Some Problems in the
Representation Theory
of Hyperoctahedral Groups
and Related Algebras

Benjamin Charles Brown

Queen Mary, University of London

Thesis submitted to the University of London

for the degree of Doctor of Philosophy

June 2003

1



Abstract

We begin by using a version of Green correspondence due to Grab-
meier to count the number of components of two permutation modules
V& and Y®" for the hyperoctahedral group. We quantize these ac-
tions to make V®" and Y®" into modules for the type B Hecke algebra,
#(r) and then show that, as H(r)-modules, Y®" is isomorphic to a di-
rect sum of permutation modules M* as given by Du and Scott. This
enables us to use our earlier results to show that in the group case,
over odd characteristic, the g-Schur? algebra and the hyperoctahedral
Schur algebra are Morita equivalent, as these algebras are respectively

the centralizing algebras of the actions of the hyperoctahedral group
on Y®" and V&,

We then attempt to construct a bialgebra, the dual of whose rt*
homogeneous part is isomorphic to the ¢-Schur? algebra. We show
that this is not possible by the usual methods unless ¢ = 1, and give a
full description in the group case.

Results of earlier chapters lead us to introduce the notion of a bal-
anced Mackey system for a finite group G, and exhibit balanced Mackey
systems for wreath products of H and the symmetric group, where H is
any finite group, and a new balanced Mackey system for the symmetric
group itself. We then use this as a basis for counting the number of
simple modules for the partition algebra, and also derive a formula for
the dimensions of these simple modules.

In the final chapter we conjecture how some of our results may

extend to complex reflection groups and Ariki-Koike algebras.
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Introduction

Dipper and James first introduced the ¢g-Schur algebra in [4] , and it
has been extensively studied since then. They defined for each composi-
tion A € A(n, ) a cyclic submodule M* of Hec(r), the Hecke algebra of
type A. The g-Schur algebra, S,(n, ), is the centralizing algebra of the
action of Hec(r) on the direct sum €, Ay M A If we put ¢ = 1 then
Hec(r) becomes k Sym(r), the group algebra of the symmetric group,
and the g-Schur algebra is the classical Schur algebra, S(n,r), which
was first considered in [31]. Now the term Schur algebra was coined
by Green in [18], where he defined S(n,r) as the dual of a certain coal-
gebra A(n,r). In [3] Dipper and Donkin quantized A(n,r), giving us
the bialgebra A,(n,r). They then showed that if E denotes the natu-
ral module for GL,, then the centralizing algebra of a certain action of
Hec(r) on E®" is isomorphic to the dual of A,(n,r), generalizing [18,
2.6]. Since they also show that E®" is isomorphic to @cp(, ) M, this
gives us two ways of constructing the ¢-Schur algebra.

Central to this thesis is the idea of a p-Mackey system of a finite
group G. A Mackey system is traditionally a set of subgroups, M, of a
given finite group, which is closed under both conjugation and intersec-
tion. (See [13, exercise 2.2] for example.) Let p be prime. ¥ also
the identity subgroup is a member of M, and every Sylow p-subgroup
of G is contained in a member of M, we call M a p-Mackey system of
G. In his doctoral thesis [14], Grabmeier proves a version of Green cor-
respondence where all the vertices come from a given p-Mackey system.
Using this he derives a method of counting the number of isomorphism

types of indecomposable trivial source modules with vertices in a given
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p-Mackey system, working over a field of characteristic p. He applies
this count to the p-Mackey system of Young subgroups of the symmet-
ric group, which enables him to count the number of components of
the permutation module E®" above and hence to derive results about
the representation theory of the Schur algebras.

The main part of this thesis involves generalizations of all of the
above to the type B situation, where we use H(r) to denote the type
B Hecke algebra. Now many Schur algebras associated to #H(r) have
been introduced, and in this thesis we consider the following examples.
In [19], Richard Green introduces the hyperoctahedral ¢-Schur algebra,
S;¥P(n, ), as the centralizing algebra of the action of #(r) on a certain
tensor power V®". Independently of each other, Du and Scott [11] and
Dipper, James and Mathas [5] introduced two Morita equivalent Schur
algebras, called the g-Schur? algebra (pronounced g-Schur-two) and the
(Q, q)-Schur algebra respectively. They are both centralizing algebras
of the action of H(r) on direct sums of H(r)-modules M*, which are
defined for each pair of compositions A = (y; V), the direct sum in the
former being over all such pairs of compositions, and in the later over
a certain subset of these. In chapters 2, 3 and 4 we derive results to
help us compare these algebras in certain cases.

We begin chapter 2 by introducing two systems of subgroups of
the hyperoctahedral group, Hyp(r). These are V, the set of Young
subgroups of the hyperoctahedral group, and ), which we call the set
of infant subgroups. Each Young subgroup is also an infant subgroup.
We also introduce a k Hyp(r)-module Y and its r** tensor power Y'®".
We show that the set of point stabilizers of the action of Hyp(r) on
Y®" is precisely the set of infant subgroups ), and analogously the set

of point stabilizers of the action of Hyp(r) on V'®" is precisely the set of
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Young subgroups V. We prove then that for all primes p both ) and V
are p-Mackey systems of Hyp(r), except in one particular case (V when
p = 2) which we adapt to suit our methods. We apply  Grabmeier’s
count to count the number of isomorphism types of indecomposable
trivial source modules over both ) and V, which we denote by TSM()))
and TSM(V) respectively. We show when p is odd that TSM(Y) =
TSM(V), but that this is not true when p = 2.

In chapter 3 we begin by quantizing our Hyp(r)-action on Y®" to
make Y'®" into a module for the type B Hecke algebra #(r). Now Y®"
has a basis labelled by the set Ig(n,r) and we define the content of
an element of Ig(n,r). This gives rise to the subspaces Y,&", and we
show that Y®" decomposes as a certain direct sum of these subspaces.
Then, by considering annihilators of certain elements, we show for each
pair of compositions A that both Y.¥" and M? are isomorphic to the
same #(r)-module, and hence are themselves isomorphic. This gives
us that Du and Scott’s direct sum €, M* and our Y® are isomorphic
as H(r)-modules, and so the g-Schur? algebra S (n, r) is isomorphic to
Endy iy (Y®").

Chapter 4 mainly collects results implied by the previous two chap-
ters. We first look at how Grabmeier’s methods enable us to count the
number of components of a permutation module. Then using this and
some Morita theory we can show that in the group case (at ¢ = @ = 1)
the Schur? algebra and the hyperoctahedral Schur algebra are Morita
equivalent over a field of odd characteristic, but that this is not true
over characteristic 2. We then also apply Fitting’s theorem to count
the number of irreducible representations of each of the type B Schur

algebras we consider, again when ¢ = @ = 1.
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In chapter 5 we mimic [3] to build ourselves a coalgebra from Y®".
We start with the free bialgebra, Fg(3n), for which Y®" is naturally
a comodule and derive the relations needed in it to ensure that mul-
tiplication by any element of #(r) is a comodule map. We show that
the ideal I generated by these relations is a biideal of Fg(3n) so that
F'(3n)p/I is also a bialgebra, which we denote by C, o(3n). The fact
that multiplication by any element of #{(r) is a comodule map induces a
homomorphism between C, o(3n,r)*, the dual of the r* homogeneous
part of Cyo(3n), and the g-Schur® algebra SZ(n,r). When ¢ =Q =1
we show this is an isomorphism, so that we have a coalgebra con-
struction of the Schur? algebra, analogously to [18, 2.6] and [3, 3.1.5].
Hence we can write down the dimension of S;(n,r) for all values of
¢,Q,n and r, and can also exhibit a spanning set of C,q(3n,r) of
this desired dimension. We show that when g # 1 this spanning set
is linearly dependent, so that the dimension of C,o(3n,r)* is strictly
less that that of S7(n,r) so that the two cannot be isomorphic in this
case, and hence in particular we cannot follow the above methods to
associate a quantum group to this set-up when ¢ # 1.

In chapter 6 we return to Mackey systems and define the idea of
a balanced p-Mackey system. This is an analogue of what happens in
the characteristic zero case (or when p { |G|). We then consider the
so called complete monomial groups G ? Sym(r), where G is any finite
group, and look at how to view these as permutation groups. We show
that the Young subgroups inside these groups form a p-Mackey system,
providing that p { |G|, and use Grabmeier’s methods to show that this
Mackey system is balanced.

In chapter 7 we continue to look at Mackey systems. We define

a system of subgroups of Sym(n) which we call P, and we show that
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P is a p-Mackey system for all primes p. We use Grabmeier’s count
in the usual way, and show that P is balanced if and only if n >
p/2. We then use this to count the number of components of a certain
k Sym(n)-module when char k = p+tn, and n < r+1. As the partition
algebra P.(n) (see [26] for example) is isomorphic to the centralizing
algebra of this module when n > 2r this suggests a method by which
we may derive results about the representation theory of P,(n). We
end the chapter by using a lemma of Donkin (7, remark after 3.6] and
Fitting’s theorem to count the number of irreducible modules U()) for
the partition algebra when n > 2r and p 4 n, and also to calculate in
these cases the dimension of each U() in terms of dimensions of weight
spaces of simple GL,-modules.

In the final chapter we define a k-space X,,, and show that its rth
tensor power X" is a module for the group algebra of the complex
reflection group G(m, 1,7). We conjecture that this is isomorphic to a
certain direct sum of modules as in [10]. We also make a conjecture

about a p-Mackey of the complex reflection groups G(m, a,r).



CHAPTER 1

Preliminaries

In this first chapter we introduce the structures we will be using
throughout the thesis, and also review some of the results relating to

them which will be useful later on.

1.1. Groups, Hecke algebras and representations

Let {2 be a set. Then the symmetric group on 2, denoted Sym(9), is
the set of all permutations of 2, and Sym(S2) is a group with the
operation of composition. If @ = {1,2,...,r}, which we denote by r,
then we write Sym(r) for the symmetric groupon Q. For1 <ig<r—1
let s; = (i i+ 1), the element of Sym(r) which swaps i and i + 1.
Then Sym(r) is generated by the set {s;|1 < ¢ < 7 — 1}, with relations

s2=1
8:8; = sjs;, for [t — j| > 1
SiSi+18i = Si+18iSi+1
where 1 < 4,5 < r — 1, giving Sym(r) a Coxeter type presentation.
(Sym(r) is the Coxeter group of type A.) Given any finite set Q2 we
could define a similar set which generates Sym(S2).

We now introduce the star of the show. Let X be a set with a
regular involution ~ , called bar, so that X necessarily has 2r elements
for some non negative integer r. Then the hyperoctahedral group,
Hyp(X), is the subgroup of Sym(X) given by

Hyp(X) = {0 € Sym(X)|0(3) = o(3) Vi € X}.

Of course, we have in mind that i = 1.
11
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IfX ={1,2,...,n,1,2,...,7} then we write Hyp(r) for the hyper-

octahedral group on X. It is well known that Hyp(r) is isomorphic to

the wreath product % ! Sym(r), and also to the automorphism group
of an r-dimensional cube.

We can also present Hyp(r) as a Coxeter group. This time we define

element s; € Hyp(r) via

(1 1) ifi=0
§i = -
(¢ 1+1)@FE i+1) if1<ig<r—1
Then Hyp(r) has generators sg, s1,...,s,—1 and relations

s2=1

$iS; = §;8;, for |i — j| > 11 and F J:: o anel
8iSi4+18i = Si+18iSi+1 1< <r'

50515051 = 81505150
where 1 < ¢,5 < r — 1. Hyp(r) a Coxeter group of Type B. The
concepts of a reduced expression for an element of a Coxeter group
and for the Coxeter length of an element are defined in the usual way.
For an element w of either Sym(r) or Hyp(r), we let I(w) denote the

Coxeter length of w. If w € Hyp(r), then the number of times sy occurs

in a reduced expression for w is constant, and we denote this by ng(w).

Note that if, for i € r, we put ¢; = s;_18;_2...8081...8i-1 = (I 1),
then t,ts,...,t, generate a subgroup of Hyp(r) isomorphic to (%)'.
Also the elements si, So,...,Sr—1 generate a subgroup isomorphic to
Sym(r). We now present another way of looking at that.

Again let X be a set with a regular involution ~ . For any subset

X'={z1,...,Tm} of X we write X' for the set {Z),...,Tm}. Now let
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Z be a subset of X such that ZUZ = X ie. with ZUZ = X and
ZNZ = 0. Then we call Z a schism of X , and we can identify Sym(Z)
with a subgroup of Hyp(X) via the following map. Let
¢ : Sym(Z) — Sym(X) via ¢(0)(z) = 0z and ¢(0)(z) =7z,

for 0 € Sym(Z) and z € Z. Now, for each ¢ € Sym(Z) and z € Z,
we have that ¢(0)(z) = 57 = ¢(0)(Z) so that each ¢(o) is in fact a
member of Hyp(X) C Sym(X). We denote the image of Sym(Z) under
¢ by S(Z), so that S(Z) is a subgroup of Hyp(X) which is isomorphic
to Sym(Z). Then S(Z) and Sym(X) are reserved with this meaning, so
that Sym(X) always denotes the full symmetric group on X, and S (Z)
is always the image of Sym(Z) inside Hyp(X). (Also, in chapter 5, we
will use S(Z) to denote the image of Sym(Z) inside a larger wreath
product H ! Sym(r), where H is any finite group.) Note that of course
S(Z) and S(Z) are the same subgroup of Hyp(X).

Let r,n > 1, and unless otherwise stated we assume that n > r.
Let A = (Aq,..., An) be a sequence of non negative integers )\;, not all
equal to zero. If A;+---+ ), = r then we call A a composition of 7, into
at most n parts, and denote the set of these by A(n,r) . If in addition
to this we have that A\; > Ay > ... > A, then we call \ a partition
of r, and denote the set of these by A*(n,r). If A is a composition
in A(n,r) then we denote by X the unique partition created from A
by reordering the parts in descending order. Note that a partition A
may end in a sequence of zeros, and we usually omit these. We also
often use superscripts to denote a sequence of more than one );. In
this case the commas may be omitted, so that (4,4,3,3,2,0,...,0) =
(4,4,3,3,2) = 42322.

We can represent a partition A € A*(n,r) by its Young diagram

of crosses in the plane. For example, the Young diagram d* of A =
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(6,4,4,2) is given by

d = X X X X X X
X X X X
X X X X

X X

We can flip a diagram over its main diagonal, and the corresponding
partition is called the partition conjugate to A, and is denoted by M.
For example, flipping the Young diagram d* in the previous example

gives

dd = x xX X X

X X X
X X X
X
X

so that X' = (4,4,3,3,1,1), is the partition conjugate to (6,4,4,2).
Now let p be a prime. If A € At(n,r) is such that A; — Ay < p
foralll1 < i <n-1and )\, < p then we say that A is a column
p-regular partition of 7, and we denote the set of these by At (n,7)col-
If for all 0 € i < n — p a partition A € A*(n,r) contains no sequence
Ait1 = Aig2 =+ - = Aiyp > 0 then we call A a row p-regular partition,
and denote the set of these by AT(n,T)rep. Note that if A € At (n, ),
then X' € A*(n,7)row, and vice versa. (It may be that A = X'.) From
this it is easy to see that |A*(n,T)c| = [AT(n,T)row|- It is also very
useful for us to know that if p is prime then A € A*(n,r) can be

uniquely written as
A= }:i;O pi’\(i):
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with each A(i) a column p-regular partition. We call this the unique
p-adic expansion of ).

We associate to each partition a subgroup of the symmetric group.
Let A € A*(n,r), with A = (A, A2,..., A,). Then the standard Young

subgroup of Sym(r) associated to A is given by

Sym(A) = Sym{1,2,..., A} x Sym{A; +1, A1 +2,..., A1+ Ao} x -+~

o X Sym{r — A,,..., T}

We can similarly associate a group Sym(A) to any composition of r.
A Young subgroup of Sym(r) is any subgroup Sym(r)-conjugate to a
standard Young subgroup.

It is not only single partitions and compositions that will be useful
in this thesis. The set of pairs of compositions (or bicompositions) of
r, denoted by Ay(n,r), is given by

Ay(n,r) = {d = (u;v) |p € A(n,a), v € A(n,7r —a),0<a < T}
Note that each partition in the pair has at most n parts. If u and v
are both partitions then we call A = (u;v) a pair of partitions (or a
bipartition) of r, and denote the set of these by Af(n,r).

We can also extend these ideas to construct the set of m-compositions
of r, denoted A (n,r), which consists of m-tuples A = (A(1);...; A(m))
such that A(i) € A(n,r;), 0 < r; < 7 and ), mi = r. Note again
that each A(7) has at most n parts, and if each A(7) is a partition the
we call A = (A(1);...;A(m)) an m-partition, the set of all such being
denoted by A} (n,r).

We also consider Young subgroups inside the hyperoctahedral group,
and other wreath products of the form HSym(r), for H a finite group.
If u € At(n,r) then we write S(u) for the image of the standard Young
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subgroup Sym(y) under the map ¢ as given earlier in this chapter. Now,
if A = (u;v) € Af(n,r), and g is the transposition in Hyp(r) given by
g=(1,a+1)(T,a+1)(2,a+2)2,a+2) - (r —a,r)(r — a,T), where
a = |p|, then we write S()) for S(u) x S(v)? < Hyp(r). These are then
the standard Young subgroups of Hyp(r) and in general a Young sub-
group of Hyp(r) is one which is Hyp(r)-conjugate to a standard Young
subgroup. Of course in this way we have a Young subgroup of Hyp(r)
associated to each composition of r. Note also that given A € A} (n,r)
we can make a similar definition for Young subgroups of the wreath
product H ! Sym(r).

Let k be a field, which for the rest of the thesis we will assume is
algebraically closed, and since all our k-algebras are finite dimensional
k will in particular be a splitting field for these algebras. We now turn
to irreducible kG-modules, or representations, in the cases G = Sym(r)
and G = Hyp(r). In [22], James constructs for each A € A*(n,7) a
k Sym(r)-module S*, called a Specht module, and in turn a certain
factor module denoted by D*. When k = Q, the field of rational num-
bers, it is part of the folklore of representation theory that the set
{S*| X € At(n,r)} is a full set of irreducible QSym(r)-modules, see
for example [22]. James also shows that over a field k of characteris-
tic p, the set {D*| A € A*(n, )00} is a full set of kK Sym(r)-modules.
This means that Sym(r) has |A*(n,r)| isomorphism types of ordinary
irreducible representations, and as |A*(n, 7)row| = |A* (R, T)call, We also
have that Sym(r) has |A*(n, r)ce| isomorphism types of p-modular rep-
resentations.

As we have already seen, the hyperoctahedral group Hyp(r) is the
wreath product 2_zz_ 2 Sym(r), and therefore moreover it is a semi-direct

product ()" Sym(r). Then since (33)" is an abelian group, we could
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use the method of the “little groups of Wigner”, as detailed in [32, 8.2]
to construct and label the irreducibles for the hyperoctahedral group
over the field C. However, in [1], Morris et al. construct irreducible
k Hyp(r)-modules over fields of any characteristic. They define modules
Y* and J* for each pair of partitions A = (u;v) € Af(n,r). Then over
a field k of characteristic 0 the set {Y*|X € Af(n,r)} is a full set of
k Hyp(r)-modules, so that Hyp(r) has |AS(n,r)| isomorphism types of
ordinary irreducible representations.

Before we look at the modules J* and the p-modular case, we need
to define p-regular pairs of partitions. If p # 2 then A = (y;v) is
row (resp. column) p-regular if both 4 and v are row (resp. col-
umn) p-regular. If p = 2 then A is row (resp. column) p-regular
if 4 = 0 and v is row (resp. column) p-regular. This gives us the
sets AJ(n,7)row and A (n, 1), for any prime p. Then over a field k
of prime characteristic the set {J*|X € A (n,7)r0n} is a full set of
k Hyp(r)-modules, so that Hyp(r) has |[AZ (7, 7)ew| = |AT (7, 7)cot] isO-
morphism types of p-modular irreducible representations. Note that
when p = 2 we have that |Af(n,7)cot| = |AT(n,7)cat|, 50 we have that
Hyp(r) has |A*(n, )| isomorphism types of 2-modular irreducible
representations.

We will also consider Hecke algebras. These can be regarded as
g-deformations of the group algebras kSym(r) and kHyp(r) of the
symmetric and hyperoctahedral groups. We now make this more pre-
cise.f O#q, Q € k, then the Hecke algebra of type A, which we denote
by Hec(r), is the free k-module with generators Ty,, Ty, ..., T,,_, and
relations

(T, —q)(Ty; +1) =0
T, T, = T,,T,, for [i — j| > 1
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TSiT3i+1 s = 1.

Sit1

Tsi T3i+1
where 1 < 4,7 < 7—1. Note that by putting ¢ = 1 we retrieve k Sym(r).
In a similar way the Hecke algebra of type B, denoted H(r) or just H,

is the free k-module with generators T,,,T,_, . .. , Ts,_, and relations
(Toi —q)(Te; +1) =0, for 1<i<r—1
(Too = Q)(Too +1) =0
T.T5, =T, Ty, for |i — j| > 1, and ifg=o0 ond
Ty Ton Toy = Ty, T T 1<,
T5 15,15, Ty, = T5, Ty, Ty, T,
where again 1 < 4,5 < 7 — 1, and this time if we put g=Q =1 we
retrieve the group algebra k Hyp(r). Note that the subalgebra of H(r)
generated by Ts,,Ts,, ..., T, _, is isomorphic to Hec(r).
Now if w = s4(1) - - - Sa(m) i a reduced expression for w € Hyp(r)
+*Ts,(my- Then as k-

modules Hec(r) has k-basis {T,,|w € Sym(r)} and H(r) has k-basis

{Tw|w € Hyp(r)}.
The representations of Hec(r) and H(r) are labelled by partitions

(resp. w € Sym(r)) then we write T,, for T}

a(l)

and pairs of partitions of r in an analogous way to the earlier group rep-
resentations, but we do not consider them in this thesis so a description

of them is not given here.

I.2. Endomorphism algebras

As stated in the introduction one of our aims is to compare the
various Schur algebras in type B. We also intend to look at the par-
tition algebras, and in the cases we consider these are isomorphic to
certain endomorphism algebras. Therefore we now introduce all these
structures and look at some useful theorems we will use to prove other

theorems about them.
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We begin with Schur algebras. The name Schur algebras was orig-
inally used by Green in his monograph [18]. He defined the Schur
algebra, S(n,r), as the dual of a certain coalgebra A(n, ), and we will
consider this approach later on in both this chapter and the thesis itself.
Green shows [18, 2.6] that S(n,r) is isomorphic to the centralizing al-
gebra of a certain permutation module for the symmetric group. Here
we look at that approach and see how it leads to the definition of other
Schur algebras, these being related+e the hyperoctahedral groups, and
Hecke algebras of both types A and B. (Of course, there are others,
but we only introduce the ones which play a role in this thesis.) Here
we go.

Let F be an n-dimensional vector space over a field £ with basis
{e1,es,...,e,}, and let E®" denote its r* tensor power EQE®---QF
(r times). If I{n,r) denotes the set of r-tuples with entries from n, and
if i = (4y,%9,...,%) € I(n,r) then every basis element in E®" can be
written uniquely as

ei—=¢€;, ®e, Q- -Qe,.
The symmetric group Sym(r) acts on the right of I(n,r) via place
permutation i.e. if i € I(n,r) and 7 € Sym(r) then
im= (i1, 0).7 = ()m .- ir)r)
We can now transport this action to E®" so that if e; is a basis element
in E®", and 7 € Sym(r) then

e.m=(e;, Re;, ® V€, )T=¢€, Ve, & Qe =e6ir
Extending this action linearly makes E®" into a k Sym(r)-module.
Then the centralizing algebra of this action is the Schur algebra S(n,r)
as above i.e. we have that S(n,r) = Endgym(-)(E®"). Note that the
point stabilizers of basis elements of E®" under this action are the

Young subgroups, Sym(A).
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We can now quantize the above action, as in [3, 3.1.4] to give an
action of the type A Hecke algebra, Hec(r), on E®. Again we describe
the action by specifying how each generator T, of Hec(r) acts on E®".

Let g € k, and let i € I(n,r), so that €; is a basis element of E®".
Then T, acts on e; as follows:

T, — geis; if i <44

eis; + (g — 1)e; if 4; > 4544
Then Endyec(r)(E®") is called the g-Schur algebra, and is denoted by
Sy(n,7). Note again that putting ¢ = 1 we are back in the group
case. The ¢-Schur algebras were introduced by Dipper and James in
[4]. They defined for each composition A € A(n,r) a certain Hec(r)-
“permutation” module M*, and defined the g-Schur algebra to be
Endgec(r) (Dreatn M?*). Since E®" = DBireainr) M?*, by [3, 3.1.5] we
can use either incarnation of this “permutation” module.

We now look at Schur algebras in type B. In [19], Richard Green
takes the tensor power approach to constructing permutation modules.
Let L(n) denote the set {1,2,...,n,7,...,1} with elements in L(n)
being ordered vial < --- < n <@ < --- < 1. Let V denote the 2n-
dimensional vector space over k with basis {v; |7 € L(n)}, and let V®"
denote the rt* tensor power of V. Then let Iy = Iy/(2n,r) denote the
set of r-tuples i = (41,12, ..,4%,) with entries from {1,...,n,7,...,1}.
Similarly to above, V® has a k-basis consisting of elements v;, where

i € Iy. Now Hyp(r) acts on the right of Iy via

(ila o "ij—la z.j+17ij)ij+2a X z7') lf] # 0

1.5, = ’il Z)S= —_
3= ()55 (31,82, - -, ir) if j =0
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and thus Hyp(r) acts on the right of V®" via vi.r = vj, for every
7 € Hyp(r) and i € Iy. Again we extend this action linearly to make
V®" into a right k Hyp(r)-module. The hyperoctahedral Schur algebra,
which we denote by S™¥P(n,r), is then the centralizing algebra of this
action i.e. we have S%¥P(n,r) = Endg uypr) (V).

Again this action can be quantized. Let q,() € k, and let i €
Iy(2n,r) so that v; is a basis element of V¥". Then the generators

Tsos--->1s,_, act on V® as follows, by [19, 3.1.2].

( ep - .
qUis, if 1; < 45

Vis; + (q - ].)’Ui if 'ij > ij+1
Quis, ifj=0and i € {1,...,n}
| vis; + (@ — 1) if j=0and i, € {W,...,1}

Then the hyperoctahedral ¢g-Schur algebra, denoted by Sfyp(n, r), is
defined by S;¥P(n,r) = Endy(V®"). It is no surprise to find that by
putting ¢ = Q = 1 we are back in the group case.

We now need something to compare this to. In {11] and [5] two
type B Schur algebras were unveiled, Du and Scott’s being the g-Schur?
algebra, and Dipper et al. introducing the (Q, ¢)-Schur algebra. We
will concentrate mainly on the former.

Let A = (u;v) € Ag(n,r). We now define some elements of H
related to A. Let || = a. Then we let

m = [[ica (@7 + T)-
Also, let z) = Y, e5n) Tw- Then we put my = zymy and define M*
to be the cyclic right #(r)-module given by M* = myH(r). Du and
Scott then define the g-Schur?-algebra, denoted SZ(n, ), to be
82(n,r) = Endy(@renynr M)
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If g =Q =1, so that we are back in the group case, we write S%(n,r)
for the Schur? algebra.

Dipper, James and Mathas’sdefinition of the (Q, q)-Schur algebra
is similar. Let AS(n,r) be the subset of As(n, ) consisting of pairs of
compositions A = (u; v) where between them p and v have at most n
parts. Then the (Q, ¢)-Schur algebra, denoted Sg ,(n,r), is defined to
be

Sq.q(n,7) = Endy (D) cps(nim) M*).
SqQ,¢(n,7) is a subalgebra of SZ(n,), and again back in the group case
(¢ = @ = 1) we denote the corresponding Schur algebra by S; ;(n,r).
We will see a connection between Sg4(n,7) and S7(n,r) later on in
this chapter.

We now have one more endomorphism algebra to meet, called the
partition algebra. We now consider graphs on two rows of r vertices,
with each edge joining precisely 2 vertices, and with at most 1 edge
between any two vertices. The connected components of each graph
partition the vertices into m subsets, for some 1 < m < 2r. We then
define an equivalence relation ~ on the set of all such graphs (with 2r
vertices) by saying that two graphs are equivalent if they determine

the same partition of the 2r vertices. So for example

&: m
Then we use the term r-partition diagram, or just diagram, to mean
the equivalence class under ~ of the given graph.

Let d; and d; be diagrams. If we let n € k we can multiply them,

and the recipe for producing the product dud; is,
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e Place d; above d, so that the bottom row of d; coincides with
the top row of d,. This gives us a diagram with a top, middle,
and bottom row.

e Let o be the number of connected components of our 3 rowed
diagram that lie entirely in the middle row.

e Make a new r-partition diagram by eliminating the middle row,
but keeping the top and bottom rows and maintaining the con-

nections between them.

e Then dod; = n%ds.

For example, let

d

10)
then d2d1= ; 3
o
0]

The partition algebra P,(n) is the algebra of k-linear combinations of

r-partition diagrams, with multiplication as above.
We can now relate this to endomorphism algebras. We have already
seen a right action of Sym(r) on E®", but we can also make Sym(n)

act diagonally on the left of E®". More precisely, if 7 € Sym(), and
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e; is a basis vector of E®" then
me; =T(e, @ - e;) = (Eniy) ® - *Er(in))-
Of course, we extend this action linearly to make E®" into a left
k Sym(n)-module.
The partition algebra now becomes even more interesting due to

the following theorem.

THEOREM 1.1. When n > 2r, we have that
Py (n) = Endgsym(n) (E®").

PROOF. This was originally proved by Jones in [24], over the com-

plex numbers C. For a characteristic free version see {26, 2.7]. O

In a later chapter we will consider some aspects of the representation
theory of Endy sym(n) (E®"), giving us results about the partition algebra

when n > 2r. We now look at some useful theorems.

l.3. Some useful theorems

We first look at two theorems concerning endomorphism algebras,
and begin with some notation. Let A be a finite dimensional
k-algebra, and let M be a right A-module. If we can find non zero A-
modules M’ and M" such that M = M' @ M" then we call M decom-
posable. Otherwise M is indecomposable. We call an indecomposable
direct summand of M a component of M, and if M has d isomorphism
types of component we record this by writing Comp(M) = d. We have

the following theorem, called Fitting’s Theorem.

THEOREM 1.2. Let M be a right A-module, and let
M= MP™ @ ME™ @+ D ME™

be its decomposition into components, so that each m; =2 1. Then
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there exist precisely d simple End4(M)-modules, and moreover they

have dimensions my, mo, ..., my respectively.

PROOF. This was originally proved by Fitting in [12], but a proof
can also be found in [16, 5.2] aad [35] , for ex mu,le. O

Writing mod(A) for the category of finite generated right A-modules,
we say that two rings R and R’ are Morita equivalent if there exists an
equivalence of categories between mod(R) and mod(R’). This essen-
tially means they have the same representation theory. The following
is a standard tool for studying endomorphism algebras, and is useful in

determining when two endomorphism algebras are Morita equivalent.

THEOREM 1.3. Let M and N be A-modules such that
M=ME""PMI™ @ - --PM™, and
N=MPMD P M
where m; > 1. Then Ends(M) and End4(N) are Morita equivalent.

Note that since Morita equivalence is transitive, the above theorem
shows that if M and M’ are two A-modules with the same compo-
nents (but with possibly different multiplicities) then End4(M) and
End,(M') are Morita equivalent. Then in particular the g-Schur? alge-
bra S2(n, r) and the (Q, g)-Schur algebra Sq,4(n,7) are Morita equiva-
lent.

We now review Grabmeier’'s work on Green correspondence and

Mackey systems. We begin by defining the latter.

DEFINITION. Let M be a set of subgroups of a finite group G, and
p a prime. Then M is a p-Mackey system of Gif
(M1) {1} e M.
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(M2) M is closed under both (i) conjugation, and (ii) intersection.
(M3) If S is a Sylow p-subgroup of G then S < A for some A € M.

Some authors, for example Geck and Pfeiffer in [13, Exercise 2.2],
call M a Mackey system if it satisfies the two closure axioms above.
We will often abuse this and use the name Mackey system when really
we should say p-Mackey system. Our Mackey systems always satisfy
all axioms (M1), (M2) and (M3).

Grabmeier shows, in [14, 2.3(i)], that if H is a subgroup of G, and
M is a p-Mackey system of G, then M | H={HNA|A € M}isa
p-Mackey system of H.

Now for some notation. Let p be a prime, let k have
characteristic p, let G be a finite group, and let M be a p-Mackey
system. Let X be a kG-module and H be a subgroup of G. Then
X is H-projective (or projective relative to H) if X is a direct sum-
mand of ind§ W for some kH-module W. We now define the set
M(X) ={H € M| X is H — projective}. Then M(X) is non-empty,
and is also stable under G-conjugation. If X is indecomposable we
call the minimal elements of M(X) the M-vertices of X. These form
a single conjugacy class. Now let M, be the subset of M consisting
of subgroups P of G such that p divides |P : B| for all members B
of M which are proper subgroups of P. In [15], Green shows that if
p1 |G : H| then every kG-module is H-projective. From this it follows
that P € M, if and only if P occurs as an M vertex of some inde-
composable kG-module. We call M, the M-vertices, and where this
is unambiguous we call them simply the vertices.

Let P be an M-vertex of an indecomposable £kG-module X. We
call a finite dimensional indecomposable kP-module W such that X is

a component of ind$ W an M-source (or simply source) of X. Then
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an indecomposable trivial source module is an indecomposable kG-
module X which is a direct summand of ind$ k for some P € M,
where k denotes the trivial kP-module. T is a trivial source module
over M (or just trivial source module when the Mackey system involved
is understood) if T is a direct sum of indecomposable trivial M-source
modules.

For H < G, we write Ng(H) for the normalizer of H in G. Let P
be an M-vertex, and let H < G with Ng(P) < H. Let

X={AeM|ALPnNnP*forsomezecG\H},
3={AeM|H|A<HNP®forsomez e G\ H},
A ={A € M|A< P, but no G-conjugate of A is in X}.

Note that we have X C 3 and P € 2.

Then for each kG-module V we define, up to isomorphism, the kH-
module fV by V g™ fV @ V', where the kH-module V' is a direct
summand of kK H-modules with M | H-vertex in 3, and also no compo-
nent of fV has an M | H-vertex in 3. If V is indecomposable and the
M-vertex of V is in A then the kH-module fV is also indecomposable,
and it has an M | H-vertex in 2.

Also if W is a kH-module we again define up to isomorphism the
kG-module gW via ind§ W = gW @ W', where W' is a direct sum-
mand of kG-modules with M-vertex in X, and no component of g\W
has M-vertex in X. Similarly, if W is an indecomposable kH-module
with M | H-vertex in 2 then gW is an indecomposable kG-module
with vertex in 2. Then, by [14, 3.7(i)] we have the following.

THEOREM 1.4. Let V be an indecomposable kG-module. The as-

signment V +— fV (and similarly W — gW ) gives us a one to one
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correspondence between isomorphism classes of finite dimensional in-
decomposable kG-modules with M-vertez in A and isomorphism classes
of indecomposable k H-modules with M | H-vertez in A. The modules
V and fV have a common vertex, and fV is called the Green corre-

spondent of V.

Note that this is a generalization of the classical Green correspon-
dence in which M is the Mackey system of all subgroups of G. Grab-
meier now uses his version of Green correspondence to analyze inde-
composable trivial source modules over M. In [14, 4.5] he refines this

correspondence to give the following.

THEOREM 1.5. Let P be in My, so that P is an M-vertex. Then
there exists a bijection between isomorphism classes of indecomposable
kG-trivial source modules with vertex P, and isomorphism classes of

projective indecomposable modules for LVQP_)_

Note that in [9, 1.1(1)] Donkin proves an analogous result for mod-
ules with a linear source.

If G is a finite group we write #,(G) for the number of p'-classes of
G, so that #,(G) is also the number of both irreducible and projective
indecomposable kG-modules. We also write Mg for the set of M-

vertices up to conjugacy. This gives us the following.

THEOREM 1.6. The number of isomorphism types of indecompos-

able trivial source modules over a p-Mackey system M is given by

ZPGM{) #p(&%ﬂ)'

This result will be used time and again during this thesis, and

will often be referredto as Grabmeier’s count. Note that for ease we
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will denote the number of isomorphism types of indecomposable trivial

source modules over a p-Mackey system M simply by TSM(M).

Remark

If M is a p-Mackey system for G when p divides |G| then it is also
a p-Mackey system Vp¢ &l | as if p { |G| then the identity subgroup
is the unique Sylow p-subgroup. If p 1 |G| then the identity subgroup
is also the unique M-vertex, and M{(l}lﬁ = G so that when p { |G| we
have that TSM(M) = #,(G) = the number of conjugacy classes of G.

The story in characteristic zero is identical.

l.4. Coalgebras and Schur algebras

Green originally defined the Schur algebras as the dual of a certain
coalgebra A(n,r). In this section we recall some basic definitions and
then look at the construction of the ¢-Schur algebra via the coalgebra,
approach. More details about coalgebras and their friends can be found
in [34].

A k-coalgebra is a triple (A, A,€) where A is a k-vector space and
we have that A: A > A® A and £ : A — k are linear maps satisfying
the following conditions:

(A®1NA=(1®A)A: A— A® A® A (co-associativity)
and
(e®1)A=(1®e)A=1:A— A (co-unit)
where 1 denotes the identity map on A. A coalgebra (A4,A,¢) is a
bialgebra if in addition to the co-associativity and co-unit conditions
being satisfied we also have that A and € are algebra homomorphisms.
We do not consider Hopf algebras in this thesis, but remark that a
bialgebra (A, A, €)is a Hopf algebra if there exists a linear map o : A —
A such that we have m(oc®1)d = m(1®0)d = e wherem: AQA — A
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is multiplication and we define the map ¢ : A — A by ¢(a) = ¢(1)a
for all @ € A. This is called the antipode condition, and if such a map
o exists, it is unique and is called the antipode of A. We will often
abbreviate a coalgebra or bialgebra (A4, A, ) simply to A.

If (A, A,€) is a bialgebra, then (I, A, ¢), or just I, is called a biideal
of A if I is an ideal of A and :
i) A()CI®A+A®I, and
(ii) (1) = 0.
If I is a biideal of A, then (A/I,A’ ¢') is a bialgebra, where A’ and &'
are induced on A/I by their respective maps on A. This is a useful way
of constructing bialgebras, as we will see shortly when we construct the
g-Schur algebras.

Firstly some more definitions. Let (A, A, €) be a k-coalgebra. Then
a pair (V, 1), often abbreviated to just V, is a right A-comodule if V' is

a k-space and 7: V — V ® A is a linear map such that

(TR)r=(10A)T: VoVRARA
and

(1®e)r=1:V >V,

where of course 1 is the identity map on V.

Let (V,7) and (V’,7') be right A-comodules. A linear map ¢ :V —
V' is a comodule homomorphism if 7'¢ = (¢ ® 1)7.

Any right comodule (V,7) also has associated to it another struc-
ture, called the coefficient space of V, denoted cf(V'). Say V has k-basis
{v;|i € I}. Then we have elements c;; € A, where ¢, j € I, defined by

T(v5) = Xlier Vi ® Gijs
for each j € I. Then the coefficient space cf(V) is defined by cf(V) :=
k — span{c;; | i,j € I'}. Note that cf(V) < A.
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As in [17] if (A, A,¢) is a k-coalgebra, then its dual space A* =
Homy (A, k) is an associative k-algebra. Multiplication of two elements
a, 3 € A* is given by

af = (a® B)A.

Also, for an A-comodule (V,7), we regard the k-vector space 1" as a
left A*-module via the product av = (1 ® a)7(v), for a € A*,v € V.,

We are now in position to construct the g-Schur algebra S,(n,r).
This construction originally comes from [3].(A similar approach is taken
in [29, 3.5], giving a different coalgebra but isomorphic Schur algebra.)
Start with F'(n), the free k-algebra in non-commuting indeterminates
T;;, where ¢ and j run over n. This is naturally a bialgebra, with
A(Tij) = Y men Tim ® Tm,j, and €(z;;) = 6;, the Kronecker delta. Let
q € k and let J be the ideal of F'(n) generated by elements of the form

Ti|Tjm — qT;mZiy  fori>jand I < m,
TigTim — Tjmiy — (¢ — 1)Tj1Tim fori>jand [ >m,
Ti Tim — TimTiy  for all ¢,1,m,
where 4, j,[,m € n. Then J is a biideal of F(n), and we put A,(n) =
F(n)/J, so that writing X; ; for the canonical image z;; + J of z;; in
A,(n) we get that in Ag(n) we have the following relations
XiaXjm =qX;jmXiy fori>jandl<m,
XitXjm=XjmXig+(q—1)X;yXim fori>jandl>m,
XiaXim = XimXiy forall ¢,1,m,

where 3, §, 1, m € n. If we let X; ; have degree 1, then A,(n) is a graded
algebra. We denote the r* homogeneous part of A,(n) by Ag(n,7).
Then E®" is an A,(n,r)-comodule [3, 2.1.1] and the relations above
ensure that multiplication by elements of Hec(r) is a comodule map.

This induces an isomorphism
0 : Ay(n,r)* = Endpecir) (E®7) = S4(n, 1),
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and hence we have an alternative way of constructing the g-Schur al-
gebra. Putting ¢ = 1 we are back in the group case, and we have the
construction of the classical Schur algebra, as given in Green [18]. Note
that Dipper and Donkin also localize at the determinant, d, to give us
A4(n)q4, which they show is a Hopf algebra.

In chapter 5 we will mimic this method in an attempt to construct

a coalgebra whose dual is the g-Schur? algebra.



CHAPTER 2

Mackey systems for Hyp(r)

Eventually, we aim to compare the above hyperoctahedral Schur
algebra with Dipper and James’ (@, q)-Schur algebra, and with Du
and Scott’s g-Schur? algebra, both at ¢ = Q = 1. To this end we
introduce a new module for the hyperoctahedral group, called Y®".

Let Z(n) denote the set {m,n — 1, ... 11,2,....m,1,2,.... n}, with
orderingm<n—-1<--<1<1<2<---<fi<l<2<---<n.
Call elements ¢ barred, and call the elements 7 hatted. Then we let
Ig(n,r) denote the set of r-tuples with entries from Z(n), so that the
involution ~ acts on Z(n), and we have that 7=7and =i for all

1 € n.

LEMMA 2.1. Hyp(r) acts on the right of Ig(n,r) via

i.Sj = (’il, ‘e -ai(j)sj,i(j+1)sj,- . .,ir), if0<j<r,

and i.sg = (i1, 12, .., ir)

.PROOF. It suffices to checkvtﬂérr‘i‘éiafion 30513031 ;313031:90, which
splits into 4 cases. The other relations follow from [18], [19], and the
fact that so acts trivially on i € Ig(n,r) if 4, € {T, 2,... ,n}.

Case 1 11,1 ¢ {T,ﬁ,...,ﬁ};
then (i]_, ig, sy ir)SoSISosl = (EI, ig, ‘i3, cen ,i,)slsosl =
(iZ)a’ i3) ceey ir)SOSl = (E, ;;-1-1 i3a ey i,-)Sl = (2_1-, Z;’ i37 o ,ir)

and
33
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(41,92, .. ,%r)51808180 = (12, %1, %3, . . ., ir)S08180 =

(57 il’i3a .. 'air)SISO - (ilaga i3, .. -7i'r‘)30 = (H, Ea 7;37 .. -7i7‘)

~~

Case 2 11,1 € {1,2,...,7};
as in case 1, but now 7; = 4; and 4, = i3, and so we get

(il, iz, ooy 7:7-)81808180 = (il, i2, <y ZT) = (il, i2, ceny ?:,-)81808180.

Case 3 7, € {T,§,...,ﬁ},i2 ¢ {/1\,’2\,...,/73};
as in case 1, but now i; = %; so that we get

(’1:1, ’1:2, N ,’1:7-)81308180 = (il,_z';, cvay 7,7-) = (il, iz, ceny ’ir)818081$0.

Case 4 i, ¢ {/].\,,2\,...,/’)'2},7:2 € {T,?,...,ﬁ};
as in case 1, but now i, = 7, so that we get
(il, i2, ceey ir)31303130 = (a, iz, oy 7,,-) = (il, i2, ey 7:,-)81308180.
Therefore we have that is;sos150 = isgs15¢8; for alli € Ig(n,r) and

the proof is complete. O

As before, we now transfer this action to a useful module. Let Y be
the 3n-dimensional vector space over k with basis {y; | € Z(n)}, and
let Y®" be its r** tensor power. Unsurprisingly, we now write a basis
element in Y®" as y; = y;, ® ¥, ® -+ + 4i,, for some i € Ig(n,r). Then
Hyp(r) acts on Y®" via

Y;.0 = Yi.o for all i € Ig(n,r) and o € Hyp(r).

Extending this action linearly makes Y® into a k Hyp(r)-module.

Young and younger subgroups

It is well known that the point stabilizers of the action of Sym(r)
on the standard basis elements of the tensor space E®" are the Young
subgroups Sym(J), which are defined in chapter 1. We can make a
similar definition for Hyp(r).
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Let A = (u;v) be a pair of partitions in Af(n,r), and put L, =
{Yisipilaen}tand L, = {|p|+ X v|la€n}. Thenlet A, =
[1,|u|]\ L, and also let A, = [1+4]|u|,7]\ L, . Then the standard infant
subgroup associated to A, denoted Hyp(])) is given by

Hyp(A) = (34, Sp,ta|a € Ay, b € Ay).

An infant subgroup is any which is conjugate in Hyp(r) to a stan-
dard infant subgroup. Let ) denote the set of all infant subgroups
of Hyp(r). Similarly to above we can associate an infant subgroup to
each pair of compositions in Ag(n,r). Then each coset Hyp(r)g, for
g € Hyp(r), has a unique member of minimum length. We call these
the distinguished coset representatives of Hyp(\) in Hyp(r) and denote
each set of these by Dist()), so that | Dist(\)| = B2 - Also note that

[Hyp(A)[ "
if A\ € Af(n,r) with A = (p, .., r; 1, .., vr), then

Hyp()) = Hyp(u1) x Hyp(p2) X - - - x Hyp(p-)
xS(v1) X S(vp) X -+ x S(vy)

The following lemma is useful.

LEMMA 2.2. If X is a G-set, z € X and g € G then
Stab(zg) = ¢g~' Stab(z)g.

PROOF. Let h € Stab(z) so that zh = x. Then
(zg)g~'hg = zhg = zg,
so that g~'hg € Stab(zg).
Conversely let h € Stab(zg) so that (zg)h = zg. Then
z(ghg™!) = (zg)hg™! = zgg™" ==,
so that ghg~! € Stab(z) and h € g~! Stab(z)g. O

So from the above lemma for any A € A§ (n,r), and o € Hyp(r) we

have the following.
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COROLLARY 2.3. Hyp()\) is the point stabilizer of y; <=

Hyp(A)? is the point stabilizer of y;,.

Now for a bit of notation. For any pair of compositions \ € Az(n,r)
let i()) = (1,1,...,1,2,...,2,%,...,m1,1,...,1,2,...,2,n...,n) €
Ip(n,r) with each 7 occurring p; times, and each “naked” j occurring
v; times, so that in particular Hyp()\) is point stabilizer of Vi) Also
let X denote the set of all point stabilizers of standard basis elements

in Y'®" under the action of Hyp(r).

LEMMA 2.4. X = )Y, i.e. the point stabilizers of basis elements in

Y'®" are precisely the infant subgroups of Hyp(r).

PROOF. Let A = Hyp()\) € Y, so that A is a standard infant
subgroup. Then A is the point stabilizer of y;»), so that A € X'. Now
say B = A% € ), so that B is an infant subgroup. Then, by previous
lemma, we know that B is the point stabilizer of yj(\),, so that B is
alsoin®and Y C X.

Conversely let y; be any standard basis element in Y®", and let
X € X be its point stabilizer. Now any such y; can be written as
Yi = Yi(n)o for suitable choice of A € AJ(n,r) and o0 € Hyp(r). Now
yi(r) has point stabilizer Hyp()), so by the previous lemma we have
that yi(»), has point stabilizer Hyp(A)°. Therefore X € Y also, and we

have that X C ).
O

We now walk down the same road, but this time for Richard Green’s
space V® . Let Xy denote the set of point stabilizers of the Hyp(r)-

action on V®, and also let

V = {Hyp(\)° € Y |0 € Hyp(r), A = (;v) € A5 (n,7)}
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so that V consists of infant subgroups of Hyp(r) which are of the form
(S(11) x S(1n) x --+ x S(v,))° for some o € Hyp(r), i.e. with all
parts isomorphic to some smaller symmetric group inside the hype-
roctahedral group. This means each member of V is isomorphic to
some Young subgroup S(A)? inside Hyp(r), so that V is the set of all
Young subgroups of the hyperoctahedral group. Similarly to above, if
A= (0;v) € Af(n,7), o € Hyp(r) and i € I,(2n,r) then we have the

following.

LEMMA 2.5. Hyp()\) is a point stabilizer of v; <

Hyp(A)? is a point stabilizer of vi,.
PROOF. This again follows from the above lemma about G-sets. [

COROLLARY 2.6. A} = V i.e. the set of point stabilizers of the

Hyp(r)-action on standard basis elements of V® is precisely the set V.

For the time being we concentrate on )V, and to that end we now look

at an alternative description of it.

2.1. Schisms and Mackey systems

We recall the following definition of a schism from chapter 1. Let X
be a set with a regular involution ~ , called bar, so that X necessarily
has 2r elements, for some natural number r. For the rest of this section
X will always be such a set. Let Z be a subset of X such that ZUZ =
X, i.e. such that ZUZ = X and ZN Z = (. Then we call Z a schism
of X.

Now we can split up X even more. Let X be as above, and say that
X=X{uXsU- - -UXgUXap U---UX,, where each X; is a bar-stable
subset, so has size 2b; for some 1 < b; < r. In particular, each of

Xat+1, Xat2r+ - » Xm has bar acting on it as a regular



2. 1. SCHISMS AND MACKEY SYSTEMS 38

involution, so we can choose Z; C Xa41, 22 C Xgt2,. -+, Zmea C Xm SO
that Z;UZ; = X,y foreach 1 <i < m—a, i.e. foreach1 <i < m—a,
we have that Z; is a schism of X, ;.

Call such a sequence (X;Z) = (Xy,...,Xq4;Z1,...,2Zs) of such a
set X a schism sequence of X, and write ¥(X) for the set of all schism
sequences of a set X. We will call the X;’s and the Z,’s the parts of
the schism sequence, and say that the X;’s belong to the first half of
(X; Z), while Z;’s belong to the second half. (O course, b=m-a.)

Now let Z be a schism of X, so that Sym(Z) is the symmetric group
on Z. Again, recall from chapter 1 that we can identify Sym(Z) with
a subgroup of Sym(X) via the following map. Let

¢ : Sym(Z) — Sym(X) via ¢(0)(2) = 0z and ¢(0)(Z) =7z
for 0 € Sym(Z) and z € Z. Now ¢(0)(z) = 3z = ¢(c)(Z) so each
member of Sym(Z) is in fact identified with a member of Hyp(X) C
Sym(X) via this map. We denote the image of Sym(Z) under ¢ by
S(Z), which is a subgroup of Hyp(X). It is worth noting two things.

Firstly, for any schism Z of X, the subgroups S(Z) and S(Z) are
the same.

Secondly, if (X; Z) € X(X) then Hyp(X;) is the subgroup of Hyp(X)
which acts as the hyperoctahedral group on X; and fixes all other el-
ements of X \ X;. We also have for each Z; a subgroup of Hyp(X)
denoted by S(Z;), which acts on Xqy; = Z; U Z; as a subgroup iso-
morphic to Sym(Z) inside Hyp(X;), via the map ¢ as described above.
Also, S(Z;) fixes all elements of X \ X,+; and of course S(Z;) = S(Z;).

Armed with these subgroups of Hyp(X) we can now make a defini-

tion.

DEFINITION. Given a set X with a regular involution, and a schism

sequence (X; Z) € Z(X) of X, we define the schism subgroup H (X;2)
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of Hyp(X) to be H(X;Z) =
Hyp(X1) x Hyp(X2) x --- x Hyp(X,) x S(Z1) x - -+ x S(Z,).
Denote the set {H(X;Z)|(X;Z) € £(X)} of all schism subgroups of
Hyp(X) by Z.

Schism subgroups also come in another guise.

LEMMA 2.7. For (X; Z) € 5(X) we have H(X; Z)
={o € Hyp(X)|oX;=X; and 0Z; = Z; V1 < i< a,1 < j < b}.

PROOF. To make things a bit easier to read, we write H' =
{0 € Hyp(X)|oX; = X; and 0Z; = Z; V1 € i < a,1 < j < b}. Now
each Hyp(X;) permutes elements of X; and fixes all elements of X \ X;.
Also each S(Z;) permutes elements of Z;, and of Z; correspondingly,
and fixes all elements of X,4;. Therefore H(X;Z) C H'.

Conversely 0 X; = X; implies that o € Hyp(X;), as 0 € Hyp(X).
Also 0Z; = Z; induces a 7 € Sym(Z;) but 0(Z) = 6z = 7z. Therefore
o = ¢(n) and 0 € S(Z;). So H' C H(X; Z) and we are done. O

We now prove 3 more lemmas about schism subgroups, which
prove +hat Y is a p— Mackey system.

LEMMA 2.8. Z is closed under conjugation.

PROOF. Let g € Hyp(X). Now we know that S(Z;)? = S(¢9Z;) and
that Hyp(X;)? = Hyp(¢gX;) and therefore we get that H(X; Z)*
=H(X1,...,Xas; 21, -, Z)° = H(gXy,...,9Xa:921,...,92)
= H(gX;gZ). So since g € Hyp(X) and it maps X;’s to other X;’s
and Z;’s to other Z;’s we get that (9X;gZ) € £(X) and therefore
H(9X;9Z)=H(X;Z)° € 2. O

LEMMA 2.9. Let X ={1,2,...,1,1,2,...,F}. Then Z=).
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PROOF. Let A € Y so that A = Hyp()\)? for some A € A}(n,r)
and o € Hyp(X). Choose (X; Z) € ¥(X) with
Xi={1,2,...,m,1,2,..., 57},
Xo={pm+Lm+2,...,p+po, s+ L, +2,...,0 F pa}, ...
...an{|ul—un+1,...,|,ul,|,u|—,un+1,...,m}, and
Zy={lpl+ 1, lpl +2,..., |ul + 0},
Zoy=Alpl+uvi+ 1, pl+vi+2,... |+ +w},...

e dp={r—uv+1,...,7}.

Then H(X;Z) = Hyp(}) so that A = Hyp(A\)° = H(X;Z)° =
H(cX;0Z) € Z.

Conversely, let A € Z, so that A = H(X; Z), for some (X;Z) €
¥(X), where (X;Z) = (X1,Xs,...,X4;2y,...,2;). Firstly we ar-
range the X;’s and Z;’s so that they are in descending size order to
get (X'52) = (X{,Xy,...,X;Z4,...,2;), where | X]| > |X/[,,| for all
l1<i<a —1and |Z}| > |Z;,,| forall 1 <j < b —1. This can be

done by hitting (X; Z) with a certain, but not usually unique, element

g € Hyp(X). This gives us the schism sequence (X'; Z') = (¢X; 92).
Let F = X{UX,U---UX,. Now we hit (X'; Z') with the (not

necessarily unique) element h € Hyp(X) so that

hX) ={1,2,...,3X},1,2,..., 31 X1},

hXY = {3|1X1|+1, 31 X{|+2, ..., 31 X1uXs), 31X+ 1, 31X U X3}

..o.ete, L.

hX, = (LX]U - UX] 41, YFLIX U U X+ L., JF]}
and

hZ, = {}|F|+ L, L|F|+2,...,}|F| + |2},

hZy = {3|F|+|Z}| + 1, 3|F| +|Z{| +2,...,}|F|+1Z2{u Z3]} , - ..
oy hZy = (IFI+1Z1U---UZ, | +1,...,7}

Call this schism sequence (X"; Z") and notice that we have (X"; Z")
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= (hX';hZ') = (hgX;hgZ). Also notice that H(X";Z") = Hyp(\).
for some suitable choice of A € A (n, r).

But then (X;Z) = (97'h='X"; g7 'h=1Z") s0 that H(X;Z)
= H(g7h™' X" g7 h™12") = H(X"; 2")"'o™" = Hyp(W)* 0™ € V.
Therefore Z C ) and we are done.

a

Now for the third and final lemma.
LEMMA 2.10. Z is closed under intersection.

PROOF. We claim that for (X;Z),(X’;Z') € Z(X) we have that

HX;Z)nH(X; Z') =

HX;NX;,XiNZ,,Z,nX|,Z;N Z!,,Z; N ZT"),
where 1 < 7 < a,1 € 5 <b1<1<a,1<m<V¥. Call this
intersection H(X";Z"). Since we want to use this name, we will first
have to show that (X";Z") is indeed a schism sequence of X. Here
goes.

Now both (X; Z) and (X'; Z') are schism sequences. Say A and C
are both parts of (X; Z), and B and D are both parts of (X'; Z'), so that
ANB and CND are both parts of (X"; Z"). Then (ANB)N(CND) =
(ANC)N(BND), but ANC = 0 as (X;Z) is a schism sequence.
Therefore (AN B) N (C N D) =0 and so any two parts of (X"; Z") are
disjoint.

Also, if X; is in the first part (X; Z), and X is in the first part of
(X';Z'), then X; N X} = X; N X] C X;NX]. Therefore X; N X} =
m as both sets have the same cardinality, so any part of the first
half of (X"; Z") is bar stable.

Let A be any part of either of the two schism sequences (X; Z) and
(X';Z'). Then Z,NANZ;NAC Z;NZ; = 0. The same argument also
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shows that ZNANZNA=ANZNANZ = ANZ,NANZ; =0.
This tells us that any part, B say, of the second half of (X"; Z") and
its bar, B are disjoint.

Let U be the union of the following subsets of X;
X:NX,X:NZ,Z;nX!,Z;,NZ" , 2,02 X;N 2. Z; N X}, Z, N 2L,
Zjﬂ-ZZn_where 1<i<a,1<j<bh1<<1<d,1<m<V¥V. Then

we must show U = X. Now U is a union of subsets of X and so
therefore U C X. Conversely, let £ € X. Then as (X;Z) € £(X)
either z € X;,z € Zj, or z € Z;, for some 1 < i < a, 1 < j < b, where
the X; and Z; are the parts of (X; Z). Similarly for (X'; Z'), z must
also lie in either X|, Z! or Z! , for some 1 <1< a’,1 < m <V, where
the X] and Z], are the parts of (X'; Z').

Now for all i, 4,l, m as above we know that each of X; N X|, X; N
Z,Z,NX|,Z;NZ],, Z; N Z! isin U. But also for all such ¢, j,!,m we
have that X;NZ} = X;NZ; C X;NZ; C U and Z;NZ,, = Z;NZ,, CU
and Z;NX| = Z;NX] C Z; N X] C U and finally Z;NZ, = Z; N Z}, C

U. Then as z must lie in one of the above mentioned intersections we
see that x € U. Therefore X C U so that U = X.

So we have shown that (X";Z") is a schism sequence of X. Now
we just need to show that H(X";Z") is in fact equal to H(X;Z) N
H(X'; Z') as claimed. We will show this is true by showing that each
set is contained in the other. Notice that for all i, j,[, m as above, we

have that;

if z € X; and X then z € X; N X,
if z € X; and Z!, then z € X; N Z,,,
if z € X; and Z'_ then z € X; N Z!, C X; N Z},,
if z € Z; and X] then z € Z; N X,
if £ € Z; and Z], then z € Z; N Z,,
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if £ € Z; and Z), then z € Z; N 27,
if r € Z; and X] thenxGZﬂYl’ng_ﬁ_Xz,
ifz € Z; and Z), thenz € Z,NZ C Z; N Z],

and finally if z € Z; and Z/, then z € Z; N Z7.

So therefore each ¢ € H(X;Z) N H(X'; Z') stabilizes each part of
H(X"; Z"), so therefore this tells us that as we have H(X"; Z") =

{o € Hyp(X)|oX, = X!!and 0 Z! = Z"} we have that g € H(X";Z")
and so H(X;Z)NH(X';Z') € H(X"; Z").

Now for the converse. Let i, j, [, m be as they consistently are above,
and say that ¢ € Hyp(X; N X]) C H(X"; Z"). Then we can expand to
get X; = (X;NX))U---U(X;NX)U--- (X;NXL)U(X;NZ)U---U(XaN
Z)U(X;NZ)u---U(X;NZ}), so that o € Hyp(X;). But similarly we
also get that X| = (X;NX))U- - -U(X;NX))U- - -U(X,NX])U(Z1NX[)U
U (Zyn XU (ZiN X)) U---U(Z,N X]), and therefore o € Hyp(X])
also, so that o € Hyp(X;) N Hyp(X;) C H(X; Z) N H(X; Z').

Next say that o € S(X;NZ],). Then from the expansion of X; above
we have see that o € Hyp(X;). Also, we have that Z,, = (X; N Z;,) U
UGN Z U U(XNZ),)U(ZiNZ],) U - - ete, so that 0 € S(Z;,)
also. Therefore o € Hyp(X;)NS(Z!) C H(X; Z)Nn H(X'; Z").

Similarly if o € S(Z; N X]) then 0 € S(Z;) N Hyp(X)), if 0 €
S(Z;NZ.,) then o € S(Z;)NS(Z.,), and finally if 0 € S(Z;NZ},) then
o € 8(Z;) N 8(Z,). All these are contained in H(X; Z) N H(X"; Z)),
and as each generator of H(X"; Z") must lie in one of the intersections
we started with, we see that H(X";Z") C H(X;Z)n H(X'; Z).

Therefore the two sets are equal and for (X; Z) and (X'; Z') € £(X)
we now have that H(X; Z)NH(X';2') = H(X";Z") € Z,and s0 Z is

closed under intersection. O
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We can now prove the following.

LEMMA 2.11. If p is a prime dividing the order of Hyp(r) then Y
15 a p-Mackey system for Hyp(r).

PROOF. (M1) If A = (§;17) € A§ (n,7) then Hyp()) = {1}, so the
identity subgroup is in Y.
(M2)(i) and (ii) We know by the preceding lemmas that Z is closed
under both conjugation and intersection. So as Z = ), we also have
that Y is closed under both conjugation and intersection.
(M3) If A = (r;0) € A (n,r) then Hyp()\) is just Hyp(r) itself and
Hyp(r) € Y. Therefore all Sylow p-subgroups are contained in a mem-
ber of )V as they are all contained in Hyp(r).

O

2.2. The Count for Y

Before we go on to count trivial source modules, we prove the fol-
lowing two useful lemmas concerning binomials. The first we call the

first index lemma.
LEMMA 2.12. For all primes p, and i > 0
pte=pt(%).

PROOF. Now (“;P) = p,.!((;;‘l’p 5 = ((-’13—1)1’"+1)1(.(2;t:3—..1.1)’1')‘+2)-..(zp:)

— ((z=1)p'+1)((z=1)p*+2)-((z=1)p* +p)--((z=1)p* +2p)--((z—1)p' +p')
= 1.2.3..p0
— ((z=1p*+1)((z—-1)p* +2)--p((z=1)p* " +1)--p((z—1)p* "1 +2)--p'z
- 1.2.3..p* :

Now each power of p in the denominator can be cancelled with the
corresponding power of p in the numerator. This leaves us with a

denominator coprime to p, and a numerator in which the only factors
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that could be divisible by p are those of the form

(z —1)p*~7 + 2, where i > jand z € [1,p — 1], or just z itself.
But when 7 > j we have that p divides (z — 1)p*~7 but does not divide
z, as p and z are coprime. Therefore p does not divide (z — 1)p*7 + 2
here. But also we have assumed that p does not divide z, so therefore

the numerator is not divisible by p and the lemma follows. O

The next lemma is imaginatively called the second index lemma.

LEMMA 2.13. For all primes p we have that p divides (”") for all

a

0<a<p

PROOF. It suffices to prove this for 0 < a < 1p", as (¥) = (,*))

v u—v
forallu>1,v > 0,u > v. Now

(p") — _pM  _ (@"—et)(p"—a+2)-(p") __ (p"—(a=1))(p"~(a—2))--(p"~1)(p")
a (p™—a)la! al a(a—1)(a—2)---1 )

So if for some 0 < i < a — 1 we have that p divides a factor of the

denominator a — ¢, then p also divides p" — (a — ¢) in the numerator,
and hence these can be cancelled. This leaves us with a denominator
which is coprime to p, apart from maybe the factor a, and a numerator
with p" as the only factor divisible by p.

So if p does not divide a, then the numerator is coprime to p, and
the numerator has factor p” and hence p divides (¥ ). If p divides a
then @ = p'm, where (p,m) =land 1 <Il<n-1,as0<a < 3p"
So as the numerator has factor p", we see that in this case (” ) has

a factor p"~! where n > I, so that p divides (¥ ), and the lemma is

proved.
O

(These two lemmas can also be proved using Lucas’s Formula)
Our first count is of trivial source modules over a field k of odd

characteristic.  From now on in this section, p is an odd prime and
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is the characteristic of our field k. We now define a certain type of

composition, which will be important for the rest of this chapter.

DEFINITION. Let p be any prime. Then even though it is not a
partition, we call a composition A = (u,v) € Ay(n,r) a p-power parti-
tion if it has 4 = @ and all parts of v being powers of p. Denote the
set of these by II,(n,r), so that if A € II,(n,r) then for some a; > 0
we get that A = (0; 1%p% (p?)ez...).

Recall that for a p-Mackey System M, the vertices are precisely the
set
My = {P € M|p divides |P : B|VB eM with B < P}.

We can now describe the vertices of our p-Mackey System ).

LEMMA 2.14. For odd primes p, we have that P € )y <
P = (Hyp()))?, where o € Hyp(r) and A € II(n,r).

PrOOF. (Note that all other cases follow from the case o = 1.)

Let P = (Hyp()))? as above. Then to show P is in )} it is enough
to show that p divides the index of S(a) x S(p™ — a) in S(p") for all
n > 0and 0 < a < p*. This is because each P above is isomorphic to a
product of symmetric groups of degree a power of p, and all subgroups
of P will be isomorphic to a product of Young subgroups of these

symmetric groups of degree a power of p. Now

IS@") : S(" — @) x S(a)| = Gy = (%)
But by second index lemma p divides (”:) foralln >0and0<a<p”
therefore p divides the index of S(a) x S(p" —a) in S(p") for alln > 0
and 0 < a < p" as required, and # € ).
Conversely, say that A € Az(n,7) \ IL,(n, 7). Then either pu # @ or

v has some part which is not a power of p.
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Firstly, suppose that 4 # 0. Then Hyp()) is of the form Hyp(s) x J
for some non-negative integer s and some J < Hyp(r—s). Then Hyp(})
has subgroup S(s) x J which is also in ) and has index 2% in Hyp(s) x J.
But p { 2° so Hyp(}) ¢ Jbo.

Secondly, suppose © = @ so that v has some part v; which is not a
power of p. Then v; = zp* for some i > 0 and = # 0, 1 which is coprime
to p. Then Hyp()\) is isomorphic to a subgroup of Hyp(r) of the form
S(zp') x L for some L < Hyp(r — zp‘). Now S(zp') has subgroup
S(p*) x S(zp* — p') and this has index Wﬁ;ﬁi_%! = (:;’Zi) in S(zp'). But
from the first index lemma,

(p,7) =1=p1 (7).
So S(xp*) x L has subgroup (S(p*) x S(zp* — p*) x L) € Y of index not
divisible by p and we are done.

O

This means that for )}, a set of representatives of conjugacy classes
of subgroups in Yy, we can take the subgroups Hyp()\), where X\ €

I1,(n,r). We now take a look at normalizers.

LEMMA 2.15. If A= (0 : 1%p%(p?)®2...) € Il (n,T) then

Nityo(r) HYP(A) A
Hyﬁ(yﬁ(xy)p( ) = Hyp(ao) x Hyp(a1) x Hyp(az) x - --

PROOF. Let A € I,(n,7), and let H = Hyp()). Also say that
X={1,2,...,n1,2,...,7}, and let Ay, Agy ..., Am, Ay, Ag,y ..., A be
the H-orbits of X, so that if A; = {a,a+1,..., b} then we have that
A, ={a,a+1,...,b}. Fori>0set

B; = {4;, Aj such that |4;| = p'}
so that |B;| = a;, and Hyp(B;) = Hyp(a;).

Let N(H) = Nuyp(r)(H). Now N(H) permutes the H-orbits of X
of the same size, and if 04; = A; for some 0 € N (H), then gA; = 'Z;
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So N(H) acts on each set B;, and we can define the homomorphism
¢: N(H) — Hyp(By) x Hyp(B1) x Hyp(B,) x - - -
via

¢(0)(A;) = 0(A;), where A; € B;, and 5 € N(H).

Now ker¢ = {0 € N(H)|#(0)(A;) = Aj, VA;}
= {0 € N(H)|o(4;) = A;,VA;} = H. So now we only need to worry
about the image. Say A;, A, € B; with A; # A,, and say also that
Aj = {z1,23,...,2,} and A; = {21,22,...,2}. Define o € Hyp(r)
via 0(z;) = 2, and o(z,) = x, for 1 < s < p', so of course we also have
that A;, A; € B; with 0(Z,) = Z, and 0(Z,) = T,. Let o fix all other
members of X, and let h € H then

(cho™1)A; = (cho)A; = ohA; = 0 A; = A,
and similarly for 4;, so (cho~!) € H, so o € N(H).

Now say A; € B; so A; € B; too, and these sets are as above.
Define # € Hyp(r) via n(z;) = T, and n(T,) = z, for all 1 < s < P,
and let 7 fix all other elements. Again let h € H then

(mhn=1)A; = (whr)A; = ThA; = TA; = A;
and similarly for A;, so that 7 € N(H).

Now all standard generating involutions of each Hyp(B;) can be
realized as a ¢(o) or a ¢(m) for some suitable choice of 0,7 € N(H),
so that ¢ is onto. So by the homomorphism theorem we have that

MH) = Hyp(B,) x Hyp(B1) x Hyp(Bz) x - --
= Hyp(ao) X Hyp(a:) x Hyp(az) x ---.

and the proof is complete.
O

Now for A € II,(n, ), let ﬁ*‘—’ﬁ—%}%’;ﬂ@ be denoted by N()), so that

N()) = Hyp(ap) x Hyp(a;) x Hyp(ag) x ---. Recall that for a finite
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group G, we let #,(G) denote the number of p'-classes of G. Then
applying Grabmeier’s count, or theorem 1.6, we have that TSM(Y) =
S ety ur) o (V).

Now [1, 2.5] tells us that when p is odd #,(Hyp(r)) is equal to the
number of bipartitions (u;v) € Af(n,r) such that both p and v are
column p-regular partitions. Therefore as N(A) = Hyp(ao) x Hyp(a1) X
Hyp(as) x --- we get that #,(N(A)) is equal to the number of pairs
(6, %) where ¢ = (6(0), 6(1), 6(2),....) and % = (¥(0), (1), ¥(2), ...)
are sequences of column p-regular partitions with |¢(2)| + |¥(3)| = a;
for all ¢ > 0. So from Grabmeier’s count, as above, we have that

TSM(Y) = X senynr) #p(V(A)
= D sel, (n,nRUmber of pairs (¢,9) as above
which means that TSM()) is the number of triples (), ¢,v) where
A € IIy(n,r) and ¢ and ® are as above. Call the set of such triples .

Now recall that each partition x in A*(n,r) has a unique p-adic
expansion, that is to say that each is uniquely expressible as p =
> isoP'u(s) with each p(é) a column p-regular partition. We define
a map

f:¥ = Af(n,r) via (A, ¢,9) — (o B)
where o = Y, p'é(i) and B =3 ;5 p(3).

LEMMA 2.16. f is a bijection between ¥ and A3 (n,r).

PROOF. Due to the uniqueness of p-adic expansions, we know that
f must be both well defined and injective.

Now say that (o;8) € Af(n,r). Then as above we can uniquely
write & = 3,5, p'¢(i) and B = 3 ;5 p'n(i) where £(i) and n(i) are
column p-regular partitions for all i > 0. Now r = |a| + (8] =
> is0 P (IE(3)] + In(8)]), so by putting b; = |£(¢)] + [n(7)| for all < > 0 we
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retrieve a triple (X', £, n) where X' = (0; 1%p® (p?)2...) € I, (n,r) and
£ = (£(0),£(1),£(2),...) and n = (n(0),n(1),7(2),...) are sequences
of column p-regular partitions with |£(7)| + |n(¢)] = b;. Therefore
(N, €,m) € U with f((V,€,n)) = (a;8), and f is surjective also. O

COROLLARY 2.17. Ouver a field of odd characteristic TSM(Y) =
AZ (n, 7).

The case p =2

Now we consider the case p = 2. We already have all the lemmas
about binomials that we will need here, so we go straight into a slightly
different version of p-power partitions, which are called double 2-power

partitions.

DEFINITION. Even though it is not a partition, we call a composi-
tion A = (u;v) € Az(n,r) a double 2-power partition if it has all parts
being powers of 2, written in ascending numerical order. Denote the
set of these by T3(n,r), so that if A € To(n, ) then for some a;, b; 2> 0
we get that A = (190291492 ;1bobigh2 ),

So for each A € Ty(n,r), we get an infant subgroup Hyp(}) € Y
with Hyp()) & Hyp(1)% x Hyp(2)* x Hyp(4)®2 x - - - x S(1)% x S(2)b x
.++. We now prove a lemma concerning vertices similar to the one in

the odd primes count.

LEMMA 2.18. When p = 2 we have that P € ), if and only if
P = Hyp()\)?, for some A € Ta(n,r) and o € Hyp(r).

PROOF. Again, all cases follow from the case 0 = 1. Since we

already know that 2 divides |S(2™) : S(2™ — a) x S(a)| for all m > 0
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and 0 < a < 2™, and also that |Hyp(2™) : S(2™)| = 2?™, to prove
that subgroups of this form really are vertices it suffices to check that
2 divides | Hyp(2™) : Hyp(2™ — a) x Hyp(a)| for all m > 0 and 0 <
a < 2™. Now we know that the order of the hyperoctahedral group

is given by |Hyp(r)| = r!2" so | Hyp(2™) : Hyp(2™ — a) x Hyp(a)| =

2m!22m _ omy _ am
((2m —a)122m—a)(gl22) = (2m—a)la! ~ (a

we know that 2 divides (2m) for all 0 < a < 2™. Therefore if \ €

a

Yo(n,r) then Hyp(})) € V.

Conversely we must now show that if A is not in Yy(n,r) then

). But from the second index lemma

Hyp(A) € Yo. If X is not in Ty(n,r) then there are two possibilities;
1. A has a part v; with v; = z2¢, for some 1 > 0 and z # 0,1 with
(2,7) = 1. But we already know that this implies that Hyp(}\) ¢ Mo
from the odd characteristic case (the same argument with symmetric
groups works here).

2. The second possibility is that X has a part p; with p; = 22, for
some i > 0 and z # 0,1 with (2,z) = 1. In this case Hyp(«2') has

subgroup Hyp(2¢) x Hyp(2i(z — 1)) whose index in Hyp(z2') is

23:2"(1.2;‘)! _ z2i! _ (1:2‘)
2i122i (z2i —2i)1gz2" =20 2¥1(22'-2)! —\2¢ /)

So from the first index lemma as 2 does not divide z, we have that 2

does not divide (”22,') Therefore Hyp(z2*) has a subgroup whose index
in Hyp(z2') is not divisible by 2 and so if X is not in Ty(n,r) then

Hyp(]) is not a member of ).
O

So when p = 2, we can take the subgroups Hyp(}), where A €
T,(n, ), as representatives of the conjugacy classes of subgroups in
Y, i.e. we can take Y as {Hyp(A)|A € Ta(n,7)}. The next step in
Grabmeier’s method is to calculate the normalizers of these subgroups,

modulo the subgroups themselves.
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LE .19. Nuyp(r) (Hyp(A)) A,
MMA 2.19. If A € Ty(n,r) then ”’Hyp(,\) o

S(ao) x S(a1) x S(ag) x --- x Hyp(by) x Hyp(b;) x ---. For ease we
refer to this group as N()).

PROOF. Now A € Ty(n,r)so A = (120221492 ;1%2b1 ) for some
a;,b; = 0. To keep things tidy we give some subgroups shorter names,
so that H = S(1)% x S(2) x S(4)% x --- x S(1)% x S(2)» x ---,
H' = Hyp(A), and N(H') = Nuypr)(H'). As usual we also put X =
{1,2,...,7,1,2,...,7}, so that A;, Ay,..., A, A1, Ay, ..., A, say, are

the H-orbits of X, in a similar manner to the odd characteristic case.

Then Cy,Cy,...,Cs, Agi1, Astay ..., As, Agya, . .., A, are the H'-orbits
of X, where s < t and for j < s we put C; = A; U A;. Now for all
1 > 0 we set
B; = {4;, 4;||4;] = 2'} and D; = {Cy| |Cj| = 21},
so that |B;| = 2b; and |D;| = a;, with Hyp(B;) = Hyp(b;) and Sym(D;)
=~ S(a;). We know from the odd characteristic case that N(H') acts on
each set B;, and for each g € N(H') and C; = A; U A; € B; we have
9(Cj) = g(A; UA;) = g(4;) U g(4;) = AU A,

for some A;, A; € B;. Then as C; = A U A, € D; we have that
N(H') acts on each D; too. Then letting H” = Sym(Do) x Sym(D;) x
Sym(D,) x - - - x Hyp(Bo) x Hyp(By) X - - -, we can now define the map

¢: N(H') - H" via ¢(0)(A;) = 0(4;) forall 1 < j <t

It is clear that ker¢ = H'. We must now find the image of ¢. Say
C;,Ci € D; with C; = {z1, %2, ..., %2, 1, T2, - ,Tai }, and Cy = {21, 22,
..., %5i,%1,%2,""* ,22¢}. Then we define an element o € Hyp(r) via
o(y) = 2y and o(2,) = &, for each 1 € u < 2%, so that also o(Ty) = Zu
and 0(Z,) = Zy, as o € Hyp(r). Let o fix all other elements of X, and
let h € H'. Then
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0" thoCj = o7 'hC = 07'C, = C;.
So o~ 'ho € H' and 0 € N(H'), and all standard generating involutions
of Sym(D,) x Sym(D;) x Sym(D;) X - -- can be realized as a ¢(o) for
suitably chosen C; and C) in D;.

Also, all standard generating involutions of Hyp(By) x Hyp(B;) X
Hyp(B;) X - - - occur in ¢(N(H")) by identical arguments to those given
in the odd characteristic case. Therefore im¢ = H”, and so by the
homomorphism theorem we have that MHHT'Z > H" and since H"

N(A) the lemma follows. O

Now by [1, 2.5] we have that the number of 2'-classes in Hyp(r),
denoted #4(Hyp(r)), is equal to the number of column 2-regular par-
titions of 7 i.e. |A*(n,7)n|- Also, by [22] for example, the number of
2'-classes in Sym(r), denoted #,(Sym(r)), is equal to the number
of 2-regular partitions in At (n,r), or |At(n,7)col.

So therefore if A € Ta(n,r), we see that #,(N(X)) is equal to
the number of pairs (¢,v) where ¢ = (¢(0), ¢(1),4(2),...) and ¢ =
(4(0),%(1),%(2),...) are sequences of column 2-regular partitions with
each ¢(i) € A*(a;, a;), and each (i) € A*(b;, ;) for each i > 0. Then
applying theorem 1.6, Grabmeier’s method gives us that when p = 2

TSM(Y) = Y sery(n,r) Rumber of pairs (¢, 1) as above

which means that TSM()) is the number of triples (A, ¢,1), where
A € Ty(n,7) and ¢ and 9 are as above. Call the set of such triples T,

and then define the map
F:T = Af(n,r) via F((A, ¢,9)) = (o, 8)
where a = 3,5, 2'¢(i) and B =3 .5, 244 (3).

LEMMA 2.20. F is a bijection between T and A§ (n,T).
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PROOF. By uniqueness of p-adic expansions of partitions F' is well
defined and distinct triples in 7" will map to distinct elements of AS(n, 1)
under F'. Therefore F is injective.

Say that (d;¢) € A5 (n,7). Then § and € both have unique 2-adic
expansions § = -, 2°(d) and e = 3, 27(i), with each £(3) and 7(3)
a 2-regular partition for each i > 0. Now put & = (£(0),£(1),£(2),...)
and n = (n(0),7(1),7(2),...). From these we can recover a dou-
ble 2-power partition v = (1|§(0)|2|€(1)I4l€(2)| .. .3 1Ogln()i4n@)] ) €
Ta(n,r), and therefore we have constructed a triple (7,&,m) € T with
(0:€) = F((7,&,m))-

So every element of AJ(n,r) is the image under F of some element

of T, and F' is surjective. O

COROLLARY 2.21. When p = 2 we have that TSM(Y) = |AS (n, 7).
Therefore we have now shown this holds over any suitable field of prime

characteristic.
2.3. Counting trivial source modules for V

We now repeat this method with V, which we recall is the set of
Young subgroups viewed as subgroups of the hyperoctahedral group.
Firstly, we again go back to schisms to give us an alternative de-
scription of V. Recall that for a set X with a regular involution ~ , we
have the set ¥(X) of schism sequences of X, and the Mackey system
Z of schism subgroups of Hyp(X). Let (X ),es be the subset of £(X)
consisting of all schism sequences of X with X = @. Then put
Zres = {H(X52) | (X5 Z) € 2(X)res} = {H(0; 2) | (0; Z) € £(X)}.
So if A € Z,., then A is S(Z;) x S(Z3) x --- x S(Z,,) as described

earlier. We now prove moeny lemmas.

LEMMA 2.22. H(®; Z) = {0 € Hyp(X) |0Z; = Z; V1 £ j < m}
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ProoF. H(0; Z) = {0 € Hyp(X) |60 =0,0Z; = Z; V1 < j < m}
={o € Hyp(X)|oZ; = Z; Y1 < j < m}. O

LEMMA 2.23. Z,., is closed under conjugation.

PROOF. Let H(D;Z) € Z,.; and g € Hyp(X), then H(0; Z)? =
H(g0;92) = H(0; 9Z) € Zyes. O

LEMMA 2.24. Z,.., = V.
LEMMA 2.25. Z,., is closed under intersection.

PROOF. Similarly, these two lemma are proved by putting X = 0,
and correspondingly u = @, into our proofs that Z = ), and that 2 is

closed under intersection. d

To summarize, we have that Z,.; is closed under conjugation and
intersection, and is equal to V. Now we come to Mackey systems and
counting. As before, we deal with the odd characteristic case first. We

can now prove the following.

LEMMA 2.26. If p is an odd prime then V is a p-Mackey system of
Hyp(r).

Proor. (M1) If A = (0;17) € AJ(n,r) then Hyp(A) = {1}, so the
identity subgroup is in V.
(M2) (i) and (ii) We now know that Z,; is closed under both intersec-
tion and conjugation, and is equal to V. Therefore V is closed under
conjugation and intersection too.
(M3) If p is odd then all Sylow p-subgroups of Hyp(r) are in fact
subgroups of S(r) < Hyp(r). Now if A = (§;r) € Aj(n,r) then
Hyp()) = S(r) so that S(r) € V and all Sylow p-subgroups of Hyp(r)

are contained in a member of V. O
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Our first job in the count is to find the vertices Vs.

LEMMA 2.27. When p is odd we have that P € V), if and only if
P = Hyp(A)? for some X € I,(n,r), and o € Hyp(r).

PROOF. This is proved using an identical method to that of finding
Yo for odd p, except in the converse the case u # 0 is not applicable

here, and need not be considered. O

This lemma tells us that when p is odd Vj is equal to J,, so applying

Grabmeier’s count to V will give us the following.
COROLLARY 2.28. When p is odd TSM(V) = TSM(Y) = |AS (n, 7).

) We now must consider the case p = 2. In this case it is no longer
true that V is a p-Mackey system for Hyp(r). For example, when
r = n = 2, we see that Hyp(2) has Sylow 2-subgroup Hyp(2), which
is not a subgroup of any member of V, as subgroups in V are either
conjugate to S(2) or are the identity subgroup. However, we can get

around this problem. We let V* denote V U {Hyp(r)}.
LEMMA 2.29. If p =2 then V* is a p-Mackey system for Hyp(r).

PROOF. (M1) We know that {1} € V so therefore {1} € V* also.
(M2)(i) We know that V is closed under conjugation, and also that
Hyp(r) is conjugate to itself under conjugation by any member of itself.
Therefore V* is closed under conjugation.

(M2)(ii) V itself is closed under intersection, and for all A € V we have
AN Hyp(r) = A. Therefore V* is closed under intersection.
(M3) Hyp(r) € V* so all Sylow 2-subgroups of Hyp(r) are trivially

contained in a member of V*. O
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Now say that M is a p-Mackey system for a finite group G, such that
G is an M-vertex. Then G must be a vertex of some indecomposable
kG-module M, and here M must have trivial source, so that M must be
a direct summand of k¥ 1&, which is just k itself. Therefore M = k, so
that G is the vertex of the trivial kG-module k. From the definition of
M-vertices, we get that & is not a direct summand of any k 1%, where
H < G. Hence G as a vertex contributes the trivial source module k
to our count, and only this module as ;ﬁﬁz(Nﬂ”’(’)(Hy Py — 1, and no

Hyp(r)
other M-vertex contributes k to our count as above. Therefore, in this

situation, TSM(M) = TSM(M \ {G}) + 1, or
TSM(M \ {G}) = TSM(M) — 1.

So as this is exactly the set up we have in the case of V*, we have that
TSM(V) = TSM(V*) — 1.
So the method we will use to count trivial source modules over V is to

count them over V* and subtract 1 from the result. Here goes.
LEMMA 2.30. V3 =V, U {Hyp(r)}.

PROOF. In V*, the group Hyp(r) has subgroups Hyp(A)?, where
A € IIy(n,r), and o € Hyp(r). But these are all contained in some
Hyp(r)-conjugate of S(r), which has index 2" in Hyp(r). Hence all
proper subgroups of Hyp(r) in V* have 2 dividing their index in Hyp(r).
Therefore Hyp(r) € Vi, and so Vi = Vo U {Hyp(r)}. O

So for representatives of conjugacy classes in V5 we can take the sub-
groups Hyp(r) and Hyp(A) where A € II, (n,r). Now applying Grab-
meier’s count we have that TSM(V*) is equal to

Niyor) (P
Spev; #a(2p2) =

Nyyo(r) (Hyp(r)) Nuyp(r)(Hyp(A)
o (P CED) 1+ 5, o) #2 (T )




L.3. COUNTING TRIVIAL SOURCE MODULES FOR V 58

— Nuyp(r)(Hyp(}))
=1+ Z,\enz(n,r) #a( Hyp}(l;p(,\) )

so that by our previous discussions

Nuyp(r) (Hyp(X
TSM(V) = Z)\Gﬂz(n,r) #2( Hyplfl;p()(;’)l)( )))

Of course, we also remember that for A € II5(n,7) we have that

Nuypr)(Hyp(X)) ~
nype) PO o Hyp(ag) x Hyp(as) x Hyp(az) x - -

and that the number of 2'-classes of Hyp(r) is equal to the number of

NHyp(r) (Hyp(A))
Hyp(})

to the number of sequences ¢ = (¢(0), #(1), #(2),...) of 2-regular par-
titions ¢(4), where for each 7 > 0 we have ¢(z) € A*(a;, a;). So TSM(V)
is equal to the number of pairs (A, ¢), where A € IIy(n,r) and ¢ is as

column 2-regular partitions of r. Therefore #s ) is equal

above. Call the set of such pairs J. Then we define a map

F:3— At(n,r) via (X, ¢) = 350 2°0(3).
LEMMA 2.31. F is a bijection between 1 and A*(n,r).

PROOF. F is well defined and injective by uniqueness of 2-adic
expansions.

Now say a € A*(n,r) then o has a unique 2-adic expansion o =
> is0 2i¢ (1), with £(4) a column 2-regular partition for each 7 > 0. So by
setting b; = |£()| we get a X' = (§;1%02%14% .. .) € Ily(n,r), and also if
£ = (£(0),€(1),£(2),...) we have a pair (X,£) € 1 with F((\,§)) = .

So F is also surjective. O

COROLLARY 2.32. When p = 2 we have that TSM(V) = |A*(n, )|
In summary, we have the following theorem.

THEOREM 2.33. Over a field of odd characteristic we have that
TSM(Y) = TSM(V) = |AF (n,7)|-
However, when the characteristic of k is 2, we have that TSM()) =
|A} (n,7)| and TSM(V) = |A*(n, )|, so that TSM(Y) # TSM(V).
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We now make our k£ Hyp(r)-module Y® into a module for the type
B Hecke algebra #H. Recall that Hyp(r) acts on the generators of Y®”
via ¥i8; = yis; and that the set Z(n) isordered viam < --- < T <1<
-+ <M <1<---<n. Then we have the following.

LEMMA 3.1. H acts on Y® via

[y, ifa>0 and 15 < gt
4 Yises (@ — Dy ifa >0 and iy > ig4q
QUis, ifa=0andi, ¢ {1,2,...,7
L Yisa +{Q"l)y.’, ifa=0andi € {1,2,...,7}

yiTsa =

Eztending linearly makes Y®" into a right H-module.

PRrOOF. It suffices to check the case r = 2, as the action of each
generator affects at most two tensors. Note that all relations not in-
volving T, follow from [3, 3.1.4], swapping the left action onto the
right. Also note that T,,Ts, = T;,Ts; is obvious for any j > 2, as the
two generators act on separate coordinates of the tensor. This just
leaves us with two relations to check.

Now if a € {1,2,...,7} then

(¥ ® %) (Too = 1)(Tso — Q) = (Q(¥a ® 1) — (v ® 1)) (Too — Q) =
= Q% (2 ® ) — Qva ® ) — QQWa ® Ys)+Q(va ® 1)) =0

59
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and if a ¢ {1,2,...,7A} the same result follows from [19].
So (Ty, — 1)(Ts, — @) = 0 holds. Also if a,b ¢ {1,2,...,7} then

(ya 02 yb)Ts1TsoTs1Tso = (Y ® yb)T80T31T80T51

follows, again from [19].

This just leaves another 7 cases to check.

Case 1 a€{1,2,...,7},be{1,2,...,7}.

Now (Yo ® ¥)TeoTs, T5oTs, = Q(Ya @ ¥6)T5, T, T,

= Q1 ® Ya) + (¢ — 1)(¥a ® 46)) Lo T,

= Q¥ ® %) + (@ — 1) (v ® ¥a) + Qg — 1)(¥a ® 1)) T,

= QY ®y5) + (- 1) (U5 ® ¥a) + 2(Q — 1)(ya ® )

+Q(g — 1)(9s ® ¥a) + Qg — V)*(va @ 1)),

and also

(Ya ® Y)Ts, TsoT5, Tso = (46 ® ¥a) + (¢ — 1)(Ya ® ¥6)) T56 T, T

= (49 ¥a) + (@ — 1) @ ¥a) + Qg — 1) (¥a ® 1)) T, Ty

= ((va ® ¥5) + (¢ — 1)(%5 ® %)

+¢(Q — 1)(ya ® 1) + Qg — 1) (% ® ¥a) + Qg — 1)*(¥a ® 1)) Tso
= Q¥ ®y) + (@ — 1w ®va) +9(Q — 1)(ya ® 1)

+Q(g — 1)*(ya ® %) + (7 — D (5 ® %a) +(Q — (g — 1) (% ® %a))
and the two expressions are equal as Q(g¢ — 1) + Q(Q — 1)(qg — 1)
Q%* (g —1).

Case 2 a€{1,2,...,a},be{L,2,...,n}.

Now (4a ® ¥6) T, Tso Lo Tso = (s ® Ya) T5oTs; Too = Q45 ® Ya) Ts1 Tio
= ¢’Q(¥a ® ¥5)Tso = ¢°Q°(¥a ® ¥5),

and also

(¥ ® Y5) Too 7o, TsTs, = Q(¥a ® y5) Ts, Too Ts, = aQ(0b ® Ya)Tso T,

= ¢Q? (5 ® ¥a) T, = 0°Q°(¥a ® ¥5)

and the two expressions are equal.
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Case 3a€{1,2,...,n},be {T,i,...,ﬁ}.
Now (Yo ® 15) T T5, Too Ts, = (42 ® ) + (Q= 1) (v ® 1)) T, Too T,
= (1 ®ya) + (- 1) (W ® u) + (@ — 1) (v ® ¥a))Tx, T,
= (Q(vs ® ¥a) + Qa(g — 1)(ya ® 1) + Qa(Q — 1) (45 ® ¥a)) T,
= Q¥ ® %) +Q (¢— 1)1 @ va) + Q2(Q — 1)(¥a ® W)
+Qq(g — 1)(Q — 1) (% ® va)
= R4z ® ) + Qe(Q — 1) (% ® 1) + Q%¢(q — 1) (s ® ¥a)

and also

(%a ® ¥6) T, TsoT5, Tso = q (6 @ Ya) Too T, Ty = Qa(ys ® ya) T, T,
= Qq((%a ® y5) + (7= 1) (9% ® ¥a)) Ty,

= Qa(yz ® ¥») + Q9(Q — 1) (3 ® y5) + Q%¢(q — 1) (3 ® va)

and the two expressions are equal.

Case 4a € {1,2,...,n},be {1,2,...,7}.

Now (Ya ® ¥6)TsoTs, TsoTs, = Q(Ya ® 45) T, Tso T,
= Qq(vs ® ya) T, T, = Q%q(s ® ya)Ts,
= Q*¢((va® y») + (¢ — 1) (9 ® ¥a))
and also

(Ya ® ¥6)T5, T5o T, Tsy = (46 ® Ya) + (g —
= Q((3 ® ¥a) + (¢ — 1) (yz® 1)) T3, T,
= Qe((4a ® ys) + (¢ — 1) (1 ® ¥a)) Ty,

= Q’q((ya ® ) + (7 — 1)(6 ® ¥a))

and the two expressions are equal.

)(ya ® yb))TsoTs1TSo

Case 5 a,b€ {T,?,...,h‘}, a<b.

Now (Ya ® Yb)TsoTs, TsoTe, = Q(Ya ® ¥6)Ts, TsoTs, = qQ (Y6 ® Ya) T T,
= gGtys ® ¥a) Ts, = 4Q%((%a ® 1) + (7 — 1)(4s ® va))

and also

(¥a ® ¥6)T0s TooTs, Too = @ ® Ya)TseTs, Tso = 9Q (s ® ¥a)Ts, T
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= 2Q((a ® %) + (7 - 1) (% ®%a)) Ts, = 1Q*((4a @ ) + (7 — 1) (1 ® 1))
and the two expressions are equal.

Case 6 a,bc {T,@,...,ﬁ}, a=b.

Now (Yo ® ¥a)T5oTs, TsyTs, = QYo ® Ya) T, T T,

= 4Q(Ya ® ¥a)T5o Ts, = 9Q%(Ya ® ¥a)Tso = ¢°Q (Y0 ® V)

and also

(Ya ® Ya) T, T5o T, Tso = (Y ® Ya) Too T, Tso = 4Q(Wa ® Ya) Ty T,
= *Q(¥a ® ¥a)Tso = *Q* (Yo ® o)

and the two expressions are equal.

Case 7 a,b€{1,2,...,7}, a>b.
Now (ya ® ¥s)Tso T, TsoTs, = Q(ya ® ¥6)Te, Tso Ts, = Q((45 ® Ya)
(g = 1) (%2 ® 16))TuoTs, = Q*((3 ® ya) + (¢ — 1) (42 ® 1)) T,
= Q*(q(ya ® ¥s) + (¢~ 1) (46 ® Ya) + (¢ — 1)*(va ® 1))
and also
(¥a ® ¥6) Ts, T T5, Tso = (45 ® Ya) + (@ = 1)(ya ® 45)) TsoTs, T
= Q% ® ¥a) + (7 — 1)(¥a ® 1)) T5, T,
=Q€( v ®u) + (¢ — 1)(w ® ¥a) + (¢ — 1)%(ya ® )T,
=Q¥( va®w) + (1 — 1) (¥ @ va) + (¢ — 1)*(ya ® W)
and the two expressions are equal.

O

Now let i € Ig(n,r), so that y; is a basis element in Y®". Then
for A = (u,v) € As(n,r) we say that i = (¢y,4s,...,%,) has content
A if i consists of precisely p; 7’s and precisely v; of either j’s, j’s, or
a combination of the two, so that i()\) has content A. Then for any
A € Ay(n,r) define

Y®" =k —span{y; € Y® | i has content \}.

As each element in Ig(n,r) has unique content )\ for some A € Az(n,r)
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this gives us a direct sum decomposition

Y = @ircnrinn Y3

LEMMA 3.2. Y& = y;\H.

PRrROOF. If j € Ig(n,r) has content ) then j = i(\)w for some w €
Hyp(r). But of course {i(A\)w|w € Hyp(r)} = {i(\)d|d € Dist(A)}.
Hence Y" = k — span{y;»), | w € Dist(\)}, and dim Y®" = {%gg—;ll.

Now it is easy to see from the action of H on Y'®" that each member
of yinyH is a linear combination of elements indexed by 7-tuples of
weight A. Therefore y;,yH C Y,®". Now let d € Dist()\). Then again
from the action of # on Y®" it is easy to see that

YinyTa = ag¥ioye + Zz(w)d(d) AwYi\)w
where ag € k* and a, € k. Of course, each of these elements YiO)w
can be written as yinw = Yie where d' € Dist(A) and I(d') < l(w).
Therefore

YinTa = @a¥iond + 2oy <i(a) Qo Yioya
for ay € k>, ag € k and d' € Dist()).

Now from the above expression it is easy to see that the elements
YioyTa, where d € Dist()), are all linearly independent. Then since
there are | Dist(A\)| = % of them we get that y;\H is a right
H-submodule of Y, of dimension at least || gﬁ&%i and so yWH =

Therefore we now have a direct sum decomposition of our tensor
space as Y®" = ®)\€Az(n,r) Yo = @AGAz(n,r) vy H.

We now recall two completely unrelated facts. Firstly we remember
from Chapter 1 that Du and Scott (and similarly Dipper, James and
Mathas) associate to each A € Ay(n,r) a permutation module M* =

myH. By [5, 3.3] this module has k-basis {m,Ty | d € Dist(A)}, so that
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in particular M* and Y;®" have the same dimension. Secondly we recall
that if R is a ring and M is a right R-module then for any m € M the
right annihilator anng(m) of m is the set ann r(m) = {r € R|mr = 0}.
We now define two homomorphisms ¢ and 9. Let ¢ : H — myH and
Y :H = yinH via ¢(Ty) = myT), and Y(Th) = yi)Th- Then both ¢
and v are onto so that by the homomorphism theorem for modules we

have that
" H

myH =
keryy — annp(yin))’

Note that since dimmyH = dim YinH = {g;'—g((f\-%% we have that

dim anng(m,) = dim anng(y;n)) = | Hyp(r)| - Ig;';’(f\gl

We now wish to calculate anng(m,) and anng(yin)). To this end

and Yi) HE

= H
kerqb anng(my)

we make a definition.

DEFINITION. Recall from chapter 1 that for A € Ay(n,r) we have
the Young subgroup S(A) of Hyp(r). Now for A € Ay(n,r) let Ay be
the set {d ., i, [ul + X i, vila € [1,n]} and put A} = [1,7]\ A,.
Then S()) is generated by the set H;(\) = {so|a € A}, so that
S(A) = S(p1) x S(ug) X -+ %X S(tn) X S(11) X + -+ x S(vy).

LEMMA 3.3. If h € S()) then
(i) myT, = ¢Pm, and

(4) yinTh = ql(,‘)yi(,\)-

PROOF. It suffices to check both statements when h is a standard
generator of S(A) i.e. when h € H;(A).
(i) Recall that my = z)m) = m\z,, by [6, 3.7] for example. Now also, it
follows from [28, 3.3] that if s; is a generator of S(A) then 2,7, = qz,.
Therefore, for s; € H () we have that
maTs, = Tam\Ty;, = mMATAT,; = qmazy = gmy,

and part (i) follows by induction.
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(ii) Let s, € Hy(\). Then s, € Hyp()) so that s, stabilizes y;»
and also we must have that i(\), = i(\)s4;. Then

YionTs. = q¥ioyse = QY
and by induction part (ii) follows too. O

COROLLARY 3.4. The elements of +he set
{(Tw — ¢™“NTy|w € S(A) \ {1},d € Dist()\)} are all members of both

anng(m,) and annpg(yi))-

Recall that for each 1 < 7 < 7 we have the element ¢; = s;_;5;_5...
- 5081 ...8;—1. Then we let Cy\(i) = (t;, tit1, ..., t), so that Cy(1) is
Du and Scott’s group C (see [11, 2.2]). Let u; = s;_15;_2...s; and
Vi = 8183 ... 81, 80 that ¢; = u;sov;. Then by [11, proof of 3.2.2] we
have that if t; € C\(1) then
m Ty, = @QmyT,,T,,.

We can now tell a similar tale for y;(y).
LEMMA 3.5. Ift; € C)‘(l) then yi()\)Tt,. = Qyi()\)TuiTvi-

PROOF. yinTs = vioyTuw TsoTvi = 4 Yinyu; o T,
= qu_lyi()\)u,'SOT'Ui = qu_lyi(A)ugTvi = Qyi()\)Tu,-Tv,-- O

Now each non-identity element w of C)(1) can be uniquely written
as w = t;w' for some 1 < ¢ < || and w' € C\(i + 1) so that each
(T, — QT Ty;)T,y annihilates both my and yyn). Now C,(1) forms
a set of distinguished right coset representatives of S(A) in Hyp(\).

Therefore each element of Hyp(r) can be uniquely written as
ht;w'd for h € S(A),t; € C\(1),w' € Cy(i + 1),d € Dist(A).

So the elements (T, — ¢!™)T,, T,y Ty with h € S(A) \ {1},d,v',¢; as
above, and (T}, — QT,,, T, )T Tq with t; € Cy(1) \ {1},w',d as above
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all annihilate both m, and y;(), and are all linearly independent. Note

that | Hyp(\) : S(A)| = 2. Then the fact that there are

|} [ Hyp(r)| el _ 1) Hyp(r)|
(IS = V2" mypmr + (% = Dimypn)

_ | Hyp(A)| | Hyp(r)| |Hyp(M)| _ 1y [Hyp(r)|
= (IS =D Fo5r meoor T Csoor — U iiyeo)

_ _ |Hyp(r)| , |Hyp(r) _ |Hyp(r)| _ |H
= |Hyp(")| = Sst1 + 501 — myeour = | HYR(T Nwd&»

= dim ker ¢ = dim ker ¢

of these independent elements means that they must form a k-basis of
both anng(m,) and anng(yi(y)) so therefore anng(m,) = anng (i)

and we have the following.

THEOREM 3.6. V2" & M2

PROOF. Y)\®T = yi(,\)H = Ll = H 2myH = M. O

anng(yix))  anngr(ym,)

COROLLARY 3.7. Y® =@, .0 Y = Drerg(nn M
and S82(n,r) = Endy(Y®").



CHAPTER 4

Morita Equivalences and More

In the words of Benson [2, 3.11.2] :

LEMMA 4.1. An indecomposable kG-module has trivial source if

and only if it is a direct summand of a permutation module.

We now see how this relates to our situation. Let €2 be a finite set
on which a finite group G acts, so that M = k — span{Q is a permuta-
tion module for G. All G-permutation modules arise in this way. Let
01,0,,...,0,, be the orbits of  with respect to our action of G, so
each kO; is a kG-submodule of M, and

M=kO,0k0;& - ®kOp,.
Let z € O; and say z has stabilizer H = stabg(z). If k also denotes

the trivial kH-module, we have the following.

LEMMA 4.2. Let x € O;, So that :taba,(z)?- H; . Then
k 182 kO; as kG-modules.
[}

PROOF. We know the dimensions are the same from the orbit-
stabilizer theorem. Now define a map ¢ : k Tg‘—> kO; via gH;— g.z.
This is onto as O; = {g.z|g € G}, and ker¢ = H; so that ¢ is an

isomorphism, by the homomorphism theorem.
O

So we have that M = @,kO; = @,k 1§,, where z; € O;, and
stabg(z;) = H;. So if M is a permutation module for G with set

of point stabilizers M then counting the number of G-components of
67
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M, over a field of characteristic p > 0, amounts to counting the number
of isomorphism classes of indecomposable trivial source modules over
M. If we assume that M is a p-Mackey system for G, which we will
from now on, we can use Grabmeier’s methods to do the count. In
other words if Comp(M) denotes the number of components of a kG-

permutation module M, with notation as above we have the following.
LEMMA 4.3. Comp(M) = TSM(M).
We can now apply this to our earlier results.

THEOREM 4.4. When p, the characteristic of k, is odd we have
Comp(Y®") = Comp(V®) = |Af(n,7)|. However if p = 2
then Comp(Y®") = |Af (n,r)| and Comp(V®") = |A*(n,r)|, so the

number of components of our two tensor spaces are not equal.
We can now prove the main theorems of this chapter.

THEOREM 4.5. Let ¢ = Q = 1, and let p, the characteristic of
k, be odd. Then Endy(Y®") and Endy(V®") are Morita equivalent
i.e. 1in the group case Du-Scott’s q-Schur® algebra, Richard Green’s
hyperoctahedral Schur algebra, and Dipper, James and Mathas$(Q,q)-
Schur algebra are all Morita equivalent. However when p = 2 the

hyperoctahedral Schur algebra is not Morita equivalent to the other two.

PROOF. When p is odd, we have shown that Comp(Y®") is equal
to Comp(V®), and therefore since V® is a k Hyp(r)-submodule of
Y®", we see that V® and Y®" have the same components, but with
different multiplicities. So applying theorem 1.3 from the introduction,
we see that when ¢ = Q = 1, Endy(Y®") and Endy(V®") are Morita
equivalent. Then of course Endy (V®") = S%P(n,r) and Endy(Y®") =
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§?%(n,r), and it is already known that S2(n,r) and Sg 4(n, ) are Morita
equivalent when 9,9 %0 , S0 the main part of the theorem

follows. The second part follows as when p = 2 we have already seen

that Comp(Y®") < Comp(V®").
O

Now we can apply Fitting’s Theorem, or Theorem 1.2, to give the fol-

lowing.

THEOREM 4.6. Over a field of odd characteristic, the Schur alge-
bras SWP(n, 1), S%(n,r) and Sy,1(n,r) all have precisely |A] (n,r)| in-
equivalent irreducible modules.

In characteristic 2, the algebra S™P(n, 1) has |At(n, 7)| irreducibles,
whilst 8?(n,r) and Sy(n,7) both have |Aj(n,r)| inequivalent irre-

ducible modules.



CHAPTER 5

Coalgebras

In this chapter our main aim is to follow methods of [3] to construct
a graded bialgebra, denoted C,o(3n), which has the dual of its rtt
homogeneous part isomorphic to the g-Schur? algebra.

Now, in [3], Dipper and Donkin construct a graded bialgebra A,(n),
with r** homogeneous part A,(n,r). This has the property that its
dual, A,(n,r)*, is isomorphic to the g¢-Schur algebra S,(n,r). We
quickly review this construction, which is given in Chapter 1. Start
with F'(n), the free k-algebra in non-commuting indeterminates z; ;,
where 7 and j run over n. This is naturally a bialgebra. Now let J be

the ideal of F'(n) generated by elements of the form

TiiZTjm — qTjmTiy fori>jand l < m,
Ti1Tjm — Tjm&iy — (¢ — 1)Tju%im  fori>jand [ >m,
TilTim — TimTil for all i, l, m,
where 1, j,1,m € n. Then let Ay(n) = F(n)/J, so that writing X; ; for
the canonical image z; ; + J of z;; in A(n) we get that in Ay(n), and
its r** homogeneous part A,(n,r), we have the following relations
X Xjm =qXjmXiy fori>jandl<m,
Xi,lXj,m = Xj,mX,’,l + (q - l)Xj,lX,"m fori >3 and [ > m,
X,'JX,"m = X,‘,mX,',[ for all i, l, m,

where i, 7,1, m € n. Then E®" is an Ag(n,r) comodule and the relations

above ensure that multiplication by elements of Hec(r) is a comodule

70
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map, and this induces an isomorphism
6 : Ag(n,7)* = Endyecr)(E®") = Sy(n, 7).

In this chapter we follow these methods to construct a bialgebra in
type B. We begin with the free k-algebra Fg(3n) in the non-commuting
indeterminants z; ;, where 4,5 € Z(n), which is naturally a bialgebra.
We now determine what relations we are required to factor out from
F(3n) to give our new bialgebra for which Y®" is a comodule and
multiplication by elements of #(r) is a comodule map.

Recall that Z(n) is the set {7m,...,1, 1,....7,1,.. .,n}, with order-
ingm<:-+<1<1l<---<A<l<---<n LetJ be the ideal of
Fg(3n) generated by the elements

TiiZjm — qTjmTiy  fori>jand [ < m,
Ti1Tjm — TjmTiy — (¢ — 1)Zj1Tim fori>jand l>m,
TiTim — TimTiy  for all 4,1, m,
where i, §,1,m € Z(n), and put A,(3n) = Fp(3n)/J. Then if we write
X;; = x;; + J for the canonical image of z;; in Ay(3n) we get that
A,(3n) is the k-algebra given by generators {Xi;li,j € Z(n)}, and
relations
X1 Xjm=qXjmXiy fori>jandli<m,
Xy Xjm=XjmXiy+ (¢ — )Xy Xim fori>jand!l>m,
X1 Xim = XimXiy for all 1,1, m,

where i,§,1,m € Z(n). Let Ay(3n,r) be the rt* homogeneous part of
this. By [3, 1.4.2, 1.4.3], A(3n) is a bialgebra, so that each A,(3n,7)
is also a coalgebra.

Then, also by [3, 3.1.6], Y®" is already a right comodule for Ay(3n,1),
with structure map 7 : Y® — Y® ® A, (3n,r) given by T(y;) =
Zje Is(nyr) y; ® Xi j, and multiplication by an element of the algebra gen-

erated by the elements Ty,,...,T;,_, is a comodule map. This means
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that all the relations in our new algebra that come from the action of
Tsy...,Ts,_, on Y® are already accounted for, and we just need to
find the ones coming from the action of T;,. We can then factor out the
ideal, I, generated by these relations from our existing algebra A,(3n)
to give us our new algebra C,o(3n) = A,(3n)/I = Fp(3n)/(T+ J).

Now since the action of Ty, on Y®" only sees the first place in the
tensor, it suffices to consider the case r = 1. Let ¢ : Y — Y be given
by ¢(y) = yTs, for all y € Y®", so that for i € n the map ¢ actson Y
via

¢(yi) = Quz, 8(y;) = Qu; and ¢(y;) = vi + (@ — V-
Also for | € Z(n) the structure map on our new coalgebra will be
inherited from A,(3n) so that 7 : Y — Y ®Cy o(3n) is given by 7(y;) =
EmGZ(n) Ym @ Cml-

Now for multiplication by elements of  to be a comodule map we
require that 7(¢y;) = (¢ ® 1)7(y;) where y; is a basis element of Y and
1 is the identity map on A4,(3n,1). So we equate the two sides of this
identity and read off the consequences for our new coalgebra. Letting
j € n we have
T(Qy;) = QTY; = Q Dicz(n) ¥i ® Cij
= QY ® it ¥ ® 7 + 1% ® )
and also that
(® 1)7(y;) = (0 ® V)(Xicz(m) ¥i ® Ci)
=Y ica@® DB O ¢+ ® ¢y + 1 B Cig)
= ien(QU®cij + QY ®c; +y®C; + (@ - Dy ® )
= Tiea ® (Qaig +(Q — 1)) + Qui @ 0z + % ® &3)-

Equating coefficients gives that for all ¢,j € n we have
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and Qc;; = Qc; j+(Q— 1)c; ;, which using the first relation above gives
Qe = Qe + Q(Q - 1)c; 5 or, for Q # 0, it gives

G5 = ¢i; +(Q —1)c5.
Now for the hatted case. Let j € n then
T(¢?/3) = QT(U;) = Q(ZieZ(n) ¥ ® Cij)
= Q(Z'LE_@ Y Q¢G5+ Zie@ ¥, Q¢+ ZiEQ Y ® ci,,?)
and (¢ ® l)T(yj)
=(¢®1) (Zzeﬂ y®cs+ ZiEQ ¥ ®c5+ EiEQ ¥i ® cz',i)
= Zieﬂ(yi +(@—-1)y)® G;+ Q ZiEQ $;, 8¢5+ Q Zieu y®c;
=@ ZiEQ Qs+ EiEQ Yi®c5+ Zz‘eg v ® (@ - 1)053 + QCiJ)

which equating coeflicients gives that for all ¢, j € n we have

G5 = Q4;
It also gives us that G7 =07, which should come as no surprise, and
lastly that Qc;3 = (Q — 1)¢;5 + Qc;; , which is just a less economical

way of saying that G = Qs

Now asking that 7(¢y;) = (¢ ® 1)7(y;) only gives us the relations
we have already seen, so we have now found all the relations coming
from the action of the element T, on the k-space Y.

We can now build ourselves an algebra.

DEFINITION. Let @ # 0. Let I be the ideal of A,(3n) generated

by linear relations of the form

Xi,j - QXi,i
Xi5— Xij — (@ -1)X;5
Xi5— QX5
X?,i - X?,j

where i,j € n. Then we denote the k-algebra A4(3n)/I by C,q(3n),

and we also denote the canonical image X;; + I of X;; in Cyq(3n) by
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ci;j for all 4,5 € Z(n). Therefore Cq,q(3n) is the k-algebra given by
generators {c;;|i,j € Z(n)} subject to quadratic relations
CiiCjm = qCjmCiy  fori> jand | < m,
CiiCim = CjmCiyt + (¢ — 1)cjicim  fori>jand I > m,
CifCim = CimC;y  for all 4,1, m,

where i, j,1,m € Z(n), and linear relations

;= Qc;;

5 =¢ij +(Q—1)c;5
G5 = Qa;
5 Cij

where 2,7 € n.

Recall that the hyperoctahedral group Hyp(r) acts on Ig(n,r).
Then we can also make Hyp(r) act on I3(n,r) = Ig(n,r) x Ig(n,r)
via (i,j)m = (im,jr), where 7 € Hyp(r). Using the notation of [18,
2.1] and (3, 1.1], for i = (é1,%2,...,%,) and j = (j1,J2, - - ., Jr) in Ip(n,7)
we let Xi5 = X;, 5, X o - - Xi, jr € Ag(3n). Then A,(3n) is a graded
algebra, given by Ay(3n) = @B,y 4¢(3n,7), where A,(3n, ) is spanned
by monomials X;; where i,j € Ig(3n,r) for r > 1, and A,(3n,0) = k&
by definition. The generators of I are all of degree one, so that I is
a homogeneous ideal and C,(3n) inherits the grading from A,(3n).
Similarly, the subspace C, o(3n,r) is spanned by monomials ¢;; where
i,j € Ig(3n,r) for r > 1, and C, (3n,0) = k by definition. Then the
above grading is given by C;o(3n) = €D, Cy,@(3n,7).

We now want give C, o(3n) the structure of a bialgebra. Recall
that bialgebra structure is given on A4,(3n) by

A(Xij) = Xaezin) Xia ® Xaj and e(Xij) = 6.

Now if we can show that I is a biideal of A,(3n) then we will have
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proved that C, o(3n) is a bialgebra with inherited comultiplication and

counit. Now to show that I is a biideal of A,(3n) we need to prove

that:
(1) e(g) =0; and
(i1) A(g) CI® A,(3n) +A,(3n) @1

for all generators g of our ideal .
LEMMA 5.1. I is a biideal of A,(3n).

PROOF. Let B denote I ® A,(3n) + A,(3n) ® 1.
(i) We have
€(X;3 - QXi,’f) = E(X;3) - QE(Xz,E) = 5;3 - Qdﬁ =0- Q.O = 0,

E(X'i*,; - X;’j) = E(X'{J) — 6(X'i,j) = (5; — 5?3‘ =0-0= 0,
and finally
e(X;5 — Xij — (@ — D)X,3) = e(Xz3) — e(Xiy) — (@ — De(X;5) =

8 — 8ij — (Q = 1) = 85 — 65 — (@ —1).0=0

so that £(g) = 0 for all generators g of I.

(4) Now for comultiplication. We have

A(Xi,j - QXi,j) = A(Xi,j) - QA(Xi,j)

=Y wezim) Xia ® Xoj = Q sezm) Xin @ Xoj

=Y en Xiz ® Xaj + Loen Xia ® Xaj + Laen Xia @ Xaj

~Q Y en Xia ® X5 — Q Yaen Xia ® Xaj = Q Laen XiaXaj

= QY sen Xz ® Xaj + Laen Xia ® Xaj + Laen Xia ® Xaj

—Q Y aen Xia® Xa, —Q(Q - 1) Y pen Xia® Xo— Q 2aen Xia ® Xayj
—Q D sen XiaXaj (modulo B)
= QY aen(Xia— Xia— (@ - 1)Xia) ® X, ;5

+ D aen(Xia — QXiz) ® Xaj + Yaen(Xia — @Xiz) ® Xaj
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=0. (modulo B)
Therefore A(X;; — QX;5) €I ® Ay(3n) + Ay(3n) @ I).

Also A(X;5—X;;—(Q@-1)X;35) = A(X;7) - A(Xi5) - (Q-1)A(X;3)
=2 aez(n) X5,a®XaF— D aczn) Xia®Xai— (@ —1) X pez(n) Xia®Xa3
= D aenXiag ® Xa7+ D 0en X1z ® Xaj + Daen Xia ® Xoj3
- Zae@ Xia® Xgj — Eaeﬂ Xiag® X5 — Zaeﬂ Xio® Xqj
—(Q—1) Y pen Xia® Xg7 — (Q = 1) Xopen Xia ® X5
—-(Q-1) ZaE_T_L Xia® X, 35
= aen Xig ® Xaj + (Q@=1)2 enXia® X5 - € D aen Xia ® Xy 3
~(Q@ -1 X oenXia® Xaj + (@ —1)* Len Xia ® Xoj3
+ Zae_@ X7:® Xg; — Zaeg Xia®Xa; —(Q 1) 0en Xia ® Xayj
+ 2 aen Xia ® Xoj = Laen Xia ® Xa,j
—-(Q-1) Eaeﬂ Xia®X,5 (modulo B)
=Y uen(Xia — Xia — (@ — 1) Xiz) ® Xo,
+(Q - 1) Y pen(Xig — Xie — (@ — 1)Xia) ® X3
+ 3 gen(Xia — @Xia) ® Xa
=0 . (modulo B)

Now A(X;3 — QX,3) = A(X;) — AQX;;)
=Y ez Xia ® Xo5 — Q@ Xaezm) Xin ® Xo3
=Y uen Xiz ® Xg5 + Laen Xia ® X5+ Laen Xia ® Xoj
Q¥ en Xig® Xg5— QX oen Xia ® X5~ @ Y aen Xia ® X535
= Zaeﬂ X;z® Xa,’j + Eaeg X;a® Xa,}’ -Q Zaég Xia ® X535
—Q aen Xia® X5 (modulo B)
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= Q ZaEﬂ Xf,& &® Xa,i + Zaeﬂ Xz_',a ® Xa,} - Q2 ZGGE Xi*a ® Xﬂ,;

QX een Xia® X, 5, (modulo B)
= Q ZGEQ Xi,a ®Xa3+ Q(Q - 1) Zaey_ Xia5®Xa,; + Q Zaeg Xis5® ‘X’a,;
-Q? D aen Xiag ® X5 = Q2 aen Xia® Xo3 (modulo B)
= 0.

Therefore A(X;5 — X;5) €1 ® Ay(3n) + A,(3n) @ I).
Finally, we also have that A(X;J — X;,j) = A(ng) — A(X;’ j)
= 2 0ezn) Xia ® Xoj =~ Laczin) Koo ® Xayj
= 2aen X5z ® Xaj + Xaen Xia ® X7+ Lpen Xia © X,
- ZaEﬂ X'{,E ® Xﬁ,j - Zaeﬂ X?,a ® Xa,j - ZaEp_ X?,a ® Xa,j
= D sen X33 ® Xaj + oen X0 ® X

— Zaeﬂ X529 Xa,j'}:aeﬂ X;.Q Xayj (modulo B)
= Zieg X?,a ® (Xa,j + (Q - 1)Xa,_7 + Xa,f - QXaJ - Xa,j) =0,
and this completes the proof. O

COROLLARY 5.2. C,0(3n) is bialgebra with comultiplication and
counit given by
A(Cig) =D aez(n) Cia @ Cayj and e(ciz) = dij.
We also have, for each r > 0, that C,q(3n,7) is a subcoalgebra of
Cq0(3n).

We now have a detailed look at what happens for the hyperoctahe-
dral group.

%.1. The group case

Putting ¢ = Q = 1 we are back in the group case, and we have built
a bialgebra C;,(3n) with r** homogeneous part C;,(3n,r) from the

action of k Hyp(r) on Y®". In this section we will always assume that
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¢ =Q =1, and write C(3n) and C(3n,r) for C;,(3n) and C;,(3n,7)
respectively. Then C'(3n) is the k-algebra generated by the elements
{cijli,j € Z(n)} with quadratic relation

Ci jClim = C,mCi,j Where 4, 5,1, m € Z(n),

so all elements c; ; and ¢, commute, and linear relations

C;’j = ci,;
Cij = Ci,j
Cz,; = Ci’;
CGi= Gy

where i,7 € n. We now write i ~ j to denote that i and j are in the
same Hyp(r)-orbit of Ig(n,r), and similarly (i,j) ~ (i',J') to denote
that (i,j) and (i’,}') are in the same Hyp(r)-orbit of Ig(n,r) x Ig(n, 7).

Our next job is to construct a k-basis for C(3n,r). The following

is useful.

THEOREM 5.3. Fori,j,i,j € Ig(n,r), we have

ay = cry € (1,§) ~ (1,J)

PROOF. The relation ¢; jc;m = ¢i,mCi,; gives us that for all elements
r € C(3n,a—1),y € C(3n,7r — (a + 1)) where 1 < a <7 -1, and
i, 7,1, m € 3n we have that

ZCijCmY = TCmCi Y-
Then since (zc¢; jCimy)-Sa = TCimCijy We can re-write this relation in
C(3n,r) as
Cij = Cisa,jso for alli,j € Ip(n,r)and 1 <a<r—1.

Similarly, with z as above, y € C(3n,r — a), and i, j € n, the relation
¢;; = ;7 tells us that

;Y = TC;5Y for all such 1, j, z and y as above.

Now recalling that for all 1 < a < r we have t; = S4-1..-50--.Sa-1,
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we have that (zc;;y).ts = zc;5y, so that we can rewrite our original
relation in C(3n,7) as

Cij = Cit,,it, if 4 1S barred and j, is unbarred.
Applying similar arguments to the other 3 linear relations in C(3n,r)
we get

Cij = Cit, jt, for alli,j € Ig(n,r) and 1 < a < .
So for any relation ¢;5 = ¢y y in C(3n,r) we must have that (i,j).m =
(',j') for some 7 € Hyp(r), so that (i,j) ~ (i,]).

Conversely, let s, be a generator of Hyp(r). Then since the elements
¢ ; in C(3n,r) all commute, and for 1 < a < r—1 the generators s, just
transpose ¢;, ;, and ¢, j.,, We have that if (i',§') = (i,j)se = (i54,54)
for some 1 € a < 7 —1, then ¢;j = ¢y y. We now just need to show this
is true for sg.

As sp only sees the first coordinate of elements in Ig(n,7), we can
just consider the case 7 = 1, so we can write ¢;; simply as c; ;. Then,
for i,j € n we have

=CcG.=2¢

Ciso,7s0 1,] 1,7

by the first linear relation. Similarly we also have

150,750 1,57

Cisg,jso — C;J =G5

Cisogso — G~ Gj
Cisordso — Cij = G
Cisogso — Cid — Gijj
6230330 = ci,ﬁ = C;J
Ciso,jso — Cij — Cii
and of course
C: =C:z

150,780 ~  8J°
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Therefore (i, j)so = (i',j') = ¢ij = ¢y 5 and so we have that
(1,3) ~ ({,3) = ay = ary,
and the proof is complete. O

Let U(n,r) be a set of representatives of the orbits of the Hyp(r)-

action on Ig(n,r) x Ig(n,r). Then the above theorem gives us the

following.

COROLLARY 5.4. The set {cij|(i,j) € U(n,7)} is a k-basis for
C(3n,r).

Now recall that Z(n) is an ordered set with orderingm < --- <1 <
1<--<fi<1l<--<n Then we let B(n,r) be the subset of
Ip(n,r) x Ig(n,r) consisting of elements (i,j) where:

(B1) All elements of i are not barred, and if 4, is hatted then j, is not
barred;
(B2) We have that i; < ... < 4 and if ig = 4,41 then ju < jay1.

Then B(n, r) is a transversal for the action of Hyp(r) on Ig(n,r) %

Ig(n,r), so in the corollary above we could take U(n,r) = B(n,r).

Since B(n, r) has cardinality (5"2“:'"1), we know that C(3n,r) has di-

5n2+r—1) .

mension (*"7

From Chapter 1, as in [17, 1.1, Remark 2|, we know that since
C(3n,r) is a coalgebra, its dual C(3n,r)* = Hom(C(3n,7),k) is an
associative k-algebra. We can now mimic [18, 2.3] to give a k-basis
for C(3n,r)*, and then follow the methods of [18, 2.6] to show that
C(3n,r)* is isomorphic to the Schur? algebra. Firstly we make a defi-

nition.
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DEFINITION. For a,b,i,j € Ig(n,r) we define the element
Nab € C(3n,7)* via

1 if (a,b) ~ (i,])

Nab(cig) =
0 otherwise

It is now clear that 75 = ny 3 < (i,j) ~ (', §') which gives us the

following.
THEOREM 5.5. The set {m;|(i,j) € (n,7)} is a k-basis for C(3n,r)".

Of course the dimension of C(3n,7)* is the same as that of C(3n, r),
namely (5"21"1).

We now derive an action of C(3n,r)* on Y®", making Y®" into
a left C(3n,r)*-module. Say we have a bialgebra C, which has right
comodules V', with structure map 7: V — V ® C such that forv e V
we have 7(v) = Y . v; ® a;, and W with structure mapx: W - WQC
such that for w € W we have s(w) = 3, w; ®aj. Then VO W is a
right C-comodule with structure map ¢ : VW — VW ®C defined
by p(v ® w) = Zi’j v; @ w; @ a;a;, with v;, wj,a; and aj as above.

Now C(3n) is a bialgebra, and it comes equipped with a right co-
module Y with structure map 7: Y — Y ® C(3n) given by
T(Y5) = Die 2(n) ¥i ® Cij- So by repeatedly applying what is said above
about the tensor product of two comodules for a bialgebra we see that
Y®" is a right comdule with structure map 7 : Y®" — Y®" ® C(3n)
given by 7(y5) = X iezn) ¥ ® Cig-

Now say V is a right comodule for a coalgebra C, with basis
{v;|j € J}, and structure map 7(v;) = ;. vi ®zij. Then the k-span
of the elements z;; as above is called the coefficient space of V', and is
denoted cf(V). Now the C(3n)-comodule Y is homogeneous of degree 1,

i.e. we have that cf(V) < C(3n,1), and therefore Y®" is homogeneous
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of degree r, so that the structure map 7: Y®" — Y® ® C(3n) of V' is
actually a map from Y®" into Y®" ® C(3n,r), so that Y®" is a right
C(3n,r)-comodule. We recall the following from chapter 1 (and also
from in [17, 1.1,Remark 2]). Let (V,7) be a right C-comodule. Then
the k-space V' can be given the structure of a left C*-module via the
product v = (1 ® a)7(v), where a € C* and v € V. Now from above
we know that Y® is a right C(3n,r)-comodule with structure map
T(y;) = ZiGIB(n,T) Y ® cij, S0 Y® is a left C(3n,r)*-module, and for
n € C(3n,r)* we have the product

ny; = (L@N)7(Ys) = 1@ N (Xierpnr) Y1 ® i) = Liernin,r) i ©1(cis)-
So identifying n(c;j) ® 1 and n(ci;), we have that the following is true.

LEMMA 5.6. Y®" is a left C(3n,r)*-module, and for nap a basis

elements of C(3n,r)*, and y; a basis element of Y'®" we have the product

NapY; = ZieIB(n,r) na,b(ci,j)yi-
We can now use this action to show the following.

LEMMA 5.7. The actions of C(3n,r)* and Hyp(r) on Y®" central-

ize each other.

Note this lemma is a consequence of the way in which we con-

structed C,,o(3n,7), but the proof given here is straightforward.

PROOF. For each of our basis elements 7.5 € C(3n,7)*, each 7 €
Hyp(r) and each basis element y; of Y'®" we have
(Map¥)T = (Cicrnnr) Tab(Gi)¥)T = Liera(n,r) Tab(Cia) Yim
= S ieta(nr) Tab(€i5)¥in = Dicrp(ns) Tab(Cin)Yin

= na,b(?/iw) = "a,b(yi"r)’
i.e. we have that (nap¥i)m™ = 7ap(¥im). This then extends linearly to

give the theorem. 0
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We can now prove one of the main theorems of this chapter.

THEOREM 5.8. As k-algebras we have that, for all n,r > 1,
C(3n,7)* = Endguypr) (Y®") = S2(n, r).

PROOF. Now Y®" is a left C(3n,r)*-module, which affords a rep-

resentation
p:C(3n,r)* - Endy(Y®") where p(n)(y) = ny
for all n € C(3n,r)* and y € Y®". Since by the previous lemma we
have that (ny)m = n(yn) for all n € C(3n,r)*, y € Y® and 7 € Hyp(r)
we see that p(n) is actually a k Hyp(r)-endomorphism of Y®" so we in
fact have that
p: C(3n,7)* = Endguypr) (Y®").
We now show that p is an isomorphism. Each ¥ € End(Y®") can be
written as a matrix 8 = (60i;)ijelg(n,r), for some 6;5 € k, with respect
to our basis £ = {y;|j € Ig(n,r)} of Y®. Now we want 9 to be a
k Hyp(r)-endomorphism, so that for all y; € Z and m € Hyp(r), we
have
I(yym) = (Fys)m,
or, what is the same thing, that
0(ysm) = (Oy;)m.

Of course, the action of 6 on Y®" is given by 0(1;) = X icrpnr) Bii¥i-
Then we have that
O(ysm) = 0(ysx) = ZiGIB(n,r) 0s,inYi = ZiGIB(n,r) Oir e Y
but also
Oy5)™ = (Tierp(nr) Oriti)™ = Lierg(nr) il
Therefore, we see that 9 € Endgnyp()(Y®") if and only if 0i5 = Bir
for all i, j € Ig(n,r) and 7 € Hyp(r). Consequently Endy typ(r) (Y®) =
S%(n,r) has k-basis
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{9ap) | (a,b) € B(n,r)}
where for (a, b) € B(n,r) we define the basis element 9, p to be that

whose matrix (©;;) is such that

1 if (a,b) ~ (i,])

0 otherwise

@i,j:

Now

P(1a,b)(Y5) = Tabls = Picrnnr) Mab(Cid)¥i = Dicry(nr) Otils
by definition of the element 7,1, € C(3n,r)*. Therefore

P(ﬂa,b)yi = ZiEIB(n,r) Oi4 = @(a,b)yi = 19(a,b)yi
so that

p(Nap) = Via,p)
and p induces an isomorphism C(3n,7)* = Endg gyp(r) (Y®").

O

Now from [11, 6.1.1], for fixed n,r > 1, the ¢g-Schur? algebra has a
k-basis which is indexed by the same set for all values of ¢ and @,
and hence the dimension of the g-Schur? algebra, SZ(n,r), is the same
for all values of ¢ and ). So since the above theorem gives us that

dim 8?(n,r) = (5"2?_1) for all r,n > 1 we have the following.

COROLLARY 5.9. Forall q,Q € k, and n,r > 1 we have

dimsg(n, r) = (5n2-:r—1).

6. 2. The non-commuting case

We now return to the general setting of Cyq(3n,7). We can show

the following.

LEMMA 5.10. B(n,r) is a spanning set for Cqq(3n,7).
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PROOF. Consider a general element ¢; ;. Using the linear relations
in C,o(3n,r) we can write each ¢, ,,,, as a linear combination of ele-
ments satisfying (B1) as above. This means we can write ¢, as a linear
combination of elements satisfying (B1). We can now use the quadratic
relations and the fact that if 7, j,{ € nand m € {T, ...,n,1,...,n} then

CiiCm = CGmCii T (@~ Ve 1¢im = 5,61+ (¢ — 1)¢; Cim
(using the second quadratic and fourth linear relations) to write each
part of this linear combination as a further linear combination of ele-
ments satisfying both (B1) and (B2). Therefore B(n,r) is a spanning
set for Cyo(3n, 7). O

Then as |B(n,r)| = (5"2?_1) we can make the following conclusion.

COROLLARY 5.11. dim Cyq(3n,7) < (™ ™7Y).

T

We can now make a stronger statement.

THEOREM 5.12. Ifq# 1 and r,n > 1 then
dim C, o(3n,7) < (5"2‘”_1).

T

PROOF. It is enough to prove this for the case r = 2,n > 1, then
the general case r,n > 1 of the theorem comes for free. Consider the
element cig¢p; € Cq(3n,2). Then using the relations we have that
C1,261,1 = Qc1201 = QC1,701,2
but also
cra0r, = Ciici2 + (g — Depgern = Qeyzers + Qg — Deyzer
which as Q # 0 implies that

¢;z¢1,1 = 0, unless ¢ = 1.
Therefore if ¢ # 1 and n > 1 then C,q(3n,2) is spanned as a k-space
by the set {ci;| (i,§) € B(n,2)}\ {c,'i c,‘,g’ so that when n > 1
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dim C,o(3n,2) < (*,*).

The general case now follows.

COROLLARY 5.13. Ifg# 1 and r,n > 1 then
dim C, o(3n,7)* < (5"27‘1) = dim S} (n,r),
so that in particular Cyo(3n,7)* is not isomorphic to SZ2(n,r) in these

cases .

We therefore conclude that it is not possible for all values of ¢ and
@ to use the H-action on Y'®" to build a bialgebra having the dual of
its 7" homogeneous part isomorphic to S2(n,r) using this method. It
is however certainly possible in the group case, but not in general for

H.

5. 3. Associated Linear groups

We close this chapter on a more positive note, by defining a sub-
group of GL3, (k) whose action on Y®" commutes with that of Hyp(r).
This is an analogue of the fact that in type A the actions of Sym(r)
and GL, (k) on E®" commute, so we have introduced a type B linear
group into our situation.

Let S be the member of GL, with S;; equal to 1ifi+j=n+1

and 0 otherwise. We can now make the following definition.

DEFINITION. For all 2 > 1, define I' = I's,,(k) to be the subgroup
of GL3n (k) consisting of invertible matrices of the form

A B C

D E DS ) where A8, ch
and € are nxn
SCS SB SAS metrices.



5.3. ASSOCIATED LINEAR GROUPS 87

We index the rows and columns of
these matrices by the set Z(n), with respect to the usual ordering

m< - <I<l< - -<A<1I< - <.

We now derive an action of our new group I" on Y®". The k-space
Y is a left kI"-module, with g € T" acting via
9Yo = > acz(n) JabYa-
Now for a,b € Z(n) and g € T we put c,4(9) = gap, and define
cij(9) = ¢ij(9) - -ci,j(g9) for all g € T and i,j € Ip(n,7). Note
that from the definition of ' we have that c,4(9) = Caso,bs0(9) for all
a,be Z(n).
Then T acts diagonally on Y®". Relative to our basis Z of Y®" the

action is given by

995 = 9Yj ® ** ® 9Yir = Dierp(ny) Jirr ** Gir g Ui
= ZiGIB(n,r) ¢ii(9)i

PROPOSITION 5.14. The actions of I' and Hyp(r) on Y'®" centralize

each other.

PROOF. We know from earlier that g 5(g) = Caso,pso(g) for all
a,b € Z(n), and also it is trivial to see that ¢i;(g) = Cisa.jsa (g) for all
1 < a < r — 1. Putting these together we get that
ci3(9) = cinin(9)
for all i,j € Ig(n,r), g € T and m € Hyp(r).
Now, to prove the theorem it suffices to prove that
(gy;)m = g(ysm)
forallgel,y;€ Zand 7 € Hyp(r). This then extends linearly. Now
(gy)m = (Zielg(n,r) cig(g)y)m = EiGIB(n,r) ¢i5(9)Yin

and

9(yym) = 9Wr) = ierpimr) Cin (9% = Dicrp(nr) Cimdn (9)Yin-
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But ¢;3(9) = cirjr(g) , which tells us that
(gy5)m = g(y;m)

and we are done.

88



CHAPTER 6

Wreath products and Mackey Systems

Our results on trivial source modules and Mackey systems from

previous chapters lead us to make the following definition.

DEFINITION. Let G be a finite group, p a prime, and M a p-Mackey
system for G. Then we call M balanced if TSM(M) = #,(G) i.e. if the
number of isomorphism types of indecomposable trivial source modules
over M is equal to the number of conjugacy classes of G, and therefore

to the number of ordinary irreducible cepresentations of .

Note that our model Mackey system, that of Young subgroups
of the symmetric group, is balanced for all p. Also, in the char-
acteristic zero case all 0-Mackey systems for a finite group G have
TSM(G) = #0(G), so the above definition in some way extends what
is happening in this case. Given a balanced p-Mackey system B for a
finite group G we define the Mackey algebra Mac(G, B) as fol-
lows. Let N = @,.5ind§ k. Then Mac(G, B) := Endxg(N), is the
Mackey algebra associated to G and B. This gives us an analogue of
the Schur algebra for each finite group G with balanced Mackey system
B. In fact when B is the Mackey system of Young subgroups of the
symmetric group, Mac(Sym(r), B) is Morita equivalent to S(n,r), and
when B is the Mackey system of infant subgroups Mac(Hyp(r), B) is
Morita equivalent to S%(n,r), both by Theorem 1.3.

In this chapter we show that the Mackey system of Young subgroups

inside certain wreath products, called complete monomial groups, is a
89
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balanced Mackey system for certain primes p. Throughout this section
G is a finite group, and unless otherwise stated we work over an alge-

braically closed field whose characteristic p does not divide the order
of G.

6.1. Wreath products and representations

It will be useful to consider G ! Sym(r) as a permutation group.
Now G is a finite group, so Cayley’s subgroup theorem [21, 9.24] tells
us that G is a subgroup of some symmetric group, which we may as
well assume is Sym(T"), where I’ = {1,2,...,m}, for some m € Z;,.
Also let Q = {1,2,...,r}, so that Sym(Q) is Sym(r). We write i for
the ordered pair (4,5) € 2 x T, and for ¢ € [1,7 — 1] let

si= (i (i + V)@ (G +1)2) - (@™ (i + 1)™) € Sym(Q x T).

Then (s1,52,..-,8—-1) = Sym(r) and we write S(r) for this subgroup
of G 1 Sym(r), analogously to in the previous chapters . Now, assume
G has t generators gi,gs,...,9:. Then each g; can be written as a
product of [ distinct cycles of elements of I', say g; = gi1i2 "~ gi1» SO
that for each j € [ we have g;; = (gi;(1)gi;(2) - - - 9:,(k(7))), for some
particular g; ;(2) € T and k(j) € Zyo. Putting these together we have
that

gi = [Tj=1(9:5(1)9:,5(2) - - 90,5 (k(5))),
explicitly as a product of distinct cycles of elements of I'. Forb € r put
Yip = H;=1(b9i.j(1)b9i,j(2) ... b9 (K6)) € Sym(Q x T).
Then (yip|i € [1,t],b € [1,m]) is isomorphic to G" and we also have

that 7% = 7ip+1, S0 that the conjugation action of S(r) simply per-

mutes the factors of G', and thus G <G1Sym(r). Hence the subgroup
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of Sym(Q x I') generated by {51,892, - » Sr—1, V1,1, Y2, - - -, Yt} IS
semidirect product and is isomorphic to G} Sym(r).

As an example, we look at the complete monomial group Sym(3)?
Sym(2). Here we have that Q = {1,2} and T = {1,2, 3}, so all elements
of this group are permutations of the set {1!,12,13, 2! 92, 23}. Firstly
we look at the top part. Here we have just one generator, namely

s1 = (1'21)(1222)(1%2%)
and the group generated by the single element s, is isomorphic to
Sym(2) as a subgroup of Sym(3) 1 Sym(2). Now Sym(3) has generators
91 = (12) and g, = (23) which give us corresponding elements
Y1,1 = (1'12) and v, = (1%1%)

with (71,1,72,1) isomorphic to Sym(3). Now s;71181 = (2'22) = 7y,
and s17,,181 = (2223) = 75, 50 that (11,712,721, Y2.2) is isomorphic
to Sym(3)2. This is the base group of Sym(3)2Sym(2) and is a normal
subgroup. Hence (s1,71,1,72,1) is isomorphic to Sym(3) ! Sym(2) as
required.

G 1Sym(r) can also be written as linear group. We start by looking
at a way of viewing the symmetric group (which trivially is {1}2Sym(r))
as a linear group. Each o € Sym(r) can be represented as an r x r
permutation matrix P(o) with (i, j) entry

1 ifo(j)=1

Plo id =
( )’] 0 otherwise

Then if ¢,0',7 € Sym(r) with oo’ = 7 then P(c)P(c’) = P(n) and
the group {P(c) |0 € Sym(r)} is a linear group isomorphic to Sym(r).

Now allow the non-zero entries in our matrices to be any member
of the finite group G, and call this group Mono(G). Then the normal

subgroup of Mono(G) consisting of matrices where all non-zero entries
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occur on the diagonal is isomorphic to G, and also the subgroup whose

non-zero entries are all equal to 1 is isomorphic to Sym(r). From this

description it is easy to see that Mono(G) is the semidirect product of

the above two subgroups, and that it is indeed isomorphic to G!Sym(r).
Again suppose G has t generators g1, go, ..., g:. Let

vip = diag(1,...,1,¢;,1,...,1) € Mono(G),

the g; being in the b** place, and for i € [1,7—1], let s; be the 7 xr iden-
tity matrix with the 5** and i + 1** columns switched. Then Mono(G)
is generated by the matrices {711, V2,15 - s Ve,1, 51552, - - Sr1}-

This gives us two useful descriptions of G ! Sym(r). Note both
are generated by elements S = {si,..., Sr—1}, which generate the top
group, S(r), and by elements B = {v1,1,721,-- -, Y1}, Which together
with their conjugates in Sym(r) generate the base group G".

It will be useful later on to know the number of both ordinary and
modular representations of G 1 Sym(r), and we review these now.

Let k be an algebraically closed field of characteristic p # 0, where
p is coprime to |G 1 Sym(r)|. If G has m conjugacy classes (i.e. G has
m inequivalent ordinary irreducibles), then by [25, 5.21] we have that
G 1 Sym(r) has |A}(n,r)| ordinary irreducible representations. Note
that this agrees with the particular case Hyp(r) = C21 Sym(r) that we
considered earlier.

Now say char k = p divides |G Sym(r)| . Then [25, 5.22] says
that if # is the number of p-regular classes of G then G Sym(r) has
|AF (n, 7)ol irreducibles over k.

In particular, if p does not divide |G| but does divide | Sym(r)| then
G 1Sym(r) has |A},(n, 7)cal irreducibles over k, as G has m conjugacy

classes.
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6.2. A Mackey system

Unsurprisingly, we want to consider the Mackey system of Young

subgroups inside our wreath product. So firstly we need to define this.

DEFINITION. Let A = (A1, Ag,...,A,) be a partition in A*(n,r),
and put L = {Y_7 ;Ai|lae€r}. Put A=r\ L Then the standard
Young subgroup of G Sym(r) associated to A, denoted S(A) is given
by

S(A) = (sq|a € A).
A Young subgroup is then any which is conjugate in G ! Sym(r) to a

standard Young subgroup. Let W denote the set of all Young subgroups
of G ! Sym(r).

We also have the following useful description of Young subgroups.

Let A(n,r) be the set of all dissections of r i.e.
A(n,'r) = {5‘—" (51,(52,...,6n)|61|_|(52|_|"'U6n:’[_}

where any of the §; may be empty. If 1 < j < r and 6; = {j1,J2, - - -, Ja}
where d = |§;|, then we put
S(6;) = ((jiljil+1) T (jpjir!{l—l) |1<i<d-1)

and S(8) = S(8;) x S(8a) X -+ X S(8,), a subgroup of G Sym(r).

We can make similar definitions for S(§) < Mono(G). Again, for
j € rlet & = {j1,j2,--.,Ja}, where d = |6;]. Then for i € [1,d — 1]
let M; be the r x r identity matrix, but with the jt* and the j&,
columns switched. Our group S(J;) is the linear group generated by
My, M,, ..., My, and we similarly have S(8) = S(61) x S(d2) x - -+ X
S(6n).

If we now take an 6* € A(n,r) with 6f = {1,2,...,|4l},
63 = {|61| + 1,161| +2,...,|61] + 02|}, 65 = ... etc., and with
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67| > |67, for all i € r, then we have that S(0°) = S(X) for some
A € A*(n,r), so our S(6°) is a standard Young subgroup. Call such a
dissection 6° € A(n,r) a standard dissection, and let A*(n,r) denote
the set of all standard dissections of r. Then for each & € A(n,r), there
exists a 6° € A*(n,r) and a 7 € S(r) such that

5(8) = S(&*)™. (¥)

Then the following lemma brings together dissections and partitions.

LEMMA 6.1. W= {S(A\)“| X € A*(n,r),w € G1Sym(r)}
= {S5(6°)“|6* € A*(n,r),w € G1Sym(r)},
={S(0)" |6 € A(n,r),m € G1Sym(r)}.

PROOF. The first equality is trivial. That the second set is con-
tained in the third is trivial, as each §* € A*(n,r) is in A(n,r) also,
and conversely () gives us that S(6)Y = (S(6°)"), which is S(6°)7,
for some 7 € G Sym(r), and the proof is complete. O

We take the following definition from the world of Association

Schemes.

DEFINITION. Let 6,6’ € A(n,r). We write § < §' if every part of
d is contained in a part of §'. We then say that d is finer than §’. We
denote by 6 A ¢’ the coarsest (least fine) dissection in A(n,r) such that
bothd A <dand A < §.

It is then easy to see the following.
LEMMA 6.2. S(6)NS(8') =S(6Ad).

From this it follows that the set of Young subgroups of the sym-
metric group is closed under intersection. We can now show the same

is true for Young subgroups of G ! Sym(r).
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LEMMA 6.3. W s closed under conjugation.

PrROOF. Throughout this proof, we will have in mind the linear
representation of G ! Sym(r), and W in its third incarnation in the
above lemma, i.e. indexed by dissections, and members of G ! Sym(r).

. It suffices to prove that S(4)“ N
S(&") € W, for 4,8 € A(n,r) and w € GiSym(r). Moreover, since each
element w € G ! Sym(r) can be written uniquely as 7g with 7 € S(r)
and g € G", and as S(6)" = S(¢8") for some 8" € A(n,r), we just need
to show that S(6)9NS(8") € W for all §,8' € A(n,r) and g € G". Now
as S(6)9NS(8) = (S(6)NS([1,7])) N S(8"), we just need to show that
(S(6)? N S([1,r])) = S(8") for some 8" € A(n,r), then we will have
S8 N S(F) = S(6")NS(¢) = S(8" A ¢').

Now any element in S() can be written as a matrix P(o) where

P(a)i,,:{ 1 if o(j) =

0 otherwise

for some suitable o € Sym(r).(Of course this ¢ is actually in a partic-
ular Young subgroup Sym()) of Sym(r) with Sym(A) = 5(4).) Also,
any element g € G” is a matrix of the form g = diag(g1, 92, - -+ 9r)s

with each g; € G. Therefore any element in S(4)? is a matrix

-1 . .
gig; - ifo(j) =1
P(o -1 i — I
(aP(o)™ ) { 0 otherwise
so that P(c) € S(8) N S([1,]) if and only if g; = g; whenever o(j) = t.
Now each dissection § € A(n, ) can also be thought of as an equiv-
alence relation ~s on r, so that i ~4 j if and only if 7 and j are both in

the same part &, of § for some s € n. We then define a new equivalence
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relation by letting i ~4 4 j if and only if i ~g J and g; = g;. This equiv-
alence relation on r leads to a dissection of r which we will denote by
0% € A(n,r). Hence we also get a Young subgroup 5(69) of G1Sym(r).
Then
P(o) € S(6)? nS([1,7])
<= ¢; = g; whenever o(j) =1
<> g; = g; whenever i ~g §
= 1~ ]
< P(o) € S(6%. Therefore S(6)9 N S([1,7]) = S(69) so that
S(6)? NS0 = (S(6)* N S([1,7])) N S(6") = S(69) N S(8") = S(69 N Q)
and of course §9 A ' € A(n,r) so that W is closed under intersection.

O

We can now show the following.

LEMMA 6.4. If p and |G| are coprime, then W is a p-Mackey sys-
tem for G 1 Sym(r).

PROOF. (M1) Put A = 1". Then S()\) = {1} and so {1} € W.
(M2)(i) By definition W is closed under conjugation in G Sym(r).
(M2)(ii) W is closed under intersection by the preceeding lemma.
(M3) Since p does not divide |G|, any P € Syl,(G ! Sym(r)) must be
a subgroup of S(r) < G Sym(r). Then putting A = () we get that
S(X) = S(r), so that S(r) € W and P is a subgroup of a member of
W. O

We now have a Mackey system so we can apply Grabmeier’s count.
é.3. The Count

We now modify the definition of p-power partitions for this partic-

ular chapter. For a prime p we say a composition A € Ay(n,r) is a



6. 3. THE COUNT 97

p-power partition if A = (1%p® (p*)22...). We will denote the set of
these by J,(n, ). From previous adventures with Young subgroups we

can deduce the following.

LEMMA 6.5. The set of W-vertices, denoted W, s given by
Wo={S(N)“|X € 3y(n,r), andw € G Sym(r)}.
Hence for W, the set of W-vertices up to conjugacy, we can take

Wo =1{5(A) | A € Ty(n,1)}.

The next step in Grabmeier’s count is for us to work out

Neisymir) (P
ﬁlp()—() for each vertex P € W),

LEMMA 6.6. Let A = (1%p®(p*)®2...) € Dy(n,r) . Then

Naisym(r)(S(X))
S0

(G 1Sym(ag)) % (G 1Sym(a;)) x (G 1Sym(asz)) x ...
We call this group N(A)g.

18 1somorphic to

PROOF. Let A € J,(n,r) , and let H = S()\). For each i € n let
a; = i;% A; and define A{ to be the subset of 2 x I" given by

Al = {(@+ 1), (a: + 2, (s + )},
so that if A is in A(n,r) then the set
{Alli€nand j € m}

forms a complete set of H-orbits of 2 x T".

For b > 0, set B, = {Al,..., ATsuch that|A}| = p°}, so that
|By| = may. Let N(H)= Ngsym(r)(H). Now N(H) permutes the H-
orbits of 2 x I' of the same size, and we have a wreath product action
on each By such that each G ! Sym(B,) is isomorphic to G ! Sym(ay).

We can know define a homomorphism
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f:N(H) = (G1Sym(By) x G1Sym(B,;) x ...)
via f : w(A]) = w(4?)

which has ker f = H. We now need to show that f is onto.

Now say that for each | € m the H-orbits A} = {af,},...,2!,
and Aj, = {2, %,...,2.;} are in the set B;. Now define s € G Sym(r)
via s(z}) = 2, and s(2}) = z!, for each a € [1,p] and | € m and let s

fix all other elements of ) x I'. Let w € H then
(s7'ws)Aj = (sT'w) A}, = 571 AL = sA} = 4]

for each | € m. Therefore s™'ws € H and so s € N(H).

We must now deal with the base groups. Recall from earlier parts
of this chapter that G = (g1,...,¢:), and for each d € r we get corre-
sponding elements 7; 4 = H;zl(d-""f (1D g9:i (@ ... g9:.s k(1)) € Sym(QxT),
and with the property that the set {v;q4|¢ € [1,t] and d € [1,7]} gen-
erates the base group G™ < G Sym(r).

Now say that A} € B; so that for each | € m we have that Ag- is
also in B;. Let a, = 22;11 ), and define for each A.in A an element

me € G1Sym(r) via
Te = Yi(ae+1)Vis(ae+2) """ Vi,(ae+Ae)-
If we again let w € H then for each [ € [1,m] we have
(r7lwm) A = m7lwAl, = ml Ay = A,

for some I’e [1,m]. So we have that 7, 'wn, € H and m¢ € N (H).
Now all standard generators of G ! Sym(B;) can be constructed as
an f(me), or as an f(s), and therefore f is onto.

So, by the homomorphism theorem, we have that

M) & G Sym(By) x G 1Sym(By) x G 1Sym(By) x ...
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which is isomorphic to
N(M) = G1Sym(ap) x G1Sym(a;) x G Sym(as) x ...
and we are done. O

Therefore, by Grabmeier’s count, when p1 |G| we have

TSM(W) = Z,\en,,(n,r) #p(N(A)g)
where as usual #, denotes the number of p'-classes of G. Recall that
when p { |G|, and there exist precisely m non-isomorphic simple kG-
modules, then #,(G1Sym(r)) = |A},(n, r)cn|. Therefore #,(N(\)g) =
the number of m-tuples (¢1,...,1%,,) where for j € m we have that
Y; = (¥;(0),%;(1),...) are sequences of column p-regular partitions
such that 3 7" 4;(i) = a; for each i > 0. Therefore Grabmeier’s count
now tells us that

TSM(W) = Z,\en,,(n,r) #p(N(Ng)

=) A€l (n,r) RUMber of m-tuples (¢1, ..., ¥n) as above
so that in fact TSM (W) is the number of (m+1)-tuples (X, 91, ..., ¥m),
where A € J,(n,r) and ¥4, ...,¥n are as above. Call the set of such
(m + 1)-tuples 8. Now define a map
k:B—o Al(n,r) via (N, .., Um) — (ag,. .., ;)

where a; = Y7, p't);(4) for each j € m.
LEMMA 6.7. k is a bijection.

PROOF. Due to uniqueness of p-adic expansions, we know that k is
both well defined and injective. Now say (a1, qq,...,an) € AL(n,r).
Again, by uniqueness, for each j € m we can write a; = )., &;(9),
where the ¢;(é) are uniquely determined. Now r = Y7 |a;(3)| =
Y is0 P (=1 1€5()), so by putting b; = -7, [€(4)] for all i > 0 we
retrieve an (m+1)-tuple (X, &, ...,&xn) where N = (0;...;0; 1%ph )
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and for j € m each & = (£(0),&(1),...) is a sequence of column p-
regular partitions such that » 7, [€;(4)| = b;.
Therefore (X,&1,...,&n) € B8 with k(N,&,...,&n) = (01,...,am)
and k is surjective also.

O

We get the following theorem as a corollary.
THEOREM 6.8. When p does not divide |G| we have that

TSM(W) = |#o(GiSym(r))| and the p-Mackey system W for the group
G 1 Sym(r) is balanced.



CHAPTER 7

Mackey Systems and Partition Algebras

In this chapter we consider a new Mackey system and determine
when it is balanced. These methods will then help to us consider the

irreducible representations of the partition algebras.

An unlikely Mackey system

We let P be the following system of subgroups of Sym(n):
P = {Sym(j)*|j € {1,2,...,n},w € Sym(n)}.
Note that P can also be written as
P = {Sym(X)| X C {1,2,...,n}}.
At first glance this looks too simple to be a Mackey system. However,

we have the following.

LEMMA 7.1. Let p be a prime. Then P is a p-Mackey system for
Sym(n).

ProOOF. (M1) Sym(d) = {1} is in P.
(M2)(i) P is closed under conjugation by definition.
(M2)(ii) Recall that each member of P looks like Sym(X) for some
X c{1,2,...,n}. Nowsay X,Y C {1,2,...,n} then

Sym(X)NSym(Y) = Sym(X NY)
and since X NY C {1,2,...,r} we have that

Sym(X)NSym(Y) € P
101
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and P is closed under intersection.

(M3) Sym(n) € P and therefore this is trivially satisfied. a

Now for the vertices, which we recall are

Po={P € P|pdivides |P: B| for all B € P with B < P}.

LEMMA 7.2. We have
Po={{1}}U{Sym(X) | X C {1,2,...,n} and p divides |X|}.

PROOF. {1} is trivially a member of P,.

Now say X C {1,2,...,n} with |X| = px for some positive integer ,
and put P = Sym(X). Then every proper subgroup of P in P is a
subgroup of some H = Sym(Y'), where Y C X with |Y| = pz — 1, or
is H itself. Since |P : H| = pz we must have p divides |P : K| for all
K € P with K < P. Therefore each Sym(X) with X C {1,2,...,n}
and | X| = pz is a member of P,.

Conversely, if a member of P is not of the above form, then it must
look like G = Sym(X), where X C {1,2,...,n} with |X| = pz +y
where z is a non-negative integer and 1 < y < p— 1. Each G has
subgroup H = Sym(Y) where Y C X and |Y| = pz +y — 1. Now
|G : H| = pr + y, and since (p,y) = 1 we get that |G : H| and p are
also coprime. Therefore each of the above subgroups G has a proper

subgroup, like H, of p’ index and we are done. O

So for Py, the set of vertices up to conjugacy, we can take the set
{Sym(ip) |0 < ¢ < |n/p|}, bearing in mind that Sym(0) = {1}. Now
each of these is a Young subgroup and from [27, 4.6.3] we know the
normalizer in Sym(n) of each of its Young subgroups. From this we

get the following.

LEMMA 7.3. For 0 < i< |n/p] we have
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Nsym(n)(Sym(ip)) ~ .
= S(yin(ip) = Sym(n — ip).

Let A*(r) denote the set of all partitions of r, so that when r < n
we have that A*(n,r) = AT(r). Then for s > 0, let A*(s), denote the
set of partitions of s which correspond to p-regular conjugacy classes
of Sym(s) i.e. if A € A*(s), then (A;,p) = 1foralll < ¢ < s.
Call these class p-regular partitions. Of course when s < n we have
|A*(s)p| = |AT(n, $)cat], SO that applying Grabmeier’s count we have

that

TSM(P) = Zi;o #p(Sym(n — ip)) = Ei;O |A*(n — ip)y|.

The corollory at the end of the following discussion will enable us to
decide precisely when the Mackey system P is balanced.
Let A =|J;5o A" (5) X A*(n —ip)p, and define
fi:A— At (n) via f((u,v)) =puUv
where for p = (u1, 42, - - -, i) € AT(¢) and our prime p we have that
pu = (pp1, P, - - -, Pi), and for 7(1) € A*(a) and 7(2) € A*(n - a)
we have that 7(1) U 7(2) is the member of A*(n) given by arranging
the parts 7(1)1, 7(1)2, - - -, 7(1)a, 7(2)1, 7(2)2, - - -, T(2)n—a in descending

order.
LEMMA 7.4. fis a bijection.

PRrROOF. Say f((p,v)) = f((,v')) € A*(n). Then the parts of

these two partitions which are divisible by p must be the same, and
hence on dividing these parts by p we get that p = p'. The parts
left over must be the same in each partition, and all must be coprime
to p, which gives that both v and ' are p-regular and moreover that
y = /. Therefore f((g,v)) = f(¢',v")) = (u,v) = (¥,V) and fis

injective.
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Now say that A € A*(n). We can arrange all parts of A which
are coprime to p in descending order to give a class p-regular partition
Tp € A*(n—a),, say. The leftover parts will all be divisible by p, and so
on dividing these parts by p we get a partition 7 € A*(a/p). Putting
a = tp, which it must do for some i > 0, we have a pair of partitions
(7, 7) € A*(i) x A*(n —ip), with f((,7,)) = A, which tells us that f

is surjective. O
COROLLARY 7.5. |A*(n)| = > iso AT ())||AT(n —ip),| , Vn > 0.
We can now prove the following.

PROPOSITION 7.6. P is a balanced p-Mackey system for Sym(n) if
and only if p > n/2 i.e. TSM(P) = |A*(n)] < p > n/2.

PROOF. If i > |n/p] then |A*(n — ip),| = 0. This gives us that
TSM(S) = i [A*(n ~ ip)yl = S |A* (n — ip)y|
and from the above corollary we know that
A+ ()] = Lino AT @)IA* (n — ip)yl = E A+ (5)||A* (n — ip), .

Therefore, for |[A*(n)| and TSM(P) to be equal, we would require that
|A*(i)| = 1 for each 0 < 7 < |n/p], but since [A* ()] > 1 whenever
¢ > 1 we must have that 0 < ¢ < 1. Therefore we have equality if and

only if |[n/p| < 1i.e. if and only if p > n/2. O

Z7.1. P in action

We have now applied Grabmeier’s count to the p-Mackey system P
of Sym(n). We can now show that in certain cases the point stabilisers
of basis elements of a Sym(n)-action on a familiar space, called E2", are

nearly the same as our Mackey system P. Then for particular values
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of p, we can use our count of the last section to count the number of
trivial source modules of E®" as a Sym(n)-module, and hence calculate
the number of irreducible Endgymn)(EE")-modules to boot.

Let r,n > 0, and also let E, be an n-dimensional k-vector space
with basis {e1, €3, ..., e,}. Then r*" tensor power of E,, denoted E®",
has k-basis {e; = €;, ® €;, ® - - ® ¢ |i = (41,12,...,1,) € I(n,7)}. Of
course, we usually denote this module by E®", but now n is of increased
importance. As in chapter 1 this is a right Sym(r)-module, the action
being via place permutation, and the resulting endomorphism algebra
Endg sym(r) (E$") is the classical Schur algebra.

But we can also make Sym(n) act on the left of I(n,r). The action

of 7 € Sym(n) on an element i = (41,12, ...,i,) € I(n,r) is given by

mi = 7w(i, 2, ..., %) = (7(11), 7(i2), ..., 7(3)).

We can now transfer this action to E2" via me; = e;. Extending this
action linearly makes E®" into a left k Sym(n)-module, and if n > 2r,
then Endgsym(n)(E®") is isomorphic to the partition algebra Fr(n) as
in chapter 1, or [26, 5.5].

We now look at the point stabilizers of standard basis elements of
the Sym(n)-module E®". Say n > r + 2 then as every basis element
e, ®ep, @ - Qe of E®" has at most r of the vectors e;,es,...,€xs
in it , there must be at least two of these vectors which do not figure
in each basis element respectively. Therefore, the smallest possible
point stabilizer in these cases is Sym(2), or a conjugate of this, and so
the identity subgroup does not appear as a point stabilizer. Therefore
when n > r + 2 the point stabilizers of the Sym(n)-module E2" do not

form a Mackey system. We therefore restrict our attention to the case

n<r+1.
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For 1 < s < n,let P(s) = {Sym(X)| X C {1,2,...,n}, | X]| < s}.

so that P(n) = P itself. Then it is easy to see that for n < 7 + 1, the
set of point stabilizers of basis elements of the Sym(n)-module E®" is

precisely P(n — 1). We then have the following.

LEMMA 7.7. If p does not divide n then P(n — 1) is a p-Mackey
system for Sym(n).

PRrOOF. We know already that P(n—1) is closed under conjugation
and intersection, and that the identity subgroup {1} is a member of
P(n —1). Now since p does not divide n any S € Syl,(Sym(n)) must
be a subgroup of some subgroup of Sym(n) which is conjugate to
Sym(n — 1). Since all such subgroups are in P(n — 1) we can conclude

that S € P(n — 1) and P(n — 1) is a p-Mackey system. a

Now for the vertices.
LEMMA 7.8. If p does not divide n then P(n — 1)g = P(n)g

PROOF. If p does not divide n then | Sym(n) : Sym(n — 1)| is also
not divisible by p, and Sym(n) ¢ P(n)e. Therefore P(n)o C P(n — 1)
but also we trivially have P(n — 1)o C P(n)o. O

So using the above lemma and the count from the last section we

get the following.

COROLLARY 7.9. If ptn then TSM(P(n — 1)) = TSM(P(n)).

Now if M is a direct summand of E®", and if m is a basis vector
of M with stabgym(n)(m) = Sym(i) for some 1 < ¢ < 7 then our
discussion in chapter 4 we know that M = k Tgizg')) As all summands

of E®" must be indecomposable components of such an M, we get the

following.
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PROPOSITION 7.10. When char k = p does not divide n the Sym(n)-

module EX" has >iso |AT(n — ip),| isomorphism types of indecompos-

able summands.
Now we can apply Fitting’s Theorem.

COROLLARY 7.11. When char k = p does not divide n, the k-
algebra Endsymn)(E2") has > iso [AY(n — ip),| irreducibles. There
are |A*(n)| of these if and only if p > n/2.

Remark

As outlined in chapter 1, if n < r+1 and p = 0, or indeed if p>n,
then S(n — 1) is a p-Mackey system for Sym(n), as in this case the
Sylow p-subgroup is the identity subgroup, and we already know that
the other conditions are satisfied. In this case {1} is the only P(n—1)-
vertex, and all conjucacy classes are p-regular, so TSM(P(n — 1)) =
|A*(n)| and Endgsymn) (E2") has |A*(n)] irreducibles.

Also, in [20], Halverson looks at P = Endcgym(n)(E®"), the parti-

tion algebra over C, and shows using Bratteli diagrams that the set
Po(n) = {An| [X*| < r} where A* = (Mg, Mgy Mgy ... ) € A+ (1 = Ay)
indexes the irreducible CSym (n)-modules in E2" for all r and n. This
means that he has shown that P has |P/r(?)| irreducibles, by theorem
1.2 (Fitting’s Theorem). However all is not lost as when n < 7+ 1 we

— e

have that P,(n) = A*(n), and the two counts agree, as they should.

9. 2. Irreducible modules of Partition Algebras

As we have seen, when n > r+1 we have no Mackey system to play
with. This is fine however, as in this case we can use other methods
to count the number of irreducibles for Endysym(n)(E2"), and also to

give a formula for the dimension of these modules in terms of certain
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modules for the general linear group. When n > 2r this gives us the
number of and dimensions of the irreducible modules for the partition
algebra in characteristic p. As usual we will use Fitting’s Theorem, but
this time we make use of both results it gives us.

As in chapter 1, for A € A(n,r) it is standard (see [8], for example)
to define induced modules M*, or M()), to be M* =k Tgﬁg\)) Also,
for n,r > 1 let Hook(r) = {(n—j,19) € At(n)|1 < j < r}. We now see
how E®" decomposes into a direct sum of permutation modules M®,
for « € Hook(r). Now for positive integers u and v we let St(u,v)

denote the Stirling number i.e. the number of ways of partitioning a

set of size u into exactly v parts.
LEMMA 7.12. If n,r > 1 then n” = 377, St(r, j)n!/(n — j)!

PROOF. Let I(n,r); = {f € I(n,r) | f takes exactly j values}.
Then n" = |I(n,r)| = | ;= I(n,7);| = 22;_; [(n,7);]. Now the num-
ber of ways of partitioning r into exactly j parts is the Stirling number
St(r,7), and the number of ways of choosing j values from 1 to n for
these to take is (’;), and there are j! ways of fitting these into the j

parts. Therefore
[I(n,7);| = St(r,5)(}) 3! = St(r, j)n!/(n - 5)!
so that
n" =30 ()] = Xj= St(r, )n!/(n — j)!
and we are done. O

Now let a = (n — j,19) € Hook(r), and let f(a) € I(n,r) such
that f(a) takes exactly j different values. Then as every standard
basis element ¢; in the cyclic module k Sym(n)es(q) has point stabilizer

which is conjugate to Sym(n — j), it is easy to see that
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M = kSym(n)ef(a), as left k Sym(n)-modules.
Note that the choice of f(a) is not unique, nor does it lead to a unique
module. In fact, choosing different values of f(a) leads to St(r,j)

different but isomorphic modules, as you would expect from the above

identity involving n". Then using the same argument as in the lemma

above we have the following.

COROLLARY 7.13. For n,r > 1 we have that

B = @ (kSym(n)eye)®) = @), M(n - j,17)°9

To apply Fitting’s Theorem we just need to know how many iso-
morphism types of indecomposable summands there are in E®". So our
above decomposition tells us that we can throw away the multiplicities
and just count the number of isomorphism types of indecomposable
summands of the left k¥ Sym(n)-module @}:1 M(n — j,19). Now it is
well known (see for example [8], for the g-case) that the indecompos-
able summands of the permutation modules for the symmetric group
are the so called Young modules, which are again labelled by partitions
of n, and so we will denote them by Young(}), for A € A*(n). So we
need to work out how the modules M*, where a € Hook(r), decompose

into Young modules. Luckily, in [7], Donkin gives us a recipe for doing

just this.

LEMMA 7.14. Let o, A € A*t(n) and let L(\)® denote the o weight
space of the simple GLy,-module L()). Then
(M?| Young())) = dimL(A)°.
In particular let A\ = Y,_, p'A(3) be the unique p-adic ezpansion of A, so
that each A(i) is column p-regular. Then (M®|Young(})) # 0 if there
ezists an ezpansion o = Y _,_o p'a(i) where each a(i) is a composition,

and a(i) < A(Z) for alli > 0.
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We can now prove the following.

LEMMA 7.15. Let p be a prime which does not divide n. Let A €
At(n), and let X = Y o P'A(3) be the unique p-adic ezpansion of \.
Then there ezists an o = Y._ pla(i) € Hook(r) with each a(i) a

composition with (1) < A(3) for all i > 0 if and only if A = A(0) + pz

where £ > 0, A(0) is column p-reqular and \; > n — r.

PROOF. Say A = A(0) + pz where z > 0, A(0) is column p-regular
and A; > n —r, and also say that Ay # 0. Then if A = A(0) + pz put
A= (A(0)1, 1IPOIFAO1) 4 pz Then N € Hook(r) with N(i) < A(4)
for all ¢ > 0, and we are done. Now say A = 0 so that A = 2 + px
where 1 < 2 < p-1. Now X = (n—-1,1) = (2 = 1,1) + pz so
A= (n—1,1) € Hook(r) and N(i) < A(%) for all i > 0. Note this
works even when z = 1.

Conversely say A is not of this form. Then either:

(i) A(0) is not column p-regular;

(ii) Ay <nm—r;or

(iii) A(¢)2 # O for some ¢ > 1.

We consider each case in turn and show each cannot occur.

(i) If A = X ,_,p'A(i) is a p-adic expansion, we must have that all

A(Z),% 2 0 are column p-regular. Therefore in particular A\(0) must be

column p-regular.

(ii) If a(d) < A(4) for all 4 > 0 we must have that o < . Since the
“smallest” o € Hook(r) has a; = n — r we must have that \; > n —r.
(iii) All possible expansions of o € Hook(r) must have a(i); = 0 for
i > 1,5 > 2, therefore for i > 1 each a(i) must be a single part

partition. Since we require a(i) < A(z) for all ¢ > 0 we must have

that |a(s)| = |A(8)| for all + > 0. Therefore A(i) = a(i) for all i > 0
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1.e. A(i)2 = 0 as the only other choices with la(3)| = |A(z)| would give
A7) < afi). O

Write A*(n;r,p) for the subset of A*(n) consisting of partitions A
where A(0) + pz for some & > 0, A(0) a column p-regular partition and
A1 2 n —r. The above lemma tells us that
(M*| Young())) # 0 for some o € Hook(r) and ) € At(n)
if and only if A € A*(n;r,p),
and so E®" has |[A*(n;,p)| types of indecomposable summand. Again

we apply Fitting’s Theorem.

PROPOSITION 7.16. When p, the characteristic of k, does not di-
vide n, our algebra Endggymm)(E2") has |A*(n;r, p)| non-isomorphic
irreducible modules. In particular, when n > 2r the partition algebra

P.(n) has |A*(n;r,p)| non-isomorphic irreducible modules.

Dimensions

We have now shown that there exist irreducible modules U()) for
Endj sym(n) (E®") such that {U(X)|A € At(n;r,p)} is full set of such
objects. For each A € A*(n;r,p), Fitting’s Theorem tells us that the
multiplicity of Young()\) in the decomposition of E2" into Young mod-

ules is exactly dimU()\). We can now show the following.

PROPOSITION 7.17. Let L(\)® be the a-weight space of the irre-
ducible GL,-module L()\). Then for A € A*(n;r,p) we get
dimU()) = 3, enook(r) St(r: 7)dim L(A)*

where each a = (n — j, 1) for some 1< j <.

PRrOOF. Fitting tells us that dimU()\) = (E®"| Young())), but we
know that E$" = @, M(n — 5, 1) = B e M(2)*,
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so using the fact that (M®|Young())) = dimL()\)® we arrive at the

above formula. O

COROLLARY 7.18. When n > 2r, and p does not divide n, the

irreducible modules for the partition qlgebra, P,(n), have dimensions

as gwen by the formula above.

Remarks (a) If n < 7+ 1 then A\; > n — r is no restriction at
all. So the size of At(n;r,p) is given by adding up the number of
column p-regular partitions of n — ¢p, for each % > 0. So in this case
[A*(n; 7, p)| = 3 550 |AT(n — ip),| and this agrees with our count using
the Mackey system.

(b) Say p > n/2, and recall that m ={AFn|A\; 2 n—r}. Let
A€ m Then if A is column p-regular, ) is also in A*(n;r,p). If Ais
not column p-regular, in this case we must have that A = A(0) +p, with
A(0) being column p-regular. Therefore A € A*(n;r,p) and so when
p > n/2, we have that |AT(n;r,p)| = |m| Conversely if p < n/2
then the partition (n — p,p) € P/T(F) \ A*(n;r,p) and therefore when
p < n/2 we have that |At(n;r,p)| < |m|, as certainly we have that
A*t(n;r,p) C m This is the analogue of determining when the
“Mackey system” is “balanced” for this type of count.

(c) In [26, 5.5] Martin and Woodcock show that the irreducible
modules for P,(n) are labelled by the set | [[_, A*(n,1)co, so that there
are Y o |AT(n,1)ca| of them. Now say that n > 2r, so that certainly

At (n,8)cot = At (n,1 — 1)eq for all 0 < @ < 7. Then we define
filUizg At (n = 1,9)ca = AT (n; 7, p)
FO1 A2y dnct) = (0= 6, A, Agy -, Anct)-
Then f is a bijection, so that ) i_, [A*(n,)ca| = |A(n;7, p)|, and the

two counts agree, as they should.



CHAPTER 8

Conjectures

In this section we conjecture how some of our results may, or may
not, extend to complex reflection groups and Ariki-Koike algebras.
Firstly, we define these and make some comments about them and
related objects. Our notation for complex reflection groups is based on
[30, Section A7,

Let m,r > 1. Then the group G(m,1,r), sometimes called a gen-
eralized symmetric group, is given by generators sg, s1,...,s,-; and

relations

8;8; = 8;8; if|[i —j| > 1, and 1€ j=0 ond
19 7ot | J| ) J ““r’
$iSi+18i = Siy18:i8i41 for 1 i <r—2

80515051 = 815081950-

It is well known that G(m,1,r) is isomorphic to the wreath product
2.1 Sym(r), so that G(1,1,r) is Sym(r), and G(2,1,7) is our beloved
hyperoctahedral group. We also wish to know about some subgroups
of G(m, 1,7). Let t = 50515051, and then we define

G(m,m,r) = (t,81,52,.-.,8¢-1). Then G(m,m,r) is a normal sub-
group of G(m, 1,7) of index m, and is isomorphic to (-Z)"~! x Sym(r).
Also note that G(2,2,r) is D(r), the Weyl group of type D. Let a|m
so that m = ba for some b € m , and put u = s§, so that u has order
b. Then we define G(m,a,r) = (t,u, s1,82,...,Sr—1). Then G(m,a,r)

is isomorphic to ((Z)™! x Z) x Sym(r), and G(m, a,r) is a normal
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subgroup of G(m, 1,r) of index a. Of course G(m,1,7) and G(m,m, )
are special cases of G(m, a,r).

The groups G(m,a,r), where m,a,r > 1 with a|m, give all the
infinite families of complex reflection groups. There are also 34 sporadic
complex reflection groups, but we do not consider them here. See [33]
for the full classification.

We can quantize the groups G(m,1,r) to give us the Ariki-Koike
(or cyclotomic Hecke) algebras, which are given as follows. Let k be a
field and let ¢, @, @2, . . ., @, be members of k, with ¢ invertible. Then
the Ariki-Koike algebra $3(m,r) has generators T, Ts,,...,1s,_, and

relations
(Ts, —q)(Ts, + 1) =0for 1 <i < r—1,
(Tsy — Q1) (Tso — Q2) -+ (Tsp — Q7)) =0
T, T, =T, T if [i — j| > 1, und i J’%:&‘:’;
Ty Ts, Ts, = T, To Ty for 1 <i<r =2
T, Ty, To, oy = To,TsoTor Tio-
If w = 84(1)Sa(2) - - - Sa(s) iS @ reduced expression for w € (s1,...,8r-1)

then we write Ty, for Ty, Ts, ) * * Ts,y- Note that when m =1 and
Q. = g we have that $(1,r) = Hec(r), the Hecke algebra of type A,
and if m = 2,Q; = Q and Q2 = —1 we have that 95(2,7) = H(r),
the type B Hecke algebra. Also note that if  is an mt* root of 1 of
order m, then putting ¢ = 1 and @; = ¢t for 1 < ¢ < r gives us that
$H(m,r) = kG(m, 1,r), the group algebra of G(m,1,r).

As in chapter 1, we let A = (A(1); A(2);...; A(m)) be an m-tuple
of compositions of integers in {0,1,.. ., r } such that each A(7) has at
most n parts, and such that > ", |A(¥)| = r. Then we call A an m-

composition of r, and we denote the set of these by Ap,(n,r). If each
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A(7) is a partition then we call \ an m-partition and denote the set of
these by A} (n,r).

In [6], Dipper, James and Mathas assign to each A € A, (n,7) an
$H(m,r)-module M* as follows. Let ) € Ap(n,7) and put ay = 0 and
@i = a1 + |A(4)| for ¢ > 0. Then the sequence a = (ag, a1, - .,an,)
is called the cumulative norm sequence, or c.n.s, of A\. For 1 <it<r
we also let L; = ¢! T}, -- - T, Ty Ty, - - Ty,_,. Let 7, = >, T, where
the sum is over all u € Sym(A(1)) x - -+ x Sym(A(m)), and also define

m = [12, TS (L — Q)
and finally we put my = m\z). Then our module M is given by
M* =myH(m,r).
Then Du and Rui call the algebra,
Sg'(n,r) = Endﬁ(m,r)(@,\e/\m(n,r) M?)

the g-Schur™ algebra, as in [10], and Dipper, James and Mathas define
the cyclotomic g-Schur algebra similarly. Note that when we are back
in the group case, so that ¢ =1 and Q; = (*, we write S™(n, r) for the

Schur™-algebra Endig(m,1,r) (@xea,nnr) M ).

3. 1. A tensor space for G(m,1,7)

In the hope that we can see @D,ep  (nry M * as a genuine tensor
space, we now generalize the construction of the k£ Hyp(r)-module Y'®"
to the complex reflection group G(m, 1,7). Let k be a field of arbitrary
characteristic containing m distinct m** roots of unity. Let X,, be the
k-vector space with basis

{z3*]1<j<n,1<a<b<m}
where r < n. Let X8 be its 7" tensor power, so a typical basis element

in X2 looks like

a1,bh a2,b2 o . ar,br
Z;" @, @ - QI;;
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Then X" is (n}_", i)"-dimensional and we have the following.

LEMMA 8.1. G(m,1,7) acts on the right of X8, The action is as
follows:
For i > 0, s; swaps the i" and (i + 1)™ places in

a1,b ag,bs ar,by
Zj ® Zj, ® ®z Jr

and, fory € X8 1,

4
(=" ®y) ifa<b
a,b aa a—1l.a

(27" ®@Y)so = { (er( @)z — ex(@)zs™ + ...

. + (—1)“+1ea(a)x;’“) Ry ifa=5b

where for t € {1,...,a}, e;(a) denotes the t™h elementary symmetric
function in the variables {1 = ¢° ¢, ¢?,...,¢*'}, with ¢ a primitive

m™ root of unity in k, of order m.

PROOF. We need to show that the defining relations for G(m, 1,7)
hold when applied to our tensor space X2". We already know that any
of these relations not involving so hold, by [18, 2.6}, for example. Also
note that

T.508; = £.8;80 for i > 1, and z € X&"

as so only acts on the first coordinate of X", whilst the elements s;
only act on the other r — 1 coordinates, when ¢ > 1. Therefore we just
need to show that
(i)s§* and
(i) (s081)*
act trivially on our tensor space. Here we go.

(i) Since the action of sy only sees the first coordinate of X3, we

can just consider the case r = 1 here, and the general case will follow
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from that. This means that we need to show

x;’b.s()" = a:;’b forallj€n,and 1 <a<<b<m.

Let 1 < b < m. As the action of sy can’t affect the j’s, and thinking of

1,b _2b b,b
i T ..., T, as a row vector (or

b-tuple) then the action of sy on such elements can be represented by

a linear combination of elements z

the matrix
(0 0 0 0 (—1)*ley(d) )
1 00 0 (=1)bey_1(b)
4|0 to 0 (—1)"*ey_s(b)
00 1 0 (—1)bey_3(b)
\0 0 0 ... 1 e )

Showing that A™ = I, will prove this case. Now

“A 0 0 0 (—1)t+ley(b)
1 =X 0 ... 0 (=1)ep_1(b)
0 1 - 0 (—1)b+16b_2(b)
det(A — Ap) = 0 o0 1 0 (—1)ers(t)
0 0 O 1 er(db) — A
~X 0 0 (—1)%p_1(b)
_,l 0 (=1)*lep_z(b)
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1 =2 0
+6b(b) 0 1 =2 0
0 O 0 1
X 0 0 (=1)*le,_y(b)
| T e 0 )
0 0 1 e(b)— A
1 —=A 0
O ) D FPYO
0 0 0 1
- 0 0 (—1)b65_3(b)
T e 0
0 0 1 e -2
1 —x 0 0
+(—/\)2eb_2(b) 0 1 —)‘ O +(/\)eb_1(b)+eb(b),
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bearing in mind that the determinant of an upper triangular matrix
with each entry on the main diagonal being 1 is equal to 1. Continuing
in this manner gives
det(A — M) = 327 (—A)P~es(0),

where we take ey(b) = 1, which can be rewritten as

det(A = AL) = (~1)(A = )(A = O)(A = ?) -+ (A — ¢*-1).
Therefore A has eigenvalues 1,¢,¢?%,...,¢*!, and as ¢ is an m** root
of unity of order m, and b < m, these eigenvalues are all distinct. So
A'is a b x b matrix with b distinct eigenvalues, and therefore A can be
diagonalized i.e. we can find a non-singular matrix P such that
A= P7'DP, where D =diag(1,¢,¢?,...,¢").
Then A™ = (P~'DP)™ = p-1p™p
= P~ diag(1™, ¢™, (¢B)™, ..., (¢+)™) P
= P~! diag(1,1,1,...,1)P (since (™ = 1)
= P I,P = I,
so that A™ = I, so this relation holds.

(ii) We must now check that sgs159s; = 51508150. It suffices to check
this for the case r = 2, as sp and s; only see the first two coordinates
of the tensor space. In fact, we can also drop the suffices ¢ and j from
elements like z2* ® x;’d, as the action of G(m, 1,2) cannot alter them.

We must check this holds on all elements z* @ :v;’d € X2, There
are four cases to consider.

(1) a < b,c < d. We have
(2% ® z9%) 50515051 = (2210 @ 19315051 = (25¢ @ 22+1P) 505,
= (g4 @ go+1b)s) = go+Lb @ gotld,
and

(2% @ 29%)5,505150 = (z9% ® T¥)s05180 = (214 ® £P)s150
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= (2% @ z°+14) 5y = go+1b @ gotld
so the two expressions are equal.
(2) a=b, c < d. We have
(x5 ® mc’d)sosl S0S1
= ((ex(b)z™® — ex(B)2b=18 + - - + (=1)b*1ey(b)z!?) ® £9¢) 515051
= (9% ® (e1(b)z%® — ex(b)zP 1 4 - 4+ (=1)P*ey(b)z1?)) 5051
= (z*® ( 1(B)z% — ex(B)Z® 10 + - - - 4 (= 1)PHey(b)z))s)
= (@(B)2 — ex(B)a 15 + - + (~1)ey(b)a™) @ 2°¥14)
and
(2" ® 251505150 = (z%¢ ® %) 595150
= (214 @ z%) 5150 = (2 ® T4%)sy
= ((e1(0)2™ — e2(b)z’ 10 + -+ + (=1)**ey(b)2™) ® z°*H9),
so the two expressions are equal.
(3) a < b, c = d. We have
(2% @ 2%%) 50815051 = (2°1° @ %) 51508, = (x4 ® 2%+ 505,
= ((er(d)z% — ex(d)z 14 + - - + (=1)%1ey(d)z4) @ 22+ s,
— 2010 @ (e (d)z% — ea(d)z™ 4 + -+ + (1) ey(d)z1?)
and
(2%* @ £%%)5,808180 = (x4 ® 2%°) 505150
= ((e1(d)z%? — ex(d)x® 1% + - - + (—1)%*eg(d) %) @ 245150
= (2% ® (e1(d)z%* — ex(d)zd 14 + - - + (1) eq(d)z"))s0
= 201 @ (e (d)atd — ex(d) x4 + - - + (—1)Hey(d)a4),
so the two expressions are equal.
(4) a < b, c < d. We have
(2% ® £4?) 50515051
= ((ey (b)z? — - - - + (—=1)*+ey(b)z™?) ® z9%)s15081
= (2% @ (e (b)z®® — - - - + (=1)¥+ey(b)z"?)) 5051

= (er(b)zbt—- - -+ (—1)P+ey (b)) ® (€1 (d) 9 —- - -+(—1)**ea(d)z"%)
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and
(z% ® % d)slsoslso (%% ® ) 593150
((er(d)ztd — - - 4 (~1)H1ey(d)z1?) ® 20) 5,50
(2" ® (e1(d)azd — - - + (~1)**1e4(d)z ) s,
= (e2(B)zP — - -4 (=1)P*1ey (b)) @ ey (d)zhl— - - -+ (—1)E+ ey (d) )

so the two expressions are equal, and the proof is complete. O

Extending this action linearly makes X® into a right kG(m,1,r)-

module. We now come to our first conjecture.

CONJECTURE 8.2. As right kG(m, 1,7)-modules
Xr%r = @AeAm(n,r) M,\'
This would also tell us that
Sm(n, 7') = Ende(m,l,r)(Xﬁr).

This would extend all our results of chapter 3 to the generalized
symmetric groups G(m,1,7). However all attempts to quantize this
action to give us a genuine tensor space for the Ariki-Koike algebras

$H(m, r) were fruitless.

€.2. The Mackey system of Young subgroups for G(m,a,r)

As G(m, 1,r) is isomorphic to the wreath product % ! Sym(r), we

have from chapter 6 that the set of Young subgroups
Y={S(\)?¢| g€ G(m,1,7),A€A(n,r)}

of G(m, 1,r) is a Mackey system for G(m, 1,7), and moreover if p { m
then we know that ) is a balanced p-Mackey system for G(m, 1, 7).

Recall from chapter 1 that Grabmeier shows that if H is a subgroup
of a finite group G, and if M is a p-Mackey system for G, then

M lg={ANH|A e M}

is a p-Mackey system for H. So we have that
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y ‘LG(maa’r): {S()\)g ﬂ G(m7 a" T) | S(A)g 6 y}
is a p-Mackey system for G(m, a, ) when p { m. We make the following

claim.

CONJECTURE 8.3. Ifp{m then Y lg(ma,r) i a balanced p-Mackey

system for G(m,a,r).
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