so the section condition is given
by
eabcde ∂bc A∂de B = 0 ,

a = 1...5.

(5.45)

Instead we introduce an auxiliary Λ a in the R3 = 5̄ and consider the linear section condition
Λ[ a ∂bc] = 0

(5.46)

which transforms in the R̄4 = 10. If we choose a particular choice for Λ, for instance Λ1 6= 0
with other components vanishing we find the linear section condition would imply ∂23 =
∂24 = ∂25 = ∂34 = ∂35 = ∂45 = 0 and then clearly the non-linear section condition is obeyed.
The linear section condition serves to reduce the dynamics to a four-dimensional physical
space. (In this case Λ was not subject to any additional “purity” constraint.)
5.6.2

n=5

In this case G = Spin(5, 5) and we have R1 = 16 and R2 = 10 and so the section condition is
given by
γ aαβ ∂α A∂ β B = 0 ,

a = 1 . . . 10 ,

α = 1 . . . 16 .

(5.47)

We introduce an auxiliary spinor Λα in the R3 = 16 and further more invoke a purity constraint
(and in this case we really do mean a conventional pure spinor of Spin(5, 5) which has 11
independent components). With this the linear section condition may be expressed as
0 = Λα (γ ab )α β ∂ β

(5.48)

which transforms in the R̄4 = 45. To see that this does the job one makes use of the identification between spinors and forms so that we may write Λ as the sum of odd forms and ∂ as the
sum of even forms:
Λ = φ + u[ ab] + t[ abcd] ,

∂ = ∂ a + ∂[ abc] + ∂[ abcde] ,

a = 1...5 .

(5.49)

The pure spinor constraint on Λ determines the four-form piece in terms of the other components. If we choose only the zero-form component of Λ to be non-zero we find, using the
Mukai pairing of forms, that this sets to zero the three-form and five-form components of ∂.
What remains are the five components in the direction of the one-form component of ∂. This
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provides a solution to the non-linear section condition and serves to reduce the dynamics to a
five-dimensional physical space.

5.7 Construction of Generalised Metrics
The technique of non-linear realisation is rather algebraically involved but let us sketch it with
an example omitting the computational details. It has its origins in the work of Borisov and
Ogievetsky [240]. Here we work with SL(5) but details of the other cases can be found in [19].
The essential trick is to consider not just SL(5) but rather its motion group. The motion group
is the semi-direct product of a group with a representation; the Poincaré group is formed by
taking the semi-direct product of translations and the Lorentz group. In this case the motion
group of SL(5) will be the semi-direct product of SL(5) with translation generators in the
ten-dimensional extended spacetime. The 24 trace free generators of SL(5) obey

[ M a b , M c d ] = δbc M a d − δda M b c

a = 1...5 .

(5.50)

The ten translation generators Pab = P[ ab] are normalised so that Tr( Pab Pcd ) = δac δbd − δad δbc
and have a commutator
2
[ M a b , Pcd ] = 2δ[ac Pd]a + δba Pcd .
5

(5.51)

It is useful to decompose under GL(4) × U (1). Under this adjoint splits as 24 → 10 + 150 + 43 + 4̄−3
which we write as
Mba → K, K i j , Rijk , Rijk ,

(5.52)

and similarly for the translation generators
Pab → Pi , Z ij .

(5.53)

Full details of the commutators in this basis can be found in [19]. One begins by defining the
metric on the extended spacetime by introducing a group element
i

gl = ex Pi e

√1 y jk Z jk
2

(5.54)

from which we obtain the left-invariant one-forms
1
gl−1 dgl = dxi Pi + √ dy jk Z jk = dX M PM
2
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(5.55)

where we revert to the notation of X M being the coordinates in the 10 and PM the generators
of the translations. This defines the tangent space metric
Tr( gl−1 dgl ⊗ gl−1 dgl ) = δij dxi dx j + δij,kl dyij dykl .

(5.56)

To introduce fields we now perform a conjugation by a second group element
j

i

1

gE = ehi K j e 3! Cijk R

ijk

(5.57)

where h essentially defines the graviton and C the three-form of supergravity. One finds that
1 −1
A
M
g−
E ( gl dgl ) gE = E M dX PA ,

(5.58)

defines a vielbein for the generalised metric on extended spacetime, namely

M MN = E M A E N B δAB

(5.59)

After some work, using the exact form for the group commutators and various applications of
the Baker-Campbell-Hausdorff formula, it can be shown that the metric obtained in this way
coincides with the one presented earlier up to an overall rescaling factor of the det g (which
can be redefined away should one so desire).
This general construction corresponds to the explicit formulations given for the SO(5, 5)
duality group in [18], the E7 formulation of Hillmann which is close related to this work [241].
Recent progress towards an E8 formulation has been reported in [242].
This is all part of what is known as the E11 programme which has been developed over a
number of years by Peter West and collaborators. Already in 2003 it was proposed to consider
the non-linear realisation of E11 and its first fundamental represenations [243]. This introduced
a generalisation of our usual notion of spacetime to include additional coordinates and it was
equiped with a corresponding generalised vielbein. As the first fundamental representation
contains all brane charges [244, 245, 246, 247] there is a one to one correspondence between
the coordinates introduced and brane charges. This construction has be used to find all the
gauged maximal supergravities in five dimensions [248].
In [212], West constructed this non-linear realisation, at level zero from the IIA viewpoint,
and the result was a dynamics that contained the NS fields and agreed with that of double
field theory. This work was extended [213] to level one and the RR sector of IIA supergravity.
In fact, the embedding of the finite exceptional algebras into E11 has one specific technical
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advantage which is that the appropriate measure emerges for the action which is not the case
if one uses other realisations.

5.8 Relation to DFT
Given their evident similarities it is natural to ask exactly how do the U-duality invariant
theories described above relate to the DFT introduced in the previous chapter.
Of fundamental importance in the string theory duality web is the relationship between
eleven-dimensional supergravity and type IIA supergravity in ten-dimensions as described
in [13] which we now outline schematically. We begin with the bosonic sector of elevendimensional supergravity consisting of a metric and a three-form C3 whose action is given
by
S

(11)

1
=
2

Z

√



1
d x g R − F42
48
11



1
− F4 ∧ F4 ∧ C3 .
6

(5.60)

We reduce to ten dimensions along an S1 direction, labelled by the coordinate z, taking an
ansatz
ds211 = g̃2ij dxi dx j + e2γ (dz + C1 )2 ,

C3 = C3 + B ∧ dz .

(5.61)

This results in an action for the massless fields of the form (the ellipsis indicates C1 and C3
terms)
S(10) =

1
2

Z

d10 x

p

g̃eγ



˜ 2γ −
R[ g̃] − 2(∂γ)2 − 2∇

1
H H ijk e2γ
12 ijk



+... .

(5.62)

At first sight this does not look like the action of type II supergravity but it can be brought in
to the correct form by performing a Weyl rescaling and identifying the scalar of the KK ansatz
in the following manner:
g̃ij = e−γ gij ,

γ=

2
φ,
3

(5.63)

where φ is the dilaton. The result of doing this is to arrive exactly at the action of type IIA
supergravity (with C1 and C3 being the relevant RR potentials)
S IIA =

1
2

Z

M10

√

"

g e

−2Φ



1
R + 4(∂Φ) − H 2
12
2



1
−
2



1
1 2
F + F2
2 2 4! 4

#

1
− C3 ∧ dC3 ∧ B .
2

The relation between the KK scalar γ and the dilaton φ leads to one of the most famous results
of M-theory: it relates the radius of the M-theory circle to the string coupling according to
2

2

R11 = eγ = e 3 φ = gs3 . The Weyl rescaling also implies that masses of the KK modes are of
order gs−1 ; consistent with their interpretation as D0 bound states.
Now we turn to the reduction of the duality invariant M-theory. We anticipate that there
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ought to be a relationship between the En covariant theory and the SO(n − 1, n − 1) DFT. From
a representation theory perspective this can be understood by the embedding of the Dynkin
diagram of the latter into the former (for the E10 perspective see [249] and the E11 perspective
[212, 213] ). Here we take a more pedestrian approach [250] that tries to reproduce the above
dimensional reduction in the duality invariant context. Since we do not yet have a U-duality
invariant formulation for the full eleven-dimensional theory we must work with the 1 + n dimensional prototype M-theory described by eq. (5.11). This introduces some subtleties. Whilst
the metric and two-form sectors of the theory are dimensionally insensitive, the dimensional
reduction in the dilaton sector must be treated with some care. When reducing the 1 + n dimensional gravity theory of eq. (5.11) to 1 + (n − 1) dimensions, the relation between the KK

scalar and the would-be dilaton needs to be modified to (2 − n2 )γ = −2φ such that after the
Weyl rescaling the NS sector has a common e−2φ pre-factor. Also the coefficient of the dilaton

kinetic term is sensitive to the dimension.
As ever we illustrate this with a specific example; in this case the reduction from SL(5)
invariant M-theory to SO(3, 3) invariant DFT. The extended spacetime of the SL(5) theory is
ten dimensional consisting of four regular coordinates and six winding coordinates. It is evident that one must reduce one regular coordinate (the S1 reduction above) and three winding
coordinates so as to arrive at the three+three dimensional extended space of the Double Field
Theory. In essence we use the decomposition of the antisymmetric representation of SL(5) to
a vector plus a spinor of SO(3, 3) i.e. 10 → 6 + 4.
For the remainder of this section we will make a small notational change: to avoid confusion we shall label indices in the vector representation of the extended M-theory spacetime
with hatted Roman letters. The ten coordinates of the SL(5) geometry are X M̂ = X ab =

( X µ5 , X µν ) ≡ ( xµ , 21 η µναβ yαβ ) where we have indicated the decomposition under SL(4). We

will further decompose the SL(4) indices under SL(3) so that e.g. X µ5 = xµ = ( xi , z). Correspondingly the derivatives decompose under SL(3) as ∂ M̂ = (∂z5 , ∂i5 , ∂ij , ∂iz ).

To perform the reduction we will assert that any derivative carrying a “z” index is set
to zero. The coordinates that survive the dimensional reduction are thus given by X M =

( xi , x̃i ) = ( xi , yzi ) . Let us first explore the consequence of this for the section condition
ǫabcde ∂bc • ∂de • = 0 .

(5.64)

0 = ǫzbcde ∂bc • ∂de • = ǫzijk5 ∂ij • ∂k5 • = ǫijk ∂ij • ∂k5 ⇒ ∂˜ i • ∂i • = 0

(5.65)

The a = z component of this yields,
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which is the corresponding section condition for DFT after making the identification ∂i5 ≡ ∂i

and ǫijk ∂ij ≡ ∂˜ k . The remaining components of the SL(5) section condition are automatically

solved by virtue of the reduction ansatz. Equally we can consider the reduction of the generalised derivative and show in a similar way the SL(5) derivative reduces exactly to that of the
SO(3, 3) DFT [239].
Now let us consider the generalised metric. It is straightforward, but somewhat tedious,
to insert the KK ansatz of eq. (5.61) into the generalised metric M M̂ N̂ for SL(5) which was
given explicitly in eq. (5.16). It suits us to reorder coordinates such that X M̂ = (X M ; Xα ) =

( xi , x̃i ; z, yij ) i.e. we shuffle components so that the top left 6 × 6 block of M M̂ N̂ now represents
the reduced generalised metric in ‘external’ directions and the bottom right 4 × 4 represents
the ‘internal’ metric. One finds that the generalised metric may be written in the form
M M̂ N̂ =

e−γ H MN + e2γ C Mα G αβ C Nβ
e2γ C Nβ

e2γ C Mα
e2γ Gαβ

!

.

(5.66)

Here one immediately recognise the generalised metric of DFT of eq. (3.4) entering in the top
left hand corner. The metric on the internal space Gαβ , like H MN , depends on the NS fields and
is given by

Gαβ =

1 + 12 bij bij
√1 bkl
2

1
2

√1 bij
2

gki g jl − gil gkj

!

.

(5.67)

Just as H describes an O(3, 3)/O(3) × O(3) coset representative we can think of the internal
metric as describing the same but in the spinor representation i.e. an SL(4, R )/SO(4) representative (the spin cover of SO(3, 3) is the real form SL(4, R )).27 The off diagonal entries C Mα ,
which carry both a vector and a spinor index, contain all the dependence on the RR fields C1
and C3 . However, since the RR potentials contain only a spinors worth of degrees of freedom,

C Mα is reducible.
Furthermore the form of eq. (5.66) resembles a KK ansatz. Thus we may summarise the
key result with the motto: The standard KK dimensional reduction ansatz gets lifted to a doubled KK
reduction in the extended spacetime.
The reduction then proceeds by brute force, simply plugging the doubled KK ansatz of
eq. (5.66) into the action defined in eqs. (5.23) and (5.24) and setting derivatives in the internal
directions to zero. An instructive example of the manipulations involved is that
M K̂ L̂ ∂ M MK̂ L̂ = H KL ∂ M HKL + G αβ ∂ M Gαβ + 2∂ M γ .

(5.68)

this is not completely accurate since the internal metric is not uni-modular but has a determinant g−2
but, as mentioned previously, there is some freedom to rescale the generalised metric by such a factor.
27 Actually

93

The factor G αβ ∂ M Gαβ gives rise to a term like tr( g−1 ∂ M g) which the very alert reader will realise
is what is needed to obtain the derivative of the DFT T-duality invariant dilaton.
The result of this procedure is that one does indeed recover the NS sector of the DFT given
in eq. 4.53. There are two subtleties worth commenting on: firstly as discussed already the fact
we are not reducing from eleven (regular) dimensions to ten gives some different identification
between the dilaton and the KK scalar γ.28 Secondly in the M-theory approach time remains
undoubled and moreover the lapse function has been gauged fixed to unity in eq. (5.23) which
must be properly taken into account when performing the Weyl rescaling.
With regard to the RR sector, one finds upon dimensional reduction that the only terms
with RR fields are again quadratic in derivatives and have the structure


β
VRR ∝ Gαβ ∂ M CKα ∂ N C L H MN H KL − 3H MK H NL .

(5.69)

Upon expanding into its constituent undoubled fields this can be seen to correctly package RR
terms of the type II theory (restricted to 1+3 dimensions). The reducibility of C Mα then allows
this to be recast to match the formulation of section 4.7.1.

5.9 Relation to Gauged SUGRA
The construction of gauged supergravities, that is to say supergravity theories which can accommodate the non-Abelian gauge symmetries of Yang-Mills theories, has a long history dating back to almost the earliest days of supersymmetry. A breakthrough was the discovery in
early 1980’s by de Wit and Nicolai of the SO(8) gauging of four-dimensional maximal (N= 8)
supergravity [251, 252]. This gauging can be viewed as a supersymmetry preserving deformation of the un-gauged theory and, although the global E7(7) of the theory is explicitly broken,
the local SU (8) invariance in preserved.
In general we can consider the process of gauging wherein some subgroup of the global
symmetries of a supergravity theory are promoted to gauge symmetries. In the context of
the maximally supersymmetric theories obtained by toriodal reduction of eleven-dimensional
supergravity to D = 11 − d dimensions one may consider some subgroup of the G = Ed(d)
symmetry and promote it to a local symmetry in a consistent way preserving all the supersymmetries.
28 Indeed, for n = 4 one can see that the relationship between the dilaton and the KK scalar becomes ill-defined.
in this case one can only demonstrate the equality under the assumption that γ = φ = 0 (the DFT T-duality
invariant dilaton remains however non-zero).
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Importantly, although a given choice of gauging will explicitly break the global Ed(d) symmetry, the structure of admissible gaugings are controlled by this global symmetry. This lies
at the heart of the modern “embedding tensor” approach to gauged supergravities. This universal approach introduces a tensor that describes how the gauge generators are embedded
into the global symmetry group (for a review see [253]). Thought of as a spurionic object, the
embedding tensor provides a Ed,(d) covariant description of the gauged supergravities.
It has been argued for some time that the lower dimensional gauged supergravities hint at a
higher dimensional origin beyond the standard eleven-dimensional supergravity: in [248, 254]
Riccioni and West considered the application of E11 techniques to gauged supergravities and
the tensor hierarchy considerations of de Wit, Nicolai and Samtleben [255] led to the suggestion that gauged supergravities probe M-theoretic degrees of freedom not captured by the
conventional supergravity.
Indeed, we saw in the preceding chapter there was a powerful relationship between the
Scherk-Schwarz reduction of the O(n, n) symmetric Double Field Theory and lower dimensional electric gaugings of half-maximal supergravity. The reduction of Double Field Theory permits a higher dimensional origin to gauged supergravities in which so-called nongeometric fluxes are rendered purely geometric in the extended spacetime. Here we will outline the same mechanism in the context of the U-duality invariant M-theory. The study of
compactifications of M-theory on twisted tori and the relation with gauge supergravity was
also considered in e.g [256, 257, 100, 258, 259, 260, 88]. Here we shall see how the embedding
tensor and local gauge symmetries arise naturally from the generalised Lie derivative of the
higher theory and that the dimensional reduction of the action reproduces expected features
such as a non-trivial scalar potential.
Beyond this very elegant description of the gauged supergravities, a key feature of this
work is that it represents a consistent relaxation of the section condition. This is of deep significance; it represents a first step in which the full geometry of the extended spacetime plays
an active role and explores the structure of the duality invariant theory beyond conventional
supergravity.
To make this section pedagogical we shall provide next a short précis of the embedding
tensor approach to gauged supergravities (see [253] for a more comprehensive treatment and
references within) before turning to the Scherk-Schwarz reduction which we shall describe
in some detail in the case of SL(5) and then outline the extension to higher rank exceptional
groups.
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5.9.1

The Embedding Tensor and Gauged Supergravity

We consider the maximal supergravity theory in D = 11 − d with the global symmetry group
Ed(d) . In addition, this global symmetry can be complemented with the action of R + which is

an on-shell conformal rescaling symmetry for D 6= 2 known as the trombone symmetry. Thus

we shall consider gaugings in which some subgroup H ⊂ G = Ed(d) × R + is promoted to a
gauge symmetry. Let us denote by tα the generators of g, the algebra of G, and let M = 1 . . . nv

label the nv vector fields of the ungauged theory. The embedding tensor, Θ, describes the
embedding of H into G and singles out the gauge generators according to
X M = Θ M α tα .

(5.70)

The number of gauge generators is determined by the rank of this embedding tensor and
covariant derivatives are obtained by
Dµ = ∂µ + gAµM X M .

(5.71)

A given choice of Θ will single out a particular gauged theory and thus break the global symmetry, but we can work without specifying a choice for Θ and thereby retaining G as spurionic
symmetry. In addition to defining the gauged covariant derivatives the embedding tensor also
determines in a universal way the form of the scalar potential required by supersymmetry.
There are two vital consistency conditions for the theory. The first is a closure condition
which arises from imposing that the embedding tensor is invariant under the gauge symmetry.
This reads

[X M , X M ] = X MN P XP ,

(5.72)

in which we have introduced “structure constants” which are the embedding tensor in the
adjoint X MN P = ΘαM (tα ) N P . It is important to note that this is not a standard closure condition;
X MN P need not be antisymmetric in its lower indices (and it generally isn’t). It is only the
P X into the gauge generators that must be anti-symmetric. The symmetric
projection of X MN
P

part of X MN P gives rise to a non-standard Jacobi identity (the Jacobiator does not vanish but
again will do so upon contraction into a gauge generator). The second constraint is a linear
one that ensures supersymmetry; in general it is given by the vanishing of a certain projector
of the embedding tensor. These results are summarised in table 5.9.1
For instance, in the case of D = 7 [261] the vectors of the un-gauged theory lie in the
10, two-forms in the 5 and the scalars parametrise an SL(5)/SO(5) coset. The gaugings are
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Table 5: The allowed representations of the embedding tensor for selected dimensions; the first
column of the allowed representations correspond to trombone gaugings and the final column
denotes representations projected out by the supersymmetry constraint.
d
4
5
6
7

G
SL(5)
Spin(5, 5)
E6,(6)
E7,(7)

Θ
10 ⊗ 24
16s ⊗ 45
27 ⊗ 78
56 ⊗ 133

Allowed
10 ⊕ 15 ⊕ 40
16s ⊕ 144c
27 ⊕ 351
56 ⊕ 912

Projected
175
560s
1728
6480

specified by the embedding tensor Θmn,p q with generators of the gauge group given by Xmn =
Θmn,b a Tab . A priori, Θmn,p q , lies in the product 10 ⊗ 24 which decomposes as
Θmn,b a ∈ 10 ⊗ 24 = 10 ⊕ 15 ⊕ 40 ⊕ 175.

(5.73)

The linear supersymmetry constraint is as projection Θ|175 = 0 and the surviving components
of the embedding tensor may be written as
5
a
Θmn,b a = δ[am Yn]b − 2ǫmnrsb Zrs,a − θkl ( Tba )kl
mn + θmn δb ,
3

(5.74)

where θ, Y and Z are in the 10, 15 and 40 respectively and ( Tba )kl
mn are the SL (5) generators
in the antisymmetric representation. The components θmn in the 10 are those associated with
trombone gaugings. The quadratic closure constraint requires that
Z mn,p Xmn = 0 .

(5.75)

The scalar potential, at least in the absence of trombone gaugings, is given by
Vgauged =



1  ab
2m Ybc mcd Yda − (m ab Yab )2 + Z ab,c Z de, f m ad mbe mc f − m ad mbc me f .
64

(5.76)

where mmn is the paramterisation of the scalar coset in the fundamental representation (it may
be related to the M MN that has been encounter already as M MN = Mmn,pq = mmp mnq −
mmq mnp ).
5.9.2

Scherk-Schwarz Reduction of the SL(5) U-duality Invariant Theory

We now consider the Scherk-Schwarz reduction ansatz in the SL(5) U-duality invariant theory
and its comparison to the seven-dimensional gauged supergravities introduced above [262].
In line with the discussion in section 5.3, we would ideally start with conventional eleven97

dimensional spacetime split into the product of some seven-dimensional manifold M7 (with
coordinates x(7) ) and four-dimensional M4 where the U-duality acts. The later would be the
internal manifold of a conventional reduction but in the U-duality invariant framework it is
replaced with a ten-dimensional extended space, with coordinates X M . We would then be able
to define a seventeen-dimensional theory in which SL(5) acts linearly and is a manifest symmetry. We then would perform a Scherk-Schwarz reduction in the ten-dimensional extended
space to arrive at a conventional gauged supergravity in seven dimensions.
However, the present technical limitations mean that the SL(5) invariant theory we are
considering is defined in time plus a ten-dimensional extended space (we repeat that we see
no reason why this restriction could not be relaxed in due course). The result of performing
the Scherk-Schwarz reduction in the ten-dimensional space will be a one-dimensional action.
Thus we do not directly reproduce all the features, and indeed field content, of gauged supergravity in this way. In particular we don’t have the gauge fields which would arise from
off-diagonal terms i.e. objects with internal/external mixed indices. Although we will not be
able to obtain the gauge sector of the theory we will however recover the scalar potential of
the theory given in eq. (5.76). Moreover we will obtain directly expressions for the embedding
tensor in terms of the Scherk-Schwarz twist.
The reduction ansatz is that all X M dependence of fields and gauge parameters is encapsulated by a SL(5) “twist” matrix:
Q M ( x(7) , X ) = W M Ā (X ) Q Ā ( x(7) ) .

(5.77)

It will be useful in what follows to note that the twist in the 10 can be written in terms of a
matrix in the fundamental according to W M Ā = W mn āb̄ = V a [ ā V b b̄] . For clarity we shall place
bars over indices on quantities that only depend on x(7) (here we use x(7) to denote the external
coordinates even though, in the prototype M-theory we consider, these consist only of the time
direction).
Let us first consider the gauge symmetries of the dimensionally reduced theory. These are
obtained by substitution of the ansatz eq. (5.77) in to the generalised Lie derivative introduced
in eq. (5.33). The result is that


(LU V ) M = W M Ā (LŪ V̄ ) Ā + XB̄C̄ Ā U B̄ V C̄

(5.78)

where the first term in parenethisis is just the derivative acting on the x(7) dependent part of
the field V and the second term encodes the effect of introducing the Scherk-Schwarz twist
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and indicates the presence of a gauge symmetry. The would be structure constants have the
form
XB̄C̄ Ā = Xc̄d,¯ ē f¯ āb̄ =

1
1 āb̄
W mn W pq c̄d¯∂ pq W mn ē f¯ + δēāb̄f¯ ∂mn W mn c̄d¯ + 2W āb̄ mn W mp ē f¯ ∂ pq W qn c̄d¯ . (5.79)
2
2

One can see from this that these structure constants are manifestly not anti-symmetric in their
lower indices. We find immediately a first constraint on the form of the Scherk-Schwarz twist:
it should be choosen such that the XB̄C̄ Ā are indeed constants.
At this stage we can make direct contact with the embedding tensor described in eq. (5.74)
and extract the components in the 10 ⊕ 15 ⊕ 40 as
10 :


1  m̄
n
m̄
m
θc̄d¯ =
Vn ∂c̄d¯Vm̄ − Vn ∂m̄[c̄ Vd¯] ,
10

15 :

Yc̄d¯ = Vnm̄ ∂m̄(c̄ Vdm
¯) ,

40 :

Z m̄n̄, p̄ = −

(5.80)


1  m̄n̄ī j¯k̄ p̄
¯
[m̄
|t|
ǫ
Vt ∂ī j¯Vk̄t + Vt ∂ī j¯Vk̄ ǫn̄]ī jk̄ p̄ .
24

Something rather remarkable about this should be emphasised: we started with a generalised
Lie derivative in an extended spacetime whose form was determined by closure and compatibility with U-duality, no extra assumptions about supersymmetry were made. Here we find
that not only does this Lie derivative give rise to the gauge symmetries associated with the
lower dimensional gauged supergravity, only the representations allowed by supersymmetry
are present (there is no component in the 175 entering in eq. (5.78)). We may thus conclude
that the U-duality generalised derivative already secretly “knows” about supersymmetry.
A second constraint follows from considering the closure conditions. We recall that prior
to twisting the generalised Lie derivative closed on the Courant bracket up to the section condition, i.e. we have a closure rule of the form

L[U1 ,U2 ]C V M − [LU1 , LU2 ]V M = F M ,

(5.81)

where the anomalous term F M vanished on the section condition. One way to determine the

correct closure constraints in the case at hand would be to explicitly evaluate F M with the
gauge parameters obeying Scherk–Schwarz ansatz. Instead we may simply evaluate the lefthand side of the above relation and use the form of eq. (5.77). Suppressing all dependance on
the coordinates of M7 one obtains the invariance condition

[X Ā , XB̄ ] = − X[C̄Ā B̄] XC̄ .
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(5.82)

Moreover, from demanding that X Ā B̄ C̄ be not just constant but an invariant object under the
local symmetry transformations one recovers the constraint
X(C̄Ā B̄) XC̄ = 0 .

(5.83)

Let us emphasise one important point here: whilst it is evident that invoking the section condition is sufficient to satisfy these constraints it not a necessary condition. Indeed a ScherkSchwarz reduction permits explicit, albeit constrained, dependance on the extra coordinates
of the extended spacetime.
We can now turn to the action defined in eq. (5.23) and eq. (5.24). As discussed above, since
the U-duality invariant formalism truncates the external manifold to just the time direction, we
don’t fully capture all the field content of the gauged supergravity. However we can obtain
the scalar potential of the theory and it is this which we shall now outline.
We recall the potential of eq. (5.24) was given by

p

with
V1 =
V3 =

1
V = V1 + V2 + V3 + V4
det g

1
M MN (∂ M MKL )(∂ N MKL ) ,
12

1
M MN (MKL ∂ M MKL )(M RS ∂ N M RS ) ,
12

(5.84)

1
V2 = − M MN (∂ N MKL )(∂ L MKM ) ,
(5.85)
2
1
V4 = M MN M PQ (MKL ∂ P MKL )(∂ M M NQ ) .
4

In addition to this we may include, with impunity, any extra terms which vanish when the
section condition is invoked. One such term is given by
V5 = ǫaMN ǫaPQ E RA M RS ESB ∂ M E AP ∂ N E BQ ,

(5.86)

B
A
A is a vielbein for the generalised metric M
where E M
MN = E M δ AB E N . This extra term is es-

sential in order to make the linkage with gauged supergravity One can now insert the ScherkSchwarz ansatz into these terms and compare with the literature on seven dimensional gauged
supergravity after rewriting the results in terms of the scalar coset representative mmn in the 5
rather than M MN in the 10. If an extra assumption is made that there is no trombone gauging
then the contributions from V3 and V4 drop out entirely and one finds that


1
¯ [q
l]
V1 + V2 − V5 = Vgauged + 2∂kl m pk mq̄l Vq̄ ∂ pq Vl¯ .
8

(5.87)

Thus up to a total derivative term that is dropped one does indeed recover the potential for
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the scalar fields required by gauged supergravity that was defined in eq. (5.76).
5.9.3

Comments on Higher Dimensions

The Y tensors introduced in section 5.5 govern the universal form for the generalised Liederivative,

LU V M = LU V M + Y MN PQ ∂ N U P V Q .

(5.88)

Inserting the Scherk-Schwarz ansatz into the generalised Lie derivative gives rise to the gauge
symmetries of the gauged supergravity and, as described for the case SL(5) above, gives an
expression for the would-be structure constants (or rather gaugings in the adjoint):
X Ā B̄ C̄ = 2W C̄ M ∂[ Ā W M B̄] + Y C̄D̄ ĒB̄ W Ē M ∂ D̄ W M Ā .

(5.89)

These are demanded to be constant and gauge invariant (giving rise to the correct closure
constraints of gauged supergravity). One can see that these are not anti-symmetric in the
lower indices since in general the final term has a symmetric part. For cases n ≤ 6 the relevant

tensor for En(n) can be written schematically as Y MN PQ = daMN daPQ where d is an invariant
tensor and a is an index in the fundamental of En . Then a short manipulation shows that
X( Ā B̄) C̄ ∝ dāC̄D̄ db̄ B̄ Ā Vmb̄ ∂ D̄ Vām .

(5.90)

As with the SL(5) case, one finds that only the representations allowed by supersymmetry
enter in the above expression for the gaugings. One may extract the forms of the components
of the embedding tensor directly from eq. (5.89). For instance the trace part of the gauging
gives the trombone components of the corresponding embedding tensor. The exact forms
have been extracted for the cases of E5 and E6 in [262, 263] and for E7 in [264].
One can also consider the reduction of the action. In general one finds that the extra term,
which vanishes on the section condition, that needs to be added to the action (c.f. eq. (5.86)) is
given by
V5 = Y PQ MN ∂P EαM ∂ Q E Nα ,

(5.91)

where EαM is the appropriate vielbein for the generalised metric. Including this term it can
be shown that the correct potential for gauged supergravity emerges upon Scherk-Schwarz
reduction. Further work developing the related geometrical concepts can be found in [264,
265, 266].
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6 Conclusions and Discussion
This review is of a subject in development. Despite the initial objections to the programme
due to the absence of a hierarchy of energy scales, there have been numerous successes. Perhaps most notably is the interpretation of gauged supergravities in terms of Scherk-Schwarz
reductions of the extended theory. This then provides the M-theory perspective on gauged
supergravities as arising from a single parent theory albeit one with additional novel extra
dimensions.
The doubled O(d, d) case has also proven to be formally much more successful than one
might have imagined. The quantum consistency of the theory, something that the faith in
string theory is built on, persists for the doubled string. The central charge counting, vanishing
of the one-loop β-function to give the background field equations and the modular invariance
of the genus one world-sheet partition function are all very nontrivial checks that the double
string passes at the quantum level. What is interesting is that these checks work without the
use of the section condition in the background so that they use the whole doubled space (and
in the case of the β-function its doubled geometry). Thus, the world-sheet quantum theory
sees the total doubled space albeit in a very particular way through chiral bosons on its worldsheet.
This theory is the natural environment for the so called non-geometric backgrounds. By allowing nontrivial topology in the extended theory we can produce backgrounds that would be
forbidden in usual geometry. These backgrounds emerge in so called exotic branes and in numerous other contexts and may even prove to be interesting phenomenologically. A detailed
study of the relevant topological quantities for the extended geometry is not yet complete.
Mathematically it would be related to the obstruction theory of the Lie Algebroid associated
with the generalised geometry. One would imagine that such obstructions- which in the usual
case of a tangent bundle give the obstructions to picking a global section- would provide the
charges associated to nongeometries. Related to this, Daniel Waldram has emphasised that it
appears the presence of the O( D, D ) or exceptional group structure requires the space to be
generally parallelisable. Then if the space does not obey the section condition this requirement
forces us into the Scherk-Schwarz case. Some preliminary discussion of global aspects is made
in [267].
The developments for the future will be split between using the formalism that has been
developed to provide new perspectives and the further development and understanding of
the formalism itself. As an example of the former, one may seek particular solutions to the
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equations of motion of the extended space and examine their interpretation from the usual
spacetime perspective. As an example of the later, the notion of geometry for these theories
is something of interest. The torsion formalism provides a very different perspective than we
are used to in normal general relativity. The absence of a description of the higher derivative
corrections to string theory- ie. curvature squared terms, makes one feel that something is
missing from the formalism itself.
Ultimately, the suspicion is that the theory is tied deeply to the presence of supersymmetry as seen by the physical section condition being identical to the condition for 1/2 BPS states
in the theory [115, 268, 269]. In the extended space all these 1/2 BPS states are massless or
tensionless objects [270, 271]. All the charges and effective masses/tensions arise through the
dimensional reduction of the extended theory. This means the extended theory has no real
scale (as seen by the R+ trombone symmetry). The implications of this are unclear but one
might hope that some of the physics of string theory beyond the Hagedorn transition might
be captured. It was noted in the original work on the Hagedorn transition by Atick and Witten
[272] that string theory at temperatures beyond the Hagedorn scale has thermodynamic properties in common with a theory of two times and that the physics beyond Hagedorn should
be a spacetime scale invariant theory. Currently, this perspective remains uninvestigated in
Double Field Theory.
The role of states that preserve less supersymmetry such as 1/4 BPS states, is unclear.
Looking at the simple case of Double Field Theory provides an interesting perspective. The
full level matching condition in doubled space is:
P I PI = α′ ( NR − NL ) .

(6.1)

So that for the zero mode sector where NR = 1, NL = 1 this equation becomes the section condition of the doubled theory which indeed is the doubled space light-cone condition P2 = 0.
Thus the section condition is a cone in doubled momentum space. The reader might be forgiven for thinking that this equation (6.1) is the mass-shell condition, since it relates momentum squared to oscillator number. Indeed in the doubled space the level matching condition
takes on exactly the form of the mass-shell condition in the doubled space. As soon as we
allow other oscillator numbers so that NR − NL 6= 0 then these states do not lie on the doubled
space light-cone. In fact summing over all allowed oscillators will allow us foliate the whole
of doubled momentum space. Of course the oscillators are quantised which means the doubled momentum space inherits this quantisation. This may have important implications for
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the quantisation of Double Field Theory. In the U-duality extended theory a similar structure
exists with the 1/2 BPS states again forming a cone in the extended momentum space [273]
and the states with lower supersymmetry filling out the cone and foliating the entire extended
momentum space. The quantisation now comes not from the string quantisation of oscillators
but simply from charge quantisation.
Summing over all generalised momenta (perhaps as one would do in a partition function
or in a loop diagram) will give a U-duality invariant quantity. This allows the sort of U-duality
invariant sums that have appeared in the higher derivative corrections to string theory [274] or
in black hole entropies to become geometric in an extended generalised geometry sort of way.
In normal M-theory the SL(2, Z ) of IIB comes from the compactification of eleven-dimensional
supergravity on a 2-torus. The result of this is that the IIB higher derivative terms come with
a piece that has its M-theory origins in a momentum sum around the torus [275]. This idea
can then be extended to the exceptional groups of U-duality with the derivative corrections in
lower dimensions being the generalisation of modular forms to the exceptional groups. These
may then be thought of as generalised momentum sums in the extended space. The decision of
whether one should include the section condition then is determined by the supersymmetry
of the quantity in question. If the quantity should be 1/2 superysmmetric then the section
condition must be applied to the momenta in the sum, if it is not then the section condition
should not be applied.
There are many more questions that one could consider such as: the full implications for
the open string sector; the U-duality geometry if there is such a thing beyond E8 ; and for E8 ,
the emergence of the dual graviton and its properties. There are so many research directions
still open that one expects further new perspectives on string and M-theory will emerge from
the formalism in the years to come.
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8 Appendix: A Chiral Boson Toolbox
Chiral p-form fields may be defined in D = 2( p + 1) dimensions as potentials with self-dual

( p + 1)-form field strengths. They are ubiquitous in supergravity and string theory; notable
examples being the self-dual Ramond-Ramond five-form in the type IIB theory and the selfdual three-form in the (2, 0) tensor multiplet on the world-volume of an M5 brane. Here we
will be most interested in the two-dimensional chiral boson which is essential to the duality
symmetric doubled formalism. In this case a chiral boson is simply one that obeys ∂− φ = 0.
We present a summary here but further details may be found in [136]. We first review the
classical situation and then provide some short discussion of the quantum situation.
A particular challenge with these chiral fields is to incorporate the self-duality condition
at the level of an action whilst at the same time preserving manifest Lorentz invariance. The
difficulties arise primarily because self-duality is a first order differential condition and gives
rise to second class constraints. In the approach of Siegel [276] a Lagrange multiplier is used
to invoke the square of the constraint with the action
S=

Z

d2 σ∂+ φ∂− φ − h+ + ∂− φ∂− φ .

(8.1)

The equations of motion imply ∂− φ = 0 and since h drops out of the equations of motion it is
a gauge degree of freedom. Indeed this action has a gauge symmetry
δh+ + = ∂+ ǫ− + ǫ− ∂− h+ + − h+ + ∂− ǫ− ,

δφ = ǫ− ∂− φ ,

(8.2)

which shows that the self-dual part of φ may be gauged away. A helpful way to view this
system is actually as a boson in curved space coupled to gravity in the lightcone gauge, that is
to say the Lagrange multiplier h is a component of metric
ds2 = dσ+ dσ− + h+ + dσ+ 2 ,

105

(8.3)

and the gauge symmetry is simply inherited from the diffeomorphisms.
A Lorentz invariant formulation for chiral p-forms was developed by Pasti, Sorokin and
Tonin [132]. The essence of this approach is to introduce auxiliary fields that furnish the theory
with a gauge invariance. This invariance serves to render the anti-self-dual part of the field
strength pure gauge. In fact in two dimensions the upshot of this approach is simply to take
the Siegel formalism and make use of a Beltrami parametrisation h++ ∂− a = ∂+ a such that
L PST = ∂+ φ∂− φ −

∂+ a
∂− φ∂− φ .
∂− a

(8.4)

with the PST gauge symmetry
δa = ζ ,

δφ =

∂− φ
ζ,
∂− a

(8.5)

which descends from the above diffeomorphism symmetry choosing ζ = ǫ∂− a. More generally one can consider the action
L PST = ∂+ φ∂− φ −

1
( u β P β )2
uα uα

(8.6)

where u is a closed one-form and P = 0 is the desired constraint. Locally u = da the action
reduces to eq. (8.4).
Finally let us remark that upon gauge fixing either the Siegel approach h = 1 or the PST
approach ∂+ a = ∂− a or uα = δα0 one arrives at the Floreanini–Jackiw Lagrangian [139]
L FJ = ∂− φ∂1 φ .

(8.7)

The action corresponding to (8.7) has both time translation and spatial translational symmetries with Noether charges related as H = − P which is to be expected for chiral dynamics.
The gauge symmetry
δα φ = α(t)

(8.8)

means that the equations of motion that follow from (8.7), namely
∂1 ∂ − φ = 0

(8.9)

may be integrated to give solutions which gauge equivalent to the desired chirality constraint
∂− φ = 0.
The quantisation of 2d chiral bosons is a subtle question about which the historical literature is rather ambiguous and often conflicting. The most clear cut case is the Floreanini-Jackiw
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formalism [139]. Here quantisation can be readily performed, there are no gauge symmetries
so nothing needs to be fixed. This is a first class system with a second class constraint so the
passage to the quantum theory can be achieved by means of Dirac brackets. As detailed in
[150] one finds that the single particle Hilbert space correctly implements the chirality constraint and consists of a continuum of states with E = k and with only positive (i.e. right
moving) k ≥ 0 excitations. It is in this formalism that some quantum questions of the doubled
formalism have been addressed [97, 138].
The case of the Siegel formulation is rather more divisive. One observation is that either
by using Hamiltonian reduction as described in [277] or Dirac procedure as in [278] the Siegel
formalism reduces to the Floreanini-Jackiw formalism and quantisation can proceed accordingly. An alternative approach would be to treat the Siegel gauge symmetry directly using
Faddeev-Popov [279] and BRST methods [280]. Doing so finds an immediate problem; that
Siegel symmetry is anomalous with an anomaly given by
δΓ[h+ + ] = −

c
12π

Z

d2 σǫ− ∂3− h+ + .

(8.10)

To counter this anomaly and to restore the symmetry at a quantum level, the authors of [279]
propose adding a Wess-Zumino term to the action
SWZ = κ

Z

d2 σh+ + ∂2− φ .

(8.11)

This extra term explicitly violates the classical gauge symmetry however, κ may be appropriately tuned (and including ghost loops where required), such that this contribution cancels
with that of eq. (8.10) leaving a quantum mechanically gauge invariant system. Unfortunately
this approach has difficulties when then coupled to world sheet gravity. It was further argued
[281] that such an approach is fundamentally inapplicable because the first class constraint associated to the gauge symmetry of the Siegel action is the square of a second class constraint.
The quantum aspects of the PST formulation are less discussed, though given the wide
use of the formalism rather important to understand. In [132] some classical arguments are
presented as to why the system may be well behaved quantum mechanically. Firstly it is observed that first class constraint for the PST symmetry is not the square of a second class one
and the objection of [281] can be avoided. Since the algebra of the constraints behaves like
a Virasoro algebra one can guess that its quantum commutator may acquire a central charge
which may be interpreted as the presence of an anomaly in the gauge symmetry. In [132] it is
argued that by appropriately modifying the definition of the constraint, without spoiling the
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property that it is classically first class, one can engineer a cancellation of the central charge in
the quantum constraint algebra. This argument was made at a rather heuristic level in [132]
and a step to making it more precise was made by Lechner in [135] where it was demonstrated
explicitly that upon coupling to gravity the only extra contributions to the expected gravitational anomaly of a chiral boson [282] were trivial (i.e. removable by local finite counter terms).
One might ask whether this can be made precise without the extra complication of coupling to
gravity. These comments not withstanding there remains an unresolved puzzle as discussed
in [136], since we can pass from the Siegel formulation to the PST by a Beltrami parametrisation, the results of Polyakov [283] can be used to immediately determine the one-loop effective
action which still has a non-vanishing variation under the PST symmetry.
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