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1 Introduction

The calculation of ever more precise results for cross-sections in perturbative Quantum

Chromodynamics (QCD) is a perennial necessity for current and forthcoming collider ex-

periments. Results typically proceed on two frontiers. Firstly, one must proceed to higher

fixed orders in the strong coupling αs. Secondly, one must supplement fixed order calcula-

tions with contributions which are enhanced in certain kinematic regions. One such region

is that of production of particles near threshold. In that case, the phase space for the

emission of additional radiation is squeezed, leading to an incomplete cancellation between

real and virtual singularities, and thus the appearance of large contributions at all orders

in perturbation theory. More specifically, if ξ is a dimensionless kinematic ratio such that

ξ → 0 near threshold, the corresponding differential cross-section has the following form

dσ

dξ
∝
∞∑
n=0

(αs
π

)n [2n−1∑
m=0

cRnm

(
lnm ξ

ξ

)
+

+ cVn δ(ξ) +
2n−1∑
m=0

cNLP
nm lnm ξ + . . .

]
. (1.1)

The first two sets of terms originate from soft and collinear radiation (real or virtual).

They make up the leading power (LP) contributions in the threshold variable ξ and are

localized at ξ = 0. The contributions have a universal form, which allows for their all-order

resummation [1–16].
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The third set of terms in eq. (1.1) make up the next-to-leading power (NLP) contri-

butions to the differential cross-section, as they are suppressed by a single power of the

threshold variable. Although subleading, the increasing precision of both LP resummation

and of experimental data makes such terms numerically relevant [17, 18]. As at LP, the

highest power of the NLP logarithm at a given order is referred to as leading-logarithmic

(LL). One may then worry about next-to-leading logarithmic (NLL) contributions, and so

on. It may well be the case for collider processes of interest that the LL NLP terms (or

beyond) must be resummed for an adequate comparison of theory with data. However,

such terms can be equally important for estimating fixed-order calculations. Precision cal-

culations are necessary for improving the modelling of SM backgrounds at the LHC, and

there remain many such processes where higher-order results (analytic or numerical) are

unavailable. Estimations of higher-order cross-sections based on the classification of NLP

terms at fixed order in αs may thus play a key role, analogous to how LP estimates have

historically preceded exact next-to-leading-order (NLO) calculations. Furthermore, numer-

ical codes (at NLO or beyond) require knowledge of soft radiation in infrared subtraction

schemes. These schemes typically need the matching of these contributions in different

phase-space configurations. Improving this matching to NLP promises to significantly ex-

tend the stability and speed of such codes [19–24].

The threshold expansion of eq. (1.1) contains contributions associated with radiation

that is (next-to-)soft and/or collinear with an external parton leg. We will define the

properties of such radiation more carefully in what follows, but here we note that much

previous work has focused on the soft expansion, with the aim to classify its effects be-

yond LP. Next-to-soft radiation in gauge theory was first studied in the classic works of

refs. [25, 26], and more recently in ref. [27]. Since then, a variety of approaches have been

used to try to systematically elucidate the structure of next-to-soft corrections [28–38].

There has recently been a revival of interest in this topic, partially motivated by more for-

mal work on so-called next-to-soft theorems of refs. [39, 40] (see also ref. [41]), which relates

soft physics to asymptotic symmetries in gauge theory and gravity. This has led to a great

deal of activity aiming to systematically classify NLP contributions to cross-sections, using

either diagrammatic factorisation formulas that generalise their LP counterparts [42–46],

or the framework of soft-collinear effective theory (SCET) [19, 47–56]. A resummation of

LL NLP effects in Drell-Yan production is recently presented using the SCET approach [57]

(see ref. [58] for a related study for other observables), confirming earlier expectations from

refs. [30–34], and results using the diagrammatic approach are presented in ref. [59]. Here

we restrict our attention to NLO in perturbation theory, similarly to how previous studies

have focused on fixed-order effects [20, 22, 60–62]. Of particular relevance for the present

study is ref. [60], which derived a universal form of the cross-section for the production of

an arbitrary number of colour singlet particles at NLO, up to NLP level, in either the qq̄ or

gg channel. An especially elegant result was that the NLP cross-section can be expressed

in terms of a simple kinematic shift of the LO result, where the specific form of this shift

is dictated precisely by the next-to-soft theorems. This both illustrates the phenomeno-

logical use of next-to-soft factorisation formulas, and provides analytic information where

this was previously absent (such as in di-Higgs production). All NLP terms are captured
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by the kinematic shift at this order in perturbation theory for these processes. This is due

to the fact that no final state partons are present in the leading-order (LO) process, so

that the threshold and soft expansions coincide. Indeed, most NLP studies effects (with

the exception of the conjectural but well-motivated resummation proposal of refs. [30–34])

have focused on processes in which all real radiation is manifestly (next-to) soft, such as

Drell-Yan production. It is then natural to ponder what the recently developed next-to-soft

formalisms are able to capture, if instead final state jets are allowed to be present.

As discussed above, the presence of final state jets means that the threshold and next-

to-soft expansions no longer coincide, in that the former contains collinear effects. However,

it may well be that generalisations of the formulae derived in ref. [60] can be used to capture

the LL NLP effects at NLO. We will see that this is indeed the case in what follows.

Ref. [60] included only the effects of radiated gluons dressing the LO amplitude. However,

at NLP one has the possibility to emit (anti-)quarks (e.g. see ref. [63]), which can also give

rise to LL effects. We will show how the dominant terms can indeed be represented in a

straightforward and universal way. To illustrate our results, we will use three examples of

processes with final state jets: deep-inelastic scattering, quark-antiquark pair production

in electron-positron annihilation, and the production of a photon in association with a hard

coloured particle (prompt photon production).

This paper is structured as follows. In section 2 we derive an explicit expression for the

NLO amplitude of a coloured final state in quark-antiquark, gluon-gluon or quark-gluon

scattering, which includes dominant (leading-logarithmic) terms in the threshold expansion

up to NLP level. This NLP amplitude can be subdivided into two separate contributions:

a gluonic contribution (section 2.1) and a quark contribution (section 2.2). As in ref. [60],

the amplitudes we obtain are fully general at NLO, and the results thus provide universal

corrections to any Born process with massless coloured particles in the final state. We then

illustrate how to apply our formalism in a number of examples of increasing complexity.

In section 3 we consider deep-inelastic scattering, whose Born amplitude contains a single

final-state parton, and in section 4 we examine hadroproduction in electron-positron anni-

hilation, where two final state partons are present at LO. In section 5 we look at prompt

photon production, which adds the complication of a final state which is not fully inclusive.

In all cases, we find that leading logarithmic effects up to NLP are completely captured

by performing a similar kinematic shift to that observed for colour singlet production pro-

cesses [60], and in addition by the effects of soft quark radiation. Finally, in section 6, we

discuss the implications of our results before concluding.

2 Universal NLO amplitudes for (next-to-)soft radiation

As is well-known, radiation from a massless external line of an amplitude leads to infrared

(IR) divergences, which in turn gives rise to threshold logarithms in the final cross-section.

Given a radiated particle with 4-momentum k, a divergence will occur if this momentum

is soft (all components going parametrically to zero), or collinear to the emitting particle

momentum pµ. The particle may also be soft and collinear, in which case the divergence is

maximal. Next-to-soft corrections then correspond to a systematic expansion of the entire
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amplitude in the momentum of the emitted radiation, keeping the first subleading order

only. We will use the term hard-collinear to refer to a radiated particle that is collinear to

an external parton in an amplitude, but not soft or next-to-soft. Without double-counting,

we may then refer to radiated particles as either soft, next-to-soft or hard-collinear.1

For the production of massive colour singlet particles considered in ref. [60], the only

IR divergences that appear at NLO are manifestly associated with (next-to-)soft radiation.

More specifically, that study examined dressing the amplitude for production of N massive

colour singlet particles with an additional gluon, and derived a universal form for the NLO

cross-section for any such process, valid up to next-to-soft order in the momentum of the

emitted radiation. Here we will revisit this analysis when final state massless partons are

present. As is well-known, the soft expansion then does not coincide with the threshold

expansion of eq. (1.1), but must be supplemented by hard-collinear effects. However, as

we will demonstrate explicitly, the leading-logarithmic terms at NLP stem from radiation

that is next-to-soft. Thus, a similar approach to ref. [60] can be used to capture this class

of NLO corrections.

For the emission of gluons, we will recover the results of refs. [25–27, 40]. In addition,

the re-derivation presented here will allow us to set up a careful notation that is needed

for what follows. A significant extension of previous results, however, is a universal next-

to-soft amplitude for the NLO emission of soft quarks, which we present here for the first

time. The latter effect is known to be absent at LP in the threshold expansion, but must

be included at NLP level and beyond.

2.1 Radiation of (next-to-)soft gluons

Let us first consider the emission of (next-to-)soft gluons. We will do this for a generic

Born level process with 2 initial state coloured particles and n final state coloured particles

(see figure 1a). As mentioned above, this extends the work of ref. [60] for colour-singlet

production, itself based on the earlier work of refs. [45, 46] (see also refs. [42–44, 48, 65]).

All particles are considered massless, which will be the case for all processes considered

throughout the paper.2 We must then consider all possible ways in which a gluon can be

emitted, namely the contributions of figure 1b–1f, where momenta and colour indices are

defined as shown. The first of these contributions, figure 1b, yields the matrix element

iM1,q = −
igst

c
cjci

(p1 − k)2 + iε
Mcj (p1 − k, p2, . . . , pn+2)(/p1

− /k)γσu(p1)ε∗σ(k)

= −
igst

c
cjci

(p1 − k)2 + iε
Mcj (p1, p2, . . . , pn+2)

×

(
(2pσ1 − kσ)− 2iSσµkµ − 2kµ

←−
∂

∂pµ1
pσ1

)
u(p1)ε∗σ(k), (2.1)

where {taij} are elements of the colour generator in the fundamental representation, and

Mcj is the hard scattering matrix element carrying colour label cj for the incoming quark.

1A systematic way to characterise radiated momenta is via the method of regions [64] for classifying

threshold corrections, which has been applied recently to analyse NLP effects in refs. [61, 62].
2We note in passing that our formalism would also apply for massive coloured particles.

– 4 –



J
H
E
P
0
3
(
2
0
2
0
)
1
0
6

p1

p2

p3

pn+2

MH

(a)

p′1,cj

p1,ci

p2

p3

pn+2

kσ,c

Mcj (p
′
1)

(b)

p′1,ρ,b

p1,µ,a

p2

p3

pn+2

kσ,c

Mρ,b(p
′
1)

(c)

p1

p2

p3

pn+2

kσ,c

pi,ciMcj (p
′
i)

(d)

p1

p2

p3

pn+2

kσ,c

pi,µ,a

Mρ,b(p
′
i)

(e)

p1

p2

p3

pn+2

kσMint,σ

(f)

Figure 1. (a) Feynman diagram for a generic 2→ n scattering process where all external particles

are colour charged and either in the adjoint, fundamental or anti-fundamental representation, which

are all indicated by a double line. By MH we denote the matrix element without any additional

radiation, containing all asymptotic states (spinors and polarisation vectors). (b) Feynman diagram

with the emission of one additional gluon carrying momentum k and colour c from an initial state

quark carrying momentum p1 and colour ci. The notation is such that M contains all colour

generators, spinors and/or polarisation vectors, except for the ones stemming from the line that is

emitting. Since the gluon carries away momentum k and changes the colour of the quark line, this

matrix element will depend on p′1 = p1 − k and carries a colour label cj . (c) Feynman diagram

with the emission of one additional gluon from an initial state gluon. (d) Feynman diagram with

an emission off a final state quark. Here the hard scattering matrix element depends on p′i = pi+k.

(e) Feynman diagram with an emission off a final state gluon. (f) Feynman diagram where the

gluon is emitted from an internal line. The matrix element Mint,σ contains all colour generators

and external states, except for ε∗σ(k).

The notation is such that Mcj contains all colour generators, spinors and/or polarisa-

tion vectors, except for the ones stemming from the line that is emitting. We have also

introduced the generator of Lorentz transformations for fermionic fields:

Sσµ ≡ i

4
[γσ, γµ] . (2.2)

In the second line of eq. (2.1), the first two terms in the bracket come from rewriting the

Dirac propagator in a suitable form. The derivative term stems from Taylor expanding the

hard scattering matrix element Mcj (p1 − k) to first order in k, where we have assumed

this to be Taylor expandable. This assumption will fail at higher loop orders due to the

presence of virtual collinear singularities, as first studied by ref. [27], and further developed

by subsequent works [42–46, 48, 65]. However, the assumption is valid for tree- and loop-
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induced Born processes that are free of virtual collinear effects, which applies to all examples

studied in this paper. Carrying out a similar exercise for the case where the initial state is

an antiquark, we find

iM1,q̄ =
igst

c
cicj

(p1 − k)2 + iε
v̄(p1)

(
(2pσ1 − kσ) + 2iSσµkµ − 2pσ1k

µ ∂

∂pµ1

)
×Mcj (p1, p2, . . . , pn+2)ε∗σ(k).

(2.3)

In the case of an emitting gluon (figure 1c) the resulting matrix element is:

iM1,g =
gsf

cab

(p1 − k)2 + iε
εµ(p1)Mρ,b(p1 − k, p2, . . . , pn+2) (−gσµ(p1 + k)ρ + gµρ(2p1 − k)σ

+2gσρkµ) ε∗σ(k)

=
gsf

cab

(p1 − k)2 + iε
εµ(p1)

(
(2p1 − k)σgρµ − 2ikαM

σα,ρµ − 2pσ1k
α ∂

∂pα1
gρµ
)

×Mρ,b(p1, p2, . . . , pn+2)ε∗σ(k), (2.4)

where

Mσα,ρµ = i(gσρgµα − gσµgρα) (2.5)

denotes the Lorentz generator for spin 1 particles and Mρ,b the hard scattering matrix

element with adjoint colour index b and Minkowski index ρ for the incoming gluon. To go

from the first to the second line in eq. (2.4) we have used the physical polarisation condition

for the incoming gluon to write [65]

pρ1Mρ(p1, p2, . . . , pn+2)≡ 0 → pρ1k
α ∂

∂pα1
Mρ(p1, p2, . . . , pn+2) =−kρMρ(p1, p2, . . . , pn+2).

(2.6)

We thus observe that for all species of incoming parton, the next-to-soft matrix element

with an additional gluon emission from the incoming leg consists of three terms: a universal

scalar term (which is proportional to 2pσi − kσ), a term that is sensitive to the spin of the

emitter (which is proportional to either S or M) and a universal derivative term acting on

the nonradiative amplitude.

We may carry out a similar analysis for hard emitting particles in the final state.

However, the fact that the gluon is emitted after the hard scattering results in a sign

difference for the derivative term. More specifically, in considering the emission of a gluon

of momentum k from a final state hard particle of momentum pi+k leads to a momentum-

shifted amplitude

M(p1, p2, . . . , pi + k, . . . , pn+2) =M(p1, p2, . . . , pi, . . . , pn+2)

+ kα
∂

∂pαi
M(p1, p2, . . . , pi, . . . , pn+2). (2.7)

The next-to-soft matrix element for a final state quark emitter (figure 1d) is then found

to be

iMi,q = −
igst

c
cicj

(pi + k)2 + iε
ū(pi)

(
2pσi + kσ + 2iSασkα + 2pσi k

α ∂

∂pαi

)
⊗Mcj (p1, p2, . . . , pn+2)ε∗σ(k),

(2.8)
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and for a final state antiquark emitter:

iMi,q̄ =
igst

c
cjci

(pi+k)2 + iε
Mcj (p1, p2, . . . , pn+2)

(
2pσi +kσ−2iSασkα+2kα

←−
∂

∂pαi
pσi

)
v(pi)ε

∗
σ(k).

(2.9)

For a final state gluon emitter the next-to-soft matrix element is (figure 1e):

iMi,g =
gsf

cba

(pi + k)2 + iε
ε∗µ(pi)

(
gµρ(2pσi + kσ) + 2iMσα,ρµkα + 2gµρpσi k

α ∂

∂pαi

)
×Mρ,b(p1, p2, . . . , pn+2)ε∗σ(k). (2.10)

As for an initial state emitter, the NLP amplitude for a final state emitter also consists of

a universal scalar term, a term that is sensitive to the spin of the emitter and a universal

derivative term.

So far, we have considered only emissions from the external legs of the non-radiative

amplitude. We must also consider the emission of a gluon from inside the hard interaction,

as shown in figure 1f. To this end, we may consider the Ward identity for the emitted

gluon, which takes the form

iMNLP,σk
σ =

n+2∑
j=1

iMj,σk
σ + iMint,σk

σ = 0 → iMint,σk
σ = −

n+2∑
j=1

iMj,σk
σ, (2.11)

where Mj,σ is the contribution to the total matrix element arising from gluon emission

from an external line j, each consisting of a scalar, spin and derivative contribution as

shown above. It is straightforwardly verified that the scalar and spin contributions vanish

automatically upon contracting with kσ, leaving only the derivative contribution, so that

upon removing the gluon 4-momentum from both sides one obtains3

iMint,σ =
∑
j

ηjgsTj ⊗
∂

∂pσj
[iMH] , (2.12)

where ηj = +1(−1) for a hard emitting particle in the initial (final) state respectively.

We use the symbol ⊗ to denote the fact that the action of the colour generator for each

external leg should be interpreted with appropriate coupling of colour indices to the hard

interaction. The derivative does not act on the asymptotic states of the hard scattering

matrix element MH. Combining this expression with the other contributions above, we

can now write down a general formula for the emission of a soft gluon from an arbitrary

amplitude up to next-to-soft level:

ANLP = Ascal +Aspin +Aorb

=
n+2∑
j=1

gsTj

2pj · k
(
Oσscal,j +Oσspin,j +Oσorb,j

)
⊗ iMH(p1, . . . , pi, . . . , pn+2)ε∗σ(k), (2.13)

3In principle, one may add a contribution Cσ to the right-hand side of eq. (2.11), that is transverse by

itself i.e. k · C = 0. Such contributions, however, can be ruled out based on gauge invariance and locality

(see e.g. refs. [66, 67] for a recent discussion).
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whereMH again denotes the hard scattering matrix element, and the first two terms on the

right-hand side constitute the scalar-like and spin contributions respectively. Furthermore,

the third term is the orbital angular momentum operator associated with each external

leg, and Tj a colour generator in the appropriate representation. We use the symbol ⊗
in the same way as before, with the extension that now also the spin generator should be

interpreted with the appropriate coupling of the spinor and/or vector indices to the hard

interaction. We define each of these actions carefully, for all possible types of external leg,

in appendix A. Note that the scalar contribution commences at LP in the soft expansion,

whereas both of the angular momentum contributions are NLP only.

In eq. (2.13), the hard scattering matrix element contains only those momenta that are

also present at LO. These do not obey momentum conservation once the extra radiation

is present, and there appears to be an ambiguity in how one shares the momentum of the

additional radiation between these existing momenta (see e.g. ref. [42] for a particularly

complete discussion of this point). We will see in sections 3–5 that actually there is no such

ambiguity, as the form of the momentum shift created by the angular momentum operators

of eq. (2.13) is completely fixed. Furthermore, exact momentum conservation is enforced

by integrating over the complete phase space, which is not included in the amplitude itself.

The result of eq. (2.13) has previously been derived in a more formal context [40],

where it is known as the next-to-soft theorem. It was motivated by a similar result in

gravity [39, 41], that generalises the leading soft results of ref. [68]. Our reason for carefully

rederiving this result here is twofold. Firstly, we may contrast this derivation with a similar

analysis for the emission of soft quarks, to be carried out in the following section. Secondly,

in applying eq. (2.13) to example scattering processes in the remainder of the paper, it is

useful to have a precise record of how to keep track of colour and spinor/vector indices.

The above derivation (and the results of appendix A) are particularly useful in this regard.

2.2 Radiation of soft quarks

Having reviewed the universal NLO amplitude for the emission of a (next-to-)soft gluon, we

now turn to the emission of one additional soft quark. One must then consider all possible

partonic splittings that can lead to such an emission, which we show for the case of emission

from the initial state in figure 2. Let us first consider an initial state gluon splitting into a

quark-antiquark pair, where the antiquark participates in the hard interaction (figure 2a).

The resulting matrix element is

iMQ,1,g =
igst

a
cmcj

(p1 − k)2 + iε
εµ(p1)ū(k)γµ( /p1 − /k)Mcj (p1 − k, p2, . . . , pn+2), (2.14)

where momenta and colour/Lorentz indices are labelled in the figure. The subscript Q is

used to indicate the emission of a soft quark. From the fermion completeness relation for

the emitted soft quark ∑
spins

u(k)ū(k) = /k, (2.15)

we see that the spinor for the emitted quark scales with soft momentum as O(k1/2). Thus,

the leading power of divergence for kσ → 0 in the matrix element is O
(
k−1/2

)
(as opposed

– 8 –
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p′1,cj

p1,µ,a

p2

p3

pn+2

k,cm

Mcj (p
′
1)

(a)

p′1,ρ,b

p1,ci

p2

p3

pn+2

k,cm

Mρ,b(p
′
1)

(b)

Figure 2. (a) Feynman diagram for the emission of one additional quark carrying momentum k

and colour cm from an initial state gluon carrying momentum p1 and colour a. The momenta of the

particles is defined to flow from left to right for all external lines. The hard scattering matrix element

Mcj (p′1) is defined to contain all external states, except for the polarisation vector εµ(p1) and the

spinor ū(k). By the emission of a quark, the identity and the colour of the external gluon changes.

(b) Feynman diagram for the emission of one additional quark carrying momentum k and colour

cm from an initial state quark carrying momentum p1 and colour ci. The hard scattering matrix

element Mρ,b(p
′
1) is defined to contain all external states, except for the spinors u(p1) and ū(k).

to O(k−1) for the soft gluon case). It will therefore not give rise to a leading power

threshold contribution, but will instead contribute at NLP accuracy. Furthermore, as

the leading contribution from soft quark emission is already O(k−1/2), there will be no

additional contribution from the O(k) terms in the hard scattering matrix element or the

Dirac propagator. The matrix element for soft quark emission becomes

iMQ,1,g =
igst

a
cmcj

(p1 − k)2 + iε
εµ(p1)ū(k)γµ/p1

Mcj (p1, p2, . . . , pn+2). (2.16)

A similar exercise can be performed if the initial state involves a quark splitting into a

quark-gluon pair (figure 2b), and one obtains

iMQ,1,g =
igst

b
cmci

(p1 − k)2 + iε
ū(k)γρu(p1)Mρ,b(p1, p2, . . . , pn+2). (2.17)

The analysis for a final state particle emitting soft quarks is similar, as is the case of

antiquark emission. Thus, we do not explicitly report the intermediate steps here. In the

previous analysis of gluon emission, we needed to consider the possibility that a gluon was

emitted from inside the hard scattering process, i.e. figure 1f. Here, while it is certainly

possible that a soft quark is emitted from inside the hard scattering process, it will not give

rise to an NLP contribution. This follows from the fact that the soft quark emission is by

itself already a subleading effect in the momentum expansion, and also that any internal

line is by definition far off-shell. Emission of an internal soft quark is then sub-sub-leading

in the momentum expansion, thus irrelevant at NLP.

As for the gluon case, we can write a compact universal formula for soft quark emission.

In order to do this, we introduce a quark emission operator Qi, which acts on a given

external parton line i to produce the emission of a quark or antiquark. The action of

– 9 –
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Qj


pj,µ,a

 =

pj,cj pj,µ,a

k,cm

+

k,cm

pj,µ,apj,cj

Qj


pj,cj

 =

pj,µ,a

k,cm

pj,cj

Qj


pj,cj

 =

pj,µ,a pj,cj

k,cm

Qj


pj,cj

 =

pj,cj pj,µ,a

k,cm

Qj


pj,cj

 =

k,cm

pj,cj pj,µ,a

Qj


pj,µ,a

 =

k,cm

pj,µ,a pj,cj
+

pj,cjpj,µ,a

k,cm

Figure 3. Action of the quark emission operator Qj on an external parton line j, where all possible

cases of incoming or outgoing line, and all parton species are considered. All momenta are defined

to flow from left to right. The explicit contributions to the amplitude from each possibility are

collected in appendix A.

this operator on every species of incoming/outgoing parton leg is shown diagrammatically

in figure 3, and we collect the explicit rules for the amplitude from each possibility in

appendix A. Armed with the quark emission operator, we may write the following general

formula for the next-to-soft amplitude arising from soft (anti)quark emission:

ANLP,Q =

n+2∑
j=1

gs
2pj · k

Qj ⊗ iMH,j(p1, p2, . . . , pj , . . . , pn+2). (2.18)

This is very different to the next-to-soft gluon formalism of eq. (2.13), in that there is no

equivalent of the scalar and orbital angular momentum contributions. The quark emission

operator generates a single “external emission” from the non-radiative amplitude, that

commences at NLP in the momentum expansion. Unlike the gluon case, it must change

the identity of the parton that enters the hard scattering process.

In this and the previous section, we have derived a universal next-to-soft amplitude

for the emission of a single additional gluon from a general Born process, up to next-to-
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soft order in its momentum. We have also derived a similar result for the emission of

soft (anti)quarks, which involved introducing the quark emission operator of figure 3. As

already noted above, the use of these formulae is more limited than in the case of processes

without final state jets, considered in the previous work of ref. [60]. When final state

jets are involved, the next-to-soft and threshold expansions no longer coincide, due to the

presence of hard-collinear radiation. However, (next-to)-soft radiation is fully captured by

the above results, so one expects that the leading-logarithmic terms at LP and NLP in

the threshold expansion are correctly obtained.4 This may be illustrated by considering

specific scattering processes, which we now turn to.

3 NLP contributions in DIS at NLO

In this section, we will consider arguably the simplest process that has an unobserved

parton in the final state, namely deep inelastic scattering (DIS):

e−(k) + q(p)→ e−(k′) + q(k2).

We can then use the formulae derived in section 2.1 and 2.2 to compute the NLO cross-

section, up to next-to-soft order in the momentum of the emitted radiation. For the

calculation we will utilise dimensional regularisation in d = 4 − 2ε dimensions, and use µ

to indicate the renormalisation scale. The strong coupling is denoted as usual by αs ≡
αs(µ

2) = g2
s/(4π). As is customary (see e.g. refs. [69, 70]), the complete squared amplitude

before summing/averaging over spins, polarisations and colours can be written as

|A|2 ∼ LµνHµν , (3.1)

where Hµν (Lµν) is the hadronic (leptonic) tensor respectively. To calculate the proton

structure functions, it is sufficient to consider the hadronic tensor only. Thus, we may

assume an initial state consisting of a quark and a spacelike off-shell photon, as shown

in figure 4. Let us now consider the NLO cross-section up to NLP, which we calculate

using eq. (2.13). For the hadronic tensor, we need the squared amplitude with different

space-time indices for the off-shell photon, which reads

AµA† ν = AµscalA
† ν
scal + 2Re

[
AµscalA

† ν
spin +AµscalA

† ν
orb

]
+ . . . , (3.2)

where we have included only those terms in the squared amplitude that are up to NLP in

the next-to-soft expansion. By explicit calculation (similar to those performed in ref. [60]),

we find that the first term on the right-hand side of eq. (3.2) is given by

〈Ascal,µA†scal,ν〉 = g2
sCF

p · k2

(p · k)(k2 · k)
Tr
[
/k2Mµ(p, k2)/pM†ν(p, k2)

]
, (3.3)

where the bracket notation indicates that we have averaged over the initial state color and

spin of the quark (resulting in a factor of 1
2NC

), and summed over final state spins and gluon

4Note that soft quark emission may lead to NLL terms at leading power, due to the fact that some of

this soft radiation is collinear.
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qµ

p,ci

k2,cj

(a)

q

p

k2

kσ,a

(b)

q

p

k2

k

(c)

q

p

k2

k

(d)

Figure 4. Diagrams for the DIS process: (a) shows the LO contribution, whilst (b)–(d) show all

possible gluon emissions at NLO for the quark channel. Here (p, q, k2) denote the 4-momenta, µ and

σ are Lorentz indices, and ci (a) denotes a colour index in the fundamental (adjoint) representation.

polarisations. Furthermore, we have defined Mµ(p, k2) ≡ Mµ to be the LO amplitude,

with external fermion wavefunctions removed, which we have allowed at present to be fully

general. The scalar-spin contribution is found to be

〈2Re
[
Ascal,µA†spin,ν

]
〉 = −g2

sCF

(
1

p · k
− 1

k · k2

)
Tr
[
/k2Mµ/pM†ν

]
. (3.4)

Finally, the scalar-orbital squared amplitude is given by

〈2Re
[
Ascal,µA†orb,ν

]
〉= g2

sCF
p·k2

(p·k)(k2 ·k)

[
Tr

[
/k2Mµ/p

(
δp· ∂

∂p
−δk2 ·

∂

δk2

)
M†ν

]

+Tr

[
/pM†ν /k2

(
δp· ∂

∂p
−δk2 ·

∂

∂k2

)
Mµ

]]
, (3.5)

where we have defined the momentum shifts

δpα ≡ −1

2

(
kα +

k2 · k
p · k2

pα − p · k
p · k2

kα2

)
(3.6)

δkα2 ≡ −
1

2

(
kα +

p · k
p · k2

kα2 −
k2 · k
p · k2

pα
)
. (3.7)

We are now in a position to calculate the full NLP squared amplitude for DIS. First we

will make use of the chain rule to write

〈2Re
[
Ascal,µA†orb,ν

]
〉= g2

sCF
p·k2

(p·k)(k2 ·k)

[(
δp· ∂

∂p
−δk2 ·

∂

∂k2

)
Tr
[
/k2Mµ/pM†ν

]
+Tr

[
/δk2Mµ/pM†ν

]
−Tr

[
/k2Mµ /δpM†ν

]]
. (3.8)

The first term generates a momentum shift on the entire trace. The other two terms can

be rewritten using a Sudakov decomposition for the emitted gluon momentum:

kµ =
p · k
p · k2

kµ2 +
k2 · k
p · k2

pµ + kµT , (3.9)
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so that one finds

〈2Re
[
Ascal,µA†orb,ν

]
〉= g2

sCF
p·k2

(p·k)(k2 ·k)

[(
δp· ∂

∂p
−δk2 ·

∂

∂k2

)
Tr
[
/k2Mµ/pM†ν

]
(3.10)

+
k2 ·k
p·k2

Tr
[
/k2Mµ/pM†ν

]
− p·k
p·k2

Tr
[
/k2Mµ/pM†ν

]]
.

Here we have ignored terms linear in kT , as they will ultimately vanish upon integration

over the final state phase space. The latter two terms can be combined with the scalar-spin

contribution in eq. (3.4), after which they also vanish. Putting everything together, the

complete NLP squared amplitude can be written in terms of the LO hadronic tensor

Hµν(p, k2) = 〈A(0)
µ (p, k2)A(0)†

ν (p, k2)〉, (3.11)

but with momenta shifted according to eq. (3.7):

〈AµA†ν〉
∣∣∣
LP+NLP

= g2
sCF

p · k2

(p · k)(k2 · k)
Hµν(p+ δp, k2 − δk2). (3.12)

This is directly analogous to the case of colour singlet production examined in ref. [60],

which also found that the squared amplitude for the one real emission contribution could

be written in terms of the momentum-shifted non-radiative amplitude. The forms of the

shifts found here differ only in that the shift in k2 has an opposite sign, owing to the fact

that it is a final-, rather than initial-state momentum. Up to now we have allowed the LO

stripped amplitude to be fully general, but we now use the explicit result for DIS:5

Mµ = γµ, (3.13)

before projecting the squared amplitude of eq. (3.12) with:

Tµν2 = − 1

4π

1

2− 2ε

(
gµν + (3− 2ε)

q2

(p · q)2
pµpν

)
(3.14)

to obtain the proton structure function F γ2 (x,Q2) (see e.g. refs. [69, 70]).6 To calculate the

structure function, we use the following momentum parameterisation [69, 70]:

p =
s+Q2

2
√
s

(1, 0, . . . , 0, 1)

q =

(
s−Q2

2
√
s
, 0, . . . , 0,−s+Q2

2
√
s

)
k =

√
s

2
(1, 0, . . . , 0, sin θ, cos θ)

k2 =

√
s

2
(1, 0, . . . , 0,− sin θ,− cos θ) .

5Note that we have not included a factor of iQqgEM here, which we define to be part of the leptonic tensor.
6One may also consider the structure function FL. However, this does not exhibit any logarithmic terms

at NLO. See ref. [32] for a detailed discussion of threshold contributions at higher orders.
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Next defining cos θ = 2y − 1 and s = Q2(1−x)
x , one has

− q2 = Q2, p · k =
Q2(1− y)

2x
, p · q =

Q2

2x
, q · k =

Q2(y − x)

2x
, (3.15)

such that the two-body final state phase space may be written as∫
dΦ2 =

2π

(4π)d/2Γ
(
d−4

2

) (Q2

µ2

)d/2−2(
1− x
x

) d−2
2
∫ 1

0
dy (y(1− y))

d−4
2 . (3.16)

Note that there is an overall factor of x−(d−4)/2 ≡ xε, which when expanded about x = 1

contributes to NLP terms in the final result suppressed by a power of ε. That is, this term

contributes as ε ln(1− x). Therefore, corrections of the phase space will not affect leading

logarithmic behaviour in this case. Using these ingredients, the result for the structure

function, valid up to NLP, is

F γ2,LP+NLP(x,Q2) =

∫
dΦ2T

µν
2 〈AµA

†
ν〉
∣∣∣
LP+NLP

(3.17)

=
αs
4π

(
−4

ε

1

1− x
+

4

ε
− 4− 4 ln(1− x)

1− x
+ 8− 4 ln(1− x) +O(1− x)

)
,

where we have set

µ̄2 ≡ 4πe−γEµ2 = Q2. (3.18)

This is the result obtained for the structure function in the next-to-soft approximation, as

opposed to the full NLO result

F γ2,NLO(x,Q2) =
αs
4π

(
−4

ε

1

1− x
+

4

ε
− 3− 4 ln(1− x)

1− x
+ 14− 4 ln(1− x) +O(1− x)

)
.

(3.19)

Comparison of eqs. (3.17) and (3.19) shows that the next-to-soft expansion indeed correctly

captures the dominant threshold terms at both LP and NLP (aided by the above-noted

absence of phase space corrections at leading logarithmic order). The discrepancy between

the next-to-soft and full calculations up to NLP level is

F γ2,NLO(x,Q2)− F γ2,LP+NLP(x,Q2) =
αs
4π

(
1

1− x
+ 6 +O(1− x)

)
. (3.20)

This consists of a LP term which, when combined with virtual corrections, will yield a

subleading (NLL) plus-distribution. As is well-known, this can be captured by introducing

a jet function [3], which includes the hard-collinear effects that are missing in the next-to-

soft expansion. We do not do so here, given that our aim is to classify which NLP effects

are captured by using the next-to-soft expansion alone. Given that the NLP term in the

discrepancy of eq. (3.20) is a numerical constant, we see that all LL terms at LP and NLP

are correctly captured by the next-to-soft formalism.

Our soft-quark framework allows us to include the other partonic DIS channel in a

natural way, namely the one where the hard scattering is induced by a gluon that splits
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q

p p

q

Figure 5. Contributions for the DIS F2,q(x,Q
2) structure function, where the (anti)quark is soft.

into a quark-antiquark pair, shown for convenience in figure 5. This contribution turns out

to be

F γ2,q =
αs
4π

(
−2

ε
+ 2 ln(1− x) +O(1− x)

)
. (3.21)

One observes the presence of a pole associated with the initial state quark-antiquark pair

becoming collinear (but such that the quark is still next-to-soft). This in turn generates

an NLP logarithmic term in the finite part, due to the interplay of the collinear pole with

the factor (1− x)−ε in the 2-body phase space of eq. (3.16).

In this section, we have examined a first process with a final state parton (DIS), and

found that the next-to-soft formalism as derived in section 2.1 can be used to derive a

similar result to that obtained for colour singlet particle production in ref. [60]. That is,

LL LP and NLP threshold contributions in the NLO amplitude are captured in terms of

the LO amplitude, with shifted external momenta (eq. (3.12)). Contrary to ref. [60], only

the LL terms are captured, as expected given that final state collinear enhancements are

present at the first subleading logarithmic order. However, the momentum shift formula

remains a very useful result for practical applications, given that it correctly predicts all LL

terms at NLP level. To investigate how general this situation is, it is instructive to consider

a second inclusive process with two final state jets, which we do in the following section.

4 NLP contributions in e+e− → jets at NLO

The next process we will consider is that of hadroproduction in electron-positron annihi-

lation:

e+(p1) + e−(p2)→ γ(q)→ q(k1) + q̄(k2) + g(k),

where we will choose q(k1) to fragment into the observed hadron, and be inclusive for

the other final state particles. We are interested in the transverse parton fragmentation

function (see e.g. [71])7

FT (z,Q2) =
1

d− 2

(
−2k1 · q

q2
Wµ
µ −

2

k1 · q
kµ1 k

ν
2Wµν

)
. (4.1)

Here Wµν is the parton structure tensor

Wµν(p, q) =
zd−3

4π

∫
dΦ2〈AµA†ν〉, (4.2)

7We could also consider the longitudinal fragmentation function. However, as for the longitudinal

structure function FL in DIS, this does not contain logarithmic contributions at NLO.
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where Aµ now denotes the matrix element of the sub-process γ∗(q)→ q(k1)q̄(k2)g(k), and

we have also defined the partonic scaling variable

z =
2k1 · q
Q2

. (4.3)

The phase space for the two unobserved final state partons takes the form∫
dΦ2 = (µ)4−d

∫
ddk

(2π)d−1
δ+(k2)

ddk2

(2π)d−1
δ+(k2

2)(2π)dδ(d) (q − k1 − k2 − k) , (4.4)

where the momenta of the photon and the outgoing partons can be parameterised as

follows [71]:

q =
√
s(1, 0, . . . , 0)

k1 =
s− s12

2
√
s

(1, 0, . . . , 0, 1)

k2 =
s− s2

2
√
s

(1, 0, . . . , 0, sin θ, cos θ)

k = q − k1 − k2.

We have introduced the invariants

s = Q2, s1 = (k1 + k2)2, s2 = (k1 + k)2, s12 = (k2 + k)2,

satisfying s = s1 + s2 + s12. Using momentum conservation and the on-shell conditions for

the antiquark and the gluon, we can parameterise the phase space in a convenient way using

cos θ =
s2s12 − s1s

(s− s12)(s− s2)
, s1 = z(1− y)s, s12 = (1− z)s, s2 = yzs,

such that the 2-body phase space reads∫
dΦ2 =

1

8π

1

Γ(1− ε)

(
4πµ2

s

)ε
(1− z)−ε

∫ 1

0
dy(y(1− y))−ε. (4.5)

As in the case of DIS, we may now calculate the one real emission correction to the γ∗ →
q + X amplitude up to NLP, by applying the next-to-soft formalism of eq. (2.13). This

proceeds directly analogously to the previous calculation, and we find that the squared

amplitude may be written as

〈AµA†ν〉
∣∣∣
LP+NLP

= g2
sCF

k1 · k2

(k1 · k)(k2 · k)
Hγ∗→qq̄
µν (k1 − δk1, k2 − δk2), (4.6)

where the squared Born process is denoted by Hγ∗→qq̄
µν and the momentum shifts are de-

fined via

δkα1 = −1

2

(
kα +

k2 · k
k1 · k2

kα1 −
k1 · k
k1 · k2

kα2

)
(4.7)

δkα2 = −1

2

(
kα +

k1 · k
k1 · k2

kα2 −
k2 · k
k1 · k2

kα1

)
. (4.8)
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Thus, as in the DIS and colour singlet production cases [60], we again find that we can

describe the squared soft-gluon amplitude using a momentum shift of the non-radiative

amplitude. The momentum shifts are similar in form to the previous cases, but both have

a negative sign owing to the fact that both hard partons are now in the final state. Putting

together all of the above ingredients, the next-to-soft result for the parton fragmentation

function FT,LP+NLP(z,Q2) is8

FT,LP+NLP(z,Q2) =
αsz

π

(
1

ε

1

1− z
− 1

ε
− ln(1− z)

1− z
+ ln(1− z)

− z

1− z

(
2 ln z − 1 + ln

s

µ̄2

))
. (4.9)

This may be compared with the full NLO expression, which is

FT,NLO

(
z,Q2

)
=
αsz

4π

(
2

ε

1 + z2

1− z
− 2

ln(1− z)

1− z
(1 + z2)

− 1

1− z

(
4(1 + z2) ln z + 3(z − 2)z + 2(1 + z2) ln

s

µ̄2

))
. (4.10)

Similar to the DIS case, the next-to-soft formalism predicts the LL behaviour, but fails to

capture a LP term and a constant piece at NLP:

FT,NLO(z,Q2)−FT,LP+NLP(z,Q2) = (4.11)

αsz

4π

(
− 1

1− z
+ 4 + (1− z)

[
2

ε
− 3− 2 ln(1− z)− 2 ln

s

µ̄2
− 4 ln z

])
.

The LP term would be described by a conventional jet function. The missing NLP term is

again a numerical constant, so we conclude that the LL LP and NLP terms are correctly

captured by the next-to-soft formalism.

In this section we have examined a second example of a scattering process containing

a final state parton. We again find that we can successfully use eq. (2.13) to obtain an

NLO result for the amplitude that captures all LL threshold contributions up to NLP.

5 NLP cross-section for NLO prompt photon production

In this section we will consider the production of a single photon that recoils against a hard

parton at NLO, where the latter is unobserved. This process has more partonic subchannels

than the ones previously considered and it has more than one colour structure to consider

at NLO. This makes the prompt photon production process an interesting testing ground

for our next-to-soft gluon and soft quark formalisms. Furthermore, it is not straightforward

to determine where the different NLP threshold contributions originate from. This section

thus aims to disentangle the NLP contributions, and show their origin.

8Following eq. (4.2), we keep an overall factor of z unexpanded, which would cancel with a similar factor

in forming the hadronic fragmentation function.
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γ q
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Figure 6. Feynman diagrams for the LO processes qq̄ → gγ (left) and qg → γq (right).

At leading order, the prompt photon production process (pp → γ + X) consists of

two subprocesses: qq̄ → γg and qg → qγ, as shown in figure 6. At next-to-leading order

in the coupling, one additional particle can be radiated. This creates a variety of new

diagrams that one has to consider. Firstly, one can add an additional gluon to the two

Born processes: qq̄ → γgg and qg → qgγ. The presence of this additional gluon will

create the leading power logarithmic contributions to the NLO cross-section. Apart from

that, there will be diagrams that appear for the first time at NLO and contain an extra

quark in the final state: qq̄ → γq(′)q̄(′), gg → γqq̄ and qq(′) → γqq(′). Although only the

two Born processes need to be considered for a leading power analysis, all of the other

additional subprocesses will also contribute at NLP only due to the possibility of a final

state unobserved quark becoming soft.

Due to the presence of different subprocesses, we have divided this section into three

subsections. In subsection 5.1 we will consider the channel that only has gluons in the final

state: qq̄ → ggγ. Then, in subsection 5.2, we consider the subchannel qq̄ → qq̄γ, which

does not contribute at LL LP and only commences at LL NLP. In the last subsection, we

will consider the most involved example, namely one where both gluons and quarks are

present in the final state. We will find there that the next-to-soft gluon effects are factorised

from the soft quark effects, therefore their contributions can be calculated separately, as

was suggested in section 2. For our calculations we will use µF to indicate the factorisation

scale and the electromagnetic fine structure constant is given by α = g2
EM/(4π).

5.1 qq̄ → ggγ channel

We first consider the process obtained by dressing qq̄ → gγ with one additional gluon,

where the relevant Feynman diagrams for this are shown in figure 7. Given that gluons are

the only partons in the final state, it should be sufficient to describe this process, up to

next-to-soft level, with the amplitude of eq. (2.13). To compute the cross-section, we must

calculate the squared amplitude, summed and averaged over final/initial state colours and

spins. This involves summing over all polarisations for the emitted gluon, and one may

restrict this to be over physical degrees of freedom by defining an arbitrary lightlike vector

l such that l · ε(k) = 0, where εµ(k) is the polarisation vector of the gluon, thus obtaining

∑
phys.

ε†α(k)εβ(k) = −ηαβ +
lα kβ + lβ kα

l · k
. (5.1)
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Alternatively, one may sum over all polarisations (including an unphysical longitudinal

degree of freedom), provided one introduces external ghost particles to remove the spurious

contributions. As argued in ref. [60], however, soft ghosts do not contribute up to NLP in

the momentum expansion, and thus one may replace eq. (5.1) with9∑
pols.

ε†α(k)εβ(k) = −ηαβ . (5.2)

Since the current process is more involved than the DIS and e+e− cases due to the pres-

ence of more than two NLO diagrams, we will again provide explicit details of how to

construct the next-to-soft squared amplitude, thus illustrating the use of eq. (2.13) in a

more complicated scenario. As before, we will start with the scalar amplitude

Ascal = v̄(p2)

(
igst

b
ckci

(2pσ1 − kσ)

2p1 · k
Mµν,a

cjck
−
igst

b
cjck

(2pσ2 − kσ)

2p2 · k
Mµν,a

ckci

−
gsf

bac(2pσR + kσ)

2pR · k
gµρMρν,c

cjci

)
u(p1)ε∗µ(pR)ε∗ν(pγ)ε∗σ(k), (5.3)

where the matrices Mµν,a
cjck , Mµν,a

ckci and Mρν,c
cjci correspond to the shaded circles in the first

three diagrams in figure 7, whose dependence on the momenta p1, p2, pR and pγ is implicitly

understood. For clarity we have included explicit colour labels on the matrix element,

indicating that it still depends on the colour structure via the SU(3) generators. The

double scalar contribution to the matrix element squared, inclusive of spin/colour averaging

factors, is easily computed and results in

〈|Ascal|2〉 =
Q2
qg

2
EMg

4
sCF

4CA
Tr
[
/p2

Γµν/p1
Γ∗µν

]
×

[
CF

2p1 · p2

(p1 · k)(p2 · k)

+
1

2
CA

(
2p1 · pR

(p1 · k)(pR · k)
+

2p2 · pR
(p2 · k)(pR · k)

− 2p1 · p2

(p1 · k)(p2 · k)

)]
. (5.4)

Here Γµν ≡ Γµν(p1, p2, pR, pγ) denotes the (non-radiative) hard scattering matrix element

for the process q(p1)q̄(p2)→ g(pR)γ(pγ) stripped of its polarisation vectors, spinors, colour

factors and charges, and where we suppress the momenta labels for brevity.

We now move on to the scalar-spin interference term. The spin amplitude for the

qq̄ → ggγ process evaluates to

Aspin = v̄(p2)

(
igst

b
ckci

2p1 ·k
Mµν,a

cjck
γσ/k−

igst
b
cjck

2p2 ·k
/kγσMµν,a

ckci
+
gsf

bac

pR ·k
Mρν,c

cjci(g
σ
ρk

µ−gσµkρ)

)
×u(p1)ε∗µ(pR)ε∗ν(pγ)ε∗σ(k). (5.5)

Contracting the spin amplitude with the scalar amplitude then results in

2Re
[
AscalA∗spin

]
= −

Q2
qg

2
EMg

4
sC

2
F

4CA

2p1 · p2

(p1 · k)(p2 · k)

(p1 + p2) · k
p1 · p2

Tr
[
/p2

Γµν/p1
Γ∗µν

]
. (5.6)

9A similar distinction was not needed for the DIS and e+e− processes, due to the fact that ghosts cannot

couple directly to quarks.
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p1,ci

p2,cj

pR,µ,a

pγ,ν

kσ,b p1

p2

pR

pγk

p1

p2

pR

pγ

kσ

p1

p2

pR

pγ

k

Figure 7. NLO Feynman diagrams for the NLP contributions of the process q(p1)q̄(p2) →
g(pR)g(k)γ(pγ).

Finally, we must evaluate the scalar-orbital interference term. To this end, we may first

write down the orbital amplitude

Aorb = igskαv̄(p2)

(
tbckci
p1 ·k

(
pα1

∂

∂p1,σ
−pσ1

∂

∂p1,α

)
Mµν,a

cjck
−
tbcjck
p2 ·k

(
pα2

∂

∂p2,σ
−pσ2

∂

∂p2,α

)
Mµν,a

ckci

− if
bac

pR ·k

(
pαR

∂

∂pR,σ
−pσR

∂

∂pR,α

)
Mµν,c

cjci

)
u(p1)ε∗µ(pR)ε∗ν(pγ)ε∗σ(k), (5.7)

to be contracted with the scalar amplitude. Adopting the abbreviation

δpαi;j ≡ −
1

2

(
kα +

pj · k
pi · pj

pαi −
pi · k
pi · pj

pαj

)
, (5.8)

we get

〈AorbA∗scal〉 =
Q2
qg

2
EMg

4
sCF

4CA

[(
CF −

1

2
CA

)
2p1 · p2

(p1 · k)(p2 · k)

× Tr

[
/p2

(
δpα1;2

∂

∂pα1
+ δpα2;1

∂

∂pα2

)
Γµν/p1

Γ∗µν

]
+

1

2
CA

2p1 · pR
(p1 · k)(pR · k)

Tr

[
/p2

(
δpα1;R

∂

∂pα1
− δpαR;1

∂

∂pαR

)
Γµν/p1

Γ∗µν

]
+

1

2
CA

2p2 · pR
(p2 · k)(pR · k)

Tr

[
/p2

(
δpα2;R

∂

∂pα2
− δpαR;2

∂

∂pαR

)
Γµν/p1

Γ∗µν

] ]
. (5.9)

The expression for 〈AscalA∗orb〉 looks similar, but with the derivatives acting on Γ∗µν . As

in section 3, we may transform the derivatives in these expressions into total derivatives

acting on the complete trace using the chain rule, which results in

〈2Re[AorbA∗scal]〉=
Q2
qg

2
EMg4sCF

4CA

[
CF

2p1 ·p2
(p1 ·k)(p2 ·k)

{(
δpα1;2

∂

∂pα1
+δpα2;1

∂

∂pα2

)
Tr
[
/p2

Γµν/p1
Γ∗µν

]
−Tr

[
δ/p2;1

Γµν/p1
Γ∗µν

]
−Tr

[
/p2

Γµνδ/p1;2
Γ∗µν

]}
+

1

2
CA

2p1 ·pR
(p1 ·k)(pR ·k)

(
δpα1;R

∂

∂pα1
−δpαR;1

∂

∂pαR

)
Tr
[
/p2

Γµν/p1
Γ∗µν

]
+

1

2
CA

2p2 ·pR
(p2 ·k)(pR ·k)

(
δpα2;R

∂

∂pα2
−δpαR;2

∂

∂pαR

)
Tr
[
/p2

Γµν/p1
Γ∗µν

]
− 1

2
CA

2p1 ·p2
(p1 ·k)(p2 ·k)

(
δpα1;2

∂

∂pα1
+δpα2;1

∂

∂pα2

)
Tr
[
/p2

Γµν/p1
Γ∗µν

]]
. (5.10)
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Here we see explicitly the presence of two different colour structures, namely terms in the

square bracket which are proportional to CF and CA respectively. For the CF contribution,

the derivative term is accompanied by additional contributions, involving the shifts δ/p2;1

and δ/p1;2
. A similar situation occurred in eq. (3.8) for the DIS process, where the additional

contributions ended up being cancelled by the spin-scalar interference term. The same turns

out to happen here if one introduces a Sudakov decomposition for k, defined here such that

δpαi;j = −1

2

(
kαT (i,j) + 2

pj · k
pi · pj

pαi

)
, (5.11)

where kT (i,j) is defined to be orthogonal to both pi and pj . As in the DIS and e+e− case,

terms that are proportional to kT will ultimately vanish upon integration over the final

state phase space, so we will ignore them in what follows. Interestingly, for the CA term

there is no need for a cancellation originating from a spin-scalar contribution, as the terms

proportional to CA vanish directly up to O(kT ). Putting all pieces together, the complete

LP + NLP squared amplitude can then be written as

〈|ALP+NLP,qq̄→γgg|2〉 =
Q2
qg

2
EMg

4
sCF

4CA

[(
CF −

1

2
CA

)
2p1 · p2

(p1 · k)(p2 · k)
(5.12)

×Hqq̄→γg(p1 + δp1;2, p2 + δp2;1, pγ , pR)

+
1

2
CA

2p1 · pR
(p1 · k)(pR · k)

Hqq̄→γg(p1 + δp1;R, p2, pγ , pR − δpR;1)

+
1

2
CA

2p2 · pR
(p2 · k)(pR · k)

Hqq̄→γg(p1, p2 + δp2;R, pγ , pR − δpR;2)

]
,

where Hqq̄→γg(p1 + δp1;2, p2 + δp2;1, pγ , pR) denotes the trace appearing in e.g. eq. (5.10),

but where the momenta p1 and p2 are shifted by δp1;2 and δp2;1 respectively. This result

is directly analogous to the previous cases, which also found that the squared amplitude

for the one real emission contribution could be written in terms of the momentum-shifted

non-radiative amplitude. There is a notable difference with respect to our previous results,

however. Both the DIS and e+e− cases had only two parton legs in the LO process, and

the final result for the squared amplitude consisted of a dipole-like eikonal factor dressing

the momentum shifted hard interaction (eqs. (3.12) and (4.6) respectively). In the present

case, we see multiple dipole-like terms, each consisting of an eikonal factor involving two

hard momenta pi and pj dressing a hard interaction where the same momenta are shifted.

Furthermore, different dipole terms have correspondingly different colour structures.

As remarked above, the momentum shifts in eq. (5.12) are generated by a combination

of the spin and orbital term for the CF colour structure and only by the orbital term for

the CA colour structure. The orbital terms act as a momentum shift operator on the hard

scattering of the matrix element, while the spin term takes care of the same shift on the

asymptotic states.

We are now in a position to integrate over the final state momenta pR and k and

compute the differential cross-section. We will separate the three-body phase space into

two two-body phase spaces, one containing the unobserved partons, the other describing
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the photon and the collective effect of the unobserved partons. To this end, we first factor

the three-body phase space as

dΦ3 =
1

2π

∫
dP 2 dΦ2(p1 + p2; pγ , P ) dΦ2(P ; pR, k), (5.13)

where the second two-body phase space factor on the right-hand side is in the center of

mass frame of the two unobserved partons, and takes the form

dΦ2(P ; pR, k) =

(
16πµ2

P 2

)ε
1

16πΓ
(

1
2

)
Γ
(

1
2 − ε

) ∫ π

0
dθ1 (sin θ1)1−2ε

∫ π

0
dθ2 (sin θ2)−2ε

(5.14)

after having parameterised the momenta as follows:

pR =

√
P 2

2
(1, 0, . . . , 0, sin θ1 sin θ2, sin θ1 cos θ2, cos θ1)

k =

√
P 2

2
(1, 0, . . . , 0,− sin θ1 sin θ2,− sin θ1 cos θ2,− cos θ1) .

In terms of the invariants s = (p1 + p2)2, u1 = (p1 − pγ)2, t1 = (p2 − pγ)2 and s4 =

(p1 + p2 − pγ)2 = (k + pR)2, the other phase space is given by

dΦ2(p1 + p2; pγ , P ) =

(
4πsµ2

t1u1

)ε
1

8πsΓ(1− ε)
δ+
(
P 2 − s4

) ∫
dt1

∫
du1. (5.15)

To compare our results with the NLO calculation presented in ref. [72], we will make a

change of variables:

u1 ≡ −svw
t1 ≡ s(v − 1)

s4 = s+ t1 + u1 = sv(1− w), (5.16)

where (1−w) plays the role of the threshold variable ξ in eq. (1.1) (i.e. w → 1 at threshold).

In terms of these invariants the complete three body phase space now reads

dΦ3 = s

(
4πµ2

s

)2ε v
(
v2(1−v)w(1−w)

)−ε
(4π)4Γ(1−2ε)

∫
dv

∫
dw

∫ π

0
dθ1 (sinθ1)1−2ε

∫ π

0
dθ2 (sinθ2)−2ε .

(5.17)

Furthermore, we will extract a common factor of vw(1 − v)s from the differential cross-

section as was done in ref. [72], and we obtain

vw(1− v)s
dσLP+NLP

qq̄→γgg
dvdw

= s

(
4πµ2

s

)2ε v2w(1− v)
(
v2(1− v)w(1− w)

)−ε
2(4π)4Γ(1− 2ε)

(5.18)∫ π

0
dθ1 (sin θ1)1−2ε

∫ π

0
dθ2 (sin θ2)−2ε 〈|ALP+NLP,qq̄→γgg|2〉.
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We can now use our NLP result for the amplitude (eq. (5.12)). Inserting the form of the

momentum shifts of eq. (5.8) and integrating, one finds

vw(1−v)s
dσLP+NLP

qq̄→γgg
dvdw

=Q2
qαα

2
s

CF
CA

[
− 1

ε

4CFTqq̄
(1−w)+

− 1

ε

{
2CF

4v(v−1)2−1

1−v

}
+

(
ln(1−w)

1−w

)
+

2(4CF −CA)Tqq̄

+
1

(1−w)+

{
Tqq̄

(
2CA ln(1−v)+8CF ln(v)−2CA−8CF ln

µ̄2

s

)

+8CF ((v−1)v+1)

}

+ln(1−w)

{
(4CF −CA)

4v(v−1)2−1

1−v

}
+O (δ(1−w))+O(1)

]
, (5.19)

where Tqq̄ = 2v(v − 1) + 1. We may compare this result with the full NLO calculation of

ref. [72], collected for convenience up to NLP in the threshold expansion in appendix C.

Upon doing so we observe that, as before, the next-to-soft formalism correctly reproduces

LL terms at both LP and NLP. We also capture some of the NLL terms, but to complete

these would again require taking into account hard-collinear information via the addition of

a gluon jet function. However, it is reassuring that LL information is correctly reproduced

even in a less inclusive situation.

The above cross-section contains infrared poles, that must be absorbed into the parton

distributions via the usual mass factorisation procedure. This leads to a novel source of

NLL NLP contributions in the fully subtracted cross-section. Although the focus of this

paper is not to fully account for the NLL NLP contributions, we feel that it is worth

drawing attention to this particular point, as this might be relevant for future numerical

studies of NLP effects. Mass factorisation can be performed by adding a counter cross

section, which is a convolution of a scaled Born cross section with the parton distribution

functions. The phase space for the counter term consists of a two-body final state, and is

given by

dΦ2 =

(
4πµ2

s

)ε
(v(1− v))−ε

8πΓ(1− ε)

∫
dv

∫
dw δ(1− w). (5.20)

There is then a difference in the ε-dependence with respect to the three-body phase space

of eq. (5.17), such that subtracting the counterterm leads schematically to an NLP contri-

bution in the finite part of the cross-section:

1

ε

1

(1− w)+

[(
4πµ2

s

)2ε (v2(1− v)w(1− w)
)−ε

Γ(1− 2ε)
−
(

4πµ2

s

)ε
(v(1− v))−ε

Γ(1− ε)

]

= −
(

ln(1− w)

1− w

)
+

+
ln
(
µ̄2/s

)
(1− w)+

− ln(v)

(1− w)+
− ln(w)

(1− w)+
. (5.21)
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The first and second term on the second line of this equation are part of the LL and NLL

LP contributions, whereas the fourth term is of NLP, but not LL. The third term on the

second line gives subleading logarithmic contributions (NLL) at both LP and NLP. This

is confusing at first, but has everything to do with how the threshold for this one-particle-

inclusive process is defined. Traditionally, the threshold limit is chosen to be 4p2
T → s [73],

where pT is the transverse momentum of the observed photon. To perform threshold

resummation, one needs to go to a conjugate space to perform the kinematic factorisation.

The Mellin moment is taken with respect to x2
T = 4p2

T /s and reads [73]

σ̃(N) =

∫ 1

0
dx2

T (x2
T )N−1 p

3
Tdσ(pT )

dpT
=

1

2

∫ 1

0
dv

∫ 1

0
dw (4v(1−v)w)N+1 sdσ(v, w)

dvdw
, (5.22)

where ∫ 1

0
dv(4v(1− v))N+1f(v) = f

(
1

2

)
+O

(
1

N

)
. (5.23)

The LP contributions are therefore fixed at v = 1/2, with O(1/N) terms appearing for

v 6= 1/2. Such an O(1/N) term originates in (v, w)-space from an NLL LP contribution,

but in Mellin space it resembles an LL NLP contribution, since∫ 1

0
dwwN

(
ln(1− w)

1− w

)
+

' 1

2

(
ln2 N̄ +

ln N̄

N

)
+O (1) , (5.24)∫ 1

0
dwwN

1

(1− w)+

' − ln N̄ +O
(

1

N

)
. (5.25)

Here, the first term in eq. (5.24) is of LL LP, whereas the second term is of LL NLP.

The term in eq. (5.25) is of NLL LP. However, the O(1/N) term created by the Mellin

transform in eq. (5.23) multiplied with the ln(N) contribution here creates a term that is

of LL NLP in Mellin space. This could be a crucial ingredient in future numerical studies

of NLP effects.

In this section we calculated the NLP contribution of the qq̄ → γgg channel to the

exclusive prompt photon production process. Similar to the DIS and e+e− processes, the

next-to-soft gluon formalism indeed correctly reproduces the LL terms at both the LP and

NLP. Having understood this particular partonic process, let us now consider a second

subchannel in the following section.

5.2 qq̄ → qq̄γ channel

We now turn to the partonic sub-process of figure 8, whose final state contains only quarks

in addition to the photon. To compute the NLP differential cross-section, we therefore

only need to consider eq. (2.18). There are 5 types of contributions, indicated in figure 8,

which can be split into three categories: initial state splitting (I), final state fragmentation

(FF ) and final state splitting (F ). The contributions can be obtained by letting the quark

emission operator Qj act on the tree level processes qg → qγ, q̄g → q̄γ, qq̄ → gγ and

qq̄ → qq̄. From the processes thus obtained, we then select only those with the specific
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partonic assignment qq̄ → qq̄γ. We obtain

ANLP,quarks =

[
−
igst

a
cjci

2p1 · pR
ū(pR)γµu(p1)Mµ,a

(g)q̄→q̄γ(p1, p2, k, pγ)

−
igst

a
ckcm

2p2 · k
v̄(p2)γµv(k)Mµ,a

q(g)→qγ(p1, p2, pR, pγ)

]

+
igst

a
cjcm

2pR · k
ū(pR)γµv(k)Mµ,a

qq̄→(g)γ(p1, p2, pR, pγ)

+

[
− igEMQq

2pγ · pR
ū(pR)/ε∗(pγ)/pγMqq̄→(q)q̄(p1, p2, pγ , k)

+
igEMQq
2pγ · k

Mqq̄→q(q̄)(p1, p2, pR, pγ)/pγ/ε
∗(pγ)v(k)

]
≡ AI +AFF +AF , (5.26)

where the notation (a) in each hard scattering matrix element M indicates that the latter

does not include the external wavefunction for parton a.10 The complete NLP cross-section

can be written as a sum of these contributions as

vw(1− v)s
dσNLP

qq̄→qq̄γ
dvdw

= Q2
qαα

2
s [ΣI,I + ΣI,F + ΣI,FF + ΣF,F + ΣF,FF + ΣFF,FF ] , (5.27)

where ΣI,J (I, J ∈ {I, F, FF}) denotes the contribution from the integrated, summed and

averaged soft quark squared amplitude 〈AIA†J〉 (plus the complex conjugate if I 6= J). The

individual contributions are found to be

ΣI,I =− CF
2CA

1

ε

2v4−4v3+4v2−2v+1

1−v
+
CF
2CA

ln(1−w)
2v4−4v3+4v2−2v+1

1−v
+O(1)

ΣI,F = ln(1−w)

{
CF
C2
A

v2(1−v)−CF
CA

v(3−2v(1−v))

}
+O(1)

ΣI,FF =O(1)

ΣF,F =−1

ε

{
CF
C2
A

v(3v3−6v2+4v−1)

1−v
+
CF
CA

2v6−6v5+8v4−6v3+5v2−3v+1

1−v

}
+ln(1−w)

{
CF
C2
A

v(3v3−6v2+4v−1)

1−v

+
CF
CA

2v6−6v5+8v4−6v3+5v2−3v+1

1−v

}
+O(1)

ΣF,FF =O(1)

ΣFF,FF =
1

(1−w)+

CF
3CA

Tqq̄+O(1). (5.28)

10In the third line of eq. (5.26), we have been careful to include only one part of the result of the Q
operator so as to avoid double counting, as explained in appendix A.
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pR,cj p1

p2

pR

pγk
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p2
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k
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p1

pγ

k
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p2

p1

pR

pγ

k

Figure 8. NLO Feynman diagrams for the NLP contributions of the process q(p1)q̄(p2) →
q(pR)q̄(k)γ(pγ).

Here we have separated the various contributions, which exhibit terms at different logarith-

mic orders and powers in the threshold expansion. In particular, it is interesting to note

the NLL LP contribution ΣFF,FF , which has arisen from the soft quark emission operator

acting in the final state. This term is at LP due to the collinear nature of the quark-

antiquark pair, but it is beyond the LL accuracy that is under control in our formalism.

Furthermore, there are two types of contributions (ΣI,I and ΣF,F ) whose NLP contribution

can easily be guessed from the collinear pole. Interestingly, we also observe an interference

term that contributes at LL NLP level: ΣI,F . This term can be regarded as arising from

the wide-angle emission of a soft quark. The contributions where a soft quark emission

from an observed final state parton interferes with a similar emission from an unobserved

parton vanish up to O(1) and will therefore only contribute beyond LL NLP.

Putting everything together, the NLP differential cross-section for this subprocess is

vw(1−v)s
dσNLP

qq̄→qq̄γ
dvdw

= (5.29)

Q2
qαα

2
s

[
1

ε

{
−CF
C2
A

(v(3(v−1)v+1))− CF
CA

Tqq̄(2(v−1)v((v−1)v+1)+3)

2(1−v)

}

+ln(1−w)

{
CF
C2
A

v(1−2v)2 +
CF
CA

2(v−1)v((v−1)v(2(v−1)v+5)+7)+3

2(1−v)

}
+

1

(1−w)+

CF
3CA

Tqq̄+O(1)

]
.

This result is promising, in that it demonstrates that the quark emission operator that we

have introduced in section 2.2 can be used to correctly obtain the LL NLP contribution

to the NLO cross-section. Since the emission of a quark is already at NLP due to the

momentum information that is carried by the spinor, we do not need the momentum shift

of the LO matrix elements.

5.3 qg → qgγ

This is the only subprocess for NLO prompt photon production that contains NLP con-

tributions due to both quark and gluon emission. Let us first consider the radiation of

a gluon, where the diagrams that we need are shown in figure 9. The derivation of the

(next-to-)soft gluon contribution is directly analogous to the qq̄ → ggγ (next-to-)soft gluon

amplitude analysed previously, and hence will not be presented in full detail here. The
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p2,ci

p1,µ,a

pR,cj

pγ,ν

kσ,b

p2

p1

pR

pγk
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p1

pR

pγ

k p2

p1

pR

pγ

k

Figure 9. NLO Feynman diagrams for the NLP contributions of the process g(p1)q(p2) →
q(pR)g(k)γ(pγ).

result is

〈|ALP+NLP,qg→γqg|2〉 =
Q2
qg

4
sg

2
EM

8CA(1− ε)

[(
CF −

1

2
CA

)
2p1 · pR

(p1 · k)(pR · k)
(5.30)

×Hgq→qγ(p1 + δp1;R, p2, pR − δpR;1, pγ)

+
1

2
CA

2p1 · p2

(p1 · k)(p2 · k)
Hgq→qγ(p1 + δp1;2, p2 + δp2;1, pR, pγ)

+
1

2
CA

2p2 · pR
(p2 · k)(pR · k)

Hgq→qγ(p1, p2 + δp2;R, pR − δpR;2, pγ)

]
,

where the factor of 1− ε in the common denominator stems from the fact that gluons can

take 2(1 − ε) different spin orientations in d = 4 − 2ε dimensions. The expression for the

LP+NLP soft gluon amplitude leads to the following differential cross-section, valid up

to NLP:

vw(1−v)s
dσg,LP+NLP

qg→γqg
dvdw

=
Q2
qαα

2
s

CA

[
− 1

ε

Tqg
(1−w)+

(CA+CF ) (5.31)

+
1

ε

{
CFTqg−CA

v(v(v(2v−5)+4)−2)

1−v

}
+

(
ln(1−w)

1−w

)
+

(2CA+CF )Tqg

+
1

(1−w)+

{
Tqg

(
CF ln

(
v2(1−v)

)
+2CA lnv−2(CF +CA) ln

µ̄2

s

)

+CAv
3+2CF v(v−1)

}

−ln(1−w)

{
CFTqg+CA

v(v((18−7v)v−16)+8)

2(1−v)

}
+O(δ(1−w))+O(1)

]
,

where Tqg = v(1 + (1− v)2).

Next, we need the soft quark radiative contribution, and there are three 2 → 2 hard

scattering diagrams on which we can use the quark emission operator Qj to turn it into

the process qg → qgγ. These processes are qg → qγ, qq̄ → gγ and qg → qg. As in

– 27 –



J
H
E
P
0
3
(
2
0
2
0
)
1
0
6

p2,ci
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kσ,b

pγ,ν

pR,cj

p2

p1

k

pγpR

p2

p1

pγ

kσ

pR

Figure 10. Feynman diagrams for the NLP contributions of the process g(p1)q(p2) →
q(pR)g(k)γ(pγ).

section 5.2, we will only select the resulting Feynman diagrams that describe the qg → qgγ

sub-process. The generated NLP Feynman diagrams are given in figure 10, and the soft

quark amplitude then consists of three pieces:

ANLP,quarks = −
igst

b
cjck

2k · pR
ε∗σ(k)ū(pR)γσ/kMa

ckci,gq→γ(q)(p1, p2, pγ , k)

−
igst

a
cjck

2p1 · pR
εµ(p1)ū(pR)γµ /p1Mb

ckci,(q̄)q→γg(p1, p2, pγ , k)

− igEMQq
2pγ · pR

ε∗ν(pγ)ū(pR)γν/pγM
ab
cjci,gq→(q)g(p1, p2, pγ , k)

≡ AFF +AI +AF . (5.32)

In section 5.1, we discussed the need to potentially include external ghost contributions

when summing over all gluon polarisations in the final state. In that previous case, these

contributions were absent at NLP. Here they will contribute owing to the presence of two

hard gluons, as the quark is already soft and in order to observe the photon it needs to

recoil against at least one other hard particle in the final state. The complete quark NLP

cross-section then turns out to be:

vw(1−v)s
dσq,NLP

qg→qgγ
dvdw

≡
Q2
qαα

2
s

CA
[ΣI,I +ΣI,F +ΣI,FF +ΣF,F +ΣF,FF +ΣFF,FF ] , (5.33)

where the various contributions are as follows:

ΣI,I = −1

ε

CF
CA

v(2v(v − 1) + 1)

2(1− v)
+ ln(1− w)

CF
CA

v(2v(v − 1) + 1)

2(1− v)
+O(1)

ΣI,F = ln(1− w)

{
CF
CA

v3 +
v4

2(1− v)

}
+O(1)

ΣI,FF = O(1)

ΣF,F = −1

ε

{
1

2

CF
CA

v(1− v)(v2 + 1) +
1

2

v2(v2 + 1)

(1− v)

}
+ ln(1− w)

{
1

2

CF
CA

v(1− v)(v2 + 1) +
1

2

v2(v2 + 1)

(1− v)

}
+O(1)

ΣF,FF = O(1)

ΣFF,FF =
CF
4CA

Tqg
(1− w)+

+O(1). (5.34)
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The complete NLP differential cross-section for the qg → qgγ subprocess, where one addi-

tional quark is radiated, is

vw(1−v)s
dσq,NLP

qg→qgγ
dvdw

=
Q2
qαα

2
s

CA

[
− 1

ε

{
CF

v(v(v((v−2)v+4)−4)+2)

2(1−v)
+CA

v2(v2 +1)

2(1−v)

}
+ln(1−w)

{
CF

v((v−2)v((v−2)v+2)+2)

2(1−v)
+CA

v(2v3 +v)

2(1−v)

}
+

1

(1−w)+

CF
4
Tqg+O(1)

]
. (5.35)

We may now combine the gluon and quark radiative contributions, where the sum of

eqs. (5.31) and (5.35) yields

vw(1−v)s
dσLP+NLP

qg→qgγ
dvdw

=
Q2
qαα

2
s

CA

[
− 1

ε

1

(1−w)+
(CF +CA)Tqg (5.36)

+
1

ε

{
CA

v

2
(5(v−1)v+4)−CF

v(v(v3−2v+4)−2)

2(1−v)

}
+

(
ln(1−w)

1−w

)
+

(2CA+CF )Tqg

+
1

(1−w)+

{
Tqg

(
CF ln((1−v)v2)+2CA lnv−2(CF +CA) ln

µ̄2

s

)

+CAv
3 +

CF
4
v(v2 +6v−6)

}

+ln(1−w)

{
−CA

v

2
(9(v−1)v+8)+CF

v
(
v
(
(v−2)v2 +4

)
−2
)

2(1−v)

}]
.

This agrees to LL order with the full NLO calculation truncated at NLP, as presented here

in appendix C. Our result shows that we can separately treat the (next-to-)soft gluon and

soft fermion radiation, as is implied by our general analysis in section 2.

We have presented here three of a total of seven different partonic subchannels for

prompt photon production at NLO. The remaining channels work analogously to the ones

already presented, and are listed in appendix B. We also present results for the unsubtracted

NLO cross-sections (up to NLP) in appendix C, given that these have not previously been

presented in the literature.

6 Discussion

In this paper, we have examined the origin of leading-logarithmic (LL) next-to-leading-

power (NLP) threshold terms at next-to-leading order (NLO) in perturbation theory. Our

starting point was a previously obtained universal formula for the NLO cross-section for the

production of an arbitrary number of colour-singlet particles [60], and we have generalised

this in two ways. Firstly, we have considered procceses in which final state (massless)
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coloured particles at LO may be present. Secondly, we have considered contributions from

other partonic channels, specifically those in which additional (anti)-quarks may be emitted.

The approach of ref. [60] is based on the soft expansion, in which one systematically

expands the amplitude in the 4-momentum of the emitted radiation. This no longer coin-

cides with the threshold expansion when final state jets are present. However, the dominant

NLP contributions (i.e. those at leading logarithmic (LL) order) are correctly captured by

the next-to-soft formalism for processes were only gluons emissions are present.11 We have

explicitly verified this, and provided formulae in which the LL NLP terms in a general

NLO cross-section are given in terms of the LO amplitude, with a simple momentum shift,

as found for colour singlet production in ref. [60].

We illustrated our results using DIS, hadroproduction in electron-positron annihilation

and prompt photon production. Due to the presence of unobserved quarks in the final state

for all considered processes, we need to complement the next-to-soft gluon amplitude with

soft quark amplitudes, which also give rise to LL NLP contributions. These can be treated

completely independently from the next-to-soft gluon amplitude, and themselves factorise

in terms of universal quark emission operators, that we have defined. Adding these soft

quark contributions to the next-to-soft gluon amplitude shows that we are able to capture

all LL NLP behaviour. For the prompt-photon process, we furthermore see a soft quark

interference contribution, due to the presence of more than two coloured partons in the hard

scattering. We have also clarified that leading logarithmic terms at NLP in a conjugate

space, like Mellin space, may arise from the mass factorisation procedure, which would

need to be kept track of in potential numerical studies.

We expect that our results will be of practical use, both in estimating higher-order

cross-sections at NLO where these are unavailable, and in improving the stability of nu-

merical codes. Work on examining these issues — including detailed numerical studies of

the importance of NLP effects in specific collider processes of interest — is ongoing.

Note added. In the final stages of preparing this paper, ref. [75] appeared, which ad-

dresses the emission of soft and collinear radiation (including quarks) up to next-to-leading

power, within the framework of soft collinear effective theory.
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A Useful definitions

In this appendix, we collect useful formulae relating to the action of various operators

appearing in eqs. (2.13), (2.18), as well as figure 3. First, in eq. (2.13), repeated here for

convenience

ANLP =

n+2∑
j=1

gsTj

2pj · k
(
Oσscal,j +Oσspin,j +Oσorb,j

)
⊗ iMH(p1, . . . , pi, . . . , pn+2)ε∗σ(k), (A.1)

we must consider a general colour generator Tj acting on an external parton line j. This

leads to a colour factor dressing the nonradiative amplitude

Tj ≡


tccjci for an incoming quark or outgoing antiquark with colour label ci;

−tccicj for an outgoing quark or incoming antiquark with colour label ci;

if cab for an external gluon with colour label a,

where {taij} are components of a generator in the fundamental representation. Next, we

collect results for the numerator of the scalar contribution appearing in eq. (2.13). This

can be written as

Oσscal,j ≡ (2pσj + ηkσ), (A.2)

where η = +1 (-1) for a hard emitting particle in the final (initial) state respectively. The

spin contribution in eq. (2.13) can be written in the generic form

Oσspin,j ≡ 2ikαΣσα
j . (A.3)

Here, Σσα
j is a Lorentz generator in the appropriate representation of parton j, and given

in specific cases by

Σσα
j ≡


Sασ for an incoming or outgoing quark;

Sσα for an incoming or outgoing antiquark;

Mσα,µρ for an incoming gluon carrying Lorentz index µ;

Mσα,ρµ for an outgoing gluon carrying Lorentz index µ,

where the relevant generators are defined in eqs. (2.2) and (2.5). The third term in eq. (2.13)

can be written as

Oσorb,j ≡ 2kαiL
σα
j , (A.4)

where Lσαj is the orbital angular momentum operator of parton j, defined by

Lσαj ≡

 i
(
pσj

∂
∂pjα
− pαj ∂

∂pjσ

)
for an initial state emission;

i
(
pαj

∂
∂pjσ
− pσj ∂

∂pjα

)
for a final state emission.
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Considering now the emission of soft quarks, the next-to-soft amplitude of eq. (2.18),

repeated for convenience here

ANLP,Q =

n+2∑
j=1

gs
2pj · k

Qj ⊗ iMj(p1, p2, . . . , pj , . . . , pn+2), (A.5)

contains the quark emission operator Qj , whose action on all possible species of incom-

ing/outgoing parton legs is depicted in figure 3. In terms of the amplitude, we may think

of this operator as acting on the wavefunction for leg j, as follows:

Qj (u(pj)) = tacjcmεµ(pj)/pjγ
µv(k)

Qj (ū(pj)) = −tacmcj ε
∗
µ(pj)ū(k)γµ/pj

Qj (v(pj)) = tacjcmε
∗
µ(pj)/pjγ

µv(k)

Qj (v̄(pj)) = −tacmcj εµ(pj)ū(k)γµ/pj

Qj (εµ(pj)) = −
(
tacmcj ū(k)γµu(pj) + tacjcm v̄(pj)γµv(k)

)
Qj
(
ε∗µ(pj)

)
= tacjcm ū(pj)γµv(k) + tacmcj ū(k)γµv(pj).

There are a couple of further subtleties regarding how to apply this operator in practice.

Firstly, in cases where pj is an initial state particle, or is explicitly observed in the final

state (i.e. in an observable that is defined in a way that is not fully inclusive), one must only

include those contributions arising from the Qj operator such that the (observed) parton

appearing in the LO process has the hard momentum. Secondly, in the final line of figure 3,

one includes the possibility that either the quark or antiquark is soft. If neither of the decay

products of the gluon are explicitly observed, but instead summed over inclusively, then

one double counts the quark/antiquark emission contribution due to the integration over

all possible momenta k. This double counting must then be corrected for by a factor of 1/2.

Thirdly, the polarisation vector may also belong to a photon. In this case, the coupling

that appears in eq. (2.18) should be modified to gEM and the generator becomes Qq. We

see an explicit example of these subtleties in the prompt photon analysis of section 5.

B Results for the remaining channels

Here we report the results of the prompt photon channels that are not discussed in section 5.

All of the remaining channels only have quarks in the final state, hence only the soft quark

formalism is needed to derive these results. The general form of the obtained NLP cross-

section is

vw(1− v)s
dσNLP

q

dvdw
≡ αα2

s [ΣI,I + ΣI,F + ΣI,FF + ΣF,F + ΣF,FF + ΣFF,FF ] , (B.1)

where I indicates that the contribution stems from initial state radiation, and F (FF )

indicates that the contribution stems from final state radiation where the other particle is

(un)observed.
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The separate contributions for the gg → qq̄γ sub-process are

ΣI,I =
vQ2

q

2CACF

[
−1

ε
CF (2(v−1)v+3)− ln(1−w) (CA−CF (2(v−1)v+5))+O (1)

]
ΣF,F =

v (CA(v−1)v+CF )Q2
q

2CACF

[
−1

ε
(2(v−1)v+1)+log(1−w) (2(v−1)v+1)+O (1)

]
ΣI,F =

Q2
qv

2CACF
[log(1−w) (−CA(3(v−1)v+1)+2CF (2(v−1)v+1))+O (1)]

ΣI,FF = ΣFF,FF = ΣF,FF = 0, (B.2)

and those from the qq → qqγ sub-process read

ΣI,I =
Q2
qCF

2C2
A

[
− 1

ε

{
CA(2(v − 1)v((v − 1)v + 1) + 1)

1− v

}

+ ln(1− w)

{
CA(2(v − 1)v((v − 1)v + 1) + 1)

1− v
+ 2v

}
+O (1)

]

ΣF,F =
Q2
qCF

C2
A

[
− 1

ε

{
CA((v − 1)v((v − 1)v + 3) + 1)

1− v
− v
}

+ ln(1− w)

{
CA((v − 1)v((v − 1)v + 3) + 1)

1− v
− v
}

+O (1)

]

ΣI,F =
Q2
qCF

C2
A

[
ln(1− w)

{
v ((2(v − 1)v + 3)CA + 2)− 1

1− v

}
+O (1)

]
ΣI,FF = ΣFF,FF = ΣF,FF = 0. (B.3)

For the qq′ → qq′γ sub-process we find

ΣI,I =
CF
2CA

[
1

ε

{
Q2
q

(
v2 + 1

)
(v − 1)−Q2

q′
v2((v − 2)v + 2)

1− v

}

− ln(1− w)

{
Q2
q

(
v2 + 1

)
(v − 1)−Q2

q′
v2((v − 2)v + 2)

1− v

}
+O (1)

]

ΣF,F =
CF
2CA

[
1

ε

{
Q2
q((v − 2)v + 2)(v − 1)−Q2

q′
v2(v2 + 1)

1− v

}

− ln(1− w)

{
Q2
q((v − 2)v + 2)(v − 1)−Q2

q′
v2(v2 + 1)

1− v

}
+O (1)

]

ΣI,F =
QqQq′CF v

CA
[ln(1− w)(2(v − 1)v + 3) +O (1)]

ΣI,FF = ΣFF,FF = ΣF,FF = 0. (B.4)
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Finally, the separate contributions for the qq̄ → q′q̄′γ sub-process are

ΣF,F =
Q2
q′CF

CA

[
− 1

ε
(1− v)v2(2v2 − 2v + 1)

+ ln(1− w)(1− v)v2(2v2 − 2v + 1) +O(1)

]

ΣFF,FF =
Q2
qCF

CA

[
1

(1− w)+

Tqq̄
3

+O(1)

]
ΣF,FF = O(1)

ΣI,F = ΣI,I = ΣI,FF = 0. (B.5)

These results are in full agreement with the exact NLO results at LL order, which are

presented in appendix C.

C NLO cross-section for prompt photon production

In this appendix we write down the NLO cross-sections for the qq̄ → ggγ, qq̄ → qq̄γ and

qg → qgγ processes, expanded up to NLP and before mass factorisation. The expressions

for the cross-sections after mass factorisation can be found in ref. [72]. We will cast the

cross-section for all sub-processes in the form

vw(1− v)s
dσNLP

dvdw
= αα2

s

[
c1

1

ε

1

(1− w)+
+ c2

1

ε
+ c3

1

(1− w)+
+ c′3

1

(1− w)+
ln
µ̄2

s
(C.1)

+ c4

(
ln(1− w)

1− w

)
+

+ c5 ln(1− w) +O(δ(1− w)) +O(1)

]
.

The coefficients for the qq̄ → ggγ sub-process (section 5.1) read

c1 = −4
Q2
qC

2
F

CA
Tqq̄

c2 = −2
Q2
qC

2
F

CA

4(v − 1)2v − 1

1− v

c3 =
Q2
qCF

CA

(
8CF (((v − 1)v + 1) + Tqq̄ ln v) + CA

(
Tqq̄

(
−11

6
+ 2 ln(1− v)

)))
c′3 = −8

Q2
qC

2
F

CA
Tqq̄

c4 = 2
Q2
qCF

CA
Tqq̄(4CF − CA)

c5 =
Q2
qCF

CA
(4CF − CA)

4(v − 1)2v − 1

1− v
, (C.2)
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and those for the qq̄ → qq̄γ sub-process (section 5.2):

c1 = c′3 = c4 = 0

c2 = −
Q2
qCF

C2
A

(v(3(v − 1)v + 1))−
Q2
qCF

CA

Tqq̄(2(v − 1)v((v − 1)v + 1) + 3)

2(1− v)

c3 =
Q2
qCF

CA

Tqq̄
3

c5 =
Q2
qCF

C2
A

v(1− 2v)2 +
Q2
qCF

CA

2(v − 1)v((v − 1)v(2(v − 1)v + 5) + 7) + 3

2(1− v)
. (C.3)

Next, we have the coefficients for the qg → qgγ sub-process (section 5.3),

c1 = −
Q2
q

CA
Tqg(CA + CF )

c2 =
vQ2

q

2CA

(
CA(5(v − 1)v + 4)− CF

v(v3 − 2v + 4)− 2

1− v

)
c3 =

Q2
q

CA

(
CA
(
v3 + 2Tqg ln v

)
+ CF

(
Tqg ln

(
(1− v)v2

)
+
v

4
(v2 + 6v − 6)

))
c′3 = −

2Q2
q

CA
Tqg(CA + CF )

c4 =
Q2
q

CA
(2CA + CF )Tqg

c5 =
vQ2

q

2CA(1− v)

(
CA (v − 1) (9(v − 1)v + 8) + CF

(
v((v − 2)v2 + 4)− 2

))
(C.4)

followed by the gg → qq̄γ sub-process:

c1 = c′3 = c3 = c4 = 0

c2 =
vQ2

q

2CACF
(CAv(v(−2v(v − 2)− 3) + 1)− 4CF (v(v − 1) + 1))

c5 =
vQ2

q

CACF

(
CA(v4 − 2v3 + v − 1) + 4CF ((v − 1)v + 1)

)
. (C.5)

For the qq → qqγ sub-process, we find

c1 = c′3 = c3 = c4 = 0

c2 =
Q2
qCF

C2
A

(
v − CA

(2(v − 1)v + 1)(2(v − 1)v + 3)

2(1− v)

)
c5 =

Q2
qCF

C2
A

CA(2v2 − 2v + 3)− 4v2 + 4v − 2

2(1− v)
, (C.6)

and for the qq′ → qq′γ sub-process (note that ref. [72] has Qq ↔ Qq′ as a result of an

interchange in the assigned initial state momenta)

c1 = c′3 = c3 = c4 = 0

c2 = −CF
CA

2(v − 1)v + 3

2(1− v)

(
Q2
q(1− v)2 +Q2

q′v
2
)

c5 =
CF
CA

2(v − 1)v + 3

2(1− v)

(
Q2
q(1− v)2 +QqQq′2v(1− v) +Q2

q′v
2
)
. (C.7)
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Finally, the coefficients for the qq̄ → q′q̄′γ sub-process are given by

c1 = c′3 = c4 = 0

c3 =
Q2
qCF

CA

Tqq̄
3

c2 = −CF
CA

Q2
q′(1− v)v2(2v2 − 2v + 1)

c5 =
CF
CA

Q2
q′(1− v)v2(2v2 − 2v + 1). (C.8)
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