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ABSTRACT

In this paper we study the construction of holomorphic gauge invariant operators for gen-
eral quiver gauge theories with flavour symmetries. Using a characterisation of the gauge
invariants in terms of equivalence classes generated by permutation actions, along with rep-
resentation theory results in symmetric groups and unitary groups, we give a diagonal basis
for the 2-point functions of holomorphic and anti-holomorphic operators. This involves a gen-
eralisation of the previously constructed Quiver Restricted Schur operators to the flavoured
case. The 3-point functions are derived and shown to be given in terms of networks of sym-
metric group branching coefficients. The networks are constructed through cutting and gluing

operations on the quivers.
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1 Introduction

Finite N aspects of AdS/CFT [1-3], such as giant gravitons [4], the stringy exclusion principle
[5] and LLM geometries [6], have motivated the study of multi-matrix sectors of N' =4 SYM,
associated with different BPS sectors of the theory. These multi-matrix systems are also of
interest purely from the point of view of supersymmetric gauge theory and their moduli spaces
(e.g. [7])-

In this paper we study correlation functions of holomorphic and anti-holomorphic gauge
invariant operators in quiver gauge theories with flavour symmetries, in the zero coupling limit.
This builds on the results in our previous paper focused on enumeration of gauge invariant
operators [8] and proceeds to explicit construction of the operators and consideration of free
field two and three point functions. These have non-trivial dependences on the structure of
the operators and on the ranks of the gauge and flavour symmetries. Our results are exact
in the ranks, and their expansions contain information about the planar limit as well as all
order expansions. The techniques we use build on earlier work exploiting representation theory
techniques in the context of N' =4 SYM [9-19]. The zero coupling results contain information
about a singular limit from the point of view of the dual AdS. For special BPS sectors, where
non-renormalization theorems are available, the representation theory methods have made
contact with branes and geometries in the semiclassical AdS background. These representation
theoretic studies were extended beyond ' =4 SYM to ABJM [20] and conifolds [21-24]. The
case of general quivers was studied in [25] and related work on quivers has since appeared
in [26-29].

In the context of AdS/CFT, adding matter to N' = 4 SYM introduces flavour symme-
tries [30-34]. Typically, the added matter transforms in fundamental and anti-fundamental
representations of these flavour symmetries. Matrix invariants in flavoured gauge theories do
not need to be invariant under the flavour group: on the contrary, they have free indices living
in the representation carried by their constituent fields. In this paper, we consider a general
class of flavoured free gauge theories parametrised by a quiver. A quiver is a directed graph
comprising of round nodes (gauge groups) and square nodes (flavour groups). The directed
edges which join the round nodes corresponds to fields transforming in the bi-fundamental
representation of the gauge group, as illustrated in subsection 1.1. Edges stretching between
a round and a square node correspond to fields carrying a fundamental or antifundamental
representation of the flavour group, depending on their orientation. We will call them simply
quarks and antiquarks.

It was shown in [25] that the quiver, besides being a compact way to encode all the gauge
groups and the matter content of the theory, is a powerful computational tool for correlators
of gauge invariants. In that paper a generalisation of permutation group characters, called
quiver characters, was introduced, involving branching coefficients of permutation groups in a

non-trivial way. Obtaining the quiver character from the quiver diagram involves splitting each



gauge node into two nodes, called positive and negative nodes. The first one collects all the
fields coming into the original node, while the second one collects all the fields outgoing from
the original node. A new line is added to join the positive and the negative node of the split-
node diagram. Each edge in this modified quiver is decorated with appropriate representation
theory data, as will be explained in the following sections. The properties of these characters,
which have natural pictorial representations, allowed the derivation of counting formulae for
the gauge invariants and expressions for the correlation functions.

In this paper, we will be concerned with the construction of a basis for the Hilbert space
of holomorphic matrix invariants for the class of quiver gauge theories with [[, U(N,) gauge
group and [], SU(F,)x SU(F,)x U(1) flavour group. This basis is obtained in terms of Quiver
Restricted Schur Polynomials Og(L), that we define in Section 3. These are a generalisation of
the restricted Schur operators introduced in [12-14,35,36]. In [25], the non-flavoured versions of
these objects were called Generalised Restricted Schur operators, constructed in terms of quiver
characters xo(L) where L is a collection of representation theory labels. In this flavoured case,
we will find generalisations of these quiver characters, where the representation labels will
include flavour states organised according to irreducible representations of the flavour groups.
The advantages of using this approach is twofold. On the one hand, the Quiver Restricted
Schur polynomials are orthogonal in the free field metric, as we will show, even for flavoured

gauge theories. This leads to the simple expression for the two point function in eq. (4.1):
(0o(L) OL(L)) = dr.1r e [] fi (Ra) (1.1)

In this equation fy,(R,) represents the product of weights of the U(NV,) representation R,,
where a runs over the gauge nodes of the quiver. c¢; is a constant depending on the matter
content of the matrix invariant Og(L), given in (3.27). On the other hand, the Quiver Re-
stricted Schur polynomial formalism offers a simple way to capture the finite N constraints of
matrix invariants. This can be seen directly from (1.1): each fy,(R,) vanishes if the length
of the first column of the R, Young diagram exceeds N,.

In subsection 4.2 we give an N-exact expression for the three point function of matrix
invariants in the free limit. This computation is performed using the Quiver Restricted Schur

polynomial basis. Specifically, we will derive the Gpa) @ e coefficients in
<OQ(L(1)) OQ(L(2)) OTQ(L(S))> = Cs(3) GL(1>,L(2>,L(3> H ., (Rgg)) (1.2)

The analytical expression for GL<1), L@ e looks rather complicated, but it can be easily
understood in terms of diagrams. Although the identities we need appear somewhat complex,
they all have a simple diagrammatic interpretation. Diagrammatics therefore play a central
role in this paper: all the quantities we define and the calculational steps we perform can be

visualised in terms of networks involving symmetric group branching coefficients and Clebsch-



Gordan coefficients. Both these quantities are defined in Section 3. The quantity Gra) L) e
is actually found to be a product over the gauge groups: for each gauge group there is a
network of symmetric group branching coefficients and a single Clebsch-Gordan coefficient.

The organisation of this paper is as follows. In the next section we establish the notation
we will use throughout the paper, and we specify the class of quiver theories we will focus on.

In Section 2 we describe a permutation based approach to label matrix invariants of the
flavoured gauge theories under study. A matrix invariant will be constructed using a set of
permutations (schematically o) associated with gauge nodes of the quiver, and by a collec-
tion of fundamental and antifundamental states (schematically s,5 ) of the flavour group,
associated with external flavour nodes. In this section we highlight how the simplicity of
apparently complex formulae can be understood via diagrammatic techniques. We describe
equivalence relations, generated by the action of permutations associated with edges of the
quiver (schematically 7), acting on the gauge node permutations and flavour states. Equiva-
lent data label the same matrix invariant. The equivalence is explained further and illustrated
in Appendix A. The equivalences 1 can be viewed as “permutation gauge symmetries”, while
the (0, s,5) can be viewed as “matter fields” for these permutation gauge symmetries.

In Section 3 we give a basis of the matrix invariants using representation theory data,
L. This can be viewed as a dual basis where representation theory is used to perform a
Fourier transformation on the equivalence classes of the permutation description. We refer to
these gauge invariants, polynomial in the bi-fundamental and fundamental matter fields, as
Quiver Restricted Schur polynomials. In this section we introduce the two main mathematical
ingredients needed in this formalism. These are the symmetric group branching coefficients
and the Clebsch-Gordan coefficients. Their definition will be accompanied by a corresponding
diagram.

In Section 4 we derive the results for the free field two and three point function of gauge
invariants. In subsection 4.1 we show that the two point function which couples holomorphic
and anti-holomorphic matrix invariants is diagonal in the basis of Quiver Restricted Schur
polynomials. In subsection 4.2 we give a diagrammatic description of the structure constants
of the ring of Holomorphic Gauge Invariant Operators (GIOs). In particular, we present
a step by step procedure to obtain such a diagram for the example of an NV = 2 SQCD,
starting from its split-node diagram. Using these formulae, we identify four selection rules, all
expressed in terms of symmetric group representation theory data. The analytical calculations
are reported in Appendices C and D, and rely on the Quiver Restricted Schur polynomial
technology introduced in the previous section.

Finally, in Section 5, we give some examples of the matrix invariants we can build using
our method, for the case of an N' =2 SQCD.



1.1 Definitions and framework

In this paper we consider free quiver gauge theories with gauge group [['_, U(N,) and flavour
symmetry of the general schematic form [[I_, U(F,) x U(F,). Specifically, to work in the
most general configuration, we choose to focus our attention to the subgroup [[_,[xsU(Fy,z)

X, U(F,)] of the flavour symmetry where Iy, = > _ 5 I, g and F,= > F,.,. This more general
flavour symmetry, where the U(F,) x U(Fy,) is broken to a product of unitary groups for the
quarks and anti-quarks, is likely to be useful when interactions are turned on. Our calculations
work without any significant modification for this case of product global symmetry, hence we
will work in this generality.

To recover the results for the global symmetry U(F,) x U(F,) it is enough to drop the
3,7 labels from all the equations that we are going to write. The constraint F, = F, solves
chiral gauge anomaly conditions. As a last remark, notice that strictly speaking the global
symmetry of the free theory contains only the determinant one part S(U(Fy 1) x U(F,2) X

U(Fym,) X U(Fa1) X +++ x U(F, 57,)). This means that, although for simplicity we write

[T_, [xsU(Fap) x4 U(F,,)] as the global symmetry, all the states we will write are neutral
under the U(1) which acts with a phase on all of the chiral fields and with the opposite phase
on all of the anti-chiral fields. This U(1) is part of the U(N,) gauge symmetry.

We now introduce the diagrammatic notation for the quivers. We follow the usual conven-
tion according to which round nodes in the quiver correspond to gauge groups, whereas square
nodes correspond to global symmetries. Fields leaving gauge node a and arriving at gauge
node b are be denoted by @, and transform in the antifundamental representation VNa of
U(N,) and the fundamental representation Vy, of U(Ny). The third label o takes values in
{1,..., M4}, and is used to distinguishes between M,, different fields that transform in the

same way under the gauge group. We can think of each ®,,, as a map
q)ab,oz : VNa — VNb (13)

At every gauge node a we allow M, different families of quarks {Q. 5,5 = 1,..., M,} trans-
forming in the antifundamental of U(N,) and M, different families of antiquarks {Q,.,7 =
1,...,M,}, transforming in the fundamental of U(N,). As for the field ®, the greek letters /3
and v distinguish the multiplicities of the quarks and antiquarks respectively. U(F, ) and
U(F, ) represent the flavour group of the quark @, s and of the antiquark Q.. Tespectively.
Figure 1 explicitly show this field configuration for one node a of the quiver. Table 1 sum-
marises instead all the gauge and flavour group representations carried by every field in the

quiver.



Ub,a {(I)ba,a}

Qa,l Fan

Figure 1: Pictorial representation of the fundamental fields (oriented edges), flavour group (square
nodes) for a single gauge node labelled a.

U(No) | UNy) || U(Fup) | U(Far)
Dop o O O 1 1
Qo | Adj 1 1 1
Qap O 1 O 1
Qary O 1 1 m

Table 1: Gauge and flavour group representations carried by ®.p o, Q3 and Qaﬂ. 0, 0 and 1
are respectively the fundamental, antifundamental and trivial representations of the corresponding

group.

2 Gauge Invariant Operators and Permutations

In this section we will present a systematic approach to list and label every holomorphic matrix
invariant in quiver gauge theories of the type discussed above. We also allow for a flavour
symmetry of the type discussed in Section 1.1. The operators we consider are polynomial in

the ®, Q and Q type fields that are invariant under gauge transformations. Therefore, all



colour indices are contracted to produce traces and products of traces of these fields. For
example

: (Cbal)@bc o (I)ta) . ((DabCI)bc) (¢)tt)
(2.1)

’ (Q];Qla) '(qu)abq)bc U q)thlq)

and products thereof are suitable matrix invariants. In these examples round brackets denote
contraction of gauge indices (i.e. traces), while k, [ are flavour indices. The last two examples
belong to the class of GIOs that in the literature has been called ‘generalised mesons’ (see
e.g. [37]). In order to label these matrix polynomials, the first ingredient we need to specify is
the number of fundamental fields that they contain. Let n,; be the number of copies of @4 4
fields that are used to build the GIO. Similarly, let n, 5 (7,,) be the number of copies of Q, 3
quarks (Q, antiquarks) used in the GIO. In other words, the polynomial is characterised by

degrees 7 given by
n= Ua {Ub,a Nab,as Uﬁ Na,gB; UW ﬁa,v} (22)

For fixed degrees there is a large number of gauge invariant polynomials, differing in how the
gauge indices are contracted. To guarantee gauge invariance we have to impose that the GIO

does not have any free gauge indices. This condition implies the constraint on 77

Ng = Zb,a Nab,o 1 25 Na,3 = Zb@ Npa,o + Zry Ny Va
(2.3)

Ng = Za Z,B Na,p = Za Z'y ﬁa:’Y

We now introduce a second vector-like quantity, s. It will store the information about the
states of the quarks and antiquarks in the matrix invariant. To do so, let us first define the
states

& a, = 7®7a,
[8a.6) € Vi, 0", (Banl € V™ (2.4)

Here Vf, , is the fundamental representation of U(F,s) and VFM is the antifundamental

representation of U(F, ). Therefore, |s, g) is the tensor product of all the U(F, g) fundamental
representation states of the n, g quarks Q.. Similarly, (s,,| is the tensor product of all the

U(F,

a,y) antifundamental representation states of the n, , quarks Qa,v' We define the vector §

as the collection of these state labels:
$=U, {Ugsa,g;UA,Eaﬁ} (25)

In the framework that we are going to introduce in this section, the building blocks of any

matrix invariant are the tensor products of the fundamental fields ., '*"* Qig“’ﬂ and Q52



Let us then introduce the states
Laba) = i1y ooy ing, ) € Vi ™, Lag) = lit, eoesin, ,) € Vo ™?

- . ®Nab, o T - K Na
|Jab,a> = |.]17 "'7]nab7a> € VNan " 3 |Ja77> = |]17 "'a]ﬁaﬁ> € V]?;n "

Using these definitions, together with eq. (2.4), we can write the matrix elements of every

(D®nab,a

abe . tensor product as

®nab,a
(I)ab,a

Iab
@Nap, ab,a
<q)ab,; a) - <Iab,a
Ja.b,a

. . ®na — —a
and similarly for Q, ;"* and Qile

Jab) (2.6)

-
Qan™”

I
®na,B a8 o ®na,ﬁ
<Qa,[3’ )s 8 - <Ia,ﬁ ‘Qa,ﬁ

- Sa,y
OMNa, — /@
3a76> 5 (Qaﬁa'y)j = <3a,'y
ay

We will now present the first of the many diagrammatic techniques that we will use throughout

Ty @7)

this paper. We draw the matrix components of fundamental fields (@ab,a);, (Qa,g)i and (Qav)j

as in Fig. 2.
i i s
v v Y
(Papa)j ~ [Paro (Qup)y ~ | Qes Qi) ~ | Qe
v v Y
J s J

Figure 2: Diagrammatic description of the matrix elements of the fundamental fields ®, Q and Q.

)

ab,a
This diagrammatic notation is then naturally extended to the tensor products (@fbn;b’“)
’ Jab,a

Rng, g Ia’ﬁ S RNq Sa,y . . .
(Qaﬁ : > and ( any ’”)j , defined in eqs. 2.6 and 2.7, as in Fig. 3.
Sa

.8 a,y



lab,a Ia,p Sa,y

Tt I, R 3 JEp
®nap,a ) “* ®Nab,a ®na,p\ “f ®na, s ®fig,y)Say ®Ta,~y
(I)ub,cz ~ q)uluu Qa,ﬁ ~ Qa.ﬁ (Qaw ).f ~ Q‘“’
Jab,a Sa,8 ay

Jab,a Sa.p Ja v

Figure 3: Diagrammatic description of the matrix elements of the tensor products of the funda-
mental fields ®, Q) and Q.

Permutations act on a tensor product of states by rearranging the order in which the states
are tensored together. For example, given a permutation ¢ € S; and a tensor product of k

states |i,) (1 < a < k) belonging to some vector space V', we have

U|i1, ’ig, cevy Zk> = |i0(1), ig(g), cevy ZO’(k)) (28)

Therefore, there is a natural permutation action on the states (2.4) and (2.6).

The gauge invariant polynomial is constructed by contracting the upper n, indices of all
the fields incident at the node a with their lower n, indices. We describe these gauge invariants
as follows. First we choose an ordering for all the fields with an upper U(N,) index. Then we
fix a set of labelled upper indices: this means that we have picked an embedding of subsets

into the set [n,] = {1, -+ ,n.}, i.e.
[nal,azl] L [naLa:Q] u---u [na27a:1] L [naQ,a:2] u---u [na7,6’:1] L [na,6=2] .- — [na] (29)

which gives a set-partition of [n,]. Similarly, there is an embedding into [n,] corresponding to

the ordering of the lower U(N,) indices, namely
[nla,azl] U [nla,a:Q] U [nQa,azl] U [n2a,a:2] u---u [ﬁa,'yzl] U [ﬁaﬁ:Q] U — [na] (210)

Now we contract the upper indices of these fields with their lower indices, after a permutation
04 € Sy, of their labels. We will therefore be considering permutations o, € .S,,, where
Mo = D o Maba T D5 M08 = D po Mbaa T Dy Ny Along the lines of egs. (2.6) and (2.7) we
can define the matrix elements of o, as

(Ua)Xb’ana’aija’W = (®b,a<<]ba70¢| ®7<jaﬁ‘> Oq (®b,a|]ab,a> ®/3|Ia,ﬁ>) (2-11)

><b,o¢Iab,oz XBI(L,B

10



where the product symbols appearing in the upper and lower indices of o, are ordered as in
(2.9) and (2.10). We depict these matrix elements as in Fig. 4.

Xb,ana,a ><'y-]a,'y

( )Xb,ana,,a X'yJa,'y ~ O-CL
a Xb,OLICLb,OL XBIa,B

Xb,alab,a XBIa,B

Figure 4: Diagrammatic description of the matrix elements of the permutation o.

Following the approach of [25], we can write any GIO Og of a quiver gauge theory Q with

flavour symmetry as

Oolii; 5 5) = [ | [H (@?Jf;“)

a b,a

o[

6 a,B

o[

v

a,a

X H Ua ><bou]ba.cx>< Ja'y (212)

Xb,a abaXBIcLB

Here & = U,{0,} is a collection of permutations o, € S,,, where n, = Zb,a Nab.o + Zﬁ Na,g-
The purpose of & is to contract all the gauge indices of the ®, @) and @) fields to make a
proper GIO. This formula looks rather complicated. However, it can be nicely interpreted in a
diagrammatic way. We will now give an example of such a diagrammatic approach. Consider
an N =2 SCQD theory. The AN/ = 1 quiver for this model is illustrated in Fig. 5.

Q
¢ N ) _ F
Q

Figure 5: The N = 1 quiver for an N' = 2 SQCD model.

We labelled the fields of this quiver by ¢, @ and @, simplifying the notation of given in table
1. Consider now the GIO (qu@)i (QQ)ig Here s1, s and 81, §y are states of the fundamental

11



and antifundamental representation of SU(F') respectively, and the round brackets denotes

U(N) indices contraction. Figure 6 shows the diagrammatic interpretation of this GIO.

T 11 T 11
¢ Q®? ¢ Q%?
o = (12)(3) — Y — (QeQ)3 (QQ)3

Q Q0
L+ Lo

Figure 6: Diagrammatic description of the GIO (Q¢Q):! (QQ)32 in an N = 2 SQCD. The horizontal
bars are to be identified.

For fixed 77, the data &, § determines a gauge invariant. However changing &, s can produce
the same invariant. This fact can be described in terms of an equivalence relation generated
by the action of permutations, associated with edges of the quiver, on the data &, s. This has
been discussed for the case without flavour symmetry in [25] and we will extend the discussion
to flavours here. Continuing the example of the N/ = 2 SQCD introduced above, let us
consider a matrix invariant built with n adjoint fields ¢ and n, quarks and antiquarks () and
(). We label the tensor product of all the ng quark states |s;) € Vsy(p) with the shorthand
notation |s) = ®;%,|s;). Here Vgy(p is the fundamental representation of SU(F). Similarly,
(8] = ®;%,(5;| will be the tensor product of all the antiquarks states (5;| € Vsy(r), where
VSU(F) is the antifundamental representation of SU(F). In this model, a matrix invariant
can be labelled by the triplet (0,s,8). The redundancy discussed above is captured by the

identification
(0, 5.8) ~ ((nxpolr o), pls). 7(5)) (2.13)

where n € Sy, p,p € an and p(‘S) = (Sp(l)ysp(2)> -~-75p(nq)>7 ﬁ(g) = (55(1),55(2), ~-~><§ﬁ(nq)>' The
last two equations are to be interpreted as the action of p and p~1 on the states |s) and (3]

p|8> - |S,0(1)7 Sp(2)s "'7Sp(nq)> , <§|p

b= (5p(1), 5p(2)s s png)| (2.14)
We refer to Appendix A for a diagrammatic interpretation of this equivalence.

12



For the general case of a gauge theory with flavour symmetry, the degeneracy is described
by the identity

Oq(71; 55 7) = Og(i; p(35); Adjjx(5)) (2.15)

Here we introduced the permutations

7= Uapaiabat 5 Naba € Snaya (2.16a)
= Ua{Up a8 Uy Par} > Pa € Snup +  Pary € Sy (2.16b)
and we defined
Adjsie 5(0) = Ua{ (Xb.aMbaa X Pary)0a(Xballgpa X8 Pas)} (2.17)
P (5) = Ua{Us pa,s(8a,8); Uy Pay(8ary)} (2.18)

In Appendix A we will derive the constraint (2.15). This is essentially a set of equivalences
of the type (2.13), iterated over all the nodes and edges of the quiver. The permutations
Nab,as Pa,Bs Pay Canl be viewed as “permutation gauge symmetries”, associated with the edges
of the quiver. The permutations & and state labels § can be viewed as “matter fields” for the
permutation gauge symmetries, associated with the nodes of the quiver. It is very intriguing
that, in terms of the original Lie group gauge symmetry, the round nodes were associated
with gauge groups U(NV,), while the edges were matter. In this world of permutations, these
roles are reversed, with the edges being associated with gauge symmetries and the nodes with
matter.

So far we have used a permutation basis approach to characterise the quiver matrix in-
variants. This has offered a nice diagrammatic interpretation, but on the other hand it is
subject to the complicated constraint in eq. (2.15). In the following section we are going to
introduce a Fourier Transformation (FT') from this permutation description to its dual space,
which is described in terms of representation theory quantities. In other words, we are going
to change the way we label the matrix invariants: instead of using permutation data, we are
going to use representation theory data. The upshot of doing so is twofold. On one hand the
new basis will not be subject to any equivalence relation such as the one in (2.15). On the
other hand, as a consequence of the Schur-Weyl duality (see e.g. [38]), it offers a simple way
to capture the finite /N constraints of the GIOs. Schematically, using this F'T we trade the set

of labels {7i; 5} &} of any GIO for the new set {Ra,Tab.os a5y Sap Tary Sars Vi Vo ) that we
denote with the shorthand notation L:
FT:{f; 3 3} — L ={Ru, TabaTapsSap Tars Sans Vi s Ve } (2.19)

13



Each R, is a representation of the symmetric group S,,,, where n, has been defined in (2.3).
Taba, T3, Tay are partitions of ngpa,naqs, M respectively. S, and S}w are U(F,3) and

U(F, ) states in the representation specified by the partitions r, g and 7, respectively. The

integers v*

—- are symmetric group multiplicity labels, a pair for each node in the quiver. Their

meaning will be explained in the next section. Graphically, at each node a of the quiver we
change the description of any matrix invariant as in Fig. 7. The diagram on the right in this

figure is also called a split-node [25].

(D(lgnla
— — a ® na — Y
N {7e; Sa}

Tla

Rng, el
Qa " (I)(gman {T’a, Sa}
(I)@ma,l Tal

Figure 7: Pictorial representation of the Fourier transform discussed in the text. The multiplicity
labels of the fields are not displayed.

We call the Fourier transformed operators Quiver Restricted Schur polynomaials, or quiver
Schurs for short. These are a generalisation of the Restricted Schur polynomials that first
appeared in the literature in [12—14,35,36]. In section 4.1 we will show how the quiver Schurs

form a basis for the Hilbert space of holomorphic operators.

3 The Quiver Restricted Schur Polynomials

In this section we describe the F'T introduced above. In other words, we will explicitly con-

struct the map
FT: Og(7i;s;0) — Og(L) (3.1)

In order to do so, we need to introduce two main mathematical ingredients. These are the
symmetric group branching coefficients and the Clebsch-Gordan coefficients. For each of these
quantities we give both an analytic and a diagrammatic description: the latter will aid to

make notationally heavy formulae easier to understand.

14



We begin by focusing on the symmetric group branching coefficients. Consider the sym-

metric group restriction
k
><f:l Snz — S’n ) an =n (32)
i=1

For each representation Vgn of S, this restriction induces the representation branching

k
Vgn ~ @ <® V}?"’) @V}, 7= (ry,re, ...,k (3.3)
i=1

il
rebng
Vi is the multiplicity vector space, in case the representation ®;V,. appears more than once
in the decomposition (3.3). The dimension of this space is dim(V};) = g (Uf_,r;; R), where
g (Uleri; R) =g (r1,re,...,rg; R) are Littlewood-Richardson coefficients [38].
In the following, the vectors belonging to any vector space V will be denoted using a
bra-ket notation. The symbol (-|-) will indicate the inner product in V. Let then the set
of vectors {®¥_|ri,l;,v)} be an orthonormal basis for € (@le Vrf"i> ® V. Here I; is a

state in V[j”i andv=1,...,g (Ui?:lm; R) is a multiplicity label. We adopt the convention that

®F_|ri, 1, v) = | Uy ri, Ugly, v). Similarly, let the set of vectors {|R,j), j = 1, ...,dim(Vgn)} be
BR—)Uiri;V

U, are the matrix entries of

an orthonormal basis for Vb:?". The branching coefficients

the linear invertible operator B, mapping

B Vi — @ (QL, Vi) e Vi (3.4)
so that
BEUAY R, G) = | Ui ri, Uili, v) (3.5)

The sum over repeated indices is understood. By acting with (S, ¢| on the left of both sides
of (3.5) we then have

BSHUIJ‘MV - <S’2’ U; Ti,Uili7V> (36)

i—Uglg

Since B is an automorphism that maps an orthonormal basis to an orthonormal basis, it

follows that B is an unitary operator, Bt = B~'. We can then write

R—U;ri;v iSi; p— R 54,7 W

7 7

However, since all the irreducible representations of any symmetric group can be chosen to
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be real [39], there exists a convention in which the branching coefficients (3.6) are also real.
Therefore BT = BT, where BT is the transpose of the map (3.5). Using this last fact we can
write the chain of equalities

(8,1 Uy ri, Uili,v) = BELSEY = (BT = (BT = (Ui, Uili, v]S,4) - (3.8)
We draw the branching coefficients (3.6) as in Fig. 8. The orientation of the arrows can be

reversed because of the identities in (3.8).

R—U;r;;v
J—Uil;

Figure 8: Pictorial description of the symmetric group branching coefficients.

Consider now taking k irreducible representations V,«ZU(N) of the unitary group U(N), i =
1,2,....k. For each VT(Z.](N), r; is a partition of some integer n;. This partition is associated
with a Young diagram which is used to label the representation. If we tensor together all the

V”U(N)’s, we generally end up with a reducible representation, and we have the isomorphism
(see e.g. [39])

k k
RV~ @ viVevi,  n=>m, (3.9)
=1 i=1

Here R is a partition of n = > . n;. The direct sum on the RHS above is restricted to the Young
diagrams R whose first column length ¢;(R) does not exceed the rank N of the gauge group.
VE, with 7= (11,79, ...,7%), is the multiplicity vector space, satisfying dim(V%) = g (Uleri; R).
The g (Uif‘:lri; R) coefficients that appear in this formula are the same Littlewood-Richardson
coefficients that we used in the above description of the symmetric group branching coeflicients.
Now let the set of vectors {|r;, {;)} be an orthonormal basis for V}?(N), fori=1,2,...,k. Here
K; is a state in VY™ - Also let {IR, M;v)} be an orthonormal basis for @, Vg(N) ® V7.
Here M is a state in the U(N) representation VRU ™ and v is a multiplicity index. The
Clebsch-Gordan coefficients Cﬁ:ﬁUKT ‘ are the matrix entries of the linear invertible operator

C, mapping
C: ®f:1 VTZJ(N) — Dres VRU(N) ® Vi (3.10)
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so that

Ryv—U;r;
CM—>U1K,L

Uﬂ‘i,UiKi> = |R, M; l/) (311)

The sum over repeated indices is understood. By acting on the left of both sides of (3.11)
with (U;s;, U; P;|, where P; are states of the U () representations VSIZ.J(N), we get

From (3.11), we see that the automorphism C' maps an orthonormal basis to an orthonormal

basis. This makes C' an unitary operator, C* = C~!, and we can therefore write
Riv—U;r; iri—S; N7
D ONUR (CHERT = 0% bpr 0" (3.13)
7K

As with the branching coefficients, it is always possible to choose a consistent convention in
which all the U(N) Clebsch-Gordan coefficients (3.12) are real. If we choose to work with
such a convention, C' becomes an orthogonal operator: CT = C'~!. We then have, in the same
fashion of (3.8)

(Uisi, WiP|R, Myv) = Oy ot = (CT)0p 20 = (CTH0R 2N = (R Miv| Ui si, UiP)
(3.14)

We draw the Clebsch-Gordan coefficients as in Fig. 9. Again, the orientation of the arrows

can be reversed, due to (3.14).

Py

Riv—U;s;
CM—>U,LPZ _

Py

Figure 9: Pictorial representation of the U(N) Clebsch-Gordan coefficient in eq. (3.12).

Consider now the particular case of (3.9) in which every representation V”U(N) tensored
on the LHS coincides with the U(NN) fundamental' representation, that for simplicity we just

call V' for the remainder of this section. This configuration allows us to use the Schur-Weyl

'We can get similar results by replacing the fundamental with the antifundamental representation of U (V).
The quantities we define here get modified accordingly.
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duality to write

k times

—N—
Ve oV =v%~ @ vVevk (3.15)

Rrk
c1(R)SN

where V}g ™ and Vz%qk are irreducible representations of U(N) and Sy respectively. They
correspond to the Young diagrams specified by the partition R of k. By comparing (3.15) with
(3.9), we see that the representation Vg’“ has now taken the place of the generic multiplicity
vector space V3. Since the Schur-Weyl decomposition will play a major role in this paper, we
are now going to introduce a more compact notation for its Clebsch-Gordan coefficients. Let

us consider the states
) =@ yls) e VR [s) eV, IR M,i) = |R,M)®|Ri) e ViV @ Vir  (3.16)

where {|R, M), M = 1,...,dim(V]g(N))} and {|R,3),i = 1,..,dim(V3;*)} are orthonormal
bases of Vg ™ and V¥ respectively. The equations (3.11) and (3.14) imply

CEMig) = |R, M, 1) (3.17)
and
CyPM = (t|R, M, i) = (R, M,ilt) = C% (3.18)

respectively. We draw these quantities as in Fig. 10.

M =t

R M

Figure 10: Pictorial representation of the U(N) Clebsch-Gordan coefficients (3.18) for the Schur-
Weyl duality (3.15).

3.1 The quiver characters

We now have all the tools necessary to introduce a key quantity, the quiver characters
Xo(L,§,5). Here L is the set of representation theory labels defined in (2.19). The quiver

characters are the expansion coefficients of the FT (3.1):

Oo(L) = Z Z vo(L, &) Og(7, 3,5) (3.19)
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We define them as

- =\ REHUb arab aYpTa, B3 Vg T‘a B Sayﬁ,la,ﬁ
XQ<L7 S’ J) =CL Z H Z DZa Ja O-(Z .7 —Ub,a lab aU,Bla B H Sa.8

{lab a_} a  ig,ja
{la,g} {lay}
X B'Raﬁub,arba,aujfa,’y;ytj | |C~?a,’y _ _ (320)
7fa4)Ub,alba,o¢U'yla,w Ta,'y:Sa,'y,la,'y

v

where the coefficient ¢y, is the normalisation constant
l

) () (125 (1) o

Since we chose to work in the convention in which all symmetric group representations and

SIS

Clebsch-Gordan coefficients are real, then the quiver characters are real quantities as well:

This convention will be convenient when we compute the 2-point functions of holomorphic
and anti-holomorphic matrix invariants in section 4.1.

These quantities have a pictorial interpretation. We have already introduced a diagram-
matic notation for the branching and Clebsch-Gordan coefficients B and C' in Fig. 8 and in
Fig. 10 respectively. The pictorial notation for the ¢, j matrix element of the permutation o
in the irreducible representation R, ij(a), is displayed in Fig. 11. All the edges of these

diagrams are to be contracted together as per instructions of formula (3.20).

R
Dfi(o) =i > II o II > j

Figure 11: Pictorial description of the matrix element ij(a) of the S, symmetric group represen-
tation R.

Let us give an example of the diagrammatic of the quiver character of a well-known
flavoured gauge theory. Consider the N = 1 quiver for the flavoured conifold [33,34,40,41] in
Fig. 12.

N

Q2 Fy

Fy Q1

Figure 12: N = 1 quiver for the flavoured conifold gauge theory.
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The quiver character for this model is depicted in Fig. 13. This figure explicitly shows how
all the symmetric group matrix elements, the branching coefficients and the Clebsch-Gordan

coefficients are contracted together.

S _

81 SZ
Figure 13: The quiver character diagram for the flavoured conifold gauge theory.

For completeness we also give a diagram for the the most generic quiver character xo(L, 3, 7).
This is done in Fig. 14. In this picture, we factored the quiver character into a product over
the gauge nodes a of the quiver. All the internal edges (that is, the ones that are not connected

to a Clebsch-Gordan coefficient) are contracted following the prescription of (3.20).

lia,1 la1,1

lia,2 la1,2

Xo (L, §, 5) Ina. M, L+ - lan,M,.,
'FrL(zJ\[,”, ¢ > g > ¢ Tan,Mg,
=a >, I -
{lab,a} a 7_'{1.1 Ta
{la,p} s {lay}
S’a,l Sa,l
Saa1,  Sa,M,
Sa
S(L,Q _ a,M, Sa,]\{[,, Sa’Q !
Sa,2 Sa,2
Figure 14: Pictorial description of the quiver characters xo(L, §, ).
The quiver characters (3.20) satisfy the invariance relation
where Adj, 5(7) has been defined in (2.17):
. ~ = -1 —1

AdJﬁxﬁ(U) = Ua{ (Xp,aMbaa X~ paﬁ)ga(xbﬂlnab,a xB Pa,,g)} (3.24)
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They also satisfy the two orthogonality relations
ZZXQ(LJ §7 0_2) XQ('Z’u §7 0_3) - 5[,72, (325)
and

S o 1 N
ZXQ(LaS7 U) XQ(L7t77—) - Z(S (Adjﬁxﬁ(a) T 1) 55(5’),1? (326)

C‘D
L " g

where we introduced the normalisation constant

g H (g nab,a!) (1;[ naﬂ!) (1:[ na,7!> (3.27)

It is worthwhile to note that this quantity can be interpreted as the order of the permutation
gauge symmetry group. All of these equations are derived in Appendix B.

The set of operators (3.19) form the Quiver Restricted Schur polynomial basis. Using
(3.23) we can immediately check that such operators are invariant under the constraint (2.15).
We have

= Z xo(L,5,G) Og(it, p(5), Adjz5(5))
= Z xo(L, 7(8), Adj (7)) Oo(7, (5), Adjg. (7))
=33 xo(L.5,7) Og(ii, 5, &) = Og(L) (3.28)

were in the second line we used the constraint (2.15), in the third one the invariance of the
quiver characters (3.23) and in the fourth one we relabelled the dummy variables of the double
sum.

Finally, the FT (3.19) can be easily inverted. Starting from
Oo(L) =) > xolL.1,7) Oa(i, £,7) (3.29)
s

we multiply both sides by xo(L, §,0) and we take the sum over the set of labels in L to get

> xol(L,5,0)Og(L) = > (Z xo(L,3,3) xQ<L,£f>> Oo(7,1,7) (3.30)
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Using the orthogonality relation (3.26), the above equation becomes

I 1 . o\ o Lo
Z xo(L,5,5) Og(L) = Z Z — Z ) (Ad_]ﬁxﬁ<0') T 1) 05(3).7 Og(7i, t,T)
L p

— =\ i
t T X
1 = s = 1 - - —
= ZOQ (7, A(5), Adjz.5()) = — ZOQ(n, 5,0) (3.31)
" e " e

where in the last line we used the constraint (2.15). Now the sum over the permutations 7, p
is trivial, and it just gives a factor of ¢;. We then have that the inverse of the map (3.19) is

simply

Oo(i1,5,5) = > xo(L,5,7) Oo(L) (3.32)
L

4 Two and Three Point Functions

In this section we will derive an expression for the two and three point function of matrix in-
variants, using the free field metric. All the computations are done using the Quiver Restricted
Schur polynomials. The result for the two point function is rather compact, and offers a nice
way to describe the Hilbert space of holomorphic GIOs. On the other hand, the expression
for the three point function is still quite involved. We give a diagrammatic description of the

answer in section 4.2, leaving the analytical expression and its derivation in Appendix D.

4.1 Hilbert space of holomorphic gauge invariant operators

In the free field metric, the Quiver Restricted Schur polynomials (3.19) form an orthogonal ba-
sis for the 2-point functions of holomorphic and anti-holomorphic matrix invariants. Explicitly,

in Appendix C we derive the equation
<OQ(L) OTQ(L,)> =01 Cq HfNa(Ra) (4.1)

where ¢ is given in (3.27). The quantity fy,(R,) is the product of weights of the U(N,)

representation R,, and it is defined as
fra(Ra) = [[(Na =i+ 5) (4.2)
i,J

Here i and j label the row and column of the Young diagram R,. At finite N,, this quantity
vanishes if the length of the first column of its Young diagram exceeds N,, that is if ¢;(R,) >
N,. This means that for a generic quiver Q the Hilbert space Ho of holomorphic GIOs can
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be described by
Ho = Span{Og(L)| L s.t. c1(R,) < N,, Ya} (4.3)

We can see how the finite N, constraints of any matrix invariant are captured by the simple
rule ¢;(R,) < N,. We leave the formal proof of (4.1) in Appendix C, and we present here only
the main steps. In the free field metric, the only non-zero correlators are the ones that couple
fields of the same kind (e.g. @0 with CIDILb o)

(@aa) (@l )F) =00, ((Qua)l (@1 ) =07, ((Qun)] (QL)E) = 0k55  (4.4)

Consequently, we can use Wick contractions to find the 2-point function of matrix invariants

in the permutation basis of eq. (2.12):
(00(7,5.5)04(7.5".5")) = Z 551 5(5) H Try g [Adigep(oa) (0)7!]  (45)

The details of the computations are shown in Appendix C. Here the trace is taken over the
product space Vf?a”“, Vi, being the fundamental representation of U(N,) and ng =), , Naba+
> 5Nap- The trace in the product is also equal to N, raised to the power of the number of

cycles in the permutation appearing as an argument. Using the definition (3.19) we get

<0Q(L)0TQ(L')> — ZZXQ (L, 5,6)x5(L, 55" <OQ(*, 5,5)0L (7, 5',5/)> (4.6)

=53 volL,5,6)xo(l, 5(5), 5 HTrvm |Adjgs(00) (1) 7]
5§ &3 i.p

where we also exploited the reality of the quiver characters. Using the invariance and orthog-

onality properties (3.23) and (3.25) we get

<OQ( L)OL(L) > ZZZXQ (L,5,5)x0(T,5,6") [ Tryen [aa <a;)—1} (4.7)

§ &, 1,0

Now the sum over the permutations 77 and p is trivial, and can be computed to give the
factor cz that appears in (4.1). Using the substitution o, — 7, - o/, the identity (B.15), and
computing explicitly the trace in (4.7) allows us to obtain the result (4.1).
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4.2 Chiral ring structure constants and three point functions

In Appendix D we derive an equation for the holomorphic GIO ring structure constants

G LU, L@ LG, defined as the coefficients of the operator product expansion

Oo(LM) Og(L®) =Y " Grw, pe, o Oo(L?) (4.8)
L®3)

Because of the orthogonality of the two point function (4.1), we also obtain an equation for

the three point function:
<OQ(L(1)) Og(L?) OTQ(L(?’))> = ¢z G o 1o | [ v (BRY) (4.9)

We only give here a pictorial interpretation of the equation we derived for Gra) @ r@ ), leaving
the technicalities in Appendix D. In particular, eq. (D.45) gives the analytical formula for the
Gro Lo e coeflicients.

Let us begin by considering an example. We will show how to draw the diagram for the
chiral ring structure constants for an N/ = 2 SCQD, through a step-by-step procedure. The
quiver for this theory is shown in Fig. 5. As we discussed in the previous section, for any given
model, a basis of GIOs is labelled by L = { R, Tab.as Ta.5, Sa.8s Tarys Sarys Vi, vy }. However, for

an N = 2 SQCD theory, many of these a,b, o, 3,7 indices are redundant: for this reason we

can simplify L as
L={R,r 1,85 7,5 v v} (4.10)

Here r is the representation associated with the adjoint field ¢; S denotes a state in the
SU(F) representation r, and S denotes a state in the SU(F) representation 7,. R is the
representation associated with the gauge group, U(N). We therefore want to compute the
three point function (4.9), where all the L&, i = 1,2, 3, are of the form given in (4.10). We

split this process into five steps, that we now describe.

i) Create the split node quiver diagram. The first step is to create the split-node
quiver diagram from the N/ = 2 SCQD quiver of Fig. 5. This involves separating the
gauge node into two components, one that collects all the incoming edges and one from
which all the edges exit. The former is called a positive node of the split-node quiver, the
latter is called a negative node. These two are then joined by an edge, called a gauge edge,
directed from the positive to the negative node. We then decorate all the edges in the
split-node quiver with symmetric group representation labels. The positive and negative
nodes in the split-node diagram are points where the edges meet. Since the edges now
carry a symmetric group representation, we interpret them as representation branching

points, to which we associate a branching coefficient (3.4). To the positive node we
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ii)

associate the branching multiplicity v*, to the negative node we associate the branching
multiplicity v~. Finally, we label the open endpoints of the quark and antiquark edges
with U(F) fundamental and antifundamental representation state labels, S and S. The
resulting diagram is shown on the left of Fig. 15. Notice that such a diagram contains
all the labels in L = {R, 7, r,, S, 7, S, vT,v™}.

Cut the edges in the split-node quiver. In this step we will cut all the edges in the
split-node diagram, as shown in the middle picture of Fig. 15. After all the cuts have
been performed, we are left with two trivalent vertices and two edges corresponding to
the quark and the antiquark fields. As previously stated, the trivalent vertices will be
interpreted as branching coefficients (see Fig. 8). We group these four object into two
pairs, depending whether their edges are connected to the positive or negative node of

the split-node diagram. This is shown in the rightmost picture of Fig. 15.

T

Figure 15: From left to right: the split-node quiver for the N'= 2 SQCD, the same diagram with
the cut edges, and the two components of the negative and positive node of the split-node quiver.

iii)

Merge the edges connected to the negative node. We consider the set of edges con-
nected to the negative node of the split-node quiver. In order to compute the three point
function (4.9), we need three copies of these sets, one for each field Og(LMV), Og(L®?),
OTQ(L(:”). These sets are shown in Fig. 16. The orientation of the edges in the last pair
is reversed: this is because the third field on the LHS of (4.9) is hermitian conjugate.

( \ ( \ (

<
&
"
v

Figure 16: The three sets of trivalent vertices and edges needed to construct part of the NV = 2
SQCD three point function diagram.
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We will now suitably merge the three trivalent vertices (branching coefficients) in Fig.
16, and join the three edges corresponding to the quark fields. The outcome of this
fusing process is shown in Fig. 17. We introduced three new trivalent vertices, which
as usual we interpret as branching coefficients: the labels i, v, and v, denote their
multiplicity. The fusing of the three quark edges has been achieved by introducing
a Clebsch-Gordan coefficient, see Fig. 9. We further impose that the label for the

multiplicity of the representation branching rél) ® 7’52) — 7“((13)

is the same in both the
Clebsch-Gordan coefficient and the branching coefficient that appear in Fig. 16. In the
figure we also inserted a permutation A_ in the edge carrying the representation R®).
The purpose of this permutation is to rearrange tensor factors given the two different
factorisation of R®, that is from (r® @ rM) @ (1 @ r?) > r® @+ 5 RO to

R® - RW @ RO — (¢ @ 1Y) & (rd @ r?).

Figure 17: Merging of branching coefficients and quarks labels for the three sets in Fig. 16.

iv)

We thus obtained a closed network of branching coefficients, together with a single
SU(F) Clebsch-Gordan coefficient. All the edges involved into this process were the

ones connected to the negative node of the split-node diagram they belonged to.

Merge the edges connected to the positive node. By repeating the fusing process
presented in point iii) for all the edges connected to the positive node of the split-node
quiver, we obtain a diagram very similar to the one in Fig. 17. The only rule that we
impose is that the multiplicity labels for representation branchings which appear in both
these diagrams have to be the same. In our example, the branching of R® into R and
R® will appear in both diagrams. This is because the edge carrying the representation
label R is connected to both the positive and negative node of the split-node quiver,

as it can be seen from Fig. 15. Therefore these two branching coefficients will share

26



the same multiplicity label, y. Similarly, the branching of (Y and r® into r® will be
present in both diagrams too. Following the same rule, these two branching coefficients

will then have the same multiplicity label, v,.

v) Combine the diagrams and sum over multiplicities. To obtain the final expression
for the three point function, we just need put together the two diagram we obtained in
the steps iv) and v) and sum over the multiplicities y, v, v, and 7,. This final diagram

is shown in Fig. 18.

5 @
0} 2
Vq
o)
s®
GLo L@ Lo
DI
Ko Ve Vg Vg
g 5@
sy 45
17(1
7—,((13)
o)

Figure 18: The diagram of the three point function (4.9) for the A" =2 SQCD.

In Appendix D.1 we give a purely diagrammatic derivation of this result. We can see how the
answer for the three point function factorises into two components: the former features only
edges connected to the negative node of the split-node diagram, the latter only involves edges

connected to its positive node. The same behaviour can be observed in the answer for the
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three point function of matrix invariants of generic quivers. We are now going to present this
general result. The diagram for the three point function (4.9) is shown in Fig. 19.

Ub,ayab,a
— ~
///’ j S~ Ll Ugla,s
4 / N = -
s / _--""N
// / e’ \ ’ \
rd - 4 \
J/ -t N N
/ d I \ , ’, *
/ A 4 ‘ 4 \/ \
/ A -\
/ Ub,QTS]?a ,' /l./Ub,a’l'in?ﬂ v e \ Ub,aT st

(3)

" Uﬂraﬁg
Gro) L, L®
x> > 2 I
{a} {vav,a} {¥a,8} a
Uu,"/}
=(3
U7

Ub,aVba,a

(1) (2) 1 a(2
[ s s® ) [ s 5@ )
0\ 4 @)
X { H Va,p }
8
b
S§3) 53
\ 7 / \ “

Figure 19: Pictorial description of the expression for the holomorphic GIO ring structure constants
GLo) L@ e, corresponding to eq. (D.45).
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In drawing this picture we used the diagrammatic shorthand notation displayed in Fig. 20.

(1)
2 1 ‘
(3)

r
1

Figure 20: A shorthand notation for a collection of branching coefficients.

The A\,— and A,; in Fig. 19 are permutations of n elements defined by the equations
(D.2) and (D.3). Figure 19 shows that the holomorphic GIO ring structure constants factorise
into a product over all the gauge nodes a of the quiver. Each one of these terms, whose
diagrammatic interpretation is drawn in the figure, further factorises into a product of two
components. They correspond to the positive and negative nodes of the split node a, with
a = 1,2,..,n (see also Fig. 7). Notice that the multiplicity labels jiq, Vapa, Vap and 7, .
always appear in pairs. For example, p, appears both in the upper and lower (disconnected)
parts of the split-node a diagram. In the same diagram, v,z appears in both a symmetric
group branching coefficient and in a Clebsch-Gordan coefficient.

By inspecting Fig. 19 we can write four selection rules for the holomorphic GIO ring

structure constants:

i) upon the restriction S @| , where H, = S 1) X S 2, the S (s representation RE?’

a

becomes reducible. This reduction must contain the tensor product representation Rgl) ®
RY , Va. This implies the constraint g(R((L1 ,Ra 'R ) #0,Va.

ii) upon the restriction Sn(3>

, where Hyp o = S ) X S , the S (3 representation
ab,a a,
(3)

Hab « ab @ b a ab @
becomes reducible. This reduction must contain the tensor product representation
( ) ®r? Va, b, a. This implies the constraint g(r W @ ) #£0,Va, b, a.

aba ab,a’ aba7 aba’ aba

iii) upon the restriction S ) ( 2;
a8

, where H, 3 = S n) x S e , the S n®), representation r
Ha ﬁ a, ﬁ

becomes reducible. This reduction must contain the tensor product representation 7’((1 g ®
aﬁ, Va, 5. This implies the constraint g(r (2;, 51257 aﬂ) #£0,Va, (.
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. . . . (3
iv) upon the restriction Sﬁ<3) , where H, ., = Sﬁu) X Sﬁ@), the Sﬁ@) representation n(l%
@y a,y a,y a,y

Ha .
becomes reducible. This reduction must contain the tensor product representation ﬁ(f% ®

ﬁ%, Va, . This implies the constraint g(r((ll%, 77,(“,, av) #0,Va, .

All these rules are enforced by the branching coefficients networks in Fig. 19. Given two
matrix invariants labelled by L") and L® respectively, we conclude that G L L, () # 0 if

and only if L®) satisfies the selection rules i) - iv) above.

5 An Example: Quiver Restricted Schur Polynomials
for an /=2 SQCD

We will now present some explicit examples of quiver Schurs for an N' = 2 SQCD, whose
N =1 quiver is depicted in Fig. 5. We will begin by listing all the matrix invariants in the
permutation basis (2.12) that it is possible to build using a fixed amount 7 of fundamental
fields. We will then Fourier transform these operators to the quiver Schurs basis using (3.19).
The set of representation theory labels needed to identify any matrix invariant in an N' = 2
SQCD has been explicitly given in (4.10). In the following we will continue to use such a
convention.

The permutation basis is generated by

O, 3, 0) = (6°7); ® (Q°"),* ® (Q*™)5, (0)7is (5.1)

where 77 = {n, ng, ng} specifies the field content of the operator O, and § = (s,5). As we

previously stated, we construct the quiver Schurs O(L) by using the Fourier transform (3.19):

O(L) =Y x(L, 5, 0)O(i, 5, 0) (5.2)

0,8

where L = {R, 7, r,, S, 74, S, v, v~} has been defined in eq. (4.10). In this formula x(L, 3, o)
is the N/ = 2 SQCD quiver character, which reads
X(L, 5, o) = c, DE (o) {BR_”””" e C;quvp} {B.R*W wt ;mgvt} (5.3)

j—lp i—=1,t

Figure 21 shows the diagram for this quantity.
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Figure 21: Diagram for the N' =2 SQCD quiver character, corresponding to eq. (5.3).

We now focus on some fixed values of 7.

-1 =(2,1,1) field content

We start by listing the Fourier transformed holomorphic GIOs (3.19) that we can build with
the set of fields {¢, #, @, Q}, that is with the choice 77 = (2,1,1). In the permutation basis,

these operators read
O(ii,s,5,(1)) = (9)(9)(QQ);, O(it, 5,5, (12)) = (¢9)(QQ)3
O(ﬁ ;8,5 (13)) = (¢)(Q¢Q)§ ) O(ﬁ757 5, (23)) = (¢>(Q¢Q)§ ) <5'4)

O<ﬁ 18,8, (123)) = (Q¢¢Q)§a O(ﬁ78’ 5, (132)) = (Q¢¢Q)§

where the round brackets denote U(N) indices contraction. Notice that in this case §= (s, 3).
We will now construct the Fourier transformed operators. For this field content we do not
have any branching multiplicity v, v~: we can drop them from the set of labels L, which
now reads L = {R,r, r,, S, Ty, S}. We then look for the operators O(L;), i = 1,2, 3,4, where

le{D:D,Dj,D,S,E,S}, LQZ{Eagamasviﬂg}? (55)

ng{gl,m,m,s,i,g}, L4:{Hﬂ,5,m,5,i,§}

We left the states S, S of the fundamental and antifundamental representation of SU(F)
implicit.

We first notice that, having one quark-antiquark pair only, the Clebsch-Gordan coefficients
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simplify as
Cquysyp — CEaS’p = 5857 _Fq7S7t — CE7§7t = 5§ (56)

We can then easily compute x(L;) and x(Ls). Both the symmetric group representation
branching [TT7] — [T ® ] and E — H@ O describe the branching of a 1-dimensional space into
itself: as such their associate branching coefficients equal 1 identically. On the other hand,
D™ (o) =1V o and DE(U) = sign(o). We then have

7%55557 WLy, 5,5, 0) = —— sign(0) 6555 (5.7)

L 5 o) =
X( 1, S, S, J) 31
The S; irrep H- is two dimensional, and we work in an orthonormal basis {e;, €5} in which

it reads?
. 10 . 1 0 . ~1 -
DP((1)) = , DP((12)) = , DP((13)) = Y
3 1
01 0 —1 —¥ 2
_1 V3 _1 _ 3 _1 V3
D3y =| * * |, D)= * * |, D7((132) = e
V3 1 V3 1 _Vv3 1
2 2 2 2 2 2
(5.8)

If we restrict S5 to Sy x Sy, the Hj reduces as

| -[e0 & Hel (5.9)
S SQ><S1

The restricted group Sz|g, , g, only contains two elements: Ss|g, . ¢ = {(1), (12)}. The branch-
ing coefficients for this restriction are the matrix elements of the orthogonal operator B such
that

B™'D¥((12))B = D7((12)) ® D*((1)) @ D*((12)) ® D°((1)) = diag(1, —1) (5.10)

With our basis choice for Bj such a decomposition is already manifest, as it is clear from the
matrix expression of the identity element and the (12) transposition in (5.8). Therefore, for
this particular configuration, B is just the two dimensional identity matrix: B = 15. If we
label f; the only state in the 17 of Sy and f5 the only state in the H of Sy, the branching

2Note that this is not the convention used in the SageMath software.
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coefficients read

By 777 = (e, 1) = 60, By 37 = (e5, f2) = b5 (5-11)

Jj—11 j—=1,1
Inserting this result in (5.3) we obtain an expression for x(L3) and x(L4):

X(Ls, s, 3, 0) = —= Tr [D (o) PT==¢] 6565,

w

X(L4, s, 5, 0) = 7 Tr [D7 (o) P7=5¢] 6965 (5.12)
Here P*7 == and P77 are the projection operators of the H- of S on the CI®[7 of S5 x S;
and the H- of S5 on the H® [ of Sy x S;:

10 0 0

, pF-8o_ (5.13)
0 0 01

PB:‘—)D:[,D —

We are now ready to write down the Fourier transformed operators. Using the definition (5.2)
and the results (5.7) and (5.12), we find that

O(L1) = = ((O)(O)(QQ)S + (69)(QQ)S + 2(6)(QUQ)S +2Q66Q)3 )
O(L:) = = ((@N0)QQ) - (00)(QQ)S ~ 2(6)QoQ)S +2(Q00Q)S ) . (519
O(Ls) = % ((D@QQ)F + (6)(QQ)3 — (4)(Q0Q)F — (Qé6Q)S ) .

O(Ls) = == ((9)(6)(QQ)S — (99)(QQ)F + (9)(Q9Q)% — (Q00Q)3 )

We can now perform some checks on this result. First of all, we expect to see the finite
N constraints to manifest themselves if the gauge group of the theory is either N = 1 or
N = 2. In the former case, only O(L;) should remain, and it is in fact easy to see that for
N =1 all the other operators are identically zero. For the latter case, we expect O(Ls) to
vanish, as l(@ > 2, and as such it violates the finite N constraints. Indeed, using the identity
®? = (¢)¢ — det(¢)1s, which follows from the Cayley-Hamilton theorem, one can verify that
O(Ls) = 0 for a U(2) gauge group.

We also expect these operators to be orthogonal in the free field metric. According to eq.
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(4.5), the two point function in the permutation basis is simply

(O(it,5,5,0) ON(ii 1,1, 7)) = 85,657 Y NCLrDo@ D=2 00— (9.1.1)  (5.15)

nES2

were C'[o] is the number of cycles in the permutation . With this equation we can check
that all the states in (5.14) are orthogonal, and that

(O(Ly) O(L1)) =2 N(N + 1)(N +2), (O(Ly) ON(Ly)) =2 N(N — 1)(N —2),
(O(L3) Of(Ls)) =2N(N?—1), (O(Ly) OF(Ly)) =2N(N?—1)

(5.16)

in agreement with (4.1).

- 1= (1,2,2) field content

We now consider a different field content, that is {¢, @, @, Q, Q}. This choice corresponds to
i = (1,2,2). In the permutation basis, the GIOs that we can form with these fields are

o1, 5, (1) = (¢) (QQ)3 (QQ)32, O(ii, 5, (12)) = (QeQ)3! (QQ)
O(ii, 5, (13)) = (Q6Q)3 (QQ)3} O(7,5,(23)) = (¢) (QQ)% (QQ)E, (A7)
O(ii, 5, (123)) = (Q9Q)3 (QQ)3L O(it, 5, (132)) = (Q9Q)3} (QQ)::
Here § = (s1, s2, 51, S2), and the round brackets denote U(N) indices contraction.
Let us now construct the Fourier transformed operators. As in the previous example, for
this fields content we do not have any branching multiplicity v*, v~, so that we will drop
them from the set of labels in L. We will now write the expression for the six operators O(L;),

i=1,2,...,6, with

L, = {om,0,m, 8,003, 5}, LQ:{@,D,H,SES},

L= {F.0,m,s,D,5, L=-{Fof[sHS}, (5.18)

L5:{BI,D,DI,SE,§}, Ls = {H’),0,H,58,00,5}

As in the previous example, we leave the SU(F) states S, S implicit.

The symmetric branching group coefficients are similar to the ones already introduced in
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the previous example. Both the branchings [TT] — 0@ 17 and @ — O H are trivial, as they
correspond to a branching of a 1-dimensional space into itself. These branching coefficients
are therefore equal to 1 identically:

Bﬁ—mﬂ —1 (5.19)

Ooo—0,00
B =1 1-1,1

1—-1,1 )

We now turn to the reduction

| —e[ ] @ D®H (5.20)

— SlXSQ

As in the previous example, the group S3|g , g, only contains two elements, but this time they
are Szlg g, = {(1), (23)}. This is because the (1) x (12) € S; x S; has to be embedded
into S3, where it corresponds to the transposition (23). The branching coefficients for the

reduction in (5.20) will be the matrix elements of the orthogonal operator B such that
B~'D7((23))B = D((1)) ® D™((12)) @ D°((1)) ® D*((12)) = diag(1, —1) (5.21)

We equip the Hj of S3 with a basis {e1, e2}, in which the representation takes the explicit form
(5.8). We then choose f; and f5 to be the basis vectors of the [T and the H of Sy respectively.

In this basis the orthogonal matrix B must then take the form

(5.22)

N[ —=

We then have, by construction, Be; = f; and Bey, = fy. The branching coefficients for the

reduction (5.20) then read

H H—p,H
Bl—:E’ED = (61, fl) = %7 Bl—)?,]lj7 = (617 f2) = _\/7§7
(5.23)
H -0, H—o,H
B2%_1>E o= (627 fl) = \/757 B2a_1>,]f = (627 f2) = %
It is useful to define the orthogonal projectors

projecting the Hj of S5 on the O®[T7and on the D®H of S1 x S5 respectively. We also define

the linear operator T' through its matrix elements as

T,y =B 0 B (5.25)

i—1,1 j—1,1
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Explicitly, these matrices read

1 1 V3

PBI—HZ[,ED: - 1 3 _\/g T 1 _\/g 1

’ pF-ob_ 2 7
N3 o3 v \ 3 w3
(5.26)
We will use these quantities to compactly write the quiver characters.

We now turn to the Clebsch-Gordan coefficients, CL 5% and c i’t, where r, and 7, are
both either 17 or H First of all notice that we can drop the symmetric group state labels p
and t, because all the irreducible representation of Sy are 1-dimensional. Let us call Vz the the
fundamental representation of SU(F’), and let us choose an orthonormal basis e;, i = 1,2, ..., F.
Consider now the Vy ® Vi vector space, equipped with the induced basis {e; ; = e;®e;}i;. The
11 of SU(F) is spanned by every symmetric permutation of the e; ; = e; ® e; basis vectors of
Vi ® V. We can label an orthonormal basis for this representation with the notation ,

where
=e®e, (5.27a)
1 . .
Lilil= E(@@ej tej®e), iF] (5.27b)

On the other hand, the H of SU(F) is spanned by every antisymmetric permutation of the
ei; = e;®e; basis vectors of Ve ®@Vp. We can label an orthonormal basis for this representation

with the notation , where

; 1
= E(el ® €; — € X 61') (528)

We can therefore easily compute the Clebsch-Gordan coefficients (3.18). To optimise the
notation, we use the Young tableaux | ;[ ;] and — to label both the SU(F) representations
and their states. The Clebsch-Gordan coefficients then read

Ci = (eny, [1i]) = (ex @ 1, € © €) = 613 61

TS , 1 1 ) )
Ck = (exy, Lilil) = NG (er®e, e,Qe +e Re;) = NG (Oki 015 + Ok j0ri) , 1# 7,

1 1
Ck,l = (GkJ, ) = — <€k &® €, €; ® €; — €5 X ei) = —= ((Skﬂ 5l,j — 5k,j 5l,i) (529)

V2 V2

A similar approach can be used to derive the Clebsch-Gordan coefficients for the decomposition
of the Vr ® Vp representation of SU(F'), which gives similar results to the ones in (5.29).

We can now write the quiver characters for the six states (5.18). Denoting the generic
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flavour state |S) € VT‘SU(F) as in (5.27) for r, =[] Jand as in (5.28) for r, = H (and similarly
for |S) € VF‘jU(F)), the labels in (5.18) read now

L, = {11,060, 504} Lzz{@,m,,},
LSZ{:J;D7,}7 L4:{:J,D,,}, (5-30)

L= {{.0.0m .1} . Lo = {05 B

The quiver characters are

(L1, 5.0) = = 011

- /_3| 51,52 51,52

X(L27§7 0_) = ?Slgn 51 S92 51 59
1
X(Ls,5,0) = —= T [DF(o) P77 ¢ clld
1
X(L4, 57 O') = —3 TI‘ [DBZ<O') .PB]—>D . 31I32 3@132 5
1
(Ls, 5,0) = 7 Tt [D(0) T] Cs: CSI152’
4]
~ 1 nn
x(Lg, §,0) = 7 Tr [D7(0) T"] C’Slls2 C’?SQ (5.31)
where T* denotes the transpose of the matrix T, defined in (5.26).
Defining the normalisation constants
1 if i
Loif i=

which keeps track of the different normalisation of the Clebsch-Gordan coefficients (5.27a) and

(5.27b), the Fourier transformed operators take the explicit form

oLy = 221 (10) Q) () +2(20Q)f (2Q)])

O(Ls) = —= ((9) (QQ)F (QQ)] —2(QoQ)f Q)Y ) .

1
V3l
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OLs) = 19001 (1) (QQ)7 Q)Y - (Qo)? ()] ) (5.33)

oL = = ((0) Q) Q@) + (QoQ)f QQ)] )
O(Ls) = — f1; (QoQ)Y (QQ)Y,
O(Ls) = —f5,4 (Q6Q) (QQ))

Round brackets around the flavour indices denotes their symmetrisation, square brackets
around them denotes their antisymmetrisation.

As in the previous case, we now run some tests on this result. It is easily seen that if the
rank of the gauge group is N = 1, then among these six operators only O(L;) is non-zero, in
agreement with our finite N constraints (4.3). Moreover, when N = 2, by explicitly writing
all the components of O(Ly) it is possible to check that O(Ly) = 0. This is a nontrivial
result, once again predicted by the finite /N constraints. Let us now check the orthogonality
of these operators, in the free field metric. For this field content the two point function in the

permutation basis, eq. (4.5), reads

—

<O(ﬁ,§,o) OT(ﬁ,t,T)> _ Z Spr (018 O ()2 NC[(xp2) o (1xp1) =1 71] | A= (1.2.2)
p1,P2€S2

(5.34)

As in the previous example, C'[o] is the number of cycles in the permutation o. Using this

equation we can verify that the states in (5.33) are indeed orthogonal. Similarly, their squared

(O(L) ONL1)) =4 N(N +1)(N +2), (O(Ly) ON(Ly)) =4 N(N — 1)(N —2),
(O(L3) O(L3)) =4 N(N* — 1), (O(Ly) OT(Ly)) = AN(N? — 1),
(O(Ls) Of(Ls)) = 4 N(N? - 1), (O(Lg) Ot (Lg)) = 4 N(N? — 1)

(5.35)

in agreement with our prediction (4.1).

- 1= (2,2,2) field content

Consider now the field content {¢, ¢, Q, Q, Q, Q}, that is 7t = (2,2,2). Using the same notation

of the previous examples, the quiver Schurs for this subspace can be labelled by the fourteen
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sets

L,

L;

L;

Lll_{ ,H,M,}, L12_{

= {(1T1,[1,G13, 2 } LF{EH@}

- {HE. ..} L= {HH .6}
-FrmEE. w-EromE

- {HH. B em} ng{ H} o0
- imm). bo= {0}

| o
1
Hh B ¢

Ly = {00, 5.5 } L= {H.HHH}

As usual, we left the states and 4 (with 4,5 = 1,2,..., F') of the symmetric and antisym-

metric representation of SU(F) unspecified.

The quiver Schurs explicitly read

O(L,) =

O(L,) =

O(Ls) =

O(Ly) =

fwqu (B 7 A 2
fo s (2(00)7 (o0} + (@00)f (0] + L(@Q)F Q)] (617
+5(QQ) (@Q)] (00) + 20QQI Qo)) () ).

1

= (2100 @u00)] + Q) (Q60)] + 3(QQ)F Q)] 0+

-5 Q@ Q)] (60) - 2QQ)} Qo ) ).

R lot (—2000)f @00)1) + Q)T QR 07 + QR QQ)Y (69) ),

s|e

foloa (- 9(Q0)% @000)]) + @) @Q)Y (67 +

>

~(QQ)F Q)Y (69) +2(QQ)T (Q0Q)) (@) )
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0<L5>=7 (20QQ)F (Qé0Q)] + Q) (QQ) (0)*+

+HQQ)! Q)Y (90) +2(QQ)F (Qo)] (9) ) (5.37)
O(Ls) = ~ 15 ((QQ) (Q66Q)Y + (QQ)E (Q6Q)%) (9) ).
O(L7) = ~ f ((QQ)Y (Q60Q)]) + (QQ)F (Q6Q)7 (9) ).

ow—ﬁ( 2(Q0Q) (Q6Q)] + (QQ)F (QQ)Y (6 — (QQ) (QQ)Y (#9) ).

Jij foa

O(Ly) = oz

(2(QQ)F (QeoQ)) + (QQ)F (QQ)Y (9)*+

~(QQ)F Q)Y (69) — 2QQ)T (Q6Q)) (@) )

O(k) = 5= (~2QQ)f (200Q)] + (QQ)F (QQ)] (0)+

+QQ)! Q) (90) — 2QQ)F Qo) (9) ).
O(Lu) = — 115 ((QQ)Y (Q66Q)Y — (QQ)L (Q6Q)% (9) )

O(L1z) = —f5 ((QQ)Y (Q66Q)Y — (QQ)F (Q6Q)Y (9) ).

O(Lyy) = L1272 (—<QQ>§?<Q¢¢Q> +(QoQ) (QoQ)Y @@)Eﬁ’(@@;’fi (6)*+

P

+5(QQI Q@) (00) - QI (@00 (@) ),

0<L14>=i3 (—<@Q>E<Q¢¢Q)§T}+<@¢Q>E<@¢Q)§T} 5(QQ)] (QQ)] &)+

~5 Q@ Q)] (60) + QQ) (@60 0))

The convention for round and square brackets around flavour indices is the same as the one
used in the previous example. The computation that leads to this result is summarised in
Appendix E. Using Mathematica, we checked that all these operators are orthogonal in the
free field metric, that their norm satisfy (4.1), and that they obey the finite N constraints
(4.3).
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6 Conclusions and Outlook

In this paper we considered free quiver gauge theories with gauge group [[._, U(N,) and
flavour group [[_, U(F,) x U(F,). We found that the basis of Quiver Restricted Schur poly-
nomials (3.19) diagonalises the two point function (4.1). Relying on diagrammatic methods,
we also provided an analytical finite N expression for the three point function of holomorphic
matrix invariants. The relevant diagram is shown in Fig. 19.

For quiver gauge theories with bi-fundamental matter (no fundamental matter), the count-
ing and correlators of gauge invariant operators can be expressed in terms of defect observables
in two dimensional topological field theories (TFT2). These theories are based on lattice gauge
theory where permutation groups play the role of gauge groups [25]. The relevant two dimen-
sional surfaces were obtained by a process of thickening the quiver. This leads us to expect
that the counting and correlators for the present case can be expressed in terms of defect ob-
servables in TF'T2 on Riemann surfaces with boundary. It will be very interesting to elaborate
on this in the future. Another interesting future direction is the relation of gauge invariant
correlators to the counting of branched covers. This has been discussed for the case of a single
gauge group and one or more adjoint fields [42-47]. The equation (4.5) giving the formula for
the 2-point function in the permutation basis would be a good starting point. By tracing the
flavour indices, we expect to see that powers of the flavour rank are related to the counting of
covering surfaces with boundaries (see for example [48]).

For the case of a single gauge group but multi-matrices (quiver with one node and multiple
edges), a complete set of charges measuring the group theoretic labels of orthogonal bases for
gauge invariant operators were given in [17]. They were constructed from Noether charges for
enhanced symmetries in the zero coupling limit. A minimal set of charges can be characterised
by using properties of Permutation Centralizer Algebras (PCAs) [49]. We expect similar appli-
cations of PCAs to gauge invariant operators in general quiver theories (without fundamental
matter) to proceed in a fairly similar manner. For the case of quivers with fundamental mat-
ter, we may expect that appropriate PCAs along with modules over these algebras will play
a role. There are in fact two ways one might associate a PCA to quiver with fundamentals.
One is to excise the flavour legs of the quiver to be left with a quiver with bi-fundamentals
only. Putting back the legs might correspond to going from algebra to a broader construction
involving modules over the algebra. The other way is to tie all the incoming and outgoing
legs to a single new node, preserving their orientation. This latter procedure was useful in
consideration of the counting of gauge invariant operators [8].

Another interesting line of research would be to study the action of the one-loop dilatation
operator on the basis of matrix invariants (3.19) for flavoured theories, possibly in some simple
subsector. The action of the one-loop dilatation operator on the Schur basis for N' = 4 SYM
has already been studied [50,51]. For example, in the giant graviton sector of N' = 4 SYM, the

explicit action of the one-loop dilatation operator corresponds to moving a single box in the
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Young diagram that parametrises the giant graviton. It is an open problem to find analogous
results in flavoured theories: an interesting starting point would be N/ = 2 SQCD with gauge
group SU(N) and flavour symmetry SU(2N), which is a conformal theory. An explicit basis
for its matrix invariants is given in (5.2).

The broad summary of the results of the present paper and of a number of future direc-
tions is that the quiver, combined with associated permutation algebras and topological field
theories, can be a powerful device in constructing correlators of gauge invariant observables

and exposing hidden geometrical structures associated with these.
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A Operator Invariance

In this appendix we will derive the identity (2.15). Let us consider a matrix ® in the bi-
fundamental ((J, ) representation of U(N,) x U(N,), and a permutation n € S,,. Eq. (2.15)

arises from the equivalence
nt ((I>®") n=9o*" = [<I>®", 77} =0 (A.1)

which follows from the identities

(e O ey e e,) = (BT = @@ = @B @)
= ( ®n);7;<(11>)2:(22>)’]1;2> = (e e o e [ e e e )
= <eil>ei2a"' 7€in|7771q)®n77|€j1>ej27"' 7ejn> ) ne Sn (A'Q)
Here |ej,, €5, - ,€;,) € Vi and (e, e, - eln| € V", Vi, and Vy, being the fundamental

and antifundamental representations of U(N,) and U(N,) respectively. In the following, we
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will need the two identities

(Q@np)s — <6“,67’2, c.. 762n|Q®np‘651,652; .. 7€5n>

= (e, 2, . .. >€in,@®n‘€sp<1>’€sp<2>’ C ey ) = (Qm)i(s) (A.3)
and
(P Q%) = (™ e, ™[ Q% ey e, )
= (%), %) . W |Q% ey, €5 e5,) = (Q®n)§(§) (A.4)
Now let us consider a generic GIO Og(7; §; &), built with 144 type Pup o fields, n, g type

Qap fields and 7, type Q, fields. We also 1ntr0duce the permutations

—

n= Ua,b,a{nab,a} y  Nab,a S Snab,a (ABa)
ﬁ: Ua{Uﬁ Pa,B; UV ﬁa,w} y Pap € Sna,g > Pay € Sﬁa,»y (A5b)

From (A.1), we then have the equivalences

—1 Rng et ®Nab, o —1 Rng, _ f@?’ba7 ——1 a, _ Rfig
nab’a (éab7ab > nab7a - (Pab’ab ’ pa”/g’ <Qa7ﬁ ﬁ) pa’ﬁ - Qanﬁ ’ ? pa:'Y (Q®n ’Y) pa,w Q e
(A.6)

for every a, b, a, 3, . Inserting these identities in (2.12) gives

Top,a IG’B

— ONab,a ’ — ® a, ’
[T (e (@507 ) mava) [T (v (0057 pus). ]
a,p

b,a ab,a ﬁ

®

®na -y) - )ga,’Y Xb,ana,aX’yja,'y
® H( (Q pay')’ ja,'y (O-a>><b,alab,a><ﬁla,ﬁ

5

®

11 Q@””)Zl]

~

ST o) o [T )

a b,a

ab, o La -y Xb,ocha,aX"/jﬂa’Y ab @
X [H naboc aba] [H Pav Ta, ] )Xb7alab,a)<ﬁ[a75 aba Kab.o 7[3 K 8
b, Y

b,a B
(A7)
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Now we use the equations (A.3) and (A.4) to obtain

Oolit; 5 ) = | [H (o) " | e [H (@)™ 1ol (Q;@zzw)gw@w)]
o Lba Lab,o 4 Pa,8(8a,8) S @
X ((Kbalhae X Po)Oa(Xpallat X5 pah)) e oo
= Og(71; p(5); Adjyx(5)) (A.8)
where we also used the definition of AdjﬁX 5(5’), eq. (2.17):
Adj,5() = Ua{ (Xpallbaa X Par)Ta(Xbalaa X5 Pap)} (A.9)

We thus have explicitly shown the equivalence (2.15).

As it usually is the case when working in this framework, (2.15) has a pictorial interpreta-
tion. We now give an example of this diagrammatic interpretation, for the simple case of an
N =2 SQCD. The N = 1 quiver for this model is the one depicted in Fig. 5. Let us then
consider an N = 2 SQCD GIO built with n adjoint fields ¢ and n, quarks @ and antiquarks
Q. Each quark comes with a fixed state s; state belonging to the fundamental representation
of the flavour group SU(F'). We label the collection of these n, states as s = (s1, 52, ..., S, )-
Similarly, 5 = (51, 52, ..., 5p,) is the collection of the SU(F') antifundamental states of the

antiquarks Q. The generic GIO Og(n, n,; 8,8; o) can be drawn as in Fig. 22.

K]

@@n Q@’ﬂq

O(n,ng; $,5; 0)

I
Q

A 4 Q®nq

Figure 22: Diagram corresponding to a generic N' = 2 SQCD GIO.
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The horizontal bars denotes the identification of the indices. Specialising eq. (2.15) to this

case, we have the identity
O(n,ng; 5,8; 0) = O(n,ng; p(s), p(8); Adj,,,(0)) (A.10)

for o € S, 1n,, n € S, and p p € S,,,. This equivalence is described in diagrammatic terms in

Fig. 23.

q)®n Q®7lq q>®n CI>®" Q@nq q)(Xm Q@nq
L Y 4
ERJwa
. 7771 [)71
Y p- Y
4
v Q®nq v Q®nq Q®nq v Q(qu
Y
s s p(s) p(s)

Figure 23: Diagrammatic interpretation of the identity (A.10).

B Quiver Character Identities

In this appendix we will derive equations (3.23), (3.25) and (3.26). Many of the symmetric
group identities that we will use in this appendix were already introduced and discussed in
Appendix A of [25].

B.1 Invariance Relation
In this section we will prove formula (3.23):

—

XQ(L7S’6) :XQ(Lvﬁ(§>’Adjﬁxﬁ(6)) (Bl)
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Using the definition of Adj;, ;(7) given in (2.17)

Adjz7(5) = Ua{ (Xbatbaa X Pan)Ta(Xballupa X5 Pap)} (B.2)

we start by writing

b : R — —1 —1
XQ(‘L?S’AdJ =CL | | § : E : Dza(,lja Xb,anba,a X’Y pa,'y>0-a(><b,a77ab7oé Xﬁ pa,ﬁ))
a  ia,ja lab,o
la B Jla Y
BRaﬁub,aT’ab,aUﬁra,,B;V; | | Ora,ﬂ 2Sa NeD) la B R¢1_>Ub,a'r'ba,aU;ﬂ:a,'y;Va+ | | Cga,’y B ~
jaﬁub,alab,auﬁla,ﬁ ia_)Ub,alba,aU'yla,'y Fa,W,Saﬁ,law
Y
Ra = R, R, —1 -1
=CL | | E : E : Dzaz Xb,allba,a Xy Pan)Di;,j,g(Ua)ng,ja(xb,anab,a XB pa,,B)
a  ig,ja ab,_a
la,B’la«"/
X BRaHUb,arab,aUBTa,B;Vai I | Cra B8:5a,8la,p Ra%Ub’arba,anfaﬂ;V;L | | C,§a,.Y - ~
ja_)ub,alab,auﬁla,ﬁ iaﬁub,alba,auwla,'y Fa,w,Say.,,laﬁ
Y

(B.3)

To ease the notation, for the remainder of this section we will drop the summation symbol in
our equations. The sum over repeated symmetric group state indices will therefore be implicit.
Notice however that there is no summation over the repeated representation labels 74 o, 74 3,

Tan- Using the equivariance property of the branching coefficients [39]
R aTaVa a R aTasVa
Dy (<) BEDS = | 11 Piza, o) | BES™ (B.4)
a
we can write

R, —1 —1 Raﬁub,arab,auﬁ"”a,ﬂ§yai
Djes (Xballgpa X8 Pas) ja—Up.alab.aUsla,s

— Tab, o Ta,ﬁ —1 Ra%ub,arab aUﬁTa ﬁvl’a_
- H Dlab o’ ﬂb o (na‘b a) H Dl B’ a,B (p :6) Bjé—)Ub,al, Uﬁl

ab,a a,B
b, B8
(B.5)
and
5ot
Ra = Ra%ub,arba,au'yTafy;Va
Dimi;(Xb,anba,a Xy pa,’y) ia—Ub.alba.aUqlay (B6)

7 +
o Tba,o Ta,y — Ra%Ub,arba,aU"/ra,’y;Va
- H lea,avlba,a// (nba’a) H D (pa’,y) Biilg)ub,alba,auu"/laq"///

la 'yala 'y
b, ¥
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Tba,a . (’r]ba7a)

Inserting the last two equations in (B.3) gives
Tab,« —1
H D a,bba’lab a (nab7a)lea,a’lba,a

7)) —CLHD " (0a)
Ta,ﬁasa,ﬁyla,ﬁ

XQ(LJ §7Ad.] 77(
Ro—Up,aTab,aYBTa,8,Va Ta,
B b,aTab,aUpTa,p HDla,Lfﬁlfl,ﬁ(pa’ﬁ) Sa.8
B

jaﬁubwal;b aUBla B
Ra_>ub aTba, aU'yTa 'nya H Ta,y 8a,~y
X BZ a—Up, albaa U’y Dlaﬁ,laﬂ pa”'y) Cfaﬁ,gaﬂ,l_a’,y (B7)
(B.8)

A first simplification comes from noticing that
Drab e ( )D"”ba,a ( ) _ (5 ,
naba lba,avlba,a// nba’a - lab,(ﬂlab,a”
a,b,a

ab a’ ab =]
a,b,a
We now focus on the Clebsch-Gordan coefficients. Let us first consider the chain of equalities

(s|D(0)|R, M, 1)

DY (o)(s|R, M, i) =
(B.9)

Dy (o) CHM =
= (D(o) 's|R, M, i) = (o7 (s)|R, M, i) = CRA{;
We can use this identity to write
Ta,B Ta,ﬁysa,ﬁyla,ﬂ _ Ta:B7Saw67l;,ﬁ
o, (Pas) Coos =G ) (B.10)
and
Fa, — ga, ﬁ;,l (gﬂq )
l_a,:,l_a,y” (paﬂ) Fa,”yyaga,'y;l_a,'y = fﬂ.,zyga,:,l_a,w (B.ll)
Using these results in (B.7) we then get
xo(L, 5, Adi() =cp [ iy, (00) | 1100, 0 1000
a b,«
ra,5:5a,6:l0 5

Ro—Up,aTab,aUsTa,8,Va

x By et ST

Ja b,alap,aPBla, g Pa,g(sa,ﬁ)
B

(B.12)

y BRaaub,arba,aum,w;ua* H C«Pa,'y(g )
ifz_)ubaalbaya,,U’Yla”‘/U Ta 'y»S ,W:la -y”
v
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— !/

Rg Rao—Up,aTab aYpTa,8,Va Taﬁ’Sa-ﬁ’la B

=c ”D ,(04) B o ’ (O ’
L 137]{1( a) Ja—=Un,ally, o Usll, 5 Pa(8a,8)

+ 5.t (3
X BRa—>Ub aTba,aU~Ta, o wa H Cf)a’w(faﬁ)- = XQ(L7 p_'il (§), &)

i =Ub,alh, oUylay” Ta,v,Sa,y:la,y"
v

Substituting § — 7(5), we finally get

XQ(L7§’6) :XQ(L75(§)’Adj* *(O_:)) (B13)

pxi

Our proposition is thus proven.

B.2 Orthogonality Relations

In this section we will prove the quiver character orthogonality equations (3.25) and (3.26).

B.2.1 Orthogonality in L

Let us start with eq. (3.25):
ZZXQ(Lv ga 6:) XQ(Ev ga 63) :5L,i, <B14)
This formula is actually a particular case of the more general identity

— ~

> Y xolL.5.0-7) xo(L,5,7) (B.15)

ER
Mg R v ot
— - a a yVa -
=CL CL d(R ) Tr (D ( )PRa—>Ub aTba,aUyTa,y 5Ra,Ra
a a
X (l | 57'ab,afab,a> <| | d Ta,fg 5ra NeD) Ta Ne] Sa B> Sa 3) (l | 5Ta 'yﬂ'a ¥ 5’ mg‘aﬂ/) 51/(1_,17(:
b,a
VU/ 7]/(14 . . .
Here Pp’ "7 aTbaaUsyTa, 15 8 linear operator whose matrix elements are
v of Ra—Up aTba.aUyTa~yia R —Up,aTba,aUyT wa
a Va — ,alba,a~Yvla,vVa a aaa’ya’yya (B]_6)
Rao—Up,aTha,aUyTa,y ’La ia 'La_>Ub,alba,aU'yla,'y ia—Up,alba aU—yla 5 :
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Let us prove eq. (B.15). As a first step we expanding its LHS to get

Z ZXQ(Lv 5’7 0?/ ' 5) XQ(La 5'7 5)

e S5 T Pl 0D o)
5§ & a

Ra%ub,arab,auﬁra,ﬁﬂla_ Ra*}Ub,aFub,aUBFu,B§Da_ | | Cra,ﬁvsa,ﬁ»la,ﬁCfa,ﬁ’ga,ﬁja,ﬂ
Ja—Ub,alab,aYUpla,p jaﬁub,aiab,auﬁia,ﬁ Sa,p Sa,p
B

Ra—Up,aTba,0UrTa iV Raﬁub,am,auj?a,w;ﬂi Hcgm ey (B.17)
ia-)Ub,alba,aU;yla,—y ga_)ub,alba,au'yza,’y Fa;y,Sa’%la’,y %a,’nga,'yJa,fy .
¥
The next step is to rewrite the known relation
R R/ n!
> Dfi(o) Dy (o) = AR OR,R 0i,p0jq (B.18)
oESy
into the form
Ba (o Ra Re (o5 5 s
Z Dimja(o-a . O-a,)-D%aJa (UCL) - Z Dia,ka (Ja>d(R ) Ra,Ra kavia ja,.}a
oa ka “
Re (o)l s (B.19)
- ,a:' g = < P, T .
layiag © @ d(Ra) Ra,Ra” jasja

This identity can be inserted into eq. (B.17) to get

— ~

ZZXQ(La §, o 5) XQ(nga 6)

Ng!
=cpcg Z 1;[ m%,éa D/* (o)

Raﬁub,arab,auﬂTa,,B§Vai Raﬁub,afab,aub’?:a,ﬁ;l;; | | Cra,,B:Sa,,Bvla,BC"za,ﬁzga,ﬂjaﬁ
B

X 5ja73a Ja—*Up,alab,aUsla,s Ga—=Ub.alab.aUsla.s Sa,8 Sa,8

_ . + ~ = .~+ _ -
Raﬁub,arba,au’yra,’nya Raﬁub,arba,au’yra,'yy’/a | | Csa,'y Sa,vy (B 20)
TayiSavlayy  Fom,Sayslaq

X B ~ . 2
za%Ub,alba,aU’vla,’Y iaﬁubyalbayau-ylaﬂ
~

Now using the orthogonality relation (3.7) in eq. (B.20), we further obtain
> Y xolL.5.0"-7) xo(L,5,5)
R

Ng! ,
— - § | | - - | | ~ - a
- CL CL d(R )5Ra,Ra 5Tab,ayrab,a51ab’a,lab7a 51/;,17(1_ Dia’za (0-(1)
s a @ b,a
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B 5 Ta,8:5a,8)la,8 Fa,nga,,@via,ﬂ
X | | Org 470501, o1y 5 Csas Csa's

Ra_>Ub aTba,aYUyTa, ’nya Ra_>ub arba aU’yTa 'yvVa Csa Y ga,'y
ia—Up,alba,aUvlay zaﬁubyalba,auﬁ,la,nY Ta,v:Sa,7:la,y Ta,yySa,ysla,y

Tg! Ra (1
= CL Cf, E H —6Ra,Ra H(Srab,a,mb,a H(smﬁfa,/s 51/;,17; Dz’ i (Ua)
— d(R,) asta
S a b’a 6
oA Sa,pla,8 Oraﬁ:ga,ﬁvla,ﬁ
&% B 84,8

Ra—>Ub aTba aU'y"'a,'wVa Ra—>ub aTba ozU'yra,'vaa Csa,w Cga,'y (B 21)
ia—Ub,alba,aUrla,y za—wb,alba,auﬂ,l - TaySayslay 744,80, k0~

. : Ta,89a,85la Ta Sa. sba
Let us focus on the pair of Clebsch-Gordan coefficients Cs2f ™" Cs” #1068 i this formula.

It is immediate to verify that, for a U(F) Clebsch-Gordan coefficient C75+

doCpstey St =3 "(r,S,ils) (', S d|s) = (r,S,i| [ D Is) (s| | I, S, 4)

S S

= <7’, S, i|1|T’, Sl, i/> = 57“77“’ 55751 51’71'/ (B.22)

Therefore we can write

I I RS (P

a,8 Sa,p

Inserting this in (B.21) we obtain

ZZXQ(L7§7(;/ ’ 6) XQ(f’>§7 53)

Ng! Ra (7
=CL c]: H 5Ra7]:?ua H 57"ab,a77:ab,a H d(ravﬁ)é"’a,ﬂfa,ﬁ(ssa ,87S'a B 51/(:,17,; DZ i (Ua)
L a(r,) L1 S 55, arla

BRa—>Ub aTba auw"'a,mVa BRa—>Ub aTba aU'yTa,'yvVa | | § Csa,w Cga,w

ia—=Up,alba,aUylay ta—Up,alba,aUyla,y TaySa,ylay  7g.~,80, k0~
Sa,y

ng! R
= CL Ci H d(éa) 5Ra,Ra H 57‘&17,(17?0,17,04 H d(ra’ﬁ)(sra,ﬁvfa,ﬁ5Sa”3,§a’5 51/,;,17; Diacj;fa (O-(ll)
a b,a B

X Blia >uboﬂba. aU’y"a,'y,Va R >Ubo/’ba aufﬂa,'yyl’a 5
7‘1"/77a"/ S, S I, l
a,ysQa,y ta,y.ta

ia—Up,alba,aUylay m—)Ub’alba,aU.ylaﬁ
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ng!
- CL Cz’ H CZ(—Ea)éRa,Ra H 57‘&17,(17?0,17,04 H d(ra’ﬁ)(sra,ﬁvfa,ﬁ5Sa”3,§a’5
a b,a B

+
~ 5 Ry Ra‘)Ub aTba aU'yTa,vaa Raﬁub aTba, aYyTa,yila
| | 61:%—\,,1?‘1’4{ 5Sa ’sta - 5,/;75; D < (O-(Z)B B

la,la 'La_>Ub alba aU'yla o Za_>Ub alba au’yla ~
(B.24)
In the second equality above we again used (B.22):
CPr o C% . . =6, = 6. z 6 = B.25
Z Ta,y:Sa,ysla,y Ta,ysSa,vsla,y Ta,ysTay " Sa,y,5,y la,yslay ( )
T
We now define the projector-like operator v i whose matrix elements are
p J p Raﬁub,arba,auvﬁz,v’
1/;_,172— _ Raﬁub aTba aUWTa,’YvVa Raﬁub alba, ocu"/Ta»’WV;L (B 26)
Ra—)Ub,a"’ba,aU'y"_‘a,'y %aaia 'La_>ub,alba,au’yla,’7 ’La—>Ub alba QU—Yla N :
Vﬂ 7V(l

For v} = v the operator P is the projector on the (UpaTba,a Uy Taqys Vg )

Ro—Up,aTba,aUyTa,y

subspace of R,, but when v, # U} it is rather an intertwining operator mapping the copies
vl and 7 of the same subspace Up aTpa.a Uy 7ay C R, one to another. With this definition,

we can finally write

ZZXQ 50" 7) xo(L,5,5)

na! R, Va :Va
= CL sz H m Tr (D ( )PR *)Ub aTba aUryTa,'y> 6Ra.,Ra

Harab,avfab,a H d(r‘lvﬁ)&"a,ﬁﬂ:aﬂ5Sa,ﬁ7§a,[3 H 5%,7:?&7755‘@,7,5@7 5’/;717;
B

ol
(B.27)
which is eq. (B.15). Consider now the case in which ¢’ = 1. Then
Rq v v
Tr (D (1)PRa—>Ub,aTba,aU7"_‘aﬁ TI' PRG_}Ub aTba,aUryTa,y
— 2 § BRu%Ub aTba,aYUyTa, 'yvVa BRa_>Ub aTba, au’y""a,’wV;r (B28)
Za*)ub,alba,au'yla,'y Za‘)Ub,alba,aU'yla,'y
l{)a,a iq
la,y
=G5t D H Opscativs | | [0t | =0ie | 11 dmaa) | { [T e
lba @ Yy b,Oé Y
Ta,~

o1



where the third equality follows from the orthogonality relation (3.7). Using this identity in
(B.15) we get

Z ZXQ(La §, 6:) XQ('Za s, O_:)

—

-
S g

b,a

na
=CL CL H RmRa Vg Wq 5l/+ I/a (H d Tab Oé)érab asTab a)

(H d Ta’ﬁ (57»(13 TaB Saﬁ Saﬁ) (H d Ta;Y Ta"Y’Ta'Y(SSa,'Wéa,'y) <B29)

Recalling the definition of the set of labels L = { Ry, rab.as a8 Sa,8: Tasys S'am v v}, we can

a’”a

thus write

Z ZXQ(L, 5,6) xo(L,3,7)
=0picLCE H dna (H d(Tabo ) (H d(m,g)) (H d(raﬁ)) =0,; (B.30)

B vy

The identity (B.14) is proven.

B.2.2 Orthogonality in s, &
In this section we are going to prove (3.26):
- = o 1 —\ —=—
> _xe(LE @) xo(L £ 7) = — > 8 (Adjp @) 7" 0557 (B.31)
L "X

We start by writing two useful identities, which will allow us to connect state indices appear-
ing in the first quiver character with state indices appearing in the second quiver character.

Consider contracting both sides of the equation [39]

’ n!
> Do) Do) = —<0r18:,105, (B.32)
SOV D) = g
O'ESn
with B?_ZT” B?:;; Bﬁ:g Bf‘:lr "% and then summing over the representation

r’ F n. By doing so, we get the identity

R—r,--;v” pR—r v R—r, 5w~ pR—r- vt
B[—>2 BK—n BL%Z BJ%I (B33)

Ry sv™ R_”V”?VJr R—r! vt pR—1r! 0™ !
— ,',L[ Z Z BI—)Z J—}], -B[{—>k;7 BL—)Z,"- D’L,j(o-) ‘Dk,l<0-)

g€Sn r'Fn

92



Alternatively, contracting both sides of (B.32) with CI"5% Cy 9! and summing over the rep-

resentations ' - n, we obtain

. . d
e =M 5 pryo) (X priten oy oo 331

n!
geSn r’'Fn

This is the second identity we are going to need.

Let us then consider the product

xo(L,5,5) xo(L,t.7) _CLHDz 0 (0a) Dy (7a)

BRaﬁub,arab,aUBra,,B;V; | | Ta,ﬂ Sa,ﬁvla,ﬁ Raﬁub,arba,auvfa,’yﬂ/;r | | Cga,'y

ja%Ub,alab,aUﬁla,B Sa,p iaﬁubyalba’auyl_a’-y 7_’0,77,Sa,ry,l_a77
ol
y BRa*}Ub,aT'ab,aUBTa,B;I/; Hcra,g Sa,p:ll BRQ%UI, aTba,anfa,w;Vj Cfaﬁ o
jfl*}ubval;b,auﬁl;,ﬁ igﬁub alfm o l{z,’y fa,’yasa,'yv :1,7
ol
(B.35)
Using (B.33) and (B.34) in (B.35) we find
- — e _ 2
Q(L,S,U)XQ(L,t,T) =Cr E : E E §
7,7 {T;b,a} {T:L”B} {F(lz,'y}
« Tab Ot) d(?“a,g) d(ra,“/) Dha ( )DR ( )
' | n | la:Ja 0
. N, 5 Ng,B- S naﬂ.
Tab,« Ta,B Raﬁub,arab,auﬁra,ﬁ;l/;
X H Dpab,oup;b’a (nab’a) H Dpu B:p B pa B > Bjaﬁub,apub,au,@pa,ﬁ
b, B
< DT:L,B ( ) C aﬁ’ Sa,p4a,8 C aﬁ» aﬁ:qa
II Gap:d, 5 \PaB) “sap
B
T Ra—Up oTh  U~Ta Ve
ba,a Ta,y a b,a"pq,a"7"a, v Va
X HDQba,a’qga,a (/r]ba’a) HDpﬂﬂﬂpa'y pa”y > Biaﬁub,aqmbau"/ﬁav"/
L \ b, ¥
% | | Dﬂl,w ( )Csaw Otaw
qa’”/vqtll,'y pa”y Ta »nya,-yv‘ja,’y Ta,~ys Sa ’yvqa ~
5
Ra—>Ub aTab,aUBTa,8iVa RaHUb,aréa’aU'yFa,w§Va+
x B" (B.36)

-7a—>Ub Ofpa.b auﬂpa B igﬁubaaq{)a,au’yﬁ;f‘/

where {réba}, {rgﬁ} and {fl’w} are shorthands for Ua,b,a{T;b7a}v Uaﬁ{r;ﬁ} and U(m{fﬁm}
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respectively. We now use the equivariance property of the branching coefficients (eq. (B.4))

to rewrite the terms in the square brackets above as

Tab,o Ta,B Ra%Ub,arab,aUBra,,B§Vai
H Dpab,oup:lbya (nab’a) H Dpa,ﬁvp;ﬁ (pa’ﬁ) Bjaﬁub,apab,auﬁpa,/i

b, B
Rq Ra%ubﬂarab’auﬁraﬁ;yg
Djav la (Xb,anab,a XB pa:ﬁ) BlaﬁUb,ap;b,ozUBp:z,ﬂ (B37)
and
| |Drl/m,a ( T’a,fy BRa_>Ub,o¢7"{,a’aU’yfa,’y?’/aJr
Qba,avq{mﬂ nba’a) II pampay pa”\/) ta—>Up,aqba,aUvPa,y
b,a ~
/ st
_ NRa Ra—Up,aThy oYyTa,yiva
= Dia,l; (Xb,anba,a Xy paﬁ) Bl&%ub‘aqéayauwﬁg7w (B38)

On the other hand, we can use egs. (B.10) and (B.11) to write the Clebsch-Gordan coefficient

terms as

! 7(1 da, 7S(l b "wa, 9 ’Sa K
HDraﬂ <pa75)Csa[—} ,B8:4 BCtaB Bqaﬁ HC(LB 5qaﬁcaﬂ ﬁqaﬂ (B39)

9a ﬂvqaﬂ a,p B (Saﬁ) ta,p
B

(there is no sum over the r, g and S, s labels) and

T z (8a, ta
|| R2 (Pasy) Csm . Sumdon G = H Cp“’” S Colle o (B.40)

A ) Sa 'y?qa,'y ,fy:Sa ’yvqa,ry ra,—\,’sa,w:qaﬁ
5

(again no sum over the 7, and S, ., labels).
Inserting the last four equations in (B.36), taking the transpose of the matrix element on
the RHS of (B.38) and relabelling the dummy permutation variables as 7 — 77!, 00 — p !

gives

LIRS S S DD O | o

M7 {sab,a} {sa,p} {San} @

lIZ:Lia (Xb,anba,a Xy pa,’y) Diaja (Ua)Df:la (Xb,an;zia Xg P;}g) DZTJQ (Ta)

D
% BRa_)Ub,arab,aUBTaﬁ;V; Raﬁub,arab,auﬁra,b’;l’ai
la=Ub,alp,0 Y60, Ja=Ub,aPb,aYU8Pa, g
X [B

Ra—>Ub aSba aU'yTa,'yfVa Ra—>Ub aSba aU'yTaﬁ,V;_
’
l _’Ub,aqba,au“/pa,w 6 =Ub,alhq,0 97 Pa,~y

H (P85 B 9a.8 CS“ ,8+5a,6+da,8 H OPanGar)  cbany (B.41)

Pa,5(8a,8) Sa,ysSa,v:da,y  Sa,vsSa,yda,y
il
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where we also used the definitions of ¢ and ¢z given in (3.21) and (3.27).

(B.16) we have

Now, from eq.

|: Ra—Up,aTab,aYpTa,85Va Ra—Up,aTab,aYpTa,B5Va _ Pl/;,l/; (B 42)
la—)Ub,ap;b’aUﬂpiz,ﬁ ]éﬁub,ap;byaufgp;’ﬂ R”‘*)Ub,arab,auﬁﬂz,g L. (/l .
BRaﬁUb arba oY Ta, ﬂ,,ya Ro—Up arba O(Uwr,ly,y,u[l|r . PV‘;F’VJ (B 43)
léﬁub,aqba,au"/pa,’y Zaﬁubﬁaqba,au'ypa”‘/ o Ra%Ub’arga’aU'yfa,'y /AR A .
a’’a
so that we can write
) 1 d(R,)
- = =\ a R . R,
xo(L,5,7) xo(L,t,7) = o E E | | . Dy (Adjges(0a)) Dy (7a)
n oS a*
P {rtlzb,a} a
+ o+
Vo 1Va Vg Vg
x P a—Up,aTab,aUTa,B ‘l 0 Ra—UbaTy, oUrTay v (B44)
7‘70, a7 a
y Z H aﬁ, Sq ,87Qa[3 T0.55a,8:9a,8 Z H Cpaﬁ (8a, C’t—“’”
Pa, B(sa B ta’ﬂ Ta ’YvS ,'yﬂa v ft/l,'wsa,’h‘ja,"/
{regt P {raqnt 7

where we defined

Adjﬁxﬁ<0a) = (Xp.aMba,a

Now we can proceed to sum over L = {Ry, "ab.asTa,8: Sa,8s Tarys Saw

Xy paﬂ/)(aa)(xb,ana_b%a XB ,0;}3)

(B.45)

v, }. This intro-

duces, among others, a summation over the flavour states S, 5 and S, . C0n51der then a pair

of Clebsch-Gordan coefficients like the ones appearing in the last line of eq. (B.44). It is easy

to write the relation

7,58 1,50 . .
oot = D |r S.iy(r, Sl | [8) = (p(8)|L[E) = Gpae (B.46)
r,S,i r,S,i
We then have the identity
7,550,890, ~Ta,55a,6:da,8 _
Z pa,s(sa,ﬁ) ta,ﬁﬂ - 5pa,6(sa,6)7ta,[3 (B47)
T;,ﬁvsaﬁv%,ﬁ
and similarly
Pa, (Sa7 ) t_a, _ —
Z C a :7511 ”viqa Yy 'Fg,:vga,’y,qa,'y - 55@77(§a,7)7ta,’y (B48)

=/ Vad —
ra,'y’ Say"{? qa,~
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Inserting this result in eq. (B.44) we obtain

ZXQ(L7 ga 53) XQ(L7 t_: F)
L

LSS M) pis (Adi 00) DI ()

Cip Ng-
" ip e R
X Va’ Va PVa Va
: : : : Raﬁub aTab,aYpTa,p la,j! Z Z Ro—Uy a""ba Qu’yra 107 l/ /
Ub a{rab a} Uﬂ{r(l 5} ara Ub,a{r{,a@} UV{T"Y}
vq Vq

X (H 5pa,g(sa,5),ta,ﬂ> (H 5pm(§a,v),{aﬂ> (B.49)
B Y

Now using the projector identity

> PRl = Ok (B.50)

Ui{ri}, v

we further get

S xelb S eEE D) = S [

Finally, through the identity
Z TXR(U) =6(0) (B.52)

we can rewrite (B.51) as

“E

Pa,3(8a,8), ) (ll Pa,y(Ba,y) )

1 C iy o
o Z 0 (Adjz5(5) 770) Opai (B.53)

This last equation is exactly (3.26).
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C Two Point Function: Proof of Orthogonality

In this section we will prove the orthogonality formula (4.1):
<OQ(L) OTQ(L,)> = 0L Ci HfNa(Ra) (C.1)

The first ingredient we need is the Hermitean conjugated version of the operator defined in

(2.12), which is simply

ol 5 ) - T | TT (o),

a b,

@ [T @5™); ]

Y

T®"aﬁ> @B
[,

X H —1 Uba cb au,@Iuﬁ (02)

Ub anc au'yJa v

Here we used (o) = (a‘l);. Using the free field metric

((@ara)} (@, )F) = 5105, ((Qua) (@17 =00, ((Qua) (@L)5) =055 (C.3)

(the remaining correlators are zero) we get

Top,a J! !
®nab,a ’ T ®nab,a ab,cx . n(lab a) ‘]ab,a
<(<1>ab7a ) (el > = > gl (C.4)

J
ab,o ab,a TIGSn

ab,a

In this formula the sum over permutations represents all possible Wick contractions of the
labels Iupo = {1, 0ngp0}y Jaba = {J15 s Jnwa t- Denoting the states belonging to the
fundamental and the antifundamental representation of U(N) by |e;) and (e’ |respectively, we

have the identities

J! J!

. . 2/
T (e, Pl s, ) = (6 Pl s )= () (C5)
and

S = i = (7)o = 8

ab,a I’ aba)

(C.6)

ab,a n (

Performing similar steps on the correlators of quarks and antiquarks, we can then write

ONab,o Iab,a T ®nap,a J;b’o‘ —1\{ab,a Jt/l e
<<(I)ab7?ab7 )J (q)ab,o:l " )I’ = Z (7] 1)]/b (n)Ja::a (C?&)
ab,a

ab, o ab,a
nESnab,oc

(@) (@), ) = X G vl = 3 e, e

0 PESna s PESnap
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(@) (@), )= & i, 0 = X o) o (e

PEShia,y PESRg
We therefore get

<%<ﬁa§ﬂ>%<ﬁ,§xa'>>=2H[H(naba)jfba ] [H Pu) s pz,‘;““’”]

B

(O_ )Ub,a*]ba,au'yja,'y (( /)71)Ub,alab uUBI
a Ub,alab,cxu[‘l]a,ﬁ a Ub,aJ Uny

ba,a

=3 T Mg [Ccuatioa < ) 0 (xoanily <5 28) (007

T,0 a
Pa,B sa B) Pa, (sa )
x [H o ] [ Gy ] (C.8)
vy
where, as we defined in (2.16),
77: Ua,b,a{nab,a} y Naba € Snab,a (C9a)
0= Ua{Ug Pa,g; Uy ﬁa,,y} y Pag € Snaﬁ s Pay € Sﬁa’,\{ (Cgb)

The trace is taken over the product space VN "oV, being the fundamental representation of
U(Na) and ng = 32, b + D574, Recalling (2.17),

AdJnXp( ) = U(I{(Xb,anba,a XW ﬁaﬂ)ga(xbﬂncﬁia X,B p;}j)} (C]'O)

we can finally write

(0a(1,5,3)0h(,5,5") ) = 3" ] Trygre [Adigslon) (02) ]

7,0 a

e[|
Y

which is eq. (4.5).
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Using the definition of the Fourier transformed operator (3.19) we then get

(0o(L)OL(L)) = > 2 xelL 5 NG 5 7) (0o(,5,5)0(7.5.5"))  (C12)

where to get the second equality we summed over §”, used the Kronecker delta functions and
used the reality of the quiver characters. Redefining the dummy variable § — g ~1(5") in (C.12)

we obtain
(0a(L)OL(L))

=203 vello i E) el 5 HTrvm |Adjgplea) ()]

§ &,0' 7,0

=333 XolL. 5. Adji (@) xol L, 5,6 H Try g [Adigen(oa) (74)7']

— =
§ G, q,p

=3 ol 5 #)xalL 5,6 ) [T Trygn [aa (o—;)ﬂ (C.13)

— =
§ 3,8 i,p

To get the second equality we used the invariance relation (3.23), and in the third we relabelled
the dummy variable 6 — Adj;, (7). We then see that the dependence on the permutations 77

and p drops out, so that their sums can be trivially computed to obtain

(0o(L)OLL)) = 3" xolL,5.5)xa(L',5,5")

X H (H nab,a!) (H na,@!> (H na,ﬁ,!> Trvgna [aa (0;)_1} (C.14)
Now let us further relabel o, — 7, - 0, and use the definition of ¢z given in (3.27) to get

<OQ(L)(9TQ(L')> — i3 vo(L,5 7 #)xo(L, 5,5 HTrvm [ ] (C.15)

= =y

g T,0

The only dependence on ¢’ and § is now inside the two quiver characters, so that we can use
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(B.15) and write

ZZXQ 573" xo(l',5,8")

nq! Raq v v
CLCL, H d (D (Ta)PRa‘)ub aTba,aYyTa,y 5RG’RCZ

() (o) (T o
b,a

(C.16)

Inserting this equation into (C.15) and recalling the identity
Tryen (o) = N7 (C.17)

we get

<(9Q(L)C)Jr (LI > = Ci ZCLCL’H dna )5Ra a Vg W (H 5”17& aba)

b,a

X (H d(?“a,,e)5raﬁ,r;ﬁ5sa,ﬂ,s;,ﬁ> (H 5&,7,?%55@,7,5“)
B 0

x Tr (DR"(TQ)PV;_ “ i ) Netrl (C.18)

Rao—Up,aTha,aUyTa,y a

The last piece we need to obtain eq. (C.1) is the identity

ZTI <DRa Ta E —l;tJb aTba,aYyTa, ’Y) NS[T" - 2_, 2_ (Hd rbaoe ) <Hd ra'y ) fNa )

(C.19)

a proof of which can be found in e.g. [39]. Inserting it in (C.18) we finally get

<OQ(L)OTQ(‘LI)> = CnCLCL’H dna )5Ra W vg e 0 vl v (Hd Taba Tab,asT, ba)

X (H d(ra,ﬁ)(sra,ﬁ,rﬁl,ﬁ55(1,&75,'1,5) <Hd Tar )0, .7 7080, ) fr(Ra)
B
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=L cncLH dna (Hd Taba> (H d(ra,ﬁ)) (H (Ta,'y)) fn.(Ra)

g
(C.20)
which, using the normalisation constant cg, defined in (3.21), reduces to eq. (4.1):
<OQ(L) OTQ(LI)> =01 Ci HfNu(Ra) (C.21)

The orthogonality of the Fourier transformed operators is thus proven.

D Deriving the Holomorphic GGauge Invariant Operator

Ring Structure Constants

In this appendix we will derive the analytical expression for the holomorphic GIO ring structure
constants GL(l)’ L@ 1, corresponding to the diagram given in Fig. 19. We will divide the
computation into five main steps, for improved clarity. In the following subsection D.1 we will
explicitly derive the chiral ring structure constants for an A' = 2 SQCD, by using diagrammatic

techniques alone.

1) The permutation basis product

In this first step we are going to rewrite the product of two operators in the permutation
basis, Og(ii1, 51, 31) Og(ity, 5% ,5?), as a single operator Og(iis, 53, 73)), specified by
appropriate labels 7iz, §®) and #®. We use the defining equation (2.12) for Og(#,5,5) to

write this product as

JO o 5

(1)
H (Qm&f%)%” (0(1))Xba baa X7 Jan
ay ) 5 @ ) I xﬁfg?g
» ,

ab,a

(
@ \ Laba @\ fa, 52 @ 7@
% q)® ab,o b ® Q®na B8 g ® Q@ﬁt(zz,)v Say ( 2)) Xb O‘Jba aXy Ja
ab,a a,B a,y =(2) Oq (2) (2)
pall I @ 5 @ » Jay Xb,algy o Xp1,
Yo% ab,a a,B
) @ O @
I x 1 x 1
®(n(t)&+n((12b) ) ab,a ab,a ®( ((11;3"'”((1223) a,B a,B
= [0)) Q
aba M xs 2, af 1) .2
a | ba Jav,a X B %a,8%80,5
(1) S84 D ><§((12)
TG D I I s s
® (Ua X 0g ) 0 o e (D)
v ju(.lf)yxju(?% ><bC‘Iaboz ﬂIa,ﬁXbaIabaXﬁIaﬂ
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In the following we will continue to use the shorthand notation
|€i17€i27"'76in> = ’[>7 [: (i17i27"'ain)7

(e, e . ein| = (J], J = (J1,J2, - Jn)

which was already introduced in the previous sections. For each gauge node a, let us now

define the A\,_ and )\, permutations such that
Aa ‘Xb,afc(bi,)a X I3k X iy X5 fc(f,a> = ‘Xb,a <I(5l1))a X féz)a> Xp (félé x I§2§>> (D.2)
and

Aot ‘Xb,ajéi?a oy JU Xpq I j(527)> = ’xb,a (Jéi)a X Jés)a> oy (I x j(§27))> (D.3)

a,y & “ba,a

These permutations have been chosen such that, when suitably acting on the ol x o

component of (D.1), the resulting term has the right index structure to match the index

structure of the associated field component,

2) 1) (1))] Xb,a (It(zi?a“g?oc)XBO&;X](%)
(D.4)

(1) (2) o ) ]
o) [pact )] frant
b,a 5

7 Xba (Thaa X Thara ) X (TEAXTE)

We have in fact

(1) 7(1) (2) 7(2) (1) (2) 7(1) o 7(2)
(0_(1) x 0_(2))Xb,ana,aXwJa,wXb,ana,aXvJé,w . ()\_1 (0_(1) % 0_(2)) )\_1)beﬁ(‘]ba,ax‘]bma)XW(JG,’YXJO.KY)
a @ sy ad ) a1y % 0 x5 10 at \Va @ s (150 x 15 ) xa (1) %12

(D.5)

The purpose of A\, and A, is therefore to change the embedding into [n,] corresponding to
the ordering of the upper (lower) U(N,) indices of the fields coming into (departing from)
node a, eq. (2.9) (eq. (2.10)). It can be seen that the index structure of the RHS of (D.5)
now matches the one in (D.4). Inserting (D.5) into (D.1), we then obtain

0o (71,510, 6V) O 7y, §?,5P) = O (7119, 5V UFD X (FV x dP) XY (D.6)
where
sz = Un {Una (s nla ks Us {nllhn3 10, (00, 22} }

SW U = U{Us{s), s} U {8, 52 (D.7)

a7’y ’
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A (EW x D)X = U 00 (08 x o@) A1)

2) Using the inversion formula

In this step we are going to use eq. (D.6) to write a first expression for the Gro) pe) e

coefficients. Let us start form the product Og(LM) Og(L®?), that we expand as

= Y Y e 50,FY) oL, 52,59) Og(iin, 5,5Y) (72,5, 5)
(D.8)

Plugging eq. (D.6) into this equation we get

Oo(LM) Og = D> Y xe@W,5W,7W) xo(L®, 5, 5®)

51 5(2) 7(1) 7(2)

—

X Og(iiry2, 50 UFD X1 (3D x @) X-Y)  (D.9)

We now use the inversion formula (3.32) to get

Oo(LM)Oo(L®) =) "¢ Y Y x@W,5W,6W)x(L®, 5,52

LB 51 32 (1) 72)

x xo(L®, 50 Us® X1 (70 x 3?) Xl)} Oo(L®)
(D.10)

from which we obtain an expression for G L, L&), L®):

Gro Lo Lo

Z Z XQ , = )75(1)>XQ(L(2)75(2);5(2))XQ(L(3)a§(1) U 5(2)7)\;1 (5(1) % 5(2)) )\_—1)

§(1) 5(2) (1) 7(2)

(1) (2) (3)
Ry (1) Ry 2 Ry —1 1 2 -1
= Cr(m) CL2) CL®) E E H D oy U D o) <2)( ol ))Di(3> .(3)<)\a+ (O_L(l ) x Oc(z )) )\a—)

s 52 1) 572 a

szp)%Ub,aréi)aUﬁTipE;;V;(p) R( )—>Ub r(p) U}y—(?) +(P) (D 11)
X ’ ’ .
: jép)%ub,alﬁ)’auﬁlé% (p) l(p) Uvip)
p:

52
(1)[()0() 5(2)
a,y-ta,y a'y ’Y7CL’7

(1) o(1) ;(1) (2) (2) 7(2) (3) (3) 7(3) _(1
« Craﬁ’saﬁ’laﬁ C Ta,8"50,87ba,p C Ta,8"50,8'a,8 Cs(ﬁ,l
s 5 s us?), ) g
a,y»

)
ﬂQ) ( ) (3) 73
8 a,p 8a,8 v
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3) Fusing of gauge edges

At this stage the chiral ring structure constants are given as a product of three definite
quantities, 7.e. three quiver characters. We now proceed to fuse together their gauge edges,
by using standard representation theory identities. Let us then focus on the permutation

dependent piece of eq. (D.11), namely

(1) (2) (3) -~
> I 0% o 00D o (0@)DE o Ot (01 x 0@) A

2Ja.
1) 7(2) a

R® R® R® R® B
Z H <1) o) U‘(ll))Dz'ff) jéQ)(gc(LQ))Di,?) hg%(A )Dh<3> <3>( ol x o)D" oy (3)()\11—1)

0'(1),0'(2) a

Using the identity

R—ry,ra; R—ri1,ra; r
Dg<0_(1) « 0(2)) _ Z BZ—>711l22HB —T1,To50 lll,k1( (1)) N k2(0_(2)> (D.13)

J—rk1,k2

T1,72, 4

we can write

(2) (3) (3) (
(1)) RS 2)y HRS ~1y RS (1) o _(2)\ HRS 1
E H (1) i (0q )Digz),j(gz)(aa )Digs)’hg)(/\w)Dhgs) ggs)(ga x o, )D7 oy (3)(/\(1—)

0'(1) 0'(2) a

FD 52 a

(3) (1) ¢(2), (3) (1) o(2) (1) (2)
Z R8sV s, HREP s sE s¢ (1) nSE 2)
% By 2 Bg&‘*bké”,ké” "D k“)(g )Dlé”,kf)(ga )
Sl(ll)’Sc(lQ)7/"‘a
D)y, (2))
ne  'ng ! R®) 1\ ~R® 1
=11 D" (O HDR (A (D.14)
1 2 :(3) 1 (3)\"a+ (3) ~(3)\"la— :
L A(RMY A(RP) e ha 94" Ja

2
@) (1) o2). @) (1) o).
X E Bha oS ke gl TS0 ’”“H5 @ o@ 0.(a) (@) 0 (a) (@
he! =157 1 g5 —ks kg Ry7,Sa" Vi e e Ska

552 e o=t
1 2
ng)!ng)!
B 1) (2)
. d(Re’)d(Rs")
(3) (3) (1) p(2). (3) (3) 1) p(2),
R Ry7—Ry Ry pa Rg Ry’ =Ry R ta
XZ( 60 O Bl 78 8 ) (D 0 () B 5 )
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where in the second equality we used

n!
Z D 0)Dyy(0) = AR ——-0Rr.5 0k 01 (D.15)

O'GSn

It is important to stress that all the steps that we will be describing in this appendix can be
also interpreted diagrammatically. For example, (D.14) can be understood trough the diagram
in Fig. 24.

oo o

Ja Ja Ja
R R((,‘Z)
-~ -~ Y -/\
RO R® R®) 1;’(;)
I a
—1 7
E | | ol o [t (o x o) 27 x | | E H:
3
&1,02 a a  Ha e R‘(’ )
-~ -~ Y R(]) R(Z)
(1 +(2 :(3 (1 (2 (3
R i) R i)

Figure 24: Diagrammatic interpretation of eq. (D.14).

Similar pictures can be drawn for all the following steps. In equation (D.14) (or equiva-
lently, in Fig. 24) we see the emergence of the first of the selection rules already anticipated

in section 4.2. This selection rule is expressed by the terms

RD 5RO R, BRSO R, (D.16)
D@ P |

These coefficients are non-zero only if the restriction of the S, +n, representation R

Sp, X Sp, contains the representation R @ RY Va.

4) Fusing of the quark/antiquark edges

In this step we will perform the fusing of the edges corresponding to the fundamental/anti-

. . . 1,2
fundamental matter fields. This involves summing over the quark/antiquark states sg /’3) and
_(1,2 . .
sfm) Let us then turn to the Clebsch-Gordan parts of equation (D.11), that is
A1 g (D) 2) () ) B) ¢3) ()
Caﬁ aB’aBCaB’aﬁ’aﬁCaﬁ a,Ba,p D17
E : s s Us® ( )
L\ L@ 80,8 sk a,89%a,5
3, B’sa B
and
(1) e EORNE))
Sa,y Sa,y Sa 'yusa
E : c 71 g ) CF@) 3@ 7 C_<s> 53 1®) (D.18)
a,y:Qa,ysba,y a,ysta,y
s =(2)
Sa,7,8a,y

65



Consider for example the former. Aiming at simplifying notation, we rewrite it here dropping
the a, 8 labels:

(1) () 7(1) (2) 52 1(2) (3) 5(3) 1(3)
Cr S Cr S Cr S (Dlg)
S<1) 3(2>

3(1)U3<2)
s, 5(2)

We can expand this quantity as

r( s r(2 52 1(2) () §(3) 1(3)
E : Cs(l) C s(2) C

s(l)Us(Q)
s 52
— Z (r® SO MWWy (2 52) 12152y (:63) 5B 13)|s(1) y 5(2))

s, 5(2)

= Z (<7~(1), S l(1)| ® <7"(2), S 1(2)|) (|s(1)> ® |s(2)>) (r(?’), SG) l(3)|3(1) U 3(2)>

s, 5(2)

(r(1)7 S l(l)\ ® <r(2)7 S l(2)| Z |8(1)> ® |3(2)> (s(l)| ® <3(2)| ‘T(3)7 SB) 1(3)>
s s(2)

— ((T(1)7 SW W @ (r@ 5@, 1(2)‘) 1r®, 56 16))
= ({r(1),r(2)}7 {5(1)75(2)}7 {l(l }|T 3)> (D.20)

Since the generic state |r,S,l) € V" @ VASISRAES by definition the tensor product |r,S,l) =
Ir,S) @ |r,1), we may separately decompose the two states |r®,S®) 13} and [{r(M), r@},
{SW S@Y 1MW 121) as follows. We factorise the former according to the decomposition
(3.3), which in this case reads

S w4
‘/:,'(;)(3) = @ @ <V (711) Y V (g)(2>> ® V r(3) (D21)

WD Fn1) 4 (2)n(2)

We then write
|r(3), 5(3)’1(3)> - ‘r(3)75(3)> ® |r(3), l(3)>

= 3 Y Y B .89 @ {u®, w5 p P i)

u(1)7u(2> p(l),p@) v

P (D) 4 (2)
- Z Z Z B :p(w U{u, u® @ {ph) p@Y, 5By (D.22)

w4 p) p@ v
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For the latter we use instead the the unitary group decomposition (3.9), which in this case

takes the explicit form

U(F U 7~<1) @
V,nu() ) Q V7»<2() @ V (3) ’ n® = M 4 @ (D.23)
w®Fn3)

We therefore have
‘{T(l)jr@)}, {5’(1),5(2)}7 {l(l)7 1(2)}> — |{7,(1)77,(2)}7 {5(1)7 5(2)}> ® ‘{T(l),r@)}, {1(1)71(2)}>
w3 (1) T(Q) -
- Z Z ZCP<3>—>Z<1> 5@ u, P10y @ ‘{7‘(1),7‘(2)}7 {1121

uw® pB)

u(3) ;5 () (2 -
=222 Chlst s [{r0r® @y W@y P ) (D.24)

w3 p@3) 1%

The vector spaces pu (3) ?in (D.21) and V&;; g

We recall that dlm(VTZg) 2)) = g(rMW,r®: 7)) where g is the Littlewood-Richardson coeffi-
cient. Notice that both the states on the far RHSs of (D.22) and (D.24) live in the tensor

space W, where

in (D.23) are both multiplicity vector spaces.

(1) r(2)

W= V(IL)<1 ® V<2)2> ® V(s) OV (s’ (D.25)
Taking the scalar product of (D.22) and (D.23) then gives
) @Y 150 @Y (O @Y g @)

3 2
_ pr® - u®s Cuw);;,w(l),T(z)
= 13) (1) p(2) PB) 51 5(2)
k=1

= u(k) q=1 p(LZ) P(3) V,D

3
X (H 5T(k>,u(k>> (H O1(a), pla ) 05, P Oy,
k=1

B P L) 12y () (D) 1(2)
= E , By N Cys). )55 §(2) (D.26)

We conclude that
(1), 51 §(1) r<2> 5@ @) T(s) S(3)1(3) r3) p(D) 22 p3) (D) ()
E : C s(1) (2) E : B 13)—1(1) 1(2) Cyc (D’27)

Cot e 5(3)55(1) §(2)
s(1),5(2)

The diagrammatic interpretation of eq. (D.27) is drawn in Fig. 25.
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) s 1@ 5O 1®) 5O

s(1) g(2) s

Figure 25: Diagrammatic interpretation of eq. (D.27).

Reintroducing the a, 8 notation, we then obtain

PO g @ (2 o(2) (2 B) g3 1(3) »3 (1 ,.(2) (3) (1 ,.(2)
C a B’Sa B’la B C a ,B’Sa B’lu B C a B’Sa B’la B _ ﬁ—>Ta B’Ta B’yavﬁ Cfra B’Va rB—}T B’Ta B (D 28)
s o) oD Us®), ,(3) a0, 1) 535 52 -
a B a,B a, a,B"a a, a,B’
s

(2) v
u. 5’3 @.p

Similarly, we can show that for (D.18)

el (1) (2 3 1 (3) - () (2
ng,)q C«st(l ) Cst(l s PG T Wa Ort(z,zﬁl’awﬁ‘“(l,%vﬂ(l,% (D.29)
0 50 i Y 5 g0 CLe) a®) i = 13) L) 7 53 _,5) &) :
TaySaylay  TaqySaylay  TaySayla . —la,yla ay 7 9a,y:0a,y
§(1) §(2) Va,~
a7y 8ay

From eq. (D.28) and (D.29) (or equivalently by considering Fig. 25) one can see the manifesta-

tion of another selection rule for the holomorphic GIO ring structure constants. In particular,
r®) 1) )

the coefficients B _;‘1‘)’8;:2“)5 7% are identically zero if the restriction of the S 1) n(2), TEDESCN-

3) -

a,B"a,B "a B
tation r o tO S (1) x S ) does not contain the representation 7 g ® ra 6 A similar condition
"a,3

Py T T P
holds for the coefficients B%B) L@ :

Inserting egs. (D.14), (D 28) and (D.29) into (D.11) we then get

1)
G = Cr0) Cp) CL®) 2
L. L™ L6 = CL, o 5
. d(Re’)d(Ra”)
) p(1) p2), ®) ) p(1) p2).
Ry’ — Ry’ Ry s 1ha Ry Ry’—Ry R lta
X E <D @) h(s) (A )Bh((ls)%gl)’igm ) (D ® O ()‘a—)ng)H](l) @) )

R(p)_wb ar(p) UBT( P) . v —(p) R(p)_wb T(p) UW—(p) +(p>

X B
L0 @0 Ol i)
p:
H Z “’},-wa ﬁ,,«g ) iVa,s Crg ) Va, B—ijg,rffg
y z<3) l(l) z(2) S<3) —>s(§1}3,s‘2)
Va,8
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_Wa ’yarl(l ')yvl/a 5 Crrészpl/a W_Wz(; AT 1(1 ')y (D 30)
13) 11) [(2) 5(3)_>S(1) S(2> '

a'yv a,y»
Y Vay

5) Fusing the bi-fundamental edges and factorising the + nodes

The two tasks of this last step are to fuse the edges corresponding to the bi-fundamental
fields and to factorise the positive and negative node of the split-node quiver. We start by

considering the product

3
R® ()\ ) R®RW R, H Rt(zm_)Ub,ozrib)aUﬁr(p) @
&g 9 =i 5P N 3P =0y ol ®) U7

p:

(D.31)

which appears in eq. (D.30). We want to decompose this term into a product of branching
LB (@)

coefficients of the form (‘“; a%t‘ff e
13 )

aba ab,a’ab,a

First we notice that the equivariance property of the branching coefficients

R aTaiVa R aTaiVa
Dﬁj(xaf)/a) BJ:UUl = H D ’Ya Bk:il’a (D32)
also implies
Bk = DB (X47a) H Djey (va) | B (D.33)

for a collection of permutations U, {7, € S,,}, where each r, is a partition of the integer n,.

We can use this identity to write (D.31) as

3
R (/\ ) R®LRW R, H R(p>*>uba'f’(p) UﬂT(p) —(p)
a

35D g T g 5 5P 1 Jé)ﬁub,alﬁ?auelg‘f};
p:

(1) (2)
- (DPED ,C<1)(><ba776(bb)a 1) DR2> (2)(Xba77((1b)a x 1)

(3) (3) (1) (2),
Ry (1) (2) Ry’ =Ry’ Rg ipa
X Djés) o) <)‘a— (Xbaanab,a X 1 Xp0 Nap X 1 Bkésgkgl) }2)

3
R( )_>Ub ar(p) U T(p) ()
X HB ®) ) ﬁ<p> (D.34)
1 ]a —Up O‘lab auﬁla,ﬁ
p:

(p)

ab,a

where (X150 ><1)€S<p) and naba€S<p) ,forp=1,2.

Let us now go back to the equation deﬁnlng the A\, permutations, (D.2). It is easy to see
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that

1
Mo (Kt x5 % %o nli %5 08%) = [¥na (e % 05 ) x5 (o4 % 2E3)] Aa-

(D.35)
We can use this identity in (D.34) to get
3 (3) 1) p2) 3 (p) (p) (»).,,—(p)
DR( ) ()\ ) Ra —)Ra ,Ra sHa H Ra —Up arab aUﬂTa ﬂ’ya
]((13)’ 1(13) a— g((ZS)_>j((11)7jl(l2) e j((lp)_wb al((ﬁ,)aU l(?)
— (D% (xpanD x 1)D (xpan? x 1)
= PORAC b,alab,a @) @) b,aab,a
®) (3)_, g1 p2).
Rq (1) (2) Ry’ =Ry’ Ry ita
X D]‘<13> k@ <<Xb,a (Waba X Napa ) X 1) Aa- Bkgs)%kg) e
S RP Uy ar® e ®) @
x HB(p) oy (D.36)
Ja *)Ub’alab aUBla 8
p=1 ' '
Next we use the identity (D.32) in eq. (D.36) as follows, for p = 1,2:
®) R 50y 0r® Ugr )
R (p) b,alaqb .o ~8
D X x1)B
jgp>7kgp>< ballaba X 1) JIONRY lg;)(luﬂlé%
(0 () (Mo )i
b Lt \ 20 L5 a, ke %Ub,aqgi)aUﬁqu)a
(Lo, () ) Bl e (D.37)
UL, abe) ) Bt o)
Similarly, we use (D.32) also for the term
®) RO 50y ar® Upr®) s @
R 1 (2) ba BTa,p¥
DI o (%0 (11 x1) \a_) B
JIORIC) Nab,a * Mab,a a ‘3>—>ubalfz?;)au312?’ﬁ
® ® R =0y ar) 0prtwe @
R R, ( ) (2) b,alap,a BTq
=D Ao ) D70 (xb ( X x1) B
gc‘f),k&g)( a-) i3 @ o \Mab,a * Maba (3)—>uba§?auslfg
(3) r® R =0y ar) 0prtwe @
R ab,a (1) (2) b,alapb o BTa
=o)L (T (5 D.38
g(<13>7k513>( a-) 19 @ Nab,o ™ Tab,a JE )aub,aqii)auﬁl“) ( )

b,a
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Putting these last equations together, we get to

3
DRELS) (Aas) R ~RY R e H R =, a’“y;)auﬂrgp;)avVa ®
Ja '»9q a gt<13)_>jt(11)7j¢<12) jz(zp>_>Ub al((j;)aU l(p>

p=1

1) 2 3
_ Tab,a (1) Drt(zb)a (2) Téb)a (1) % ( ) BRgg)A)Rt(zl)ngQ%Ma
= W \Maba ) P @ \Taba | &0 @ \Maba < Mab,a ROBRTIINC)

b ab,a’dab,a ab,a’dab,a ab a’lab,a
b

2
R® R Uy oD Ugr g @) RP Uy ar®) UgrP) e @
X | DG ) (M) B ) @) (.3 (») ® (. (D.39)
Ga 7ka Ga _)Ub,aqab aUﬁl - k —Up aqab aUBla,B

p=1

Notice that the quantity on the LHS above is independent of the permutations . We can
then sum over all possible permutations n on the RHS, provided we divide by the number of

permutations themselves: we thus obtain

(p)

3
®) @), (1) p@),
D}Es) <3)()\a—)BBE§> T e HB ) ®
ga ' —Ja Ja 1 Ja _>Ubalp
p:

(p)

ab,a

Ugl(p)

—Up ol Uﬁ’l"@zg'ul:(p)

ab,a

1 »2
_ ab,x (1) ao,x (2)
- (1) | (2) | § : H l(ll; (Z) <nab,a) l(2’; (2) <77ab,a>

H n n : 1 2 ab, a'9ab,a ab,a’dab,a
b,a "Yab,a’ ""ab,a Ub,a{nf,;,nfzb)a} b,a

®)
Taba 1) @) ReY R R s
1@ \Taba < Mab,a ROBRTOIC)

ab,a’fab,a

2
DR(s) (/\ )BRf)ﬁUb ar(3> U574(3) ;Ua—(3) Rz(lp)ﬁub arii)ausr(p}g'w?(”) (D 40)
< D o O 11 |
g((ls)akt(l.s) a g( )Hub aq(S) UBZ(S) k(p)aub q(p) UBl(p)

p=1

The quantity inside the curvy brackets above has the same structure of the far LHS of eq.
(D.14). Performing similar steps to the ones presented in that equation we obtain, dropping

the a, b, a notation for improved clarity
(1) (2) 2 (3) 1 2
Z Djn) g 77 ) Z}z),q(z) (77( )) ;<3>,q<3> (77( ) % 77( ))
M, @

W1 @)1

'n'?! B Lp @) p @)y rG) () 12,

= B! B PR D.41

d(r®) d(r@) Z 13) 1) 1(2) 73 —q(D) ¢() ( )
v
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Inserting this identity in (D.40) we get

) 3)_ p(1) B2 3 RP) Uy 0P Ugr
DRCL ()\ ) Ra —)Ra Ra Ha b,a ab,x BTa
a FORCIC 1P Uyl ® U l(>

(p) —(®)

Ja i alopa
3 1 2 3 1
f— H 1 t(lb)a_>rz<zb)oz’ t(zb)a’l/ab @ (S,b)a_ﬁ‘t(lb)a’r(gb)a’yab o Rgg)—}R(l) 512)7110,
} : &) @ ENTOC (3 L @ RORRTOING)
Ub,a{l/ab,a} b,OL d(’["ab7a) d(?"ab a) ab,a’’ab,a a.b a qab,a qab,a a a a

2
DR Rr® A, BR23>—>Ub,arﬁ)auar§3}3, -(3) R(p)—>Ub ar(p) Uﬁ'fff};ﬂ/a ) D.42
Ol R ROINC Aa) B o) )@ o) ) @) (D.42)
9a "= byﬂqab,aUB a,B p*l a %Ubaaqab,auﬁ a,
. . . 3 3 .
Using the substitutions £ % and ga — kY we can then write
(3) (3) 1) p2) 3 (p) (p) (p).,,—(p)
DRa ()\ ) Ry —Rg ,Ra sHa H Ra —Usp O‘Tab aU/BTa 5"/‘1
L(l3)7g£3) a g((l3)_>jl(11)7j((l2) o j((zp>—>Ub alg’;>auﬁl(”>
3 1 (2 (3 1 (2
o H 1 B ab a_>Tab a’rab aVab,a B ab a_>rab oz’Tab aVab,a
- 2 : [COINIC)] (3) 1 (2
U {l/ } b.a d(’]"i;ll))a) d(r((li)a) ab « lab oﬂlab @ qab,a%qab,a’qab,a
b,a1Vab,a ) )
R SRM R g R ( ) R U, a’"g)auﬁr(g) wa Y
Sl | P 9 s 00D, Ual)
L) ®) @) = @)
BR(L _>Ubya7.ab aUﬂT
X H L) ) z<P>
a %Ubvaqub ocuﬁ
1 R RN BN S N C S
— H Baa ab,a’ ab,a’” A0, ab,a ab,a’ ab,a’” a0,
E : 6 ) 1® 0 @) W g0 @
Ub’a{uab’a} b,OL d(?”ab7a) d(rab,Oé) ab,a ab,a’’ab,a a,b e ab,a’lab,a
3 _
« DRa (M) BREE)%RS),R&Z);M HBRgp)Hquarﬁ),aUBTi%”a " (D.43)
k<3) g k) 1) KD Uy 0g® Usl?) :

p=1

We see here the manifestation of the last selection rule, enforced by the branching coefficients
A3 )

)
a a_>ra a’ a cz’ Vab,a
< b b These quantities are non zero only if the restriction of the S o) , @

((ZCZ)&_> 1(7}7)047 ¢<1.2b)a ‘ ab a+ ab,a
representation rflb)a to S L, X S n® contains the representation r((lb)a & r((lb)a

aba

With the identity (D.43) we have achieved a factorisation of the branching coefficients over
all the nodes of the quiver. Moreover, the positive and negative node of every split-node «a
are now disentangled. There are no symmetric group states qc(ga (1 =1,2,3), associated with
the negative node of the split-node a, that mix with symmetric group states lc(fb),a (1=1,2,3),

associated with its positive node.
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Plugging eq. (D.43) into (D.30), we get

1 2
G niM 1 nd )! 1
LW L) LB = CL) CLe) CLE) ) ) E
d(Ra ) ( ) Hba ( ab a) d(,rab,a) La
3 (3) 1) (2) 3 (p) (») ®.,—(
% R (M) R RV R 4 HBRa —Ub,aTgp,a Y87 Ve
k@ @ \Na=) D@ o) o) 1 B 53 0a® U l(p)
p:
5 @ o) @), - (») @) ) p0) )
% DR() ()\71) Ry’ —Rs ", Rg ipba HBR —UbaTpq,0Y77Tay
i o LR | N
F® 0 @) 3 1 (2

< (1L 22 B,

ba Vap,a

< (11> B

aba

ORI

ab a’ab,a

3 1 2
s

ab oz’rab aVab,a

ab oz_>rab a’rab aVab,a

CINIRNCOINC)

ab a ab, a’qab e

)

(3) _,(1) 4(2) (3) 1) (2
la,B la,ﬁ’la,ﬁ Sa,B Sa,B’Sa,ﬂ
5 Va,p
_(3 1 2 _(1) (2
X H T((l ')‘/4)7”51 ')yyrfz ')y;l/a ¥ Ta,'y;l/a,w‘)m(l ')yyrt(l ’)‘/ (D 44)
2. B e O e s
Va,~
The latter equation can be finally rewritten as
1 2
o niP 1t 1
L(1>7L(2)7L(3) == CL(U CL(Q) Cr3) (1) 2) ) (2) E H E
a d<Ra ) d(Ra ) Hb,a d(rab,a) d(rab o b,a Vab,a
o R((ls) ()\ ) R§3)%R¢(11),R¢(12);ua R<p)—>ub 7"<p) Uﬁr(p) v —(p)
k3 @ Na=) By 0 e BP0 aq®. Us ()
p=1 '
3 1 (2 (2. 3. 1) ,.(2)
X B ab a_>raba7rab aVab,a aﬁ’ aﬁ’ Va,B aﬁ’ aﬁ_”ﬂaﬂ’raﬁ
CINR O (3) ) @) 59550 5@
b,Oz ab,a ab,a’dab,a B Va3 a ,B87a,B a B
3
" DR‘?) ()\_1) s RY LR 5., HBR&PMub,ar;”)auwgPL,ua()
O V) B i o P ol 0, 1)
p=1
X H B lgi)a_)Tlgi)a’rl(;i)a’Vba @ H (5'2/‘>Tg.l')yy7'g‘2')y:’/a o Tg.d')y:’/a 7*}1”&%,?53»)7
LL B e g 2 B O s
) a,y
(D.45)

The last equation shows that, at each node a in the quiver, the holomorphic GIO ring structure

constant factorises into two components, one associated with the positive node and one asso-
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ciated with the negative node of the corresponding split node a. Figure 19 shows a pictorial

interpretation of this formula.

D.1 Diagrammatic derivation for an A/ =2 SQCD

We are now going to present a diagrammatic recap of this derivation, for the example of an
N = 2 SQCD already discussed in section 4.2. Our starting point is (D.11), where each L)
has been simplified as in eq. (4.10). We can depict this quantity as in Fig. 26.

! o

e

o)
s

52
52

Gro L Lo

= > > ‘ o)

s(1),8(2) o(1) 5(2)
51 5(2)

e

S

NSRS

5®

3

s Us®

\ T

Figure 26: Diagrammatic representation of the chiral ring structure constants for an N'= 2 SQCD,
corresponding to eq. (D.11).

After using identity (D.14), which is represented in Fig. 24, the diagram is transformed to
the one in Fig. 27. We see that now the three disjoint diagrams of the previous Fig. 26 are

4



now joined into a single connected component.

Gro L@ Lo

x D

s(1) 5(2)

@l
iy
o
=

T
i
N

Figure 27: The diagram for the chiral ring structure constants after using the identity (D.14). The
horizontal bars are to be identified.

Here we can see the relevance of the permutations A\_ and A,, which were previously
obtained in the explicit derivation. They allow the fusing of all the state indices of the three
disjoint pieces of Fig. 26. This can be understood by looking at Fig. 27. Let us follow the
flow at the top of the diagram from r® @ 7" @ r® @ ¥ to R®. This corresponds to the
embeddings

Sn(l) X Sny) X Sn(z) X Snff) — Sn(l)+ng1) X Sn(2)+n,g2> — Sn(1)+n(2)+nl<11)+n(<12)

(D.46)

YU RO PP u [RP] = O+ nM) U R® + nl(f)] — [nW + ngl) +n® 4 nl(f)} (D.47)

The second embedding corresponds to the branching coefficient labelled by p. In the branching

5



(3

after the A, permutation, R® splits into r® and 7"((13). The relevant embedding is now

q q q

which comes naturally from the construction of O(L3). The purpose of i is to allow the
transition from (D.47) to (D.48). A similar (but reversed) role is played by the permutation
A_.

Now we use the relation in Fig. 25 to separate the edges corresponding to the quark (and

antiquark) fields from the rest of the diagram. We thus obtain Fig. 28.

[
L

Gro L@ L

Figure 28: The outcome of inserting the identity described by Fig. 25 into Fig. 27. The horizontal
bars are to be identified.

The last step is to separate all the edges connected to the negative node of the split-
node from all the edges connected to its positive node. As explained in the derivation above,
this operation is achieved through the identity (D.43), which in this example takes the form
depicted in Fig. 29.
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13

1) ll(]l) 12) lr(12) 1 12)

Figure 29: Diagrammatic description of eq. (D.43) for the N' =2 SQCD example.

Once this diagrammatic relation has been inserted into Fig. 28, we straightforwardly
obtain the final diagram for the chiral ring structure constants for an N' = 2 SQCD, depicted
in Fig. 18.

E Quiver Restricted Schur Polynomials for an N = 2
SQCD: 7 = (2,2,2) Field Content

In this appendix we will summarise the main steps which led to the expression of the operators
in (5.37). In particular we will derive all the fourteen different quiver characters, corresponding
to the set of labels L; described in (5.36), i = 1,2, ..., 14. The operators (5.37) are then readily
obtained by using the definition (3.19).

We start from O(L;) and O(Lsy). Their quiver characters can be immediately computed

to be respectively

1 i (pld] -
(Ly,5,0) = NG C’S C : X(Ls, §,0) = —sign(c 8!52 @82 (E.1)

\/ﬂ

Here we used the Clebsch-Gordan coefficients already derived in (5.29). We will keep using

this notation for the rest of this appendix.
Let us now turn to the three dimensional representation Bjj of S;. We choose a basis
{e1, €2, €3} in which the three Jucys-Murphy elements (12), (13) + (23), (14) + (24) + (34) of

S, have the eigenvalues in table 2.
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(12) | (13)+(23) | (14) + (24) + (34)

el | 1 1 2
ey | -1 1 2
es | 1 2 1

Table 2: Eigenvalues of the Jucys-Murphy elements (12), (13) + (23), (14) + (24) + (34) on our
chosen basis {e1, ez, e3} for the standard representation of Sy.

Alternatively, we can specify our basis choice with the standard Young tableaux

:1,)2‘4‘7 €2~§3‘4‘, €3N}12‘3‘ (E.2)

We now consider the group restriction Sy|g o = {(1),(12),(34),(12)(34)}. Under this re-
striction, the H decomposes as

€1

O —rTe[T] @ H@Dj & Dj@H (E:3)

L SQXSQ

The branching coefficients for this group reduction will then be the matrix elements of the

orthogonal operator B such that

1 00 1 0 0
BI'DP((W))B=|0 10 | BTID¥((12))B=1 0 —-1 0 |
0 01 0 0 1
1 0 O 1 0 O
B'DV((349)B=101 0 |, BTIDT((12)(34))B=| 0 -1 0
00 -1 0 0 -1
(E.4)
In our basis choice (E.2) the matrix B reads
V2 0 -1
1
B=— E.5
Al 0 VB oo (E.5)
10 V2
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The branching coefficient for (E.3) are then

H—m, g -8, F o 8

Bl%ﬁmm: \/ga Bl—}l_,; EDZO, Bl—}l_,;m :—\/Lg,
S g+ -8 SR B

BQ—>1_,;D:‘,ED:0a BQ—>1,_; = 17 BQ—>1_,;ED7 :07 (E6)
F k) F E7 F H

B3—>1_7;Dj T=1, B3—>1,_; = 0, BZ’>—>1_,;ED - %

We now define the orthogonal projectors

PZ?]:'D—H:D,ED — B,LBi:‘L_{ED’ED B]Efal:\:‘,l:\:‘) Pz?j:‘—)H,E\j — BZBfL—I)E7ED B]Bijlia,l:\:"
m el o i g o B
Pm T = Bz‘—>1,—1>uj Bjeljm (E7)

which project the Hjj of S, on the [TJ® 1], on the B ®[11and on the (M ® H of Sy x Sy

respectively. We also define a fourth operator, that we label T, as

Ty =Bl "B " (E3)
These matrices explicitly read
2 0 V2 000
e I E e e R E
V2 0 1 000
(E.9)

-2 0 2 -1 0 V2

The quiver character for O(L3), O(L4), O(Ls), O(Lg), O(L7) are then

X(Ls, §,0) = % Tr [DF(0) PP ¢l cly

51,52 51,52

WL 0) = 5= T [D7(0) P70 L Y
1 -
X(Ls, 5,0) = —= Tr [D7 (o) P77 C’SSQ 032, (E.10)
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1 o IHE
X(L67 S, U) = 2\/5 Tr [D (U) T} 051782 C(51,52 )

1 - an|
X(L% §’7 U) = 2\/5 Tr [D (U) Tt] 051,52 051752

Here T" is the transpose of the matrix 7" in (E.R).
We now focus on the Ej representation of S;. This representation can be obtained by

tensoring together the standard and the sign representation of Sy:

~H1e (E.11)

In the following, we will continue to use (E.2) as our basis choice for the standard representation

H-1. Under the group restriction Sylg g, = {(1),(12), (34), (12)(34)}, the @j decomposes as

=[D®H€BH®DIGBH®H (E.12)

— S2 XSQ

As in the previous instance, the branching coefficients for this group reduction are the matrix

elements of the orthogonal operator B, such that

100 1 0 0
B'D((1))B=|010 |- BD'((12)B=| 0 -1 0o |.
00 1 0 0 -1
-1 0 0 -1 0 0
BD((34)B=| 0 1 0o |. BDN(A2B4H)B=| o -1 0
0 0 —1 0 0 1
(E.13)
In our basis choice, the matrix B reads
0 —1 V2
b= 1| &3 (F.14)
7 30 0 :
0 V2 1
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The branching coefficient for (E.12) are thus

Bl omB_ pl-Bm_ 1 B -0 \/5

1—>11 - Y 1—>11 - V30 1—>11 - 3

B, o, B, o, B, =0, (5.15)
Bl -omB_ Eﬂam_\/g B -0A_ 1

3_”1 ’ Byt 3 3—»11 =

Closely following the procedure of the previous paragraph, we define the orthogonal projectors

Ej—m:[ B_ Eﬂm B Ej—mz B Pﬁﬂa - Bﬁj—ﬁ D:Bﬁj—ﬂ -
'L] z~>11 j*)l 1 ’ %, i—1,1 j—1,1 ’
58,8 _ Ej 8.8 E” 5.8
Pi,j o z—>?1 j—)?l (E16)

These operators project the ﬁj of Sy on the Dj@H, on the H@Dj and on the H@H of S5 x S

respectively. We also introduce the operator V:

F' 8,0 53 -8,8
V - Bzﬁ?l EDB]HTl (E17)
These matrices explicitly read
000 1 0 —V2
Pﬁj—m\jﬂz 010 |, Pﬁj—ﬂvm:% 0O 0 0 ,
000 -2 0 2
(E.18)
2 0 V2 -2 0 -1

-2 0 1 2 0 V2

Notice that V' = T*, where T is the matrix defined in (E.9). The quiver character for O(Lg),
O(Lyg), O(L1o), O(L11), O(L12) are therefore

1
y(Ls, 5,0) = —— Tr [Daj(a) Pﬁjﬂﬂ] l l
2¢/2
- 1 i G
XLy, ,0) = 5= T [D (o) PY =% ] ¢ cbld (E.19)
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1
X(Llovga U) = ﬁ Tr _DH](U) PE%E,E} Cssz Csza
)
- 1 i nnpin
X<L117870> =—F=1Tr|D (0) V:| CS s O§ 59
2\/5 I 1,52 1,52
_ I
1
X<L127 ga U) = m Tr _DH](U) Vt] 0882 Cg.é

Two operators still remain. They can be obtained by considering the Sy Bﬂ representation

branching

=[D®DIGBH®H (E.20)

SQXSQ

The H} representation of Sy is really a representation of the quotient group Si/{(1),
(12)(34), (13)(24), (14)(23)}, which in turn is isomorphic to Ss;. This representation is thus
just the standard representation of S3 pulled back to Sy via this quotient [38]. We choose a
basis {e1, €2} in which the Jucys-Murphy elements (12), (13) + (23), (14) + (24) + (34) of S,

have the eigenvalues in table 3.

(12) | (13)+(23) | (14) + (24) + (34)

€1 1 -1 0

€9 -1 1 0

Table 3: Eigenvalues of the Jucys-Murphy elements (12), (13) + (23), (14) + (24) + (34) on our
chosen basis {ej,es} for the two-dimensional representation of Sy.

The standard Young tableaux labelling of this basis is

(E.21)

[ ad €9 v
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An explicit representation of B} is therefore obtained by considering the set of matrices

10
DH((1)) = DH((12)(34)) = DT((13)(24) ) = DI((14)(23)) =

01

DE((12)) = DE((34)) = DE((1324)) — DE((ua23)) = | | ) |

0 —1

_1  _ B
DY((13)) = D7((24)) = DF((1234)) = DF((ua32)) = | 2 * |,

_Vv3 1

22 (E.22)

_1 V3
DH((23)) = DT((14)) = DF((1342)) = DF((1243)) = | * * |,

V3 1

_1 _ 3
DH((123)) = DY((243)) = DT((142)) =D ((134)) = | * |,

v3 1

_1 B
DE((132)) = DF((143)) = DF((234) ) = DH((124) ) = f 21

With this basis choice, under the group restriction Silg, .5, = {(1),(12),(34), (12)(34)}, we
have

10 1 0
DH((1)) = , DF((12)) = :
0 1 0 —1
(E.23)
1 0 10
D((34)) = 7 DF((12)(34)) =
0 —1 01

The decomposition (E.20) is already manifest. The branching coefficients for this reduction
are then

M-, 0,8 .
B]%?lm:‘ 0= .1, Bj%_lil =052, ] = 1, 2 (E24)
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We can now write the orthogonal projectors

PE;‘_)DIDHZBZEE?FH’EBJEIiz?’E — PHH—)D:{,[D _ 10 ’
0 0
(E.25)
00
E?;%H’H:B%T,F’EBJE%TEE — pH-BB
0 1

projecting the H} of Sy on the (O ® 17 and on the H ® H of Sy x S, respectively. The quiver

characters for the remaining two operators, O(Ly3) and O(Ly4), are then

51,52 51,527

1 R
X(Li3,5,0) = 575 Tt [D¥(o) PPo==] ¢l clld

2
1 :
X(L, §,0) = —= Tr [D¥(o) P77 CHQ 052 (E.26)
2v/3 7 ’
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