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Fractional Brownian motion with Hurst index H = 0 and the
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Abstract

The goal of this paper is to establish a relation between characteristic polynomials of
N x N GUE random matrices H as N — oo, and Gaussian processes with logarithmic
correlations. We introduce a regularized version of fractional Brownian motion with zero
Hurst index, which is a Gaussian process with stationary increments and logarithmic
increment structure. Then we prove that this process appears as a limit of Dy(z) =
—log | det(H — zI)| on mesoscopic scales as N — oo. By employing a Fourier integral
representation, we use this to prove a continuous analogue of a result by Diaconis and
Shahshahani [15]. On the macroscopic scale, Dn(z) gives rise to yet another type of
Gaussian process with logarithmic correlations. We give an explicit construction of the
latter in terms of a Chebyshev-Fourier random series.

1 Introduction

Suppose that H is a random Hermitian matrix of size N x N taken from the Gaussian Unitary
Ensemble (GUE), with ensemble distribution given by the measure

N
Const.exp [-2NTr(H?)] Hd’Hjj H dReH jrdImHy. (1.1)
j=1 1<j<k<N

It is well known that in the limit of infinite matrix dimensions N — oo, the distribution of
the eigenvalues of H is supported on the interval [—1,1] and has density %\/1 — 22 there.
This is known as Wigner’s semicircle law, see e.g. [42] and [1] for precise statements. In this
paper we are concerned with the random process in x defined by the logarithm

Dy(z) = —log | det(H — z1)| (1.2)

of the characteristic polynomial of H in the limit N — oo, with z varying in (—1,1). The
quantity Dy (x) is a particular case of linear eigenvalue statistics Xy (f) = Zi;vﬂ f(zg), where
x1,...,xN are the eigenvalues of H. It is well known that for suitably regular test functions
f, Xn(f) is asymptotically normal as N — oo with variance o2(f) = % 01 keg(f)?, where

ck(f) are the Chebyshev-Fourier coefficients:

2 (1 fu)Ti(w)
cx(f) = - /_1 ﬁdu, Ti.(u) = cos(k arccos(u)). (1.3)

In fact, the asymptotic normality of X (f) for regular f has been established for a variety
of random matrix ensembles, see for example [31, 38, 42] and references therein.



Since z lies in the bulk of the eigenvalue distribution, our test function, f(u) = log|u — x|
is unbounded. Its Chebyshev-Fourier coefficients are proportional to 1/k, so that o2(f) = oo
and it is then natural to consider normalizing Dy (z) before taking the limit N — oco. Indeed,
for any fixed = € (—1,1) the variance of Dy(z) grows with N like §log N, and for any finite
number of distinct points @1, ..., zp, in (—1, 1) the random vector (Dy(z1), ..., Dn(2m))/ (3 log N)1/2
converges in distribution, after centering, to a collection of m independent standard Gaussians
as N — oo. This can be inferred from the asymptotic identity due to Krasovsky [35]:

E {e— T awwk)} _ ﬁ [o (%) (1 — 22)°k/8 Na%/4eakN(2wz—1—2log(2)>/2}
k=1

log N
e (KR =)

1<v<pu<m

(1.4)

where C(a) = 22¢°G(a + 1)2/G(2a + 1) and G(z) is the Barnes G-function. The most salient
feature of the asymptotics in (1.4) is the product of differences on the second line which, when

rewritten in the form o
exp [— Z % log |2(x, — xﬂ)q, (1.5)
1<v<pu<m

is suggestive of the existence of a logarithmic covariance structure in the Gaussian process
Dy(x). However, this term is of sub-leading order to the variance term. Clearly then,
the normalization of the process (1.2) comes at a price, because the non-trivial covariance
structure implied by (1.5) is too small to survive the limit N — oo.

This motivates the following question. How can we ‘regularize’ the process (1.2) so that it
has a well-defined limit that ‘feels’ the covariance structure implied by (1.5)7 Hughes, Keating
and O’Connell [30] answered this question in the context of the Circular Unitary Ensemble
(Haar unitary matrices). Employing convergence in functional spaces instead of point-wise
convergence, they proved that the logarithm Vx () = —2log|pn(0)| of the characteristic
polynomial py(6) = det (I -U e‘i(’) of Haar unitary matrices U converges as N — oo to the
stochastic process represented by the Fourier series

V(0) = i \/15 <vnem9 + %e*”w) . (1.6)

Here, the coefficients v,,7, are independent standard complex Gaussians, E{v,7,} = 1,
and the convergence of the series is understood in the sense of distributions in a suit-
able Sobolev space. This process has a logarithmic singularity in the covariance structure:
E{V(01)V(62)} = —2log|e?r — 2|,

At this point it is appropriate to mention that random processes and fields with logarith-
mic covariance structure appear with astonishing regularity in physics and also engineering
applications, see e.g. [12] and more recently [26]. Those objects are intimately related to
multifractal cascades emerging in turbulence, and from that angle attracted considerable
mathematical interest within the last decade, see, e.g., [3] and [4]. In fact, closely related
mathematical objects appear in the so-called ”"multiplicative chaos” construction going back
to Kahane’s work [32], also see [44] and references therein for recent research in that direc-
tion which was motivated, in particular, by Quantum Gravity applications. In two spatial



dimensions, the most famous example of the random field of that type is the two-dimensional
Gaussian Free Field [48]. A regularized version of this field appeared in a non-trivial way
in the work of Rider and Viradg [45], who showed that it describes the limiting law of the
log-modulus of characteristic polynomials in the Ginibre ensemble. The Gaussian Free Field
also appeared more recently as the limiting distribution of the eigenvalue counting function
in general $-Jacobi ensembles and their principal subminors [7]. As for the one-dimensional
processes with logarithmic correlations, they are known in natural sciences under the general
name of 1/f noises (see Section 2 in [26] for some general references) since, in the spectral
representation, the Fourier transform of the covariance or structure function, interpreted as
a "power” of the signal, is inversely proportional to the Fourier variable (i.e. the ”frequency”
f). The random process V' (0) is, arguably, the simplest time-periodic stationary version of
1/f noise. It was found to play an important role in the construction of conformally invariant
planar random curves [2] and statistical mechanics of disordered systems [24]. We note in
passing that from a different angle, discrete sequences with 1/f properties were considered
heuristically in the physics literature, see e.g. [20] and [39].

The motivation for the work in [30] came from number theory, as for large N, py(6)
provides a good model for describing statistics of the values of the Riemann-zeta function
high up the critical line [33]. The established relation of py () to V(#) turned out to be
fruitful. It allowed one to put forward nontrivial conjectures about statistics of extreme and
high values of characteristic polynomials of Haar unitary matrices emerging as N — oo, and
eventually for the Riemann-zeta function [23, 25].

The main goal of this paper is to investigate further the relation between 1/f-noises
and the characteristic polynomials of random matrices in the limit N — oo. Significantly
extending the picture found in [30] we will show that the limiting process depends on the
spectral scale at which one allows the argument z of the characteristic polynomial det(H — 1)
to vary. To this end, let us remind the reader that, as is well known in random matrix theory,
see e.g., [42], there exist three natural scales in the spectra of large random matrices. One,
known as the global, or macroscopic scale is set for the GUE by the width of the support of
the semicircle law and, in the normalization chosen in the present paper, see (1.1), remains
of the order of unity as N — oco. Second, known as the local, or microscopic scale is set by
the typical separation between neighbouring eigenvalues and is, in the chosen normalization,
of order 1/N for large N. Finally, the third scale which is called mesoscopic can be defined
as intermediate between those two.

Deferring precise statements to the next section, now we will outline the two instances of
1/f noise that emerge in the limit N — oo for the GUE matrices. On the macroscopic scale,
by adapting the arguments of [30] to our setting, we prove that, as N — oo, the process
{Dn(x) : x € (—1,1)} converges, after centering, to the (aperiodic) 1/f noise given by the
random Chebyshev-Fourier series

Fa)=Y \/1% anTo(@),  we(=1,1), (1.7)
n=1

where a,, n = 1,2... is a sequence of independent standard real Gaussians. As with the
Fourier series in (1.6), the convergence in (1.7) has to be understood in the sense of distribu-
tions in a suitable Sobolev space. The covariance structure associated with the generalized
process (1.7) is given by an integral operator with kernel E{F(z)F(y)} = —% log(2|z — y|).



The problem of finding a suitable model to describe the statistical properties of the
characteristic polynomials of random matrices on the mesoscopic rather than macroscopic
scale turned out to be much more challenging and is the main focus of the present paper. Our
main finding is the emergence of fractional Brownian motion with Hurst index H = 0 in this
context. To describe the latter, we recall that the conventional fractional Brownian motion
(fBm) is a zero-mean Gaussian process By (t), By(0) = 0, with stationary increments and
the covariance structure given by

E{[Br(t1) — Bu(t2)*} = 0® [t1 — to*" (1.8)

where H € (0,1) and 02 > 0 are two parameters. Although first introduced by Kolmogorov
in 1940, fBm became very popular after the seminal work of Mandelbrot and van Ness
[40] and proved to be a very rich mathematical object of high utility, see e.g. articles by
M. Taqqu and by G. Molchan in the book [43] for an introduction and further references
and applications. The utility of fBm is related to its properties of being self-similar, i.e.
{Bu(at) : t € R} 4 a’{By(t) : t € R} for any a > 0, and having stationary increments.
These two properties characterize the corresponding Gaussian process uniquely, see, e.g.,
[43]. In the context of self-similarity parameter H is also known as the Hurst index H or the
scaling exponent.

For H = 1/2, the fBm By ,(t) is proportional to the usual Brownian motion (Wiener
process). We will denote the latter simply as B(t), with B(dt) being the corresponding white
noise measure, E {B(dt)} = 0 and E{B(dt)B(dt')} = 6(t —t')dtdt', where we have chosen the
normalization corresponding to the choice of o =1 in (1.8).

It is apparent from (1.8) that the naive limit H = 0 of By(t) is not well-defined. To
overcome this problem, the first author proposed some time ago to regularize the fBm in the
limit H — 0 as follows. Consider the stochastic Fourier integral

BW(t) = 2\1/5 /0 h Sf/;fH [(e—m —1) Be(ds) + (" — 1) Bc(ds)} . n>0, (L9

where B.(t) = Br(t)+iBj(t) and Br(t) and B;(t) are two independent copies of the Brownian
motion. For H € (0, 1) the integral in (1.9) is well defined for all > 0 and represents a zero-

mean Gaussian process with stationary increments and covariance E {[Bg) (t1) — Bg') (tg)}z} =
2¢§ZI7) (t1 — t2), where

oo ,—2ns
M) L e
g (t) = 2/(; W (]. — COS (tS)) ds

b 2 | ,2\H ty 2H
= 4HF(l 2H) [(47] +t%)" cos <2Harctan 277) (21) .

(1.10)

For fixed H € (0,1), lim, qﬁg) (t) = 1701 — 2H) cos(rH)t* | where I'(2) is the Euler
gamma-function. Hence BJ(L?) (t) is fBm. This also follows from the so-called harmonizable
representation of the fBm, which is precisely the integral on r.h.s. in (1.9) when n = 0, see
Proposition 9.2 in [43], or Eq. (7.16) in [46]. On the other hand, for any fixed n > 0, the

limit of H =0 in (1.9) is well defined, and

lim 6 (1) = 11 LAl (1.11)
o PH N T8\ ) ‘
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We consider the resulting limiting process,

mey_ L [T
BOW(T)_Z\/i/O

as the most natural extension of the standard fBm to the case of zero Hurst index H = 0.
This process can also be defined axiomatically.

e

-ns . . -
v {[e*m — 1] Bo(ds) + [ — 1] Bc(ds)} (1.12)

Definition. The regularized fBm with Hurst index H = 0 is a real-valued stochastic process
{B(()n) (1),7 € R} with the following properties

(i) Bén) (t) is a Gaussian process with mean 0 and B(()n)(()) =0,

(1) Var{B(()n) (t)} = 3log (% + 1) for some n >0,

(i) Bé") (t) has stationary increments.

(n)

The increment structure of B;" (t) depends logarithmically on the time separation:

B((B () ~ B (t2)]*) = 5 log [“—’52)

g +1] : (1.13)

and, hence the regularized fBm with H = 0 defines a bona fide version of the 1/f noise with

stationary increments'. Therefore, the stochastic process Bén) (1) is of interest in its own
right and deserves further study. We do not pursue this direction in the present paper except

for noting for future reference that the regularized fBm has continuous sample paths.

Note. After posting the initial version of this paper to the arXiv, we learnt of the work
[52], where a regularization of fBm essentially equivalent to our Bgz) (t) was introduced for
H > 0. Note that neither the limit H — 0 nor the connection with random matrices were

identified or investigated there.

2 Main results

2.1 Macroscopic regime

We start with the simpler case of the macroscopic scale where we extend the analogous
construction of [30] from unitary to Hermitian matrices. The relation between character-
istic polynomials of Haar unitary matrices and the random Fourier series in (1.6) can be
understood by expanding log |px(#)| into the Fourier series

. > 1 , )
Vn(0) = —2log | det(I — Ue )| = Z N (vn,Neme + vn,Ne_me) , (2.1)
n=1

where v, y = ﬁ Tr (U™"). Now, the coefficients v, n converge in distribution as N — oo to
independent standard complex Gaussians. This is a result due to Diaconis and Shahshahani

!Compare (1.12) with a stationary version of fBm with H = 0 proposed in Eq. (16) of [47]



[15] from which it can be inferred [30] that (1.6) represents the limit of Viy() in a suitable
functional space.

An analogue of the Diaconis-Shahshahani result for the N x N GUE matrices H was
obtained by Johansson [31]. He proved that for any fixed m the vector (== G T T, (H))n L
with T, (z) = cos(narccos(x)) being Chebyshev polynomials, converges, after centering, to
a collection of independent standard Gaussians in the limit N — oco. In view of the handy
identity

00
2
log 2’1‘ - y| E ﬁ Tn ), T,y € [_1? 1]5 x 7& Yy, (22)
n=1

the desired analogue of Fourier expansion is an expansion in terms of Chebyshev polynomials,

Dy (xz) = —log|det(H —xI\—ZanN x) + Nlog2 + Ry(z), a,%]\/—\/ZFZTI‘T,L(”;’-L)7

(2.3)
where the error term Ry (x) is due to the eigenvalues of H outside the support [—1, 1] of the
semicircle law. Since the probability of finding such an eigenvalue vanishes fast as N — oo it
can be shown that the error term does not contribute in the limit (see the proof of Proposition
5.2 for a more precise statement). One then concludes that the natural limit of Dy(x), after
centering, is given by the random Chebyshev-Fourier series (1.7).

We will make this picture mathematically rigorous by working in a suitable functional
space. First, let us assign a formal meaning to the series in (1.7) and the corresponding
stochastic process. Consider the space L? = L?((—1,1), u(dz)) with u(dz) = dz/v1 — 22.
The Chebyshev polynomials form an orthogonal basis in this space, with ¢,(f) (1.3) being
the coefficients of the corresponding Chebyshev-Fourier series. For a > 0, consider the space
V(@ of functions f in L? such that >.°° e (f)[2(1+n?)® < oo. This is a Hilbert space with
the inner product

o
(f,9)a = calFealg)(1 +n*)".
n=0
Its dual, V(=% is the Hilbert space of generalised functions F(z) = >.0° ¢, Tn(x) with
I1F|[2, =30 lenl?(1 + n?)™@ < co. Setting here co = 0 and ¢, = a,/v/n with ap, n > 1,
being independent standard Gaussians, one obtains F(z) of (1.7). In such case || F||%, is finite

with probability one. This defines F'(z) in (1.7) as a generalised random function (stochastic
process) which acts on a test function f € V(@) in the usual way,

Z = (f, F)o.
This process is Gaussian with zero mean. Its covariance, E{F[f]F[g]}, is given by
E{F[/IFlg]} = Z / / F(@)9(y)To (@) Tuly) p(da)p(dy) (2.4)

It can be shown, see e.g. Lemma 3.1 in [27], that the order of summation and integration in
(2.4) can be interchanged, and, in view of (2.2), one obtains the covariance operator in closed



form:

B(FUAFL == [ [ §losele —uDf@a) udoutdy). fg e V.

We are now in a position to formulate our result. Consider the centered process
Dy(z) = —log |det(H — xI)| + E{log |det(H — =I)|}, =z € (-1,1). (2.5)
Since log |z| is locally integrable, Dy € V(=% for every N.

Theorem 2.1. For every a > 1/2, Dy(z) = F(z) in V% as N — oo, where F(z) given
by (1.7).

Our proof of this theorem in Section 5 involves solving at least two technical problems that
did not arise in [30]. First, when proving convergence of the finite-dimensional distributions
of D ~(x), we are faced with a test function possessing square-root singularities at the edges
of the spectrum, arising from the Chebyshev-Fourier coefficients of the logarithm outside
[—1,1], see Lemma 5.1. Most bounds and concentration inequalities for linear statistics rely
on the test function having at least C'(R) regularity, see e.g. [42, 38, 1], while ours is only
C'2(R) (even the recent extension [50] of such bounds to test functions from the C1/2+¢(R)
class does not suffice here). Making use of fine asymptotics of orthogonal polynomials and
Airy functions, we prove that this linear statistic converges to zero, a problem that did not
appear in [30].

Secondly, when proving tightness of (Dy(z))3_, we need additional control over the
variance of Tr(T,,(H)) for both large N and large n. In [30], the analogous quantity, namely
Var{Tr(U~™)}, was known explicitly due to exact results for the unitary group obtained by
Diaconis and Shashahani [15]. In contrast, for the GUE case, Var{Tr(7,(#))} and related
quantities need to be estimated asymptotically as N — oo, uniformly in the degree n of the
Chebyshev polynomial.

2.2 Mesoscopic regime

Now we proceed to our next task of extending the relation between characteristic polynomials
of random matrices and 1/ f-noises to the mesoscopic scale. In this case, instead of working
directly with a generalised stochastic process, we find it more convenient to work with their
reqularized versions.

To formulate our results more precisely, fix a parameter > 0 and consider the following
sequence of stochastic processes {W](\?) (r):TeR}, N=1,2,...

W (r) = —log ‘ det [H - (xo — d;) I- ;Z[I] ‘ + log ‘ det [H — ol — ;ZI] ‘ . (26)

Note that W](\?) (7) also depends implicitly on three additional parameters: n > 0, zg € (—1,1)
and dy > 0; their importance is explained below, though for ease of notation we will not
emphasize the dependence on g when referring to W](\?) (7). We use the parameter dy > 0
to zoom into the appropriate spectral scale of H centered around a point xg inside the bulk
of the limiting spectrum of the GUE matrices H. On the macroscopic scale dy = 1, on



the microscopic scale dy = N whilst on the mesoscopic scale dy is in between these two
extremes, 1 < dy < N. The parameter 7 is an arbitrary but fixed positive real number,
introduced to regularize the logarithmic singularity at zero.

Our main result shows that in the mesoscopic limiting regime where

dn — oo and dy = o(N/log N) as N — oo (2.7)

the stochastic process W](\? ) (1) converges, after centering, to Bén) (7); the regularized fractional

Brownian motion with Hurst index H = 0. For finite-dimensional distributions this is the
content of the following Theorem. Let

W () = Wy ()~ E(W (7))

Theorem 2.2. Consider GUE random matrices H in (1.1). Assume that the reference point
xg s in the bulk of the limiting spectrum of H, xo € (—1,1), and the scaling factor dy satisfies
(2.7). Then for any fized n > 0 and any finite number of times (71,...,Tm) € R™ we have
the convergence in distribution

WP (), ..., WP () =% (B (1), ..., B (1)), as N — oo. (2.8)

We prove this theorem in Section 3 by adopting Krasovsky’s derivation of identity (1.4)
to the mesoscopic scale. The characteristic function of the random vector on the lLh.s. in
(2.8) is given by a Hankel determinant whose symbol possesses Fisher-Hartwig singularities.
The Riemann-Hilbert problem provides a powerful tool to obtain asymptotics of such Hankel
determinants [14, 37, 36, 35]. On the mesoscopic scale the Fisher-Hartwig singularities (these
are located at points xg + (7 + in)/dy) are all at distance of order 1/dy from the point
xg € (—1,1). Because of this, the system of contours defining the Riemann-Hilbert problem
(inside of which the symbol is analytic) close onto the real line as N — oo. In this regime, the
estimates become more delicate. In contrast, in the macroscopic regime the Fisher-Hartwig
singularities are real and spaced out and one does not need to consider the case of shrinking
contours.

Here it is appropriate to mention that linear eigenvalue statistics on the mesoscopic scale
are more challenging to study compared to the macroscopic scale. Known results are sparse
and mostly limited to regular test functions with compact support, see [9, 10, 49] and also
more recent works [18, 19, 16, 8, 11]. One reason is that the majority of concentration
inequalities involving derivatives, such as e.g. Lipschitz norm [1] or the Poincaré inequality [1,
42], that proved to be so useful on the macroscopic scale, get a factor of d in the mesoscopic
case and, hence, no longer apply without appropriate modification. In this context, the
Riemann-Hilbert problem proves to be a powerful tool for estimating the error terms down
to very small scales (2.7).

One can extend Theorem 2.2 to an infinite-dimensional setting with a little bit more work.
Let L2[a,b] denote the Hilbert space of square integrable functions on [a, b] with the inner
product

b
(f. )2 = / f(r)g(r) dr. (2.9)

Since the sample paths of W](\?) are continuous, ||WJ(\;] ||z < 00. Therefore, both WJ(\?) and its

N — oo limit B(()n) can be viewed as random elements in the space L%[a,b]. We have,



Theorem 2.3. Let —0o < a < b < co. Then on mesoscopic scales (2.7), the process VNV](\?)

converges weakly (in the sense of probability law) to B(()n) in L*[a,b] as N — oo. Furthermore,
for every h € L?[a,b], we have the convergence in distribution

/b h(T)W](\?) (r)dr N /b h(T)B(()n)(T) dr, N — co. (2.10)

This result follows from Theorem 3 in [28], which allows one to deduce weak convergence
for general processes in L%[a, b] under the hypothesis that

i) The finite-dimensional distributions of W converge to those of B M) as N = oo.
N 0

(ii) For some C > 0, the bound E{‘W](\?)(T)F} < C holds for all N and 7 € [a, ] and

lim B(WY (1)) = E{|By” ()). (2.11)

Note that item (i) is a restatement of Theorem 2.2, while item (ii) will be shown to follow
from our proof of Theorem 2.2.

Having established the relation between characteristic polynomials of GUE matrices and
1/ f noise on the mesoscopic scale, let us revisit the series expansions of the macroscopic scale
discussed at length in Sec. 2.1. Instead of expanding the process W](\?) (1) in a Chebyshev-
Fourier series and applying the Diaconis-Shahshahani result, in the mesoscopic regime it
comes in handy to expand W](\?) (1) as a Fourier integral.

To this end, we now provide a suitable Fourier-integral representation for W](\?) (7). Such
a representation can be derived by making use of the identity (see, e.g., Eq. 7.89 in [14])

110 ﬁ +1) = /OO c” [1 — cos(ts)] ds >0 (2.12)
5108 ( = s , € . .
It follows from (2.12) that
1 e —iTS iTS
W) = 5 /O e (7™~ 1bw(s) + €7~ 1]bn(5) } ds (2.13)
where )
by(s) = —= Tre ian(i=wol) (2.14)

NG
The identity (2.13) can be thought of as the Fourier integral version of the Fourier series (2.1).
Furthermore, comparison of the harmonizable representation (1.12) for B(()n) (t) (which can be
thought as a natural integral analogue of the series expansions in (1.6)) and (2.13)), suggests
that the Fourier coefficients by (s) converge in the mesoscopic regime to Gaussian white noise.
Such a statement may be interpreted as a continuous analogue of the Diaconis-Shahshahani
result [15] and is the content of our next theorem.
Let C3°(R4) be the space of infinitely many times differentiable functions with compact
support on Ry = {x € R: z > 0}. Denote

ex(© = [ )b (s) ds. (2.15)



Theorem 2.4. Consider the mesoscopic regime where dy = N with any o € (0,1). Then
for every £ € Cg°(Ry)

. 1 [
lim Efe "Reen(©} = exp (- / |g(s)|2ds> . (2.16)
N—oo 4 0

Furthermore, for any finite number of & € C§°(Ry.), the vector (cn(&1),-..,en(&m)) con-
verges in distribution, as N — oo, to the centered complex Gaussian vector Z € R™ having
relation matriz B(ZZT) = 0 and covariance matriz T = E(ZZ) given by

Lk = /OOO & (s)&k(s)ds, Jk=1,...,m. (2.17)

Proof. See Section 4. O

Remark 2.5. As is often the case in random matrix theory, linear eigenvalue statistics such
as (2.15) have variance of the order of unity due to strong correlations between the eigenvalues
and converge to a Gaussian random variable after centering. One would typically expect that
E{cn(&)} = O(N/dy) as N — . Instead, we find, see Section 4, that the smoothness of &
and the rapid oscillations in (2.14) imply E{cn(€)} = O(dy') as N — oo and, thus, centering
is not really needed.

The rest of the paper is organized as follows. Section 3 is devoted to the proof of Theorem
2.2. To do this, we begin by adapting the differential identity used in [35] and then outline
the relevant asymptotic analysis of the Riemann-Hilbert problem, leaving estimation of all
error terms to Appendix A. Section 4 is devoted to proving the convergence of the Fourier
coefficients by (s) to the white noise. In the final section we focus on the macroscopic scale
and prove Theorem 2.1.

3 Mesoscopic regime

In this section we prove Theorem 2.2. Let us fix m — 1 distinct times 7q,...,7Tm_1, m > 2,
and consider the characteristic function

m—1
on(ag,...,am—1) =E {exp <Z akW](\;])(Tk)> }
k=1

of the random vector (W](y) (1), . .,W](\?) (Tm—1)). Our strategy will be to prove that ¢y
converges to the characteristic function of the multivariate Gaussian distribution in the limit
N — oo. Theorem 2.2 will then follow by inspection of the quadratic form in the exponential.

To begin with, we will write the characteristic function ¢y as the partition function of a
matrix model with Gaussian weight, modified by the singularities

1k = V2N <x0 n de+ ”7> . >0, (3.1)
N

10



where kK = 1,...,m and 7,, = 0. A standard calculation (changing variables of integration
from H to the eigenvalues and eigenvectors of H and integrating out the eigenvectors, see
g. [42]) yields

1 N
on(ar, ... 1) = C/RN H w(zx;) H (z; —x;)*dry ... den (3.2)
j=1

1<i<j<N

where the weight function is given by

m
w(zr) = e H |z — g%, Im(pg) # 0, E=1,...,m (3.3)
k=1
and ay, = —a1 — ... — ayy—1. Note the discrepancy with the measure (1.1); for convenience

we have changed variables z; — x;/ V2N, the resulting multiplicative constants cancelling
each other out.

Our calculation will be guided by that of Krasovsky [35] who treated a similar partition
function, but only for the macroscopic regime dy = 1 and n = 0. In that case the weight
function acquires Fisher-Hartwig singularities inside the spectral interval (—1,1). In contrast,
our weight (3.3) posesses singularities in the complex plane that merge towards the point xg
on the spectral axis at rate dy as N — oo. Since this merging process occurs sufficiently
slowly (i.e. dy = o(IN)), these singularities will not play a crucial role in the calculation.

A special feature of the weight function (3.3) is the cyclic condition

Zak =0. (3.4)
k=1

This holds because the second term in (2.6) is independent of 7. Our first step is to express
the partition function (3.2) in a form suitable for the computation of asymptotics.

3.1 Orthogonal polynomials and differential identity

The multiple integral in (3.2) is intimately connected to the theory of orthogonal polynomials.
Let
Pa(x) = xn (@™ + Bpz™ 44z 2 +..), n=0,1,2,...,

be orthogonal polynomials with respect to weight function w(z): [*° pm(@)pn(z)w(z) dz =
Omn. When the a;’s are real and each a; > —1/2 we have w(x) > 0 and the existence of
the polynomials p,(x) is well known [14]. Then, as in [35], the coefficients x,, 8, and 7, and
the polynomials p,(z) are defined for any {a;}72; € C™ via analytic continuation, provided
each Re(a;) > —1/2.

Now, the partition function (3.2) can be written in terms of the coefficients {Xj}é-v:l (see
e.g. [41])

A V=t
on(a1, ... amo1) = Yol H XJ._Q. (3.5)
§=0
Thus, in principle, our problem is reduced to computing the asymptotics of the orthogonal

polynomials and related quantities with respect to the weight w(x). The crucial point ob-
served in [35] is that by taking the logarithmic derivative on both sides of (3.5) with respect

11



to any of the o;’s, the right-hand side can be written as a sum involving only O(m) terms,
rather than N. To state the resulting differential identity we also need the following 2 x 2
matrix involving the orthogonal polynomials and their Cauchy transforms:

oo
—1 1 pn (z) w(z)dx
XN PN (2) XN /_OO r—z 2m
Y(z) = N : (3.6)
. pN—1(7)
—2mixN-1pN-1(2) —XN-1 ———w(x)dx
oo T —Z
Lemma 3.1. For each k = 1,...,m, let ux in (3.3) be any complex parameters satisfying
Im(ug) # 0 and define Quig = g, mrk = k- Denoting by " differentiation with respect to

o, the following formula holds for any j =1,...,m.

2 !/
(log ox)’ = —N(log xaxy_1)' — 2 (X;(VNl) (1og Xj(VNl) 2y — BuBl)
(3.7)

2m

5D (Vi () Yaale) — Yor () Yialae) + (08 xoror-1) Yin ue) Yaale))

k=1

Proof. The proof follows from simple modifications of the arguments given in Sec. 3 of [35].
In fact, further simplifications occur due to the cyclic condition > ;" ; ay = 0 and the fact
that the singularities pj have non-zero imaginary part (k=1,...,m). O

Note that xn and the coefficients Sy and «n can be computed from the relations:

Vir(2) = 2N 4+ Bn VT g N TR

: (3.8)
Xy_1 = lim zYQl(i)
z—00 2z N1

Therefore, our plan will be to compute the asymptotics of Y (z) and then, by making use of
identities (3.8), evaluate the right-hand side of (3.7) to the desired accuracy in the limit as
N — oo. We will find that the error terms in the asymptotics are uniform in the variables
{ax}7=' belonging to a compact subset of

Q={(a1,...,am-1) | Re(ag) > —1/2, k=1,...,m—1}. (3.9)

This uniformity property then allows us to integrate the identity (3.7) recursively with respect
to {ax};";" and obtain asymptotics for the characteristic function (3.2). The asymptotics of
Y (z) in the limit N — oo can be obtained by using an appropriate Riemann-Hilbert problem.
Although this technique is nowadays standard, for the reader’s convenience we will briefly
summarise the necessary ingredients of the corresponding calculation.

3.2 The Riemann-Hilbert problem for Y (z)

The relationship between orthogonal polynomials and Riemann-Hilbert problems was estab-
lished for general weights in [21] where it was shown that Y'(z) solves the following problem:

12



1. Y (z) is analytic in C\ R.
2. On the real line there is a jump discontinuity

Yi(z) = Y_(2) (3 “’(15“)) . z€R, (3.10)

where Y, () and Y_(z) denote the limiting values of Y (z) as z approaches the point
x € R from above (+) or below (—).

3. Near z = oo, we have the following asymptotic behaviour

Y(z) = <I +0 (i)) ZNos, (3.11)

Here o3 is the third Pauli matrix and serves as a convenient notational tool. By definition of
the matrix exponential, the notation in (3.11) has the meaning

N
ZNos _ <Zo ZON>. (3.12)

One can verify directly that Y'(z) of (3.6) does indeed solve this Riemann-Hilbert problem,
while the uniqueness of this solution can be deduced from the observation that det Y'(z) = 1,
in conjunction with the Liouville theorem. Further details regarding existence and uniqueness
of the problem can be found in [14].

In order to obtain asymptotics as N — oo, we will perform a sequence of transformations
to our initial Riemann-Hilbert problem known as the Deift-Zhou steepest descent (see e.g.
[14] and [13]). The purpose of these transformations is to identify a ‘limiting’ problem that
can be solved with elementary functions, giving the leading order asymptotics to Y (z). For
the reader’s convenience, we briefly describe the key points underlying these transformations:

1. The first transformation ¥ — T normalizes the unsatisfactory asymptotic behaviour in
the third condition, equation (3.11). This comes with the cost that the entries of the
jump matrix for 7'(z) on the interval (—1, 1) are now oscillating in N and do not have
a limit as N — oc.

2. The second transformation 7" — S aims to remove these oscillations by splitting the
contour (—1,1) into lens shaped contours where now the jump matrices are exponen-
tially close to the identity. For our particular mesoscopic problem, we need the lenses
to pass below the singularities for each k = 1,...,m, so that their distance from (—1,1)
is of order O(dy') (see Figure 1).

3. Now it turns out that the jump matrices for S tend to the identity as N — oo, except
on the contour (—1,1). But the jump across (—1,1) is of a special form that can be
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solved exactly in terms of elementary functions. This solution, denoted P, (z), gives
the leading order contribution to the asymptotics in the required regions of the complex
plane.

In Sec. 3.5 we will show that the asymptotics obtained in this way lead directly to
Theorem 2.2. However, to complete the proof, one has to show that the conclusion of (3),
namely that S(z) ~ Ps(z) as N — oo, is really correct. This may be regarded as the
most technical part of the Deift-Zhou method. The main problem is that although the jump
matrix for S(z) converges to that of Py (2), this convergence is not uniform near the edges
z = £1. To remedy this, local solutions known as parametrices have to be constructed near
these points, and then matched to leading order with the so-called outer parametrix Puo(z).
These final technical issues will be addressed in Appendix A.

3.3 T and S transformations of the Riemann-Hilbert problem

The T transformation is performed in the usual way. First we define the g-function:

g(z) = /_1 log(z — s)p(s) ds, z€C\ (—o0,1], (3.13)

where throughout we take the principal branch of the logarithm. Here and below p(s) =
(2/7)V1 — s? denotes the limiting density of eigenvalues. The Y — T transformation is then
given by the formula

Y (2V2N) = (2N)N7seNeos/2 () No() 71/ 2o (3.14)

where [ = —1 — 2log(2). Notice that we have rescaled the Riemann-Hilbert problem so that
the singularities of the corresponding weight function are of order O(1) as N — oo, so that
from now on we deal with singularities of the form

= Pk TR (3.15)

V2N dn

The resulting jump matrix for 7'(z) can now be computed from the standard properties
of the g-function:

g+(@) +g-(x) —22° —1=0, we(-11),
gr(x) +g_(x) —22°> —1<0, z e R\ [-1,1],

2 z< -1 (3.16)
1
01 (2) — g_(z) = { 2mi / p(s)ds =€ [~1,1]
0 x> 1.

In addition, since g(z) ~ log(z) as z — oo, we have eN9(2)73 ~ 2N?3  Thus one easily verifies
that T'(z) is normalized at z = co. We now have the following Riemann-Hilbert problem for
T(z):
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1. T(z) is analytic in C\ R.

2. We have the jump condition

m

e~ Ng+(@)—g-(x) x — zp|**
Ti(x) =T_(x) H | . , e (-1,1), (3.17)

0 Mg (@)—g- (@)

1 ][l — aploreN o @a-@-202-0
k=1 , xeR\[-1,1]. (3.18)

0 1

3. T(2) =T+ 0(z1) as z — .

We see that although the problem for 7'(z) is normalized at oo, the jump matrix (3.17) on
(—1,1) has oscillatory diagonal entries that not have a limit as N — oco. The Deift-Zhou
steepest descent procedure remedies this situation by splitting the contour (—1, 1) into ‘lenses’
in the complex plane (see Figure 1), transforming the unwanted oscillations into exponentially
decaying matrix elements.

This procedure is facilitated by the factorization of the jump matrix on (—1,1):

(30 (oo ) (e 8 Ll )

where
— H |z — 25|k (3.19)
k=1
ha) = g (2) —g-(a) = =2 [ plu)dy (3.20)

The latter objects (3.19) and (3.20) possess analytic continuations into the lens shaped
regions depicted in Figure 1. For the weight w(x) we have

T [ 20— m/dn)? + (n/dw)*]
1:” Gz~ 20)2 + (n/dy)? ] ’ (3.21)

where throughout we take the principal branch of the roots. This function is analytic for all
z such that the inequality

(Re(z) — Re(z))? > (Im(z1,))? — (Im(2))? (3.22)

is satisfied for every k = 1,...,m. One easily verifies that for g € (=1 4 0,1 — ¢), the
inequality (3.22) holds for any z chosen from the interior region bounded by the lips ¥4 and
the discs z € 9B11(9) of sufficiently small radius (see Figure 1). Finally let h(z) denote the
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Figure 1: The contour ¥ for the S Riemann-Hilbert problem with m = 3. The crosses
depict the 3 singularities and their complex conjugates, of distance O(d]_vl) from the point
xg € (—1,1). The lenses ¥4 pass between the real line and the singularities into the points
+1.

analytic continuation of (3.20) to C\ ((—oo,—1] U [1,00)). We are now ready to define the
T — S transformation. Let

T(z), for z outside the lenses,
1 0
T(z , for z in the upper part of the lenses,
S(z) = (=) (—w(z)_le_Nh(z) 1) pPPerp (3.23)
1 0
T(z , for z in the lower part of the lenses.
\ ( ) (w(z)—leNh(z) 1) p

Now we get the following Riemann-Hilbert problem for S(z):

1. S(z) is analytic in C\ ¥ where X =YX, URUX_.

2. S(z) has the following jumps on ¥

1 0
Si(x) =8_(x) <w(a:)1e$Nh(z) 1) , x € Xy,

0 w(x)

Si@) =52 (o “§Y). wen)

1 w(z)elNo+@rg-(2)-20% 1)

Sy (z) = S_(2) (O : > zeR\ [-1,1].
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At this point in the asymptotic analysis, it becomes clear that the mesoscopic regime
under consideration becomes important. In order to obtain asymptotics, it is essential that
the jump matrix for S(z) approaches the identity as N — oo for z € ¥4. In the Appendix

(see Prop. A.4) we will see that |eTN(2)| = O(efcl%) as N — oo uniformly on ¥4 \ (B1(d)U
B_1(9)). Notice that such a bound fails when one approaches the critical situation dy = N
corresponding to the local or microscopic regime. It is precisely at this scale that one would
not expect the appearance of a Gaussian process in the limit N — oo.

Therefore, in the mesoscopic regime it is reasonable to expect that in the limit N — oo
we may neglect the jumps on ¥4 U (R\ [—1,1]) and approximate S(z) by a Riemann-Hilbert
problem with jumps only on the interval (—1,1). This approximation will be valid only in
the region Uy, = C\ (B1(d) U B_1(0)) and will give rise to an error that is quantified in
Appendix A.

3.4 Limiting Riemann-Hilbert problem: Parametrix in U,

Before we perform the final transformation S — R of the Riemann-Hilbert problem, we must
construct parametrices in the appropriate regions of the complex plane. We saw in the last
section how the jump matrices for S(z) converge to the identity as N — oo, except on [—1, 1].
Therefore, outside the lenses and the discs, we expect the solution to the following problem
to give a good approximation to S(z) for large N.

1. Py (%) is analytic in C\ [—1,1].

2. We have the jump condition
Py () = Py —(2) < -1 ) , z e (—1,1). (3.24)
3. Po(2) =T+ 0(z71) as z — .

This problem has the advantage that it has a completely explicit solution. The solution,
as obtained in [36], is given by

1 a+at  —ila—at) _ (z -1t/
_ - o3 o3 —
Pe@) =50 (a0 TS e e = g 6)
where D(z) is the Szegd function
Vet 1vz—1 (11
D(z) = exp < P VE cgw(z) dv ) (3.26)
2m 1V1l—22z—7
and . (@)
. 1 log w(x
DOO = z]i)ngo D(Z) = exp <27T . ﬁ df]f) . (327)

Recalling the definition of the weight w(z) in (3.19), the integrals in (3.26) can be calculated
explicitly by extending the procedure outlined in [35] to the case of complex singularities.

As we shall see in the next subsection, the Szegd function D(z) will turn out to be the
key ingredient in deriving the logarithmic covariance structure in (1.13).
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3.5 Asymptotics of the polynomials and proof of Theorem 2.2

We are now ready to present the leading order asymptotics N — oo of the Y-matrix in
(3.6), leaving the technical matters of estimation of errors and the final transformation of the
Riemann-Hilbert problem to Appendix A. Our aim in this subsection is to prove Theorem
2.2 using these asymptotics.

Tracing back the transformations S — T — Y, we find that

Y (2V2N) = (2N)Nos/2Nlos/2 g () N(9(2)=1/2)os (3.28)

According to (3.7), we need the asymptotics for Y'(z) in two different regions of the complex
plane, near z = oo in the first line of (3.7) and at z = zj in the second line. In the following
Proposition, let A denote the bounded subset of C enclosed by the lenses X1 and the discs
9B+1(9).

Proposition 3.2. Consider the Riemann-Hilbert problems S(z) and Ps(z) from Sections
3.8 and 3.4 respectively. Then the following asymptotics hold as N — oo

S(z) = (1 + RE\([Z) 40 <NZN> L0 <log(dN) e7v>> Po(2), (3.29)

uniformly for all z € C \ A. The function ]:Zl(z) has an asymptotic expansion of the form
Ri(2) = (A/2+ B/22+ O(27?)) as z — oo where ¢ is a positive constant depending only on

0 and n and
[0 if24 _(-1/48 0
A= <i/24 0 ) ’ B= ( 0 1/48) ' (3.30)

Proof. See Appendix A. O

Remark 3.3. The error terms in (3.29) are uniform in the parameters {ay}}" ;' belonging
to Q (cf. (3.9)), {Tk}}?:_ll belonging to a compact subset of R and xy belonging to a compact
subset of (—1 4 §,1 — ¢). Furthermore, every such error term is an analytic function in the
variables {ak}zn:_ll whose derivatives with respect to a; have the same order in NV and have
the same uniformity property described above. Hence, in the remainder of this Section it will
be implicit that the error terms involved are of this form.

Now inserting the above asymptotics (3.29) into the differential identity (3.7), we obtain

Proposition 3.4. Let o denote the characteristic function of the stochastic process W](\;n (1)
defined in (3.2). Then in the limit N — oo, we have

m—1
pn(a, ... Q1) = exp (N a(Re(g(zr)) — Re(g(zm)))
k=1
m—1 .
i 3::1 T (08 () + 6 7) — 6 (7~ 7)) (3:31)

+O(dy) + 0 (N log(dy) exp <—cléjv>>> ,

where g(z) is defined in (3.13) and d)é")(r) in (1.11). The asympotics in (3.31) hold uniformly
in the same sense described in Remark 5.3.
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Remark 3.5. Notice that the asymptotics in (3.31) consist of both global error terms, which
become large when dy ~ 1 and local error terms, which become large when dy ~ N.
Throughout the following proof, we will write ey for the local error term of order

N
en = log(dy) exp <—01 dN) . (3.32)

Proof. We remind the reader that the prime ' always denotes differentiation with respect to
a;j. We begin by considering the second line of (3.7). Taking into account ay, = —(a1+...+
am—1), we insert (3.29) into (3.28) and make use of the explicit formula (3.25) for Py (2).
Straightforward calculation then gives

Y11 (V2N 2;) Yoo (V2N 2) — Yai (V2N 2;) Vi (V2N )

= (Poo(21))11(Poo(2k))22 — (Poo(2k) )21 (Poo(2k) )12 + O(N ™) 4+ O(en). (3.33)
= C(zm, 2z1) — C(25, 2) + O(dy') + O(en) (3.34)

where we introduced

— 1 _
C(M’z):\/z—i-l\/z 1 log |z — pu| dx (3.35)

o 1 V1—22 z—2x’

and (3.34) was obtained from (3.33) using the estimate Do, = 1+ O(dy'). Since C(z;, %) =
C(zj,z1), we find from (3.34) that

2m
% Z ay, (Yll(\/ﬁzk)’Ygg(mzk) - Ygﬂ@@)'iﬁg(\/ﬁzk)) (3.36)
k=1

= Z ar (Re(C(zm, 21)) — Re(C(2, 2k))) + O(dyt) + O(en) (3.37)
k=1
m—1

= > (67 (7 + 00" (7)) = & (i — 7)) + O(dR}) + Olen) (3.38)
k=1

To obtain (3.38) from (3.37), we used the formula (B.6) to compute the asymptotics of
Re(C(zj, z)) and used that o, = —(0q + ... + Qm—1).

Now let us compute the asymptotics of the coefficients By, yn and yny_1 defined in
(3.8) and appearing in the first line of (3.7). As usual, these quantities are all obtained by
expanding all z-dependent quantities appearing in (3.28) in powers of 1/z. Firstly, the Szegd
function (3.26) satisfies D(2) = Doo(1 + D1/2 + (D?/2 + D3) /2% + O(273)) as z — oo, where

1 & 1
Dy =—= ai Re ,
L 2; K <2k+\/zk+1\/zk1> ( )
— 3.39

1 — 1
Dy =—= ar Re ,
2 8; K ((zk+\/zk+1\/zk—1)2)
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and secondly, use of the definitions (3.25) and (3.13) shows that for z — oo

1 1

R -3
5y + e +0(277) (3.40)

9(z) =log() ~ 5 + O, alz) =1~

Then expanding (3.29) at z = 0o, we can compare with (3.8) and obtain

Bn = V2N (—D1 - % +0 (]V;N> + O(eN)>

Bi1 — ADy —iA1p)2 1
v =2N (1/8 — N/8 + D?/2 — Dy + L 2121 2/2 + O(en)
N Ndn

SR (1 SR By (R WEPYYI WY (HL N BHPY
v =T\ oz T v \12p2 2L Ndy N

A similar computation shows that the asymptotics of X?\/ are given by

oN 1 1 1 1
2 _ B < . ; _ Al
XN NG <D<2>O tw <12D<2>O + 22A12) + O <NdN> + O(eN)> (3.41)

where Do denotes the quantity (3.27) with rescaled singularities z, = \/2N/(2N + 2)z.
This rescaling is necessary when estimating X?\/’ because without it one obtains asymptotics
with respect to the weight w(z) = [[; |z — V2N + 22;|*. Cumbersome though routine
manipulations with the above asymptotics yield

—N(log xnxn-1) = 2N(C(2),00) = C(zm,0)) + O(dy') + O(Ney),

, , , . (3.42)
2(Vy — BnBN) = —ANDy + O(dy ') + O(Nen),
and
(log xnXn-1)'Y11(V2N 2,) Yo (V2N 2) = O(dy') + O(en),
2 ' (3.43)
2 (XN‘1> (log XN‘l) = O(dy!) + Olen),
XN XN
where we introduced
1 (! loglz —p
o _ 1 44
Clu, 00) = lim Clu,2) = o BVipe- dx (3.44)
1 1
= 510g|z+\/z+1\/z—1| —ilog(2). (3.45)
Using the explicit formulae (3.45) and (3.39), we get
2(C(2j,00) = C(zm, 00)) — 4D5 = Re(g(z;)) — Re(g(zm)) (3.46)

where we exploited the convenient identity (see e.g. the derivation of Eq. 7.89 in [14])

log |2 + vz ¥ 1vz = 1| + %Re ((Z - J%\/sz) “Re(g(z)).  (3.47)
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Now inserting (3.42), (3.38) and (3.43) into (3.7), we obtain

5o Lo en (.. am-1) = N(Re(g(z)) — Re(g(zm)))

o (3.48)
Z (67 () + 67 () — 87— 7)) + Ol ) + O(Ne)
k=

Note that the error terms in (3.48) hold uniformly in the parameters (ak)zgl (see Remark

3.3), so that we may integrate both sides of (3.48) according to the procedure discussed in
Sect. 5 of [35], arriving at the asymptotics (3.31). O

Proof of Theorems 2.2 and 2.3. Bearing in mind Remark 3.3, we differentiate (3.31) with
respect to the parameters (o), 1 and evaluate near the origin, leading to

E{W{ (1)} = N(Re(g(z1)) — Re(g(zm))) + O(dy') + O(New) (3.49)
Cov{W\ (1), W (0)} = 657 (7) + 6" (v) — &5 (1 — v) + O(dy}) + O(Ney)  (3.50)

where the error terms are uniform in 7 and v varying in a compact subset of R. Then defining
the centered process Wﬁ) (1) = W](\?)(T) — E{W](\?) (1)} we immediately find from (3.49) and
(3.31) that in the mesoscopic regime (2.7), we have

m m
- S s W () | 1 . Ny .
]\}EHOOE{e =1 SRR = exp 2;;81@ (¢0(7k) + ¢0(75) — do(Th — 75))
= J:

(3.51)
where (s;)j-,; € R™. Theorem 2.2 follows immediately. To complete the proof of Theorem
2.3, it suffices to note that the error terms in (3.50) are uniform, so that the sequence
(E{(Wn(7))*})35_, is uniformly bounded. O

4 Convergence to white noise in the spectral representation

The main achievement of the previous section was to prove that for any mesoscopic scales of
the form (2.7), the process WJ(\?) (7) converges in the sense of finite-dimensional distributions

to the regularized fractional Brownian motion B(()n)(T). We also proved Theorem 2.3 which
extends this convergence to an appropriate function space.

In this section we will study W(n) (1) from a different point of view, namely by means of
the Fourier coefficients by (s) appearing in the spectral decomposition (2.13). We remind the

reader of the definition

bn(s) = \}gTr <e_iSdN(H_xOI)> , 5> 0. (4.1)

A useful and interesting feature of the integral representations (2.13) and its N — oo limit
(1.9) is that they are suggestive of a corresponding limiting law satisfied by the coefficients
by (s). Namely, we expect that by (s) should ‘converge’ to the white noise measure B.(ds)/v/2.
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The precise mode of the convergence we consider is described in Theorem 2.4 and it is our
goal in this Section to prove this result.

By its very definition, the white noise measure B.(ds) cannot be understood in a pointwise
sense and must be regularized by integrating against a test function. We will consider test
functions £ € C§°(R4), i.e. ¢ is a smooth function with compact support on Ry. Then we
have the correspondence

o N
en(E) = /0 E)bn(s)ds = 3 Fldw(z; — 20)) = Xy (f) (4.2)
j=1

where
f(x):/o g(\/sg)e_i”ds. (4.3)

By our assumptions on &, it follows that f belongs to the Schwartz space of rapidly decaying
smooth functions, i.e. f € S(R) where

d° f(x)
dzb

x7

S(R) = {f € C*(R) : sup

zeR

< 00 y,ﬁ:0,1,2,...}. (4.4)

In the following three subsections we will obtain results for the mean, variance and distribu-
tion of the random variable (4.2) as N — oc.

4.1 Mean

We begin by proving that centering is not required in Theorem 2.4.

Proposition 4.1. On any mesoscopic scales of the form dy = N with any o € (0,1), we
have
E{en(€)} = 0(dy)), N = ox. (4.5)

Proof. We write the expectation above as an integral over the normalized density of states
PN (37) )

E{en()} = N / " fdnx — x0))px(a) de (4.6)
where
1 N
pn(z) = NE Zé(w —xj) ¢ - (4.7)
j=1

Firstly, note that the tails of the integral (4.6) can be removed using the rapid decay of f.
For any € > 0, we have

xo+€
E{en(€)} = N/ fldn(z — x0))pn (2) dz + O(Ndy™), (4.8)
Tro—€
where here and elsewhere, the notation O(Ndy™) refers to a quantity that is O(Ndy") for

any v > 0. Such a contribution tends to zero for the power law scales dy = N¢ with any
a € (0,1). Then for small enough € we have the uniform estimate (see [42], Chapter 5.2)

(@) = %\/1 "2+ O0(NTY,  we(w0—ex0+6) (4.9)
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After inserting (4.9) into (4.8) we find that
IN To+€ B
Blew(@)} == [ fldn(e o) VI-a2do+ By + ONGy™)  (410)
xo—€
where the error term Ey = O(d}'), since

xTo+e€
|EN| SC‘/ fldn(z — z0)) dx
To—€

C’ oo
<o vl (4.11)
dn J_so

Similarly, we can replace the integration limits in (4.10) with £1 using the Schwartz
property of f. We have

1
Blen(9)} = 2 [ Fldala = 20)v/T =% da + O(d) (412)

Next we substitute f with the definition (4.3) and interchange the order of integration
(justified by the rapid decay of £(s)) so that,

2N [ , o
Efen(§)} = W/o f(s)s‘lﬂew‘lwo/ e~ INT\/T — 22 da ds + O(dy')

-1

_oN / £(5)s™ Y21 (dys) N ds 4 O(dr) (4.13)
0

where Ji(z) is the Bessel function of index 1. To finish the proof, note that Ji(dys) has an
asymptotic expansion (for any fixed v € N and s > 0) as N — oo,

T S Ci
\Ejl(st) = cos(dys — 37 /4) Z

2k+1/2 op41/2
=0 dy s2h+1/

-1

+ sin(dys — 3m/4) g TSy e
+3/2
Pt /2 g2k+3/2

En(s) (4.14)
where the error term satisfies the bound |En(s)| < \C,Yd]_\,27_1/25_27_1/2| and Cy, Dy are
constants depending only on k. Such asymptotics can be found in e.g. [22] or [34].

Inserting (4.14) into (4.13) we see that the contribution from each term in the sum in
(4.14) is an oscillatory integral of order O(Ndy™), as follows from repeated integration by
parts. The final error term Ey(s) is integrable with respect to £(s) and gives rise to an error
of order O(N d]_vh). Since v > 0 was arbitrary, we conclude that the term proportional to N
in (4.12) is in fact asymptotically smaller than the error term. This completes the proof of
the proposition. O

4.2 Covariance

Having studied the expectation of by(s) in the previous subsection, we now consider the
fluctuations. In the introduction it was remarked, in accordance with the expected white
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noise limit for by (s), that we should have limy_oo E{bn(s1)bn(s2)} = 0(s1 — s2). In this
subsection we will make this assertion precise by proving that

Jim Elev(eon @} = [ aG)atds (1.15)

for all smooth functions &1, & with compact support on R .
It turns out that there is an exact finite-N formula for the covariance (see Eq. (4.2.38)
in [42]):

BLEN (XN ()} = ¢ [ ARvoA Ry K (o) doydzy (110

where f; and fy are defined in terms of &; and &, as in formula (4.3) and we introduced the
notation Af(x) = f(z1)— f(z2) for any f. The function Ky(x1,z2) is the kernel of the GUE
ensemble (see e.g. [41], [42]) having the explicit formula

D (@), (@2) — O (@2)0 () (1)

L — 22

Kn(a,y) = (4.17)

where N .
o (z) = e N PN (), (4.18)

and PZ(N) () are (rescaled) Hermite polynomials, normalized by the condition that {%(N)}?;
forms an orthonormal family on R. By making use of the known Plancherel-Rotach asymp-
totics for the functions wl(N) (x), we deduce the following covariance formula. After noting
the correspondence (4.3), we immediately derive from it the d-correlations (4.15).

Proposition 4.2. Let the test functions f1 and fa belong to the Schwartz space S(R) defined
in (4.4) and consider the mesoscopic regime dy = N* with any « € (0,1). We have

1

Jim By ()Xn ()} = 5 [ blAGRCsds (4.19)

where f(s) = (2m)~ /2 2 fl@)e " da.

Remark 4.3. Formula (4.19) is already known for C! functions with compact support, as in
Theorem 5.2.7 (iii) of [42]. It was also proved recently in [18] for a class of Wigner matrices
with f a Schwartz test function, but only up to scales dy = N® with any 0 < a < 1/3.
Our main contribution in this subsection is to adapt the argument given in [42] to our test
functions f in (4.3), which cannot be compactly supported due to our assumptions on . We
note that our proof holds on the full range 0 < o < 1 and that the smoothness hypothesis
can be relaxed to C'! functions with rapid decay at #o0.

Proof. Here we only consider the contribution to integral (4.16) coming from the square
IZ = [—(1 —6),(1 — 9)]? for some small § > 0. In Appendix C we will show that the
complement of this region can be neglected for small enough §. We will need the following

asymptotic formula for the functions @ZJ](V]\Qk defined in (4.18). Uniformly for |z| < (1 —9) and
k= O(1), we have

2

1/2
¢J(V]\2k(x) = (M) cos(Na(z) + (k+1/2) cos H(z) —w/4) + O(N™1)  (4.20)
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where a(x) = 2 [*, dt v/1 — t2. Formula (4.20) follows immediately from the classical asymp-
totic results of Plancherel and Rotach (see Sections 5 in [42] and 8 in [51]).

Now, using the symmetry about the line x; = x2, we see that the integral (4.16) restricted
to Ig can be written in the convenient form,

where
Fr(@r,es) = 90 (@0) 200, (@2)% = o0 (@) 0 ()0 ()0 (). (4.22)

We insert the Plancherel-Rotach formula (4.20) into (4.21) and denote 6(x) = cos™!(z).
Using the double angle formula for the cosine, we find that the contribution of (4.20) to the
product of squares in (4.22) is

14 cos(2Na(z1) + 0(x1)/2 — m/4) + cos(2N a(x2) — 6(x2)/2 — 7/4)
w2\/1—a3y/1—af

n cos(2Na(x1) + 6(x1)/2 — w/4) cos(2Na(x2) — 0(x2)/2 — /4)
72y/1 — 23/1 — a3

Inserting the oscillatory terms in lines (4.23) and (4.24) into (4.21) gives rise to error terms

that are O((N/dn)~>°) as N — oo for every § > 0. This can be shown by repeated integration

by parts, using the fact that a(z) is smooth and increasing on the interval I5. Combined

with a similar calculation applied to the second term in (4.22), we see that the integral (4.21)
is equal to

1 Afi(dyx) Afa(dyx) 1— 2129
47'['2 I? Al‘ Aﬂj 1/]_—33%,/1—.1;%
1 [ Afi(x) Afa(z) 1 —@yap/dyy
A2 Jp2 Az Az \/1 . x%/d%v\/l _ x%/d?\,

(4.23)

+O(N7Y). (4.24)

dxy dzo + O((N/dN)foo) =

X1y (T1)x1y (22) dz1 dzg + O((N/dN) ™)

(4.25)

where x7, (z1) is the indicator function on the set Iy = (—(1 — d)dn, (1 — 0)dn).
Now Lebesgue’s dominated convergence theorem can be applied to take the limit under
the integral in (4.25). Indeed, it is easy to see that the integrand in (4.25) is bounded by the
Afo(x)

integrable function
2\ |AAE)
92 Az Az

for any N € N, (z1,22) € R? and 0 < § < 1. We finally see that for all 0 < § < 1, we have

1 Afi(dyz) Afa(dyx) 1 Afi(x) Afa(x)
/Iz Az Az I, wg) dy dres = A2 Jpe Az Az

(4.26)

lim

m dxy dzo.

(4.27)
Rewriting f; and fo in terms of their Fourier transforms and applying the Plancherel theorem
gives the identity
1 — — 1 2 2
- fl(xl) f1($2) fZ(xl) f2($2) da:1 dan: 271_/ |S|f1(8)f2(—8)d8, (4.28)
R

472 Jo T1 — To T1 — T9
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which is precisely the right-hand side of (4.19). To complete the proof, we just need to show
that the integral (4.16) restricted to the complement of the square I? can be neglected in the
limit N — oo. Namely, we prove in the Appendix that

]\}im / Afl(dN:L')Afg(de)KJQV(IL'l, LEQ) da:l dajg = 0(5), 60— 0, (4.29)
—00 (Ig)c
and so complete the proof of the Proposition by choosing § > 0 sufficiently small. O

4.3 Convergence in distribution

The aim of this subsection is to study the full distribution of the coefficients by(s) and
ultimately to prove Theorem 2.4. First we need a preliminary result regarding the stochastic

process W(n)( ). It will be convenient to consider the increments
AW )(7) s = W (r) = W (7 + p)

1 [P e s . . . .=
= 2/ 7 {[1 —e PleT" b (s) + [1 — e’ps]e”sbN(s)} ds,
0
where by (s) = by(s) — E{bn(s)}.
Similarly, the corresponding limiting object is given by the following stationary Gaussian
process

(4.30)

Al BiI(r) = B ) — By <T +1)

—zs —1iTS ipS] ITS (431)
2[/ Ps)e=im B, (ds) + [1 — eP°le B(ds)}

Proposition 4.4. Let p € R. For any h € S(R) and on any power law scales dyy = N* with
€ (0,1), we have the convergence in distribution

/ W) A WD) (7) dr =% / A BM|(r)dr, N - . (4.32)

Proof. The proof will be analogous to our proof of Theorem 2.3, the main difference being
we must have good enough control of the tails in the above integrals. This will be taken
care of by the rapid decay of h. To proceed, we fix some (arbitrary) M € R and §p > 0 and
decompose the left-hand side of (4.32) as

[ e ar
M (4.33)
4 / B(r) A WP (7) dr + / h(r) A W) (7) dr
|T‘€[M (SodN]

|T|€[50dN,OO)

and label each of the integrals in (4.33) with Z;,Zs and Z3. Let us begin with the first integral,
Zi1. By Theorem 2.2 and the Cramér-Wold device, the finite-dimensional distributions of
AP[VV](\?)](T) converge in law to those of A, [Bén)](T). Furthermore, by the uniform estimate

(3.50) we have that there is a constant C' > 0 such that E{(AP[B(S”)(T)])Q} < C for all
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T € [-M, M| and for all N. Therefore the hypotheses of Theorem 3 in [28] are satisfied and
we conclude that the first integral in (4.33) converges in distribution to the right-hand side
of (4.32) in the limit N — oo followed by M — oo. To complete the proof, it suffices to show
that the second and third integrals in (4.33) converge in probability to 0 in the same limit.

For notational convenience we just consider the contributions to Zs and Z3 where 7 > 0
as the situation 7 < 0 is almost identical. By Chebyshev’s inequality and Cauchy-Schwarz,
we have

Sodn dodn .
PUTI > < [ i [T OB o @)

We will now argue that the variance term in (4.34) is uniformly bounded. Since |7| < dody,
by choosing dy small enough we see that |zo+7/dy| < 1—9 for some § > 0 independent of N.
Hence the singularities of the logarithm in (2.6) remain inside the bulk region (—1+ 4,1 —9)
for all N and we may apply the methods of Section 3 with m = 2 and weight (cf. (3.19))

(2 — zo(7, N) — p/dn)* + (n/dn)*
(2 = 2o(7, N))? + (n/dn)?

The only difference in the analysis of the Riemann-Hilbert problem with this weight is that
the new reference point xo(7, N) can vary with N in the small fixed neighbourhood [zg —
d0,xo + 0p]. However, all the estimates we obtain are uniform for xy varying in compact
subsets of (—1+ 4,1 —0) so that the variance bound (3.50) (with v = 7) remains valid. This
implies that for some N-indepedent C > 0,

a/2
w(z) = } , zo(1T,N) =20+ 7/dN. (4.35)

dodn 2
P{|Zy| > €} < e 2C (/M |h(7)] dT) — 0, (4.36)

in the limit N — oo followed by M — oc.
To bound the integral Z3 we again apply Chebyshev’s inequality and exploit the rapid
decay of h. We have

P{|Z5| > ¢} < €2 / / E{h(r1) A [ W) (1) i(72) A [W P (72) } dry dry (4.37)
dodn Jdodn
o0 o0 [o¢] o0 2
= 6_2/ / / / h()h(72) H(q(azl,Tj) —q(x2,7))) K& (21, 22) drydradridrs
60[1]\/ 50(11\[ —00 J =00 ]:1
(4.38)
where we computed the expectation using the identity (4.16) and
q(z,7) = —log x—mo—w + log x—xg—w. (4.39)
dn dn

Now, since h is a Schwartz test function, we know that for any v > 0 and v > 0, we have
|h(udn)| < (dyu)~7 for N large enough. Then using the inequalities |¢(x, 7)| < C), for some
finite constant depending only on p and 7, K% (21, 22) < N2py(z1)pn(22) and substituting
7j = udy we obtain

o0 2
P(|Z5] > €) < 4e72C2, N?d\ "2 < / u—mu> . (4.40)
6

0
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Then provided dy takes the form dy = N® with a € (0,1) we can always choose v > 0 large
enough such that the right-hand side of (4.40) tends to 0 as N — oc. O

We can now translate the result (4.32) into a statement about the Fourier coefficients
bn(s), allowing us to prove Theorem 2.4. For the convenience of the reader, we repeat the
statement of the latter result here.

Theorem 4.5. Let &1,...,&, be smooth functions compactly supported on Ry. Then the
vector (cn(&1),...,cn(&m)) converges in distribution to a centered complex Gaussian vector
Z with relation matriz C = E{ZZT} = 0 and covariance matriz T = E{ZZT} given by

Lk = /000 & (s)&k(s)ds, Jk=1,...,m. (4.41)

Proof. Define functions hy in terms of their Fourier transform as

1 —eps

/ hi(T)e™ T dr = Le"Sgk(s) k=1,...,m. (4.42)
Then for sufficiently small p, the right-hand side of (4.42) is smooth and compactly supported.

Therefore, its Fourier transform hy is a Schwartz function, i.e. hy € S(R). Next, note that
with ey (§) as in (4.2), we have the identity

o0

en(€r) — Blen(&) = 2 / B A VP () dr (4.43)

—0o0

which holds almost surely and follows after inserting the representation (4.30) and inter-
changing the order of integration, justified by the rapid decay of & and hg. Now we apply
Proposition 4.4 with h(7) = 37" | axhi () where oy, € C. Since E(cn (&) = O(dy'), we get
the convergence in distribution

Z ach(ﬁk) :d> 2 Z (697 /Oo hk(T)Ap[B(()n)](T) dT, N — . (4.44)
k=1 k=1 >

By the Cramér-Wold device, this implies the convergence in distribution

(en(&1)y - en(r)) =4, (Z(h1),...,Z(hm)) (4.45)

where -
Z(hy) = 2 / hi(7) A [B)(7) dor. (4.46)
Since A, [Bén)] (7) is a Gaussian process, one easily sees that (Z(hi), ..., Z(hy)) is a mean zero

complex Gaussian vector. Then by a simple computation using the integral representation
(4.31) and basic properties of the white noise measure B.(ds), we find the covariance structure

Ty = E{Z(h;) Z(hy)} = /0 i (5)En() ds, (4.47)

and Cj =E{Z(h;)Z(hi)} =0forall j,k=1,...,m. O
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5 Macroscopic regime

The main goal of this section is to prove Theorem 2.1. Namely, we will show that the process
Dy (z) (2.5) converges in probability law as N — oo to the generalized Gaussian process
F(x) given by (1.7). The convergence is interpreted in the Sobolev space V(=@ i.e. the
assertion of Theorem 2.1 is that for any bounded continuous functional ¢ on V(=9) we have

Jim E{q(Dy)} = E{q(F)} (5.1)

Our proof is an adaptation for the GUE matrices H of the proof of a similar result for the
CUE matrices given in [30]. First, we will prove that the finite-dimensional distributions
of Dy (z) converge to those of F(z) and then establish that the sequence Dy (z) is tight in
V(=9). This will imply the convergence in probability law in V(=% as in (5.1). As explained
in section 2.1, for the GUE matrices there are additional analytical complications compared
with the case of CUE matrices.

We start with a deterministic result, writing down the Chebyshev-Fourier series for Dy ().

Lemma 5.1. Let H be a Hermitian matrix of size N x N with eigenvalues x1,...,xn. Then
o0
—log|det(H — xI)| = Nlog2+ Z ck(DN)Ty(x)
k=0

where the convergence is pointwise for any x € [—1,1)\{x1,...,zn} and the Chebyshev-
Fourier coefficients cp(Dn) are given for any k > 0 by the formula

N 9 N N
Zg W) + Y i () + Y g () (5.2)
J=1 J=1 Jj=1
and
N N
co(Dn) ==Y rg (x) =D g () (5.3)
Jj=1 j=1

where for k >0
@) = [@/R)(Th@) + (2 F Va? = 1] xa1 200 (@) (5.4)

and
ry(z) =log |z F Va2 — LX (41,400 () (5.5)

In the above formulae, x j(x) is the indicator function on the set J.
Proof. This follows immediately from Lemma 3.1 in [27]. O

It follows from this Lemma that for our random matrices H, with probability one,

= ch(DN)Tk({L'), where Ck(DN) = Ck(DN) - E{Ck(DN)}
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5.1 Convergence of finite-dimensional distributions

The main goal of this subsection is to establish the following:

Proposition 5.2. Fiz M € N and let X1, ..., Xy be independent Gaussian random variables
with mean zero and variance one. Then for any (tk)g/il € RM we have the convergence in

distribution
M

\ >

M
Ck N — . (5.6)

Proof. We begin by inserting Eq. (5.2) into the left-hand side of (5.6). Then from [31] or
[42], we know that the sum

N N
2 2
S 2 i Telw) B4 D 5T (5.7)
k=1 : :

converges in distribution to the right-hand side of (5.6) as N — co. The main technical part

of our proof of (5.6) consists in showing that the other terms appearing in (5.2) and (5.3) do
not contribute in the limit N — oco. All such terms that appear are of the form

N
Aoy =Y i () (5.8)

J=1

and by definition of the test function r,f (x), they are non-zero only when an eigenvalue x;
lies outside the bulk of the limiting spectrum [—1, 1]. Intuitively this is a rare event and we
show below that in fact E[Af vl = 0as N — co. We note in passing that the regularity
of the test functions ;- (z) lies outside the best known C/2%¢ threshold in [50], due to the
singularities at the spectral edges.

Let us focus our attention on the case E{|A; |}, since the estimation of E{|A; |} follows
exactly the same pattern. First, one sees from the explicit formula (5.4) and the ’elementary
inequality (z — va2 — 1)F < Ty(z) < (z + Va2 — 1)*, 2 > 1 that —r; () is non-negative for
all z € R. Therefore E{|A} |} = —E{A{ \}.

In terms of the normalized eigenvalue’ density, we have

E{AZN} = N/lOO i (z)pn (z)dz. (5.9)

To proceed, we split the integral as

1+5N [e'e)
]E{Az’]\,}zl\f/1 ri(z)pn(z)de + N - i (z)pn(z) do (5.10)
+on

where we choose dy = N~7/12. The first integral in (5.10) is over a shrinking neighbourhood
of the spectral edge = 1. An estimate that holds uniformly in this region can be given in
terms of the Airy function Ai(z) and its derivatives. In particular, Eq. 4.4 of [17] (see also
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the Proof of Lemma 2.2 in [29]) shows that as N — oo

Non(a) = (g = T2 ) AP0 AT (v 0 )]

N @A (VE0(0))? — N AN B)) + 0 (i )
1

Nz —1)
(5.11)
where Y
V(z) = <x+ 1) (5.12)
and

_(3f;\/1—y2dy>2/3, Iz < 1
(3ff\/y2—1dy)2/37 7] > 1

Since ®(z) > 0 for x > 1, the functions Ai(N?/3®(z)) and Ai'(N?/3®(x)) are uniformly
(z) Ay (x)

bounded on [1,00). Furthermore, < TIE) 7(gc)) and ®'(z) are bounded near x = 1. Insert-
ing (5.11) into the first integral in (5.10), we obtain the bound

(5.13)

1+ 14+ 1
N/ r,j(a:)pN(:E) dx = 01N2/3/ r,j(a:) dx + O <N> , (5.14)
1 1

where ¢ is an N-independent constant. In (5.14) we used that " (x)(z — 1)~'/2 is bounded
near r = 1 to estimate the contribution of the error term in (5.11). A simple computation

shows that le‘SN i (x) de = 0(55’\,/2) as N — oo for k > 0. Inserting the latter into (5.14)
yields the bound

1+ 3/9
N / v (2)px (@) dz = O(N?/35%/%) = O(N—5/24). (5.15)
1

Now consider the second integral in (5.10). We will prove below that it is exponentially small
as N — co. Using the fact that (for k > 1) —r} (z) < Ty(z) and applying Lemma C.1, we
obtain

N / vt (2)pn () da (5.16)
1+0N
SN(SN/ Tk(1+u5N)pN(1+u5N) du (5.17)
1
<B! / u T (1 + uéN)e_b“Nl/g du (5.18)
1

where B,b > 0 are absolute constants. Then e.g. expanding T} (1 + udy) in powers of (udy)
and integrating (5.18) term by term, we can apply the standard Laplace method and find
that (5.18) is O(e=*N'""") for some ¢ > 0. If k = 0 in the integral (5.16), one can use the
inequality |rg (1 + )| < V27, 2 > 0 and then apply the Laplace method as before yielding a
similar error bound. This completes the proof of the Proposition. O
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5.2 Tightness

The final ingredient required for proving the weak convergence in (5.1) is to show that the
sequence Dy is tight in V(=% In direct analogy to the proof given in Theorem 2.5 of [30] for
the Circular Unitary Ensemble, we will exploit the convenient fact that for —oo < a < b < oo,
the closed unit ball in V(® is compact in V(@. Then by Chebyshev’s inequality, tightness
follows if we can bound the variance

E[ Dyt = Y E{ex(Dn)H(1+ 47" (5.19)
k=0

uniformly in N. Such a uniform bound will follow for any b > 1 /2 provided we show that
E{cy(Dn)?)} < C for some constant C' independent of k and N. We begin by writing the
Chebyshev-Fourier coefficient as

_ N N
k(D) = hp(z;) —EY " hy(wy) (5.20)
=1 i=1

where

hi(2) = (2/k) D) x(-1,1(2) — (2/k)(x — Va2 = 1)"x (1 ,00) (@)

(5.21)
= 2/k) (@ + Va2 = )Xo ()
Then by formula (4.16) we have
E{Ck(DN)Z} = % /R2 (hk($1) — hk(l‘g))QKN(iL'l, 1‘2)2 d$1 d:EQ (5.22)

where Kn(z,y) is the GUE kernel defined in Eq. (4.17).
First we consider the contribution to the integral (5.22) coming from the region [—1,1]2,
namely the integral

1 ATy (z)\?
— oy — 2
o2 112 < Az > .FN(ZL'l,l’Q) dlL‘l dl‘g (5 3)
where Fn(z1,x2) is defined by (4.22) and, as in Section 4, for a function f, we denote by
Af the difference Af(z) = f(x1) — f(x2). By the Plancherel-Rotach asymptotics of Hermite

polynomials, we have the bound (as follows from e.g. parts (iii) and (v) of Theorem 2.2 in

[13])
Ky

\/1—1'%\/1—.%%

uniformly for (z1,79) € [~1,1]2. This implies that the modulus of (5.23) is bounded by

2
K / (AT’“(””)> ! dxy dzgy = Ky72/8. (5.25)
[71»1]2

292 Ar ) oo i

The equality in (5.25) is a simple exercise involving standard properties of Chebyshev poly-
nomials and we omit the derivation.

|FN (21, 22)| < (5.24)
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Finally consider the contribution to the integral (5.22) from outside the square [—1,1]2.
For simplicity, consider just the region 1 < x; < oo and —1 < z3 < 1, all others being
analogous. Since hy(x) is uniformly bounded in k£ and x on the whole real line, we have

1 00
/ / (hk(l‘l) — hk($2))2KN($1,$2)2d$1 dCL‘Q (526)
-1J1
S / / KN(.%'l, .7}2)2 dl’l d.%'Q (5.27)
—o0 J1
) 140
_ / Npw(a)dei = | Npx(a)dor + O(NeN) (5.28)
1 1

where 6 > 0 is a constant and ¢s > 0. The last equality in (5.28) follows from Theorem 5.2.3
(iii) in [42]. Now we can insert the formula (5.11) which holds uniformly on [1,1 + §]. The
first term in (5.11) is bounded in N and x; and so its integral over [1,1 + d] is bounded in
N. The third term gives an error of order 1/N. The contribution from the middle term can
be explicitly integrated using the substitution v = N2/3®(zy):

/ e N3¢/ (1) (Ai’Q(N2/3<I>(a;2)) - N2/3(I>(x2)A12(N2/3<I>(:c2))> dzs (5.29)
1 N2/3&(1+9)
_ /0 A2 (1) — uAi2(w)] du (5.30)
9 1 N2/3&(1+9)
=— [S(uQAiQ(u) — uAi”?(u)) — gAi(u)Ai'(u) ) (5.31)
= Ai(0)Ai'(0)/3 + O(e~%N) (5.32)

where ds > 0. A completely analogous argument proves that the integral over the region
{1 < 21 < 00,1 < 3 < o0} is also uniformly bounded in k£ and N, in addition to the
remaining 6 regions that make up B¢. This completes the proof that Dy is tight in V(=%
for any a > 1/2 and hence completes the proof of Theorem 2.1.

A Proof of Proposition 3.2

The purpose of this Appendix is to give the technical details required to show that the matrix
P, (z) in Sec. 3.4 gives a good approximation to the matrix S(z) in Sec. 3.3 for large N, as
described by Proposition 3.2. Although we can mostly follow the now standard techniques
described in [13], we must take special care with the estimates because the system of contours
in Figure 1 can come arbitrarily close to the real axis as N — oo.

Remark A.1l. In this Appendix there are many estimates holding uniformly in the param-
eters {Tk}zn:zl, {ak}zn;f and xg that appear in the partition function (3.2). We will use the
big-oh notation O (distinguished from the usual O) for an error term that defines an analytic
function of the parameters {ax}7"' on Q (cf. (3.9)) satisfying uniformity in the following
parameters

e 73, varying in a compact subset of R for k=1,...,m — 1,
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e « varying in a compact subset of Q for k=1,...,m —1,

e 1( varying in a compact subset of (—1 46,1 —J).

Construction of the Parametrices at z = +1

The parametrices at z = +1 consist of a matrix valued function Py(z) defined in the discs
By1(6) (cf. Figure 1) satisfying the following properties:

1. Py1(2) is analytic in B41(6) \ 2.
2. Pyq(z) satisfies the same jump conditions as S(z) on ¥ N B.y.

3. The following matching condition is satisfied on the boundary 0B (9)
Pii(2)Px(2) ' =T4+ONY,  2€0B1(9), (A1)
as N — oo.

The functions Pj(z) and P_1(z) can be obtained in precisely the same way as in [35],
which was itself based on the construction in [13] corresponding to weights w(z) = 1. In
our situation, the only difference is that our weight w(z) and the Szegd function D(z) are
N-dependent, so that one has to be careful with the matching condition (A.1). From Eq.
(76) in [35], we have

Pi1(2) Poo(2) ! = Poo(2)w(2)7/? Poo (2) ™ Pi1 (2) P (2) ™! P (2)u(2) 72 P (2) 71, (A2)

where Pyi(z) and Py (z) are the quantities Pii(z) and Px(z) with w(z) = 1. For our
purposes we will not need the explicit expression for Py;(z), which can be found in e.g. [13]
or [35]. Our main goal here is to check that the matching condition (A.1) is still satisfied.

Lemma A.2. Let Pi1(z) denote the parametriz defined in (A.2). Then we have as N — 0o

A (1)
P:tl(Z)Poo(Z)fl =1+ Al]\/'() +0 (N;N> z € 8B:|:1<(5) (A.3)

where the estimate is uniform for z € 0B11(0). The first correction term Agﬂ)(z) depends
only on z and is analytic except for a second order pole at z = £1.

Proof. Prop. 7.7 of [13] implies that there is a uniform asymptotic expansion

_ ~ A(jcl )
Pii(2)Ps(2)"! ~ 1+Z ., 2€ 0B (2) (A.4)

where A,(fl)(z) are independent of N (and independent of w(z)), and have meromorphic
continuations inside the disc 9By;(d) with a pole of order (3k 4+ 1)/2 at z = £1. Inserting
(A.4) back into (A.2), we find that

(1) )1
Py1(2) P — I~ Z DAy ( QL) , z € 0B+1(6) (A.5)
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where Q(z) = Pao(2)w(2)73/2Py(2)~!. To prove the Lemma it is sufficient to show that
Q(z) =1+ 0(dy'),  z€ Bxi(9). (A.6)

First note that
w(z) =1+0(dy"), z€0Bu(s)U[-1,1] (A7)

as follows immediately from the representation (3.21). Then the proof is complete if we can
check that

Vz—1yz+1 [t log w(x)
2m 1 V1 —22(z —2)

dv = 0O(dy'), 2 € dB11(d) (A.8)

because this would imply the corresponding estimate for the Szego function D(z) = 1+(9(d]*\,1)
(cf. (3.26)) so that Pao(2) = P (2) +O(dy'). We will prove (A.8) below only for z € B (d),
the case z € dB_1(6) being identical. If (z —z)~! is bounded, the result follows immediately
from (A.7), therefore we consider only the contribution to the integral (A.8) from a small
neighbourhood [1—d—¢gp, 1 —d+€p] and the points z € 9B (§) such that 0 < [z—(1—-0)| < €/2.
First consider Im(z) > 0 and let C denote the clockwise oriented semi-circle in the upper-half
plane connecting the points 1 — § — ¢g and 1 — § + ¢p. Then by the residue theorem and
analyticity of w(z), (A.8) is equal to

T %logw() Vz— \/z—i— logw(x)
el V1 —z2 cV1—1a%(x —2)

where we take the principal branch of the square root. Now both terms in (A.9) are clearly
O(dy"), as follows from (A.7) and the fact that (x — z)~! is uniformly bounded in (A.9). A
similar calculation applies when Im(z) < 0. This completes the proof of the Lemma. O

dx (A.9)

Final transformation

We will now define the final transformation of the Riemann-Hilbert problem, S — R. As
usual, we set

(A.10)

R(z) = {S(Z)Poo(z)_l, 2 €U\ T
| S(z)Pii(2)Y, zeBii(0)\ X

From the Riemann-Hilbert problem for S(z), it is easily shown that R(z) has jumps only on
0B41(9), R\ [-1 — 6,1+ 6] and the parts of X1 outside of B;(d) U B_1(J) (denoted here by
I'y). In what follows, we will denote the disjoint union of these contours as ¥, which we
plot in Figure 2. The function R(z) satisfies the following:

1. R(z) is analytic in C\ Xg.
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Figure 2: The contour X.i for the R(z) Riemann-Hilbert problem. The parts of the lenses
[ =X\ 0B+1(6) near xg are of distance O(dy') from the real line. The circles 9B (J) are
of radius 9.

2. R(z) satisfies the jump condition R (s) = R_(s)J(s) where

J(s) = Pao(s) <(1) w(s)eN(g+(s)1+g—(s)252l)> Po(s) s e R\[-1—8.144] (AdL)
J(s) = Puo(s) <w (S)_éwh(s) (1)> Pu(s)l.  seTy (A12)
J(s) = Pi1(5)Ps(s)™t s € 0By (A.13)

3. R(z) =T+ 0(271') as 2 — 0.

Estimating the jump matrix A(s)

Before we estimate the jump matrix we need to understand the behaviour of P, (z) (cf.
(3.25)) on the contours I'y.

Lemma A.3. The Szegé function D(s) in (3.26) and its inverse D(s)~' are uniformly
bounded on the contours I'. In fact we have

logD(s) = O(1), N — oo, (A.14)
uniformly for s € I'x.

Proof. 1t suffices to prove that

! log w(z) _
/—1 (s —2)V1 — 22 de = O(1). (A.15)

We remind the reader that the weight w(z) can be written

m—1 ag/2
_ (z —xo — m/dn)* + (n/dN)?
o=l e (A10)

as follows from the constraints on ay’s in (3.4). We have the elementary inequality

m—
| log(w Z ||
k:
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where )

(1/dn)* — 2(x — xo)T/dN
(x — 20)* + (n/dn)?
Now, clearly if x < * = 20+7/(2dN), we have g, n(x,z0) > 0, so that log(1+g-, v (2, 20)) <
Grm.N (T, 20). If £ > 2%, we symmetrise about the point 2* exploiting the symmetry |log(1+

Grm.N (2" — 2, 20)| = [log(1 + grn.n(z* + 2,20)| to obtain

(A.18)

gT,n,N(fE; xO) =

[log(1 + gr.n,n (2, 20))] < [grp,N (2, 0)| + |g7n,n (227 — 2, 20))]. (A.19)

We will focus only on the region x € [z¢ — €, 29 + €] as this gives the dominant contribution
to the integral (A.15). For s € Iy and = € [zg — €, 70 + €] we have |s — z|™! < ((x — m0)% +
(n/2dyn)?)~Y? and (1 —2?)~Y/2 = O(1). Then the contribution to (A.15) from the first term
on the r.h.s. of (A.19) is bounded by

W ganGa)l U (r/dn)? ~ 2ar/dn|
o a—aol 2 S /. (@ + (/222 (4.20)
:% \/T2/772+1\/(2dN/77)2+1_1 :O(l) (A21)
n (2dn/n)? +1 ‘

where we changed variables © — x —z¢ and extended the limits of integration back to [—1,1].
The resulting integral on the right-hand side of (A.20) can be evaluated exactly in e.g. Maple.

For the second term in (A.19), we use the estimate ((z — 2¢)% + (n/dn)?)""/? < ¢((xo —
z+7/dn)? + (n/dy)?)~'/? (where ¢ depends on 7 and T only) to get

To+e€ |gT,77,N(2x* -z, $0)|))2 dr < C/xo-i-E ‘(T/dN)z _ 2($0 -+ T/dN)T/dN’

zo—c \/(z—x0)2 + (n/(2dn o—c ((wo =z +7/dN)?+ (1n/(2dN))?)3/2
(A.22)

dx

_, e+7/dN ‘(T/dN)z—QUT/dN‘ o
- /—ew/dN (a + (n) 2dn))2)2 ™ = o) (A.23)

where we used that the last integral is bounded by the r.h.s. of (A.20). t

Proposition A.4. Let A(s) = J(s) — I where J(s) is the jump matriz for R(z) defined on
the contour X r. We have the following bounds

o On the discs
|A(s)| = (’)(N’l), s € 0B41(9). (A.24)

IA(s)| = O (exp <01£]V>> . sely. (A.25)

o On the real line
|A(s)| = O (exp(—c2N)),  seR\[-1-41+4] (A.26)

Here, ¢y > 0 and ca > 0 are constants depending only on § and 7.
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Proof. The bound (A.24) follows immediately from Lemma A.2; while (A.26) follows from
the fact that P (s) is uniformly bounded in R\ [-1— ¢, 1+ 4] combined with the inequalities
(3.16). It remains to settle (A.25). On the contours I'y, we have the explicit expression

o (PP —(Paloha) 8
A( ) = < (Poo(3)22>2 —Poo(s)12poo<3>22> ) el4. (A27)

where h(s) was defined in (3.20). By Lemma A.3 we see that Pu(s) is uniformly bounded on
I'y. Therefore, the only danger is that Re h(s) vanishes too quickly as N — oo. However, a
careful examination of the function (3.20) shows that Re h(z) vanishes at the same rate that
the contours I'y collapse onto the real axis. Indeed, an elementary calculation using Taylor’s
theorem shows that we have the inequalities

Re(h(s)) > c1/dn, sely,

Re(h(s)) < —c1/dn, sel_, (A.28)

where ¢; = 4n4/1 — (1 — §)2. This concludes the proof of (A.25). O

Estimating the R-matrix and the proof of Proposition 3.2

Finally we are in a position to prove Proposition 3.2. The proof follows from the standard
method described in [13]. However, in our case extra care must be taken with the estimates
because our contour X depends explicitly on N, see e.g. [6] for another example of N-
dependent contours.

Proposition A.5. The matriz R(z) satisfies the following estimate

R(z)=I1+0 G) e <log(dN) exp (—clg\])) . N (A.29)

uniformly for z € C\ Xg.

Proof. Since for every N, ¥y is a finite union of smooth contours, standard theory (see e.g.
[14, 36, 35]) gives
1 A
R(z) =1+ [ B6¥E) (A.30)
2 )y, S—2
where A(s) is as in Proposition A.4 and v(s) is the unique solution to the singular integral
equation v(s) = I + C_[vA](s). Here, C_ is the Cauchy operator on L?(Xg), defined by

C_[](s) = = @) e, ferX(sp) (A31)

- % Tr xr— S_
where s_ denotes the limiting value of the integral as the point s € Xy is approached from

the minus side of the contour.
We begin by solving the equation for v(s) in a perturbation series (see e.g. [5])

v(s)=T+> w(s),  vi(s) = C_[s—1A](s), (A.32)
k=1
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Figure 3: The deformed contour I'y. The semi-circle of radius 7/(4dy) is sufficiently small
that it does not touch the singularities (crosses), whose imaginary parts are n/dy.

and vy = I. We need to show that this series is absolutely and uniformly convergent for any
s € Xp. Let s € ' and deform I'; to a new contour f‘+ differing only by a small semi-circle
of radius 7/(4dy) centered at s, as depicted in Figure 3. Denote by ¥ the contour X5 with
I'; replaced with I';. By the Cauchy theorem, we have

x O) (
vi(s) = ! /E Alz) de = ! A )da? (A.33)

2 Jy, © — S— 2 )5, T—S

where A is the analytic continuation of A to Yy and satisfies the same bounds as in
Proposition A.4. Now we estimate, splitting the integral into a contribution from the discs
OB+1(6), the real line R\ [-1 — 6,1 + 4] (both of which are at most O(N~1)) and the
contribution from I'y:

(0)
lv1(s)] < es/N + 1ﬁ de, sely
Iy

27 |x — s
1 1

< c3/N + e_clN/dN/ dux, sely (A.34)
27 r. |z — s

< ¢e3/N + colog(dy)e NN sel}

where c3 and cy are constants depending only on ¢ and 7, with a similar bound if s € T'_.
If s € ¥\ ('t UT_) then the same bound holds with co = 0. Applying this procedure
inductively, we obtain

lv;(s)] < KyN~ + Ko <1og(dN)e*01N/dN)] . seXm (A.35)
where we can choose Ky =0if s € ¥\ (I't UT'_). The bound (A.35) implies that the series

(A.32) is absolutely convergent. Inserting (A.32) back into (A.30) we arrive at

211 s—z

R(z)=1+§:Rj(z), Rj(z)—l/E Mds, j=1,2,3,... (A.36)
j=1 R

Now we bound the terms in the sum (A.36). First consider the case that dist(z,Xr) >
1/(4dy). Then estimates entirely analogous to (A.34) yield

IR;(2)| < KyN 7 + K, (log(dN)e_CQN/dN)] . j=1,2.3,... (A.37)
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On the other hand, if 0 < dist(z,Xr) < n/(4dy), one can again deform the contour with a
semi-circle of radius n/(4dy) and obtain the same bound (A.37) after essentially repeating
the steps (A.33) and (A.34). O

Remark A.6. To complete the proof of Proposition 3.2 we will derive the explicit form of
the O(1/N) term in (A.29). Thus we need to compute the function R;(z) defined in (A.36).
By Proposition A.4 and Lemma A.2 we have

_ Ri(2) 1 N
Ri(z) = N +0 <NdN> +0 (dN exp ( c1 dN>) (A.38)
where (1) 1)
1 A 1 Ay
R1( ) = 1(8)d5+./ 17(8)613_ (A.39)
27i aB.(5) S—Z 2m Jop_,(5) S— %

The functions Agﬂ)(s) are explicitly known, e.g. by setting w(z) = 1 in Egs. (79, 83), of
[35] or by using the results in [13]. Then expanding (A.38) near z = oo and computing the
residues of the function Agﬂ(s) near the poles s = £1, we find that

Ri(2) = A/z+ B/2* + O(z73), z— 00 (A.40)

A= (z’/o24 Z'/024) » B= <_1(<48 1/048) (A-41)

Then inserting (A.29) and the first order correction above into the definition (A.10), we arrive
at (3.29).

where

B The Szego function

For a weight w(z), the Szegd function is defined by the formula

(Cr T [REE)

D(z) = ex

It satisfies the properties

1. D(z) is non-zero and analytic in C\ [—1,1],
2. Dy(2)D_(z) = w(x) for z € (—1,1),
3. lim, oo D(2) = Do # 0.

For our problem, we are interested in the weight w(z) =[], |x — 2x|** where Im(z}) # 0
for Kk =1,...,m. It can easily be seen that the above three properties uniquely specify the
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Szegd function for this weight. Let ¢(z) = 2z + v/z — 1v/z + 1 be the conformal map from
C\ [~1,1] to the exterior of the unit disk. Then the Szego function for the weight |z — p|? is

el (1 o -
2 <1 c<u>c<z>)(1 cwc(z))’ tm{y) #0. (B2

This can be checked by verifying the above three conditions using the properties ¢(z) + ﬁ =

2z and cy(x)c—(x) =1 for x € [—1,1]. Thus the Szegd function for w(x) is

m oy /2
B le(z)| (, 1 B 1
D(z) = kf:[l ( 5 (1 e (z)> (1 C(Zk)c(z))) . (B.3)

Similar considerations show straightforwardly that the function C(z, u) defined in (3.35) is

given by
I Y A
C<Z”“‘)‘21g( 2 (1 c<u>c<z>> (1 cwc(z)))' (B.4)

Defining z, = zg + T]CTT? one easily gets the asymptotic

|e(25)] 1 1 _ (7 ~
vy (1 B c(%)c(z:c)> (1 : ) =2 +i(—m) +O(dy)  (BS)

c(2)c (k)

which immediately implies that

1 1
Re(C(zj, ) = — 5 log(dw) + 7 loa((7; — m)? + 472) + O(dy?). (B.6)
The uniformity of the error term in the relevant compact sets follows from the uniform
expansions of the logarithm and square roots in these regions. From (B.3) we obviously have
the expansion

D D?/2 + D
D(z) = Do <1 + 71 + 1/;2> +0(27%) (B.7)
where . ;
Tl elz) | 2
Doo = B.
1P (B.8)
k=1
and
D ! i Re ! D ! f: Re ! (B.9)
=—= o =—= o . .
! 2 F cz)) TP 8 F c(z)?
k=1 k=1
C Proof of equation 4.29
Our first task is to prove that we have the limit
Afi(d Afo(d
lim fl( Nm) f2( Nx) FN(ZL'l,l’Q) d:L‘l d{L‘Q = 0, (Cl)
N—o0 [IJCVP Ax Ax
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where I, is the complement of the region In = [—(1 — x), (1 — )], oy = N~7/12 and we
defined Fy(z,y) = (z — y)2K%(z,y) in terms of the GUE kernel (4.17). After proving (C.1)
we show that §y can be replaced with an N-independent § > 0 costing an error term that
can be neglected.

Let 0 < € < 1 and consider the following three subsets of R?,

R, = {(.Il,xg) € RQ ‘ (\a:ll < 6) N (332 > (1 +5N))}7
Ry = {(z1,22) €R? | (lz1] < ) A (1 — 6y < 22 < 1 +6n)},
Ry = {(z1,22) € R? | (z1 > €) A (22 > €)}.

It is sufficient to consider only these regions, because together with their reflections in the
x1 and x4y axes, they cover the entire region [I ]CV]Z In the following we will prove that the
contribution from each of these regions to the integral (C.1) tends to zero as N — oo. Finally
we complete the proof of Eq. (4.19) by showing that the difference between the integral (C.1)
over [I§]? and [I§]? converges as N — oo to a function that is O(d) as § — 0.

We start with the contribution of the region R3 to the integral (C.1). Using the Schwartz
property of fi, fo and the inequality K% (z1,72) < N2py(x1)pn(z2), we have for any v > 0

/ b / T AR Ay a)A o (dy ) K2 (21, 09) dary davs (C.2)

< N?(2edy) ™" </oo pn (1) da:1> </oo pn(x2) dx2> = O(N?d™) (C.3)

where we used the inequality |Ag;(dnz)| < |gj(dnz1) + gj(dnze)] < dy(|z1]77 + |22|77) <
2d"(e77). We conclude that the integral (4.16) restricted to the region Rs is of order
O(N~°) as N — oo.

Now let us consider the edge region Re. We will make use of the following Lemma from
[42], which states

Lemma C.1 (Theorem 5.2.3 (ii) [42]). Let pn(x) denote the normalized density of states,
as in (4.7). The bound

pn(1+ sN™23) < (BNY/3g)~1ebs*? (C.4)
holds for N large enough. Here B and b are absolute constants and s — oo as N — oo.

Using this result and again the bound Ky (x1,22)? < N2py(21)pn(22), we see that the
contribution to the integral (C.1) from the region Rs is bounded by

N[ ARy oy ()p(an) do da
—0o0 (1+51\1)
= C(sNN2/ / pN(1+a:15N)pN(a?2) dxy dzo
—o0 J1
o * -1 fbe/QNl/g —00
< CBN x; e M pn(x2) dzy dxg = O(N™°), N — o0, (C.5)
—o0 J1

where we used that fi, fo are uniformly bounded on R?.
For the region R, we need a bound for the absolute value of the functions wl(N)(:c).
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Lemma C.2 (Szegd, Sect. 10.8 [51]). Let wl(N) (x) denote the orthonormal functions defined
n (4.18). Then the following bound holds uniformly in | as N — oo,

sup [\ (u)] = O(N/4). (C.6)
u€eR

First consider the contribution from the product of squares, i.e. that of 1/1](VN) (71)? J(VN_)I (12)?
in Fn(x1,22). Since in the region R; we have 1 # x2, the bound |Afj(dnz)/Az| <
C, 5 = 1,2 holds for some N-independent C' > 0. Then the contribution coming from

1/11(VN) (331)21/11(\7]\1) (72)? is bounded by

(1465)
/ W (@1)205, (22)? day ds (C.7)
1 5]\] —€
(1+6n) N
<C / VN (21)? sup\w( D (w)[? dy dwy < C'N-Y12 (C.8)
(1—6x)

where C’ > 0 is another constant independent of N. A similar calculation shows that the
contribution from the mixed term wj(vN) ($1)¢§V]\Q1($1) ](VN) (azg)i/J](V]\i)l(azg) is also O(N~1/12) as
N — oo. We conclude that the contribution of the region Ry is O(N~/12) as N — oo.
Finally, a completely analogous calculation shows that the contribution to (4.16) coming
from all reflections of the regions R;, Ro and Rg in the x; and xo axes satisfy the same
corresponding asymptotic estimates as N — oo and therefore may be neglected. Eq. (C.1)
is proven.

To complete the argument, we need to show that the difference between the integral (4.16)
over I3, and the same integral over I5 = [—(1 — &), (1 — §)]? for some N-independent & > 0,
can be neglected in the limit N — oco. It will be sufficient to consider only the thin strip
|z1] < € and (1 — ) < z2 < (1 — dn), because the remaining parts of I \ Is are either
reflections of this region or are subsets of the region R; treated earlier. Thus, we just have
to estimate the integral

(1—6x)
/ [ AR AR (1) ) s (©9)
1-

According to the first Plancherel-Rotach formula of Corollary 5.1.5 in [42], we have the bound
En(z1,22) = (1 —22)~Y2(4 — 23)~Y/20(1) uniformly as N — oc. Therefore since x1 # o in
(C.9) and f1, fo are uniformly bounded, we see that (C.9) is bounded in absolute value by

(1-65)
‘ / / “12(1 — 22)7Y2 day day (C.10)
1— —€

§C’|(COS 11— 6x) — cos™ (1—5))|—>C|cos_1(1—5)], N — oo, (C.11)

where C' > 0 is some N-independent constant. Hence, by choosing § > 0 sufficiently small,
we can ensure that the integral over this strip is as small as we desire. This proves Eq. (4.29).
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