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Abstract—We propose cognitive spectrum sharing with gen-
eralized selection combining (GSC) at the secondary user (SU)
in the presence of multiple primary transceivers with outdated
channel information. Our main motivation is to determine the
impact of GSC and outdated channel information on the outage
probabiliy of cognitive spectrum sharing subject to two practical
power constraints: 1) maximum transmit power at the SU
transmitter, and 2) peak interference temperature at the PU
receiver. We derive new closed-form expressions for the exact
and asymptotic outage probability in Rayleigh fading. Our
expressions provide concise representations of the diversity order
and the array gain. We confirm that the diversity order of
GSC is entirely dependent on the secondary network and is
equal to the available number of receive antennas at the SU.
This result is consistent with those of maximal-ratio combining
(MRC) and selection combining (SC) in cognitive spectrum
sharing. More importantly, our results show that the outage
probability decreases with increasing the correlation coefficient
of the outdated channel.

Index Terms—Spectrum sharing, diversity combining, gener-
alized selection combining, outdated channel information.

I. INTRODUCTION

Cognitive radio has been proposed as a promising means to
cope with the rapid growth of volume-intensive bandwidth-
hungry mobile applications such as online gaming, social
networking, and high-definition (HD) video streaming. The so-
called underlay cognitive radio allows the secondary user (SU)
and the primary user (PU) to transmit concurrently in the same
spectrum provided that the interference from the SU to the PU
does not exceed a predetermined interference threshold [1, 2].
The challenge is to effectively coordinate the transmit power
at the SU transmitter (SU-Tx), the interference power at the
PU receiver (PU-Rx) from the SU-Tx, and the interference
power at the SU receiver (SU-Rx) from the PU transmitter
(PU-Tx). While cognitive radio increases the reliability of the
secondary network, interference requirements in the primary
network are often contradictory [3]. The goal of this paper
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is therefore to address this delicate balance by proposing
generalized selection combining (GSC) at the SU-Rx.

To maximize the link reliability of the secondary network
and minimize the interference at the primary network, receive
diversity at the SU has been applied in interference-limited
spectrum sharing networks. While the outage probability and
the bit error rate of cognitive networks with a single antenna
at the SUs and the PUs were derived in [4, 5], the capacity
of the more general case of multiple antennas at the SU
was considered in [6, 7]. In [6, 8], maximal-ratio combining
(MRC) was applied at the SU. It was shown in [8] that
the capacity of cognitive radio with average interference
power constraint increases with MRC. In [6], the impact
of peak interference power constraint on the capacity was
characterized. Considering GSC at the SU, [7] evaluated the
capacity with peak interference power constraint. Apart from
capacity, the outage probability is another important metric to
comprehend the fundamental limits of cognitive radio [9, 10].
The practical consideration of interference from PU-Tx to SU-
Rx was recently examined in [11]. However, references [4–11]
have all assumed that the SU has full channel-state information
(CSI) between the SU-Tx and PU-Rxs, and the impact of GSC
in the presence of multiple primary transceivers is less well
understood.

In this paper, we view cognitive radio from the viewpoint of
GSC as a low power design in interference-limited spectrum
sharing networks under outdated CSI between the SU-Tx
and PU-Rxs. We consider a general scenario where the SU
transmits in the presence of M PU-Txs and M PU-Rxs. The
main objective is to enhance the transmission reliability of
the secondary network while strictly meet the interference
constraint at the primary network, which can be achieved by
varying the number of combined antennas at the SU-Rx using
GSC. Compared to other diversity combining techniques,
GSC is also capable to combat channel estimation errors
by eliminating weaker SIRs [12]. To answer some of the
pressing questions that face spectrum sharing networks, we
relate the maximum transmit power at the SU-Tx with the
peak interference power at the PU-Rxs and the interference
power from the PU-Txs. Different from previous studies, with
GSC, the SU-Rx is allowed to select a subset of its receive
antennas so as to balance the transmit power at SU-Tx and
the interference power at PU-Rx in the presence of multiple
PU transceivers. By doing so, less transmit power at the SU-
Tx is required to achieve the same outage performance, which
in turn reduces the interference at the PU-Rxs. Additionally,
a flexible back-off power control mechanism is adopted to
guarantee the quality of service (QoS) of the primary network.
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Owing to this fact, our outcomes are presented in the form
of new expressions for the exact and the asymptotic outage
probability. Our results bridge the gap between MRC and
selection combining (SC) by allowing the SU-Rx to combine
the Lc strongest out of its L available receive antennas. We
show that the full diversity order is achieved. The diversity
order is entirely determined by the secondary network and is
equal to L. We also present the performance gap between
GSC, MRC, and SC as a simple ratio of their respective
array gains. An interesting conclusion is reached that M
imposes a negative impact on the outage probability, while Lc
has a positive impact on the outage probability. Furthermore,
the outage probability decreases with increasing correlation
coefficient of the outdated CSI channel.

II. NETWORK AND CHANNEL DESCRIPTION

We consider a realistic underlay spectrum sharing net-
work with one pair of SU-transceiver and M pairs of PU-
transceivers. In the secondary network, we assume a receiver
diversity where the SU-Rx is equipped with L receive anten-
nas. The Lc receive antennas are selected based on the channel
from the SU-Tx to the SU-Rx. All other terminals are equipped
with only one antenna. We assume that only partial channel
knowledge of the interference channel from the SU-Tx to the
PU-Rxs is available at the SU-Tx. The CSI of h1m provided
to the SU-Tx is outdated due to the time-varying nature of
the wireless link [13]. We describe the outdated CSI of the
SU-Tx to the mth PU-Rx channel using the correlation model
[14, 15] as

h1m = ρĥ1m +
√

1− ρ2ε, (1)

where m ∈ {1, ...,M}, ĥ1m is the outdated channel informa-
tion available at the SU-Tx, ε is a complex Gaussian random
variable with zero mean and unit variance, and uncorrelated
with h1m. The correlation coefficient ρ is a constant, which
is used to evaluate the impact of channel estimation error,
mobility, and feedback delay on the CSI [15]. Note that we
assume that both the outdated channel information ĥ1m and
the correlaction coefficient ρ are available at SU-Tx.

We assume that both the secondary channel and the primary
channel are subject to quasi-static fading where the channel
coefficients are constant for each transmission block but vary
independently between different blocks. The primary and
secondary networks are subject to independent and identically
distributed (i.i.d.) Rayleigh fading. The estimated channel
power gain from the SU-Tx to the mth PU-Rx channel
is an exponentially distributed RV with parameter 1

α̂1
. The

instantaneous channel power gains from the SU-Tx to the
mth PU-Rx channel, from the mth PU-Tx to the lth transmit
antenna at SU-Rx, and from the SU-Tx to the lth receive
antenna at SU-Rx are exponentially distributed RVs with
parameters 1

α1
, 1
α2

, and 1
α3

, respectively, where l ∈ {1, ..., L}
and α1 = ρ2α̂1 +

(
1− ρ2

)
. Note that here we mainly focus

on the outdated channel effect and the impact of GSC, thus,
the different path-loss and shadowing effect between the SU-
Tx and PU-Rxs links resulting from the geometry are not
taken into consideration in this work. This assumption is also

applicable to the scenario where PU-Rxs are located in a
compact and small area.

A. Interference Outage Probability

According to underlay spectrum sharing, the interference
from the secondary network impinged on the primary network
should remain below a pre-defined peak interference temper-
ature Q [16]. When only the outdated interference channel
information is available at SU-Tx, this strict interference
requirement can not be satisfied at all times. Therefore, the PU-
Rxs should tolerate outages occuring for a certain percentage
of time, which is named as the interference outage. In [15],
it was been proved that the interference outage probability
is always 0.5 as long as the maximum transmission power
is ignored. Therefore, instead of the strict peak interference
constraint, a more flexible constraint known as the power
margin, which is based on the interference outage probabil-
ity is considered to prevent the primary transmission from
degradation. The transmit power and the interference outage
probability are denoted as

P
(
ρ,
∣∣ĥ1m∗

∣∣2) = min
(
PT , kI

Q∣∣ĥ1m∗
∣∣2 ), (2)

and

Po = 1− Pr

{
min

(
PT , kI

Q∣∣ĥ1m∗
∣∣2 )∣∣h1m∗

∣∣2 ≤ Q} , (3)

respectively, where PT is the maximum available transmit pow-
er at the SU-Tx, and

∣∣ĥ1m∗
∣∣2 is the largest estimated channel

power gain from the SU-Tx to the M PU-Rxs available at SU-
Tx. We assume the power margin factor kI = 1 for the perfect
CSI between SU-Tx and PU-Rx link. Since the closed-form
expression for the power margin factor kI is intractable [14],
therein, we numerically evaluate kI based on (3).

III. SIGNAL-TO-INTERFERENCE RATIO

In the secondary network, GSC is applied to combine the
Lc (1 ≤ Lc ≤ L) antennas with the strongest received signals
from L available receive antennas at the SU-Rx. The channel
coefficients from the SU-Tx to the lth receive antenna at the
SU-Rx are denoted as gl (1 ≤ l ≤ L). Let |g1|2 ≥ |g2|2 ≥
· · · |gL|2 ≥ 0 be the order statistics obtained by sorting {gl}Ll=1

in decreasing order of magnitude [7]. After performing GSC
[17], the received signal at the SU-Rx is given by

y =
GH

‖G‖
GxT +

M∑
m=1

GH

‖G‖
H2mxm︸ ︷︷ ︸

Interferences from PU - Txs

+
GH

‖G‖
n (4)

where xT is the transmit signal at the SU-Tx, G =
[g1, g2, . . . , gLc ]

T is the selected channel vector at the SU-
Rx, xm is the transmit signal at the mth PU-Tx, H2m

is the Lc × 1 channel vector from the mth PU-Tx to Lc
antennas with strongest receive signals at the SU-Rx, and
n ∼ CN (0, σ2ILc) is the Lc × 1 additive white Gaussian
noise (AWGN) vector. Similar to some practical applications
such as cellular CDMA networks and dense ad hoc networks
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[18], we consider the interference-limited scenario of cognitive
networks with multiple primary transceivers where the noise
is typically negligible compared to the sum of interferences
from the multiple PU-Txs. As such, the SIR can be used
interchangeably with SINR without much appreciable loss of
accuracy [19–21]. Based on (4), the instantaneous received
signal-to-interference ratio (SIR) is given by

γ̃ = min

(
PT,

kIQ

Y

)
X

V
, (5)

where X = ‖G‖2, Y =
∣∣ĥ1m∗

∣∣2, V =
M∑
m=1

PI

∣∣GHH2m

‖G‖
∣∣2 is the

interference power from the PU-Txs to the SU-Rx.

IV. OUTAGE PROBABILITY

A. Exact Analysis

Outage probability is an important metric to characterize
the performance of cognitive networks in practice. In cognitive
networks, an outage occurs if the instantaneous received SIR
at the SU drops below a given threshold γth. Based on this,
the outage probability is formulated as

Pout = Pr {γ̃ ≤ γth} = Fγ̃ (γth) , (6)

where Pr {·} denotes the probability and Fγ̃ (γth) denotes
the cumulative distribution function (CDF) of γ̃. To derive
Fγ̃ (γth), we first present the statistics of the channel power
gain ‖G‖2 as follows.

The CDF of ‖G‖2 is obtained using [17, eq. (4)] and the
multinomial expansion [22] which results in

F‖G‖2 (x) =
∑

Sk∈SK

αkx
βke−δk

x
α3 , (7)

where SK =
{
Sk|
∑L
l=0mk,l = 1

}
with {mk,l} ∈ Z+.

We note that SK refers to all possible combinations of
{mk,l, l = 0, 1, . . . , L} which satisfy

∑L
l=0mk,l = 1. The pa-

rameters in (7) are defined as

αk = (ε0)
mh,0

Lc∏
l=1

(
εl

Γ (l)

)mh,l L∏
l=Lc+1

εl
mh,l , (8)

βk =

Lc∑
l=1

(l − 1)mk,l, (9)

and

δk =

Lc∑
l=1

mk,l +

L∑
l=Lc+1

l

Lc
mk,l, (10)

where εl is given by

εl =

1 l = 0

α1−l
3

[
−1 +

L∑
k=Lc+1

(−1)
k−l ( L

L−k)(
k−1

k−Lc−1)
( k
Lc
−1)

Lc−l+1

]
1 ≤ l < Lc

−α1−Lc
3

(
L

L−Lc

)
l = Lc

(−1)l( L
L−l)(

l−1
l−Lc−1)(

l
Lc
−1
)Lc

Lc < l ≤ L.

(11)

The CDF of
∣∣∣ĥ1m∗

∣∣∣2 is given by

F∣∣ĥ1m∗
∣∣2(x) =

(
1− e−

x
α̂1

)M
. (12)

Recall that we define V =
M∑
m=1

PI

∣∣∣GHH2m

‖G‖

∣∣∣2. According to

[23], GHH2m

‖G‖ is a zero-mean complex Gaussian vector, which

is independent of GH and ‖G‖, and
∣∣∣GHH2m

‖G‖

∣∣∣2 follows the
chi-square distribution with 2 degrees of freedom. As such,
the probability distribution function (PDF) of V is given by

fV
(
x
)

=
( 1

PIα2

)M xM−1e
− x
PIα2

Γ
(
M
) . (13)

Based on the CDF and PDF of X , Y , and V , we present
a closed-form expression for the outage probability in the
following theorem.

Theorem 1. The closed-form expression for the outage prob-
ability of spectrum sharing networks with GSC and outdated
CSI between SU-Tx and PU-Rxs is derived as

Pout (γth) =
Γ (βk +M)

Γ (M)

∑
Sk∈SK

αkγth
βkΞ (γth) , (14)

where

Ξ (γth) =

(
1− e−

kIQ

α̂1PT

)M(
1

PIα2

)M(
1

PT

)βk
1(

δkγth
PTα3

+ 1
PIα2

)βk+M
+

M∑
m=1

(
M

m

)
(−1)

m+1

(
α3

α̂1δkγth

)βk+M

(
kIQ

PIα2

)M
βk!e

−mkIQα̂1PT

βk∑
i=0

(
kIQ
PT

)i
i!

(
m

α̂1

)i+M
Φ

(
βk +M,M + i;

(
1

PIα2
+
δkγth
α3PT

)
α3mkIQ

α̂1δkγth

)
, (15)

where Γ (·) is the gamma function [24, Eq. (8.310.1)], and
Φ (·, ·; ·) is the confluent hypergeometric function [24, Eq.
(9.211.4)].

Proof. See Appendix A.

Lemma 1. The outage probability of spectrum sharing
networks with perfect CSI, and only one pair of primary
transceiver and secondary transceiver with single antenna is
derived as

Pout (γth) =1−

(
1− e−

Q
α̂1PT

)
(
PIα2γth
PTα3

+ 1
) − α3Q

PIα2α̂1γth
e

α3Q
PIα2α̂1γth

Γ

(
0,

(
1

PIα2
+

γth
α3PT

)
α3Q

α̂1γth

)
, (16)

which is equivalent to [4, Eq. (15)] with σ = 0, and this also
demonstrates the generality of our result.

Note that the closed-form expression for the outage proba-
bility with perfect CSI can be obtained by substituting kI = 1
into (14).
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Fig. 1. Outage probability with Lc = 2, L = 3, P0 = 10%, and ρ = 0.9.

B. Asymptotic Analysis

In this subsection, we characterize the asymptotic behavior
of the outage probability in the operating region of high PT.
Throughout this subsection, we consider that the SU-Tx power
is proportional to the PU-Rx interference. This indicates that
the diversity order exists when the PU-Rx is able to tolerate a
high amount of interference from the SU-Tx. This will benefit
the secondary network without violating the transmission at
the primary network. With this in mind, we gather a deeper
understanding of the effect of power scaling on the outage
probability. Similar to [25], we consider Q = µPT , where µ
is positive constant.

In the high-SIR regime with PT → ∞, we apply [24, Eq.
(3.354.1)] and [24, Eq. (1.211.1)] to derive the first order
expansion of F‖G‖2 (x) as

F∞‖G‖2 (x) ≈ 1

Lc
L−LcLc!

xL. (17)

Substituting (17) into (25), the asymptotic outage probabili-
ty with proportional interference power constraint is presented
in the following theorem.

Theorem 2. When Q = µPT, the asymptotic outage probabil-
ity of spectrum sharing networks with GSC and multiple PU
transceivers as PT →∞ is derived as

P∞out ≈ (GcPT)
−Gd , (18)

where the diversity order is Gd = L and the array gain is

Gc =
[ Θ

Lc
L−LcLc!

Γ
(
M + L

)
Γ
(
M
) ]− 1

L 1

α2PIγth
, (19)

with Θ =
(
1− e−

kIµ

α̂1

)M
+

M∑
m=1

(
M
m

)
(−1)

m+1 Γ
(
L+1,

kIµm

α̂1

)
(α3kIµm/α̂1)L

.

Similarly, the asymptotic outage probability with perfect
CSI can be obtained by substituting kI = 1 into (18). Based on
(18), we confirm that the diversity order is entirely determined
by the available number of receive antennas at the SU-Rx L,
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Fig. 2. Outage probability with M = 6, Q = 2PT, P0 = 10%, and ρ = 0.9.

but independent of the number of combined antennas at the
SU-Rx Lc and the correlation coefficient ρ.

We now proceed to examine the outage tradeoff between
GSC, MRC, and SC. Given that GSC, MRC, and SC maintain
the same diversity order, the tradeoff between them is entirely
determined by their respective array gains. Based on our
results in (19), we present the following remarks.

Remark 1: We set Lc = L in (19) to obtain the array gain
of MRC as

GMRC
c =

[
ΘΓ (M + L)

L!Γ (M)

]− 1
L 1

α2PIγth
. (20)

Using (19) and (20), the SNR gap between GSC and MRC is
expressed as

∆1 = 10 log

(
Gc

GMRC
c

)
=

(
10

L

)
log

(
LL−Lcc Lc!

L!

)
dB.

(21)

Remark 2: We set Lc = 1 in (19) to obtain the array gain
of SC as

GSC
c =

[
ΘΓ (M + L)

Γ (M)

]− 1
L 1

α2PIγth
. (22)

Using (19) and (22), the SIR gap between GSC and SC is
expressed as

∆2 = 10 log

(
Gc
GSC
c

)
=

(
10

L

)
log
(
LL−Lcc Lc!

)
dB. (23)

Remark 3: Using (20) and (22), the SIR gap between MRC
and SC is expressed as

∆3 = 10 log

(
GMRC
c

GSC
c

)
=

(
10

L

)
log (L!) dB. (24)

Based on Remarks 1, 2, and 3, we confirm that the SIR
gaps ∆1, ∆2, and ∆3 are fully described by two parameters:
the number of available receive antennas at the SU-Rx L and
the number of combined antennas at the SU-Rx Lc.
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Fig. 3. Outage probability with Lc = 3, L = 5, and M = 5.

V. NUMERICAL RESULTS

Numerical examples are provided to highlight the impact
of GSC on the performance of underlay spectrum sharing
networks with imperfect CSI. In the examples, we assume that
the threshold SIR is γth = 1 dB and the interference power
from PU-Tx is PI = 3 dB. We also set α̂1 = 2, α2 = 3,
and α3 = 1. We see a perfect match between the simulations
and the exact analytical curves (plotted from (14)). We also
see that the asymptotic analytical lines (plotted from (18)) are
in precise agreement with the exact analytical curves in the
medium-to-high regime of PT.

Fig. 1 plots the outage probability versus PT as we vary
M . Here, we set L = 3, Lc = 2, P0 = 10%, and
ρ = 0.9. We observe that the diversity order is independent
of M as indicated by the parallel slopes of the asymptotes.
The diversity order is entirely determined by the number of
antennas at the SU-Rx as Gd = L. As expected, the outage
probability decreases with decreasing M . This is due to the
fact that the array gain in (19) increases with decreasing M .
This result is not surprising, since the interference from the
PU-Tx to the SU-Rx increases with increasing M , as shown
in (5), which negatively impacts the secondary network. We
also observe that setting Q = 2PT achieves a lower outage
probability compared to Q = 0.5PT. This is due to the fact
that the array gain in (19) increases with increasing µ. In other
words, the higher peak interference power constraint at PUs
enables more reliable transmission of the secondary network.

Fig. 2 plots the outage probability versus PT as we vary
Lc. Here, we set M = 6, Q = 2PT, P0 = 10%, and ρ = 0.9.
We observe that the diversity order is Gd = L regardless
of Lc. Setting Lc = L and Lc = 1, we obtain the special
cases of MRC and SC, respectively. We also observe that
the SIR gap between MRC and SC are accurately predicted
according to (24). As expected, we observe that the outage
probability decreases with increasing Lc. This is due to the
fact that the array gain increases with increasing Lc, as shown
in (19). Moreover, we find that the lower outage probability
can be achieved by employing more antennas L, which can
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Fig. 4. Outage probability with M = 5, PT = 25 dB, P0 = 10%, and
ρ = 0.9.

be explained by the fact that the array gain increases with
increasing L.

Fig. 3 plots the outage probability versus PT as we vary
ρ and P0. Here, we set M = 5, L = 5, Lc = 3, and
Q = 1.5PT. We can easily see the same parallel slopes for
different coefficients ρ, which indicates that the diversity order
is independent of ρ and P0. Interestingly, for the case of
P0 = 0.1, the outage probability decreases as ρ increases;
for the case of ρ = 0.9, the outage probability decreases
with increasing P0. This can be explained by the fact that
increasing ρ and P0 ensure the higher transmit power of the
SU-Tx, and thus brings about better outage performance. As
expected, for ρ = 1, which refers to perfect CSI, the lowest
outage probability is achieved.

Fig. 4 plots the outage probability versus Q as we vary Lc.
Here, we set M = 5, PT = 25 dB, P0 = 10%, and ρ = 0.9.
As expected, the outage probability decreases with increasing
Q when PT is not a linear function of Q. Furthermore, the
outage probability decreases with increasing Lc.

VI. CONCLUSIONS

We proposed generalized selection combining (GSC) in
interference-limited spectrum sharing networks with outdated
channel state information and multiple PU transceivers. Our
aim is to examine the impact of GSC and outdated channel
on the outage probability. To facilitate this, we derived new
closed-form expressions for the exact and the asymptotic
outage probability. The SU-Rx is allowed to combine the Lc
strongest antennas out of L antennas. With this in mind, we
examined the fundamental question of how Lc, M , and ρ
affect the transmit power at SU-Tx, the interference from SU-
Tx to PU-Rx, and the interference from PU-Tx to SU-Rx . The
valuable insights are reached that the interference power at the
SU-Rx increases as M increases, and the outage probability
is improved with more accurate CSI.
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APPENDIX A
PROOF OF THEOREM 1

According to (5), the CDF of γ̃ conditioned on V is written
as

F γ̃|V (γ) = Pr

{
‖G‖2 ≤ γV

PT
,
∣∣∣ĥ1m∗

∣∣∣2 < kI
Q

PT

}
︸ ︷︷ ︸

I1(V )

+ Pr

 ‖G‖2∣∣∣ĥ1m∗

∣∣∣2 ≤
γV

kIQ
,
∣∣∣ĥ1m∗

∣∣∣2 ≥ kI Q
PT

︸ ︷︷ ︸
I2(V )

.

(25)

By substituting (7) and (12) into (25), the first term I1 (Z)
is obtained as

I1 (V ) =
∑

Sk∈SK

αk

(
γV

PT

)βk
e
− δkγV

α3PT

(
1− e−

kIQ

α̂1PT

)M
.

(26)

Integrating (26) with respect to the PDF of Z given by (13)
results in

EV {I1 (V )} =

(
1− e−

kIQ

α̂1PT

)M(
1

PIα2

)M
1

Γ (M)∑
Sk∈SK

αk

(
γ

PT

)βk Γ (βk +M)(
δkγ
PTα3

+ 1
PIα2

)βk+M
.

(27)

Applying the same approach, EV {I2 (V )} can be derived
with the help of [24, Eq. (8.352.2)], [24, Eq. (9.211.4.8)], and
the polynomial expansion, which yields

EV {I2 (V )} =

M∑
m=1

(
M

m

)
(−1)

m+1
∑

Sk∈SK

αk

(
γ

kIQ

)βk
βk!

(
1

PIα2

)M
Γ (βk +M)

Γ (M)
e
−mkIQα̂1PT

βk∑
i=0

(
kIQ
PT

)i
i!

(
α3kIQ

α̂1δkγ

)βk+M

(
m

α̂1

)i+M
Φ

(
βk +M,M + i;

(
1

PIα2
+

δkγ

α3PT

)
α3mkIQ

α̂1δkγ

)
.

(28)

Substituting (27) and (28) into (25), the CDF of the SIR is
finally derived as (14).
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