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We conjecture a closed-form expression for the Schur limit of the superconformal index
of two infinite series of Argyres-Douglas (AD) superconformal field theories (SCFTs): the
(A1 , A2n−3 ) and the (A1 , D2n ) theories. While these SCFTs can be realized at special points
on the Coulomb branch of certain N = 2 gauge theories, their superconformal R symmetries

are emergent, and hence their indices cannot be evaluated by localization. Instead, we
construct the (A1 , A2n−3 ) and (A1 , D2n ) indices by using a relation to two-dimensional q-

deformed Yang-Mills theory and data from the class S construction. Our results generalize

the indices derived from the torus partition functions of the two-dimensional chiral algebras
associated with the (A1 , A3 ) and (A1 , D4 ) SCFTs. As checks of our conjectures, we study
the consistency of our results with an S-duality recently discussed by us in collaboration

with Giacomelli and Papageorgakis, we reproduce known Higgs branch relations, we check
consistency with a series of renormalization group flows, and we verify that the small
S 1 limits of our indices reproduce expected Cardy-like behavior. We will discuss the S 1
reduction of our indices in a separate paper.
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1. Introduction
Generalized Argyres-Douglas (AD) theories are 4d N = 2 superconformal field theories

(SCFTs) with at least one scalar N = 2 chiral generator of non-integer conformal dimension.1 In all known examples, these operators can acquire vacuum expectation values (vevs),

which then parameterize the Coulomb branch of the theory (indeed, these operators are
often referred to as “Coulomb branch” operators). AD theories were first discovered at
special points on the Coulomb branch of N = 2 supersymmetric gauge theories where

BPS states with mutually non-local electro-magnetic charges become simultaneously massless [1–3]. Since there is no duality frame in which the massless states are only electrically
1

By N = 2 chiral generator, we mean a generator of a chiral ring that is annihilated by all the anti-chiral
Poincaré supercharges of N = 2 SUSY.

1

charged, the IR theory is believed to be a strongly coupled SCFT without a Lagrangian
description.2 These theories were also embedded in string and M-theory in [4–7], which
lead to a systematic construction of an infinite number of such SCFTs.
While it has been almost exactly twenty years since AD theories were first discovered,
most physical quantities in AD theories (even highly protected observables) still remain to
be calculated. The principle reasons that there are so many aspects of AD theories yet
to be explored is the lack of a Lagrangian description and the fact that these SCFTs are
specified by various subtle scaling limits.3
On the other hand, there is concrete evidence that the simplest-known interacting N = 2

SCFTs are AD theories! Indeed, we can find some support for this statement by studying

the leading behavior of the a conformal anomalies of the AD theories discussed in this
paper as a function of their ranks (i.e., the dimensions of their Coulomb branches) and
comparing this behavior with the corresponding scaling in other types of theories. For
example, taking a Lagrangian gauge theory (with a = aG.T. ), one of Gaiotto’s TN theories
for some particular value of N = N0 [13] (with a = aTN0 ), and one of the AD theories
described below (with a = aAD ) all of the same rank, k ∼ N02 , we find
aG.T. ∼ k 2 ,

3

aTN0 ∼ k 2 ,

aAD ∼ k .

(1.1)

In particular, we see that the total number of degrees of freedom in the AD theory (as
measured by a) is of the same order as the number of degrees of freedom describing the
Coulomb branch! In fact, we will find hints of another much more subtle way in which
certain AD theories are simple.
In spite of this simplicity, one important but rather basic observable that has not
been computed for AD theories (but has been computed for Lagrangian theories and TN
theories) is the superconformal index.4 This quantity captures the spectrum of certain
short multiplets.5 More precisely, the superconformal index of a four-dimensional N = 2

SCFT is defined as the following refined Witten index, taken with respect to a particular
2

This statement is also clear from the fact that at least some of the N = 2 chiral generators have the

wrong scaling dimensions and R symmetry quantum numbers to be Casimirs of a weakly coupled gauge
group.
3

Still, there has been a great deal of recent progress in understanding the S 1 reductions of large subclasses

of AD theories (see, e.g., [7,8] and references therein), in understanding their BPS spectra (see, e.g., [9,10] and
references therein), and in understanding properties of their Higgs branches (see, e.g., [11, 12] and references
therein).
4

See, however, [14] for a discussion of a particularly simple limit of the index in some AD theories.

5

We do not distinguish between short and semi-short multiplets.

2

supercharge, Q, (satisfying {Q, Q† } = ∆) and a (mutually) commuting set of conserved

charges [15]

TrH (−1)F e−β∆ pj1 +j2 −r q j1 −j2 −r tR+r

Y

(xi )fi .

(1.2)

i

In (1.2), the trace is taken over the Hilbert space of local operators, H, the parameters j1 , j2

are SO(4) spins, R is the SU(2)R Cartan, r is the U(1)R ⊂ U(1)R ×SU(2)R charge, and the

fi are flavor charges. The fugacities p, q, t, and xi are complex variables satisfying |p|, |q|,

|t|, |pq/t| < 1, and |xi | = 1. By the usual arguments, only operators annihilated by Q and

Q† contribute to the index.6 These operators satisfy ∆ = E−2j1 −2R+r = 0, where E is the
scaling dimension. Since the index only counts such short multiplets (modulo combinations

of short multiplets that can pair up to form long multiplets), the index is independent of
exactly marginal deformations (as long as the theory has a discrete spectrum).
In this paper, we will be primarily interested in the Schur limit of the superconformal
index [16]. This limit is defined by taking t → q in (1.2). Since the p-dependence drops

out in this limit, p is arbitrary, and we find

I(q; ~x) = TrH (−1)F q E−R

Y
(xi )fi .

(1.3)

i

Alternatively, the superconformal index can be identified as the partition function on
S 1 × S 3 with background gauge fields (corresponding to the chemical potentials in (1.2))
turned on [15]. Therefore, in theories with a Lagrangian description, the index can be

evaluated by a path integral on S 1 × S 3 (via supersymmetric localization or, sometimes, by

going to a weak-coupling point on the conformal manifold7 ). However, the superconformal
index of AD theories cannot be evaluated in this way because of the reasons mentioned

above: the superconformal R-symmetry is emergent, and these theories are specified by
taking special scaling limits (moreover, even if an AD theory possesses an exactly marginal
deformation, there is no free limit on the resulting conformal manifold).
In this paper, we focus on a different route. Guided by the class S construction of

a certain large class of AD theories and generalizing a 2d/4d correspondence proposed

in [17], we conjecture a closed-form expression for the Schur index of two infinite sets of AD
theories: the (A1 , A2n−3 ) and (A1 , D2n ) theories. While these theories can be constructed
6

In the conventions of [14], we will choose Q = Q̃2−̇ in this paper (other choices lead to equivalent

constructions of the index).
7

Since the index is independent of marginal couplings, it can be evaluated by a perturbative calculation
in the weak-coupling limit.

3

at maximally singular points of pure SU(2n − 2) and SO(4n) SYM theory [11] or by

putting type IIB string theory on certain Calabi-Yau singularities [5], we will find that

the most fruitful construction for our purposes comes from the class S perspective, i.e., by
compactifying a six-dimensional (2, 0) theory on a punctured sphere [6, 7].8

The reason that this latter perspective is so useful is that one can naturally hope to
associate a topological quantum field theory (TQFT) with the compactification surface,
C [18]. Since the index is invariant under marginal deformations (and these marginal

deformations have a geometrical interpretation on C), it is natural to imagine that it can

be computed in this TQFT. Indeed, in the special case of the (2, 0) theory on a surface, C,

with “regular” punctures, the Schur index of the four-dimensional theory can be thought
of as a correlator in two-dimensional q-deformed YM theory on C [17].9

Therefore, our strategy in this paper is to generalize the above 2d/4d relation so that it

can be applied to the (A1 , A2n−3 ) and (A1 , D2n ) theories. The main difficulty in our cases of
interest is that, as reviewed in section 2, C has an “irregular” puncture. The interpretation

of such a singularity in q-deformed YM theory has been unclear. To remedy this situation,

we propose just such an interpretation. As a result, our construction leads to a closed-form
expression for the Schur index of the (A1 , A2n−3 ) and (A1 , D2n ) theories.
Let us briefly summarize our conjecture here. As reviewed in section 2, the flavor
symmetries of the (A1 , A2n−3 ) and (A1 , D2n ) theories are generically U(1) and U(1)×SU(2),
respectively. Let x and y be fugacities for the U(1) and SU(2) flavor subgroups. We
conjecture that the Schur indices of the (A1 , A2n−3 ) and (A1 , D2n ) theories are then given,
respectively, by
I(A1 ,A2n−3 ) (q; x) = N (q)

X
(n)
[dim R]q f˜R (q; x) ,

(1.4)

R

and
I(A1 ,D2n ) (q; x, y) =
where N (q) ≡

Q∞

n=2 (1

X

(n)
f˜R (q; x) fR (q; y) ,

(1.5)

R

− q n )−1 , and R runs over the irreducible representations of su(2).
k

k

1

1

The quantity dim R stands for the dimension of R, and [k]q ≡ (q 2 − q − 2 )/(q 2 − q − 2 ) for
8

To be precise, the (A1 , A1 ) and (A1 , D2 ) theories are not AD theories but rather are theories of free

hypermultiplets. However, they can be embedded in string theory and M-theory exactly in the same way as
the other (A1 , A2n−3 ) and (A1 , D2n ) theories.
9

For example, the Schur index of the TN theory was obtained in this manner.

4

(n)
any integer k. We conjecture that the wave-function factor, f˜R (q; x), is given by

where (q; q)∞ =

Q∞

i
h
q nC2 (R)
2
(n)
TrR x2J3 q −n(J3 ) ,
f˜R (q; x) ≡
(q; q)∞

k=1 (1−q
11

Casimir invariant of R.

k

(1.6)

), J3 is a Cartan generator of su(2),10 and C2 (R) is the quadratic
The other factor, fR (q; x), is well-known in the literature on

regular singularities, and is given by



q
su(2)
su(2)
fR (q; x) ≡ P.E.
χadj (x) χR (x) ,
1−q

(1.7)



(x) = TrR x2J3 is the su(2) character
with
 R, and the “plethysP associated
∞ F (q k ;xk1 ,··· ,xkℓ )
for any function F of
tic exponential” P.E.[F (q; x1 , · · · , xℓ )] ≡ exp
k=1
k
su(2)

where χR

the fugacities. As we have mentioned above and will describe in more detail below, the
conjectures (1.4) and (1.5) are motivated by the 2d/4d relation discovered in [17].

The plan of this paper is as follows. In section 2, we briefly review the class S con-

struction of the (A1 , A2n−3 ) and (A1 , D2n ) theories. In section 3, we further motivate our
conjectures (1.4) and (1.5). Then, in the following two sections, we give various consistency
checks. In particular, in section 4, we first verify that our conjectures correctly reproduce

the known Schur indices of the free (A1 , A1 ) and (A1 , D2 ) theories. We also check that,
in the rank one case, (1.4) and (1.5) are consistent with recent connections between twodimensional chiral algebras and the Schur sector of four-dimensional N = 2 SCFTs [19].
In addition, we verify that (1.5) is consistent with the S-duality found in [20]. In section

5, we perform consistency checks available for general (A1 , A2n−3 ) and (A1 , D2n ) theories:
we study the emergence of known Higgs branch relations, consistency with an intricate set
of renormalization group (RG) flows, and expected Cardy-like scaling in the small S 1 limit
of the index. Finally, we conclude with a discussion of open problems.

2. Argyres-Douglas theories from 6d (2, 0) theories
A class S theory is a four-dimensional N = 2 supersymmetric field theory, TC , obtained by
compactifying the six-dimensional (2, 0) theory with Lie algebra g = Ak , Dk , or Ek on a

(punctured) Riemann surface, C [9, 13, 21]. Four-dimensional N = 2 supersymmetry arises

after performing a partial topological twist on C, which breaks the SO(5)R R-symmetry
10
11

As usual, we normalize J3 so that the fundamental representation has eigenvalues J3 = ± 21 .

To be explicit, C2 (R) ≡ ((dim R)2 − 1)/4.

5

of the six-dimensional theory down to SO(2)R × SO(3)R. At each puncture on C, a BPS
boundary condition is imposed so that four-dimensional supersymmetry is preserved. These

BPS boundary conditions correspond to half-BPS co-dimension-two defects extending in
the four-dimensional spacetime. Crucially, such BPS defects induce flavor symmetries of
TC . Thus, TC is specified by g, a choice of C, and the BPS defects on C.

In this paper, we focus on the case g = A1 . The simplest BPS co-dimension-two defect

is then a so-called “regular” defect [9, 13, 22, 23], which is characterized by the nearby
behavior of a local BPS operator, O, with SO(2)R charge 2 and trivial SO(3)R quantum
numbers [9, 13].12 The corresponding vev, hOi, parameterizes the Coulomb branch of TC

and is identified with Tr(ϕ2 ), where ϕ is the Higgs field of an A1 Hitchin system on C [9].13

At a point where a regular defect is inserted, ϕ has a simple pole.14 Moreover, the flavor
symmetry induced by a regular defect is SU(2). Following the standard terminology in the
literature, we call a puncture associated with a regular defect a “regular puncture.” If all
the punctures on C are regular punctures, then TC is known to be superconformal [13]. One

general property of these SCFTs is that their N = 2 chiral operators always have integer

scaling dimensions.

Crucially for us in what follows, there is another class of BPS co-dimension-two defects
called “irregular” defects [7,9,24]. At a point where an irregular defect is inserted, ϕ has a
pole of order n+1 (where n > 0). We call n the “rank” of the irregular defect, and it can be
any positive half integer. However, we will focus on integer ranks in this paper. The flavor
symmetry group induced by an irregular defect is generically U(1). Following the standard
terminology, we call a puncture associated with an irregular defect an “irregular puncture.”
If there is an irregular puncture on C, then TC is not always conformal. Indeed, it was

shown in [6, 7] that TC is an SCFT if (i) C is P1 with an irregular but no regular puncture,

or (ii) C is P1 with an irregular and a regular puncture. In either of these two cases, TC

generically contains N = 2 chiral operators of non-integer scaling dimensions [6, 7, 25], and
therefore is an AD type N = 2 SCFT [1–3]. In this paper we study the superconformal
index of two infinite sets of these SCFTs that we will describe in the next sub-section.

This operator descends from a scalar BPS operator in the 6d theory on R6 . However, after the topological
twist, O becomes a differential of degree 2 on C.
12

13

The A1 Hitchin system involves an SU (2)-bundle, V . The Higgs field, ϕ, is an (End V )-valued meromorphic (1, 0)-form on C with possible singularities at the point where a defect is inserted. The moduli space
of ϕ with fixed singular behavior corresponds to the Coulomb branch moduli space of the four-dimensional
theory, TC . For example, the Seiberg-Witten curve of TC is given by x2 = hOi = Tr(ϕ2 ).
14

If the mass deformations are turned off, ϕ is less singular.

6

2.1. The (A1 , A2n−3 ) and (A1 , D2n ) theories
Suppose that C is P1 with an irregular puncture of rank n ∈ Z+ for n ≥ 2. Then, the
four-dimensional theory, TC , is an N = 2 SCFT called the (A1 , A2n−3 ) theory [5, 7]. This

theory has an interesting moduli space of vacua, with the dimensions of its Coulomb and
Higgs branches given by
dimC MCoulomb = n − 2 ,

dimH MHiggs = 1 .

(2.1)

The Coulomb branch is parameterized by the vevs of n − 2 N = 2 chiral operators of
scaling dimensions 1 + k/n for k = 1, 2, · · · , n − 2. The non-integer scaling dimensions

imply that the theory does not admit a Lagrangian description for n ≥ 3. Moreover, the

absence of a dimension-two N = 2 chiral operator means that there is no N = 2-preserving

marginal deformation. On the other hand, the Higgs branch of the theory is known to
be the orbifold C2 /Zn−1 [11]. For n > 3, there is a U(1) flavor symmetry induced by the

irregular puncture, but this symmetry is enhanced to SU(2) for n = 2, 3. The fugacity, x,
in our conjecture (1.4) is associated with this flavor symmetry. The conformal anomalies
of the theory are [7]
a=

12n2 − 29n + 12
,
24n

c=

3n2 − 7n + 3
.
6n

(2.2)

In particular, (2.2) is consistent with the fact that the (A1 , A1 ) SCFT is a theory of a
free hypermultiplet, while the (A1 , A3 ) SCFT is the rank-one AD theory obtained at the
maximally singular point of the SU(2) gauge theory with two flavors [2].
Next, consider the case in which C is a P1 with an irregular puncture of rank n ∈ Z+

and a regular puncture. TC is now an N = 2 SCFT called the (A1 , D2n ) theory [5–7]. The
dimensions of its Coulomb and Higgs branches are given by
dimC MCoulomb = n − 1 ,

dimH MHiggs = 2 .

(2.3)

The N = 2 chiral operators have scaling dimensions 1 + k/n for k = 1, · · · , n − 1, which

implies that the theory admits no Lagrangian description for n ≥ 2. There is again no

N = 2-preserving marginal deformation. The irregular puncture induces a U(1) flavor
subgroup, while the regular one induces SU(2). For n ≥ 3, the flavor symmetry of the

theory is indeed U(1) × SU(2). However, for n = 2 the symmetry is enhanced to SU(3),

while for n = 1 it is enhanced to Sp(2). The fugacities, x and y, in our conjecture (1.5)

are associated with the U(1) and SU(2) subgroup of the flavor symmetry respectively.

7

The flavor central charge for the SU(2) subgroup is kSU (2) =

4n−2
n

[26].15 The conformal

anomalies of the theory are [7]
a=

6n − 5
,
12

c=

3n − 2
.
6

(2.4)

In particular, (2.4) is consistent with the fact that the (A1 , D2 ) SCFT is the theory of two
free hypermultiplets, and the (A1 , D4 ) SCFT is the rank-one AD theory obtained at the
maximally singular point of the SU(2) gauge theory with three flavors [2].

3. Motivating our conjectures for the superconformal index
The main claims of this paper are the conjectures (1.4) and (1.5) for the Schur limit of the
superconformal index of the (A1 , A2n−3 ) and (A1 , D2n ) theories described above. For ease
of reference, we reproduce these conjectures below. We have
I(A1 ,A2n−3 ) (q; x) = N (q)

where N (q) ≡
k
2

[k]q ≡ (q − q

Q∞

− k2

X
(n)
[dim R]q f˜R (q; x) ,
R

n −1
n=2 (1 − q ) ,
1
− 21
2

i
h
q nC2 (R)
2
(n)
f˜R (q; x) ≡
TrR x2J3 q −n(J3 ) ,
(q; q)∞

(3.1)

dim R is the dimension of the su(2) representation, R, and

)/(q − q

). On the other hand, for the (A1 , D2n ) theories, we have


X (n)
q
su(2)
su(2)
f˜R (q; x) fR (q; y) , fR (q; x) ≡ P.E.
χadj (x) χR (x) .
I(A1 ,D2n ) (q; x, y) =
1
−
q
R

(3.2)

In this section, we would like to motivate these two conjectures.
Our task is made somewhat more difficult by the fact that the AD theories we study
lack a Lagrangian description. Therefore, as mentioned in the introduction, we cannot
compute their indices using the machinery of supersymmetric localization. However, as
described above, there is a potential way out for theories of class S. Indeed, since the

index is invariant under exactly marginal deformations, and since these exactly marginal
deformations have geometrical interpretations on the Riemann surface, C, used to define the

class S theory, TC , it is natural to expect that the index can be interpreted as a quantity

in a TQFT on C. Indeed, for a choice of C without irregular punctures, the superconformal
index of TC is known to be equivalent to a correlator of a two-dimensional TQFT on C [18]
15

Here we use the normalization in which a fundamental hypermultiplet contributes kSU(2) = 2.
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(see also [16, 17, 27, 28]). Therefore, we need to generalize this index/TQFT relation to the
case in which we have an irregular puncture.
In order to understand how to proceed, let us first review in greater detail the case in
which C is a Riemann surface with genus g and m regular punctures. In this case, TC is

an N = 2 SCFT with at least SU(2)m flavor symmetry,16 whose Schur index is known to

be [17]

m
Y

2−2g−m X
fR (q; xk ) .
ITC (q; ~x) = N (q)
([dim R]q )2−2g−m
R

(3.3)

k=1

Here R runs over the irreducible representations of su(2), and the factors N (q), [k]q and

fR (q; x) are given above. The variable, xk , is the fugacity for the SU(2) flavor subgroup
induced by the k-th regular puncture. Up to a prefactor, the right-hand side of (3.3) is

precisely the m-point function of q-deformed two-dimensional SU(2) YM theory on C in the
zero-area limit [17].17 Furthermore, as reviewed in appendix A, the sum over R represents

the sum over intermediate states, while fR (q; xk ) is the inner product of the intermediate
state |Ri and an external state |xk i (i.e., it is a wave function)
hR|xk i = fR (q; xk ) .

(3.4)

This discussion implies that each regular puncture corresponds to an external state, |xk i,
of q-deformed YM theory. The state, |xk i, is associated with a fixed holonomy, xk , of the
SU(2) gauge field around the puncture. Note that (3.3) is independent of the ordering

of the m punctures, which reflects the fact that the two-dimensional YM theory in the
zero-area limit is a TQFT.
Since the superconformal index is the S 1 × S 3 partition function of the four-dimensional

theory with background gauge fields turned on, this connection to two-dimensional YM
theory can be regarded as an S 1 × S 3 version of the AGT relation [30]. Indeed, recall that

the AGT relation maps the S 4 partition function of TC to a correlator of Liouville theory

on C. As we alluded to above, the emergence of a TQFT instead of Liouville theory in the

case of the S 3 ×S 1 partition function reflects the fact that, unlike the S 4 partition function,

the S 1 × S 3 partition function is independent of four-dimensional marginal couplings, which
are now encoded in the loci of the punctures on C [18].

While it has been unclear whether this index/TQFT relation can be generalized to

AD theories—and the (A1 , A2n−3 ) and (A1 , D2n ) theories in particular—there is actually a
16

Recall that we are focusing on g = A1 .

17

If the area of C is non-zero, the 4d theory becomes an N = 2 sigma model. The relation to twodimensional YM theory has a natural generalization to this case [29].
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natural generalization of the AGT relation to these theories [6,31–33]. A key observation in
these works is that, while a regular puncture corresponds to a Virasoro primary state, an
irregular puncture corresponds to a coherent state in the Verma module. Such a state is a
highly non-trivial linear combination of the primary and an infinite number of descendants.
Given the success of the generalized AGT relation, it is natural to expect that a similar
generalization is possible for the superconformal index. In particular, we expect that there
exists a state, |x; ni, in the q-deformed two-dimensional YM theory which corresponds to

an irregular puncture of rank n with U(1) flavor fugacity, x. Since the Hilbert space of

two-dimensional YM theory is spanned by the states |Ri, we see that |x; ni is uniquely
determined by specifying the wave function

(n)
hR|x; ni ≡ f˜R (q; x) ,

(3.5)

for all the irreducible representations, R, of su(2). Once this inner product is given, our conjectures (3.1) and (3.2) are natural generalizations of (3.3) to the (A1 , A2n−3 ) and (A1 , D2n )
theories.
Indeed, for the (A1 , A2n−3 ) theory, the Riemann surface C is a P1 with an irregular

puncture of rank n. Therefore, we set g = 0 and m = 1 in (3.3), and then replace fR (q; x)
(n)
with f˜R (q; x). This leads to the general form of our conjecture (3.1). On the other hand,
for the (A1 , D2n ) theory, C is a P1 with an irregular puncture of rank n and a regular

puncture. The irregular puncture corresponds to |x; ni while the regular one corresponds
(n)
to |yi. Setting g = 0 and m = 2 in (3.3) and replacing one of the two fR with f˜ leads
R

to the general form of our conjecture (3.2).

Therefore, the only non-trivial task is to determine the inner product (3.5). We conjec(n)
ture that the inner product, f˜R (q; x), is of the form given in (3.1). Let us briefly discuss
why this proposal is natural.
(n)
To that end, first note that, in contrast to the expression for fR , the expression for f˜R
(n)
is not written in terms of the characters of su(2). In particular, when f˜R is expanded in

powers of q, the expansion coefficients are not given by su(2) characters. This property is
consistent with the fact that, unlike a regular puncture, an irregular puncture generically
(n)
only gives rise to a U(1) flavor symmetry. Indeed, the x appearing in f˜ (q; x) is a U(1)
R

(n)
(not SU(2)) flavor fugacity. Nevertheless, (q; q)∞ f˜R (q; x) reduces to a character of su(2)

in the limit q → 1:
(q; q)∞ f˜R (q; x) → χR
(n)

su(2)

(x) .

(3.6)

(n)
su(2)
Therefore, (q; q)∞ f˜R (q; x) can be regarded as a natural deformation of χR (x) under

the modification of the flavor symmetry from SU(2) to U(1). Furthermore, the prefactor
10

[(q; q)∞ ]

−1

= P.E.

h

q
1−q

i

is a natural generalization of the prefactor, P.E.

h

su(2)
q
χ
(x)
1−q adj

i
,

that appears in fR (q; x), since the character for the adjoint representation of u(1) is 1.
(n)
Another nice property of our expression for f˜ (q; x) is that it guarantees that the
R

indices (3.1) and (3.2) are both non-singular at q = 0. Indeed, this fact follows from
(n)
f˜R (q; x) = O(q n(dimR − 1)/2 ) ,

[dim R]q = O(q −(dimR − 1)/2 ) .

(3.7)

This behavior is consistent with the fact that any Schur operator (i.e., an operator contributing to the Schur index) in any unitary four-dimensional N = 2 SCFT has E − R ≥ 0.
In the next two sections, we will give various non-trivial consistency checks of our conjectures.

4. Consistency with known results for lower-rank cases
In this section, we check that our conjectures are consistent with several indices that are
already known (or, in some cases, strongly believed to be known).
4.1. The (A1 , A1 ) and (A1 , D2 ) theories
The (A1 , A1 ) and (A1 , D2 ) SCFTs are theories of free hypermultiplets whose indices can be
evaluated using their Lagrangian description [15]. It is therefore crucial to check that our
formulas reproduce these computations.
The (A1 , A1 ) theory is the theory of a single free hypermultiplet, and so its Schur index
is given by
∞
Y

k=0 (1 − q

1
k+ 21

1

x)(1 − q k+ 2 x−1 )

.

(4.1)

Here x is the fugacity for the flavor Sp(1) ≃ SU(2) symmetry such that the character of

the fundamental representation of SU(2) is x + x−1 . On the other hand, our conjecture
(3.1) implies
I(A1 ,A1 ) (q; x) = N (q)

X

(2)
[dim R]q f˜R (q; x) .

(4.2)

R

We have performed various checks of the equivalence of (4.1) and (4.2). For example,
we have checked this statement to high order perturbatively in q. We can also compare
the analytic behaviors of (4.1) and (4.2) as functions of x. Indeed, the expression (4.2) has
1

simple poles at x± = q k+ 2 for all k ≥ 0 and is regular at all the other points in the complex
11

x-plane (see the discussion in sub-section 5.2 for more details). Moreover, the residue at
−2
k(k+1)
1
1 
x± = q k+ 2 is ±(−1)k q 2 ±(k+ 2 ) (q; q)∞ . These poles and residues coincide with those

of (4.1). This evidence strongly suggests that (4.1) and (4.2) are equivalent. Also, note
that the manifest U(1) flavor symmetry in (4.2) is now enhanced to Sp(1) ≃ SU(2).

The next simplest example is the (A1 , D2 ) theory, which is the theory of two free

hypermulitplets. Its Schur index is
∞
Y

Y

1
1

k+ 2 s1 s2
x y )
k=0 s1 ,s2 =±1 (1 − q

,

(4.3)

where x and y are fugacities for the flavor symmetry subgroup SU(2) × SU(2) ⊂ Sp(2).
On the other hand, our conjecture (3.2) implies
X (1)
f˜R (q; x)fR (q; y) .
I(A1 ,D2 ) (q; x, y) =

(4.4)

R

Again, we have checked the equivalence of (4.3) and (4.4) to high order perturbatively in
q. We have also checked that they share the same analytic behavior as functions of x and
y. Note that the manifest SU(2) × U(1) flavor symmetry of (4.4) is therefore appropriately

enhanced.

While the (A1 , A1 ) and (A1 , D2 ) theories are particularly simple, the above agreement
is highly non-trivial since our conjectures do not rely on Lagrangian descriptions of these
theories.
4.2. The (A1 , A3 ) and (A1 , D4 ) theories and two-dimensional chiral algebras
The authors of [19] showed that the Schur operators (again, these are the operators contributing to the Schur limit of the index) of any four-dimensional N = 2 SCFT, T , with

flavor symmetry, GF , map to a two-dimensional chiral algebra, χT , containing a Virasoro sub-algebra and an affine Kac-Moody (AKM) sub-algebra associated with GF . In
this sub-section, we will check the consistency of our conjectures (3.1) and (3.2) with this
observation. We will primarily focus on the cases of the (A1 , A3 ) and (A1 , D4 ) theories
(however, we will present some comments on the more general cases in sub-section 4.2.3).
The essential elements of [19] that we will need are the following. First, the basic
two-dimensional quantity that we can compare with the Schur index is the torus partition
function of the chiral algebra. In particular, a basic entry in the dictionary of [19] states
that for a given four-dimensional theory, T , and a corresponding two-dimensional chiral
algebra, χT , we have

TrχT (−1)F q L0

Y
i

(xi )fi = IT (q; xi ) ,
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(4.5)

where the quantity on the RHS of (4.5) is the Schur index of T , and the quantity on

the LHS is the (graded) trace over the Hilbert space of the corresponding chiral algebra weighted by the same fugacities as in the four-dimensional theory but with the fourdimensional generator, E − R, replaced by the Virasoro generator, L0 . Therefore, once we

identify the two-dimensional chiral algebra, χT , we can immediately compute the Schur
index of the four-dimensional theory, T , through the relation (4.5).

To identify χT , it is useful to know how the most basic universal observables of the

two-dimensional theory—the central charge, c2d , and (when there is a flavor symmetry)
the AKM level(s), k2d —map to four dimensions. According to the discussion in [19], these
quantities are determined in terms of the four-dimensional central charge, c4d , and fourdimensional flavor anomaly, k4d , via
1
k2d = − k4d .
2

c2d = −12c4d ,

(4.6)

In particular, it follows from (4.6) that the two-dimensional theory is non-unitary if the
four-dimensional theory is unitary. Moreover, since flavor anomalies of AD theories are
generically non-integer, it follows that the AKM level will also generically be non-integer.
Let us now focus on the cases of the (A1 , A3 ) and (A1 , D4 ) SCFTs, where the corresponding chiral algebra construction is most obvious. We will come back to general AD
theories later in sub-section 4.2.3. From (2.2), (2.4) (including the text above this equation),
and (4.6), we see that, in the case of the (A1 , A3 ) theory,
(A ,A3 )

c2d 1

(A ,A3 )

k2d 1

= −6 ,

=−

4
,
3

(4.7)

=−

3
.
2

(4.8)

while in the case of the (A1 , D4 ) theory, we have
(A ,D4 )

c2d 1

(A ,D4 )

k2d 1

= −8 ,

In particular, we see that the chiral algebras, χ(A1 A3 ) and χ(A1 ,D4 ) , contain, respectively, an
su(2) AKM sub-algebra at level −4/3, sc
u(2)− 4 , and an su(3) AKM sub-algebra at level
3

−3/2, sc
u(3)− 3 . Moreover, the values of c2d and k2d in both cases are precisely the values
2

for which the central charges of the Sugawara stress tensors associated with the AKM subalgebras coincide with the central charges of the Virasoro algebras. In fact, as the authors
of [19] showed, this phenomenon follows from the saturation of certain four-dimensional
unitarity bounds in all known rank-one SCFTs.18 Furthermore, these authors showed that

for theories saturating these unitarity bounds, the two dimensional stress tensor is the
Sugawara stress tensor.
18

These are the SCFTs realized on a D3-brane probing an F-theory singularity of Kodaira type [34].
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level

su(2) representations and their multiplicities

0

1

1

3

2

1, 3, 5

3

1, 2 × 3, 5, 7

4

2 × 1, 3 × 3, 3 × 5, 7, 9

Table 1: The multiplicities of su(2) representations at the first five levels in (4.10).

As a result, a minimal conjecture for the chiral algebras of the (A1 , A3 ) and (A1 , D4 )
SCFTs is that they are simply sc
u(2)− 4 and sc
u(3)− 3 respectively. If this conjecture is
3

2

correct, then the only two-dimensional operators we need to include are in the vacuum

module of the two AKM algebras. Indeed, the authors of [19] used similar reasoning in the
case of the T3 and SU(2) with Nf = 4 rank-one theories, where the analogous statements

were more explicitly investigated.
4.2.1. The (A1 , A3 ) theory
Given our discussion above, we should compare the torus partition function (or character)
[− 43 ,0]

of the vacuum module of sc
u(2)− 4 , H0
3

, with our conjecture for the Schur index. Note

that the vacuum module has highest weight, λ = [− 34 , 0].19 In particular, we should have
I(A1 ,A3 ) (q; z) = Tr

[− 4
3 ,0]

H0

(−1)F q L0 z f ≡ e−λ ch L(λ) ,

(4.9)

where we use “≡” to underline the fact that the torus partition function is equivalent to
the character. This latter terminology is used in the mathematics literature that will be
1

relevant to us below. The fugacities are identified as q = e−δ and z = e− 2 α1 , where the
notation is summarized in appendix B.
The right-hand side of (4.9) can be evaluated order-by-order in q via the character
formula proven in [35] (see appendix B for more details). The result is written as
su(2)

e−λ ch L(λ) = 1 + χ3

19



su(2)
su(2)
(z)q + 1 + χ3 (z) + χ5 (z) q 2 + · · · ,

(4.10)

Here [λ0 , λ1 ] are the Dynkin labels, namely, hλ, α∨
i i = λi . The torus partition function (or character) is

normalized so that the highest-weight state contributes 1, which coincides with the condition that the unit
operator of the four-dimensional theory, TC , contributes 1 to the superconformal index.

14

level

su(3) representations and their multiplicities

0

1

1

8

2

1, 8, 27

3

1, 2 × 8, 10, 10, 27, 64

4

2 × 1, 4 × 8, 10, 10, 3 × 27, 35, 35, 64, 125

Table 2: The multiplicities of su(3) representations at the first five levels in (4.13).

su(2)

where χn

(z) = (z n − z −n )/(z − z −1 ) are characters of su(2). Note that the SU(2) flavor

symmetry of the (A1 , A3 ) theory is manifest in this expression. The multiplicities of the
su(2) representations up to O(q 4 ) are summarized in table 1.
On the other hand, our conjecture (1.4) implies
I(A1 ,A3 ) (q; x) = N (q)

X
(3)
[dim R]q f˜R (q; x) .

(4.11)

R

We have checked that (4.10) and (4.11) agree up to very high order perturbatively in q
√
under the identification z = x.20 This result is a highly non-trivial consistency check
of our conjecture. In particular, note that this agreement implies that the manifest U(1)
flavor symmetry in (4.11) is enhanced to SU(2).
4.2.2. The (A1 , D4 ) theory
Analogously to the case of the (A1 , A3 ) theory, here we would like to compare the nor[− 32 ,0,0]

malized torus partition function (or character) of the vacuum module of sc
u(3)− 3 , H0
2

,

with our conjecture for the Schur index. Note that the vacuum module has highest weight,
λ = [− 23 , 0, 0]. In particular, we should have
I(A1 ,D4 ) (q; ~z) = Tr

[− 3 ,0,0]
H0 2

(−1)F q L0

Y

(zi )fi ≡ e−λ ch L(λ) .

(4.12)

i=1,2
2

1

1

2

The fugacities are identified as q = e−δ , z1 = e−( 3 α1 + 3 α2 ) , and z2 = e−( 3 α1 + 3 α2 ) , where the
notation is summerized in appendix B. The character formula of [35] then tells us that
su(3)

e−λ ch L(λ) = 1 + χ8
20



su(3)
su(3)
(~z ) q + 1 + χ8 (~z ) + χ27 (~z) q 2 + · · · ,

Note that z and x are fugacities for SU (2) and U (1), respectively. The relation z =
that the SU (2) spin associated with z is identified as the U (1) charge associated with x.
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(4.13)

√
x simply means

su(3)

where χn

(~z ) are characters of su(3).21 Note that the SU(3) flavor symmetry of the

theory is manifest in this expression. The multiplicities of the su(3) representations up to
O(q 4 ) are summarized in Table 2.

Now, our conjecture (1.5) implies that the same Schur index is written as
I(A1 ,D4 ) (q; x, y) =

X

(2)
f˜R (q; x)fR (q; y) .

(4.14)

R

Here x and y are the fugacities for mutually commuting U(1) and SU(2) subgroups of the
3

1

SU(3) flavor symmetry, which are related to the zi by the map x = (z2 )− 2 and y = z1 (z2 )− 2 .
We have checked that (4.14) and (4.13) match up to high perturbative order in q under this
identification of the fugacities. This result is a highly non-trivial consistency check of our
conjecture. Crucially, this result implies that the manifest U(1) × SU(2) flavor symmetry

in (4.14) is enhanced to SU(3).

4.2.3. Comments on the chiral algebras of general AD theories
Let us briefly comment on some aspects of chiral algebras for more general AD theories
(including the (A1 , A2n−3 ) and (A1 , D2n ) SCFTs). As reviewed around (4.5), once the twodimensional chiral algebra, χT , is identified, we can in principle compute the Schur index
of the corresponding four-dimensional theory, T (although, as we saw in the cases of the

(A1 , A3 ) and (A1 , D4 ) SCFTs, our closed-form expressions for the indices remain highly
non-trivial even once we know the corresponding chiral algebras). While we do not have
a complete algorithm to find χT for a generic AD theory, we will argue that χT is highly
constrained when T is an AD theory.

To that end, we begin by noting that any four-dimensional generator in a certain sub-

class of Schur operators called the Hall-Littlewood (anti)chiral ring is guaranteed to be a
chiral algebra generator (by a simple argument in representation theory [19]).22 In what
follows, an even more special (closed) subclass of the Hall-Littlewood (anti)chiral ring, the
Higgs branch (anti)chiral ring, will be particularly important. These operators are highest
weight N = 2 primaries, O1···1 , (the indices are SU(2)R indices set to the highest weight;
the lowest weight states are in the conjugate ring) transforming in short multiplets of type
21

To be explicit, for an su(3) representation with the Dynkin label (λ1 , λ2 ), the character is written as
ℓ +3−j
= det(wi j
)/ det(wi3−j ) where w1 = z1 , w2 = 1/z2 , w3 = z2 /z1 , and ℓ1 = λ1 + λ2 , ℓ2 =

su(3)
χ(λ1 ,λ2 ) (~z)

λ2 , ℓ3 = 0.
22

By chiral algebra generators, we mean sl(2) primaries who, along with their (sl(2)) descendants and the
resulting normal-ordered products, span χT .
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B̂R in the language of [36].23 For example, given a GF flavor symmetry in four dimensions,

there is always a corresponding conserved current multiplet of type B̂1 whose Schur operator is the holomorphic moment map, O11 = M 11 (the conserved current is a descendant).

The two-dimensional image of this moment map (or, more precisely, of the element in a

certain twisted cohomology corresponding to this moment map [19]) is the current that
generates the AKM algebra, M(z, z̄). In particular, the corresponding self-OPEs in four
and two dimensions are
MAij (x)MBkl (0)

√
2 fABC (i(k
3k4d ǫk(i ǫj)l
δAB − 2 2 MC (0)ǫl)j) + · · · ,
∼−
4
4
48π x
4π x

(4.15)

and

√
√
2 ifABC
2 z̄ · fABC 21
3k2d 1
δAB + 2
MC (0, 0) + 2
MC (0) + · · · , (4.16)
MA (z, z̄)MB (0, 0) ∼
4
2
24π z
4π
z
4π
z

where the last term in (4.16) and, in fact, all z̄-dependent terms, are Q-exact with respect
to a nilpotent supercharge specified in [19]. In these two equations, the subscripts label
the generator of GF , and the superscripts are SU(2)R indices.
For our purposes, there are three crucial observations regarding (4.16). First, a rather
basic fact is that MA is not an AKM primary. Instead, it is an AKM descendant of the
identity. As a result, the AKM currents are in the vacuum module of the AKM algebra
(we used this fact in the previous two subsections). On the other hand, this operator is
a generator of the chiral algebra (and, in fact, is a Virasoro primary). The second observation is that the OPE in (4.16) is single-valued. Finally, we note that the meromorphic
contributions to (4.16) only involve two-dimensional cousins of Schur operators. In fact,
these last two observations are general [19]. Indeed, for any two operators, O1,2 , in χT , we
have

O1 (z, z̄)O2 (0, 0) =

X

kSchur

λ12k
Ok (0)
h
1
z +h2 −hk

+ {Q, · · · ] .

(4.17)

Single-valuedness of the non-Q-exact part of the OPE then follows from superconformal
representation theory [19].
As discussed above, in the cases of the (A1 , A3 ) and (A1 , D4 ) theories, the AKM generators, MA , are expected to generate χT . On the other hand, in the cases of (A1 , A2n−3 )
for n > 3 and (A1 , D2n ) for n > 2, there are Hall-Littlewood operators which are not generated by the flavor moment maps. Such operators map to chiral operators which are not
generated by MA in two dimensions. Therefore χT now contains more than the AKM vacuum module. In particular, it must at least contain modules that include two-dimensional
23

i

 h
More precisely, they are operators satisfying Q1α , O1···1 = Q̃2α̇ , O1···1 = 0.
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cousins of certain four-dimensional baryons (we will introduce these operators in section
5).
Now, we would like to argue that the AKM modules are highly constrained for generic
AD theories with non-abelian flavor symmetry. To understand this statement recall that
for a generic AD theory with some non-abelian flavor symmetry, we expect to have an
AKM sub-theory with a fractional level. However, for generic fractional levels, these AKM
theories are believed to admit logarithmic representations (LRs) (see, e.g., the recent review
[37] and references therein; note that this discussion does not preclude LRs in theories with
negative integer levels). For example, it is known that sc
u(2)− 4 admits such representations
3

[38]. Moreover, fusion rules suggest that LRs appear once we add too many non-logarithmic
representations. Since the LRs have logarithms in their correlation functions, these results
are somewhat in tension with the fact, discussed around (4.17), that the meromorhic OPE
should be single-valued. Of course, there is no contradiction with our proposal in the
case of the (A1 , A3 ) theory, since we are only claiming that the chiral algebra consists of
the vacuum module of sc
u(2)− 4 (this module does not give rise to logarithmic correlation
3

functions and is closed under fusion).

But this tension points to a more general heuristic picture. If an AD theory has some

non-abelian flavor symmetry, GF , then the sector of operators charged under GF will likely
be relatively simple in the following sense: these four-dimensional operators should correspond to two-dimensional operators transforming in a relatively small number of irreducible
AKM modules. Otherwise, the fusion rules of the chiral algebra may lead to modules that
give rise to correlation functions with logarithms. As a result, this discussion points to
another way in which AD theories behave more simply than one might expect. Moreover,
the behavior discussed here is clearly complementary to our characterization of the relative
simplicity of AD theories discussed around (1.1), which was based on properties of the
Coulomb branch.
4.3. Consistency with S-duality
In this sub-section, we perform another consistency check of our conjecture (1.5) for the
(A1 , D4 ) index using an S-duality discovered in [20]. To that end, we start with the theory
of two (A1 , D4 ) SCFTs and a doublet of free hypermultiplets. The resulting flavor symmetry
is SU(3) × SU(3) × Sp(2) of which we gauge a diagonal SU(2) subgroup. The matter

content turns out to be precisely right so that this gauging is exactly marginal. The

resulting conformal manifold of SCFTs has U(1)3 flavor symmetry and is described by the
quiver diagram in figure 1. This theory is known to be identical to the so-called (A3 , A3 )
18

(A1 , D4 )

2

(A1 , D4 )

1
Fig. 1: The (A3 , A3 ) theory is equivalent to the above quiver gauge theory in which a
diagonal SU(2) flavor symmetry of the two (A1 , D4 ) theories are gauged by an SU(2)
vector multiplet coupled to a fundamental hypermultiplet.

theory [5].
Let us now consider the Schur index of the (A3 , A3 ) theory. Since the superconformal
index is invariant under exactly marginal deformations, it can be evaluated in a weak
gauge coupling limit (note, however, that the full theory still consists of strongly coupled
sub-sectors) [15] using our conjecture in (4.14) as input
I
dw
SU (2)
SU (2)
∆(w) Ivect (q; w) Ifund (q; x, w) I(A1 ,D4 ) (q; y, w) I(A1 ,D4 ) (q; z, w) ,
I(A3 ,A3 ) (q; x, y, z) =
2πiw
(4.18)
where the measure factor is given by ∆(w) = 21 (1 − w 2 )(1 − w −2 ), and


2q su(2)
SU (2)
Ivect (q; w) = P.E. −
χ
(w) ,
1−q 3

 √
q
su(2)
SU (2)
−1
(x + x )χ2 (w) ,
Ifund (q; x, w) = P.E.
1−q

(4.19)

are the contributions from the vector and the doublet of hypermultiplets, respectively. The
fugacities x, y, z are associated with the U(1)3 flavor symmetry of the (A3 , A3 ) theory (recall
that the parameters x and w of I(A1 ,D4 ) (q; x, w) are, respectively, the flavor fugacities for

the commuting U(1) and SU(2) flavor subgroups of the (A1 , D4 ) theory).

One of the results of [20] is the discovery of an S-duality for the (A3 , A3 ) theory.24 This
S-duality exchanges the strong and weak gauge coupling limits together with permuting
the parameters of the theory. Let mx be the mass for the doublet of hypermultiplets,
and my , mz be those for the (A1 , D4 ) sectors. These masses are mixed as mx → 21 (my −

mz ), my → mx + 12 (my +mz ), mz → −mx + 21 (my +mz ) under the S-duality transformation.25
24

The (Ak , Ak ) theory is called the “Ik+1,k+1 theory” in [20].

25

The physical masses m1 , m2 , and m3 discussed in [20] are related to these masses by the mapping
m1 = 2mx , m2 = my + mz , and m3 = my − mz (modulo permutations).
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This action corresponds to permuting the generators of the U(1)3 flavor symmetry group.
In terms of the fugacities x, y and z, this permutation is expressed as
√
p
yz
√
x → y/z , y → x yz , z →
.
(4.20)
x
Since the theory is invariant under S-duality, the superconformal index should also be
invariant. This observation implies the following relation:
√ 
 p
yz
√
.
(4.21)
I(A3 ,A3 ) (q; x, y, z) = I(A3 ,A3 ) q; y/z, x yz,
x
We have checked that (4.18) combined with our conjecture, (4.14), correctly satisfies this
identity up to a high perturbative order in q. This invariance is strong evidence for our
conjecture. Note that, combined with our discussion in the previous sub-section, this result
[ 3.
also supports the chiral algebra conjecture χ(A ,D ) = su(3)
1

4

−2

5. General consistency
In this section, we will perform various consistency checks available for general (A1 , A2n−3 )
and (A1 , D2n ) theories.
5.1. Flavor symmetry and Higgs branch relations
While the full spectrum of Schur operators is not known for general (A1 , A2n−3 ) and
(A1 , D2n ) theories, there are several such operators that are universal. The most obvious example of a universal Schur operator is the highest-weight component of the SU(2)R
current in the stress tensor multiplet. In addition, if the theory has GF flavor symmetry,
then, as we discussed in section 4.2, there exist flavor moment map Schur operators which
transform in the adjoint representation of GF . Since these operators have E = 2R = 2,
their contribution to the index is
F
q χG
x) ,
adj (~

(5.1)

where ~x is the flavor fugacity. In fact, this is the only representation that can contribute
linearly in q (this conclusion follows from studying the full set of short multiplets in [36]).
As we mentioned in section 4.2, the flavor moment maps are examples of Higgs branch
operators, i.e., operators whose vevs parameterize the Higgs branch.
More generally, the Higgs branch operators are all Schur operators with E = 2R. As a
result, they first contribute to the index at O(q R ). Below, we check that our conjectures

(3.1) and (3.2) correctly reproduce these contributions.
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E

R

U(1) charge

M

2

1

0

N±

n−1

n−1
2

±1

Table 3: The dimensions, the SU(2)R charges, and the flavor U(1) charges of the Higgs
branch operators of the (A1 , A2n−3 ) SCFT.

5.1.1. The (A1 , A2n−3 ) theories
Let us first study the (A1 , A2n−3 ) theories. We assume n ≥ 3 so that the theory is in-

teracting. As discussed above, the flavor symmetry of the theory is U(1) for n ≥ 4 and

SU(2) for n = 3. The Higgs branch of the theory is known to be the orbifold C2 /Zn−1 ,
and is therefore parameterized by the vevs of three Higgs branch operators N + , N − , and
M constrained by [11]
N + N − = (−1)[

n−1
]
2

M n−1 .

(5.2)

The dimensions, SU(2)R charges, and U(1) flavor charges of these operators are summarized
in Table 3. The flavor moment map operators are M for n > 3 and (M, N ± ) for n = 3.
Let us check that our conjecture for the Schur index is consistent with these features
of the theory. First of all, the O(q) contribution to our index is given by
(
q
for n ≥ 4
=
I(A1 ,A2n−3 ) (q; x)
,
su(2) √
O(q)
for n = 3
q χ3 ( x)

(5.3)

which is the correct contribution from the U(1) or SU(2) flavor moment map operators. For
n ≥ 4, the N ± are not the flavor moment maps and contribute to the index at O(q
easy to see that our I(A1 ,A2n−3 ) (q; x) always contains the corresponding terms q

n−1
2

n−1
2

). It is

(x + x−1 ).

Our index is also consistent with the Higgs branch relation (5.2). To see this, let us

rewrite our Schur index as
I(A1 ,A2n−3 ) (q; x) =P.E. [iT (q)] P.E. [iM (q)] P.E. [iN (q; x)] 1 −
where iT (q) = q 2 /(1 − q), iM (q) = q/(1 − q), iN (q; x) = q

n−1
2

X
k>0

rk (x)q k

!

,

(5.4)

(x + x−1 )/(1 − q) are the

indices of the stress tensor multiplet and the Higgs branch operators (along with their
derivatives). The functions rk (x) contain information about operator relations as well as
the index contributions from Schur operators which are not generated by T, M, N ± . Since
21

E

R

Mi j

2

1

Li

n

i

n

n
2
n
2

L̃

rep. of SU(2) × U(1)
(2 ⊗ 2)0 = 30 ⊕ 10
21

2−1

Table 4: The charges of the Higgs branch operators of the (A1 , D2n ) theories. Here
i, j = 1, 2 are spinor indices associated with the flavor SU(2).

the Higgs branch relation (5.2) has E − R = n − 1, its effect should be encoded in rn−1 (x).
Indeed, our conjecture implies

rn−1 (x) = 1 ,

(5.5)

which is consistent with the Higgs branch relations (5.2): it eliminates one of the two
separate contributions from N + N − and M n−1 . Note here that, in the case n = 3, this
Higgs branch relation becomes the Joseph ideal constraint [39] associated with the enhanced
SU(2) flavor symmetry.26
5.1.2. The (A1 , D2n ) theories
We now turn to the (A1 , D2n ) theories. We assume n ≥ 2 so that the theory is interacting.
As described above, the flavor symmetry of the theory is SU(2) × U(1) for n ≥ 3 and

SU(3) for n = 2. Moreover, the theory has a four quaternionic dimensional Higgs branch
parameterized by the vevs of the Higgs branch operators Li , L̃i , and Mi j for i, j = 1, 2.

Their dimensions, R-charges, and flavor charges are summarized in Table 4. The relations
among these operators can be read off from the discussion of the S 1 reduction in the next

26

Before considering the (A1 , D2n ) theories, we should mention a word of caution. While we have seen
n−1
that our formula for the index naturally includes the expected Higgs branch contributions at O(q 2 ) and

also includes the expected constraints (5.2), we should note that we have not yet given definitive proof that
n−1
this is the case (although our statement for the O(q 2 ) contributions can be regarded as rigorously proven

when n = 3, since this statement follows from the general discussion in [36]). Indeed, the index is ambiguous
in the sense that different contributions to it can sometimes cancel. As a result, while we have given the

most obvious interpretation consistent with our conjectured form of the index and the known facts about the
Higgs branch of the (A1 , A2n−3 ) theory, to prove this interpretation is correct we need to learn more about
the spectrum of the theory (for example, by constructing the relevant chiral algebra). We will return to these
questions in an upcoming paper [40].
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sub-section
ǫik ǫjℓ Mi j Mk ℓ = 0 ,

ǫjk Mi j L̃k = 0 ,

ǫik Mi j Lk = 0,

n

Li L̃j = (−1)[ 2 ] Mi j (Mk k )n−1 .
(5.6)

Note that the above four relations transform in the representations 10 , 2−1 , 21 , and 30 ⊕ 10
of the SU(2) × U(1) flavor symmetry. The relations also have E − R = 2,

n
2

+ 1,

n
2

+ 1, and

n, respectively. The flavor moment maps are Mi j for n ≥ 3 and Mi j , Li , L̃i for n = 2.

Let us now examine our conjecture (3.2) for the Schur index. The O(q) terms in the

index are written as

I(A1 ,D2n ) (q; x, y)

O(q)

=

(

su(2)

q (χ3

su(3)

q χ8

(y) + 1)
1

2

(x− 3 y, x− 3 )

for n ≥ 3

,

for n = 2

(5.7)

which are the correct contributions from the flavor moment map operators. For n ≥ 3, the
n

Li , L̃i are not flavor moment maps. Instead, their contribution is O(q 2 ). Indeed, one can
n

su(2)

check that I(A1 ,D2n ) (q; x, y) always contains the corresponding terms, q 2 χ2

(y)(x + x−1 ).

To see that our conjecture is consistent with the Higgs branch relations (5.6), let us

rewrite our index as
I(A1 ,D2n ) (q; x, y) =P.E. [iT (q)] P.E. [iM (q)] P.E.[iL (q; x, y)] 1 −
su(2)

where iT (q) = q 2 /(1 − q), iM (q) = q(χ3
−1

X

rk (x, y)q k

k>0

n

!

,

su(2)

(b) + 1)/(1 − q), and iL (q; x, y) = q 2 χ2

(5.8)
(y)(x +

x )/(1 − q) are the contributions to the index from the stress tensor multiplet and the

Higgs branch operators. The operator relations are encoded in rk (x, y). In the case n ≥ 3,

we have

r2 (x, y) = 1 ,

su(2)

r n2 +1 (x, y) = χ2

(y)(x + x−1 ) ,

(5.9)

which are consistent with the first three of the Higgs branch relations (5.6). The last
Higgs branch relation affects rn (x, y), whose expression is generically not simple but always
su(2)

contains the terms χ3

(y) + 1. This contribution is consistent with the last Higgs branch

relation in (5.6). In the case of n = 2, all of the relations in (5.6) contribute to r2 (x, y) =
su(2)

1 + χ2

su(2)

(y)(x + x−1 ) + χ3

su(3)

(y) + 1 = χ8

1

2

(x− 3 y, x− 3 ) + 1. This case corresponds to the

Joseph ideal constraints on the Higgs branch operators of the (A1 , D4 ) theory [39].27
27

Note that the somewhat overly cautious discussion in footnote 26 applies in the case of the (A1 , D2n )
theory as well.
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5.2. The RG flow
In this sub-section, we describe three types of RG flows that interpolate between the
above theories. These flows provide additional consistency checks of our conjectures via
the mechanism described in [27]. In particular, our RG flows are initiated by turning on
vevs for certain Higgs branch operators. In the language of the index, turning on these
vevs corresponds to taking a certain singular limit of fugacities. The index of the IR theory
can then be read off from the resulting residues [27].
As a check of these computations, we give an alternate description of the RG flow at
the level of the S 1 reduction. While it is true that this three-dimensional description of
the flow may not correspond to a unique RG flow in four dimensions (for example, given
one of the AD theories we study here, there is always a certain abelian gauge theory of the
same rank in four dimensions that reduces to the same theory in three dimensions28 ), our
flows in four dimensions are special: they do not break the U(1)R ⊂ U(1)R × SU(2)R R

symmetry of the UV theory, since the Higgs branch operators are uncharged under U(1)R .

As a result, we expect the Coulomb branch spectrum of the IR theory to be a subset of
the Coulomb branch spectrum of the UV theory. Therefore, when the IR theory has a nontrivial Coulomb branch in three dimensions, we can determine its four-dimensional parent
based on the Coulomb branch spectrum (i.e., we can discriminate between AD theories and
abelian gauge theories of the same rank in four dimensions by the scaling dimensions of the
chiral operators). On the other hand, when the IR theory has no Coulomb branch in three
dimensions, this situation corresponds to a theory of rank zero in four dimensions, and
the only such theories are believed to be theories of free hypermultiplets. Therefore, the
consistency of this three-dimensional picture with the index computation is strong evidence
for our conjecture.
5.2.1. The (A1 , A2n−3 ) → (A1 , A1 ) RG flow
To understand the above statements further, let us begin by studying the RG flow
(A1 , A2n−3 ) → (A1 , A1 ) .

(5.10)

We claim that we can initiate (5.10) by, for example, turning on hN + i =
6 0 while keeping

hN − i = hMi = 0.29 As discussed above, one way to see this flow explicitly is to consider
28

Although, in an upcoming work [41], we will see that there is a subtle difference at the level of the S 1

reductions of the corresponding indices.
It is also possible to turn on hN + i with hN − i = hM i = 0 instead. Finally, we can take hN ± i, hM i =
6 0
as long as we satisfy (5.2).
29
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1
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Table 5: The matter fields (and charges) of the three-dimensional gauge theory that flows
to the S 1 reduction of the (A1 , A2n−3 ) theory.

the S 1 reduction of the (A1 , A2n−3 ) theory. The endpoint of the resulting RG flow is an
interacting three-dimensional N = 4 SCFT. This latter theory can alternatively be reached

by starting with an abelian three-dimensional N = 4 gauge theory whose matter content

is summarized in Table 5 (note, however, that in the flow from the AD theory in four
dimensions, we never land on the free three-dimensional theory).30 This gauge theory has
a superpotential31
W =

n−2
X

Φa (qa q̃ a + qa+1 q̃ a+1 ) .

(5.11)

a=1

As a result, the Higgs branch of the theory described in Table 5 captures the Higgs branch
of the (A1 , A2n−3 ) SCFT, and we can map the Higgs branch operators between the theories
as follows32
N + ↔ q1 q̃ 2 q3 · · · qn−1 ,

N − ↔ q̃ 1 q2 q̃ 3 · · · q̃ n−1 ,

M ↔ q1 q̃ 1 .

(5.12)

Note that the U(1) flavor symmetry of the (A1 , A2n−3 ) theory manifests itself as the flavor
symmetry under which q1 has charge +1, q̃ 1 has charge −1, and the rest of the fields are

neutral (in the case of n = 3, the qi transform as a doublet under the enhanced SU(2)
symmetry).

30

The authors of [11] found a similar effective theory written in terms of four-dimensional gauge and matter
fields at a point parametrically close (in the Coulomb branch) to the AD point. Much of our three-dimensional
discussion can be rephrased in terms of this effective theory.
31

According to the discussion in [7, 8], the IR fixed point of N = 4 SQED with Nf = n − 1 gives the

mirror of the reduction of the (A1 , A2n−3 ) theory, and so we can derive the above theory by applying mirror
symmetry again.
32

We assume that n is even in (5.12). In the case of odd n, we exchange qn−1 ↔ q̃ n−1 .
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Clearly, if we turn on hN + i =
6 0, then we completely break the U(1)n−2 gauge symmetry.

The corresponding gauge bosons become massive and eat all but one of the hypermultiplet

degrees of freedom. This remaining hypermultiplet is the axion-dilaton multiplet and comprises (the S 1 reduction of) the (A1 , A1 ) theory. In terms of the class S description, we

can think of this RG flow as Higgsing the irregular puncture of the (A1 , A2n−3 ) theory. It

is then reasonable for us to be left over with the axion-dilaton and an empty theory in the
IR.
Next, let us describe this RG flow from the perspective of the index. To that end, recall
the prescription given in [27] for relating the UV and IR indices of the RG flow induced
by turning on the vev of a Higgs branch operator, O, of charge fk,O under some U(1)k

flavor symmetry (this symmetry may correspond to a Cartan of a non-abelian symmetry)
and SU(2)R weight RO
−1
Ivect

· IIR = −fi,O · Res

xi =q

−

RO
fO

Q

−

j6=i

xj

fj,O
fi,O



1
IU V
xi



.

(5.13)

In (5.13), xk is a fugacity for the flavor U(1)k , Ivect is the index of a free U(1) vector

multiplet, and IU V is the index of the UV theory. Note that IIR is the index of all

the IR degrees of freedom except the decoupled axion-dilaton (the axion-dilaton multiplet

−1
contribution is Ivect
, since it would disappear from the spectrum upon gauging the U(1)).

For the flow (5.10), the IR theory is trivial (since the only degrees of freedom are the
axion-dilaton), and so IIR = 1. Moreover, fN + = 1 while RN + =

n−1
.
2

As a result, since

the UV index is I(A1 ,A2n−3 ) , we need to compute the residue of x I(A1 ,A2n−3 ) at x = q −
−1

n−1
2

.

This calculation is straightforward using the following re-writing of our conjecture (1.4)
"
#
2
2 +2k+2
n(2k+1)2 −2nk2 −2k−2
∞
X q n(2k+1) −2nk
2
2
xs q
xs
1
1 − q X
−
I(A1 ,A2n−3 ) (q; x) =
1
1
1
1
(q; q)2∞ k=0 q 12 − q − 21 s=±1
1 − q (k+ 2 )n+ 2 xs
1 − q (k+ 2 )n− 2 xs
1
k+ 21
− q −k− 2 
nk(k+1) q
.
(5.14)
+ q
1
1
q 2 − q− 2
Indeed, we immediately see that
−1
Ivect
(q)I∅

=

−1
Ivect
(q)

= −Res

x=q −

n−1
2



1
I(A ,A
) (q; x)
x 1 2n−3



,

(5.15)

which is in perfect agreement with (5.13). This is a highly non-trivial check of our conjecture.
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Table 6: The matter fields (and charges) of the three-dimensional gauge theory that flows
to the S 1 reduction of the (A1 , D2n ) theory.

5.2.2. The (A1 , D2n ) → (A1 , A2n−3 ) ⊕ (A1 , A1 ) RG flow
Next, we argue that, in addition to the RG flow in (5.10), we also have
(A1 , D2n ) → (A1 , A2n−3 ) ⊕ (A1 , A1 ) .

(5.16)

We claim that we can initiate this flow by, for example, turning on hM1 2 i =
6 0 (and keeping

the vevs of all the other operators in Table 4 vanishing).33 The class S interpretation of this
flow is that we are Higgsing the regular singularity of the (A1 , D2n ) theory. As a result, we

expect to have a decoupled axion-dilaton multiplet combined with the (A1 , A2n−3 ) theory
coming from the irregular singularity. To see this flow somewhat more explicitly, we again
consider the S 1 reduction. The resulting long-distance SCFT can alternatively be described
as the IR fixed point of the three-dimensional N = 4 abelian gauge theory whose matter
content is summarized in Table 6 (note that when we reduce the (A1 , D2n ) theory on
S 1 , we never flow to the free limit of the gauge theory).34 This theory has the following
superpotential
1

2

3

W = Φ1 (q1 q̃ + q2 q̃ + q3 q̃ ) +

n−1
X

Φa (qa+1 q̃ a+1 + qa+2 q̃ a+2 ) .

(5.17)

a=2

†
We can think of (q1,2 , q̃1,2
) as comprising the “fields of the regular singularity,” (they trans-

form as doublets under the SU(2) flavor symmetry), while the remaining fields can be
33

We can consider many other possible Higgsings that result in the same flow. Indeed, we need only satisfy

(5.6) and not turn on any of the Li and L̃i vevs.
34

Our above description can be derived by applying mirror symmetry to the three-dimensional construction
given in [7, 8].
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thought of as the “fields of the irregular singularity” (we can think of the U(1) symmetry
as giving q3 charge −1, q̃ 3 charge +1, and leaving the rest of the fields neutral).35 We

expect the theory described in Table 6 to capture the Higgs branch of the original AD
SCFT. Indeed, we have the following operator maps
Mi j ↔ qi q̃ j ,

Li ↔ qi q̃ 3 q4 · · · q̃ n+1 ,

L̃i ↔ q̃ i q3 q̃ 4 · · · qn+1 ,

(5.18)

where i, j = 1, 2.36
Turning on hM1 2 i =
6 0 has the effect of breaking the flavor symmetry from SU(2) ×

U(1) → U(1) (although, in the deep IR, we find an emergent Sp(1) flavor symmetry

associated with the axion-dilaton). Moreover, we see from Table 6 that the U(1)1 gauge

symmetry is Higgsed, leaving one linear combination of the fields of the regular singularity
to play the role of the axion-dilaton. The remaining theory is a U(1)n−2 gauge theory with
n − 1 matter fields (qk , q̃k† ) (k = 3, · · · , n + 1) and superpotential
W =

n−1
X

Φa (qa+1 q̃ a+1 + qa+2 q̃ a+2 ) .

(5.19)

a=2

In other words, in addition to the decoupled axion-dilaton, we find the S 1 reduction of the
(A1 , A2n−3 ) theory at long distance.
From the perspective of the index, compatibility with (5.13) then requires


1
−1
Ivect · I(A1 ,A2n−3 ) (q; x) = −2Resy=q− 21
I(A ,D ) (q; x, y) .
y 1 2n

(5.20)

To verify this equation, it is useful to rewrite our conjecture in (1.5) as follows

I(A1 ,D2n ) (q; x, y) =



+ q

SU (2)
Ivect (y)

− 21

(q; q)∞

nk(k+1)

∞ 
X
k=0



"
#
2
2
2
2
X q n(2k+1)2 −2nk y 2k+2 xs q n(2k+1)2 −2nk y −2k−2xs
1
−
1
1
y − y −1 s=±1
1 − q n(k+ 2 ) yxs
1 − q n(k+ 2 ) y −1xs

χ2k+1 (y) .

(5.21)

1

We see that the pole at y = q − 2 is manifest when we rewrite

− 12
SU (2)
Ivect (y)
=



SU (2)

Ivect (y)

− 12

as

∞
Y
1
1
1
1
·
.
2
−2
m
2
1 − qy (q; q)∞ 1 − qy m=2 (1 − q y )(1 − q m y −2 )

(5.22)

35

In the case of n = 2, we see that the qi form a triplet of SU (3).

36

In writing (5.18), we are assuming n is even. In the case of odd n, we should replace q̃ n+1 ↔ qn+1 .
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1

Plugging (5.22) into (5.21) and taking the residue at y = q 2 we recover (5.20). This result
is a non-trivial check of our conjectures (1.4) and (1.5).37
5.2.3. The (A1 , D2n ) → (A1 , A1 ) ⊕ (A1 , A1 ) RG flow
Finally, we can consider the RG flow
(A1 , D2n ) → (A1 , A1 ) ⊕ (A1 , A1 ) .

(5.23)

We claim this RG flow can be initiated by, for example, turning on hL̃2 i =
6 0 and keeping

the rest of the vevs for the operators in Table 4 vanishing (this motion on the moduli space
breaks SU(2) × U(1) → U(1) and SU(2)R → SO(2)R ).38 From the class S perspective, one

potential interpretation of the flow in (5.24) is that it corresponds to Higgsing both the

irregular and regular singularities down to a diagonal singularity (which is itself irregular).
It would be interesting to make these notions more precise.
From the S 1 reduction described in Table 6 and the operator maps in (5.18), we see that
turning on this vev completely Higgses the three-dimensional U(1)n−1 gauge theory. In the
n

prescription of (5.13), we should study the pole at x = yq 2 . More precisely, compatibility
with (5.23) requires
−1
Ivect

· I(A1 ,A1 ) = Res

n
x=yq 2



1
I(A ,D ) (q; x, y)
x 1 2n



.

(5.24)

1

Identifying y ≡ q 2 y 2, we see that indeed this relation holds with I(A1 ,A1 ) =

q

m+ 21

−1

y) (1 − q

m+ 21 −1 −1

Q∞

m=0 (1

y ) , which is the usual Schur index for the free hypermultiplet.
1

−

Let us explain why it is natural to shift the fugacity by taking y ≡ q 2 y 2 . From the

perspective of the four-dimensional theory this shift is somewhat mysterious since setting
n

x = yq 2 in (5.24) only implies that we should take R → R + n2 f and J3 → J3 +
2

f is the U(1) charge) in the IR. To understand the shift y → yq

− 21

f
2

(where

more naturally, we

note that it implies R → R + n2 f − 21 (J3 + 12 f ). Under the assumption that the IR SU(2)R

Cartan is visible in the UV, this R symmetry mixing with J3 + 21 f is the only such mixing
that allows a pair of chiral Higgs branch operators of the UV SCFT to flow to operators in
the IR with SU(2)R weight 1/2 (in this case, the L̃1 and M1 2 operators). These operators

37

To be precise, this result follows from the structure of (1.4), (1.5), and the expression for fR (q; x) given
(n)
in (1.7). In particular, it is independent of the expression for f˜R (q; x) given in (1.6).
38

We can also initiate this flow by turning on vevs of other operators so long as we turn on the vev for at
least one of the Li or L̃j and satisfy (5.6).
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are then natural candidates for the UV ancestors of the free IR SCFT fields.39 This result
is another important check of our conjecture.
5.3. Cardy-like behavior
There is a large body of evidence (e.g., [42–44]) suggesting that the small S 1 limit of the
index behaves, in some ways, analogously to the high-temperature limit of the partition
function of two-dimensional CFTs described by Cardy [45]. This Cardy-like behavior of the
index is governed by the linear combination of central charges a − c. More precisely, the

authors of [43] argued that in a large class of theories, the leading behavior of the index
(or S 1 × S 3 partition function) in the limit of small S 1 is given by
lim log I = −

β→0

16π 2
π2
(a − c) + · · · = − TrRN =1 + · · · ,
3β
3β

(5.25)

where β is the circumference of the S 1 (we set the radius of the S 3 to unity and consider
the round three-sphere), RN =1 is the N = 1 superconformal R symmetry (it assigns charge

2/3 to free chiral multiplets), and the ellipses contain sub-leading terms in the small β
limit.40

In this section, we will check the consistency of our conjecture for the index with this
type of Cardy-like behavior. However, we should give a word of caution. The N = 2
superconformal index has many different limits. Some of these limits are subtle because

contributing operators are annihilated by many different N = 2 supercharges. In particular, this fact sometimes implies the absence of derivative contributions (depending on the
preserved supercharges) and hence the absence of Cardy-like behavior (by which we mean
that the index does not have an essential singularity in β; note that this does not contra39

1

For another explanation of the shift y ≡ q 2 y 2 , it is useful to recall the three-dimensional theory described
in Table 6. There, turning on the vev hL̃2 i =
6 0 leads to a flow to an IR theory involving a decoupled axion

dilaton and an IR SCFT comprising of the free q1 and q̃ 1 fields. These latter fields should have SU (2)R
weight 1/2. Moreover, the three-dimensional fields in the product q̃ 2 q3 · · · that maps to the L̃2 operator in

(5.18) should have vanishing R-charge. These constraints are sufficient to fix the three-dimensional SU (2)R

Pn−1
1
1
m n−m
Cartan that is preserved along the flow as R → R + 2n−1
U (1)m
m=2 (−1)
4 f − 2 J3 + 4 U (1)1 +
2

(where the U (1)i in this expression are the global gauge symmetries in three dimensions). The coefficient
1
of f in this shift precisely fixes the exponent of q in y 2 → yq − 2 (the exponent of y is simply a matter of
convention).

One may also have contributions from linear abelian flavor anomalies, TrG, at O(β −1 ) in (5.25) [43]
which have the effect of shifting the R-symmetry. However, on general grounds, such anomalies vanish for
40

N = 2 flavor symmetries (but not for the linear combination of U (1)R and Cartan of SU (2)R that is a flavor
symmetry from the N = 1 ⊂ N = 2 point of view) [46].
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dict the statement in (5.25)). Examples of such limits include both the Coulomb branch
and Hall-Littlewood limits described in [16].41 On the other hand, the Schur limit receives
contributions from certain space-time derivatives, and so it is reasonable to believe that it
should exhibit Cardy-like behavior.
5.3.1. Cardy-like behavior of previously known indices
Before checking the compatibility of our conjecture with this discussion, let us first illustrate
the Cardy-like behavior of the β → 0 limit of the Schur index in a series of increasingly

complicated theories whose indices are already known. To that end, let us first consider
the free hypermultiplet. The log of its Schur index is [16]
log IH =

∞
X
n=1

n

q2
(xn + x−n ) ,
n(1 − q n )

(5.26)

where q = e−β (and x is a flavor fugacity). Taking the limit β → 0, we find
lim log IH =

β→0

∞
2 X −2
π2
π2
n +··· =
+ · · · = − TrRN =1 + · · · .
β n=1
3β
2β

(5.27)

Note that while this limit of the N = 2 index has Cardy-like behavior, the precise coefficient

of β −1 differs by a factor of 3/2 relative to (5.25). This difference is not surprising since,
in our limit of the index, states contribute only if they are annihilated by Q̃2−̇ and Q1+

(recall that we are using the supercharge conventions of [14]). Next, let us consider the
free N = 2 vector multiplet. We have
log IV = −2

∞
X
n=1

qn
.
n(1 − q n )

(5.28)

In the small S 1 limit, we have
∞
π2
π2
2 X −2
n +··· = −
+ · · · = − TrRN =1 + · · · ,
lim log IV = −
β→0
β n=1
3β
2β

(5.29)

which is again consistent with Cardy-like behavior.
Let us now consider interacting N = 2 theories. One important set of such theories

are Gaiotto’s TN theories (with N ≥ 3), which we alluded to in the introduction [13]. In

the class S context described in section 2, they are engineered by taking the g = AN −1
41

However, it is interesting to note that the Coulomb branch limit captures a different linear combination
of the conformal anomalies, 2a − c [14].
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(2, 0) theory on a sphere, C = P1 , with three regular punctures.42 The Schur index of these

theories was originally conjectured in [17]
h
i
Q
su(N )
q
N −1 3
(q; q)∞
i=1 P.E. 1−q χadj (xi ) X
1
su(N )
su(N )
su(N )
ITN =
χR (x1 )χR (x2 )χR (x3 ) ,
QN −1
ℓ
N
−ℓ
[dim R]q
ℓ=1 (1 − q )
R
(5.30)

where R now runs over the irreducible representations of su(N), the xi are flavor fugacities,
and
[dim R]q =

Y [λi − λj + j − i]q
.
[j
−
i]
q
i<j

(5.31)

In (5.31), λ1 ≥ λ2 ≥ · · · ≥ λN −1 ≥ λN = 0 are integers describing the lengths of the rows

of boxes comprising the Young tableau corresponding to R. It is then straightforward to

compute the leading behavior in the small β limit of (5.30). Indeed, theh contributionsi
Q
su(N )
q
N −1
at leading order in β come exclusively from the (q; q)∞
and 3i=1 P.E. 1−q
χadj (xi )

factors. The first of these factors gives (N − 1)/2 times the vector multiplet contribution

in (5.29), while the second of these factors gives −3(N 2 − 1)/2 times the vector multiplet
contribution. As a result, we have

(3N + 2)(N − 1) π 2
π2
·
+ · · · = − TrRN =1 + · · · ,
(5.32)
β→0
2
3β
2β
which agrees with the computation of the central charges in [47] (it is also easy to see
lim log ITN =

that, in the case of N = 2, i.e., the free T2 theory, our result equals the answer for eight
half-hypermultiplets).
5.3.2. Cardy-like behavior of the (A1 , A2n−3 ) and (A1 , D2n ) indices
Let us now apply the above discussion and examine the leading divergences as β → 0 for

our conjectured AD indices. From (2.2) and (2.4), we see that a − c for the (A1 , A2n−3 )
theory is the same as for one hypermultiplet, while a − c for the (A1 , D2n ) theory is the

same as for two hypermultiplets. It is straightforward to check that our conjectured forms
of the indices then exhibit the expected Cardy-like behavior.
Indeed, in the case of the (A1 , A2n−3 ) theory, we have a leading contribution from the
N (q) factor that is equal to a half-hypermultiplet contribution and a similar contribution

from the irregular singularity wave function (1.6). As a result, we find
lim I(A1 ,A2n−3 ) =

β→0

π2
2π 2
+ · · · = − TrRN =1 + · · · .
3β
2β

42

(5.33)

For N > 2, these punctures carry additional data. In particular, for the TN case, they are so-called
“full” punctures.
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For the (A1 , D2n ) theory, we find a leading contribution equal to that of a half-hypermultiplet
from the irregular singularity wave function (1.6) and a leading contribution from the regular singularity wave function (1.7) equal to that of three half-hypermultiplets. As a result,
we find
lim I(A1 ,D2n ) =

β→0

4π 2
π2
+ · · · = − TrRN =1 + · · · .
3β
2β

(5.34)

The results in (5.33) and (5.34) are non-perturbative in q checks of our conjectures (note
that they are compatible with the results for the free hyper, free vector, and TN theories
in (5.27), (5.29), and (5.32)).43

6. Discussion and Conclusions
In this paper, we have proposed closed-form expressions for the Schur indices of the
(A1 , A2n−3 ) and (A1 , D2n ) theories. Our proposal is motivated by the relation between the
Schur index and two-dimensional q-deformed YM theory found in [17]. We have performed
various consistency checks of our conjectures ranging from compatibility with certain twodimensional chiral algebras via the framework in [19] (in the cases of the (A1 , A3 ) and
(A1 , D4 ) SCFTs) to compatibility with an intricate set of RG flows. We have also checked
that out conjectures reproduce the S-duality recently discussed in [20], that they respect
known Higgs branch relations, and that they are compatible with expected Cardy-like behavior in the limit of small S 1 radius.
Moreover, our work suggests interesting ways in which AD theories behave as particularly simple N = 2 SCFTs. In the introduction we discussed a manifestation of this idea

by studying the scaling behavior of the a anomaly with respect to the dimension of the

Coulomb branch in (1.1). Furthermore, in section 4.2 we saw hints of another, complementary, way in which AD theories may be simple: given some AD theory with a non-abelian
flavor symmetry, T , the corresponding chiral algebra, χT , should not have too many AKM
modules or else we may find logarithmic correlation functions (in violation of physical
expectations in four dimensions).
There are many interesting directions for future work. Here we only list a few:

43

Note that we are using the notation “TrRN =1 ” in (5.33) and (5.34) rather loosely since the AD theory

is non-Lagrangian (and we cannot write the linear RN =1 anomaly as a sum over charges of weakly coupled
fields; in the case of the non-Lagrangian TN theories we can give a more transparent meaning to this trace by
use of generalized Argyres-Seiberg duality). Instead, we use this term to stand for the appropriate contact
term in the correlation function of the R current and two stress tensors.
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• Make the notion of simplicity discussed in the previous paragraph more rigorous.44
• Generalize our conjectures for the Schur limit to the full superconformal index. Doing
so would provide us with more refined information about the operator spectrum of
the (A1 , A2n−3 ) and (A1 , D2n ) theories.
• Generalize our results to other AD theories. We have only studied AD theories descending from the six-dimensional A1 theory. For example, there are AD theories
obtained by compactifying the 6d (2, 0) Am theory. Studying these more general theories would also allow us to further explore the landscape of AD theories with exactly
marginal deformations and perhaps better understand the resulting conformal dualities [20] (see also the largely complementary recent work [48]). Note that we already
discussed one of the simplest such generalizations in (4.18). However, we treated
this case perturbatively in the various building blocks coming from the 6d (2, 0) A1
theory. Therefore, even in this case, it would be nice to have a non-perturbative in
q expression.
• Identify the two-dimensional chiral algebras, χ(A1 ,A2n−3 ) and χ(A1 ,D2n ) , associated with
the (A1 , A2n−3 ) and (A1 , D2n ) theories (in the sense of [19]) for general n. In particular, for the (A1 , D2n ) theory, the chiral algebra contains the Virasoro algebra with
central charge c2d = −6n + 4 and the affine su(2) × u(1) algebra at level k2d = − 2n−1
.
2

Note that c2d is precisely the Sugawara central charge for the affine su(2) × u(1) algebra. Therefore, we expect that, for n > 2, the two-dimensional stress tensor is given

by the Sugawara stress tensor of the affine algebra.45 However, our formula for the
Schur index implies that the two-dimensional chiral algebra contains more than the
affine su(2) × u(1) algebra.46 It would be very interesting to identify the full set of

generators of this chiral algebra (we should at least include the baryons described in
section 5).47

• Further study the state, |x; ni, corresponding to an irregular puncture. In the AGT

relation [30] between the S 4 partition function and Liouville theory, the state corre-

44

In an upcoming paper we will see yet another very different manifestation of this idea [41].

45

In the case n = 2, as discussed in sub-section 4.2, the stress tensor is given by the Sugawara stress tensor

for sc
u(3)− 23 .
46

This is analogous to the situation of the N = 2, SU (N ) gauge theory with Nf = 2N flavors for N > 2
studied in [19].
47

There is a conjecture for the (A1 , A2n−3 ) chiral algebra [49].
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sponding to an irregular puncture can be naturally constructed in a “colliding limit”
of states corresponding to regular punctures [32] (see also [50] for its matrix model
description). It is therefore interesting to look for a similarly natural construction of
|x; ni from the state corresponding to a regular puncture in the 2d q-deformed YM
theory.

• Finally, it would be interesting to see if the large n limit of our results for the index
sheds light on possible gravitational duals for the (A1 , A2n−3 ) and (A1 , D2n ) theories (note that a/c → 1 as n → ∞ in (2.2) and (2.4)).
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Appendix A. q-deformed two-dimensional YM theory
In this appendix, we review an expression for the partition function of q-deformed twodimensional SU(2) YM theory on a Riemann surface, Cg,m , of genus g with m punctures

(for more details, the interested reader can consult [51]). To proceed, first note that when
we calculate the partition function, we have to specify the boundary condition at each

puncture. This data corresponds to an “external state” on a small S 1 surrounding the
puncture.
In the case of 2d SU(2) YM theory, the Hilbert space of states, H, is known to be the

space of SU(2) class functions [52]. This space has a natural orthonormal basis, |Ri, labeled

by the irreducible representations, R, of SU(2). On the other hand, H has another basis,
P su(2)
|Ui = R χR (U)|Ri, for U ∈ SU(2), which is called the “holonomy basis.” Indeed, |Ui
corresponds to the boundary condition with fixed holonomy U around a puncture. Since

|Ui = |V UV −1 i for all V ∈ SU(2), the state |Ui depends only on the conjugacy class of U.
In what follows, we denote |Ui by |xi0 with x, x−1 ∈ U(1) being the eigenvalues of U.

The partition function of the theory on Cg,m is called the m-point function, and it maps

an external state |ψi ∈ H⊗m to C. Therefore, the Riemann surface, Cg,m , is associated

with a vector, hCg,m | ∈ (H∗ )⊗m , and the m-point function is given by ZYM (ψ) = hCg,m |ψi.
Moreover, since two-dimensional YM theory is invariant under area-preserving diffeomorphisms, it becomes a TQFT (in the sense of [53]) in the limit we take the area of Cg,m to

zero.48 This fact implies that hCg,m | is fixed by the vectors hC0,1 |, hC0,2 |, hC0,3 | (these are
the vectors for the disk, the cylinder, and the pair of pants respectively).

However, we are interested in the q-deformed theory. This version is obtained by deforming hCg,m | with one parameter q ∈ C [54] (we recover ordinary two-dimensional YM
theory by setting q = 1). In the zero-area limit, the deformed theory generally also becomes
a TQFT. The vectors hCg,m | for the disk, the cylinder, and the pair of pants are now given

by

hdisk| =
hpants| =
k

k

X
R

X
R

1

[dim R]q hR| ,

hcylinder| =

1
hR| ⊗ hR| ⊗ hR| ,
[dim R]q

X
R

hR| ⊗ hR| ,
(A.1)

1

where [k]q = (q 2 − q − 2 )/(q 2 − q − 2 ). The vectors for all the other Riemann surfaces are
obtained by “gluing” these three basic vectors, where the gluing procedure is given by the
48

To be precise, the Hilbert space of states in [53] is finite dimensional while ours is infinite dimensional.
This difference, however, is not important for our purposes.
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natural map hR| ⊗ hR′ | → hR|R′i = δR,R′ . Therefore, a general Riemann surface, Cg,m , is
associated with the state

hCg,m | =

X

[dim R]q

R

2−2g−m

hR| ⊗ hR| ⊗ · · · ⊗ hR| .

(A.2)

Now, suppose that we fix the holonomy of the gauge field around the punctures on
Cg,m , with the external state given by |~xi0 ≡ |x1 i0 ⊗ · · · ⊗ |xm i0 ∈ H⊗m for xi ∈ U(1). The

partition function of q-deformed YM theory on Cg,m in the zero-area limit is then given by
ZqYM (x1 , · · · , xm ) =

X

([dim R]q )

2−2g−m

R

m
Y

su(2)

χR

(xk ) .

(A.3)

k=1
su(2)

Here the sum over R stands for the sum over intermediate states, while χR

(xk ) is the

inner product, hR|xk i0 , of an intermediate state, |Ri, and the external state |xk i0 .

In the main text, we study the superconformal index of class S theories. If all the

punctures on Cg,m are associated with regular defects, the Schur index of TCg,m is given

by (3.3), which is identical to ZqYM (x1 , · · · , xm ) up to a prefactor. Moreover, the prefac-

tor can be absorbed by rescaling the basic vectors of the q-deformed YM theory
 as hdisk| →
1
1
su(2)
q
1
N (q)hdisk|, hpants| → N (q) hpants|, and |xi0 → η 2 (x)|xi0 (where η 2 (x) ≡ P.E. 1−q
χadj (x) ).

In particular, we see that all the ingredients depending on xk are now included in
1

|xk i ≡ η 2 (xk )|xk i0 .

(A.4)

Thus, the k-th regular puncture on Cg,m maps to the vector |xk i ∈ H, which is uniquely
determined by the inner product (3.4).

Appendix B. The characters of affine Lie algebras at negative levels
In this appendix we briefly review a formula [35] for evaluating the characters of irreducible
highest weight modules of affine A1 and A2 algebras with negative levels. To that end, let
g be the affine Lie algebra associated with a finite dimensional simple Lie algebra, g. We
denote the level of g by k. We are particularly interested in the cases (ḡ, k) = (A1 , − 34 )
¯ ± be
and (ḡ, k) = (A2 , − 3 ). Let ∆± be the sets of positive and negative roots of g and ∆
2

¯ =∆
¯+ ∪ ∆
¯ − . Then ∆± = {ᾱ + nδ|ᾱ ∈ ∆,
¯ n ∈ Z± } ∪ {ᾱ ∈
those of g. We also define ∆
Prank g
¯ ± } ∪ {nδ|n ∈ Z± }, where δ =
∆
i=0 ai αi with ai and αi being the marks and the simple

roots of g, respectively. We denote by gα the root space for a root α ∈ ∆+ ∪ ∆− , and
L
define n± = α∈∆± gα . Then g has the following root decomposition:
g = h ⊕ n+ ⊕ n− ,
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(B.1)

where h is the Cartan subalgebra of g. It follows that dim gnδ = rank g for n ∈ Z \ {0} and
¯ and n ∈ Z.
dim gᾱ+nδ = 1 for ᾱ ∈ ∆
A highest weight module of g with highest weight λ ∈ h∗ is a g-module, V , with vλ ∈ V

such that (i) hvλ = λ(h)vλ for all h ∈ h, (ii) xvλ = 0 for all x ∈ n+ , and (iii) V = U(g)vλ .

Here U(g) is the universal enveloping algebra of g. A highest weight module V has a weight
decomposition V = ⊕µ Vµ such that hv = µ(h)v for all h ∈ h and v ∈ Vµ . Its character is
defined by

ch V =

X

(dimVµ )eµ ,

(B.2)

µ∈h∗

where eµ is a formal exponential such that eµ1 eµ2 = eµ1 +µ2 . The largest highest weight
module is called the Verma module, which is isomorphic to U(n− ) as a vector space. Let
{xi |i = 1, 2, 3, · · · } be an ordered basis of n− . Then, the Poincaré-Birkhoff-Witt theorem
implies that the Verma module M(λ) is spanned by (xn1 1 xn2 2 xn3 3 · · · )vλ with ni ∈ N vanishing

except for finite number of i. Therefore, the character of the Verma module is of the form


∞
Y
Y
1
1
 ,

(B.3)
ch M(λ) = eλ
n
rank
ḡ
n
ᾱ
n−1 e−ᾱ )
(1
−
q
)
(1
−
q
e
)(1
−
q
¯
n=1
ᾱ∈∆+

where we define q = e−δ .

Note that the Verma module is not always irreducible for general λ. The irreducible
highest weight module, L(λ), is defined as the quotient of M(λ) by its maximal proper
submodule. The character of L(λ) is generally written as
X
mλ,µ ch M(µ) ,
ch L(λ) =

(B.4)

µ∈h∗

with mλ,µ ∈ Z. If the highest weight λ is integral and dominant, namely if the Dynkin

labels of λ are all non-negative integers, then mλ,µ are easily evaluated via the famous

Weyl-Kac formula.
In our cases, however, λ is neither integral nor dominant. Therefore we need a generalization of the Weyl-Kac formula, which we refer to as the “Kac-Wakimoto formula.”49 To
re
∨
re
+
describe it, we first define ∆re
λ,+ = {α ∈ ∆+ |hλ, α i ∈ Z}, where ∆+ = ∆+ \ {nδ|n ∈ Z }

is the set of real positive roots of g. Let us take simple roots, α
bi , of ∆re
λ,+ and define Wλ

b6 with
In [19], the authors used the Kazhdan-Lusztig formula to evaluate the characters of so(8)
b
and E
negative levels, because (B.5) was not satisfied there. However, in our cases, it turns out that (B.5) and
49

k + h∨ > 0 are satisfied (we will show this explicitly below). Therefore, the Kazhdan-Lusztig formula reduces
to the Kac-Wakimoto formula.
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as the Weyl group generated by simple reflections associated with α
bi . Note that Wλ is a

subgroup of the full Weyl group of g. For w ∈ Wλ , the shifted Weyl reflection of a weight

λ is defined by w.λ ≡ w(λ + ρ) − ρ, where ρ is the Weyl vector of g. Now, suppose that

the highest weight λ satisfies

hλ + ρ, α∨i > 0

(B.5)

∨
for all α ∈ ∆re
λ,+ , and that the level, k, and the dual Coxeter number of g, h , satisfy

k + h∨ > 0. Then, it follows that [35]

ch L(λ) =

X

ǫ(w) ch M(w.λ) ,

(B.6)

w∈Wλ

where ǫ(w) = (−1)k if w is composed of k simple Weyl reflections.50 This means that
mλ,µ = ǫ(w) if there exists w ∈ Wλ such that µ = w.λ, and otherwise mλ,µ = 0. The

expression (B.6) is similar to the Weyl-Kac formula, but the sum is taken over Wλ instead

of the full Weyl group of g. Below, we apply this formula to the vacuum characters of the
b1 and A
b2 algebras at level k = − 4 and k = − 3 , respectively.
A
3
2
b1 character with k = − 4
A
3

b1 and k = − 4 . The finite part, ḡ = A1 , has a single simple root, α1 , and
Suppose g = A
3

therefore the set of positive roots of g is ∆+ = {α1 } ∪ {±α1 + nδ|n ∈ Z+ } ∪ {nδ|n ∈ Z+ }.
+
Its real part is then ∆re
+ = {α1 } ∪ {±α1 + nδ|n ∈ Z }. The zeroth simple root is given by

α0 ≡ δ−α1 . We want to evaluate the vacuum character of this algebra for the highest weight
, it follows that ∆re
λ = [− 34 , 0].51 Since hλ, (±α1 + nδ)∨ i = − 4n
λ,+ = {α1 } ∪ {±α1 + 3nδ|n ∈
3

Z+ }. The simple roots of ∆re
λ,+ are α1 and 3δ − α1 = 3α0 + 2α1 , and therefore Wλ is
generated by sα1 and s3α0 +2α1 , where sα is the simple reflection associated with α. Note

that λ = [− 34 , 0], k = − 34 , and h∨ = 2 satisfy (B.5) and k +h∨ > 0. Therefore, the character

of L(λ) is evaluated via (B.6) as
e−λ ch L(λ) =

(1 − z 2 ) − q 3 (1 − z 6 )/z 2 + q 9 (1 − z 10 )/z 4 + O(q 18 )
Q∞
,
n
n −2
n−1 z 2 )
n=1 (1 − q )(1 − q z )(1 − q
1

where q = e−δ and z = e− 2 α1 . Note here that

1
α
2 1

(B.7)

is the fundamental weight of su(2).

In writing (B.7), we normalize the character so that the highest weight contributes 1. By
expanding this formula in powers of q, we obtain equation (4.10) and table 1.
50

In Theorem 1 of [35], the highest weight λ is supposed to be such that λ + ρ ∈ K with K being a special

set of weights. For an affine Lie algebra associated with a finite dimensional simple Lie algebra, the set K
reduces to {λ ∈ h∗ |hλ, δ ∨ i > 0}. Then λ + ρ ∈ K is equivalent to 0 < hλ + ρ, δ ∨ i = k + h∨ .
P
51
Here [λ0 , λ1 ] are the Dynkin labels of λ, namely, hλ, α∨
i i = λi . Note that
i λi = k.
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b2 character with k = − 3
A
2

b2 and k = − 3 . The finite part is ḡ = A2 , and its positive roots are
Now suppose g = A
2
¯ + = {α1 , α2 , α1 + α2 }, where α1 , α2 are simple roots of ḡ. The real positive roots of g
∆
¯ + , n ∈ Z+ }. The zero-th simple root is α0 ≡ δ − α1 − α2 .
are ∆re = ∆+ ∪ {±ᾱ + nδ|ᾱ ∈ ∆
+

We are interested in the highest weight module with highest weight λ = [− 23 , 0, 0]. Since
+
hλ, (±ᾱ + nδ)∨ i = − 3n
, it turns out that ∆re
λ,+ = ∆+ ∪ {±ᾱ + 2nδ|ᾱ ∈ ∆+ , n ∈ Z }. The
2

simple roots of ∆re
λ,+ are α1 , α2 , and 2δ − α1 − α2 = 2α0 + α1 + α2 , and therefore Wλ is

generated by sα1 , sα2 , and s2α0 +α1 +α2 . Since λ = [− 23 , 0, 0], k = − 23 , and h∨ = 3 satisfy (B.5)
and k + h∨ > 0, the character of L(λ) is evaluated via (B.6). We normalize the character so
2

1

that the highest weight contributes 1, and then write it in terms of q = e−δ , z1 = e−( 3 α1 + 3 α2 )
1

2

and z2 = e−( 3 α1 + 3 α2 ) . Note that 32 α1 + 13 α2 and 31 α1 + 23 α2 are the fundamental weights of
su(3). Expanding the normalized character in powers of q, we obtain equation (4.13) and
table 2.
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