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Abstract 
 

Millimetre and sub-millimetre wave systems have been applied in many areas, such as 

radio astronomy, remote sensing of the atmosphere, plasma diagnostics, material 

exploration. A Quasi-optical Network (QoN) is the most efficient approach to transport 

signals within such systems.  

The Gaussian beam summation method has proven to be a useful ray-tracing-based 

solution in designing the complex configurations of QoNs. An efficient approach, 

diffracted Gaussian beam analysis (DGBA) has been developed at Queen Mary, 

University of London. However, this version of DGBA can be only used for a 2.5-D 

analysis, for the following reasons: (1) the input Gaussian beams (GBs) should be 

stigmatic (circular); (2) all incident beams are approximated as normally incident, 

unable to treat oblique polar angles of incidence. So in this regard, there is a need to 

develop a 3D treatment of diffraction in DGBA. 

In this thesis, a 3D diffracted GB approach (3D-DGBA) to the analysis of multi-

reflector QoNs is presented. This new approach expands the input beam/field into a set 

of elementary GBs by using windowed Fourier transforms (WFT). The ensuing GBs 

propagate to the reflector. Reflected and diffracted beams are respectively handled by a 

phase-matching method and a 3D GB diffraction method. In addition, it is modular and 

suitable for analysis of large, multi-element, QoNs. 

A specific design procedure of multi-path, multi-reflector, QoNs is presented and two 

different kinds of dual-path QoNs are built and assessed. By analysing one of these 

QoNs, the new 3D-DGBA approach is verified experimentally, as well as compared to 

the original DGBA and GRASP predictions. It is observed that 3D-DGBA is more 

accurate than the original DGBA. For example, in one of the simulated cases, the far-

field deviation between 3D-DGBA and GRASP within 20˚ stays in the range of ±8.0 dB 

in comparison with ±23.0 dB of the original DGBA.  
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of the incident beam. i  is the incident angle; and id , the distance from the incident beam waist 

to the intersection point.  ˆ ˆ ˆ( , , )r r rx y z  is the reflected coordinate with ˆ
rz , the propagation 

directions of the reflected beam. i  is the reflected angle; and rd , the distance from the 

reflected beam waist to the intersection point. ............................................................................ 70 

Figure 3.4 Geometry of extended Phase Matching method: 3D Gaussian beam reflection at a 

curved surface with arbitrary incident direction. The direction of projection of the incident beam 

onto the surface is ̂  rather than x̂ . A coordinate system ˆ ˆ ˆ( , , )n   is constructed with n̂ , the 

normal direction of the curved surface around the intersection point P . The angle between ̂  

and x̂  is  . All other symbols have the same meanings as in Figure 3.3. ................................. 75 

Figure 3.5 Simulation results of circular Gaussian beam reflection from a concave surface by 

PO, GO and Phase Matching methods with incident beam and surface parameters 3iw  ,

20id  , 0i   , 1 80R   , 2 60R   . .......................................................................... 77 



11 

 

Figure 3.6 Simulation results of circular Gaussian beam reflection from a concave surface by 

PO, GO and Phase Matching methods with incident beam and surface parameters 3iw  ,

20id  , 30i 
 , 1 80R   , 2 60R   . ........................................................................ 77 

Figure 3.7 Simulation results of circular Gaussian beam reflection from a convex surface by PO, 

GO and Phase Matching methods with incident beam and surface parameters 3iw  ,

20id  , 0i   , 1 60R  , 2 80R  . ................................................................................ 77 

Figure 3.8 Simulation results of circular Gaussian beam reflection from a convex surface by PO, 

GO and Phase Matching methods with incident beam and surface parameters 3iw  ,

20id  , 15i   , 1 60R  , 2 80R  . ............................................................................... 78 

Figure 3.9 Simulation results of circular Gaussian beam reflection from a convex surface by PO, 

GO and Phase Matching methods. Incident beam and surface parameters 8iw  , 100id  , 

0i   , 1 20R   , 2 10R   . ............................................................................................ 78 

Figure 3.10 Simulation results of general astigmatic Gaussian beam reflection from a concave 

surface by PO, GO and Phase Matching methods with incident beam and surface parameters 

1 3iw  , 2 1.5iw  , 1 2 20i id d   , 0i   , 1 80R   , 2 60R   . ........................... 79 

Figure 3.11 Simulation results of general astigmatic Gaussian beam reflection from a concave 

surface by PO, GO and Phase Matching methods with incident beam and surface parameters 

1 3iw  , 2 1.5iw  , 1 20id  , 2 30id  , 0i   , 1 80R   , 2 60R   . ................. 80 

Figure 3.12 Simulation results of general astigmatic Gaussian beam reflection from a concave 

surface by PO, GO and Phase Matching methods with incident beam and surface parameters

1 3iw  , 2 1.5iw  , 1 20id  , 2 30id  , 30i 
 , 1 80R   , 2 60R   . ................ 80 

Figure 3.13 Simulation results of general astigmatic Gaussian beam reflection from a concave 

surface by PO, GO and Phase Matching methods with incident beam and surface parameters

1 3iw  , 2 1.5iw  , 1 2 20i id d   , 0i   , 1 60R  , 2 80R  . ................................. 81 

Figure 3.14 Simulation results of general astigmatic Gaussian beam reflection from a concave 

surface by PO, GO and Phase Matching methods with incident beam and surface parameters 

1 3iw  , 2 1.5iw  , 1 20id  , 2 15id  , 0i   , 1 60R  , 2 80R  . ....................... 81 

Figure 3.15 Simulation results of general astigmatic Gaussian beam reflection from a concave 

surface by PO, GO and Phase Matching methods with incident beam and surface parameters 

1 3iw  , 2 1.5iw  , 1 20id  , 2 15id  , 15i   , 1 60R  , 2 80R  . ...................... 82 

Figure 3.16 Simulation results of general astigmatic Gaussian beam reflection from a concave 

surface by PO, GO and Phase Matching methods with incident beam and surface parameters 

1 8iw  , 2 6iw  , 1 20id  , 2 15id  , 15i   , 1 20R  , 2 10R  . ......................... 82 

Figure 3.17 Simulation results of circular Gaussian beam reflection from a concave surface by 

PO, GO and Phase Matching methods with incident beam and surface parameters 1 3iw  , 

2 1.5iw  , 1 20id  , 2 15id  , 0i   , 15i   , 1 80R   , 2 60R   . .................. 83 

Figure 4.1 Geometry of boundary diffraction wave (forward-scattering region). An incident 

Gaussian beam with beam waist 0w  at 0z z  normally impinges upon a half-screen

( , 0)x a z  . The Gaussian beam is propagating along the z-axis.   0 0 0( , , )Q x y z  is a source-



12 

 

point of boundary-diffraction located on the boundary of the half-screen and ( , , )P x y z  

represents the observation point.  [1] .......................................................................................... 86 

Figure 4.2 Equivalent geometry for determining the diffracted field in the backward-scattering 

region at oblique incidence. An incident Gaussian beam with beam waist 0w  at 0tz z 

obliquely impinges upon a half-screen ( , 0)ez z x  . The incident Gaussian beam is 

propagating along the tz -axis with reflected beam along rz -axis. Three coordinate systems are 

constructed: the transmitted beam related coordinate system ( , , )t t tx y z , the reflected beam 

related coordinate system ( , , )r r rx y z , and the half-screen based coordinate system ( , , )x y z . 

The incidence angle is 0  and the observation point is described in the half-screen-based 

cylindrical ( , , )y   coordinate system. The diffracted field in the backward-scattering region 

is characterised by an image beam with same magnitude but opposite in sign to the incident 

beam at the opposite side of the half-screen. [4] ......................................................................... 89 

Figure 4.3 Simulated backscattered field with Boundary diffraction wave theory (BDT) in 2D-

DGBA and PO for a normally incident elliptical Gaussian beam. The two principal radii of 

curvature at the diffracting edge are 200 and 500, respectively. The beam half width is 8. 

The diffracted field is simulated at a distance of 300 for various angles  characterising the 

principal directions. [4] ............................................................................................................... 90 

Figure 4.4 A Gaussian beam (the arrow in the figure) impinges on a half-plane ( 0, 0)y x    

in an arbitrary direction of ( , )i i  . However, in 2D-DGBA, all the incident beams are 

approximated by the beams that normally impinge the half plane ( / 2i  ). ........................ 91 

Figure 4.5 Simulated backscattered field with BDT in 2D-DGBA and PO for various azimuth 

angle i  of the incident beam, with polar angle normal incidence ( 90i   ). The field are 

calculated for a nearfield cut with the coordinates ( 0; 300y z    ), based on the modelled 

scenario of Fig. 4.1. The parameter a  is chosen to be zero and the half beam width 0w  is 8. [3]

 .................................................................................................................................................... 92 

Figure 4.6 Geometry for determining the problem of 2D Gaussian beam summation method. A 

Gaussian beam impinges upon a half-plane at an angle 0 . 0  is the distance of the edge from 

the beam waist, and 0  is that from the beam axis which describes the incident beam 

displacement from the edge. The scattered field is described as a sum of Gaussian beam 

emerging from the edge in all directions with the spectral discretization . The observation 

point is ( , )r r , [2]. ................................................................................................................ 94 

Figure 4.7 For (0,2 )  , the result of spectral function 


 with a stigmatic incident 

Gaussian beam ( 11 22 1   , 12 21 0   , 0 8w  ) intersecting the half plane at 

0 0( 100 , 8 )      in the direction of 0 / 2  ................................................................. 96 

Figure 4.8 For (0,2 )  , the result of spectral function 


 with a stigmatic incident 

Gaussian beam ( 11 22 1   , 12 21 0   , 0 8w  ) intersects the half plane at 

0 0( 100 , 8 )      in the direction of 0 / 4  ................................................................. 97 



13 

 

Figure 4.9 For (0,2 )  , the result of spectral function 


 with a stigmatic incident 

Gaussian beam ( 11 22 1   , 12 21 0   , 0 8w  ) intersecting the half plane at 

0 0( 100 , 8 )       in the direction of 0 / 2  . ............................................................. 97 

Figure 4.10 For (0,2 )  , the result of spectral function 


 with a stigmatic incident 

Gaussian beam ( 11 22 1   , 12 21 0   , 0 8w  ) intersecting the half plane in the 

direction of 0 / 2  . The blue line represents the result with the intersection-point located at

0 0( 100 , 8 )     , and the black line is that with the intersection-point at

0 0( 100 , 8 )      . ............................................................................................................ 98 

Figure 4.11 Comparison of the backward scattered field at ( 300 )y   with physical optics and 

2D Kirchhoff half-screen BDT with a stigmatic incident Gaussian beam ( 0 8w  ) impinging 

on the half plane at 0 0( 100 , 8 )      in the direction of 0 / 2  . ................................ 99 

Figure 4.12 Comparison of the backward scattered field at ( 300 )y   with physical optics 

and 2D Kirchhoff half-screen BDT with a stigmatic incident Gaussian beam ( 0 8w  ) 

impinging on half plane out of the edge at 0 0( 100 , 8 )       in the direction of  

0 / 2  . .................................................................................................................................100 

Figure 4.13 Comparison of the backward scattered field ( 600 away from the half-plane along 

the principal optical axis of the reflected beam) with physical optics and 2D Kirchhoff half-

screen BDT. The stigmatic oblique incident Gaussian beam ( 0 8w  ) impinges on half plane 

at 0 0 0 0 0 0( 100 cos , sin )w w         in the direction of 0 / 4  . ..............................101 

Figure 5.1 For (0, )  , the side view of the result of spectral function ( , )   with a 

stigmatic incident Gaussian beam ( 11 22 1   , 12 21 0   , (0) 500q i  ) impinging 

upon the half plane at ( 2, 0)i ix z   in the direction of ( , ) ( / 2, / 2)i i        . .....110 

Figure 5.2 For (0, )  , the plan view of the result of spectral function ( , )   with a 

stigmatic incident Gaussian beam ( 11 22 1   , 12 21 0   , (0) 500q i  ) impinging upon 

the half plane at ( 2, 0)i ix z   in the direction of ( , ) ( / 2, / 2)i i        . ..............111 

Figure 5.3 For ( , 2 )   , the side view of the result of spectral function ( , )   with a 

stigmatic incident Gaussian beam ( 11 22 1   , 12 21 0   , (0) 500q i  ) impinging 

upon the half plane at ( 2, 0)i ix z   in the direction of ( , ) ( / 2, / 2)i i        . .....111 

Figure 5.4 For ( , 2 )   , the plan view of the result of spectral function ( , )   with a 

stigmatic incident Gaussian beam ( 11 22 1   , 12 21 0   , (0) 500q i  ) impinging 

upon the half plane at ( 2, 0)i ix z   in the direction of ( , ) ( / 2, / 2)i i        . .....112 

Figure 5.5 For (0,2 )  , the side view of the result of spectral function ( , )   with a 

stigmatic incident Gaussian beam ( 11 22 1   , 12 21 0   , (0) 500q i  ) impinging 

upon the half plane at ( 2, 0)i ix z   in the direction of ( , ) ( / 2, / 2)i i        . .....112 



14 

 

Figure 5.6 For (0,2 )  , the plan view of the result of spectral function ( , )   with a 

stigmatic incident Gaussian beam ( 11 22 1   , 12 21 0   , (0) 500q i  ) impinging 

upon the half plane at ( 2, 0)i ix z   in the direction of ( , ) ( / 2, / 2)i i        . .....113 

Figure 5.7 For (0,2 )  , the side view of the result of spectral function ( , )   with an 

elliptical astigmatic incident Gaussian beam ( 12 21 0   , 11 221/ (0) 4q   , (0) 500q i  ) 

impinging upon the half plane at ( 2, 0)i ix z   in the direction of 

( , ) ( / 4, / 3)i i        . ................................................................................................114 

Figure 5.8 For (0,2 )  , the plan view of the result of spectral function ( , )   with an 

elliptical astigmatic incident Gaussian beam ( 12 21 0   , 11 221/ (0) 4q   , (0) 500q i  ) 

impinging upon the half plane at ( 2, 0)i ix z   in the direction of 

( , ) ( / 4, / 3)i i        . ................................................................................................114 

Figure 5.9 Physical configuration: A general Gaussian beam, marked by a heavy arrow, 

impinges on a half-plane (wedge angle 2   at direction ( , )i i  . It intersects the 0y   

plane at an arbitrary point ( , )i i iX x z , where ix  can be positive or negative. The beam 

expansion of the scattered field (dashed arrows) involves a phase-space beam expansion along 

the edge, and an azimuthal spectrum of beams around the edge. The beams emerge from the 

points mz , m = 0, ±1, ... , along the edge with conical angle 1cosn n  , n = 0, ±1, ... , and 

azimuthal angles j  , j = 0, 1, ..., reprint from [1]. ...................................................................116 

Figure 5.10 The side view of absolute value of ( )a μ  in the ( , )m nz   plane with / 2i  , 

12000zb   and . It is calculated for a stigmatic incident Gaussian beam ( 11 22 1   ,

12 21 0   , (0) 500q i  ) impinging upon the half plane at ( 2, 0)i ix z   in the direction 

of ( , ) ( / 2, / 2)i i        , corresponding to the case of Fig. 5.5 and Fig. 5.6. ...........120 

Figure 5.11 The plan view of absolute value of ( )a μ  in the ( , )m nz   plane with / 2i  , 

12000zb   and 1 / 4v  . It is calculated for a stigmatic incident Gaussian beam ( 11 22 1   ,

12 21 0   , (0) 500q i  ) impinging upon the half plane at ( 2, 0)i ix z   in the direction 

of ( , ) ( / 2, / 2)i i        , corresponding to the case of Fig. 5.5 and Fig. 5.6. ...........121 

Figure 5.12 The side view of absolute value of ( )a μ  in the ( , )j n   plane with 0mz  , 

12000zb   and 1 / 4v  . It is calculated for a stigmatic incident Gaussian beam ( 11 22 1   ,

12 21 0   , (0) 500q i  ) impinging upon the half plane at ( 2, 0)i ix z   in the direction 

of ( , ) ( / 2, / 2)i i        , corresponding to the case of Fig. 5.5 and Fig. 5.6. ...........121 

Figure 5.13 The plan view of absolute value of ( )a μ  in the ( , )j n   plane with 0mz  , 

12000zb   and 1/ 4v  . It is calculated for a stigmatic incident Gaussian beam ( 11 22 1   ,

12 21 0   , (0) 500q i  ) impinging upon the half plane at ( 2, 0)i ix z   in the direction 

of ( , ) ( / 2, / 2)i i        , corresponding to the case of Fig. 5.5 and Fig. 5.6. ...........122 



15 

 

Figure 5.14 The side view of absolute value of ( )a μ  in the ( , )m nz   plane with 2 / 3j  , 

12000zb  , and 1 / 4v  . It is calculated for an elliptical astigmatic incident Gaussian beam 

( 12 21 0   , 11 221/ (0) 4q   , (0) 500q i  ) impinging upon the half plane at 

( 2, 0)i ix z   in the direction of ( , ) ( / 4, / 3)i i        , corresponding to the case of 

Fig. 5.7 and Fig. 5.8. ..................................................................................................................122 

Figure 5.15 The plan view of absolute value of ( )a μ  in the ( , )m nz   plane with 2 / 3j  , 

12000zb  , and 1 / 4v  . It is calculated for an elliptical astigmatic incident Gaussian beam 

( 12 21 0   , 11 221/ (0) 4q   , (0) 500q i  ) impinging upon the half plane at 

( 2, 0)i ix z   in the direction of ( , ) ( / 4, / 3)i i        , corresponding to the case of 

Fig. 5.7 and Fig. 5.8. ..................................................................................................................123 

Figure 5.16 The side view of absolute value of ( )a μ  in the ( , )j n   plane with 0mz  , 

12000zb  , and 1 / 4v  . It is calculated for an elliptical astigmatic incident Gaussian beam 

( 12 21 0   , 11 221/ (0) 4q   , (0) 500q i  ) impinging upon the half plane at 

( 2, 0)i ix z   in the direction of ( , ) ( / 4, / 3)i i        , corresponding to the case of 

Fig. 5.7 and Fig. 5.8. ..................................................................................................................123 

Figure 5.17 The plan view of absolute value of ( )a μ  in the ( , )j n   plane with 0mz  , 

12000zb  , and 1 / 4v  . It is calculated for an elliptical astigmatic incident Gaussian beam 

( 12 21 0   , 11 221/ (0) 4q   , (0) 500q i  ) impinging upon the half plane at 

( 2, 0)i ix z   in the direction of ( , ) ( / 4, / 3)i i        , corresponding to the case of 

Fig. 5.7 and Fig. 5.8. ..................................................................................................................124 

Figure 5.18 The side view of spectral function ( , ) 


 with a stigmatic incident Gaussian 

beam ( 12 21 0   , 11 22 1   , (0) 500q i  ) impinging upon the half plane at 

( 2, 0)i ix z   in the direction of ( , ) ( / 3, / 4)i i        with 1k  . .......................129 

Figure 5.19 The side view of absolute value of ( )a μ


 in the ( , )m nz   plane with 3 / 4ja  . 

It is calculated for a stigmatic incident Gaussian beam ( 12 21 0   , 11 22 1   ,

(0) 500q i  ) impinging upon the half plane at ( 2, 0)i ix z   in the direction of 

( , ) ( / 3, / 4)i i        with 1k  . ...............................................................................130 

Figure 5.20 The side view of absolute value of ( )a μ


 in the ( , )j n   plane with 0mz  . It is 

calculated for a stigmatic incident Gaussian beam ( 12 21 0   , 11 22 1   , (0) 500q i  ) 

impinging upon the half plane at ( 2, 0)i ix z   in the direction of 

( , ) ( / 3, / 4)i i        with 1k  . ...............................................................................130 

Figure 5.21 The side view of absolute value of the field u with 3500  . It is the total field for 

a stigmatic incident Gaussian beam ( 12 21 0   , 11 22 1   , (0) 500q i  ) impinging 



16 

 

upon the half plane at ( 2, 0)i ix z   in the direction of ( , ) ( / 3, / 4)i i        with 

1k  . .........................................................................................................................................131 

Figure 5.22 The plan view of absolute value of total field u  with 3500  . It is the total field 

for a stigmatic incident Gaussian beam ( 12 21 0   , 11 22 1   , (0) 500q i  ) impinging 

upon the half plane at ( 2, 0)i ix z   in the direction of ( , ) ( / 3, / 4)i i        with 

1k  . .........................................................................................................................................131 

Figure 5.23 The basic model of 3D half plane diffraction. A Gaussian beam (the arrow in the 

figure) impinges on a half plane ( 0, 0)y x   , in the direction of ( , )i i  . ...........................132 

Figure 5.24 The first scenario modelled in GRASP where a circular Gaussian beam ( 0 8w  ) 

impinges on the half plane at 0( ,0)i wX  in the direction of ( = + / 2, = / 2)i i     . .........133 

Figure 5.25 Comparison of the backward scattered field with PO and Kirchhoff half-screen 

BDT with the parameters 0 8w  , 0( ,0)i wX  and ( = + / 2, = / 2)i i     , based on the 

modelled scenario of Fig. 5.24. ..................................................................................................133 

Figure 5.26 The model built in GRASP for the second case with a circular Gaussian beam 

( 0 8w  ) impinges on the half plane at 0( ,0)i w X  in the direction of 

( = + / 2, = / 2)i i     . ...........................................................................................................134 

Figure 5.27 Comparison of the backward scattered field with PO and Kirchhoff half-screen 

BDT with the parameters 0 8w  , 0( ,0)i w X  and ( = + / 2, = / 2)i i     , based on the 

modelled scenario of Fig. 5.26. ..................................................................................................135 

Figure 5.28 The model built in GRASP for the third case with a circular Gaussian beam 

( 0 8w  ) impinges on the half plane at 0( ,0)i wX  in the direction of

( = + / 4, = / 2)i i     . ...........................................................................................................136 

Figure 5.29 Comparison of the backward scattered field with PO and Kirchhoff half-screen 

BDT with the parameters 0 8w  , 0( ,0)i wX and , based on the 

model in Fig. 5.28. .....................................................................................................................136 

Figure 5.30 The model built in GRASP for the fourth case with a circular Gaussian beam 

( 0 8w  ) impinges on the half plane at 0( ,0)i wX in the direction of

( / 2, / 4)i i       ........................................................................................................137 

Figure 5.31 Comparison of the backward scattered field with PO and Kirchhoff half-screen 

BDT with the parameters 0 8w  , 0( ,0)i wX  and ( / 2, / 4)i i       . ................137 

Figure 5.32 The model built in GRASP for the fifth case with a circular Gaussian beam 

( 0 8w  ) impinges on the half plane at 0( ,0)i wX  in the direction of

( / 4, / 4)i i       ........................................................................................................138 

Figure 5.33 Comparison of the backward scattered field with PO and Kirchhoff half-screen 

BDT with the parameters 0 8w  , 0( ,0)i wX  and ( / 4, / 4)i i       , for the 

scenario modelled in Fig. 5.32 ...................................................................................................139 

( = + / 4, = / 2)i i    



17 

 

Figure 5.34 3D GBS simulation analysis result of the backward scattered field of an elliptical, 

normally-incident GB with waist parameters 11 224  , 22 1   from a half plane. The 

intersection point is 0( ,0)i wX . .............................................................................................140 

Figure 6.1 Interpretation of Gaussian beam expansion used in DGBA. An electromagnetic field 

on the aperture plane 0z   is expanded into a set of elementary Gaussian beams with 

Windowed Fourier Transform (WFT) method, with m  and   are indices of spatial-shift at an 

interval of 0L ; and, n and v  denote the spectral shift at an interval of 0 . Each of the 

expanded Gaussian beam are propagate along the direction of t̂z  , and P  is denoted as an 

observation point. .......................................................................................................................144 

Figure 6.2 Schematic diagram of comparison between the fields with and without expansion. In 

the lower part of the figure, a Gaussian beam (GB) propagates along z   from beam waist 

plane z=0 to plane z=0.1. In the upper part, the field produced by the same GB on z=0.05 plane 

is expanded by Windowed Fourier Transform (WFT) method. The expanded sub GBs also 

propagates to the z=0.1 plane. ....................................................................................................145 

Figure 6.3 Comparison of field descriptions in terms of 1) constituent Gaussian beams and 2) 

with the original Gaussian Beam field expression (blue-line). ..................................................146 

Figure 6.4 Schematic diagram: A normally incident Gaussian beam impinges on a half-plane 

with an intersection-point P . Only about 0.006% of the beam power is out of the rim when P  is 

2w  away from the edge. ...........................................................................................................147 

Figure 6.5 Geometry of the reflection on an ellipsoidal reflector.  A Gaussian beam (GB) is first 

expanded on the expansion plane, and the produced sub GBs hit a reflector. The reflected field 

is calculated. ...............................................................................................................................148 

Figure 6.6 Geometry of single reflector taken as the portion of the surface from an ellipsoid 

centred at point P  having distance 1R  and 2R  to the foci of the ellipse at 1F  and 2F  

respectively. w  is the beam width of the incident Gaussian beam and 4w  is the diameter of the 

cylinder used to cut the surface. .................................................................................................148 

Figure 6.7 Reflected field 0.2m behind the ellipsoidal reflector (co-polar, offside plane), based 

on the modelled scenario of Fig. 6.5. .........................................................................................149 

Figure 6.8 Reflected field 0.2m behind the ellipsoidal reflector (co-polar, symmetric plane), 

based on the modelled scenario of Fig. 6.5. ...............................................................................150 

Figure 6.9 Two incident Gaussian beams with the same incident angle ( / 2 )   impinge on 

the left and right side of a reflector/half-plane at intersection-points P . R  denote the nearest 

points on the rim of the reflector. The local coordinate system ˆ ˆ ˆ( , , )s sx y n  and reflected beam 

related coordinate system ˆ ˆ ˆ( , , )r rx y z  with are constructed with îs  is the propagating direction 
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Chapter 1   Introduction 
 

 

1.1 Overview of Quasi-optical techniques 

Millimetre wave and sub-millimetre wave systems have found wide applications in 

remote sensing [1], radio astronomy [2], and air-borne radiometers [3]. In a millimetre 

wave system, quasi-optical (QO) techniques are frequently used. These systems are 

consequently referred to as QO systems. A typical QO system consists of beam-forming 

mirrors, spatial and spectral frequency filters, polarizers, etc. 

In the millimetre wave band, waveguide and microstrip-line suffer significant power 

loss due to their ohmic and/or dielectric losses. A quasi-optical network, however, uses 

reflectors (or sometimes), lenses, to focus and re-focus diffractive spreading of a beam, 

and so forming a beam waveguide, operating with considerably reduced losses and 

superior transmission efficiency. In addition, a QO network has the ability to transport 

multiple beams at different frequencies and polarisations. Additionally, QO networks 

have the advantage of being wideband and possessing good resistance to 

electromagnetic interference. In summary, a QO network has several advantages: (1) 

low loss; (2) an ability to support multiple beams; (3) wideband operation, and (4), good 

power handling capacity [4]. 

QO technology has many attractive properties and has been receiving increasing interest 

over recent decades and a great number of QO systems have been constructed [5-11]. 

For instance, in 1996, QMUL developed a QO Network (QoN) for the Advanced 

Microwave Sounding Unit-B (AMSU-B), as shown in Figure 1.1 [12]. AMSU-B is a 

millimetre wave radiometer system carried by a NOAA (the American National 

Oceanographic and Atmospheric Administration) satellite, launched in 1996 into a sun-

synchronous polar orbit. The purpose of the AMSU-B instrument was to measure 

radiation from a number of different layers of the atmosphere in order to obtain global 
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data on humidity profiles. In AMSU-B, a dual-reflector main-antenna is followed by a 

QO demultiplexing network. In this QoN, the train of plain and ellipsoidal reflectors 

steers the signal beams through the demultiplexing dichroic plates DCP1, DCP2, into 

receiver feed horns H1, H2, H3 covering three bands, H1 for 175-191 GHz, H2 for 148-

152 GHz, and H3 for 86-92 GHz. 

 
Figure 1.1 A perspective view of the Advanced Microwave Sounding Unit-B 
(AMSU-B). A dual-reflector main-antenna is followed by a quasi-optical network 
(QoN). In this QoN, the train of plain and ellipsoidal reflectors steers the signal 
beams through the demultiplexing dichroic plates DCP1, DCP2, into receiver 
feedhorns H1, H2, H3 covering three bands: H1 for 175-191 GHz, H2 for 148-152 
GHz and H3 for 86-92 GHz. This Figure is reproduced from Martin et al, [12]. 

In 2009, the European Space Agency launched the Herschel and Planck Space 

Telescopes in the domain of sub-millimetre wave space astronomy [13-16]. The 

Herschel Space Observatory is a common user facility with a 3.5 m aperture. It adopts a 

Cassegrain telescope configuration. Herschel performs spot-target observations of 

astrophysical objects and phenomena in the frequency domain spanning 448 GHz to 5.3 

THz. One of the instruments loaded on Herschel is SPIRE, the Spectral and Photometric 

Imaging Receiver. It is a combined submillimetre wave camera and spectrometer. It 

comprises a three-band imaging photometer operating at 250, 350 and 500 m , and an 

imaging Fourier Transform Spectrometer. Figure 1.2 shows the layout of the 
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photometer with a QoN of mirrors, dichroics, and detector arrays [15].  It is all-

reflective except for the dichroics used to direct the three bands onto the bolometer 

arrays. Input mirror M3, an offset ellipsoidal mirror, lying below the telescope focus, 

receives the f/8.7 telescope beam and forms an image at the flat, beam-steering mirror, 

M4. Toric M5 mirror converts the focal ratio to f/5 and provides an intermediate focus 

at M6 (toric), which re-images the M4 pupil to a cold stop. Three spherical mirrors, M7 

(concave), M8 (convex) and M9 (concave) form a one-to-one optical relay to bring the 

M6 focal-plane to the detectors. The 1.7K box contains the three detector arrays, 

covering the short (200-300 µm), medium (300-400 µm) and long (400-670 µm) 

wavelength bands. The two dichroics direct the same field-of-view onto the arrays so 

that it can be observed simultaneously in the three bands. 

 

 

(a) Image of the SPIRE photometer layout, reproduced from Griffin et al, [14]. 
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(b) Design graphics of the QoN in SPIRE photometer, reproduced from Dohlen et 
al, [15]. 

Figure 1.2 Image and design graphics of SPIRE photometer. They depict the 
quasi-optical network layout. In this QoN, the train of seven ellipsoidal, flat, toric 
and spherical reflectors (M3-M9) steers the signal beams through the two 
demultiplexing dichroic plates into three detectors, covering the 200-300 µm, 300-
400 µm and 400-670 µm bands. 

In these examples, it can be seen that QoNs are used to transfer signals from the 

reflector antenna to its receivers. Reflection, frequency and spatial-frequency filtering, 

multiplexing, isolation, calibration and other signal conditioning are conducted in the 

QoN. The QoN is therefore a major determinant of the system’s antenna pattern [17]. 

1.2 Overview of analysis methods for QoN 

With the development of QO technology, efficient analysis methods for QoNs are 

highly desired. However, in engineering practice, there are only limited methods for the 

design and optimisation of a QoN.  Solving an electromagnetic field over a reflector 

surface in a QoN is a fundamental requirement, which usually involves accounting for 

beam diffraction at the edge of the reflector. A full theoretical solution is usually 

extremely difficult to find and in practice various approximation methods have been 

developed. In reference [18], different theoretical methods that can be used to analyse 

diffraction are introduced and compared, as shown in Figure 1.3. The approximation 

methods for analysing QoNs mainly included Diffraction Integrals, Physical Optics (PO) 

method, Geometrical Optics (GO), and Modal analysis.  
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an asymptotic method of BDW for a 3D Gaussian beam incident upon a Kirchhoff half-

screen, by introducing the geometrical theory of diffraction (GTD) [24]. More details on 

this method will be given in Chapter 4.   

1.2.2 Brief introduction to geometrical optics  

Geometrical optics (GO), or ray optics, describes wave propagation in terms of rays. 

The ray in geometric optics is an abstraction, or instrument, useful in approximating the 

paths along which a wave propagates in certain circumstances [25, 26].  The basic 

postulates of GO are: 

 Wave-fronts are locally plane and waves are TEM 

 Wave direction is specified by the normal to the equiphase-planes 

 Rays travel in rectilinear paths in a homogeneous medium 

 Power in a flux tube is conserved, illuminated in Figure 1.4. 

 Polarization is constant along a ray in an isotropic medium 

 Reflection and refraction obey their respective Snell’s law 

 The reflected field is linearly related to the incident field at the reflection point 

by a reflection coefficient 

 

Figure 1.4 An example of flux tube. The sides of such ray tubes are formed by the 
trajectories of the adjacent rays, the power flow through any cross section of a 
given ray tube is the same insofar as no power flows across the sides of the tube. In 

geometrical optics, it gives 
2 2

0 0 0( ) (0)E s dS E dS , which is a statement of power 

conservation along the flux tube, [26].   

GO has the relative advantage of simplicity and can be used for analysing the 

propagating incident and emerging beam fields. However, GO does not account for the 
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effects of edge diffraction. The geometrical theory of diffraction (GTD) is an extension 

to GO which includes diffraction effects. In GTD the total field at an observation point 

is decomposed into GO and diffracted components. Two postulates hold in GTD: 1) the 

diffracted field strength is inversely proportional to the cross-sectional area of the flux 

tube; 2) the diffracted field is linearly related to the incident field at the diffraction point 

by a diffraction coefficient. GTD still has the advantage of simplicity but fails at 

shadow boundaries because field expressions here have singularities [25, 26], shown in 

Figure 1.5. The Uniform Theory of Diffraction (UTD) resolves such deficiencies in 

GTD, but cannot be easily employed for multi-reflector systems because of its nature of 

non-modularity [27-30].  

 

Figure 1.5 An example of shadow boundary in geometrical theory of diffraction 
(GTD): Plane wave illuminates a semi-infinite wedge. ISB is the shadow boundary 
of the incident field and RSB is the shadow boundary of the reflected field. GTD is 
not valid in the transition region.  

1.2.3 Brief introduction to physical optics   

Physical Optics (PO) is an approximate method for the determination of the field 

scattered by an object through an assumption about the specific form of the field 

distribution on the surface. Taking a reflector as an example, the field radiated by the 

reflector can be calculated by using an approximated surface current distribution 

determined from the incident magnetic field at each point on the geometrically-

illuminated side of the reflector. A basic assumption of the PO method is that the field 

on the part of the reflector not directly illuminated by the incoming field is zero. The 
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method is appropriate where the diameter of curvature of the reflector is electrically 

larger than wavelength, e.g. 20D  [18, 32]. More details on PO will be given in 

Chapter 3.   

The Physical theory of diffraction (PTD) is an extension to PO to deal with the problem 

of diffraction. The diffracted-field in PTD is considered as the radiation generated by 

the scattering sources (currents) induced on the objects. The so-called uniform and non-

uniform scattering sources are introduced in PTD. Uniform sources are defined as the 

sources induced on the infinite plane tangent to the object at a source point. In the case 

of the incident plane wave, this field is uniformly distributed over the tangent plane, as 

shown in Figure 1.6 (a). Non-uniform sources are caused by any deviation of the 

scattering surface from the tangent plane. They are the diffraction part of the surface 

field, illustrated in Figure 1.6 (b). For large convex objects with sharp edges, the basic 

contributions to the scattered field are produced by the uniform sources and by those 

non-uniform sources that concentrate near edges (often called fringe sources) [33, 34].  

 

(a) uniform components                      (b) non-uniform components 

Figure 1.6 (a) Uniform components of the field at points P1 and P2 on the scattering 
object are those on the infinite tangential planes shown by blue dotted lines. (b) 
Non-uniform components of the surface field induced by the incident wave near 
the edge E is asymptotic to those are the tangential wedges with infinite faces 
shown by green dotted lines. 

PO and PTD methods are accurate, but are demanding in terms of computation time and 

storage for electrically large system. Furthermore, in a QON system with signal pre-

conditioning components, such as polarisers and dichroics, these two methods are not 

suitable due to the prohibitive requirements on computing resources [35].  
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1.2.4 Overview of Gaussian beam summation method 

The Gaussian beam method, particularly, Gaussian beam summation (GBS) is proven to 

be a successful scheme for analysing complex configurations. This method expands the 

field into a cluster of collimated beam-propagators that emit from the source. They are 

then traced and analysed locally in the medium, and their contributions can be summed 

(i.e. super-posed), at an observation plane.  

The Gaussian beam analysis method has been under development for decades and has 

been more and more widely adopted in wave theories. In 1976, Felsen published his 

research work on using complex-source-point solutions of field equations to deal with 

Gaussian beam scattering problems [36]. Three years later, Felsen and colleagues, 

described shadow boundaries by approximating an exact integral representation for the 

total field. They then derived the expression of the field-near the shadow-boundary 

when a Gaussian beam was shadowed by an edge [37]. In 1980, Bastiaans showed how 

an optical signal can be expanded in Gaussian beams. He expanded a signal into a 

discrete set of properly shifted and modulated Gaussian elementary signals. Essentially, 

Bastiaans used the Gabor transform but with a set of functions which are bi-orthonormal 

to the set of Gaussian elementary signals [38]. In 1982, Červený and his colleagues 

found an asymptotic procedure to the computation of wave fields in two-dimensional, 

laterally-inhomogeneous, media. This procedure is based on the simulation of the wave 

field by Gaussian beams [39].  

Methods of Gaussian beam expansion for point source configurations then involved 

beams that emerge from a source in all directions. In 1982, Popov proposed a Gaussian 

beam summation method to compute wave fields in the high-frequency approximation 

[40]. In 1985, Červený discussed numerical modelling of high-frequency seismic wave 

fields in complex, laterally-varying, layered structures, by expanding the field into 

dynamic Gaussian beams [41]. In 1986, Norris used Gaussian beam summation 

methods to derive an exact representation of a complex point-source. The representation 

can be used to consider the propagation of point disturbances through inhomogeneous 

media and across interfaces [42]. In 1987, Suedan and Jull described the far-field of a 

two-dimensional beam resulting from an electric line source at a complex position and 

found a solution of beam diffraction by a wide slit [43]. In 1989, they showed uniform 
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and asymptotic solutions of beam diffraction by a half-plane and wedges [44]. It was a 

development of Felsen’s work in 1979. In the same year, Klimes proposed a method of 

computing seismic wave fields by expansion of Gaussian packets, which is very similar 

to Gaussian beam expansion [45]. Also in 1989, Heyman introduced a new spectral 

representation for transient radiation in terms of a continuum of pulsed, beam-fields, 

emanating radially from a source in all directions, which was the time-domain analogue 

of the Gaussian beam summation method [46].  

From 1990s to the 2000s, the Gaussian beam method had been further developed by 

introducing new methods for representing distributed (or aperture) sources involving 

beams emerging from a set of phase-space points and directions in the aperture and the 

improved representations for point sources. In 1990, Maciel and Felsen published two 

papers on Gaussian beam analysis of propagation from an extended, plane-aperture 

distribution, through plane and curved dielectric layers [47, 48]. In 1991, Burkholder 

and Pathak proposed an approximate Gaussian beam shooting method to analyse the 

electromagnetic-coupling into, and scattering by, electrically-large, perfectly-

conducting, open-ended, non-uniform waveguide cavities, with slowly varying wall 

curvature [49]. In the same year, Steinberg, Heyman, and Felsen presented an 

alternative parameterisation, in a configuration-wave-number phase-space, of the 

radiation of high-frequency fields from extended, plane-aperture sources based on the 

Gaussian beam method and Gaussian windows [50]. Also in 1991 Suedan and Jull 

proposed a method to evaluate the three-dimensional scalar beam (point-source) 

diffraction by a half-plane which gave numerical evaluation of the diffraction integrals. 

In their method, the Fresnel integrals with complex arguments are converted to 

complementary error functions with complex arguments to reduce calculating time [51]. 

In 1993, Anastassiu and Pathak used superposition of Gaussian beams to express 

electromagnetic field distributions and gave an analysis of Gaussian beam scattered by a 

parabolic surface and its edge [52]. In 1994 and 1995, Ianconescu and Heyman 

published two papers about pulsed beam diffraction by a perfectly conducting wedge 

[53, 54]. In 1998 Goldsmith published a book about Gaussian beam QoNs’ design and 

applications, where the fundamental Gaussian mode was widely used. [4] 

From 1997 to 2004, Chou and his colleagues published three important papers. These 

papers proposed some fast and novel Gaussian beam methods to analyse shaped, 
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electrically-large reflector antennas. In the paper published in 1997, they presented a 

closed-form solution for the reflection and diffraction of a Gaussian beam, impinging on 

an electrically-large, smooth, slowly-varying curved and perfectly-conducting reflector. 

This closed-form solution is obtained via an asymptotic evaluation of the radiation 

integral for the fields scattered from the reflector with the physical optics 

approximations [55-57].  

In recent years, Heyman and his colleagues continued their work on the Gaussian beam 

method and published many interesting papers. In 2001, Heyman and Felsen presented 

the result for their examination of the Gaussian beam concept from a broad perspective 

in the frequency domain (FD) and the short-pulse time domain (TD) and within, as well 

as arbitrarily beyond, the paraxial constraint [58]. In 2004, Shlivinski and Heyman 

proposed a method for the ultrawide-band (UWB) beam summation representation. 

Windowed Fourier transform (WFT) frames and iso-diffracting Gaussian beams (ID-

GBs) are respectively used to construct the beam-lattice and make the results frequency-

independent [59]. In 2005, Gordon and Heyman published two papers introducing a 

Gaussian beam summation (GBS) representation for scattering by rough surfaces [60, 

61]. From 2007 to 2008, Katsav and Heyman published five papers to explain their new 

achievements. It concerned a 2D formulation, and a full 3D formulation of Gaussian 

beam summation for half-plan diffraction [62-66]. The details of their work will be 

presented in Chapter 4 and 5.  

1.3 Introduction of QoN analysis software 

Currently, the most popular simulation software for analysing QoNs is GRASP, 

originally based on PO, was, and continues to be developed, by the Danish Company, 

TICRA. The latest version, V10, can calculate the electromagnetic radiation from QoNs 

consisting of multiple reflectors with several feeds and feed arrays, and even the 

interaction between antenna systems. It not only accommodates all the standard 

geometrical surfaces, but also user-defined shapes, which means that it can handle all 

asymmetrical and numerically-defined reflectors. It can also simulate the scattering 

effects from supporting struts. [65] 
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In fact, GRASP has more algorithms other than PO. With the evolution of the GRASP, 

quite a few functionalities and numerical methods were added. GTD, multi-GTD, 

Method of Moments (MoM), and PDT have been employed in the latest version. 

Simultaneously, acceleration mechanisms such as making the best use of the hardware 

and parallel algorithms are also utilised to reduce the calculation time.  The details of all 

these add-on functionalities and improvements can be found in Technical description of 

GRASP10.3 [65].  

In the 1990s，a faster method in comparison with PO, namely diffracted Gaussian 

beam analysis (DGBA) was proposed at Queen Mary, University of London [33]. It is 

based on the Gaussian beam method and has been verified as fast, efficient and accurate 

analysis software for electrically-large, QO systems. Some attributes of the DGBA are 

summarised as follows: 

1) Computational Efficiency 

When running DGBA, the input field is expanded into a series of Gaussian beams. The 

computation time of DGBA comes primarily from the Gaussian beam expansion. The 

emerging Gaussian beam field has a size comparable to that of mirrors it illuminates. 

The computation time is consequently of the same order as for the current integral, 

which is the major computation in PO. So, for electrically intermediate-sized QoNs, 

DGBA gives no advantage in terms of computation time. But for electrically-large 

systems, the computational time of DGBA sharply drops. 

2) Approximation Method 

All the incident Gaussian beams are classified into two groups: reflected beams and 

diffracted beams. Those beams that intersect the reflector at less than two beam-widths 

away from the rim are reflected beams. This is a good approximation for an electrically-

large reflector. However, the computationally accuracy will be degraded if the size of 

the reflector is reduced.  

3) Modularity 

The field over the output plane consists of the diffracted field and the reflected field. 

The output plane serves as the input plane for the treatment of the next reflector. This 

gives DGBA a high degree of modularity. The modularity of DGBA enables it to 
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interface easily with other numerical methods such as the Periodic Method of Moments 

(PMM).  

It is worth of comparing DGBA with the latest version of GRASP, as shown in Table 

1.1 and Table 1.2. This comparison can give us a better understanding of where DGBA 

stands and what improvements are needed. 

Table 1.1 Comparisons between GRASP and DGBA 

               Tools 
Items DGBA GRASP Comments 

Computation 
Time 

-For electrically 
large systems  
(+) 
-For medium-
sized systems 
(Still good but 
no advantage) 

-For electrically 
large System (-) 
-For medium-sized 
system (Time 
greatly reduced) 

1. For electrically medium-sized (10-
20) system, DGBA has the 
computation time of the same order of 
GRASP. 
2. The computation time is reduced by 
an acceleration mechanism employed 
in the current version of GRASP. 

Accuracy -For medium-
sized systems   
(good in the 
main-beam) 
-For electrically 
large systems 
(good accuracy) 
-For electrically 
small systems 
(bad). 
(+) 

-For medium-sized 
system (good, but 
accuracy decreases 
with reduced size); 
-For electrically 
large system (+) 
accuracy. 
-For electrically 
small systems 
(bad). 
(+)(+) 

1. The accuracy of DGBA is good for 
electrically large systems, and 
decreases with decreasing size. 
2. The accuracy of GRASP will also 
decrease if the system-size decreases. 
However, GRASP has an add-on 
functionality of MoM to calculate 
small-sized components. PO is not 
suggested for these electrically small-
sized components. 

Modelling of 
signal 
conditioning 
components in 
QoN 

(+) (-) 1. The modelling of a signal 
conditioning component is greatly 
time-consuming in GRASP. And it is 
not intuitive. 
2. DGBA gives an easier way than that 
of GRASP. 

Modularity (++) (+) 1. The latest version of GRASP has a 
tool called “Frame Design” for better 
modularity, but sometimes is not easy 
to operate. 
2. The modularity of DGBA is 
excellent. 

Interfaces -Current version 
operative only 
for selected 
frequency-
selective surface 
(FSSs) (-) 
-Easy to use (+) 
 

-A lot of interfaces 
for all kinds of 
components and 
other numerical 
methods (+) 
-Easy to use (-) 

1. GRASP has a lot of interfaces but is 
not so easy to use. 
2. More interfaces are under 
development in DGBA. 



Chapter 1 Introduction  

38 

 

Table 1.2 Comparisons between GRASP and DGBA (cont.) 

                          
Tools 

Items 
DGBA GRASP Comments 

Applicable 
system/phase 

-Current version 
only for symmetrical 
structures (-) 
-At least medium-
sized systems (we 
suggest > 10)(-) 
-Potentially all-phase 
(+) 

-For any kind of structures 
(+) 
- > 20 best for PO 
-< 1 not recommended to 
use PO. MoM better instead. 
- all-phase (+) 

1. Current version 
of DGBA is only 
for symmetrical 2D 
QoN, extension is 
anticipated. And the 
3D DGBA will be 
capable of 
analysing 
asymmetrical QoN 
systems.  
2. GRASP employs 
MoM or other 
methods for those 
structures where 
PO fails. 

Feed types  

Only Gaussian beam 
mode horns for 
current version (-) 
Only Circular 
beamwaist 
‘footprint’ for 
incident  GB (-)  

Any feeds used in reflector 
antenna systems (+) 
Elliptical GB (+) 

1. DGBA is based 
on a symmetrical 
structure and a 
symmetrical feed.  

Adaptability for 
more complicated 
structures 

Current version (-) 
 

asymmetric and numerically 
defined reflectors, 
supporting struts (+) 

1. GRASP is 
suitable for more 
complicated 
structures; 
A model for more 
complex structures 
may be difficult. 

For Numerical 
defined reflector 

Capable (+) Capable (+)  

Improvements- 
including other 
algorithms 

- Not difficult to 
work with other 
numerical methods 
(+) 
- interfaces with 
other algorithms (+) 

PO+PTD+GO+GTD+MoM+ 
Ray-optical methods 

1. The task for 
compound-
numerical methods 
is not difficult in 
DGBA; 

1.4 Research motivation 

There are several limitations with the current version of DGBA, which is only valid 

under certain approximations, including: 

1) All the incident Gaussian beams for reflection and diffraction analysis have 

to be circular; 
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2) When dealing with diffraction, the reflected elliptical Gaussian beams have 

to be approximated as circular; 

3) In diffraction analysis, all the incident beams have to be approximated 

normal to the half-screen.  

Therefore, this version of DGBA is referred to as “two dimensional DGBA (2D-

DGBA)”. It is desirable to improve the applicability of DGBA.  

To this end, there is need to develop a 3D treatment of diffraction in the pursuit of 

DGBA. The aim of this thesis is to develop a 3D Gaussian Beam (GB) diffraction 

analysis approach for the study of electrically-large reflector antenna systems.  

This thesis proposes a 3D-DGBA scheme consisting of the following stages: (1) beam 

expansion; (2) beam reflection treated in a GO manner suitable for general astigmatic 

GBs; (3) beam diffraction treated with a 3D DGBA; (4) beam superposition of all 

reflected and diffracted GBs. 

In addition, the thesis includes relevant QoN design techniques and experimental 

verification of the proposed 3D-DGBA method. 

1.5 Summary and thesis outlines 

This thesis develops a 3D-DGBA method for multi-reflector antenna analysis. The test 

benches of QoNs are designed, fabricated and measured to verify the 3D-DGBA tool.  

An introduction to QO techniques is given in Chapter 1.Pertinent diffraction integrals, 

GO, PO, GBS and DGBA methods are also briefly discussed. The QoN design software, 

GRASP, is compared with 2D DGBA.  

Chapter 2 prepares formulation of circular Gaussian beams and elliptical astigmatic 

Gaussian beams including their spectral representation.  

Chapter 3 studies Gaussian beam reflection analysis methods. PO, GO and phase-

matching reflection methods are investigated and compared. Extended phase-matching 

expressions are developed to examine the canonical problem where the incident beam is 

not coincident with one of the two principal directions of the surface.   
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In Chapter 4, two kinds of 2D Gaussian beam half-plane diffraction theory are treated; 

canonical Gaussian beam (Kirchhoff) boundary diffraction wave (BDW) theory and, 2D 

Gaussian beam summation (GBS). Limitations and approximations of BDW theory 

used in 2D-DGBA are also discussed. 

In Chapter 5, the principle of the 3D GBS half plane diffraction method is presented. 

Numerical verification is then undertaken to compare the 3D method with PO and also 

the BDW method used in 2D-DGBA. 

In Chapter 6, a 3D Gaussian Beam (GB) diffraction approach for reflector analysis is 

developed. In this method, the reflected beams are treated in an extended Phase 

Matching manner and the diffracted beams are treated with the 3D Gaussian beam 

diffraction method. Ways to incorporate reflection and diffraction (such as model 

adaption and acceleration methods) are also presented and discussed.  

In Chapter 7, a specific design procedure of a dual-path QoN is presented. Two different 

kinds of QoN are designed and manufactured. 3D-DGBA is utilised to analyse one of 

these QoNs and compared to GRASP, 2D-DGBA and measured results.  

Finally, a conclusion of the overall research is performed and avenues for future work 

are presented in Chapter 8. 
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Chapter 2   Gaussian Beams and 

their Propagation 
 

 

2.1 Overview 

The Gaussian beam and its propagation is the foundation of this research project. A 

circular-spot illumination of a surface by a Gaussian beam has been extensively used in 

Gaussian beam related analyses. However, an elliptical-spot, astigmatic, Gaussian beam, 

needs to be considered for the more general cases. This chapter covers: firstly, the 

derivation of formulas concerning circular case, followed by the elliptical, astigmatic 

case, including its spectral representation; secondly, interpretations of their propagation; 

and finally, some numerical examples. It needs to be noted that the formulation of 

elliptical astigmatic Gaussian beam will be used in later 3D reflection and diffraction 

investigations. 

2.2 The circular Gaussian beam in cylindrical coordinates 

The formulation of the circular Gaussian beam is usually described in cylindrical 

coordinates, due to the fact that its cross-section is circularly-symmetric about the axis 

of propagation. The formula for the fundamental circular Gaussian beam mode can be 

derived from the solution of the paraxial wave equation. In a uniform isotropic medium, 

electromagnetic waves propagate according to the Helmholtz equation [1] 

 2 2( ) 0k E  


                                                 (2.1) 

where k  is the wavenumber of the medium, i.e. 
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2

k



                                                         (2.2) 

Assuming the direction of propagation is in the z  direction, the distribution of any 

component of electric field can be written in cylindrical coordinates with suppressing 

the time-dependence, 

( , , ) exp( )E u r z jkz                                           (2.3) 

where u  is a complex scalar function that defines the non-plane wave part of the beam. 

Using equation (2.3) in (2.1) yields 

  
2

2

2
2 0

u u
u jk

z z

 
   

 
.                                        (2.4) 

2 2
2

2 2 2

1 1

r r r r 

  
   

  
. Making a paraxial approximation, i.e. assuming the variation 

along the direction of propagation of the amplitude is a distance smaller comparable to 

the wavelength, it is found that 
2

2

u

z




 is negligible compared to

u
k

z




. Therefore, the 

paraxial wave equation can be written as 

 
2 2

2 2 2

1 1
2 0

u u u u
jk

r r r r z

   
   

   
                             (2.5) 

where, u  is independent of   since circularly symmetry is assumed. The axially-

symmetric paraxial wave equation is then  

2

2

1
2 0

u u u
jk

r r r z

  
  

  
.                                   (2.6) 

Solving (2.6)  by guessing the solution to have a Gaussian distribution, yields 

 
2

( , ) ( ) exp( )
2 ( )

jkr
u r z A z

q z


  .                                   (2.7) 

Using (2.7) together with (2.6), gives 
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2

0

(0)
( , ) exp{ [z ] }

( ) 2 ( )

q r
u r z jk j

q z q z
                              (2.8) 

where, 

                      
2

10
2

1
( ) [ ]

j w j
q z z

R w

 

 
     .                           (2.9) 

The function ( )q z  is referred to as the complex beam parameter. Finally, the well-

known normalised fundamental Gaussian beam mode for the circular symmetric 

Gaussian beam (Cylindrical Coordinates) is given by [1] 

1 2 2

2
02 2

2
( , ) ( ) exp( )

r j r
E r z jkz j

w w R




 


    .                      (2.10) 

Note that throughout the above equations the time-dependence factor jwte  that has been 

suppressed. In Equation (2.10),  

    
2

201
( )

w
R z

z




   ;                                            (2.11) 

1
2 2

0 2
0

[1 ( ) ]
z

w w
w




   ;                                          (2.12) 

       and  0 2
0

tan
z

w





  .                                          (2.13) 

R  is the radius of curvature; w , the beam radius; and 0 , the Gaussian beam phase 

shift. The beam waist 0w  is defined as the radius where the field amplitude decays to 

1e  of its on-axis value. 

The intensity of the Gaussian beam is  

2
2

2 2

2 2
ˆ(r) ( , ) exp( )

r
I u z

w w


 r .                               (2.14) 

The fraction of power subtended within a circle with radius a , centred on the beam axis, 

is defined by [1] 
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2
2

0 0
2 2

0 0

( )2 2
1 exp( )

( )2

a

a
I r drdP a

F
P wI r drd





 

 





   

 

 
.                       (2.15) 

It is found that more than 99.8% of the energy of a Gaussian beam is contained within 

the bound 1.5a w . Several typical ratios are shown in Table 2.1. 

Table 2.1 Gaussian beam and its fraction of power 

Aperture(a) 0.5w 1w 1.5w 2w 

F (%) 39.3469 86.4665 98.8891 99.9665 

 

2.3 The elliptical astigmatic Gaussian beam 

The formulation of a general astigmatic Gaussian beam in Cartesian coordinates is to be 

derived in this section. Again, starting from the Helmholtz scalar wave equation 

2 2( ) ( , , ) 0k u x y z                                              (2.16) 

where
2 2 2

2

2 2 2x y z

  
   

  
.  The Fourier transform pair that satisfies (2.16) is [2] 

 ( , , ) ( , , ) yx
jk yjk x

x y x yu x y z u k k z e e dk dk
 



 

                              (2.17) 

1
( , , ) ( , , )

2
yx

jk yjk x
x yu k k z u x y z e e dxdy



 

 

                            (2.18) 

Substituting (2.17) to u  of (2.16), yields 

2
2

2
( ) ( , , ) 0z x y

d
k u k k z

dz
                                            (2.19) 

where 
2 2 2 2( )z x yk k k k   . If 0z  , a possible solution under radiation conditions is 

given by 



Chapter 2  Gaussian Beams and their Propagation 

49 

 

( , , ) ( , ) exp( z)x y x y zu k k z A k k jk                                   (2.20) 

where Im{ } 0zk  . Equations (2.20) and (2.17) together are used to find the spectral 

integral form of the scalar field u , which is presented as a superposition of plane waves 

with spectral weights ( , )x yA k k  

( , , ) ( , ) yx z
jk yjk x jk z

x y x yu x y z A k k e e e dk dk
 

 

 

   .                        (2.21) 

1
( , ) ( , , 0) ( , , 0)

2
yx

jk yjk x
x yA k k u x y z u x y z e e dxdy



 

 

     .              (2.22) 

In the x-y plane, the aperture distribution of a Gaussian beam can be expressed as 

2 2
11 22 122

2
0( , , 0)

k
j x y xy

u x y z u e
     
                                  (2.23) 

where 11 12

12 22

  
    

Γ  with 12 21   . Γ  is a complex symmetric matrix with 11  and 

22  are complex in general, but 12  is real. 

Substituting (2.23) into (2.22), the spectral amplitude is 

2 2
11 22

120 2 2( , )
2

x y
k k

j x jk x j y jk y
jk xy

x y

u
A k k e e e dxdy



 
     

 

 

    .                 (2.24) 

Since [2] 

 

2 2
1 0 0 1 0 1

22 2
0 10 0 1 1

2

42

2
0 1

0 1when Re{ , } 0

a b a b b b c

a a ca x b x a y b y cxye dxdy e
a a c

a a


 

 
       

 






 

                   (2.25) 

the spectral amplitude is simplified to  

2 2
22 11 12

2
11 22 12

2

20

2
11 22 12

( , )

x y x yk k k kj

k

x y

u
A k k e

jk

    
 
     

  
.                        (2.26) 
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Taking 1,2  as the eigenvalues of Γ , one has  

2
1,2 (1/ 2){ ( ) 4det( )}tr tr   Γ Γ Γ                             (2.27) 

1,2 1,21 /                                                     (2.28) 

and ( , )x yA k k  can be rewritten as  

                 
2 2

1 2 22 11 12( 2 )
0 2

1 2( , )
x y x y

j
k k k k

k
x y

u
A k k e

jk

 

 


   

  .                       (2.29) 

In the paraxial region, the following approximation holds 

2 2

2 2 2( )
2

x y

z x y

k k
k k k k k

k


                                       (2.30) 

and (2.21) can be rewritten as 

2 2

( )
2( , , ) ( , )

x y

yx

k k
jzjk yjk xjkz k

x y x yu x y z e A k k e e e dk dk
 



 

                     (2.31) 

Substituting (2.29) into (2.31), and applying (2.25), the astigmatic Gaussian field is 

given by  

  

2 2
1 2 11 1 2 22 1 2 12

1 2

( ) ( ) 2

2 ( )( )1 2
0

1 2

( , , )
( )( )

z

x z y z xyj

k z zjk zu x y z u e e
z z

     

  

 

       
  

     
 

   .     (2.32) 

Assuming [ , ]TX x y , where superscript T  means transposition. The phase of 

Expression (2.32) can be reorganised as 

1
(z)

2
TS z X X    .                                          (2.33) 

The divergence factor can be also written in matrix form, thus  

1 2

1 2

det ( )

( )( ) det (0)z z

  

 


 

Γ

Γ
 .                                 (2.34) 

The matrix form of (2.32) is therefore given by 
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1[z ( ) ]
2

0

det ( )
( , , )

det (0)

tjk zz
u x y z u e




X Γ XΓ

Γ
.                                 (2.35) 

In cylindrical coordinates, the astigmatic Gaussian beam can be described in general 

form as [3] 

1[ ( ) ]
2

det ( )
( ) , Im det ( ) 0

det (0)

tjk

iB A e
 


 

 
η ηΓ

r Γ
Γ

                      (2.36) 

where tη  is the transpose of η  and 1 2( , ) η . ( )  is a 2 by 2 complex symmetric 

matrix which is determined from its value at 0  , so 

1 1
0( ) [ ] , (0)i    Γ Γ I Γ Γ  .                                   (2.37) 

(0)Γ  is complex symmetric with Im (0)Γ  positive definite. Im (0)Γ  is symmetric for 

all   and also positive definite. Under these conditions, the quadratic term in the 

exponential of the equation
2 2
1 11 1 2 12 2 222i j ij          tη Γη has a positive 

imaginary part that increases quadratically with distance from the   axis, thus 

describing the Gaussian shape of the beam. Here, Re( )Γ  is defined as the phase-front-

curvature matrix, whereas Im( )Γ controls the beam amplitude. In general, both the 

wave-front curvature, and the beam amplitude, are astigmatic and their principal axes 

are not co-aligned.  In a special case that matrix (0) / (0)ij q  , where 0,ij i j    and

1ii  , the general beam degenerates into an axially symmetric Gaussian beam [4]. 

The beam waist 0w  of a circular Gaussian beam is defined as the contour where the 

field amplitude decays to 1e from its on-axis value. However, beam widths of an 

astigmatic Gaussian beam are usually described by using two orthogonal beam widths 

aligned to the two principal axes. The beam widths 1,2W are given by [3] 

1,2 1,21 /iW k                                                (2.38) 

where 1,2  are the eigenvalues of Im Γ . But 1,2iW  are different for the circular case and 

are defined as the field amplitudes drop to 1/2e  of their axial values. 
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2.4 Spectral representation of 3D incident Gaussian beams 

In reference [3], to Figure 2.1, it is assumed that a general, astigmatic, Gaussian beam, 

impinges on a perfectly-conducting half-plane in a 3-D coordinate frame supporting

( , , )x y zr . 

The beam-axis is, in general, displaced from the edge, intersecting the y = 0 plane at

( , )i i ix zx . The arc length along the beam-axis is denoted by   where, without loss 

of generality, we set 0   at the intersection point ix . The beam direction 


 is given 

by [3] 

 sin cos sin sin cosi i i i i i i i             σ x y z x y z
      

             (2.39) 

in which the over-arrows denote unit-vectors. ( , , )i i i    are the wave vectors of the 

incident beam. Without loss of generality, it is assumed that [0, / 2]i   and [0, ]i  , 

which means 0, 0i i   . 

 
 

z 

x 

y 

i  

i  

ix  
  1  

2  x  

y  

z 

 

Figure 2.1 A Gaussian beam (the arrow in the figure) impinges on a half plane

( 0, 0)y x  at ( , )i i ix zx   in the direction of ( , )i i  . ( , , )x y z
  

 is the original 

global coordinate. Two beam based coordinate systems are constructed: 

coordinate 1 2( , , )  
 

 with the beam direction 


 and coordinate ( , , )y zx
  

 with 

i x x x .  
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Rather than calculating the Gaussian beam form of equation (2.36), it is simpler to work 

with the plane wave spectrum in the plane 0y   [3] so that 

2 ( )( ) ( ) ( )
2

Tik y
i i

k
B d d B e  



 


 

  
κ xr κ  and                          (2.40) 

0
( ) ( )

Tik
i i y

B dx dz B e
 




 

  
κ xκ r  ,                                  (2.41) 

where, points in the 0y   plane are denoted as ( , )Tx zx and also ( , )T κ . The 

superscript T denotes the transpose of a vector. 1   κ κ  with Im 0   being the 

normalized spectral wavenumber in the y direction.  

To find the explicit expression of ( )iB κ , it is expressed in the 0y   plane in terms of 

the x  coordinates rather than the ( , ) η  coordinates as used in (2.36). Here, a new 

coordinate system ( , )yx  is introduced and is centred about the ix  in the 0y   plane, 

i.e., i x x x . Without loss of generality, the transverse coordinate system is chosen to 

make 1η


 lie in the plane-of-incidence ( ( , )σ y
 

, while 2η


 is perpendicular to this plane 

2 1 2,


  


σ y
η η η σ

σ y

 
   

  .                                      (2.42) 

Under these conditions, 

( )i i i i i           σ y x y z y x z
       

     and                      (2.43) 

2 2
i i i i i i           σ y x z κ

   
 ,                       (2.44) 

therefore 

2
i i

i

 



 
 



x zσ y
η

σ y

  


       and                                (2.45) 

2 2

1 2

( )
( )i i i i i i i i

i i i

i i

       
  

 

    
      

x z x y z
η η σ x y z

    
     

.    (2.46) 
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In the 0y   plane, (2.46) is simplified to 

                       1
i i i i

i

x z   





 , 0y   .                                         (2.47) 

Consequently, the relationship between η  and ( , , )x y zr  is given by, 

              
2 2

1
1 2

( )
( , )t i i i i i i

i

i i

x y z

z z

     
  

 
    

   
  

η  .                      (2.48) 

For simplicity, 1 i i i i

i

i i

   


 
  

  
 

T  and ( , 0)t
iv  are defined. Thus, (2.48) becomes

y η Tx v . 

From equation (2.39), the relationship between  and ( , , )x y zr  can be written as, 

i i i i i i i ix y z x z y y              κ x .                      (2.49) 

To sum up, in the v ( , ) η coordinate system, one has  

i y

    
         i

T vη x

κ
 .                                       (2.50) 

Substituting (2.50) into (2.36), iB  in the 0y   plane can be expressed in terms of the x  

coordinate.  

First, from (2.37), it is seen that 1 1( ) [ ]i   Γ Γ I , therefore 

1 1( ) ( ) [ ] ( )t t
iy y     η Γ η Tx v Γ I Tx v  ,                      (2.51) 

and in the 0y   plane, it simplifies as 

1 1

0
( ) ( ) [ ] ( )t t

i iy
  


 η Γ η Tx Γ κ x Tx .                          (2.52) 

For further simplicity, let
0

( )t

y



η Γ η F . The inverse of the matrix F  is 
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1 1 1 1

1 1 1

1 1 1 1 1

1 1 1 1 1 1 1 1 1

1 1 1 1 1

(( ) [ ] ( ))

( ) [ ](( ) )

[ ]( ) ( )

( ) ( ) ( ) ( )

( ) ( )

t
i i

t
i i

t t
i i

t t t t
i i

t t
i

   

  

    

        

    

 

 

 

 



F Tx Γ κ x Tx

Tx Γ κ x Tx

x T Γ κ x T x

x T Γ T x x T κ x T x

x T Γ T x

    ,              (2.53) 

which means, 

( )( )t t
iF x T Γ Tx  .                                             (2.54) 

Further, letting t
i i Γ T T , 

( )t t
i  η Γ η x x  .                                            (2.55) 

From equation (2.49), one has 
0 iy



 κ x  in the 0y   plane. Subsequently,  

0

1 1
( )

2 2
t t

i i

y

 


    η Γ η κ x x x .                               (2.56) 

Substituting equation (2.56) into equation (2.36), yields 

1
[ ]

2
0( )

t
i ijk

i y iB Ae
  

 
κ x x x

r    .                                  (2.57) 

Further substituting (2.57) and i x x x into equation (2.41),  

1
[( ) ]

2 2( )
t

i i ijk

i iB d Ae


     




κ κ x x x κ x

κ x    .                             (2.58) 

Finally, this integral can be evaluated in closed form, to give [5]  

1
[ ( ) ( ) ]

2
2

( )
det

t
i i i ijk

i i

i

i
B A e

k

       


κ κ κ κ x x κ

κ
Γ

 .                        (2.59) 

It is noted that det iT  and 2det (det ) deti iΓ T Γ , so that the final expression is 

given by, 
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2.5.2 Propagation of a general astigmatic Gaussian beam 

To understand the propagation of a general astigmatic Gaussian beam, the expression of 

equation (2.32) is rewritten to be 

2 2

1 221 2
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where 
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2
02

2 2

w
q j l


      .                                         (2.64) 

1l  and  2l  are the z coordinates of the location of the beam waists in the x and y

directions, respectively. After obtaining the location and size of the beam waists in the 

two orthogonal axes x  and y , the propagation of a 3D, general, astigmatic, Gaussian 

beam, can be independently handled in these two orthogonal directions as a normal 

Gaussian beam. For example, the equations (2.11, 2.12) of a 3D general astigmatic 

Gaussian beam become 
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   .                               (2.66) 

2.6 Numerical examples of Gaussian beams 

2.6.1 Circular stigmatic Gaussian beam 

Firstly, let us choose 11 22 1   , 12 21 0    and let (0) 500q i   in equation (2.36). 

As discussed above, under these conditions, the general beam degenerates into an 
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axially-symmetric Gaussian beam. We assume the beam conventionally propagates 

along the z-axis. The side-view of the normalized total field ( )iB r  on the plane 

( , , 0)x y z   is shown in Figure 2.3, and the plan-view of the field is shown in Figure 2.4, 

with the beam width referring to 1e  level; 0 01 02 0.94w w w m    and the beam widths 

are 1/2e , 1 2 0.6649i i iW W W m   . 

 

 

Figure 2.3 The side view of total field ( )iB r of a circular stigmatic GB with 

(0) 500q i  , 12 21 0   , and 11 22 1   . 
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Figure 2.4 The plan view of total field ( )iB r of a circular stigmatic GB with 

(0) 500q i  , 12 21 0   , and 11 22 1   . 

2.6.2 Elliptical astigmatic Gaussian beam 

With the choice 12 21 0   , (0) 500q i  , with 11 22 224 , 1    a general elliptical 

beam rather than a symmetric circular Gaussian beam, is obtained. As with the previous 

case, the beam propagates along the z axis. The side-view in Figure 2.5 shows the 

normalized total field  ( )iB r  on the plane ( , , 0)x y z  . The plan-view of Figure 2.6, 

show the beam widths ( 1/2e ) 1 0.6649iW m  and 2 0.3325iW m . 
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Figure 2.5 The side view of total field of an elliptical astigmatic GB with

(0) 500q i  , 12 21 0   , 11 224   and 22 1  . 

 

Figure 2.6 The plan view of total field of an elliptical astigmatic GB with

(0) 500q i  , 12 21 0   , 11 224   and 22 1   
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Usually, the complex symmetric matrix Γ of a 3D, general, astigmatic, Gaussian beam, 

is a diagonal matrix with 12 21 0   , and this form is commonly used in most 

circumstances. If 12 21 0   , a “rotated” Gaussian beam is obtained. With

(0) 500q i  , 11 221.5  , 22 1   and 12 21=1  , Figure 2.7 depicts the side-view of 

the total field ( )iB r  for this rotated Gaussian beam in the plane ( , , 0)x y z  . A plan 

view of the same is shown in Figure 2.8.  

 

 

Figure 2.7 the side view of total field of an elliptical astigmatic GB with

(0) 500q i  , 11 221.5  , 22 1   and 12 21=1   

   

 

-4 -3 -2 -1 0 1 2 3 4
-4

-2

0

2

4

0

0.2

0.4

0.6

0.8

1

（ ）x m

（ ）y m



Chapter 2  Gaussian Beams and their Propagation 

62 

 

 

Figure 2.8 the plan view of total field of an elliptical astigmatic GB with 

(0) 500q i  , 11 221.5  , 22 1   and 12 21=1   

2.7 Summary 

The formulation of a circular Gaussian beam and an elliptical, astigmatic, Gaussian 

beam, and their propagation has been introduced. The elliptic, astigmatic, Gaussian 

beam, and its spatial-spectral representation will be used to investigate the reflection 

and diffraction of general Gaussian beams in later chapters. 
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Chapter 3   Gaussian Beam 

Reflection on a Curved Surface 
 

 

3.1 Overview 

In this chapter, three different kinds of methods for analysing Gaussian beam reflection 

are introduced and compared. The PO method has the advantage of accuracy; however, 

the form of the result can only be presented by “reflected field” rather than “reflected 

Gaussian beam”. The GO method and the Phase Matching method both describe the 

reflected field in the form of a Gaussian beam. Because the GO method in original 

DGBA is not suitable for elliptical astigmatic incidence, the Phase Matching method is 

introduced for a broader range of applications. The Phase Matching method is also 

extended to examine the situation of the incident beam not coinciding with one of the 

two principal directions of the surface. 

3.2 Gaussian beam reflection using physical optics 

The PO method has been verified as a very popular method for analysing electrically 

large systems. In many cases, the spot size of the incident beam is assumed to be 

reasonably smaller in comparison with the surface radii of curvature. The surface can be 

considered as electrically large and the PO approach applied.  

The treatment of Gaussian beam reflection using the PO method is presented below. 

The geometry of the Gaussian beam reflection is shown in Figure 3.1. The reflected 

field of a Gaussian beam is obtained by integrating the surface currents derived from the 

incident field over the reflecting surface. Here, it is assumed that the reflecting surface 

is locally approximated by a local parabola at the intersection point, thus 
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R R
   .                                                 (3.1) 

1R  and 2R are the surface curvatures in the x  and y  direction. Positive radius of 

curvature defines a convex surface and negative radius of curvature, a concave surface.  

θi

z

y

x

zr

zi

di θr

 

Figure 3.1 Geometry of PO method: 3D Gaussian beam reflection at a curved 

surface. ˆ ˆ ˆ( , , )x y z  is the surface coordinate at the intersection point. iz  and rz  are 

the propagation directions of the incident and reflected beams. i  is the incident 

angle; r , the reflected angle; and id  , the distance from the incident beam waist 

to the intersection point.  

The incident beam is assumed to be a general astigmatic Gaussian beam and it is easy to 

write the incident beam in the form of (2.36), 

1[z ( ) ]
2

0

det( ( ))
( , , )

det( (0))

t
r i i ijk zi

i i i i i

z
H x y z H e




X Γ XΓ
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  .                          (3.2) 

The magnetic vector potential used to describe the reflected field is  

1
( , , ) ( )

4

jkR
e e e

A x y z J s ds
R

  

 

   
 

                                     (3.3) 

where  
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 2 2 2( ) ( ) ( )R x x y y z z         .                                   (3.4) 

The integral (3.3) is over the whole reflecting surface and R  in (3.4) is the distance 

from the source point on the curved surface to the observation point. The differential 

area is given by 

  2 2

1 2

1 ( ) ( )
x y

ds dx dy
R R

 
      .                                       (3.5) 

Therefore, the equivalent current in eJ   is the surface current density and is evaluated 

as 

ˆ( )=2 ( )e
iJ s n H s 

 
.                                                 (3.6) 

Consequently, the reflected field is given by 

2

1
( ( ))r e eE j A A

k
     
 

  .                                    (3.7) 

Following the approach of Zogbi [1], an approximated reflected magnetic field, with a 

closed form, is given by 

3 3

0 0

( , , )
2

jkr
r

nm nm
n m

jk e
H x y z W I

r



 

  


.                                (3.8) 

The expression of terms nmW  and nmI  can be found in Appendix-I. Equation (3.8) is in 

excellent agreement with the original form of PO.  

3.3 Gaussian beam reflection using geometrical optics 

The 2D-DGBA uses GO to determine reflection at a curved reflector surface. The key 

issue is to find how the complex beam parameter q  changes when a Gaussian beam 

impinges. At this reflection point, the spot size of the beam stays the same while the 

beam curvature changes according to the local curvature of the reflecting surface. In 

other words, this GO method assumes that the beam width w  does not change when 
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dealing with reflection. Since the complex beam parameter q  of the incident beam is 

known, it is required to find the reflected complex beam parameter in equation (2.9).  

It is clear that if the beam width w  stays the same, one only needs to find out how the 

radius of curvature R  changes. GO characterizes the field in terms of differential rays 

around the axes of the incident and the reflected beams. Figure 3.2 shows the geometry 

of the reflection. The details on this GO treatment can be found in reference [2-4].  

Firstly, the surface about the point 0r


can be described by the bi-parabolic expansion 

               
2 2

0 1 2

1 2

1
ˆ ˆ ˆ( , ) ( )

2

u v
r u v r u v n

R R
     

 
,                                (3.9) 

where: n̂   is the surface normal; and,  1̂  and 2̂  denote the two principal directions of 

curvature of the surface. 1R  and 2R  are the two principal radii of curvature.  

 

Figure 3.2 Geometry of GO method: reflection of a Gaussian beam at a curved 
surface. A circular incident GB impinges on a curved surface with an incident 

angle i . ˆ ˆ ˆ( , , )n   is the surface coordinate at the intersection point; ˆ ˆ ˆ( , , )i i is  , the 

incident GB based coordinate system; and ˆ ˆ ˆ( , , )r r rs  , reflected GB based 

coordinate system.  

The relationship of ˆ ˆ( , )u v  in (3.9) and ˆ ˆ( , )    is given by 
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, ,i c r  is the counter clockwise rotation angle from , ,ˆi c r  to , ,i c ru  with respect to n̂ . 

Matching the phase between the incident and the reflected wave fronts on the surface of 

the reflector and, dropping all third and higher order terms, result in an matrix equation 

for the curvature of the reflected beam this: 
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with 
, , , ,

2 1
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 . 

In (3.11), , ,
1
i c rR and , ,

2
i c rR are respectively the principal radius of curvature of the incident 

Gaussian beam at the curved surface and, the reflected Gaussian beam at the 

intersection point. From (3.11), one has 
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In 2D-DGBA practice, because the entire incident beam is from Gaussian beam 

expansion over an input plane, they are formed into circular Gaussian beams. That is 

1 2
i iR R  and 0i  . By substituting (3.12) and (3.13) into (2.9), one has the complex 

beam parameters 1
rq  and 2

rq ; the electric field of the reflection field is given by 
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.                        (3.15) 

However, when dealing with diffraction, the 2D-DGBA cannot handle an elliptic, 

astigmatic, Gaussian beam. Therefore, in the treatment of diffraction in 2D-DGBA, the 

reflected beam is approximated by a circular beam with a complex beam parameter  

2

1 2

1 1
r r

j
q wR R




  .                                            (3.16) 

3.4 Gaussian beam reflection using the phase matching method 

3.4.1 General case 

This section covers the Phase Matching method, which is a branch of GO. In order to 

distinguish one from the other, we refer to the method in section 3.2 as the “GO” 

method and that of this section as the “Phase Matching” method. In the Phase Matching 

approach, the reflected field is given as a Gaussian beam. It is assumed that the reflected 

field has a quadratic phase and its relative reflected beam parameters are found by phase 

matching the incident and reflected fields on the doubly-curved paraboloidal surface. It 

will be shown later that this Phase Matching approach yields the reflected Gaussian 

beam in the form of a general, astigmatic, Gaussian beam, as described by (2.36). It is a 

better solution and can be used easily for 3D diffraction treatment in chapter 5. 
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Figure 3.3 Geometry of Phase Matching method: 3D Gaussian beam reflection at a 
curved surface with incident beam along the principal direction. ˆ ˆ ˆ( , , )x y z  is the 

surface coordinate at the intersection point. ˆ ˆ ˆ( , , )i i ix y z  is the incident coordinate 

with îz , the propagation directions of the incident beam. i  is the incident angle; 

and id , the distance from the incident beam waist to the intersection point.  

ˆ ˆ ˆ( , , )r r rx y z  is the reflected coordinate with ˆrz , the propagation directions of the 

reflected beam. i  is the reflected angle; and rd , the distance from the reflected 

beam waist to the intersection point. 

The geometry for the problem is shown in Figure 3.3. The incident coordinate system 

( , , )i i ix y z  is defined by the principal axis of the incident beam iz . The origin of the 

surface coordinate system ( , , )x y z  coincides with the beam-reflection intersection-point. 

The incident angle is i . The original of the reflected coordinate system is also at the 

intersection point and defined as ( , , )r r rx y z . The reflected angle is r .  

The expression of the surface using the surface coordinates is given just as for (3.1) 

           
2 2

1 2
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x y
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R R
   .                                               (3.17) 
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The Rayleigh range is defined by the beam-width coinciding with the beam-waist, thus 

2
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w
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  .                                             (3.18) 

With the aid of this definition, the incident 3D general, astigmatic, Gaussian beam, has 

the form 
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The incident beam can be rewritten in the form of (2.36) to be 
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If 0iz  , (0)Γ becomes 
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Assuming the reflected beam has the similar form, then  
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In the Phase Matching method [1], suppose that the phase of the incident beam is equal 

to that of the reflected beam at the point of intersection. Details for this situation can be 
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found in Appendix-II and the curvature-matrix of the reflected wave front at the 

intersection-point is 

   
1 1

(0) (0) 2cos ( )r i t
i Q

 

   Γ Γ                                   (3.25) 

where   is the projection operator, and Q  is the curvature matrix for the surface 
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The transformation between the reflected-beam coordinate system and the surface 

coordinate system is  
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                                     (3.27) 

where  
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 .                     (3.28) 

The projection operator can be written as 

                           11 12

21 22

p p

p p

 
   

 
.                                                (3.29) 
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By substituting (3.26 – 29) into (3.25), the reflected-curvature matrix at the intersection 

point is 

11 12

21 22

(0)=
r r

r

r r

  
 
  

Γ                                               (3.30) 

where 

   
2 2
22 21

11

1 1 1 2

1 2

cos
r

i i
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p p

jb d R R

 
   
   

Γ  ,                              (3.31) 

   12 22 21 11
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1 2

2
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i
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Γ ,                                 (3.32) 

   21 12
r rΓ Γ   and                                                (3.33) 

   
2 2
12 11

11

1 1 1 2

1 2

cos
r

i i
i

p p

jb d R R

 
   
   

Γ .                                (3.34) 

The reflected field can be ultimately calculated by (3.24). 

3.4.2 Extended phase-matching method 

In the previous discussion, the direction of projection of the incident beam onto the 

surface was coincident with one of the two principal directions. Also, the observation 

coordinate system was the same as the surface coordinate system. Now we try to extend 

this method to give an expression containing the two different principal curvature 

directions of the surface according to the direction of projection of the incident beam.  

Figure 3.4 shows the geometry of this scenario. The intersection point of the incident 

beam and the curved surface is denoted as P . Around the point P , we can find a surface 

that is formed by using the lines of curvature of the surface. This curved surface has a 

normal n̂ . By making P  the origin, and setting ̂  and ̂  to be the two orthogonal 

principal directions of curvature through P and tangent to curved surface, a coordinate 
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system ˆ ˆ ˆ( , , )n  , can be constructed. The curved surface matrix can be represented using 

curvature matrix Q  

tn X QX                                                   (3.35) 

where  

   =X




 
 
 

  and                                                 (3.36) 

   11 12

21 22

Q Q
Q

Q Q

 
  
 

.                                             (3.37) 

We assume that the principal radii of curvature of the surface at point P  are 1R  and 2R , 

which are also the principal radii of curvature of the curved surface in equation (3.17). 

x̂  and ŷ  are the two orthogonal directions passing through P and tangent to the curved 

surface. The angle   in Figure 3.4 is the angle that rotates counter clockwise x̂  to ̂  on 

the plane ( , , 0)x y z   with respect to n̂ . 
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Figure 3.4 Geometry of extended Phase Matching method: 3D Gaussian beam 
reflection at a curved surface with arbitrary incident direction. The direction of 

projection of the incident beam onto the surface is ̂  rather than x̂ . A coordinate 

system ˆ ˆ ˆ( , , )n   is constructed with n̂ , the normal direction of the curved surface 

around the intersection point P . The angle between ̂  and x̂  is  . All other 

symbols have the same meanings as in Figure 3.3.  

Q  in the ˆ ˆ ˆ( , , )x y z  coordinate system is rewritten as  

 0
tQ J Q J                                                   (3.38) 

where   
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1
0

1
0

R
Q
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                                                 (3.39) 

and  
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cos( ) sin( )

sin( ) cos( )
J

 

 

 
   

.                                           (3.40) 

By substituting this new curvature matrix Q  into (3.25) and then substituting (0)rΓ into 

(3.24), the reflected field can be evaluated with arbitrary directions. 

3.5 Numerical verification 

In this section, several numerical experiments are conducted. Through comparison with 

the PO, the accuracy of GO and the Phase Matching methods are assessed.  

3.5.1. Experiments with a circular incident Gaussian beam  

Assume all the directions of projection of the incident beams onto the surface are in 

directions of principal curvature. The geometry of the problem is similar to what has 

been shown in Figure 3.3. For simplicity, we assume directions of projection of the 

incident beam are along the x  direction. In this section, all cases are simulated with 

PO as outlined in section 3.1; GO method of section 3.2 and, the Phase Matching 

method of section 3.3. The simulated reflected fields in this section are near fields, 300

  from the point of intersection with 0y  . 

The circular incident Gaussian beams used in the 2D-DGBA are tested with both 

convex and concave surfaces. In addition, different incident angles with 0i    , 

15i    and 30i 
  are also considered.  

Figure 3.5-8 illustrate the reflected beam profiles generated by the GO and Phase 

Matching methods, in comparison with the PO. It is shown that when the spot-sizes of 

the incident beam are very small, (i.e. < 1/20),  compared with the principal curvatures 

of the surface (concave or convex), all three methods present agreements with only a ± 

0.35 dB field amplitude deviation can be observed within ± 50  range when the 

incident angle is 0i   . This deviation increases with increase of the incident angle. A 

± 0.8 dB field deviation occurs when the incident angle increases to 30°.  
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Figure 3.5 Simulation results of circular Gaussian beam reflection from a concave 
surface by PO, GO and Phase Matching methods with incident beam and surface 

parameters 3iw  , 20id  , 0i   , 1 80R   , 2 60R   . 

 

Figure 3.6 Simulation results of circular Gaussian beam reflection from a concave 
surface by PO, GO and Phase Matching methods with incident beam and surface 

parameters 3iw  , 20id  , 30i 
 , 1 80R   , 2 60R   . 

 

Figure 3.7 Simulation results of circular Gaussian beam reflection from a convex 
surface by PO, GO and Phase Matching methods with incident beam and surface 

parameters 3iw  , 20id  , 0i   , 1 60R  , 2 80R  . 
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Figure 3.8 Simulation results of circular Gaussian beam reflection from a convex 
surface by PO, GO and Phase Matching methods with incident beam and surface 

parameters 3iw  , 20id  , 15i   , 1 60R  , 2 80R  . 

 
Figure 3.9 Simulation results of circular Gaussian beam reflection from a convex 
surface by PO, GO and Phase Matching methods. Incident beam and surface 

parameters 8iw  , 100id  , 0i   , 1 20R   , 2 10R   . 

However, as shown in Figure 3.9, the field amplitude deviation increases to ± 2.5 dB in 

the case of a beam spot-size comparable to the principal curvature of the surface. It 

seems that both GO and Phase Matching methods have lost their accuracy. So, for GO 

or Phase Matching methods, the incident beam widths on the surface should be much 

smaller (i.e. < 1/20) than the principal radii of curvature. Also, GO and Phase Matching 

methods generate exactly the same results for circular incident Gaussian beams. 

3.5.2. Experiments with general astigmatic incident Gaussian beams 

In this section, circular incident Gaussian beams are replaced by general, astigmatic, 

incident Gaussian beams. We assume the projecting directions of these incident beams 

are still coincident with the directions of principal curvature for the curved surface. In 
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some cases the beam waists 
1iw  and 

2iw of these general, astigmatic, incident, Gaussian 

beams, not only have different sizes but also have different locations, meaning different 

beam waists 
1id  and 

2id  are used. The simulation results of PO, GO and Phase 

Matching are shown below. 

Figure 3.10-15 illustrate the comparison of the Phase Matching method with PO. In all 

these figures, it can be observed that the GO method loses its accuracy, with field 

amplitude deviation running to tens of dB. That is because the equations of the GO 

Method in section 3.2 are not designed for general, astigmatic, Gaussian beams. Also, it 

is to be emphasised that it does not mean the entire GO method is unsuitable for 

handling astigmatic Gaussian beams; it only refers to the equations of section 3.2. 

Contrariwise, the Phasing Matching reflection method is suitable for general, 

astigmatic, incident Gaussian beams, and the field deviation remains at ± 2.5 dB within 

a ± 50  range, even when the incident angle is 30i 
 . 

 

Figure 3.10 Simulation results of general astigmatic Gaussian beam reflection from 
a concave surface by PO, GO and Phase Matching methods with incident beam 

and surface parameters 1 3iw  , 2 1.5iw  , 1 2 20i id d   , 0i   , 1 80R   ,

2 60R   . 
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Figure 3.11 Simulation results of general astigmatic Gaussian beam reflection from 
a concave surface by PO, GO and Phase Matching methods with incident beam 

and surface parameters 1 3iw  , 2 1.5iw  , 1 20id  , 2 30id  , 0i   , 

1 80R   , 2 60R   . 

 

 

 

Figure 3.12 Simulation results of general astigmatic Gaussian beam reflection from 
a concave surface by PO, GO and Phase Matching methods with incident beam 

and surface parameters 1 3iw  , 2 1.5iw  , 1 20id  , 2 30id  , 30i 
 , 

1 80R   , 2 60R   . 
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Figure 3.13 Simulation results of general astigmatic Gaussian beam reflection from 
a concave surface by PO, GO and Phase Matching methods with incident beam 

and surface parameters 1 3iw  , 2 1.5iw  , 1 2 20i id d   , 0i   , 1 60R  ,

2 80R  . 

 

 

 

 
Figure 3.14 Simulation results of general astigmatic Gaussian beam reflection from 
a concave surface by PO, GO and Phase Matching methods with incident beam 

and surface parameters 1 3iw  , 2 1.5iw  , 1 20id  , 2 15id  , 0i   , 1 60R  ,

2 80R  . 
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Figure 3.15 Simulation results of general astigmatic Gaussian beam reflection from 
a concave surface by PO, GO and Phase Matching methods with incident beam 

and surface parameters 1 3iw  , 2 1.5iw  , 1 20id  , 2 15id  , 15i   , 1 60R  ,

2 80R  . 

 

Figure 3.16 Simulation results of general astigmatic Gaussian beam reflection from 
a concave surface by PO, GO and Phase Matching methods with incident beam 

and surface parameters 1 8iw  , 2 6iw  , 1 20id  , 2 15id  , 15i   , 1 20R  ,

2 10R  . 

As for circular Gaussian beams, in Figure 3.16, the spot-size of the incident general 
astigmatic Gaussian beam is comparable to the principal curvatures of the surface in the 
Phase Math method showing an obvious deviation that is more than ±10 dB. 
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Figure 3.17 Simulation results of circular Gaussian beam reflection from a concave 
surface by PO, GO and Phase Matching methods with incident beam and surface 

parameters 1 3iw  , 2 1.5iw  , 1 20id  , 2 15id  , 0i   , 15i   , 1 80R   ,

2 60R   . 

In the previous cases, all the projecting directions of the incident beam are along x  

direction. However, in this case, an incident angle of 15i    is taken, as shown in 

Figure 3.4. Therefore, the extended Phase Matching method of section 3.3.2 should be 

implemented. For simplicity, the reflected field is calculated at a field cut at

( 0, 300 )y z   . Other parameters can be found in the caption of Figure 3.17. 

It can be observed that, by using the extended Phase Matching method, only a -0.56 dB 

field amplitude deviation is introduced within a ± 50  range. Therefore, the extended 

Phase Matching method is accurate for analysing Gaussian beam reflection of a curved 

surface.   

3.6 Summary 

The treatment of Gaussian beam reflection by using the PO, GO and the Phase 

Matching methods are introduced in this chapter. The extended Phase Matching method 

has been verified to be a more accurate analysis method than the GO in 2D-DGBA for 

examining reflection of a general, elliptical, astigmatic Gaussian beam incidence from 

an arbitrary projection onto a curved surface. Only a ± 2.5 dB field amplitude deviation 

can be observed within ± 50  range when the incident angle 30i 
  and 15i    , in 
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comparison with tens of dB field amplitude deviation of GO in 2D-DGBA. Also, the 

result can be described in the form of a general, elliptic, astigmatic, Gaussian beam. 
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Chapter 4 2D Gaussian Beam 

Diffraction on a Half-Plane 
 

 

4.1 Overview 

This chapter presents two kinds of method for analysing Gaussian beam diffraction on a 

half screen in two-dimensional space. The first is canonical Gaussian beam boundary 

diffraction wave (BDW) theory applied to a Kirchhoff half-screen [1], and the other is 

Gaussian beam summation (GBS) in half plane diffraction [2].  

4.2 Boundary diffraction wave theory in 2D-DGBA 

4.2.1 Principles of BDW theory in 2D-DGBA 

In 2D-DGBA, diffraction by reflectors is calculated using the asymptotic solution of a 

canonical problem of a Gaussian beam, with a circular spot, normally-incident upon an 

opaque Kirchhoff half-screen. This is based on the boundary diffraction wave (BDW) 

theory [1].  

Figure 4.1 illustrates the geometry of the problem. It is assumed that the incident 

Gaussian beam propagates along the z-axis. The scalar field of the incident Gaussian 

beam is given by equation (2.8). Rewritten in Cartesian coordinates  

0

(0)
( , , ) exp( ( , , ))

( )
i

q
U x y z jk x y z

q z
 ,                               (4.1) 

where，
2 2

( , , )
2 ( )

x y
x y z z

q z



  and 

2
0

0( )
w

q z z z 


   . 
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Q(x ,y ,z  ) 0 0 0 

 

Figure 4.1 Geometry of boundary diffraction wave (forward-scattering region). An 

incident Gaussian beam with beam waist 0w  at 0z z  normally impinges upon a 

half-screen ( , 0)x a z  . The Gaussian beam is propagating along the z-axis.   

0 0 0( , , )Q x y z  is a source-point of boundary-diffraction located on the boundary of 

the half-screen and ( , , )P x y z  represents the observation point.  [1]  

The incident beam waist is located at 0z z  . 0 0 0( , , )Q x y z  is a source-point of 

boundary-diffraction located on the boundary  of the half-screen. The total diffracted 

field ( )kU P in the space 0z   at observation point ( , , )P x y z  is given by 

( ) ( ) ( )K B i
i

U P U P F P  ，                                    (4.2) 

where the second term ( )i
i

F P  is the contribution from the singularities of a potential 

( , )W P Q


 in the aperture plane x a , 0z  . It is generally interpreted as a Geometrical 

Optics wave. The first term ( )BU P  is the boundary diffraction wave, which is given by 

            0
ˆexp( )

( ) ( , ) ( )
ˆ4 1

Q

B i

Q

sjk s
U P W P Q dl U Q dl

s s



  


 

  
 

,               (4.3) 

where l


 is the unit vector tangential to the boundary  of the half-screen traced 

counter-clockwise when viewed from the observation point P . ŝ  is the unit vector 

pointing from P  to the source point Qand s  is the distance between the two points. Q  

is the gradient operator taken with respect to the coordinates of Q. 
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In the paraxial region 2 2 2
0 0 0( ) ( ) ( )x x y y z z     , the total diffracted field can be 

written as a superposition of the GO incident field and a diffracted field in terms of 

complementary error functions, given by 

0

1
1 2

0

1

1
1 2

0

1
0

( )

(0)
( ) erfc( ( ( ) ( )) )

2 ( )
    

exp( ( ( ) ( ) ( )) ( )

(0)
erfc( ( ( ) ( )) )
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i s p
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s p d i d
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jk d y d y s Q U Q

q
x xj jk d y d y

q z

jk d y d y s Q U Q



 


   

 

   


   






   



.            (4.4) 

sy  is a complex saddle-point and 
1
py  is a complex pole of the integral in equation (4.3). 

They are given by,  

(0)

( )
s

q
y y

q z
   and                                                  (4.5) 

1 (0)

( )
p s

q
y y j a x

q z

 
   

 
  .                                         (4.6) 

The source-point of diffraction is characterised by the complex coordinate 

( , ,0)d sQ a y . sx  marks the shadow boundary of the GO field. 

After further simplification, equation (4.4) can be written in a more compact form.  

1
1 2

0

1
1 2

0

1
1 ( [ ( ( ) ( ))] ),   

2
( ) ( )

1
( [ ( ( ) ( ))] ),        

2

s p s

k i

s p s

erfc j jk d y d y x x

U P U P

erfc j jk d y d y x x


  

 
  


   .              (4.7) 

The method of DGBA focuses on how the BDW solution can be adopted in the context 

of a single reflector analysis [2, 3]. The formulation cannot be used directly because: (1) 

compared with the forward region, the backward scattering regions (z 0)  in the 

diffracted field are more important when analysing multi-reflector system; and (2), the 

direction of propagation of the incident beam is not perpendicular to the edge of the 

half-screen. Figure 4.2 illustrates an equivalent geometry to describe the diffracted field 
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in the backward-scattering region for oblique incidence. In Figure 4.2, there are three 

coordinate systems: the half-screen-based coordinate system ( , , )x y z , the incident-beam 

coordinate system ( , , )i i ix y z , and the reflected-beam coordinate system ( , , )r r rx y z .  

For the backward-scattering region, the reflected wave in the backward-scattering 

region is characterised by an image beam at the opposite side of the half-screen. The 

image beam is of the same magnitude but opposite in sign to the incident beam. 

Meanwhile the original coordinate system ( , , )x y z has to be transformed to ( , , )x y z  . 

The equivalent half screen must then be complementary to the true half-screen to 

generate a shadow region in the lower half-space ( 0)x  . The offset distance a  turns 

into a . 

For oblique incidence, we assume an incidence angle notated as 0 . The observation 

point is described in the half-screen-based cylindrical ( , , )y   coordinate system. The 

transmitted and reflected beams propagate in the 0( )   and 0( )   directions, 

respectively. The relationships of the half-screen-based cylindrical ( , , )y   coordinate 

system and the incident/reflected-beam coordinate systems, are given by  

0

0

cos( ( )) cos

sin( ( )) 0

i e

i

z z

x

   


  

      
            

 and

          

                (4.8) 
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 .                             (4.9) 

Since the boundary diffraction field is obtained as a line integral along the edge and is 

independent of the normal facing of the half-screen, the equations of the canonical 

problem above can be applied in terms of the reflected-beam coordinate system. The 

offset distance a from the edge is related to the axial position ez  of the edge in the half-

screen-based coordinate system and is given by 0sinea z  . 
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Figure 4.2 Equivalent geometry for determining the diffracted field in the 
backward-scattering region at oblique incidence. An incident Gaussian beam with 

beam waist 0w  at 0tz z  obliquely impinges upon a half-screen ( , 0)ez z x  . The 

incident Gaussian beam is propagating along the tz -axis with reflected beam along 

rz -axis. Three coordinate systems are constructed: the transmitted beam related 

coordinate system ( , , )t t tx y z , the reflected beam related coordinate system 

( , , )r r rx y z , and the half-screen based coordinate system ( , , )x y z . The incidence 

angle is 0  and the observation point is described in the half-screen-based 

cylindrical ( , , )y   coordinate system. The diffracted field in the backward-

scattering region is characterised by an image beam with same magnitude but 
opposite in sign to the incident beam at the opposite side of the half-screen. [4] 

4.2.2 Limitations and approximations of the BDW method in 2D-DGBA 

4.2.2.1 Circular incident beams limitation 

In 2D-DGBA, both reflection and diffraction methods can only deal with diffraction of 

stigmatic Gaussian beams with a circular spot. Rieckmann et al undertook a comparison 

of the canonical Kirchhoff half-screen BDW theory in comparison with PO for an 

incident elliptical Gaussian [3]. For normal incidence, the fields in the back-scatter 

region at a distance of 300 are shown for various angles  characterising the principal 

directions. The elliptical Gaussian beam is assumed propagating in z-direction and is 

characterised by two principal directions of curvature ˆ ˆ,    in the transverse xy-plane 
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such that 
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. The agreement is not brilliant and deviations 

of several dB are observed, as shown in Figure 4.3.  

 

Figure 4.3 Simulated backscattered field with Boundary diffraction wave theory 
(BDT) in 2D-DGBA and PO for a normally incident elliptical Gaussian beam. The 
two principal radii of curvature at the diffracting edge are 200 and 500, 
respectively. The beam half width is 8. The diffracted field is simulated at a 
distance of 300 for various angles  characterising the principal directions. [4] 

4.2.2.2 Circular emergent beams approximation 

It is well-known that after reflection and scattering by a reflector, beams become 

astigmatic (elliptical). As mentioned in Chapter3, in 2D-DGBA, when dealing with 

reflection, elliptical reflected beams are used and the reflected field is given by (3.15) to 

be 
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However, classic Kirchhoff half-screen boundary diffraction theory fails because the 

locations of the poles are not symmetric with respect to the stationary point. Therefore, 

although the two principal radii of the emergent beam 1
rR  and 2

rR  can be calculated in 
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2D-DGBA, when dealing with diffraction, the reflected elliptical beams are 

approximated by a circular beam with a complex beam parameter of   

1

2

1 2

1
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q j
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.                                      (4.11) 

4.2.2.3 Normal polar incidence approximation 

2D-DGBA uses Kirchhoff half-screen boundary-diffraction theory, which deals with the 

diffraction of a Gaussian beam normally incident upon a Kirchhoff half-screen. This 

means that it can only handle normal incidence (the angle 
2

i


   and the incident beam 

is parallel to the xy -plane in Figure 4.4). Here, a Cartesian coordinate system ( , , )x y z  is 

used to describe the half plane ( 0z  , 0x  ).Spherical polar coordinates ( , , )i i i    are 

used to describe the incident beam.  

 

z 

x 

y 

i  

i  

 

Figure 4.4 A Gaussian beam (the arrow in the figure) impinges on a half-plane 

( 0, 0)y x    in an arbitrary direction of ( , )i i  . However, in 2D-DGBA, all the 

incident beams are approximated by the beams that normally impinge the half 

plane ( / 2i  ). 

The errors introduced by this approximation will be discussed in Chapter 5. The 

conclusion is that Kirchhoff half-screen BDT is not correct outside the paraxial region, 

and more than 50 dB field deviation can be observed with respect to PO. 
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4.3 Gaussian beam summation method in half plane diffraction 

By using equation (4.7), the canonical Gaussian beam Kirchhoff half-screen boundary-

diffraction method accounts for the diffraction field rather than for diffracted beams. In 

reference [2], a 2D GBS method is presented dealing with half-plane Gaussian beam 

diffraction. In this GBS method, the scattered field is expressed as a sum of diffracted 

beams in all directions emerging from the edge, as shown in Figure 4.6.  

Consider now a perfectly conducting half-plane located along the x  axis at ( 0)x  . A 

Gaussian beam iB  illuminates the half plane at azimuth angle 0  relative to the x  axis. 

0  is the distance along the principal axis of the incident beam and between the beam 

waist of the incident Gaussian beam and the edge. 0  is the distance in the direction 

transverse to the principle axis of the incident beam and between the centre of the beam 

waist and the edge. So the displacement of the incident Gaussian beam from the edge 

can be described by 0 0( , )   in the ( , )i i   coordinate system, with the edge locating at 

the ( 0, 0)x y  . The observation point is ( , ) ( , )x y r  r  in the 2D coordinate 

system.  

The total field is given by, for 0  , 

( ) ( ) ( )i su B u r r r ,                                             (4.12) 
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Figure 4.6 Geometry for determining the problem of 2D Gaussian beam 

summation method. A Gaussian beam impinges upon a half-plane at an angle 0 . 

0  is the distance of the edge from the beam waist, and 0  is that from the beam 

axis which describes the incident beam displacement from the edge. The scattered 
field is described as a sum of Gaussian beam emerging from the edge in all 
directions with the spectral discretization . The observation point is ( , )r r , 

[2]. 

in which 

2D( ) ( ) ( , )
4

s n n
n

j
u B  


 r r


 .                               (4.15) 

It can be seen that all the diffracted beams ( , )nB r  emerge from the edge, and later it 

will be noted that each is in the form of a Gaussian beam 
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2D ( , ) ,     0R

jkR jZ
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B e
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r                          (4.16) 

with  

2
0

R t

w
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   and ,                                            (4.17) 

( , ) (cos( ),sin( ))r        .                                 (4.18) 

RZ  is the Rayleigh range. As illustrated in Figure 4.6, a spectral distance between the 

two adjacent diffracted Gaussian beams is . 

Y
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σ 0
δα  

φ0 
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Since (4.13) and (4.15) show two Gaussian beams with scatting matrices (each 

otherwise termed a “spectral function”)   and


, this method can be referred to as a 

beam-to-beam GBS method.  

The spectral functions   and 


 in (4.13) and (4.15) are 

 
2

0( , ) (0) ( ) (0)
2

ps

i p p

jkq
B j e D erfc is G   

                           (4.19) 
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0( , ) (0) ( ) (0)
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i p p

jkq
B j e D erfc js G   

    


                    (4.20) 

where  

0

2
(0) ( ) p

s

s p

D
G D

jkq
 

 




  
   

   
   and                               (4.21) 

1 1
( , ) sec ( ) sec ( )

2 2
D              .                             (4.22) 

s  is the stationary phase point of the spectral expression of the incident Gaussian beam, 

with 0 0= Rq z  , which measures the complex radius of curvature of the incident beam. 

p 
  are the poles of ( , )D   :  

0 0 0/s q        and                                               (4.23) 

p

if C

if C

  


  






 
  

 
.                                         (4.24) 

ps   is the distance between p 
  and s , thus 

0

1
[( )]

2
p p ss ikq   

  .                                            (4.25) 

(0)iB  in (4.19), and (4.20) is the field of the incident beam at the edge and is given by 

2

0
0

( )

0(0)= /
jk

q
i i tB A jb q e


 

  .                                      (4.26) 
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Some typical examples of   patterns are given. In the first example, we assume the 

incident Gaussian beam as a stigmatic beam with 11 22 1   , 12 21 0   . The 

frequency is set to 100 GHz and the beam-waist of the incident beam is 8  and located 

at 0 100  . The incident Gaussian beam intersects the half plane at 0 0( 8 , y 0)x    

or 0 0( 100 , 8 )     . The patterns of 


 in the scattering field produced by a 

normally incident beam are shown in Figure 4.7. 

Figure 4.8 is the absolute value of 


 in the second example. This example is like the 

first, but with the azimuth angle set at 0 =
4


 . Also, the displacement of the incident 

Gaussian beam is 0 0( 100 , 8 )     .  

 

Figure 4.7 For (0,2 )  , the result of spectral function 


 with a stigmatic 

incident Gaussian beam ( 11 22 1   , 12 21 0   , 0 8w  ) intersecting the half 

plane at 0 0( 100 , 8 )      in the direction of 0 / 2  . 
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Figure 4.8 For (0,2 )  , the result of spectral function 


 with a stigmatic 

incident Gaussian beam ( 11 22 1   , 12 21 0   , 0 8w  ) intersects the half plane 

at 0 0( 100 , 8 )      in the direction of 0 / 4  . 

 

Figure 4.9 For (0,2 )  , the result of spectral function 


 with a stigmatic 

incident Gaussian beam ( 11 22 1   , 12 21 0   , 0 8w  ) intersecting the half 

plane at 0 0( 100 , 8 )       in the direction of 0 / 2  . 

0 0.5 1 1.5 2
0

5

10

15

20

x/

| 
|

0 0.5 1 1.5 2
0

5

10

15

20

x/

| 
|



Chapter 4    2D Gaussian Beam Diffraction on a Half-Plane 

98 

 

The third example is for negative 0  and   is chosen to replace


. All the parameters 

of the third example are the same as for the first, but for a displacement of incident 

Gaussian beam being 0 0( 100 , 8 )      . The result is shown in Figure 4.9.  

It can be seen that the results in Figure 4.9 are quite similar with those in Figure 4.7. 

That is because both   in (4.19) and 


 (4.20) are independent of 0 . Though similar, 

they are not exactly the same. To show the difference of   and 


, results of the first 

and third case are compared. Figure 4.10 gives the results. The errors of 2D GBS by 

using   and 


 are also discussed by Katsav et al [2]. The conclusion is that   is 

preferable when the incident beam passes near the half-plane and 


is suitable when it 

hits the half plane.  

It should be noticed that the GBS method is limited to 2D, since the observation-point 

has to be in the same plane defined by the incident and emergent Gaussian beams.   

 

Figure 4.10 For (0,2 )  , the result of spectral function 


 with a stigmatic 

incident Gaussian beam ( 11 22 1   , 12 21 0   , 0 8w  ) intersecting the half 

plane in the direction of 0 / 2  . The blue line represents the result with the 

intersection-point located at 0 0( 100 , 8 )     , and the black line is that with the 

intersection-point at 0 0( 100 , 8 )      . 
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4.4 Numerical verification 

In this section, three numerical experiments are conducted to validate the 2D Gaussian 

beam summation method for half-plane diffraction in comparison with GRASP and 

Kirchhoff half-screen boundary-diffraction theory used in 2D-DGBA.  

The geometry of the problem is illustrated in Figure 4.6. The frequency of all the 

incident beams is set to 100 GHz. In all these cases, the red line with data marked with 

‘o’ is the field simulated by PO. The blue line with data marked with ‘+’ is that 

simulated by 2D-BDT. The last is 2D-GBS and is the black dash curve. The scenarios 

used for analysis of PO are similar to those to come in Chapter 5.  

 

Figure 4.11 Comparison of the backward scattered field at ( 300 )y   with 

physical optics and 2D Kirchhoff half-screen BDT with a stigmatic incident 

Gaussian beam ( 0 8w  ) impinging on the half plane at 0 0( 100 , 8 )      in the 

direction of 0 / 2  . 

In the first scenario, the simulation results of an incident Gaussian beam perpendicularly 

impinging on the half plane at 0 0( 8 , 0)x y   in the direction of 0 / 2  ; i.e. the 

y direction is compared. The beam width 0w  ( 1e  ) has been chosen to be eight 

wavelengths wide and be located 100  from the half-plane, i.e. 0 0( 100 , 8 )     . 

The backward field is of more importance when analysing a QoN or multi-reflector 
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system. So, the fields, presented in Figure 4.11, are calculated for a backward near field 

cut at ( 300 )y  .  

In the second scenario, the same model is loaded as for the first but with

0 0( 100 , 8 )      .  Corresponding to this negative 0 ,    is used instead of 


. 

Figure 4.12 shows the simulated result. We can see that no matter whether 0  is 

positive or negative, both 2D-BDT and 2D-GBS yield similar accuracy. 

The last scenario is about oblique incidence with 0= / 4  , and the displacement of the 

incident Gaussian beam is 0 0 0 0 0 0( 100 cos , sin )w w        . The calculated of the 

total diffracted field is a backward near field cut away from the half-plane along the 

principal optical axis of the reflected beam. It is shown in Figure 4.13 that the BDW 

method losses accuracy in the main lobe in comparison with 2D-DGBA but is still in 

good agreement with PO.  

 

Figure 4.12 Comparison of the backward scattered field at ( 300 )y   with 

physical optics and 2D Kirchhoff half-screen BDT with a stigmatic incident 
Gaussian beam ( 0 8w  ) impinging on half plane out of the edge at 

0 0( 100 , 8 )       in the direction of  0 / 2  . 
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Figure 4.13 Comparison of the backward scattered field ( 600 away from the half-
plane along the principal optical axis of the reflected beam) with physical optics 
and 2D Kirchhoff half-screen BDT. The stigmatic oblique incident Gaussian beam 

( 0 8w  ) impinges on half plane at 0 0 0 0 0 0( 100 cos , sin )w w         in the 

direction of 0 / 4  . 

Although in the x   direction the results as predicted by using GBS, the half-plane 

diffraction starts to deviate from PO, but shows a better accuracy than BDW theory 

used in 2D-DGBA. Field deviation between 2D-GBS and PO holds at ±2.5 dB within a 

±200  range in comparison with ±20 dB for BDT used in 2D-DGBA. 

4.5 Summary 

The principles of the canonical Gaussian beam Kirchhoff half-screen BDW method and 

2D GBS were introduced. Due to limitations and approximations, especially concerning 

the normal polar incidence approximation, the BDW method can only be called a 2.5D 

diffraction method. Since the observation point has to be in the same plane as defined 

by the incident and emergent Gaussian beams. The GBS method is limited to 2D.  

Simulation results of BDW and 2D GBS analysis were compared. For normal incidence, 

both were verified to be accurate in comparison with PO. However, for oblique 
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incidence, field deviation between 2D-GBS and PO holds at ±2.5 dB within a ±200  

range in comparison with ±20 dB of BDT used in 2D-DGBA. 
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Chapter 5 3D Gaussian Beam 

Diffraction on a Half-Plane 
 

 

5.1 Overview 

In 2D-DGBA, the Kirchhoff half-screen boundary-diffraction theory is used to deal with 

the diffraction of a Gaussian beam with a circular-spot, normally-incident upon a 

Kirchhoff half-screen. Essentially, this method is a 2.5-D analysis, as discussed in 

Chapter 4.  

In 2009, Katsav and Heyman published a paper "Gaussian Beam Summation (GBS) 

Representation of Half Plane Diffraction: a Full 3D Formulation,” [1]. In this paper, 

they showed a new method of half-plane diffraction to achieve 3D analysis. The 3D 

GBS half-plane diffraction analyses a general astigmatic GB impinging upon the half-

plane at an arbitrary angle of incidence. The diffracted field is represented as a sum of 

diffracted GBs emerging from a discrete set of points and directions along the edge, 

making the calculation in a beam-to-beam (B2B) manner. When deriving the B2B 

scattering matrix, a phase-space beam expansion along the edge, and angular spectrum 

of beams around the edge, is utilised to deal with an edge-fixed lattice of expansion 

beams. The resultant GBS representation of the scattered field is obtained by adding up 

all the emergent beams. 

This chapter covers the principles of 3D GBS half-plane diffraction analysis, which 

contains spectral representations of the scattered field, 3D GBS analysis and solution in 

the backward region. A numerical experiment is then conducted to compare the 3D 

analysis with PO and also the former BDT analysis used in 2D-DGBA. 
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5.2 Spectral representations of the scattered field 

The scattered field described in cylindrical coordinates ( , , z) r  is more 

conveniently cast as a triple integral spectrum function [2 – 4]; thus 

   2 cos( )( ) ( ) ( , )
2 4

ik z ik
s i

C

k i
u d d B e d D e       

 

 


  

   κ .                  (5.1) 

( )iB κ  is the plane wave spectrum of the incident beam (see (2.60)), and the definitions 

of   and   are as shown in Chapter 2 for equation (2.41). In relation to the normalised 

spectral wavenumber 1   κ κ  in the y direction, for this formulation it is, 

21   with Im 0   in the ( , )x y  plane, and 2 2+x y  . Here, the inner integral 

denotes the scattered field with   and  , respectively denoting the azimuthal direction 

of the emergent plane wave from the edge, and the direction of the incident plane wave. 

In addition, both directions are related by the spectral diffraction coefficient ( , )D    , 

1 1
( , ) sec ( ) sec ( )

2 2
D             .                               (5.2) 

iC  is determined by ( ) ( ) ( )R i ru B B r r r  via 


. 

For a given , the diffraction coefficient ( , )D    has two poles in the  -plane 

p  
    .                                                 (5.3) 

The  -integral contours C  are defined by 

 goes from  to ,           for  0< <  

 goes from +  to 2 ,     for < <2

i i
C

i i

   

     

  
 

  
 .                      (5.4) 

Meanwhile, C  passes above the pole p  , and C  goes below the pole p  . 

Here, Katsav et al used an alternative spectral representation of the scattered field rather 

than (5.1) [1]. This spectral representation along the z-axis is, 
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( ) ( , )
2

ik z
s s

k
u d e u 







 r ρ                                          (5.5) 

where ( , ) ( , )x y   ρ  describes a 2D coordinate frame perpendicular to the z axis. 

By replacing the order of the   and   integrations in (5.1), the transversal spectral 

representation is obtained,  

cos( )( , ) ( , ) ik
s

c

u d e       



 ρ                                        (5.6) 

with spectral function 

2
( , ) ( , ) ( , )

8
i

i

c

ik
d B D       


      .                                 (5.7) 

Here, it should be noticed that the element of integration in (5.7) is  . Compared with 

C  in (5.1), the contour of integration iC  now extends from i    to i    and 

passes now above the poles of ( , )D    in the   plane. For a given  , the poles of 

( , )D    are easy to find and are given by, 

p

if C

if C

  


  






 
  

 
 .                                              (5.8) 

The details to prove that (5.5) is equivalent to (5.1) can be found in Appendix-III.  

5.3 GB summation representation of a 3D diffraction 

5.3.1. Total field representations in the forward-scattering region 

If the centre of the incident beam does not intersect the half plane, generally, the total 

field is expressed by 

( ) ( ) ( )i su B u r r r                                                 (5.9) 

where ( )iB r  is incident field assuming no reflecting half-plane, and the scattering field 

( )su r  is given by (5.5). 
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Note however, the formulation in (5.9) is exact and valid for all incident beams for any 

direction, regardless of the observation points located in front or behind the half-plane. 

Nevertheless, it is more efficient, with nearly no reflected beam produced; in other 

words, where nearly all beams pass the half-plane and propagate into the forward region 

( 0)y   with a slight destabilisation of the half plane. It happens when 0ix   and in 

particular when i ix w , where iw  is the beam width of the incident beam.  

When calculating the scattering field, determining the spectral function   is the first 

step. This function affects the diffracting beams’ amplitudes and it is worth searching 

for an asymptotic approximation to the spectral function   in (5.7), rather than 

working with the former integration form.  

Substituting the incident plane wave spectrum ( )iB κ  of (2.60) into (5.7), gives 

( , )( , ) ( , )
4 det

i

iki

Ci i

A
d e D      



 
   

Γ
.                       (5.10) 

Here   is the spectral phase in (2.61). As with the pattern for the incident beam, this 

integral has a Gaussian localization about the spectral direction ( , ) ( , )i i     . As 

noted earlier,  , here, is the azimuth direction of the incident plane wave, and i  is the 

azimuth angle of the incident beam. 

5.3.2. Representation of spectral function   

The term  in (5.10) is simplified by expanding   in a Taylor series about i  and 

neglecting higher order terms; thus, 

2
0

1
( , ) ( ) ( )

2
                  .                       (5.11) 

i     , 0 0( ) ( , )
i    

    and ( ) ( , )
i       

     . Because the 

integrand is also localised in , 
  and   

 can be expanded in a Taylor series about

cosi i  . Thus, 
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 .             (5.12) 

From (2.61), and using 1cos ( / )     , sin sini i i    and 21   , sini i  , 

one has 

( ) ( )i i i ix           and                                    (5.13) 

2 1

11i i i i iq x   
      Γ  .                                       (5.14) 

2 1 2 1

11 12
( )i i i i i i i i i ix                Γ Γ . 

The details of calculating i  and iq  can be found in Appendix-IV. 

Substituting (5.13) and (5.14), for ( , )   in (5.10) yields 

2
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  .                       (5.15) 

Equation (5.10) then becomes  
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e
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Γ


   .                           (5.16) 

This integral involves the pole of ( , )D    and a complex saddle point 

/s i i iq       .                                               (5.17) 

In practice, the spectral direction   is near i   which are defined as the reflection 

and shadow boundaries. 



Chapter 5  3D Gaussian Beam Diffraction on a Half-Plane  

108 

 

The diffraction coefficient ( , )D   of (5.10) is split into a pole and a regular term, with 

the method of Owen in reference [7] 

( , ) ( , )p

p

D
D D   

 
  

 
 .                                    (5.18) 

2
lim ( ) ( , )

2p

p

p p p
p

for
D D

for 

 
   




  



       

  .                  (5.19) 

To simplify (5.16), the same procedure in [29, 30] is applied to find a uniform 

expression for ( , )  . 

By introducing the standard transformation for the first order saddle point, the metric 

between p 
  and s  is 

1 1
( ) [ / ( )]

2 2
p i p s i i i Bs ikq ikq q      

                           (5.20) 

where  arg ( ( / 2),( / 2))iikq    . Equation (5.16) then becomes,  

2

( , ) ( ) ( )
32

p

s

sedgei
i C

kqi
B G s e ds  

 


                             (5.21) 

with 

( ) ( cos , )
2

edge
i i i s

i

k
B B

iq
    


  


                                (5.22) 

where ( , )iB   is given in (2.59). ( )edge
iB   is the spectral representation of the incident 

field at the edge denoted by tilde-bar. Substituting ( )edge
iB  into (5.5) and evaluating the 

integral for   one obtains the incident field ( )edge
iB z along the edge. 

Looking back to (5.21), here, ( ) ( , ) ( )
p

p

Dd
G s D G s

ds s s


  




  


, with SC being the s

-plane path of integration corresponding to iC . Since ( )G s is regular, its contribution can 

be evaluated by the saddle point approximation, hence the integral in (5.21) becomes 
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 .                                        (5.23) 

SC  passes above ps   since iC  passes above the poles of ( , )D    in the   plane. 

Letting 0s  , which leads to s  , one has  
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.                                (5.24) 

The first term of I  is evaluated by using the standard identity  
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 .            (5.25) 

Here 

   
22

( ) t

z

erfc z dte



                                                (5.26) 

is the complementary error function. Because sC  passes above ps  , if Ims 0p  , the 

deformation of sC  onto the s -axis captures the pole which leads to the upper case of 

(5.25); otherwise, it does not capture the pole and the lower holds. From (5.24) and 

(5.25), (5.23) is evaluated by 

2 2
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.    (5.27) 

Substituting (5.27) into (5.21), the final result is given by [1] 

 
2

( , ) ( ) ( ) (0)
32

psedgei
i p p

ikq
B e D erfc is iG  




   


.                     (5.28) 

Figures 5.1 to 5.8 show typical examples of ( , )   patterns. In this example, a 

circular incident Gaussian beam with 11 22 1   , 12 21 0    and (0) 500q i 



Chapter 5  3D Gaussian Beam Diffraction on a Half-Plane  

110 

 

intersects the half plane 0y   at ( 2, 0)i ix z  . For simplicity, the wave number is 

chosen such that 1k  . 

For (0, )   and ( , ) ( , )
2 2

i i

 
      , the patterns of ( , )   in the scattering 

field produced by a normally incident beam are as shown in Figure 5.1, 2. 

 

Figure 5.1 For (0, )  , the side view of the result of spectral function ( , )   

with a stigmatic incident Gaussian beam ( 11 22 1   , 12 21 0   , (0) 500q i  ) 

impinging upon the half plane at ( 2, 0)i ix z   in the direction of 

( , ) ( / 2, / 2)i i        . 
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Figure 5.2 For (0, )  , the plan view of the result of spectral function ( , )   

with a stigmatic incident Gaussian beam ( 11 22 1   , 12 21 0   , (0) 500q i  ) 

impinging upon the half plane at ( 2, 0)i ix z   in the direction of 

( , ) ( / 2, / 2)i i        . 

Following a similar process, the patterns of ( , )   with ( , ) ( , )
2 2

i i

 
       in 

the domain of ( , 2 )    are drawn in Figure 5.3, 4.  

 

Figure 5.3 For ( , 2 )   , the side view of the result of spectral function ( , )   

with a stigmatic incident Gaussian beam ( 11 22 1   , 12 21 0   , (0) 500q i  ) 

impinging upon the half plane at ( 2, 0)i ix z   in the direction of 

( , ) ( / 2, / 2)i i        . 
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Figure 5.4 For ( , 2 )   , the plan view of the result of spectral function ( , )   

with a stigmatic incident Gaussian beam ( 11 22 1   , 12 21 0   , (0) 500q i  ) 

impinging upon the half plane at ( 2, 0)i ix z   in the direction of 

( , ) ( / 2, / 2)i i        . 

Finally, by combining the two results, the set of patterns for ( , )   within (0,2 )   

are presented in Figure 5.5, 6. 

 

Figure 5.5 For (0,2 )  , the side view of the result of spectral function ( , )   

with a stigmatic incident Gaussian beam ( 11 22 1   , 12 21 0   , (0) 500q i  ) 

impinging upon the half plane at ( 2, 0)i ix z   in the direction of 

( , ) ( / 2, / 2)i i        . 
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Figure 5.6 For (0,2 )  , the plan view of the result of spectral function ( , )   

with a stigmatic incident Gaussian beam ( 11 22 1   , 12 21 0   , (0) 500q i  ) 

impinging upon the half plane at ( 2, 0)i ix z   in the direction of 

( , ) ( / 2, / 2)i i        . 

A more complicated scenario is a general elliptical beam with 12 21 0   , 

(0) 500q i   but with 11 221/ (0) 4q   , impinging on the half plane at 

( 2, 0)i ix z  . For simplicity, the wave number is chosen such that 1k  . This time, 

however, the incident spherical angle is ( , ) ( , )
4 3

i i

 
      . Here, the combined 

patterns of ( , )   are drawn directly, as illustrated in Figure 5.7, 8. 
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Figure 5.7 For (0,2 )  , the side view of the result of spectral function ( , )   

with an elliptical astigmatic incident Gaussian beam ( 12 21 0   ,

11 221/ (0) 4q   , (0) 500q i  ) impinging upon the half plane at ( 2, 0)i ix z   in 

the direction of ( , ) ( / 4, / 3)i i        . 

 

Figure 5.8 For (0,2 )  , the plan view of the result of spectral function ( , )   

with an elliptical astigmatic incident Gaussian beam ( 12 21 0   ,

11 221/ (0) 4q   , (0) 500q i  ) impinging upon the half plane at ( 2, 0)i ix z   in 

the direction of ( , ) ( / 4, / 3)i i        . 
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From these patterns it can be seen that   governs the amplitudes of diffracting beams. 

The transmission pattern over the domain of (0,2 )  , and the reflection pattern over 

the domain of (0, )  , both seem symmetrical, since ix  is so small in comparison to 

the beam waist. 

5.3.3. GBS representation 

Using the result of the spectral function mentioned above, the scattering field can be 

calculated using (5.6) and (5.5). However, if the diffracted beams can be described in 

the form of Gaussian beams, this is to be preferred.  

As mentioned in Chapter 1, there are two main methods of Gaussian beam summation: 

in one, an electric field is described as a discrete phase-space sum of beams that emerge 

from a set of points and directions in the source domain used for distributed (aperture) 

sources; whereas in the second, the field is expanded as an angular spectrum of beams 

that emerge from sources in all directions. In reference [1], a hybrid GBS scheme for 

radiation from a line source is introduced, which is suitable for a half-plane diffraction 

situation. In a word, this beam expansion method includes two different expansions: 

A) A phase-space expansion along the edge; 

B) And, an azimuth angular expansion in the plane perpendicular to the edge. 

In section 4.3, the 2D azimuth angular expansion in the plane perpendicular to the edge 

had already been derived. This section will focus on obtaining the GBS expansion along 

the edge. Section 5.3.3.1 is about the windowed Fourier transform (WFT) expansion 

used in 3D GBS method, section 5.3.3.2 gives the corresponding expression of 

expansion coefficients, and last in section 5.3.3.3 the final form of 3D GBS with 

combined expansions are given.   

5.3.3.1 Problem description and WFT Expansion 

As shown in Figure 5.9, assume a line source distribution (z)I along z-axis and set the 

3D coordinate system to be as ( , , )x y zr  [1].  
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Figure 5.9 Physical configuration: A general Gaussian beam, marked by a heavy 

arrow, impinges on a half-plane (wedge angle 2   at direction ( , )i i  . It 

intersects the 0y   plane at an arbitrary point ( , )i i iX x z , where ix  can be 

positive or negative. The beam expansion of the scattered field (dashed arrows) 

involves a phase-space beam expansion along the edge, and an azimuthal spectrum 

of beams around the edge. The beams emerge from the points mz , m = 0, ±1, ... , 

along the edge with conical angle 1cosn n  , n = 0, ±1, ... , and azimuthal angles 

j  , j = 0, 1, ..., reprint from [1]. 

With the aid of Green’s function, the field of this line source can be expressed as [8] 

( ) ( ) ( , )

( ) ( , )
2

ik z

u I z G dz

k
I G e d  











  







r r r

ρ

                                   (5.29) 

where ( , )G r r  is the 3D Green’s function, and  

( ) ( ) ik zI I z e dz




  .                                           (5.30) 
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(1)
0( , ) ( / 4) ( )G i H k    is the 2D Green’s function. We now explore using a 

windowed Fourier transform (WFT) frame instead of the Fourier transform in (5.30). 

Assume a WFT frame set { ( )}z μ  such that 

( )( ) ( ) n mik z z
mz z z e    μ                                       (5.31) 

where 

2( , ) ( , ),     =( , )m nz mz n m n  μ                                (5.32) 

with ( , )z   being the unit cell dimensions. Specifically, z and   are the spatial and 

spectral widths. These frame elements are localised in the ( , )z   phase-space about 

lattice points ( , )m nz  . To make { ( )}z μ  a frame, the lattice should be over-complete 

and satisfy 2 /z k  . For simplicity, an over-complete parameter v  is introduced and 

the former condition can be written as 2 ,   1kz v v   .  

The beam formulation given below presents emergent beams, where each frame element 

( )z μ  constitutes a beam from the point mz  on the z-axis with polar angle 1cosn n  . 

For UWB application, /v k k  is chosen with k  being a reference frequency and in 

this case. The lattice points ( , )m nz   are frequency independent. Obviously, to form an 

over-complete frame, the reference frequency should be chosen to satisfy k k , where

<1v . For a Gaussian window, widely used in engineering fields, max3k k is chosen, 

where maxk  is greatest for all the relevant frequencies, and it implies that <1/3v . 

The function (z)I  is expand by the WFT frame ( )z μ , giving 

( ) ( )I z a z μ μ
μ

.                                             (5.33) 

As mentioned above, although the choice of window function is arbitrary, for 

applications in wave theory, the Gaussian window function is preferred. Here, an iso-

diffracting (ID) Gaussian window [9] is used and given by 

2 /2( , ) zkz b
ID z w e                                             (5.34) 
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where, the parameter zb  controls the Gaussian width. This ID function is designed for 

frequency independence. Once the GB’s propagation parameters, such as the complex 

radius of curvature, are calculated, the results can be used for all other frequencies. 

Theoretically, zb  can be chosen arbitrarily, yet the optimal choice is matching the 

phase-space lattice such that 

2/ / 2zb z kz   .                                            (5.35) 

Based on (5.35), zb  is related to the reference frequency k  rather than k , so that it can 

be used for all the frequencies.  

After having ( )z μ , it remains to find a suitable set of coefficients aμ  for (5.33). Yet it 

is not unique and can be found via searching algorithms. A good choice to calculate aμ  

by a “dual frame” set ( )z  similar to that used in 2D-DGBA. If v  is sufficiently small, 

say <1/3v  as mentioned above, ( )z  may be approximated by  

2
( ) ( )

v
z z 


 .                                             (5.36) 

Therefore, the dual-window of  ID is given by  

ID ID( ) / ( )zz v k b z   .                                         (5.37) 

Projecting  (z)I  onto the dual-frame set ( )z , the coefficient set is 

( )*

( ) ( ), ( )

( ) ( ) n nik z z
m

a I z z

I z z z e dz

 










 

μ μ

                                  (5.38) 

where ,  is the conventional  2L  inner product defined by , ( ) ( )f g f z g z dz  . 
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5.3.3.2 Expansion Coefficients Expression 

Applying WFT expansion to (5.30), the expansion of the spectral function ( )I   

becomes 

( )( )) (I a    μ μ
μ

  ,                                           (5.39) 

and from (5.31),  ( ) ( ) mk z
n e       μ

   is the spectral counterpart of ( )z μ . 

Substitute (5.38) into (5.29), results in 

( ) ( ) ( )u a u μ μ
μ

r r .                                           (5.40) 

As mentioned above, the field ( )u r  is expressed by summation of conical beam waves 

( )uμ r  that emerge from mz  on the z-axis with polar angle 1cosn n  . 

Returning now to the scattering field formulation in (5.5)-(5.7), the same WFT 

expansion steps are followed, and the expansion of    becomes 

(( ), () )a     μ μ
μ

 .                                     (5.41) 

In contrast to (5.38), the expansion coefficients aμ  are calculated by the spectral 

counterpart of the inner product, namely 

( ) ( , ), ( )
2

k
a     


 μ μ

 .                                  (5.42) 

When using the spectral counterpart of ID windows 
21

2( ) 2 /
kbz

ID bz ke


  


  and the 

spectral counterpart of dual ID windows obtained through Equation (5.36) 

21

2( ) 2
zkb

ID v e


 


 , the expansion coefficients  can be finally re-written as 

2(1/2) ( )( ) ( , )
2

z n mkb ikzkv
a d e e     



  μ .                          (5.43) 
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Corresponding to Figures 5.1-8, Figures 5.10-17 show the patterns of ( )a μ . 

12000zb  , 1/ 4v   are set and all other parameters then can be calculated by the 

foregoing expressions. The method for choosing the expansion parameters will be 

discussed in section 6.4.2.  

First, the patterns of the expansion coefficients ( )a μ  of a circular stigmatic beam are 

presented in Figure 5.10-13, which correspond to the case behind Figures 5.5-6. 

 

Figure 5.10 The side view of absolute value of ( )a μ  in the ( , )m nz   plane with

/ 2i  , 12000zb   and . It is calculated for a stigmatic incident Gaussian beam 

( 11 22 1   , 12 21 0   , (0) 500q i  ) impinging upon the half plane at 

( 2, 0)i ix z   in the direction of ( , ) ( / 2, / 2)i i        , corresponding to the 

case of Fig. 5.5 and Fig. 5.6. 
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Figure 5.11 The plan view of absolute value of ( )a μ  in the ( , )m nz   plane with

/ 2i  , 12000zb   and 1 / 4v  . It is calculated for a stigmatic incident Gaussian 

beam ( 11 22 1   , 12 21 0   , (0) 500q i  ) impinging upon the half plane at 

( 2, 0)i ix z   in the direction of ( , ) ( / 2, / 2)i i        , corresponding to the 

case of Fig. 5.5 and Fig. 5.6. 

 
Figure 5.12 The side view of absolute value of ( )a μ  in the ( , )j n   plane with

0mz  , 12000zb   and 1 / 4v  . It is calculated for a stigmatic incident Gaussian 

beam ( 11 22 1   , 12 21 0   , (0) 500q i  ) impinging upon the half plane at 

( 2, 0)i ix z   in the direction of ( , ) ( / 2, / 2)i i        , corresponding to the 

case of Fig. 5.5 and Fig. 5.6. 
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Figure 5.13 The plan view of absolute value of ( )a μ  in the ( , )j n   plane with

0mz  , 12000zb   and 1/ 4v  . It is calculated for a stigmatic incident Gaussian 

beam ( 11 22 1   , 12 21 0   , (0) 500q i  ) impinging upon the half plane at 

( 2, 0)i ix z   in the direction of ( , ) ( / 2, / 2)i i        , corresponding to the 

case of Fig. 5.5 and Fig. 5.6. 

The patterns of expansion coefficients aμ  are now shown under the complicated general 

elliptical beam situation, which corresponds to the case of Figure 5.7 and Figure 5.8. 

 

Figure 5.14 The side view of absolute value of ( )a μ  in the ( , )m nz   plane with

2 / 3j  , 12000zb  , and 1/ 4v  . It is calculated for an elliptical astigmatic 

incident Gaussian beam ( 12 21 0   , 11 221/ (0) 4q   , (0) 500q i  ) impinging 

upon the half plane at ( 2, 0)i ix z   in the direction of ( , ) ( / 4, / 3)i i        , 

corresponding to the case of Fig. 5.7 and Fig. 5.8. 
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Figure 5.15 The plan view of absolute value of ( )a μ  in the ( , )m nz   plane with

2 / 3j  , 12000zb  , and 1/ 4v  . It is calculated for an elliptical astigmatic 

incident Gaussian beam ( 12 21 0   , 11 221/ (0) 4q   , (0) 500q i  ) impinging 

upon the half plane at ( 2, 0)i ix z   in the direction of ( , ) ( / 4, / 3)i i        , 

corresponding to the case of Fig. 5.7 and Fig. 5.8. 

 

Figure 5.16 The side view of absolute value of ( )a μ  in the ( , )j n   plane with

0mz  , 12000zb  , and 1/ 4v  . It is calculated for an elliptical astigmatic incident 

Gaussian beam ( 12 21 0   , 11 221/ (0) 4q   , (0) 500q i  ) impinging upon the 

half plane at ( 2, 0)i ix z   in the direction of ( , ) ( / 4, / 3)i i        , 

corresponding to the case of Fig. 5.7 and Fig. 5.8. 
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Figure 5.17 The plan view of absolute value of ( )a μ  in the ( , )j n   plane with

0mz  , 12000zb  , and 1/ 4v  . It is calculated for an elliptical astigmatic incident 

Gaussian beam ( 12 21 0   , 11 221/ (0) 4q   , (0) 500q i  ) impinging upon the 

half plane at ( 2, 0)i ix z   in the direction of ( , ) ( / 4, / 3)i i        , 

corresponding to the case of Fig. 5.7 and Fig. 5.8. 

Table 5.1 Expressions and their spectral counterparts in WFT frame expansion 

Expressions spectral counterparts 

( ) ( , )
2

ik z
s s

k
u d e u 







 r ρ

 

cos( )( , ) ( , ) ik
s

c

u d e       



 ρ  

( ) ( )I z a z μ μ
μ  

( , ) ( ) ( )a      μ μ
μ  

( )( ) ( ) n mik z z
mz z z e    μ

 

( ) ( ) mk z
n e       μ



 
2 /2

ID ( ) zkz bz e 
 

2(1/2)
ID ( ) 2 / zkb

zb ke    

 

2
( ) ( )

v
z z 




 
( ) ( ) mik z

n e       μ


 

ID ID( ) / ( )zz v k b z  
 

2(1/2)
ID ( ) 2 zkbv e   
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In wave theory, frequency domain expressions are very helpful, and without exception 

also in this 3D diffraction theory. Table 5.1 summarises some of these expressions 

mentioned above in the time-domain and their spectral counterparts.  

5.3.3.3 GBS Representation 

Before going to a 3D GBS representation of the scattered field, it is worth dealing firstly 

with the 2D case. As mentioned in Chapter4, in Katsav et al. [6] give an azimuthal GBS 

representation based on an angular spectrum of 2D Gaussian beams. The clue to this 

representation is forming 2D beam propagators  2 DB  emerging in all azimuthal   

directions instead of plane the wave propagators cos( )ike    of (5.6). This 2D GBS 

representation has been shown earlier in (4.16) as 

2D, ( , ) ( , , )s j j
j

u B      ρ ρ（ ）                               (5.44) 

where   is the discretization step and j  are the discrete beam directions. 2 DB  can be 

expressed as 

2
1

( )
2

2D ( , , )

j
j

j t

ik
ibt

j t

ib
B e

ib


 


 









ρ                                 (5.45) 

where ( , )j j   are the coordinates of the observation point ( , ) ρ  along and 

transverse to the axis of the j th beam. They are related to conventional cylindrical 

coordinates via (cos( ),sin( ))j j      , respectively. All the details can be found in 

reference [6].  

The 3D configuration can be obtained by substituting (5.41) into (5.44). The spectral 

scattered field su  is then given by, 

, 2
,

( , ) ( ) ( , , )s j j D j
j

u a B      μ μ
μ

ρ ρ                                  (5.46) 

where , ( )j ja a μ μ . Upon substituting (5.46) into (5.5), the final 3D GBS 

representation for the scattered field su  is, 
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     , ,
,

( , ) ( )s j j j
j

u a B  u u
u

ρ r    and                                      (5.47) 

, 2( ) ( ) ( , , )
2

ik z
j D j

k
B d e B    


 μ μr ρ .                             (5.48) 

This representation contains the expansions perpendicular to the z-axis and along the z-

axis. The beam form , jBμ  identifies a beam field that emerges from mz  on the z-axis at 

polar angle 1cosn n   and azimuthal direction j . 

Substitute 
21

2( ) 2 /
zkb

ID zb ke


  


  and (5.45) into (5.48), one has 

2

2

2

2

( )
, 2

1
( )
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1
( ) ( )

1
(

1

2

)
2

( )
2
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2

2

2

2 /

2

m

j
n j

j tnm

j
m n j

j

z n

z n
t

ik z z
j n D n j

ik
ibik z z tn

j tn

ik z z ik
ibz tn

t
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n
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z

k

k
B d e B

k ib
d e e

ib

kb ib
d
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e
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kb i

e




 




 



 




      



 


 










 




   


 

 



  




















μ μr ρ

21
( ( ) ( ) )

2
z jik ib n z zm S

t

j t

b
d e

ib

   





   


 

,        (5.49) 

where 
2

1

2

j

j tn

j j
ib

S






  . 

Because the spectrum is localized near n , it is approximated that 

2
2

3
1

2
n

n

n n

 
  

 
    with n     and 21 n   . The phase of (5.49) 

can be rewritten as 

1 3 21
( ) ( ) ,   with 

2
B n j n n n j j n z mS z z S S ib z z z                         (5.50) 

This phase has a stationary point  

1 3( ) / ( )s n n j j n zz S S ib       .                                    (5.51) 



Chapter 5  3D Gaussian Beam Diffraction on a Half-Plane  

127 

 

Using saddle point evaluation, the integral (5.51) becomes 

, 3
( ) Bsiktnz

j

j n z j tn

ibib
B e

S ib ib 






 
μ r  ,                                 (5.52) 

where 
1 2

3

( )1
( )

2

n n j

Bs B s n j n

j n z

z S
S z

S ib

 
  








    




 . 

Here 1 2( , , )    are the coordinates of position vector r  . It can be then relaxed that

1 2( , , )n j n j n jz            . With some degree for precision, replacing /j n 

with    and omitting negligible-quantity terms, enables Bs  be simplified to 

1 2
2

1 1

2 2 /
Bs

z n tn nib ib

 


   
   

 
.                                (5.53) 

The amplitude term, can be approximated as 
3 3 2

j n j n nS        . And the field of 

(5.52) then becomes 

2 2
1 2

1 2

1 1
[ ]

2 21 2
,

1 2

( )
ik

iF iF
j

iF iF
B e

iF iF

 


 

 

 
  


 

u r ,                              (5.54) 

where 2
1 z nF b   and 2 /t nF b   with 21 sinn n n     . This expression has a 

similar form to the astigmatic Gaussian beam of (2.36) with 
2

0

/ 0

0 /
z n

n t

i b

i b





 
  
 

Γ . 

Compared with (2.36), the expression of (5.54) shows an astigmatic GB with principal 

axes in the  1 2( , )  directions, and waist at 0  . Here, 1 2( , )F F  are the respective 

collimation lengths. For certain applications it may be preferable to choose tb  via 

3
t n zb b . 

5.4 Field representations in the backward-scattering region 

It is worth discussing the field in the backward region. When 0ix  , the field is usually 

described in a reflection form and the total field written as 
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( ) ( ) ( )R su u u r r r


.                                            (5.55) 

For 0y  , ( ) ( ) ( )R i ru B B r r r , while for 0y  , there is no reflection field. Here ( )rB r  

is the reflected beam field assuming an infinite reflecting plane at 0y  . The only 

difference here is that the spectral function   in (5.7) is replaced by 


. Suedan [10] 

gives the relationship between the two spectral functions 

( , ) ( , ) ( , )
4

i
i p p

k
B D


     

  
  


 ,                               (5.56) 

where ( , )i pB    is the value of iB  at the pole of p 
 . The contour of integration iC  in 

(5.7) that passes above the poles p 
  of ( , )D    is replaced by iC


 passing below and 

the expression of pD   is given by (5.19).  

The term ( , )
4

i
i p p

k
B D


 

  
  in (5.56) describes the beam optics field. When 0y  , it 

yields the reflected field ( )rB r , whereas, for 0y  , it yields ( )iB r  to cancel the 

incident beam field.  

As shown in section 5.2.1, both field expressions in (5.9) and (5.55) are exact and are 

valid for all ix . However, this formulation is preferable for 0ix   when it consists of a 

dominant BO reflection and a weak diffracted field su


. 

Substituting (5.28) into (5.56) and using the identity ( ) 2 ( )erfc z erfc z   , the 

expression of  ( , ) 


 is given by 

 
2

( , ) ( ) ( ) (0)
32

psedgei
i p p

ikq
B e D erfc is iG  




     
 

.                   (5.57) 

Referring to other formulas of 3D GBS representation in the backward-scattering 

region, all have similar forms forward except is used ( , ) 


 instead of ( , )  . 

An example similar to that in reference [1] by Katsav et al is shown. It considers an 

incident stigmatic Gaussian beam impinging on the half-plane with incident spherical 
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angles ( , ) ( , )
3 4

i i

 
      . Additionally we assume 1k  , (0) 500q i   and the 

intersection point to be ( , ) (2,0)i ix z  . The output field is shown in the ( , )z   plane at a 

distance 3500   from the edge. The collimation length is chosen to be 7500tb  , 

since 3/ sin 12000z t ib b   . With an over-completeness parameter 1 / 4v  , the lattice 

( , ) (137.3,0.0114)z   is calculated via (5.35).  

The pattern of spectral function ( , ) 


 for the problem parameters defined above is 

depicted in Figure 5.18. 

The cross-section cuts of the expansion coefficients ( )a μ


 in the 3D index domain are 

shown in Figure 5.19, 20. Figure 5.19 is in the ( , )m nz   plane at 0.75ja  , and Figure 

5.20 is in the ( , )j n    plane at 0mz  . 

 

Figure 5.18 The side view of spectral function ( , ) 


 with a stigmatic incident 

Gaussian beam ( 12 21 0   , 11 22 1   , (0) 500q i  ) impinging upon the half 

plane at ( 2, 0)i ix z   in the direction of ( , ) ( / 3, / 4)i i        with 1k  . 
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Figure 5.19 The side view of absolute value of ( )a μ


 in the ( , )m nz   plane with 

3 / 4ja  . It is calculated for a stigmatic incident Gaussian beam ( 12 21 0   ,

11 22 1   , (0) 500q i  ) impinging upon the half plane at ( 2, 0)i ix z   in the 

direction of ( , ) ( / 3, / 4)i i        with 1k  . 

 

Figure 5.20 The side view of absolute value of ( )a μ


 in the ( , )j n   plane with 

0mz  . It is calculated for a stigmatic incident Gaussian beam ( 12 21 0   ,

11 22 1   , (0) 500q i  ) impinging upon the half plane at ( 2, 0)i ix z   in the 

direction of ( , ) ( / 3, / 4)i i        with 1k  . 

Finally, Figure 5.21, 22 depict the total field with the observation distance set at
3500  . 
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Figure 5.21 The side view of absolute value of the field u with 3500  . It is the 

total field for a stigmatic incident Gaussian beam ( 12 21 0   , 11 22 1   ,

(0) 500q i  ) impinging upon the half plane at ( 2, 0)i ix z   in the direction of 

( , ) ( / 3, / 4)i i        with 1k  . 

 

Figure 5.22 The plan view of absolute value of total field u  with 3500  . It is the 

total field for a stigmatic incident Gaussian beam ( 12 21 0   , 11 22 1   ,

(0) 500q i  ) impinging upon the half plane at ( 2, 0)i ix z   in the direction of 

( , ) ( / 3, / 4)i i        with 1k  . 

All the patterns show the same results of Katsav [1].  
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5.5 Numerical verification 

In this section, several numerical experiments are conducted to validate the above 3D 

Gaussian beam summation method for half-plane diffraction by comparison with 

GRASP and the Kirchhoff half-screen Boundary-diffraction theory used in 2D-DGBA.  

As shown in Figure 5.23, the diffraction of a Gaussian beam by a perfectly conducting 

half-plane in 3D space is considered. The half-plane is in the 0y   plane with 0x  . 

The edge-axis coincides with the z-axis. i  and i  are respectively also used to express 

the azimuth and polar angles of the incident beam. The frequency of all the incident 

beams is set at 100 GHz.  

 

z 

x 

y 

i  

i  

( , )i i ix zx  

 

Figure 5.23 The basic model of 3D half plane diffraction. A Gaussian beam (the 
arrow in the figure) impinges on a half plane ( 0, 0)y x   , in the direction of 

( , )i i  . 

In the first scenario, assuming a circular incident Gaussian beam, perpendicularly 

impinging on the half-plane at 0( ,0)i wX  in the direction of ( = + / 2, = / 2)i i     , i.e. 

the z  direction; the simulation results of 3D GBS, BDT and PO are compared. The 

beam width 0w  has been chosen to be eight wavelengths wide and located 100  away 

from the half-plane. The fields are calculated for a backward near-field cut at the co-

ordinates ( 0, 300 )y z   . 
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Figure 5.24 The first scenario modelled in GRASP where a circular Gaussian beam 

( 0 8w  ) impinges on the half plane at 0( ,0)i wX  in the direction of

( = + / 2, = / 2)i i     . 

 

Figure 5.25 Comparison of the backward scattered field with PO and Kirchhoff 

half-screen BDT with the parameters 0 8w  , 0( ,0)i wX  and 

( = + / 2, = / 2)i i     , based on the modelled scenario of Fig. 5.24. 

The model for simulation in GRASP is present in Figure 5.24. In it, the pink rays are 

launched from a source point coincident with the centre of the beam waist.  
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Figure 5.25 plots the simulated results. It is seen that the 3D GBS diffraction theory is 

very accurate near the beam axis. In some areas, the results start to deviate from 

physical optics and Kirchhoff half-screen BDT; but even there the deviation is not more 

than a decibel or two. 

 

Figure 5.26 The model built in GRASP for the second case with a circular 

Gaussian beam ( 0 8w  ) impinges on the half plane at 0( ,0)i w X  in the 

direction of ( = + / 2, = / 2)i i     . 

In the second scenario, the same model as for the first is employed but with 

0( ,0)i w X . Figure 5.26 again presents the GRASP model and Figure 5.27 the 

simulated results. Note again, the results of 3D GBS diffraction theory are very accurate 

near the beam axis, better in fact than for Kirchhoff half-screen BDT. Outside the 

paraxial region, the results start to deviate from physical optics, but even there the 

deviation is not more than a decibel or two. 
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Figure 5.27 Comparison of the backward scattered field with PO and Kirchhoff 

half-screen BDT with the parameters 0 8w  , 0( ,0)i w X  and 

( = + / 2, = / 2)i i     , based on the modelled scenario of Fig. 5.26. 

In the third scenario, the simulation results are compared of a circular incident Gaussian 

beam obliquely impinging on the half-plane at 0( ,0)i wX  in the direction

( = + / 4, = / 2)i i     . The beam width 0w  is still 8 wide and located 100  from the 

half-plane along the principal optical axis of the beam. In order to have a better display 

of the differences, the fields are calculated for a backward near field cut 600  away 

from the half-plane along the principal optical axis. The simulation model built in 

GRASP is shown in Figure 5.28. Figure 5.29 shows the associated simulated results. As 

mentioned at the beginning of this chapter, by using 2D-DGBA, there will be some 

deviations even near the centre for reflected beams when beam incidence grows to be 

progressively more oblique in azimuth angle. Contrariwise, it shows that the 3D GBS 

diffraction theory is very accurate near the beam axis, even when the azimuth angle i   

off from / 2 . The 3D GBS half-plane diffraction method shows its advantage of 

accuracy when dealing with oblique azimuth angles of incidence. 
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Figure 5.28 The model built in GRASP for the third case with a circular Gaussian 

beam ( 0 8w  ) impinges on the half plane at 0( ,0)i wX  in the direction of

( = + / 4, = / 2)i i     . 

 

Figure 5.29 Comparison of the backward scattered field with PO and Kirchhoff 

half-screen BDT with the parameters 0 8w  , 0( ,0)i wX and 

, based on the model in Fig. 5.28. 
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Figure 5.30 The model built in GRASP for the fourth case with a circular Gaussian 

beam ( 0 8w  ) impinges on the half plane at 0( ,0)i wX in the direction of

( / 2, / 4)i i       . 

 

Figure 5.31 Comparison of the backward scattered field with PO and Kirchhoff 

half-screen BDT with the parameters 0 8w  , 0( ,0)i wX  and 

( / 2, / 4)i i       . 
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The fourth scenario is just like the third but in the direction ( / 2, / 4)i i       . 

The model in GRASP is shown in Figure 5.30. BDT of 2D-DGBA fails in this case, and 

in practice, normal incidences ( / 2, = / 2)i i       are applied to replace the polar 

angles of oblique incidence.  

Figure 5.31 presents comparative plots of the simulation results. 3D GBS diffraction 

theory is seen to be significantly accurate. Meanwhile, Kirchhoff half-screen BDT is 

incorrect outside the paraxial region, and more than 50 dB field deviation is observed. It 

is one of the main reasons to incorporate the 3D GBS half-plane diffraction method to 

DGBA. 

 

Figure 5.32 The model built in GRASP for the fifth case with a circular Gaussian 

beam ( 0 8w  ) impinges on the half plane at 0( ,0)i wX  in the direction of

( / 4, / 4)i i       . 

The fifth scenario considers an even more oblique incidence. The direction of the 

incident beam is ( / 4, / 4)i i       ; neither azimuth nor polar angle is normal. 

All other parameters are as for the fourth scenario. The GRASP model is shown in 

Figure 5.32, and the simulation results coming from it in Figure 5.33. Note in this low 

field region, a ± 5.0 dB field deviation can be observed within ± 25 of BDT in 

comparison of ± 1.0 dB for the 3D GBS method. Again, the results prove that the 3D 

GBS half-plane diffraction method is accurate for arbitrary orientations of incident, 

which is superior to the BDT method of 2D-DGBA.  
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Figure 5.33 Comparison of the backward scattered field with PO and Kirchhoff 

half-screen BDT with the parameters 0 8w  , 0( ,0)i wX  and

( / 4, / 4)i i       , for the scenario modelled in Fig. 5.32 

The last scenario considers an incident elliptical Gaussian beam with 11 224  , 22 1    

impinging upon the half-plane at 0( ,0)i wX  in the direction ( = + / 2, = / 2)i i     . 

The beam has width 8 and the fields are calculated at a backward near-field cut-plane 

with the co-ordinates ( 0, 300 )y z   . The result of 3D GBS half-plane diffraction 

analysis is shown in Figure 5.34. 

-200 -100 0 100 200

-120

-100

-80

-60

-40

-20

0

x, 

fi
e

ld
 l
e
v
e

l,
 d

B

 

 

3D-GBSD

PO

2D-BDT

( 

( 

( 

( 



Chapter 5  3D Gaussian Beam Diffraction on a Half-Plane  

140 

 

 

Figure 5.34 3D GBS simulation analysis result of the backward scattered field of 

an elliptical, normally-incident GB with waist parameters 11 224  , 22 1   from a 

half plane. The intersection point is 0( ,0)i wX . 

5.6 Summary 

The principles of the 3D GBS half-plane diffraction method have been derived. This 

method has the capability of analysing a general, astigmatic, GB impinging on a half-

plane at an arbitrary angle of incidence. The diffracted field is represented as a sum of 

diffracted Gaussian beams emerging from a discrete set of points and directions along 

the edge, making the method one of beam-to-beam (B2B) analysis. By comparison with 

PO, 3D GBS shows its advantage of accuracy in comparison with BDT analysis as used 

in 2D-DGBA. 
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Chapter 6   Implementation of a 

Modular 3D Gaussian Beam 

Diffraction Approach 
 

 

6.1 Overview 

A 3D Gaussian Beam (GB) diffraction approach for reflector antenna analysis is 

presented. This method expands the input beam/field from the feed or prior FSS into a 

set of elementary Gaussian beams by using a windowed Fourier transform (WFT). 

These Gaussian beams propagate to the next reflector. Reflected beams are treated in an 

extended Phase Matching manner as outlined in chapter 3. Diffracted beams are treated 

with the 3D Gaussian beam diffraction method of chapter 5. Diffraction is now 

considered of a general, astigmatic, Gaussian beam, impinging arbitrarily close to an 

edge of arbitrary orientation. The diffracted field will be seen to be expressed as a sum 

of diffracted Gaussian beams emerging from a discrete set of points and directions along 

the edge axis. The output field is a superposition of all reflected and diffracted Gaussian 

beams propagating to the next reflector, making the method highly modular and suitable 

for analysis of large, multi-element, quasi-optical systems.  

 6.2 Applying the Gaussian beam expansion method 

In 3D-DGBA, as in 2D-DGBA, the Windowed Fourier Transform (WFT) [1-4] is 

applied as in the Gaussian beam expansion method. With this method the field on an 

input plane, produced by the previous feed, FSS, or reflector, is defined by Gaussian 

elementary beam modes. Let 
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0 0 0( , ) exp( ( )) ( ) ( )mnA f x y j nx vy w x mL w y L dxdy          with dual frame 

function w , be the expansion coefficients over a plane, and ( , , )nmB x y z  denote the 

beam mode. The field ( , , )f x y z  is represented as an expansion such that 
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,          (6.1) 

with a Gaussian shaped window function 
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L L

 
  .                        (6.2) 

Integers m  and  are indices of spatial-shift at an interval of 0L ; and, n and v  denote 

the spectral shift at an interval of 0 . L  is the supporting width of the windowing 

function that is related to the Gaussian beam waist.  

Two important parameters: over-sampling rate and zoom-factor are defined by 

0 0

2
q

L





 and                                                   (6.3) 

0/C L L
  .                                                     (6.4) 

They both significantly affect the shape of the dual frame function, and the over-

sampling rate q  has be to chosen larger than one. ( 1q  ) 

Asymptotically, one has 
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Figure 6.1 Interpretation of Gaussian beam expansion used in DGBA. An 
electromagnetic field on the aperture plane 0z   is expanded into a set of 
elementary Gaussian beams with Windowed Fourier Transform (WFT) method, 

with m  and   are indices of spatial-shift at an interval of 0L ; and, n and v  denote 

the spectral shift at an interval of 0 . Each of the expanded Gaussian beam are 

propagate along the direction of t̂z  , and P  is denoted as an observation point.   

The transformed coordinates t and tz are linked with the global co-ordinates ( , , )x y z . 

The spectral components of the wave-vector are obtained via transformations 

2 2 2
0 0 0 0 0 0 0 0

2 2 2 2 2
0 0

( ) ( ) ( ) ( )

( ) ( )

t

t t

z n x mL y L k n z k

x mL y L z z

  

 

           
 

     
,          (6.6) 

where 0 2 /k   . tz  is the projection of the vector pointing from the source point

0 0( , ,0)mL L to the observation point ( , , )P x y z in the direction

2 2 2
0 0 0 0 0

0

1
ˆ ( , , ( ) ( ) )tz n K k n

k
       of the wave-vector. All the information about 

the local radius of curvature ( )tR z  and the local spot size ( )tw z , of the beam at each 

axial position tz , are absorbed by the complex beam parameter ( )n tq z , given as 
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.              (6.7) 

It is noted that the asymptotic expression in terms of a complex beam is accurate only to 

within the range of the paraxial approximation. Figure 6.1 illustrates this interpretation 

of the expansion in terms of Gaussian beam modes and one of these expanded Gaussian 

beams propagates in the direction of t̂z . 

A comparison is made between the field of the expanded Gaussian beam and that of the 

original. A schematic diagram of this is illustrated in Figure 6.2. Here a Gaussian beam 

is propagating along z  with a 0.005 m beam waist, and the centre of the waist is 

located at ( 0, 0, 0)x y z   . This Gaussian beam is expanded into constituent 

Gaussian beams in the plane ( , , 0.05 )x y z m and then each of these propagates 

independently to the plane ( , , 0.1 )x y z m . In Figure 6.2, for example, only several 

constituent beams propagating along z   are shown. In fact, there are 664 such beams 

and each propagating along different directions. Now, an original Gaussian beam, 

propagating to the plane ( , , 0.1 )x y z m  directly, without using an expansion process, is 

traced for comparison, the working frequency being 54 GHz. 

Expansion Plane

0.05m 0.05m

Expanded GBs

GB

GB

z

x

y

 

Figure 6.2 Schematic diagram of comparison between the fields with and without 
expansion. In the lower part of the figure, a Gaussian beam (GB) propagates along 
z   from beam waist plane z=0 to plane z=0.1. In the upper part, the field 
produced by the same GB on z=0.05 plane is expanded by Windowed Fourier 
Transform (WFT) method. The expanded sub GBs also propagates to the z=0.1 
plane.  
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Table 6.1 Parameters of the ellipsoidal reflector 

Parameters Value 

Focal length（mm） 77.55 

Major half axis（ mm） 209.3 

Distance between F1 and B（ mm） 77.1 

Distance between F2 and B（ mm） 341.5 

Diameter of the reflector（ mm）: 107.3 

Angle between incident and emergent beam（deg） 60 

 

Figure 6.7 and Figure 6.8 illustrate the simulated reflected fields using GO analysis, 

Phase Matching analysis and an approximated PO analysis. Figure 6.7 shows the 

reflected field on the offset plane, and Figure 6.8 the field on the symmetric plane. 

Phase Matching analysis agrees well with GO, because each of them is essentially a GO 

method. Obviously, the agreement is poor in comparison with PO. They are consistent 

in the centre of the field, but deviations appear at low field levels.  

 

Figure 6.7 Reflected field 0.2m behind the ellipsoidal reflector (co-polar, offside 
plane), based on the modelled scenario of Fig. 6.5.  
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Figure 6.8 Reflected field 0.2m behind the ellipsoidal reflector (co-polar, 
symmetric plane), based on the modelled scenario of Fig. 6.5. 

6.4 Incorporating 3D GBS diffraction analysis 

Diffraction analysis is the most difficult calculation when undertaking analysis of a 

reflector antenna. By the Gaussian beam expansion method, the incident beam or field 

is expanded into many constituent Gaussian elemental beams. If the expanded elemental 

Gaussians impinge on the reflector with the point of intersection within 2w  of the edge, 

the reflection method loses accuracy and diffraction analysis should be applied. When 

the spot sizes of the elemental GBs on the reflector are much less than that of the 

reflector, we use half-plane diffraction to approximate diffraction from a curved surface. 

In order to build 3D analysis software, the 3D GBS method of half-plane diffraction is 

incorporated into the 3D DGBA. 

6.4.1 Models adaptation 

In chapter 5, the details of the 3D GBS diffraction method were presented. According to 

the results of Chapter 5, this method is more accurate than classic Kirchhoff half-screen 

diffraction analysis in 2D DGBA. Also, the diffracted Gaussian beams, rather than only 

the diffracted field, can be directly obtained.  
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According to equation (5.5), it is critical to determine whether the intersection point P  

is located on the surface of the reflector or not, which in turn determines whether the 

reflected field should be added to the diffracted field, or not.  

Figure 6.9 through to 6.12 show the relationship between the yet to be introduced 

parameters of A , ZOFFS , besides the position and azimuth direction of the incident 

GB. Assuming point R  is on the rim of the reflector/half-plane, and the edge of the 

reflector/half-plane is along the vector perpendicular to the page of this paper, ez


 

denotes a vector from rim R to the intersection point P , which is equivalent to the 

vector PR


. R  are the symmetric points of R  with respect to point Palong the line sx . 

The local coordinate system ˆ ˆ ˆ( , , )s sx y n  and reflected beam related coordinate system 

ˆ ˆ ˆ( , , )r rx y z  are also illustrated in the Figures 6.9 - 12, with the y -direction being the 

same in both. The parameters A and ZOFFS are given by, 

ˆ
e rA z x 


  and                                                           (6.8) 

ˆ
e rZOFFS z z 


.                                                         (6.9) 
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Figure 6.9 Two incident Gaussian beams with the same incident angle ( / 2 )   

impinge on the left and right side of a reflector/half-plane at intersection-points P . 

R  denote the nearest points on the rim of the reflector. The local coordinate 

system ˆ ˆ ˆ( , , )s sx y n  and reflected beam related coordinate system ˆ ˆ ˆ( , , )r rx y z  with are 

constructed with îs  is the propagating direction of the incident beam, and ˆrz , that 

of the reflected beam.  R  are the symmetric points of R  with respect to point P  

along the line sx  , and ez


 denotes a vector from rim R to the intersection point P . 

A  and ZOFFS  are the projected lengths of ez


 on the ˆ
rx  and the ˆ

rz . The 

conclusion is when 0A   and 0ZOFFS  ,  the intersection point P  is on the 

surface of the reflector/half-plane with azimuth angle 0 / 2i   . 
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Figure 6.10 When 0A   and 0ZOFFS  , the intersection-point P is on the surface 

of the reflector/half plane with azimuth angle / 2 i    . All other annotations 

are as for Fig. 6.9. 

 

 



Chapter 6  Implementation of a Modular 3D Gaussian Beam Diffraction Approach 

153 

 

P

R

A

NSSI ZR

ZOFFS

φ 

0<φ<π/2  

A< 0   

ZOFFS>0 

XSXS

SIZR

NS

P

XR

XR

A

ZOFFS

Right side of the reflectorLeft side of the reflector

Centre of the Reflector

φ 

ZeZe R

0<φ<π/2  

A<0   

ZOFFS>0 

R’R’

 

Figure 6.11 When 0A   and 0ZOFFS  , the intersection-point P  is out of the 

surface of the reflector/half plane with azimuth angle 0 / 2i   . All other 

annotations are as for Fig. 6.9. 
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Figure 6.12 When 0A   and 0ZOFFS  , the intersection-point P  is out of the 

surface of the reflector/half plane with azimuth angle / 2 i    . All other 

annotations are as for Fig. 6.9. 

It can be seen that, when 0A  , the intersection point P  is located on the reflector/half-

plane. When 0A  , it is off the reflector/half-plane. If 0A ZOFFS  , the azimuth 

angle will be in the domain 0 / 2i   ; if 0A ZOFFS  , the domain is 

/ 2 i    . 

In calculating the diffracted field, an edge coordinate system should be built to suit 3D 

GBS analysis. The geometry of the problem is illustrated in Figure 6.13. The origin of 

the edge coordinate system ( 0, 0,z 0)s s sx n    is located at the edge of the half-plane. 

The intersection point of the incident beam, and the half-plane P lie on the plane ( , z )s sx  

and also on the sx  axis. ˆ
sn  and ˆ

sz  are respectively the normals of the half plane and the 
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rim-tangential vector. ˆ
sx , ˆ

sn and ẑ s construct a right-handed coordinate system. All the 

observation points Q  in the original global coordinate system ( , , )x y z are transformed 

to this edge coordinate system by 

( )
xs s x sy sz

ns s x sy sz

zs sx sy sz

Q x x x x

Q Q P n n n y

Q z z z z

    
           
        

.                                (6.10) 

 

sz   

sx   

sn   

i  

i  

P   

is   

e   

e   

 
Figure 6.13 Geometry of a Gaussian beam imping on a reflector in the direction of 

îs  with an incident spherical angle ( , )i i   . The intersection point is P , and the 

closest point on the rim of the reflector to P is denoted as e .   ˆ
sn  is along the 

normal direction of the surface of the reflector at intersection point P , and a local 

coordinate system ˆ ˆ ˆ( , , )s s sx n z  is constructed with ˆ
sz  tangent to the rim. The 

distance between P  and e  is ez   Point e  is denoted as the projected point of e  on 

vector ˆ
sx .  

The next step is to find the incident polar angle and azimuth angle of each elemental 

Gaussian beam. By describing the direction of incident of a beam as îs  in the global 

coordinate system ( , , )x y z , it is easy to calculate the polar angle i  as 

1 ˆ ˆcos ( )i i ss z   .                                               (6.11) 
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Defining the normal direction of the plane ( , )s ix s  as ŝt such that 

ˆ ˆ ˆ
s i st s z  ,                                                    (6.12) 

the projection direction ˆ
sp  of incident beam on the plane ( , )s sx n  is  

ˆˆ ˆ
s s sp t z  .                                                   (6.13) 

The azimuth angle i  is given by 

1 ˆ ˆcos ( )i s sp x   .                                            (6.14) 

Also, because the reflector has a curved surface, generally the nearest point e  on the 

rim may not be in the ˆ
sx  direction, as shown in Figure 6.13. This may affect the 

accuracy of the analysis. It is therefore rewritten to be 

ˆ
sPe Pe x 

 
 .                                                (6.15) 

In practice, four new subroutines are coded into 2D-DGBA for full 3D analysis. The 

first subroutine is SUBOUTBEAMS coded for calculating the output Gaussian beams 

that emerge from mz  on the z-axis at polar angle 1cosn n   and azimuth direction 

j  with expansion coefficients aμ . The second subroutine DIFFR3D, is coded to 

replace the former DIFFER subroutine and to calculate the diffraction field. The third 

subroutine NEWGBDIF0, and forth NEWGBDIFF, are used for evaluating the 

contribution of the reflected and diffracted beams to the desired grid points (or all grid 

points of the output plane for analysing near field for the next reflector or, for 

calculating the far field.  

6.4.2 Selection of parameters  

Values of parameters significantly affect the efficiency and accuracy of 3D GBS 

diffraction analysis. Key parameters of the subroutine SUBOUTBEAMS are chosen 

according to the following principles [5]: 

1) Over-completeness v  
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The Over-completeness parameter is defined by /v k k . For accuracy, <1/3v  and 

in practice =1/4v  is chosen. 

2) Discretisation   

The Discretisation parameter  is used to define the emergent directions of 

diffracted Gaussian beams. It is chosen to be D=0.5 =0.5 /i i ik b   . 

3) tb of emergent Gaussian beam 

tb  is chosen to be 5000 / ( )i ik b  to make emergent Gaussian beams well collimated.  

4) zb of WFT-frame expansion 

zb  is calculated by / sinz t ib b  . 

5) Spatial width of the WTF frame z  

z is the spatial width of the WTF frame given by = zz b v . 

6) Spectral width of WTF frame   

  is the spectral width of the WTF frame and is calculated by =
z

z

b
 . 

6.4.3 Methods of accelerating analysis 

When calculating the diffraction field, all of the emergent diffracted Gaussian beams 

need to be superposed, which makes 3D GBS analysis time consuming. Under the 

constraint of not suffering loss in accuracy, improvement in the performance and 

efficiency of 3D-DGBA requires using as few emergent diffracted beams as possible. 

3D-DGBA analysis is accelerated through judicious setting of the following parameters:  

1) The range of   

The largest domain of   is 1 1   . However, it will be time consuming to span 

the whole domain in every case, especially when the energy of each elemental Gaussian 

beam is considered. In practice, we set this domain to 4 times sin (), the asymptotic 

beam growth angle 0  
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  .                                  (6.16) 
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esleif

elseif

    

    

    

     


    
    

       .                       (6.17) 

   Typically, by applying this constraint, more than 30% of the diffracted Gaussian 

beams can be removed from consideration.   

2) The domain of    

According to Katsav et al [5], 3 3i Di i Di             is used for the backward 

space region and 3 3i Di i Di             for the forward. However, from 

Figures 5.6 and 5.13, it can be seen that the images of   and au  cover nearly the whole 

domain 0 to 2 . In practice therefore, we focus on the backward region and choose the 

  to be 0    . Comparing then the range of 0 2   , 50% reduction is noted in 

the number of diffracted Gaussian beams required. 

3)  The range of mz   

mz  represents space-sampling points on the edge with m = 0, ±1, ±2... the distance 

between two adjacent points giving a span, mz . It is found that when calculating the 

diffracted field of many incident Gaussian beams, the number of sampling points can be 

chosen to be very small. In practice, when analysing hundreds of expanded incident 

Gaussian beams, a few points is sufficient in most cases; choosing m = 0, ±1 is adequate. 

A significant amount of computing time can be saved by using the above combination 

of optimisations. 

The typical acceleration in analysis is by a factor of three. This is outlined in Table 

6.2, which compares time savings between employing and not employing the optimum 

parameter value selection. 

Figure 6.14 and Figure 6.15 plot the associated analysis to Table 6.2. The use of 

optimum parameter settings increases efficiency of analysis by a factor of 20.  
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Table 6.2 Efficiency of 3D DGBA with and without speeding up methods 

 
The No. of 

incident GBs 
Observed 

points 
The No. of 

emergent GBs 
Computing 

time 

Without 
optimisation 

350 402 113724 15464s 

With 
optimisation 

350 402 4212 713s 

  
Figure 6.14 Near field difference between optimised and without optimised 
3D-DGBA on the offset plane (co-polar). Parameters of without optimised 3D-
DGBA: 1 1   , 0 2    and  m = 0, ±1, ..., ±8. Parameters of optimised 

3D-DGBA: 0 0max( 1, 2sin ) min(1, 2sin )i i         , 0     and m = 0, 

±1.  

 

Figure 6.15 Near field difference between optimised and without optimised 
3D-DGBA on the symmetric plane (co-polar and cross-polar). Parameters of 
without optimised 3D-DGBA: 1 1   , 0 2    and  m = 0, ±1, ..., ±8. 

Parameters of optimised 3D-DGBA:

0 0max( 1, 2sin ) min(1, 2sin )i i         , 0     and m = 0, ±1.  
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6.5 Modularity 

An analysis cycle of the improved DGBA approaches for multi-reflector analysis is 

illustrated in Figure 6.16. It consists of six steps:  

1) The incident field on an input plane could be either the near field of a feed or the 

field from a previous FSS/reflector. 3D-DGBA applies a WFT on the input field 

to produce elementary Gaussian beams. 

2) These Gaussian beams propagate to the next QO component, by the field 

expressions of Gaussian beam propagation. 

3) Those Gaussian beams subsequently reflected are treated by Phase Matching 

analysis and so reflected Gaussian beams are produced.  

4) Those beams that meet the reflector at less than 3.5 beam widths away from the 

rim, suffering significant diffraction. The 3D GBS diffraction analysis is then 

applied, producing a set of diffracted GBs.  

5) Modularity 

5.1) The reflected and diffracted beams propagate to the next reflector. These 

beams can be handled with the same processes of (2), (3) and (4), making the 

method highly modular.  

5.2) Or, the reflected and scattered fields are superposed in the output plane. 

These beams fields can be then handled with the same processes of (1), (2) (3) 

and (4); again, modular analysis is enabled 

6) Alternatively, all beams are superposed on an output plane for calculating the 

near field for an FSS or the far field when dealing with the final reflector in a 

train of mirrors.  
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Figure 

analysis

Gaussian beams.
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expansion. “gaubeam.in” gives the input parameters for the single reflector analysis. 

The output file “GBE.in” storages the coefficients of the result of Gaussian beam 

expansion used for analysing the far field or preparing the input field for the next 

reflector. Another Output file “field.txt” gives the result of simulated near or far fields. 

“gaubeam.f90” is the main program of 3D-DGBA. All reflection and diffraction 

analysis are handled in the file of gaubeam.f90. 

 
 

Figure 6.17 Files relationship in 3D-DGBA. The arrows represent the input and 
output files to the three “f90” programs. “gaubeam.f90” is the main program of 
3D-DGBA. 
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Figure 6.18 Flow chart of 3D-DGBA. Reflected beam analysis and diffracted beam 
analysis are two of the most important nodes. 
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The flow chart of gaubeam.f90 FORTRAN functions in 3D-DGBA is shown in Figure 

6.18. Computational processes and parameter selection decisions are illustrated in the 

flow chart. Reflected and diffraction field analysis are the two key actions.  

6.7 Summary 

A three dimensional Gaussian Beam diffraction analysis called 3D-DGBA was 

developed. It is based on the original 2D-DGBA. Extended Phase Matching reflection 

analysis and optimized 3D GBS diffraction analysis are incorporated to replace the 

original GO reflection analysis and Kirchhoff half-screen boundary diffraction wave 

(BDW) theory. Modelling and key parameters selection issues are discussed with regard 

to reduce operational complexity. Specifically, three methods for accelerating 

computation are applied to significantly increase computing efficiency. It is again 

emphasised that 3D-DGBA is inherently a flexible analysis by virtue of its modularity.   
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Chapter 7   Experimental 

Verification of 3D-DGBA Analysis 
 

 

7.1 Overview 

In this chapter, a specific design procedure of a dual-path QoN is presented. Two 

different kinds of systems were developed at Queen Mary University of London, and 

Beijing University of Posts and Telecommunications (BUPT) [1-3]. 3D-DGBA is 

utilised to analyse one of these QoNs and is compared to GRASP and 2D-DGBA 

analyses. The measured results verify the accuracy of 3D-DGBA.   

7.2 System requirement and QoN configuration 

Figure 7.1 shows a schematic configuration of the two-path QoN. The photograph in 

Figure 7.2 shows the corresponding physical QoN, contained in an area of 364 x 417 

mm2. The QoN was designed to feed an offset reflector system that required an input 

beam width of 20˚ at −8.68 dB. The two paths are the atmospheric sounding frequencies 

at 54 GHz (oxygen lines) and 89 GHz (atmospheric windows). M1-54, M1-89 and M2 

are three ellipsoidal reflectors used to condition the Gaussian beams from the feed horns. 

H-54 and H-89 are two corrugated horns at 54 GHz and 89 GHz respectively, which are 

used as sources to generate output beams. Each horn includes a transition from 

rectangular to circular waveguide. Component D is the low-pass dichroic filter. The 

transmission (blue lines) and reflection (red lines) paths of the QO beams are shown in 

Figure 7.2 below. 



Chapter 7  Experimental Verification of 3D-DGBA 

165 

 

 

Figure 7.1 Layout of the dual-path Quasi-Optical Network. The 54 GHz (blue lines) 
is the transmission path; the 89 GHz (red lines) is the reflection path. H-54 and H-
89 are the corrugated horns for 54 GHz path and 89 GHz path respectively; M1-54 
and M1-89 are the first ellipsoidal mirrors for 54 GHz path 89 GHz path 
respectively; M2 is the second ellipsoidal mirror for both paths; D stands for the 
dichroic. 

 

 

Figure 7.2 Fabricated Quasi-Optical Network according to the schematic of Figure 
7.1. Annotation is as for Fig. 7.1. 
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7.3 Ellipsoidal reflectors design 

Goldsmith gives a design procedure of a Quasi-optical network, as illustrated in Figure 

7.3 [4]. It is seen as a general guideline for QoN design.  

 

Figure 7.3 Quasi-optical network design procedure, reprint from [4] 

A more specific design procedure for multi-reflector QoNs will be shown. It has three 

parts: i) design of ellipsoidal reflectors; ii) single-path design and, iii) dual-path system 

design: each will be introduced in subsequent sections. 

As discussed in Chapter 2, Gaussian beam width diffractively spreads as the beam 

propagates and hence requires refocusing or re-collimating. The procedure of re-

collimation/refocusing a Gaussian beam to another beam waist is called Gaussian beam 

transformation; the operation to perform this is given by the ABCD  law of GO.  

In the geometry of paraxial theory, the ABCD  law is: 
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.                                                      (7.1) 

iR
 and eR  are respectively the radius of curvature of the incident and emergent beams; 

, , ,A B C D  are the geometrical optical system elements. The extension of this ray 

transformation leads to the four elements , , ,A B C D  operating on the complex radius of 

curvature similar to (7.1), giving: 
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out
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Aq B
q

Cq D





.                                                    (7.2) 

An ellipsoidal reflector operating in the paraxial limit is approximated fairly close to the 

action of an ideal lens in that it essentially gives a quadratic phase-increment to a signal. 

The ABCD  matrix for an ellipsoidal mirror as given by [4]: 

1 2

1 0

1 1
1ellipsoidM

R R

 
 

        

.                                            (7.3) 

The equivalent focal length for the ellipsoidal mirror is: 

1 2

1 2

ellipsoid

R R
f

R R


 .                                                  (7.4) 

1R  and 2R  are the distances from the centre of a section from the boundary of an 

ellipsoid to the foci of the ellipsoid, as illustrated in Figure 7.4. It should be noticed that, 

for an ellipsoid, a very useful condition occurs when 1iR R  and 2eR R . 
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Figure 7.4 Geometry of single reflector taken as the portion of the surface from an 
ellipsoid centred at point P having distance R1 and R2 to the foci of the ellipse at 
F1 and F2respectively. The angle between incident and emergent beam is  .  w is 
the beam width of the incident Gaussian beam and 4w will be the diameter of the 
cylinder used to cut the surface. 

The transformation procedure is illustrated in Figure 7.5, so the ABCD  matrix is: 

 

Figure 7.5 Gaussian beam transformation by a quasi-optical system. The input 

Gaussian beam waist is 0inw  at a distance ind  from the input reference plane and 

the output waist is 0outw  at a distance outd  from the output reference plane. [4] 
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Taking (7.2) and (7.5) together, one has 
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with confocal distance 
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The system magnification is defined to be: 
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Rearranging Equation (7.10), the focal length f can be written in terms of M . 

For 1M  : 

21 ( / )

2 /
in c

c

in c

d z
f z

d z


 .                                            (7.11) 

For 1M  : 



Chapter 7  Experimental Verification of 3D-DGBA 

170 

 

0.5
2

1 1 1in in
c

c c

d d
f z N

Nz z

                         

.                              (7.12) 

where 21N M   . 

The equation of the ellipsoid in Cartesian coordinates is: 

2 2 2
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; c e a   and 2 2 2b a c  .   is 

the angle subtended by the incident and reflected rays and is equal to twice the incident 

angle, i . Usually, it is a known parameter or one selected by the designer. Taking the 

former equations together, an ellipsoid can be created. 

It is found that although 0inw  and 0outw  may be known a priori, the input distance ind  

should still be carefully chosen. For 1M  , there is no limitation for /in cd z . However, 

for 1M  , there is a minimum value for /in cd z , as shown in Figure 7.6 For a particular 

frequency and an input beam waist, cz  is a constant, which means ind  should be chosen 

large enough for the magnification [4]. 

After the ellipsoid is determined, the next step is to abstract the desired mirror-section 

from it. It becomes a trade-off between minimal-size and power-handling capability. 

The energy spilling over from the reflector is defined by the related radius er ,   
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Figure 7.6 Focal length required for modal matching in terms of confocal distance. 
With a specific value of system magnification M=0.25, 0.5, 1.0, 2.0 and 5.0, the 

relationship between the input distance ind  and the focal length f  is shown.  For 

1M  , there is a minimum value for /in cd z , which means the input distance has to 

be chosen large enough for a specific system magnification 1M  , [4].  

 

Figure 7.7 Fundamental Mode Gaussian beam and edge taper. If the reflector 

radius 2er w , the corresponding 34.74eT dB   and about 99.97% of the input 

power is intercepted.  

For instance, 2er w , or a reflector aperture diameter 4aperD w  means that 99.97% 

( 34.74eT dB  ) of the power is intercepted, as depicted in Figure 7.7. This would 

represent a good set of choices in parameter setting. 
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The last step is to find an appropriate angle . Define the fraction of power in the 

reflected beam in the fundamental Gaussian beam mode as [4] 

2

2

tan
1

8

p iw
K

f


                                                   (7.15) 

where pw  is the beam width at the point of intersection P  in Figure 7.2. A helpful 

conclusion is that when 4aperD w , to make 99%K  , the incident angle i  needs to 

satisfy the following condition 

for / 1.0aperf D   

45i                                                        (7.16) 

and for 1.0 / 0.5aperf D   

30i   .                                                    (7.17) 

It is easy to show that it gives another restrictive condition on the input distance ind . For 

a given i , to make 99%K  , 

2
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   .                                          (7.18) 

Other kinds of mirror, such as a hyperboloid or spherical mirror, can also be derived by 

following the same procedure. Taking one reflector design as a model, it becomes very 

easy to design a multi-reflector network.  

7.4 Single path design 

Generally speaking, there exist several reflectors in a single beam path. Following is the 

procedure for single reflector design: 

1) calculate the output beam waist 0outw  according to the system requirements; 

2) find the input beam waist 0inw which is always determined by the matching feed 
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source; 

3) using 0inw  and 0outw to find the system magnification M  and a proper input 

distance ind ; ind is the first free parameter chosen by the designer to meet the 

space requirements of the whole system, but it should be under the condition as 

illustrated in Figure 7.3 and should also follow the constraint of equation (7.18).  

4) calculate the focal distance using (7.11) or (7.12); 

5) define the ellipsoid by using (7.6), (7.7) and (7.13); 

6) calculate the size of the section aperD . 

7) finally, the second free parameter, the incident angle i , is chosen in the domain 

given by (7.16) or (7.17).  

Usually the main (or the last) reflector is defined first to meet system specifications, and 

then sub-reflectors can be designed by following the same procedures. It should be 

noted that the input beam waist of the main reflector is the output beam waist of the 

sub-reflector. It can be referred to as the intermediate beam waist 0interw . 0interw is 

another free parameter, like i  and ind . Therefore, the designer should choose a proper 

input beam waist first for the main reflector. 

In order to deal with two reflectors in one optical path as depicted in Figure 7.8, 

assuming M1 to be the first reflector and M2 the second, to achieve the best matching 

condition, the output beam waist of M1 should be at the same position and of the same 

size as the input beam waist of M2, denoted here as the intermediate beam waist 0interw , 

which is another free parameter. 
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Figure 7.8 Illustration of transmission path: an afocal phase-error cancellation 
mirror train separated by the sum of mirror focal distances. M1 and M2 are 

reflector mirrors in sequence. 0inw  is the beam waist of incident Gaussian beam 

produced by a horn. 0interw  is the beam waist between the two reflectors and 0outw  is 

the beam output beam waist of M2. 

7.5 Dual path QoN design 

A dual-path system consists of a transmission and reflection path. In this situation, one 

of the two can be chosen and designed. However, the first will strongly affect the 

second. The size and location of the intermediate beam waist 0interw  and the location of 

the dichroic should be considered in the design of the second path. In order to reduce 

the size of the QON, neither intermediate beam waists of the two optical paths should 

coincide with the dichroic. However, to make spill over negligible, the radius of the 

dichroic is larger than the beam radius at the dichroic by a factor of two. A similar 

conclusion can be found in Foster et al [5], who undertook an experimental 

investigation into the effects of the position of the dichroic. The feeds used in our 

project are corrugated horns. Since the beam waist 0inw  has been determined, the feed 

can be readily designed by following some routines given by Goldsmith [4]. A dichroic 

plate plays an important role in QONs, functioning to separate the incoming signal into 

different channels, or combining signals from several channels into co-propagating, 

coaxial beams [4]. In such a QON, the dichroic plate was designed as a low-pass filter. 



Chapter 7  Experimental Verification of 3D-DGBA 

175 

 

It bears noting that, in the literature, by low and high pass, means passing, respectively, 

the low and high frequency content of a signal spectrum. Working as a frequency filter, 

the performance of the dichroic is critical. Losses in the dichroic for the transmitted and 

reflected bands must be minimised. An acceptable insertion loss is to be no more than 

0.5 dB. Bandwidth is another particularly critical feature for transmission. A multi-layer 

dichroic offers an increased bandwidth, but the manufacturing cost will be increased too. 

Therefore, a trade-off between bandwidth and manufacturing cost holds.  

The dichroic plate in the QoN was fabricated by etching [2].  Figure 7.9 shows a photo 

of the manufactured dichroic. It has a diameter of 100 mm and is embedded into a 

circular metal frame. Plastic rings are used to separate the two FSS layers. The two 

layers were separated by six plastic rings, and the thickness of each plate ring is 0.2 mm. 

The separation of the two layers is1.2 mm. 

 
Figure 7.9 The dichroic with rectangular slots and square lattice, (a) Photograph 
and (b) diagram. The dichroic is a round metal plate (100 mm in diameter) 
perforated with rectangular shaped holes: being 2.8 mm  0.2 mm, and the 
separations between holes being 0.4 mm in horizontal and 2.2 mm in vertical. The 
thickness of the each plate is 0.2 mm. The separation of the two layers is 1.2 mm.  

Figure 7.10 shows a comparison between measured (dotted curves) and simulated (solid 

curves) transmission and reflection coefficients of the dichroic over a span of 

frequencies. The measured and simulated results agree throughout the entire frequency 

domain. At 54 GHz, the simulated insertion loss is only -0.1 dB, compared to -1.0 dB 

by measurement. At 89 GHz, the simulated transmission is very low, down to -36 dB, in 

contrast with -30 dB from measurement. 
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Figure 7.10 A comparison between measured (dotted curves) and simulated (solid 
curves) transmission and reflection coefficients of the dichroic over a range of 
frequencies.  

7.6 Another dual path QoN 

With the same reflectors as illustrated above, another dual path system was constructed. 

In this system, the transmitted and reflected paths are interchanged, as illustrated in 

Figure 7.11 [3]. This QO system is a prototype of an airborne remote sensing system, 

consisting of 54 and 89 GHz channels. The desired bandwidth is 2 GHz for both. 

To accomplish this objective, another kind of dichroic i.e. a perforated FSS is studied 

and fabricated to function as a high-pass filter. It has a circular unit cell repeated on an 

equilateral triangular lattice. This makes it quite different to former resonate slot-array 

that reflected 54 GHz and transmitted 89 GHz waves. In this design, the diameter of the 

circular unit hole is 2.16 mm, the distance between the centres of two neighbouring unit 

circular holes is 2.46 mm. The depth of the hole is 2.25 mm. A photograph of the 

fabricated FSS is shown in Figure 7.12. The measurement was carried out by comparing 

the transmitted power, picked up by a raster scanning probe with and without the 

dichroic plate in place. The measured results are shown in Figure 7.13, in contrast with 

the simulation results. 
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(a)                                                                     (b) 

Figure 7.11 Dual channel QO system: (a) Diagram and (b) photograph.M1–54 
stands for the first mirror of 54 GHz channel; M1–89 stands for the first mirror of 
89 GHz channel; M2 stands for the second mirror; H-54 stands for the horn of 54 
GHz channel; H-89 stands for the horn of 89 GHz channel. The diagram is not to 
the scale. 

 

(a)                                                                             (b) 

Figure 7.12 Dual Perforated plate of circular unit cell and equal lateral lattice: (a) 
Diagram and (b) photograph. The diameter of the unit circular hole is 2.16 mm, 
the distance between the centres of two neighbouring unit circular hole is 2.46 mm. 
The thickness is 2.25 mm. 

It is shown that the reflection coefficients in the stop band (53–55 GHz) are better than -

0.15 dB, while the transmission in this frequency range is below -25 dB, indicating 

good reflection performance. In the pass band (88–89 GHz), the transmission 

coefficients are better than -0.25 dB, and the reflection is below -13 dB, showing that 

the insertion loss in the pass band meets the requirements. 
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Figure 7.13 Comparison of the measured and simulated results of the perforated 
plate. T denotes the transmission coefficient; R, the reflection coefficient; f1 is the 
first resonant frequency point. Simulation results are produced by the periodic 
method of moments. 

7.7 Simulation and experimental verification 

To verify 3D-DGBA, measurement of the previously mentioned dual path QoN with 

low-pass dichroic has been conducted. The parameters of the three ellipsoidal reflectors 

are given in Table 7.1.  

Table 7.1 Parameters of the ellipsoidal reflectors (mm) 

 ind  inw   f   1R   2R   outd   outw   

M1-54 70 5.148 70 73.21 1597.2 70 24.05 

M1-89 65 3.17 65 66.39 3105.06 65 21.84 

M2-54 136.37 24.05 136.37 920.3 160.09 136.37 10.029 

M2-89 368.99 21.10 136.37 920.3 160.09 152.27 6.085 

Both the 54 GHz and 89 GHz paths are measured at their centre frequencies. Two 

corrugated horns at 54 GHz and 89 GHz are fabricated to generate output beams. Key 

parameters of the two horns are given in Table 7.2. 
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Table 7.2 Parameters of the horns 

Parameters 54GHz horn 89GHz horn 
Bandwidth (GHz) 51~57 85~93 
Beam Waist (mm) 5.00 3.10 
Horn Aperture Radius (mm) 8.0 5.0 

Horn Slant Length（mm） 61.1 34.7 

Return Loss（dB） <-27 <-27 

Side Lobe（dB） <-25 <-25 

Cross Polarization（dB） <-25 <-25 

 

Measurements were carried out as follows: for the 54 GHz path, the dichroic was first 

removed in order to get a reference; while for the 89 GHz path, the dichroic was 

replaced by a metallic plate to produce total reflection. Measurements were then carried 

out with the dichroic in place. A step-positioner was employed to control the probe 

antenna to pick up the signals over a scanning plane. The far-fields are then computed 

from the measured near fields. 

Figure 7.14 and Figure 7.15 present the near field of M1-54, the first reflector in 54GHz 

path. The scanned and simulated plane is 199.8 mm from the optical centre of M1-54. 

Only co-polar field experimental measurements are made. However, both co-polar and 

cross-polar simulated results are given.  

It can be seen that in the centre of both offset and symmetric fields, all PO, 2D-DGBA 

and 3D-DGBA analyses present near identical assessment and agree well with the 

experimental result. Against these, GRASP analysis is set as the reference. In both cuts, 

only a ±1.25 dB field deviation can be observed within a ±0.03 m range. However, 3D-

DGBA demonstrated its advantage when analysing off from the centre. It presents a 

similar trend to PO. Field deviation holds at ±20 dB within a ±0.2 m range in 

comparison with ±40 dB for 2D-DGBA. 3D-DGBA has an excellent symmetric 

distribution when simulating the symmetric-plane. Both co- and cross-polar simulated 

fields are in good agreement with the measured results. 
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Figure 7.14 The near field distribution of 54GHz M1 in offset plane ( 0   ). The 

scan plane is 199.8 mm (~ 36) from the optical centre of reflector M1-54. 

 
Figure 7.15 The near field distribution of 54GHz M1 in the symmetric plane 

( 90   ). The scan plane is 199.8 mm (~ 36) from the optical centre of reflector 

M1-54. 
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Figure 7.16 The far field distribution of 54 GHz M1 in the offset plane ( 0   ). 

 

Figure 7.17 The far field distribution of 54GHz M1 in symmetric plane ( 90   ). 

Figure 7.16 and Figure 7.17 show the far field of M1-54. All three simulation-methods 

are of similar accuracy when analysing the main beam of the far field in both offset and 

symmetric planes. Only a ±1.5 dB field deviation can be observed within ±10 degree. 

3D-DGBA gives an even better pattern for the symmetric plane in that it is closer to PO. 
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However, in the offset plane ( =0  ), both 2D and 3D DGBA indicate a side lobe at 

about , which is not seen in GRASP and measured results. Its origin remains unclear.

= 15    

Figure 7.18 and Figure 7.19 present the offset plane near fields of the mirror M2 for the 

54 GHz path with and without the dichroic in place, respectively. Figure 7.20 and 

Figure 7.21 present the same fields but in symmetric plane. Comparisons of simulated 

results between GRASP, 2D-DGBA and 3D-DGBA are given in these figures. Since 

there was no suitable tool for interfacing PMM with GRASP, GRASP is not used for 

simulation in the case of dichroic set in place.  

Where appropriate, however, GRASP analysis is set as the reference. Analysis by both 

3D-DGBA and 2D-DGBA deteriorates in the offset plane where a ±3 dB field deviation 

appeared within a ±0.03 m range. Fortunately, in the symmetric plane, only a ±0.75 dB 

field deviation occurred in the same range for 3D-DGBA. The deviation of 2D-DGBA 

is ±2.5 dB.  

Also, compared with 2D-DGBA, 3D-DGBA analysis is closer to PO in the offset plane, 

particularly in the –x direction.  

When analysing the system in the presence of the dichroic, both 2D and 3D DGBA 

show a more symmetric distribution than the measured results. The presence of the 

dichroic does not change the distribution greatly. This is due to the fact that simulation 

is based on an ideal model while the fabricated system will suffer from distortion 

produced by fabrication and positional errors. The near field beam is narrowed and 

distorted slightly with the presence of the filter. With the filter in place, the beam width 

at the −8.68 dB level is 7±0.25 mm, approximately 1.4  less than that without the 

dichroic (beam width 52 ± 0.25 mm). The distortion introduced by the finite size of the 

dichroic and its insertion loss. However, the agreement between simulation and 

measurement for both cases (without and with dichroic), is still at an acceptable level. 
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Figure 7.18 The near field distribution of M2 at 54 GHz in offset plane ( 0   ) 

without the dichroic present. The scan plane is 184.8 mm (~ 33) from the optical 
centre of reflector M2. 

 

Figure 7.19 The near field distribution of M2 at 54 GHz in symmetric plane 

( 90   ) with the dichroic in place. The scan plane is 184.8 mm (~ 33) from the 

optical centre of reflector M2. 
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Figure 7.20 The near field distribution of M2 at 54GHz in offset plane ( 0   ) 

without the dichroic. The scan plane is 184.8 mm (~ 33) from the optical centre of 
reflector M2. 

 

Figure 7.21 The near field distribution of M2 at 54 GHz in symmetric plane 

( 90   ) with the dichroic in place. The scan plane is 184.8 mm (~ 33) from the 

optical centre of reflector M2. 
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the field difference (Figure 7.23), it can be observed that the deviation between GRASP 

and 3D-DGBA in the offset-plane within 10˚ stays in the range of (-0.2 dB, 1.3 dB), 

similar to that of 2D-DGBA (-0.1 dB, 1.7 dB). In the symmetric plane, the field 

difference stays at (-0.4 dB, 0.2 dB) between 3D-DGBA and GRASP. The difference is 

(0dB, 0.9 dB) between 2D-DGBA and GRASP. The results of 3D-DGBA are closer to 

that of PO.  

Simulation with dichroic present shows almost identical results as for its absence. 

Measurement shows the presence of the dichroic does not affect the main beams greatly. 

The main beam show reasonable agreement, while the side lobes have different 

deviations. However, the signal levels of side lobes without and with the filter present 

are low, below −40 dB for most cases. The level of the first side lobe seems to increase 

(<4 dB) when the dichroic is added, but the signal level is below −25 dB, which meets 

one of our specifications, the other one being a 20° beam width at the −8.68 dB signal 

level. This observation shows that the distortion by the dichroic is acceptable. 

 

Figure 7.22 The far field distribution of 54 GHz M2 in the offset plane ( 0   ) 

without the dichroic. 
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Figure 7.23 Field difference of far field distributions of 54 GHz M2 in the offset 

plane ( 0   ) without the dichroic. GRASP analysis provides the baseline 

reference standard. 

 

Figure 7.24 The far field distribution of 54 GHz M2 in the offset plane ( 0   ) 

with the dichroic in place. 
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Figure 7.25 The far field distribution of 54 GHz M2 in the symmetric plane 

( 90   ) without the dichroic. 

 

Figure 7.26 Field difference of far field distributions of 54 GHz M2 in the 

symmetric plane ( 90   ) without the dichroic. GRASP analysis provides the 

baseline reference standard. 
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Figure 7.27 The far field distribution of 54 GHz M2 in the symmetric plane 

( 90   ) with the dichroic in place. 

Figure 7.28 through to Figure 7.41 are the corresponding results for the 89 GHz path. 

Similar performance conclusions can be drawn as for the 54 GHz path. 

 

Figure 7.28 The near field distribution of 89 GHz M1 in the offset plane ( =0  ). 

The scan plane is 330 mm (~ 98), from the optical centre of reflector M1-89. 
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Figure 7.29 The near field distribution of 89 GHz M1 in the symmetric plane 

( =90  ). The scan plane is 330 mm (~ 98) from the optical centre of reflector M1-

89. 

 

Figure 7.30 The far field distribution of 89 GHz M1 in the offset plane ( =0  ) 
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Figure 7.31 The far field distribution of 89 GHz M1 in the symmetric plane 

( =90  ). 

 

Figure 7.32 The near field distribution of M2 at 89 GHz in the offset plane ( =0  ) 

without the dichroic present. The scan plane is 170 mm (~ 50) from the optical 
centre of reflector M2-89. 
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Figure 7.33 The near field distribution of M2 at 89 GHz in the offset plane ( =0  ) 

with the dichroic in place. The scan plane is 170 mm (~ 50) from the optical 
centre of reflector M2-89. 

 

Figure 7.34 The near field distribution of M2 at 89 GHz in the symmetric plane 

( =90  ) without the dichroic present. The scan plane is 170 mm (~ 50) from the 

optical centre of reflector M2. 
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Figure 7.35 The near field distribution of M2 at 89 GHz in the symmetric plane 

( =90  ) with the dichroic in place. The scan plane is 170 mm (~ 50) from the 

optical centre of reflector M2. 

 

Figure 7.36 The far field distribution of 89 GHz M2 in the offset plane ( =0  ) 

without the dichroic 
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Figure 7.37 Field difference of far fields distribution of 89 GHz M2 in the offset 

plane ( =0  ) without the dichroic. GRASP analysis provides the baseline reference 

standard. 

 

Figure 7.38 The far field distribution of 89 GHz M2 in the offset plane ( =0  ) with 

the dichroic in place. 
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Figure 7.39 The far field distribution of 89 GHz M2 in the symmetric plane ( =90  ) 

without the dichroic. 

 

Figure 7.40 Field difference of far fields distribution of 89 GHz M2 in the 

symmetric plane ( =90  ) without the dichroic. GRASP analysis serves as the 

standard for reference. 
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Figure 7.41 The far field distribution of 89 GHz M2 in the symmetric plane ( =90  ) 

with the dichroic in place. 

In 89GHz path, from the field difference (7.37), it can be observed that the deviation 

between GRASP and 3D-DGBA in the offset-plane within 20˚ stays in the range of ±8.0 

dB in comparison with ±23.0 dB of 2D-DGBA. In the symmetric plane, the field 

difference within 20˚ stays in the range of ±4.0 dB between 3D-DGBA and GRASP in 

comparison with ±16.0 dB of 2D-DGBA.  

7.8 Summary 

A specific design procedure of multi-path, multi-reflector, QoNs is presented. Two 

different configurations of a dual-path QoN are demonstrated. The first uses a low-pass, 

resonant slot-array dichroic, with rectangular slots repeated on a square lattice; the 

second employs a high-pass perforated FSS with a circular unit cell repeated on a 

triangular lattice. 3D-DGBA is used for analysing the low-pass QoN. It is verified in 

comparison with the simulation results of GRASP as well as 2D-DGBA, and 

experimental measurement. Although deviation still exists in comparison with GRASP, 

it is obvious that 3D-DGBA is more accurate than 2D-DGBA.  
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Chapter 8   Summary and Future 

Work 
 

8.1 Conclusions 

In this thesis, a 3D Diffraction Gaussian Beam Analysis (3D-DGBA) approach to the 

analysis of multi-reflector antennas has been developed. This new approach is based on 

the 2D diffracted Gaussian beam analysis (2D-DGBA) method developed at Queen 

Mary University of London. In 3D-DGBA, extended Phase Matching reflection analysis 

and 3D GBS diffraction analysis have been investigated and incorporated into 2D-

DGBA, making the resulting 3D-DGBA capable of analysing general astigmatic 

incident GBs from arbitrary orientations. Also, it is a highly modular method suitable 

for analysis of electrically-large, multi-element, quasi-optical systems. 

A specific design procedure of multi-path, multi-reflector QoNs is presented and two 

different configurations of dual-path QoNs have been built and presented with two 

kinds of FSS. By analysing one of these QoNs, the 3D-DGBA is verified in comparison 

with the simulation results of GRASP as well as the original 2D-DGBA, and finally 

with the experimental measurement. It is demonstrated that 3D-DGBA is more accurate 

than original 2D- DGBA. 

It has been demonstrated that extended Phase Matching analysis and GO present the 

same accuracy when dealing with stigmatic Gaussian beams. However, for general 

astigmatic Gaussian beams, extended Phase Matching analysis performs better and the 

near field deviation remains in a ±0.8 dB with small angles of incidence. It has been 

shown that Phase Matching analysis can be applied under the condition that the spot 

size widths of the incident beams are much smaller compared with the principal 

curvatures of the surface. 
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Kirchhoff half-screen boundary diffraction wave (BDW) theory, 2D GBS diffraction 

analysis and 3D GBS have been investigated. It has been demonstrated that 2D GBS 

analysis is a two dimensional method where observation points have to be in the same 

plane as defined by the incident and emergent Gaussian beams. Kirchhoff half-screen 

boundary diffraction wave (BDW) theory can be seen as a 2.5D method. 3D GBS has 

proved to be a full 3D method of analysis handling general astigmatic incident Gaussian 

Beam incidence onto the reflector at arbitrary incident angles. In comparison with PO, 

3D GBS has been verified to be more accurate than Kirchhoff half-screen boundary 

diffraction analysis. In some cases, a ±5.0 dB field deviation can be observed within 

±25 of BDT in comparison of ±1.0 dB of 3D GBS analysis. In the range of low signal 

level, more than 50 dB field deviation is presented for BDT in comparison to 10 dB for 

3D GBS analysis. 

Methods to accelerate computation have been developed to increase the computational 

efficiency of 3D-DGBA. The principle has been to reduce the number of diffracted 

Gaussian beams while holding the required level of accuracy. With these optimization 

methods, the simulation efficiency of 3D-DGBA has been increased by a factor of 20.   

8.2 Key contributions 

The key original contributions to knowledge from this thesis include: 

1) Development of a three dimensional diffraction Gaussian beam analysis (3D-

DGBA) for characterising multi-reflector antennas. By simulating a dual-

channel QoN, the performance of 3D-DGBA has been verified in comparison 

with PO evaluation from GRASP and experiment results.  

2) Although deviation still exists in comparison with GRASP, it can be observed 

that 3D-DGBA is more accurate than 2D-DGBA. For example, in one of the 

simulated cases, the far-field deviation between 3D-DGBA and GRASP in the 

offset-plane within 20˚ stays in the range of ±8.0 dB in comparison with ±23.0 

dB of 2D-DGBA. In the symmetric plane, the far field difference within 20˚ 

stays in the range of ±4.0 dB between 3D-DGBA and GRASP in comparison 

with ±16.0 dB of 2D-DGBA.  
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3) In 3D-DGBA, the 3D GBS diffraction model is seamlessly applied into practical 

scenarios. Optimization methods have been developed and the simulation 

efficiency has been increased by a factor of 20.   

4) In 3D-DGBA, reflected and diffracted fields are both represented as Gaussian 

beams. By contrast, in 2D-DGBA, only the diffracted fields are calculated rather 

than the diffracted Gaussian beams. 

5) 3D-DGBA has the capability of analysing general astigmatic Gaussian Beams 

incident on a reflector at arbitrary angles. By contrast, in 2D-DGBA, the 

simulated Gaussian beam should be a stigmatic Gaussian beam and all the 

oblique polar angles of the incident beams are approximated by polar angles of 

normal incidence. 

6) Two kinds of dual-path QoNs with different configurations have been designed 

and developed. A low-pass resonate slot-array dichroic with rectangular slots 

repeated on a square lattice, and an FSS high-pass filter made from a circular-

hole unit cell repeated on a triangular lattice, are studied and fabricated for the 

QoNs. Both of the QoNs meet their system performance specifications. 

Experiments were conducted to verify the accuracy of 3D-DGBA. 

8.3 Future work 

Though 3D-DGBA has been developed, there are still many issues to be addressed. 

Many areas deserve further study and the future work may include: 

 Consideration that, while the reflected and diffracted fields are represented in the 

form of Gaussian beams, in the current version of 3D-DGBA, these Gaussian 

beams cannot be traced to directly analyse cascaded reflectors. Gaussian beam 

expansion is employed for an analysis of cascaded reflectors, but this may cause 

deviations and loss of efficiency. Therefore, it is worthwhile finding ways to 

utilise reflected and diffracted Gaussian beams directly. 

 The accuracy of the current 3D-DGBA is not clear for electrically large antennas.  
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 Analysis of a real 3D QoN is also necessary to evaluate further the performance 

of 3D-DGBA. 
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Appendix I Approximated PO 

Reflection Method 
 

 

In reference [1], an approximated PO reflection method dealing with reflection of an 

elliptical astigmatic Gaussian beam on a curved surface is given. The reflected magnetic 

field with a closed form is given in equation (3.8) 
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with, 
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ijp  are defined by the transformation between the reflected beam coordinate system and 

the surface coordinate system, the same as in equation (3.27). 

The term nmI  is given by 
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Appendix II Phase Matching 

Analysis Method in GO 
 

 

By Deschamps [1], the curved surfaces or a wave front is represented by a second-order 

equation (bi-parabolic expansion) 

1

2
tz x Q x   
 

                                                (A2.1)  

where x


 is the transverse position vector represented by its components  1 2,x x , and Q  

is a 2 by 2 symmetric matrix, called the curvature matrix of the surface.   
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is small, the phase at any point  ,r x z
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Fig.A2.1 illustrates a beam incident on a curved surface. The equation near RQ  may be 

written as 
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Figure A2.1: Geometry for the description of the wave front reflected from the 

curved surface.  1 2
ˆ ˆ ˆ( , , )u u n  is the surface coordinate at the intersection point RQ , 

with 1̂u  and 2û  perpendicular to normal direction n̂  . ˆiz  and ˆrz  are the 

propagation directions of the incident and reflected beams.  n̂  makes the angle 

   with ˆiz . 

The coordinates  ,x z


 of both incident and reflected beams can be written as 
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and , the projection of the vector t


onto the plane 0z   is  

1 1 1 2

2 1 2 2

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

x u x u

x u x u

  
   

  
.
  
                                           (A2.8) 

v


in (A2.6) is 

 

 

 

 

 

 
  

 

 

 

 



Appendix II Phase Matching Analysis Method in GO 

208 

 

   1 1 2 2 1 1 2 2
ˆ ˆ ˆ ˆ ˆ ˆˆ ˆv v u v u z u u z u u     


.
  
                           (A2.9) 

 S r


can therefore be rewritten as 

 

 

 

1

2

1 1
cos

2 2

1
cos

2
T

S r z x x

v t t Qt t t

v t t Q t

 

 

  

       

        

  

    

  
 
  .                       (A2.10) 

Subscript i  denotes incidence and r , reflection. By phase matching, the phase of 

incident beam is equal to the phase of reflected beam, thus 

i i r rk S k S .
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Substituting (A2.10) into (A2.11), one has 
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By matching the linear term and quadratic terms, (A2.12), yields 
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If ,i r i rk k    , (A2.14) can be reduced to 
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By using Snell’s law of reflection, we get 
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one has 

i r   .
                      

                        (A2.18) 

Finally, equation (3.25) is given where 
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Appendix III Details of Proof that 

Equation (5.5) is Equivalent to (5.1)  
 

 

Proof: 

Firstly, since sin cos    ， sin sin   and cos  ， it may be shown that
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Replacing  with  ; the spectrum ( )iB κ of incident beam can be rewritten as 
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i i iB B B      κ   and denoted as ( , )iB   . So, (5.7) is found to be 
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Substitute (5.8) into (5.6), gives 
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Finally, substituting (5.9) into (5.5) yields 
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Thus (5.5) is equivalent to (5.1).  

End of Proof 
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Appendix IV Calculations of i   

and iq  

 

 

In order to expand 
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 in a Taylor’s series about cosi i  , given as 
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So, i i i ix    ，where 2 1 2 1
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Following a similar processes,  
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and expanding   
 as below,  
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The above may be summarised as 
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