
PHYSICAL REVIEW B 92, 094108 (2015)

Graphite under uniaxial compression along the c axis: A parameter to relate
out-of-plane strain to in-plane phonon frequency
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Stacking graphene sheets forms graphite. Two in-plane vibrational modes of graphite, E1u and E
(2)
2g , are derived

from the graphene E2g mode, the shifts of which under compression are considered as results of the in-plane
bond shortening. Values of the Grüneisen parameter have been reported to quantify such a relation. However, the
reason why the shift rates of these three modes with pressure differ is unclear. In this work, we introduce new
parameters γ ′

E2g
= −0.0131 and γ ′

E1u
= 0.0585 to quantify the contribution of out-of-plane strain to the shift of

the in-plane vibrational frequencies, suggesting that the compression of the π - electrons plays a non-negligible
part in both graphite and graphene under high pressure.
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I. INTRODUCTION

Graphene has been investigated intensively since its dis-
covery in 2004 [1] for its unique mechanical and electrical
properties [2,3]. The motivation to study graphene under strain
has been illustrated in the literature [4–8]. In brief, strain can
modify the properties of graphene to meet specific scien-
tific or technological needs. Therefore, strain determination
and monitoring are of critical application importance and
contribute to the characterization and understanding of this
remarkable material. Strain is related to phonon frequencies,
which can be directly obtained by experiments. The analysis,
rather naturally, is two dimensional. Thus the frequency shifts
of the graphene E2g mode are considered as entirely induced
by in-plane strain.

Stacking graphene sheets forms graphite. The in-plane
vibrational modes E1u and E

(2)
2g of graphite are derived from the

graphene E2g mode and from the two-dimensional analysis,
all these three modes were expected to have the same shift
rate [4,5,9–12] with in-plane strain. The problem is that these
shift rates are not the same. That is what we investigate here
by density functional theory (DFT) calculations [13,14] of
graphite under nonhydrostatic conditions.

Huang et al. gave the dynamical equations of the graphene
optical phonon mode E2g as [6,15,16]∑

β

Kαβuβ = ω2ua, (1)

where u = (u1,u2) is the relative displacement of the two
carbon atoms in the unit cell, ω is the phonon frequency, and K
is the force constant tensor, which can be expanded in powers
of strain as

Kαβ = K0
αβ +

∑
lm

Kε
αβlmεlm. (2)

Kε
αβlm has only two independent elements because of the

hexagonal lattice, so Eqs. (1) and (2) may also be written as

(
ω2

0 + Aεxx + Bεyy 0
0 ω2

0 + Bεxx + Aεyy

)(
u1
u2

)

= ω2

(
u1
u2

)
, (3)

where A and B are the two independent elements of Kε
αβlm

and ω0 is the unperturbed frequency. For small shifts,
ω2 − ω2

0 ≈ 2ω0(ω − ω0), Thomsen et al. [9] expressed the
solution to the secular equation of Eq. (3) with the Grüneisen
parameter and shear deformation potential (SDP) as

�ω

ω0
= γ 0(εxx + εyy) ± 1

2 SDP(εxx − εyy), (4)

where γ 0 = (A + B)/4ω2
0 (the superscript 0 is used to

distinguish from the refined γ presented later in this paper)
and SDP = (B − A)/2ω2

0.
Equation (4) makes explicit the two-dimensional nature of

the analysis. The Grueneisen parameter γ and the SPD are the
two key parameters and a number of experimental [4–7,17]
and theoretical [5,8,9] papers reported work on graphene under
strain to define their accurate values. The results are shown as
γ 0 and SDP in Table I. It is worth noticing that Ghandour et al.
[18] pointed out that the transverse strain εT = 0 rather than
εT = −νεL, where ν is the in-plane Poisson’s ratio and εL is
the longitudinal strain, in the case that uniaxial strain is applied
by flexure of a beam to which a graphene flake adhered.

For graphite, when two adjacent graphene layers are
considered, we can simply make two copies of Eq. (3):

⎛
⎜⎜⎝

ω2
0 + Aεxx + Bεyy 0 C 0

0 ω2
0 + Bεxx + Aεyy 0 C

C 0 ω2
0 + Aεxx + Bεyy 0

0 C 0 ω2
0 + Bεxx + Aεyy

⎞
⎟⎟⎠

⎛
⎜⎝

u1
u2
u3
u4

⎞
⎟⎠ = ω2

⎛
⎜⎝

u1
u2
u3
u4

⎞
⎟⎠, (5)
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TABLE I. The Grüneisen parameter and SDP for E
(2)
2g obtained from various experiments and calculations of graphene and graphite are

listed. The values in square brackets are the corrections by Ghandour et al. [18]. γ 0 [Eq. (7)] is the value calculated for each case from
Eq. (7), where the values of γ and γ ′ are the same for all the cases and the ratio of out-of-plane strain to in-plane strain is obtained with the
approximation that graphene and graphite have the same elastic constants.

Experiments (graphene) γ 0 SDP γ 0 [Eq. (7)] γ γ ′ εzz/(εxx + εyy)

Uniaxial strain (beam flexure) 0.69, [6][0.58] 0.38, [6][0.435] 1.90 1.90 −0.0131 0
Uniaxial strain (beam flexure) 1.99, [5][1.34] 0.99, [5][1.31] 1.90 0
Uniaxial strain (substrate stretch) 1.5, [7] 1.90 0
Hydrostatic pressure 1.99, [4] 1.48 32.25
Hydrostatic pressure 2.3, [17] 1.48 32.25

Calculations (graphene)

Uniaxial strain (in-plane) 1.87, [5] 0.92, [5] 1.90 0
Uniaxial strain (in-plane) 1.83, [8] 1.18, [8] 1.90 0
Biaxial strain (in-plane) 1.8, [5] 1.90 0
Hydrostatic pressure 2.0, [9] 1.48 32.25
Shear strain 0.66, [9]

Experiments (graphite)

Hyrdrostatic pressure 1.59, [4,19] 1.48 32.25

where C is added to account for the interlayer coupling. The
longitudinal modes are not coupled with the transverse modes,
giving the zero elements. Equation (4) still applies and the
weak interlayer coupling is usually neglected. Proctor et al.
[4] obtained the corresponding Grüneisen parameter as 1.59
(presented in Table I), from the experimental data of graphite
under hydrostatic pressure [19].

We are now able to demonstrate the problem more
explicitly—if the frequency shifts of the in-plane modes are
induced by in-plane strain alone, as shown in Eq. (4), for
graphene, the shift rates of E2g with in-plane strain (therefore
the Grüneisen parameter) should be the same no matter how

the strain is applied, and for graphite, the E1u and E
(2)
2g modes

should have the same shift rates as the graphene E2g , also no
matter how the strain is applied (hydrostatic or biaxial). This
is against the results shown in Table I. It also contradicts the
results from previous studies on graphite that E1u shifts faster
than E

(2)
2g under hydrostatic pressure [19–21].

The different shift rates between E1u and E2g , or E2g

from various experiments, could be a consequence of the
compression of the π electrons changing the in-plane bonds.
To describe this effect, we suggest refining Eq. (5), making a
phenomenological extension, as

⎛
⎜⎜⎝

ω2
0 + Aεxx+Bεyy+Dεzz 0 C + Eεzz 0

0 ω2
0+Bεxx+Aεyy+Dεzz 0 C+Eεzz

C + Eεzz 0 ω2
0+Aεxx+Bεyy+Dεzz 0

0 C + Eεzz 0 ω2
0+Bεxx+Aεyy+Dεzz

⎞
⎟⎟⎠

⎛
⎜⎝

u1
u2
u3
u4

⎞
⎟⎠=ω2

⎛
⎜⎝

u1
u2
u3
u4

⎞
⎟⎠, (6)

where D and E are the additional two independent parameters
arising from the new degree of freedom along the c axis, D

accounts for the compression of the π electrons into the sp2

network, and E accounts for the coupling between layers.
These are clearer in the solutions to the secular equation of
Eq. (6):

ω2
(1) = ω2

0

(
E

(2)
2g

) + (A + B) × εin-plane + (D + E) × εzz,

ω2
(2) = ω2

0

(
E

(2)
2g

) + (A + B) × εin-plane + (D + E) × εzz,

ω2
(3) = ω2

0(E1u) + (A + B) × εin-plane + (D − E) × εzz,

ω2
(4) = ω2

0(E1u) + (A + B) × εin-plane + (D − E) × εzz,

where εxx is equated to εyy for the following three cases in this
paper and C accounts for the difference of the frequency of
the E1u and E

(2)
2g modes of unstrained graphite. The solutions

lead to a parameter, γ ′, relating out-of-plane strain to its
contribution to the shift of the in-plane phonon frequencies,
added to Eq. (4) as

�ω

ω0
= −γ (εxx + εyy) ∓ 1

2 SDP(εxx − εyy) − γ ′εzz, (7)

with

γ 0 = γ + γ ′ εzz

εxx + εyy

,

where γ = (A + B)/4ω2
0, SDP = (B − A)/2ω2

0, γ ′
E1u

= (D +
E)/2ω2

0, and γ ′
E

(2)
2g

= (D − E)/2ω2
0, for small shifts. In Sec. III,

we model uniaxial strain and uniaxial stress along the out-of-
plane c axis, and hydrostatic pressure on graphite, to quantify
all the parameters and then explain the different shifts of the
E1u and E

(2)
2g modes of graphite and the E2g mode of graphene

under hydrostatic pressure.
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II. METHODS

Graphite was studied at 0 K using DFT [13,14] as imple-
mented in the Vienna Ab initio Simulation Package (VASP)
[22]. The exchange-correlation effects were treated within
the generalized gradient approximation as parameterized
by Perdew, Burke, and Ernzerhof [23], and the projector
augmented-wave method pseudopotentials [24] for carbon
were used. To reach highly accurate results, we used 900 eV
plane-wave cutoff energy, and the reciprocal unit cell was
sampled with 18 × 18 × 9 k mesh. Van der Waals (vdW)
effects were included using the Grimme method [25] as
implemented in the VASP code. The elastic properties were
evaluated using the stress-strain method [26]. The vibrational
frequencies at the Brillouin zone center, the � point, were
calculated using the 2 × 2 × 2 supercell employing the finite
displacement method as implemented in the PHONOPY code
[27].

III. RESULTS AND DISCUSSION

A. Geometry

First of all, we obtain the optimized geometry for unstrained
graphite as the in-plane bond length of a = 1.42 Å. and the
interlayer distance of c = 3.20 Å. The errors relative to the
experimental values [19] are 0.06% and 4.6%. The vdW
add-on is included, nevertheless the interlayer interaction
is as well described as the in-plane covalent bonding. The
local-density approximation (LDA) calculation (without vdW)
usually gives a better agreement with the experimental value
of the interlayer distance; however this is considered to be a
coincidence because the LDA is a local approximation which
overestimates bonding. To minimize the effects of calculating
vdW inaccurately, we study the bond anharmonicity under
compressive strain, where the vdW attractive potential plays
only a small role compared to the dominant repulsion. The
error in the value of the interlayer distance would not affect
the phonon frequency shift rates with compressive strain as
much as it would under tensile strain.

B. Hydrostatic compression

We then model hydrostatic pressure on graphite by setting
a unit cell volume smaller than that of the unstrained graphite,
optimizing the geometry at that certain volume, and calculating
the corresponding sp2 bond length, interlayer distance, pres-
sure, and phonon frequencies. The frequencies of the E1u and
E

(2)
2g modes of unstrained graphite are 1565.2 and 1559.1 cm−1,

respectively. The errors relative to the experiments are 1.4%
and 1.3% [19,28]. We assume that they are linked to the vdW
attractive term and so they would not affect the shift rates with
compressive strain. Phonon frequencies are plotted against
pressure in Fig. 1, as is the standard for presenting experimental
data. And the pressure, now as a calculation output, is plotted
against the input here—the unit cell volume. (L) and (T)
refer to two orthogonal in-plane vibrations, longitudinal and
transverse. The frequency difference between these two under
hydrostatic conditions is less than 0.4 cm−1 for both E1u

and E
(2)
2g and the shift rates of (L) and (T) with pressure are

the same in the case of E1u and E
(2)
2g . Therefore, here and
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FIG. 1. (Color online) [Modeling] Graphite under hydrostatic
pressure. The frequencies of the graphite modes E1u and E

(2)
2g are

plotted against pressure. The pressures are plotted against the unit
cell volumes at which they are calculated. V0 is the unit cell volume
of unstrained graphite. The linear fit of the phonon frequencies at
compressive pressure up to 10 GPa is presented as dashed lines,
black for E1u and blue for E

(2)
2g .

in the following calculation, we treat the difference between
longitudinal and transverse modes as computational error and
study the longitudinal modes alone as a representative. Linear
least-square fits give the shift rates with compressive pressure
up to 10 GPa at 5.3 and 4.3 cm−1 GPa−1 for the E1u and
E

(2)
2g modes, respectively. No experimental data for E1u exists

and the shift rates for E
(2)
2g were [19,29,30] 4.1–4.6. In the

previous theoretical work, Cousins and Heggie obtained 4.74
and 4.67 cm−1 GPa−1 for the E1u and E

(2)
2g modes [21], while

Abbasi-Pérez et al. [20] got 5.0 and 4.3 cm−1 GPa−1. To
summarize, the calculation results are reliable and reasonable,
with the shift rates with pressure comparable to previous
work, with clear sublinearity of the frequency shift due to
the pressure dependence of the elastic constant C33, and with
the two in-plane modes degenerate when the graphene layers
are pulled apart. However, the problems are again the different
shift rates for E1u and E

(2)
2g with pressure and the behavior

of the frequency starting off vertically upwards with pressure
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FIG. 2. (Color online) [Modeling] Graphite under uniaxial strain/stress along the c axis. The frequencies of the graphite modes E1u and
E

(2)
2g are plotted against out-of-plane stress in the case of uniaxial strain (a) and unaixial stress (c). The out-of-plane stresses are plotted against

the interlayer distances at which they are calculated, in the case of uniaxial strain (b) and uniaxial stress (d). The linear fit of the phonon
frequencies at compressive stress to about 10 GPa is presented as dashed lines, black for E1u and blue for E

(2)
2g .

(see Fig. 1). The latter point implies that the pressure (force)
may be inaccurately calculated under tensile stress (pressure
remains at about −2 GPa when the unit cell volume keeps
increasing), where vdW plays an important part. We resolve
the former point and we avoid the latter point by focusing on
the compressive part.

C. Nonhydrostatic compression

Modeling the nonhydrostatic condition helps to investigate
problems found under hydrostatic conditions. The only study
of graphite under nonhydrostatics condition reported so far
is that of Abbasi-Pérez et al. [20]. They suggested that the
contribution to the shift of the in-plane phonon frequency from
the out-of-plane compression is so little that it can be neglected
[20]. The following results do not agree with that.

We model uniaxial strain along the c axis of graphite
by varying the interlayer distance while fixing the in-plane
geometry. The phonon frequencies and out-of-plane stress
are calculated at each interlayer distance and fixed sp2 bond
length. Figure 2(a) shows the shifts of the in-plane phonon
frequencies against the out-of-plane stress along the c axis. In

Fig. 2(b), the stress as a calculation output is plotted against
the input—the interlayer distance in this case. The shift rates
with stress up to about 10 GPa, by least-square linear fits,
are 0.8 and −0.2 cm−1GPa−1 for E1u and E

(2)
2g , respectively.

It is worth noticing that the elastic constant C13, determining
the Poisson’s ratio νzx , is poorly defined due to the structural
anisostropy of graphite, but can be considered to be close to
zero [31]. Our calculated C13 value is −10.5 GPa, and the
corresponding νzx is −0.024. Therefore, uniaxial compressive
strain here induces in-plane tensile stress. The degeneracy of
the two modes can be again seen in this case when the graphene
sheets are pulled apart. The problem is that the E1u and E

(2)
2g

modes shift with opposite signs.
Next we consider uniaxial stress on graphite along the c

axis, by varying the interlayer distance and optimizing the
in-plane geometry at each interlayer distance. The phonon
frequencies, the out-of-plane stress, and the sp2 bond length
are calculated at each interlayer distance. The effect of the
negative Poisson’s ratio can now be clearly illustrated in Fig. 3
as the in-plane bond is also compressed as we compress along
the c axis. The amount, however, is tiny. Figure 2(c) presents
the in-plane phonon frequency against the out-of-plane stress
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FIG. 3. Graphite under uniaxial stress along the c axis. The sp2

bond length is plotted against the interlayer distance at which it is
calculated.

and again the output stress is plotted against the input interlayer
distance in Fig. 2(d). The shift rates with stress up to 10 GPa
in this case are 1.3 and 0.3 cm−1 GPa−1 for E1u and E

(2)
2g ,

respectively. The shift rate with uniaxial stress for E1u is about
a quarter of the shift rate under hydrostatic stress; this is large
enough to be significant.

It is usual to present frequency against stress, because
stress is considered as input in experiments. However, the
atomic positions (strain) determine properties such as phonon
frequency, and it is therefore helpful to plot the frequencies
against strain. To be specific, for graphite, the shifts of the
frequencies of the in-plane modes E1u and E

(2)
2g are considered

to be induced by in-plane strain. So we plot the phonon
frequencies against in-plane strain under hydrostatic and
nonhydrostatic conditions and then obtain the corresponding
Grüneisen parameters γE1u

and γ
E

(2)
2g

for the E1u and E
(2)
2g

modes, respectively, according to Eq. (4). Values for the two
modes should be the same from the two-dimensional nature
of Eqs. (1)–(4). In the case of uniaxial strain, the phonon
frequencies for both modes shift at fixed in-plane geometry.
The Grüneisen parameters are hence γE1u

= ∞ and γ
E

(2)
2g

= ∞,

according to Eq. (4).
In the case of uniaxial stress, in Fig. 4(a) we plot the in-

plane phonon frequencies against the sp2 bond length, which
is calculated by optimizing the in-plane geometry at each
interlayer distance. The top axis of in-plane strain is converted
from the sp2 bond length by ε = (a − a0)/a0 × 100%, where
ε is the in-plane strain, a is the sp2 bond length, and a0 is
the sp2 bond length of unstrained graphite. This is the same
data as in Fig. 2. We apply a linear fit to the data points
under compression up to about 10 GPa (the same as in Fig. 2)
and obtain the shift rates ∂ωE1u

/∂ε = −152.00 cm−1/% and
∂ω

E
(2)
2g

/∂ε = −35.50 cm−1/%, which correspond to γE1u
=

4.86 and γ
E

(2)
2g

= 1.14.

In the case of hydrostatic pressure, in Fig. 4(b) we plot
the in-plane phonon frequency against the sp2 bond length,
which is calculated by the geometry optimization at each unit
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FIG. 4. (Color online) [Modeling] Graphite under uniaxial stress
along the c axis (a) and under hydrostatic pressure (b). The data in
panel (a) are the same as those in Fig. 2(c) and the data in panel (b) are
the same as those in Fig. 1. Here the frequencies of the graphite modes
E1u and E

(2)
2g are plotted against the in-plane sp2 bond length, which

is calculated at each interlayer distance (a) and unit cell volume (b).
The top axis of in-plane strain is converted from the sp2 bond length
by ε = (a − a0)/a0 × 100%. The linear fit of the phonon frequencies
at compressive stress to about 10 GPa is presented as dashed lines,
black for E1u and blue for E

(2)
2g . The Grüneisen parameters for both

modes, obtained from the linear fit, are presented in each case for
comparison to the values in Table I.

cell volume. The top axis of in-plane strain is converted in
the same way as before. The data are the same as those
in Fig. 1. We apply a linear fit to the data points under
compression up to about 10 GPa (the same as in Fig. 1)
and get the shift rates ∂ωE1u

/∂ε = −69.20 cm−1/% and
∂ω

E
(2)
2g

/∂ε = −56.59 cm−1/%, corresponding to γE1u
= 2.21

and γ
E

(2)
2g

= 1.81.

We present the Grüneisen parameters obtained in the case
of uniaxial stress and hydrostatic pressure in Fig. 4 and
compare them to those of uniaxial strain and those reported
in Table I. The values for the E1u and E

(2)
2g modes obtained

under hydrostatic conditions are in good agreement with most
values of the E2g mode of graphene presented in Table I.
Similar agreement has been reported in the literature; this is the
quantitative reason why the in-plane phonon frequency shifts
are considered as induced by in-plane strain alone [4,5,9–11].
However, the difference between the values of the E1u and
E

(2)
2g modes increases under uniaxial strain when the ratio of
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out-of-plane strain to in-plane strain is considerably larger than
it is under hydrostatic pressure and neither of the values agrees
with the E2g mode of graphene. Under uniaxial strain, where
there is only out-of-plane strain, the difference of the frequency
shifts can be considered as infinity. The out-of-plane strain is
responsible for the difference of the Grüneisen parameters
for the E1u and E

(2)
2g modes. With regard to the amount of

the difference, to include the out-of-plane strain contribution
to the in-plane phonon frequency is desirable in the case of
hydrostatic pressure and definitely necessary in the cases of
uniaxial strain and stress.

To quantify this contribution, we refined Eq. (5) as Eq. (6).
The solutions to the secular equation of Eq. (6) led to
the parameter γ ′, as shown in Eq. (7), for small shifts.
Alternatively, we can rewrite Eq. (7) with a full hydrostatic
term (εxx + εyy + εzz) as

�ω

ω0
= −γ (εxx + εyy + εzz) ∓ 1

2 SDP(εxx − εyy)

− (γ ′ − γ )εzz. (8)

We believe this out-of-plane contribution is mostly related to
the compression of the π electrons, which is beyond the picture
of the force constant model.

Let us now return to Eq. (7). In the case of uniax-
ial strain, where the shifts of the frequencies are entirely
from the out-of-plane strain, we plot the in-plane phonon
frequencies against the interlayer distance—the calculation
input—in Fig. 5(a) and fit the data under compression
up to about 10 GPa [the same as in Fig. 2(a)]. The top
axis of out-of-plane strain is converted from the interlayer
distance by ε = (a33 − a330/a330 ) × 100%, where εo is the
out-of-plane strain, a33 is the interlayer distance, and a330

is the value of unstrained graphite. The shift rates for the
E1u and E

(2)
2g modes are ∂ωE1u

/∂ε = −0.915 cm−1/% and
∂ω

E
(2)
2g

/∂ε = 0.204 cm−1/%, corresponding to γ ′
E1u

= 0.0585

and γ ′
E

(2)
2g

= −0.0131, according to Eq. (7). They are small,

but non-negligible as the out-of-plane strain is about 30 times
larger than the in-plane strain under hydrostatic conditions
(from the anisotropy of graphite) and can be even larger under
nonhydrostatic conditions. It is worth noticing that the in-plane
phonon frequency cannot be considered as an indicator of the
in-plane bond stiffness in this case as the E1u and E

(2)
2g modes,

both representing the in-plane bond stiffness, shift with oppo-
site signs under out-of-plane compressive strain. Now we have
quantified the out-of-plane strain contribution by γ ′, which is
responsible for the separating of the E1u and E

(2)
2g modes, and

then the in-plane γ can be the same under various conditions
for the two modes (and the E2g mode of graphene) as it should
be from its definition.

Finally, we calculate the refined value for the in-plane γ

from Eq. (7), by γ ′
E1u

and γ ′
E

(2)
2g

obtained under uniaxial strain.

For both modes, in the case of uniaxial stress and hydrostatic
pressure, we calculate the contribution to the shifts of the
frequencies from the out-of-plane strain by γ ′ and attribute
the rest to the in-plane strain. And from that we obtain the
refined in-plane γ .
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FIG. 5. (Color online) [Modeling] Graphite under uniaxial strain
(a), uniaxial stress (b), and hydrostatic pressure (c). The frequencies
of the in-plane modes of graphite, E1u and E

(2)
2g , are plotted against

the interlayer distance, which is the calculation input in the cases of
panels (a) and (b) and is calculated at each unit cell volume in the
case of (c). The top axis of out-of-plane strain is converted from the
interlayer distance by ε = (a33 − a330/a330 ) × 100%. The linear fit
of the phonon frequencies at compressive stress to about 10 GPa is
presented as dashed lines, black for E1u and blue for E

(2)
2g .
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We plot the in-plane phonon frequencies against the
interlayer distance, which is the calculation input under
uniaxial stress in Fig. 5(b) and is calculated by the geometry
optimization at each unit cell volume under hydrostatic
pressure in Fig. 5(c). The top axis of the out-of-plane strain
is converted from the interlayer distance in the same way as
mentioned above. The data are the same as those in Figs. 2(c)
and 1, for uniaxial stress and hydrostatic pressure, respectively.
We obtain the shift rates for the two modes at the same pressure
range as before. Under uniaxial stress, we obtain γE1u

= 1.84
and γ

E
(2)
2g

= 2.01 from the results shown in Figs. 4(a) and 5(b).

Under hydrostatic pressure, the values are γE1u
= 1.85 and

γ
E

(2)
2g

= 1.90, from the results shown in Figs. 4(b) and 5(c).

D. Summary of the results and their applications

The E
(2)
2g and E1u are separately discussed so the subscript of

the Grüneisen parameter is removed in this paragraph. For E
(2)
2g ,

the uniaxial strain modeling gave γ ′ = −0.0131. Applying
this γ ′ to uniaxial stress modeling we obtained γ = 2.01
and applying it to hydrostatic pressure modeling we obtained
γ = 1.90. The discrepancy is due to the nonlinear relationship
shown in Fig. 5(a). We chose to use γ = 1.90 because the data
of hydrostatic pressure modeling was validated by comparing
to experiments. Now Eq. (7) can be used to give the value of γ 0

for each case in Table I with the approximation that graphene
and graphite have the same elastic constants. The comparison
is presented in the table. No firm explanation can be made of the
current results of graphene as the elastic constants (especially
C13 and C33) of graphene cannot be accurately obtained and
also due to the errors in these experiments, but it is clear
that graphite has a smaller γ 0 than graphene because of γ ′.
For the studies of graphite under uniaxial compression along
the c axis [20,32], εzz � (εxx + εyy), the contribution of γ ′
becomes much more significant. Refinement can be done to
include the mentioned nonlinear effect but should await further
work—either initial experimental evidence or, theoretically,
the evolution of the π electrons can be visualized under

compression to provide a clearer picture of the phenomenon to
be quantified. For E1u, the uniaxial strain modeling gave γ ′ =
0.0585. Applying this γ ′ to the uniaxial stress modeling we
obtained γ = 1.84 and applying it to the hydrostatic pressure
modeling we obtained γ = 1.85—excellent agreement was
achieved. The Grüneisen parameter of E1u was considered
the same as that of E

(2)
2g and indeed they are close. But

the γ ′ of opposite sign for these two modes makes them
distinguishable under hydrostatic pressure and further under
uniaxial compression.

Other analysis can also be done to study the phase transition
induced by the change of the interlayer distance, which has
clear signs in the presented results, namely, the significant
drop of phonon frequency in Figs. 2(b), 4(a), and 5(b) under
large compression.

IV. CONCLUSION

We model uniaxial strain and stress along the c axis and
hydrostatic pressure on graphite and calculate the vibrational
frequencies of the in-plane modes derived from the E2g

mode of graphene. The shifts of the frequencies come from
both in-plane and out-of-plane compression. We quantify
the contribution from out-of-plane strain by the parameters
γ ′

E2g
= −0.0131 and γ ′

E1u
= 0.0585 and therefore refine the

existing values of the Grüneisen parameter γ as γE2g
= 1.90

and γE1u
= 1.85. This contribution is responsible for the

separating shifts of the E1u and E
(2)
2g modes of graphite and

the E2g mode of graphene under hydrostatic pressure and
therefore is non-negligible, against previous conclusions. It
can be significant under nonhydrostatic conditions. A more
reliable value of the in-plane Grüneisen parameter is useful
for strain calibration in various applications and can be further
refined by studying the π -electron behavior.
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and O. G. Schmidt, Nano Lett. 10, 3453 (2010).

[12] Y. W. Sun, D. J. Dunstan, M. A. Hartmann, and D. Holec, Proc.
Appl. Math. Mech. 13, 7 (2013).

[13] P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964).
[14] W. Kohn and L. Sham, Phys. Rev. 140, A1133 (1965).
[15] S. Ganesan, A. Maradudin, and J. Oitmaa, Ann. Phys. 56, 556

(1970).

094108-7

http://dx.doi.org/10.1126/science.1102896
http://dx.doi.org/10.1126/science.1102896
http://dx.doi.org/10.1126/science.1102896
http://dx.doi.org/10.1126/science.1102896
http://dx.doi.org/10.1073/pnas.0502848102
http://dx.doi.org/10.1073/pnas.0502848102
http://dx.doi.org/10.1073/pnas.0502848102
http://dx.doi.org/10.1073/pnas.0502848102
http://dx.doi.org/10.1063/1.1862334
http://dx.doi.org/10.1063/1.1862334
http://dx.doi.org/10.1063/1.1862334
http://dx.doi.org/10.1063/1.1862334
http://dx.doi.org/10.1103/PhysRevB.80.073408
http://dx.doi.org/10.1103/PhysRevB.80.073408
http://dx.doi.org/10.1103/PhysRevB.80.073408
http://dx.doi.org/10.1103/PhysRevB.80.073408
http://dx.doi.org/10.1103/PhysRevB.79.205433
http://dx.doi.org/10.1103/PhysRevB.79.205433
http://dx.doi.org/10.1103/PhysRevB.79.205433
http://dx.doi.org/10.1103/PhysRevB.79.205433
http://dx.doi.org/10.1073/pnas.0811754106
http://dx.doi.org/10.1073/pnas.0811754106
http://dx.doi.org/10.1073/pnas.0811754106
http://dx.doi.org/10.1073/pnas.0811754106
http://dx.doi.org/10.1021/nn800459e
http://dx.doi.org/10.1021/nn800459e
http://dx.doi.org/10.1021/nn800459e
http://dx.doi.org/10.1021/nn800459e
http://dx.doi.org/10.1103/PhysRevB.80.205410
http://dx.doi.org/10.1103/PhysRevB.80.205410
http://dx.doi.org/10.1103/PhysRevB.80.205410
http://dx.doi.org/10.1103/PhysRevB.80.205410
http://dx.doi.org/10.1103/PhysRevB.65.073403
http://dx.doi.org/10.1103/PhysRevB.65.073403
http://dx.doi.org/10.1103/PhysRevB.65.073403
http://dx.doi.org/10.1103/PhysRevB.65.073403
http://dx.doi.org/10.1103/PhysRevB.61.R13389
http://dx.doi.org/10.1103/PhysRevB.61.R13389
http://dx.doi.org/10.1103/PhysRevB.61.R13389
http://dx.doi.org/10.1103/PhysRevB.61.R13389
http://dx.doi.org/10.1021/nl101533x
http://dx.doi.org/10.1021/nl101533x
http://dx.doi.org/10.1021/nl101533x
http://dx.doi.org/10.1021/nl101533x
http://dx.doi.org/10.1002/pamm.201310003
http://dx.doi.org/10.1002/pamm.201310003
http://dx.doi.org/10.1002/pamm.201310003
http://dx.doi.org/10.1002/pamm.201310003
http://dx.doi.org/10.1103/PhysRev.136.B864
http://dx.doi.org/10.1103/PhysRev.136.B864
http://dx.doi.org/10.1103/PhysRev.136.B864
http://dx.doi.org/10.1103/PhysRev.136.B864
http://dx.doi.org/10.1103/PhysRev.140.A1133
http://dx.doi.org/10.1103/PhysRev.140.A1133
http://dx.doi.org/10.1103/PhysRev.140.A1133
http://dx.doi.org/10.1103/PhysRev.140.A1133
http://dx.doi.org/10.1016/0003-4916(70)90029-1
http://dx.doi.org/10.1016/0003-4916(70)90029-1
http://dx.doi.org/10.1016/0003-4916(70)90029-1
http://dx.doi.org/10.1016/0003-4916(70)90029-1


Y. W. SUN, D. HOLEC, AND D. J. DUNSTAN PHYSICAL REVIEW B 92, 094108 (2015)

[16] I. D. Wolf, H. E. Maes, and S. K. Jones, J. Appl. Phys. 79, 7148
(1996).

[17] A. V. Soldatov, S. You, M. Mases, and K. S. Novoselov, in
Graphene 2012, Abstract Book of the Conference (Phantoms
Foundation, Madrid, Spain, 2012), p. 172.

[18] A. J. Ghandour, I. F. Crowe, J. E. Proctor, Y. W. Sun, M. P.
Halsall, I. Hernandez, A. Sapelkin, and D. J. Dunstan, Phys.
Rev. B 87, 085416 (2013).

[19] M. Hanfland, H. Beister, and K. Syassen, Phys. Rev. B 39, 12598
(1989).
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